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Abstract. We find the Legendre curves and a class of integral surfaces in
a 7-dimensional three-Sasakian manifold whose mean curvature vectors are
eigenvectors of the Laplacian or the normal Laplacian and we give the ex-
plicit expression for such surfaces in the sphere S7.

1. Introduction

The class of submanifolds of a (pseudo-) Riemannian manifold, satisfying the con-
dition

∆H = λH (1)

where λ is a constant, H is the mean curvature vector field and ∆ denotes the
Laplace operator, has been studied by many authors. The study of Euclidean sub-
manifolds with this property was initiated by Chen in [4]. In the same paper bi-
harmonic submanifolds of the Euclidean space are defined as those with harmonic
mean curvature vector field.
Results concerning integral submanifolds of a Sasakian manifold of dimension
three or five satisfying (1) were obtained in [6, 8, 13, 14]. In some of these papers
(see [8, 13, 14]) are studied also the integral curves and surfaces with

∆⊥H = λH (2)

where ∆⊥ is the normal Laplacian.
On the other hand, curves in the 7-sphere endowed with its canonical three-Sasaki-
an structure, which are Legendre curves for all three Sasakian structures, with con-
stant first curvature κ1 and unit second curvature κ2, were classified in [1]. It is
easy to see that for such curves (1) is verified.
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It seems to be interesting to view if these curves are all curves satisfying (1)
and, moreover, to study the general case of Legendre curves in an arbitrary 7-
dimensional three-Sasakian manifold.
The goals of this paper are to find the Legendre curves (with respect to all three
Sasakian structures on the manifold) and a class of integral surfaces (with respect
to two of the Sasakian structures) in a 7-dimensional three-Sasakian manifold, sat-
isfying (1) or (2).

2. Preliminaries

2.1. Sasakian Manifolds

Concerning the Sasakian manifolds let us recall some notions and results as they
are presented in [3].
Let M be an odd dimensional differentiable manifold and let (ϕ, ξ, η) be a tensor
field of type (1, 1) on M , a vector field and an one-form, respectively. If ϕ2 =
−I + η ⊗ ξ and η(ξ) = 1, then (ϕ, ξ, η) is called an almost contact structure on
M . On such a manifold, one obtains, by some algebraic computations, ϕξ = 0,
η ◦ ϕ = 0, ϕ3 + ϕ = 0. If the tensor field S, of type (1, 2), defined by S =
Nϕ+2dη⊗ξ, whereNϕ(X,Y ) = [ϕX,ϕY ]−ϕ[ϕX, Y ]−ϕ[X,ϕY ]+ϕ2[X,Y ],
is the Nijenhuis tensor field of ϕ, vanishes, then the almost contact structure is
said to be normal (for more details see [3]). Let g be a (semi-)Riemannian metric
on M . Then g is called an associated metric to the almost contact structure if
g(ϕX,ϕY ) = g(X,Y ) − η(X)η(Y ), for any vector fields X,Y on M . Let Ω be
the fundamental two-form of the almost contact metric manifold (M,ϕ, ξ, η, g),
defined by Ω(X,Y ) = g(X,ϕY ). If Ω = dη then M is called a contact metric
manifold. A normal contact metric manifold is called a Sasaki manifold. In [3] it
is proved that an almost contact metric structure (ϕ, ξ, η, g) is Sasakian if and only
if (∇Xϕ)Y = g(X,Y )ξ − η(Y )X , where∇ is the Levi-Civita connection of g.
If the manifold M admits three almost contact structures (ϕα, ξα, ηα), α = 1, 2, 3,
satisfying

ϕγ = ϕαϕβ − ηβ ⊗ ξα = −ϕβϕα + ηα ⊗ ξβ
ξγ = ϕαξβ = −ϕβξα, ηγ = ηα ◦ ϕβ = −ηβ ◦ ϕα

for an even permutation (α, β, γ) of (1, 2, 3), then the manifold is said to have an
almost contact three-structure. The dimension of such a manifold is of the form
4n+3. It is proved that there exists an associated metric to each of this three struc-
tures. If all structures are Sasakian then we call the manifold M a three-Sasakian
manifold. Note that every three-contact structure is three-Sasakian (see [3]).
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Remark 1. Some authors use a different sign convention in definition of three-
almost contact structures (see for example [1]). However, our results also remains
valid in this case.

If D is the contact distribution in a contact manifold (M,ϕ, ξ, η), defined by the
subspacesDm = {X ∈ TmM ; η(X) = 0}, then an one-dimensional integral sub-
manifold ofD will be called a Legendre curve. A curve γ : I →M , parametrized
by its arc length is a Legendre curve if and only if η(γ′) = 0. In case of a (4n+3)-
dimensional three-Sasakian manifold the maximum dimension of an integral sub-
manifold with respect to all three structures is n. Thus, in dimension 7 these would
be Legendre curves.
Let us consider a Sasakian manifold (M,ϕ, ξ, η, g). The sectional curvature of a
two-plane generated by X and ϕX , where X is an unit vector orthogonal to ξ, is
called ϕ-sectional curvature determined by X . A Sasakian manifold with constant
ϕ-sectional curvature c is called a Sasakian space form and it is denoted byM(c).
Note that if one of the three sectional curvatures, for example the third, of a three-
Sasakian manifold is constant then it is equal to one since ξ1 and ξ2 = ϕ3ξ1 are
orthogonal to ξ3 and any two-plane containing one of the characteristic vector fields
has sectional curvature one.
The curvature tensor field of a Sasakian space form M(c) is given by

R(X,Y )Z = c+3
4 {g(Z, Y )X − g(Z,X)Y }+ c−1

4 {η(Z)η(X)Y

− η(Z)η(Y )X + g(Z,X)η(Y )ξ − g(Z, Y )η(X)ξ

+ g(Z,ϕY )ϕX − g(Z,ϕX)ϕY + 2g(X,ϕY )ϕZ}.

A contact metric manifold (M,ϕ, ξ, η, g) is called regular if for any point p ∈M
there exists a cubic neighborhood of p such that any integral curve of ξ passes
through the neighborhood at most once, and strictly regular if all integral curves
are homeomorphic to each other.
Let (M,ϕ, ξ, η, g) be a regular contact metric manifold. Then the orbit space M̄
has a natural manifold structure and, moreover, if M is compact then M is a prin-
cipal circle bundle over M̄ (the Boothby-Wang Theorem). In this case the fibration
π : M → M̄ is called the Boothby-Wang fibration. A very known example of a
Boothby-Wang fibration is the Hopf fibration π : S2n+1 → CPn.
We end this section by recalling the following result obtained by Ogiue.

Theorem 1 ([11]). Let (M,ϕ, ξ, η, g) be a strictly regular Sasakian manifold.
Then on M̄ can be given the structure of a Kähler manifold. Moreover, if (M,ϕ, ξ,
η, g) is a Sasakian space form M(c), then M̄ has constant sectional holomorphic
curvature c+ 3.
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2.2. Biharmonic Maps

A biharmonic map φ : (N,h) → (M, g) between Riemannian manifolds is a
critical point of the bienergy functional E2(φ) = 1

2

∫
N ‖τ(φ)‖2νh. This notion is

a generalization of that of harmonic maps, which are critical points of the energy
functional E(φ) = 1

2

∫
N ‖dφ‖2νh, and it was suggested by Eells and Sampson in

[5]. Chen defined the biharmonic submanifolds in an Euclidean space as the sub-
manifolds with harmonic mean curvature. If we apply the characterization formula
of biharmonic maps to Riemannian immersions into Euclidean spaces, we recover
Chen’s notion of biharmonic submanifold.
The Euler-Lagrange equation for the energy functional is τ(φ) = 0, where τ(φ) =
trace∇dφ is the tension field, and the Euler-Lagrange equation for the bienergy
functional was derived by Jiang in [9]

τ2(φ) = −∆τ(φ)− traceRM (dφ, τ(φ))dφ = 0.

Since any harmonic map is biharmonic, we are interested in non-harmonic bihar-
monic maps, which are called proper-biharmonic.

3. Legendre Curves in Three-Sasakian Manifolds

Definition 1. Let (Mm, g) be a Riemannian manifold and γ : I → M a curve
parametrized by arc length, that is ‖γ′‖ = 1. Then γ is called a Frenet curve
of osculating order r, 1 ≤ r ≤ m, if there exists orthonormal vector fields
E1, E2, . . . , Er along γ such that

∇TE1 = κ1E2, ∇TE2 = −κ1E1 + κ2E3, . . . , ∇TEr = −κr−1Er−1

where E1 = γ′ = T and κ1, . . . , κr−1 are positive functions on I .

Remark 2. A geodesic is a Frenet curve of osculating order one. A circle is a
Frenet curve of osculating order two with κ1 = constant, a helix of order r, r ≥ 3,
is a Frenet curve of osculating order r with κ1, . . . , κr−1 constants and a helix of
order three is called simply helix.

Since, by definition the mean curvature of γ is H = ∇TT , from the previous
Frenet equations one obtains

∆H = −∇2
TH = −∇T (∇TH) = −∇T [∇T (κ1E2)]

= −∇T (κ′1E2 − κ2
1T + κ1κ2E3) (3)

= 3κ1κ
′
1T + (−κ′′1 + κ3

1 + κ1κ
2
2)E2 − (κ1κ

′
2 + 2κ′1κ2)E3 − κ1κ2κ3E4.

If we claim that ∆H = λH , for λ being a constant, then, from (3), it follows

κ1 ∈ R, κ1κ
′
2 = 0, κ1κ2κ3 = 0.
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We can state

Proposition 1. The equation ∆H = λH holds for a curve γ : I → M , where
dimension of M is greater than three, if and only if either γ is a geodesic or

κ1 ∈ R \ {0}, κ2 ∈ R, κ2κ3 = 0. (4)

Moreover, if γ is not a geodesic then λ = κ2
1 + κ2

2.

Assume thatM7 is a 7-dimensional three-Sasakian manifold with structure tensors
(ϕa, ξa, ηa), a = 1, 2, 3, and let γ : I → M7 be a Legendre Frenet curve of os-
culating order r in M7, with respect to all three Sasakian structures on M7, which
is not a geodesic. Then, using the same notations as above, we have g(T, ξa) =
ηa(T ) = 0, for a = 1, 2, 3, where g is an associated Riemannian metric to the
three-Sasakian structure. Differentiating this equation along γ we obtain, from
∇Xξa = −ϕaX , that ∇TT = E2 is orthogonal to ξa for any a = 1, 2, 3. Now, it
is easy to see that {T, ϕ1T, ϕ2T, ϕ3T, ξ1, ξ2, ξ3} is an orthogonal basis. It follows
that, in this basis, the expression of∇TT is

∇TT = κ1E2 =
3∑

a=1

λaϕaT

where λa = λa(s), a = 1, 2, 3, are real valued functions along γ called the relative

curvatures of γ. Hence, κ1 = ‖∇TT‖ =
√∑3

a=1 λ
2
a and E2 =

∑3
a=1

λa
κ1
ϕaT .

Since M7 is a three-Sasakian manifold, we easily get

∇Tϕ1T = ξ1 − λ1T + λ2ϕ3T − λ3ϕ2T

∇Tϕ2T = ξ2 − λ1ϕ3T − λ2T + λ3ϕ1T

∇Tϕ3T = ξ3 + λ1ϕ2T − λ2ϕ1T − λ3T.

(5)

After a straightforward computation, using (5), one obtains

∇TE2 = −κ1T +
3∑

a=1

[(
λa
κ1

)′
ϕaT +

λa
κ1
ξa

]
.

If κ2 = 0 it follows that λa = 0 for any a = 1, 2, 3, and κ1 = 0. So, in this case, γ
is a geodesic. Since γ is not a geodesic, from the second Frenet equation, we have

κ2E3 =
3∑

a=1

[(
λa
κ1

)′
ϕaT +

λa
κ1
ξa

]
.

Again using (5) and the third Frenet equation we have

κ3E4 = κ2E2 +∇TE3 =
3∑

a=1

2λ′aκ1κ2 − λa(2κ′1κ2 + κ1κ
′
2)

κ2
1κ

2
2

ξa
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+

[(
1
κ2

(
λ1

κ1

)′)′
+
λ′2λ3 − λ′3λ2 − λ1(1− κ2

2)
κ1κ2

]
ϕ1T

+

[(
1
κ2

(
λ2

κ1

)′)′
+
λ′3λ1 − λ′1λ3 − λ2(1− κ2

2)
κ1κ2

]
ϕ2T

+

[(
1
κ2

(
λ3

κ1

)′)′
+
λ′1λ2 − λ′2λ1 − λ3(1− κ2

2)
κ1κ2

]
ϕ3T.

Assume that (1) holds for γ. Since γ is not a geodesic then (4) holds too. Moreover,
since κ2 6= 0, it follows that, in this case, (4) gives

κ1, κ2 ∈ R \ {0}, κ3 = 0.

But, if κ3 = 0 it is easy to see that λ′a = 0 for any a = 1, 2, 3. That means λa ∈ R
are constants. From the expression of κ2 one obtains κ2 = 1.
Conversely, suppose that κ1 ∈ R \ {0} and κ2 = 1. Obviously, using again the
expression of κ2, it follows that λa ∈ R are constants. Taking account of that
in the formula of κ3E4, it can be easily verified that κ3 = 0 and, then, due to
Proposition 1, γ has the property (1).
Thus, we obtained

Theorem 2. A Legendre Frenet curve of osculating order r, γ : I → M7, in a 7-
dimensional three-Sasakian manifold with respect to all three Sasakian structures,
verifies ∆H = λH if and only if either

i) γ is a geodesic. In this case λ = 0
or

ii) κ1 ∈ R \ {0} and κ2 = 1. In this case λ = 1 + κ2
1.

Corollary 1. The mean curvature of a curve γ as in the previous theorem is har-
monic if and only if γ is a geodesic.

The most canonical example of a three-Sasakian manifold is the 7-sphere S7 =
{z ∈ C4 ; ‖z‖ = 1} endowed with a three-Sasakian structure obtained as follows
(see [1]).
Consider the Euclidean space E8 with three complex structures,

I =
(

0 −I4

I4 0

)
, J =


0 0 0 I2

0 0 −I2 0
0 I2 0 0
−I2 0 0 0

 , K = −IJ

where In denotes the n× n identity matrix. Let z denote the position vector of the
unit sphere in E8 and define three vector fields on S7 by

ξ1 = −Iz, ξ2 = −J z, ξ3 = −Kz.
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The dual one-forms ηa are three independent contact structures on S7. We consider
tensor fields ϕa, a = 1, 2, 3, of type (1, 1) given by ϕ1 = s ◦ I, ϕ2 = s ◦ J ,
ϕ3 = s ◦ K, where s : TzE8 → TzS7 denotes the orthogonal projection. Then
(ϕa, ξa, ηa) is a three-almost contact structure on S7. The standard metric on S7, g,
of constant curvature one, is an associated metric for all three considered structures
and S7 becomes a three-Sasakian manifold.
In [1] it is proved the following result

Theorem 3 ([1]). Curves in S7, parametrized by arc length, which are Legendre
curves for all three contact structures with κ1 = constant and κ2 = 1 are either
geodesics or lie in a totally geodesic 3-sphere and are given by

γ(s) =
sin ρ1s

ρ1
c1 −

cos ρ1s

ρ1
c2 +

sin ρ2s

ρ2
c3 −

cos ρ2s

ρ2
c4

where ρ1,2 = 1
2(
√
κ2

1 + 4± κ1) and ci are mutually orthogonal vectors in E8.

Now, assume thatM7 is a three-Sasakian manifold with constant ϕa-sectional cur-
vature equal to one. From the expression of the curvature tensor RM one obtains
that the biharmonic equation τ2(γ) = 0 of a curve γ : I → M , parametrized by
arc length, which is a non-geodesic Legendre curve for all three contact structures,
is equivalent to ∆H = H . By using Theorem 2 we can recover a result from [7].

Theorem 4 ([7]). Biharmonic Legendre curves in a 7-dimensional three-Sasakian
space form, with respect to all three Sasakian structures, are only geodesics.

Next, we will look for submanifolds with mean curvature vector fields satisfying
equation (2). Let (Mm, g) be a Riemannian manifold, ∇ the Levi-Civita connec-
tion and Nn a submanifold of M . The normal connection ∇⊥ is given by the
equation of Weingarten

∇XV = −AVX +∇⊥XV
for any X ∈ TN and any section V of the normal bundle T⊥N , where A is the
shape operator.
Denote by ∆⊥ the Laplacian acting on the space of the smooth sections of the
normal bundle T⊥N . The operator ∆⊥ is called the normal Laplacian and is
given by

∆⊥ = −
n∑
i=1

(∇⊥ei
∇⊥ei
−∇⊥∇N

ei
ei

)

where {ei} is a local orthonormal frame on N and ∇N is the Levi-Civita connec-
tion on N .
Let γ : I →M be a Frenet curve of osculating order r. The normal Laplacian is

∆⊥ = −∇⊥T∇⊥T .
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We have ∇⊥T V = ∇TV − g(∇TV, T )T for any section V normal to γ. Then, a
straightforward computation gives

∇⊥TH = κ′1E2 + κ1κ2E3

and
∆⊥H = (−κ′′1 + κ1κ

2
2)E2 − (κ1κ

′
2 + 2κ′1κ2)E3 − κ1κ2κ3E4.

One obtains also

Proposition 2. A curve γ satisfies ∆⊥H = λH if and only if

−κ′′1 + κ1κ
2
2 = λκ1, κ1κ

′
2 + 2κ′1κ2 = 0, κ1κ2κ3 = 0.

Proposition 3. A curve γ satisfies ∆⊥H = 0 if and only if

−κ′′1 + κ1κ
2
2 = 0, κ1κ

′
2 + 2κ′1κ2 = 0, κ1κ2κ3 = 0.

Now, assume that M7 is a three-Sasakian manifold with structure tensors
(ϕa, ξa, ηa), a = 1, 2, 3, and γ : I → M7 is a Legendre Frenet curve of oscu-
lating order r in M7, with respect to all three Sasakian structures on M7. It is easy
to see that if γ is a geodesic we have ∆⊥H = 0. In the following suppose that
γ is not a geodesic. As we have already seen κ2 6= 0 in this case. Then, from
Proposition 2, we have that γ satisfies ∆⊥H = λH if and only if

−κ′′1 + κ1κ
2
2 = λκ1, κ1κ

′
2 + 2κ′1κ2 = 0, κ3 = 0.

From the last two conditions, since ∇TT = κ1E2 =
∑3
a=1 λaϕaT where λa are

the relative curvatures, one obtains that λa must be constants and κ2 = 1.
Actually we have obtained

Theorem 5. A Legendre Frenet curve of osculating order r, γ : I → M7, in a 7-
dimensional three-Sasakian manifold, with respect to all three Sasakian structures,
verifies ∆⊥H = λH if and only if either

i) γ is a geodesic. In this case λ = 0
or

ii) κ1 ∈ R \ {0} and κ2 = 1. In this case λ = 1.

4. Integral Surfaces in Three-Sasakian Manifolds

Let us consider the Boothby-Wang fibration π : M7 → M̄ = M/ξ3, where M7

is a three-Sasakian manifold with structure tensors (ϕa, ξa, ηa), a = 1, 2, 3, and
of dimension 7, which is strictly regular with respect to the third structure. Let
γ̄ : I → M̄ be a curve parametrized by arc length and the surface Sγ̄ = π−1(γ̄)
the inverse image.
In the following we shall look for surfaces Sγ̄ which are integral surfaces ofM with
respect to the structures (ϕ1, ξ1, η1) and (ϕ2, ξ2, η2). For such a surface {ξ3, T

H}
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is a global orthonormal frame field, where T = γ̄′ and TH is the horizontal lift
of T . The vector fields ϕaTH , a = 1, 2, 3, are orthogonal to Sγ̄ . If ∇̄ is the
Levi-Civita connection on M̄ we have

∇XHY H = (∇̄XY )H − g(XH , Y H)ξ3

for any vector fields X,Y ∈ TM̄ and then

∇̄TT =
3∑

a=1

λaXa

where λa are functions defined along γ̄ and XH
a = ϕaT

H . After a straightforward
computation one obtains

∇Sξ3T
H = 0, ∇STH ξ3 = 0, ∇Sξ3ξ3 = 0, ∇STHT

H = 0

B(TH , TH) =
3∑

a=1

λaϕaT
H , B(TH , ξ3) = −ϕ3T

H , B(ξ3, ξ3) = 0

∇ξ3ϕ1T
H = ϕ2T

H , ∇ξ3ϕ2T
H = −ϕ1T

H , ∇ξ3ϕ3T
H = TH

∇THϕ1T
H = ξ1 − λ1T

H + λ2ϕ3T
H − λ3ϕ2T

H

∇THϕ2T
H = ξ2 − λ1ϕ3T

H − λ2T
H + λ3ϕ1T

H

∇THϕ3T
H = ξ3 + λ1ϕ2T

H − λ2ϕ1T
H − λ3T

H

where ∇S is the Levi-Civita connection of Sγ̄ and B is the second fundamental
form of Sγ̄ in M7. We observe that Sγ̄ is flat.
The mean curvature vector field of Sγ̄ is

H =
1
2

(∇THTH +∇ξ3ξ3) =
1
2

3∑
a=1

λaϕaT
H .

Straightforward computations show also that

∇THH =
1
2

(
3∑

a=1

λ′aϕaT
H +

3∑
a=1

λaξa −
3∑

a=1

λ2
aT

H

)

∇⊥THH =
1
2

(
3∑

a=1

λ′aϕaT
H + λ1ξ1 + λ2ξ2

)

∇ξ3H = −ϕ3H, ∇⊥ξ3H =
1
2

(−λ1ϕ2T
H + λ2ϕ1T

H)

and

∇TH∇THH =
3∑

a=1

λ′aξa −
3
2

3∑
a=1

λλ′aT
H
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+
1
2

(λ′′1 + λ′2λ3 − λ′3λ2 − λ1(1 + κ̄2
1))ϕ1T

H

+
1
2

(λ′′2 + λ′3λ1 − λ′1λ3 − λ2(1 + κ̄2
1))ϕ2T

H

+
1
2

(λ′′3 + λ′1λ2 − λ′2λ1 − λ3(1 + κ̄2
1))ϕ3T

H

∇⊥TH∇⊥THH =
2∑

a=1

λ′aξa +
1
2

(λ′′1 + λ′2λ3 − λ′3λ2 − λ1)ϕ1T
H

+
1
2

(λ′′2 + λ′3λ1 − λ′1λ3 − λ2)ϕ2T
H

+
1
2

(λ′′3 + λ′1λ2 − λ′2λ1)ϕ3T
H

∇ξ3∇ξ3H = −H, ∇⊥ξ3∇
⊥
ξ3H = −1

2
(λ1ϕ1T

H + λ2ϕ2T
H)

where ∇⊥ is the normal connection and κ̄1 =
√∑3

a=1 λ
2
a is the first curvature of

the base curve γ̄.
The Laplacian and the normal Laplacian are given by

∆ = −(∇TH∇TH +∇ξ3∇ξ3) and ∆⊥ = −(∇⊥TH∇⊥TH +∇⊥ξ3∇
⊥
ξ3)

respectively. Their explicit forms are

∆H = −
3∑

a=1

λ′aξa +
3
2

3∑
a=1

λλ′aT
H

− 1
2

(λ′′1 + λ′2λ3 − λ′3λ2 − λ1(2 + κ̄2
1))ϕ1T

H

− 1
2

(λ′′2 + λ′3λ1 − λ′1λ3 − λ2(2 + κ̄2
1))ϕ2T

H

− 1
2

(λ′′3 + λ′1λ2 − λ′2λ1 − λ3(2 + κ̄2
1))ϕ3T

H

and

∆⊥H = −
2∑

a=1

λ′aξa −
1
2

(λ′′1 + λ′2λ3 − λ′3λ2 − 2λ1)ϕ1T
H

− 1
2

(λ′′2 + λ′3λ1 − λ′1λ3 − 2λ2)ϕ2T
H

− 1
2

(λ′′3 + λ′1λ2 − λ′2λ1)ϕ3T
H .

Now, we can state



220 Dorel Fetcu

Theorem 6. A surface Sγ̄ in a three-Sasakian strictly regular (with respect to the
third structure) manifold M7, which is an integral surface with respect to the first
two Sasakian structures, satisfies ∆H = λH if and only if either

i) Sγ̄ is a minimal surface (λ = 0)
or

ii) λa are constants such that
∑3
a=1 λ

2
a 6= 0. In this case λ = 2 +

∑3
a=1 λ

2
a =

2 + κ̄2
1, where κ̄1 is the first curvature of the base curve γ̄.

Corollary 2. The surface Sγ̄ has harmonic mean curvature if and only if it is a
minimal surface.

Theorem 7. A surface Sγ̄ in a three-Sasakian strictly regular (with respect to the
third structure) manifold M7, which is an integral surface with respect to the first
two Sasakian structures, satisfies ∆⊥H = λH if and only if λ1 = λ2 = 0 and λ3

has one of the following expressions

i) λ3 = as+ b, a, b ∈ R, λ = 0
ii) λ3 = a cos(

√
λs) + b sin(

√
λs), a, b ∈ R, λ > 0

iii) λ3 = ae
√
−λs + be

√
−λs, a, b ∈ R, λ < 0.

Assume that M7 is a three-Sasakian space form with constant ϕ3-curvature one.
Then, from the expression of the curvature tensor it is easy to obtain that the bihar-
monic equation of a surface Sγ̄ as above is equivalent to ∆H = 2H . Thus, from
Theorem 6, we have

Proposition 4. In a 7-dimensional three-Sasakian space form there are not proper-
biharmonic surfaces Sγ̄ which are integral submanifolds with respect to two of the
Sasakian structures.

Next, in order to find examples of surfaces Sγ̄ satisfying equation ∆H = λH we
will use again the 7-sphere endowed with its canonical three-Sasakian structure.
One obtains

Theorem 8. The parametric equation of a surface Sγ̄ as above in (S7, ϕa, ξa, ηa, g),
a = 1, 2, 3, with mean curvature vector field H satisfying ∆H = λH , λ > 2,
thought as a surfaces in (R8, 〈 , 〉), is

x = x(u, v) =

√
B

A+B
cos(Au± v)e1 ∓

√
B

A+B
sin(Au± v)Ke1

+

√
A

A+B
cos(Bu± v)e3 ∓

√
A

A+B
sin(Bu± v)Ke3

where e1, e3 are unit constant vector fields and {e1, e3, Ie1, Ie3,J e1,J e3,Ke1,
Ke3} is an orthonormal basis in the Euclidean space (R8, 〈 , 〉), and A, B are
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given by

A =

√
λ−
√
λ2 − 4
2

, B =

√
λ+
√
λ2 − 4
2

· (6)

Proof: We consider the Boothby-Wang fibration π : (S7, g) → CP3, where CP3

is the complex projective space with constant sectional holomorphic curvature 4.
Let us denote by ∇̄, ∇ and ∇̃ the Levi-Civita connections on CP3, (S7, g) and
(R8, 〈 , 〉), respectively.
Let Sγ̄ be an integral surface with respect to the first two Sasakian structures in
(S7, g) with ∆H = λH , where γ̄ : I → CP3 is the base curve parametrized by
arc length. Using Theorem 6, the first curvature of γ̄ is given by κ̄2

1 =
∑3
a=1 λ

2
a

with λa = constant, a = 1, 2, 3 and λ = 2 + κ̄2
1, where ∇̄TT =

∑3
a=1 λaXa,

T = γ̄′ and Xa = ϕaT
H . Assume that γ̄ is a Frenet curve of osculating order r,

with Frenet frame field {T, Ē2, . . . , Ēr}.
We recall that [ξ3, T

H ] = 0, therefore we can choose a local chart x = x(u, v)
such that TH = xu and ξ3 = xv.
From the equation of Gauss and Frenet equations we get

∇̃THTH = ∇THTH − 〈TH , TH〉x = (∇̄TT )H − x = κ̄1Ē
H
2 − x

∇̃TH ∇̃THTH = −(1 + κ̄2
1)TH + κ̄2

1κ̄
2
2Ē

H
3 + λ3ξ3

and finally
∇̃TH ∇̃TH ∇̃THTH = −(2 + κ̄2

1)∇̃THTH − x.
That means

xuuuu + λxuu + x = 0. (7)

Again using the Gauss equation we have

∇̃ξ3ξ3 = ∇ξ3ξ3 − x = −x.
Hence

xvv + x = 0. (8)

Solving the equation (7) and replacing into (8), we get

x = x(u, v) = cos(Au± v)c1 + sin(Au± v)c2 + cos(Bu± v)c3 + sin(Bu± v)c4

where A, B are given by (6) and {ci} are constant vectors in R8. Since

〈x, x〉 = 1, 〈x, xu〉 = 0, 〈xu, xu〉 = 1, 〈x, xuu〉 = −1, 〈xu, xuu〉 = 0

〈x, xuuu〉 = 0, 〈xuu, xuu〉 = 1 + κ̄2
1, 〈xuu, xuuu〉 = 0, 〈xu, xuuu〉 = −1− κ̄2

1

〈xuuu, xuuu〉 = 1 + 3κ̄2
1 + κ̄4

1

one obtains for (u, v) = (0, 0)

c11 + 2c13 + c33 = 1 (9)
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Ac12 +Bc14 +Ac23 +Bc34 = 0 (10)

A2c22 + 2ABc24 +B2c44 = 1 (11)

A2c11 + (A2 +B2)c13 +B2c33 = 1 (12)

A3c12 +AB2c23 +A2Bc14 +B3c34 = 0 (13)

A3c12 +A3c23 +B3c14 +B3c34 = 0 (14)

A4c11 + 2A2B2c13 +B4c33 = 1 + κ̄2
1 (15)

A5c12 +A3B2c23 +A2B3c14 +B5c34 = 0 (16)

A4c22 + (AB3 +A3B)c24 +B4c44 = 1 + κ̄2
1 (17)

A6c22 + 2A3B3c24 +B6c44 = 1 + 3κ̄2
1 + κ̄4

1 (18)

where cij = 〈ci, cj〉.
From (10), (13), (14) and (16) we have c12 = c14 = c23 = c34 = 0. From (9),
(12) and (15) it follows that c11 = B

A+B , c13 = 0, c33 = A
A+B . Finally, from (11),

(17) and (18) one obtains c22 = B
A+B , c24 = 0, c44 = A

A+B . Thus, {ci} are

orthogonal vectors in E8 with |c1| = |c2| =
√

B
A+B and |c3| = |c4| =

√
A

A+B .

Hence c1 =
√

B
A+B e1, c2 =

√
B

A+B e2, c3 =
√

A
A+B e3, c4 =

√
A

A+B e4, where
{ei} are mutually orthogonal unit constant vectors in R8. Imposing that xv = ξ3 =
−Kx and that Sγ̄ be a integral submanifold with respect to the first two Sasakian
structures of S7 one obtains the conclusion of the theorem. �

Remark 3. If we take any of the Sasakian structures instead of the third when
consider the Boothby-Wang fibration for a three-Sasakian manifold M7, all results
in this section remain valid.
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