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Abstract. The reductions of the integrable N-wave type equa-
tions solvable by the inverse scattering method with the generalized
Zakharov-Shabat system L and related to some simple Lie algebra g
arc analyzed. Special attention is paid to the Zs-reductions including
ones that can be embedded also in the Weyl group of g. The con-
sequences of these restrictions on the structure of the dresing factors
are outlined. An example of 4-wave equations (with application to
nonlinear optics) and its gauge equivalent are given.

1. Introduction

The aim of the present paper is to study the class of /V-wave equations [1,8, 11-
13], their generalizations to simple Lie algebras [2, 5] and their gauge equivalent
ones extending the results in [6]. We describe their scattering data, dressing
factors, 1-soliton solutions and outline some of their reductions.

The N-wave type equations related to the simple Lie algebras can be solved
by applying the inverse scattering method for the generalized Zakharov-Shabat
system [5]:

Lo = (id% F Q)] — AJ) D@4, ) = 0 )

249



250 V. Gerdjikov, G. Grahovski and N. Kostov

where J = >, _, JyH., belongs to the Cartan subalgebra ) of g and the
potential matrix

Q(xat) = Z Qa(xat)Ea +pa(mat)E—a (2)

a>0

takes values in g/h. Here E., are the root vectors of the simple Lie algebra
g, 7 = rank g and A, is the set of positive roots of g. The ISM allows us to
write the considered N-wave system as a compatibility condition

[L(A), M(A)] =0 3)

for the pair of Lax operators L(A) and M ()), where

MM\ = (i% L O, )] — )J) W@t ) =0, @

and [ =5, _ I H., €h. The N-wave system related to g has the form:

The zero-curvature condition (3) is invariant under the action of the group
of gauge transformations [15]. Therefore the gauge equivalent systems are
again completely integrable, posses hierarchy of Hamiltonian structures, etc
([1,6,13,15]).

In Section 2 we describe the general form of the gauge equivalent /N-wave
systems. In Section 3 we reformulate the Riemann-Hilbert problem (RHP) for
the gauge equivalent systems, introduce the scattering data and describe their
time evolution. In Section 4 we outline folowing [3,4] the consequences of
the Z, reductions for the gauge equivalent systems. In Section 5 we extend
the Zakharov-Shabat dressing method [6, 14,12, 13] for the gauge equivalent
systems related to the orthogonal algebras and provide the general form of their
1-soliton solutions. These results are applied on the example of 4-wave system
related to the algebra B, ~ so(5) in Section 6.

2. General Form of the Gauge Equivalent Systems

Let us first fix the notation and the normalizations of the basis of g. By A,
(A_) we denote the set of positive (negative) roots of the algebra with respect
to the ordering provided by J, namely o € A, if a(J) 2 0. By {E,, H;},
a e A, i=1,...,r we denote the Cartan-Weyl basis of g with the standard
commutation relations, see [7].
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Let us now go to the gauge equivalent systems. The notion of gauge equivalence
allows one to associate with the V-wave system an equivalent one [6] solvable
by the inverse scattering method for the gauge equivalent linear problem:

L.t \) = (1di - )\S) Bt ) =0,

T

(6)
NG (2., \) = (1% _ /\f(S)) Dzt \) =0
where ¢(z,t,\) = g~ (z, )y (z, 1, ),
S=Ad,J = gz, t)Jg(x,t), (7)

and g(z,t) = ¥(x,t,0) is the Jost solution at A\ = 0. The zero-curvature
condition [L, M| = 0 gives:

d
Si— 4 1(8) =0 ®)

where f(S) = Z;;é «,S**1 is an odd polynomial of S. It is natural that
f(8) =g ' (x,t)Ig(x,t), i.c., it is uniquely determined by 7. Both J and T
belong to the Cartan subalgebra h so they have common set of eigenspaces.
In order to express f(.S) through their eigenvalues .J;, and I, we introduce the

diagonal matrix-valued functions:

J? - J?
JZ— 2

S

fi(J) = Ji}c H

s#£k

=H, ch 9

where by H., we denote the element in § dual to the basis vector e; in the
root space of g. Using (9) and applying Ad, we get:

I=) Iif:(J), (10)
f(S) =g~z t)Ig(x,1t) kafk (11)

In addition S(x,t) satisfies the characteristic equations:

r

s 11(s* - J7) =0, (12)

k=1

where kg =0i1f g~ C, or D, and kg = 1, if g ~ B,.
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Then the equation gauge equivalent to (1) becomes:

r—1
Sy — Sy — Y o, (S7T), =0. (13)

p=1

The function S(xz,t) € g is also subject to constraints; one of them is provided
by (12). To construct the others we assume that g ~ B, or D, and use the
typical representation of g. It this settings we easily see that all odd powers
of H,, also belong to the Cartan subalgebra . Thus we conclude that all odd
powers of S also belong to g. The invariance properties of the trace lead to:

trace(J*) = 2 J7* = trace(S)*, (14)
k=1
for k. = 1,...,r. The conditions (14) are precisely r independent algebraic

constraints on .S. Solving for them we conclude that the number of independent
coefficients in S is equal to the number of roots |A| of g.

3. Fundamental Analytic Solutions and Scattering Data for Gauge
Equivalent Systems

The direct scattering problem for the Lax operator (1) is based on the Jost
solutions:

lim (z, A) e™* =1, lim ¢z, \) e =1, (15)

r—00 Lr——00

and the scattering matrix:
T(A) = (P2, N) "¢z, A). (16)

The fundamental analytic solutions (FAS) ¢%(z, \) of L()\) are analytic func-
tions of A for A 2 0 and are related to the Jost solutions by [5]

€ (2, A) = ¢, )SF(N) = (2, \)TT (M) D*(N) (17)

where T=()\), S£()\) and D*(\) are the factors of the Gauss decomposition
of the scattering matrix:

T(\) = T-(ND* (NS () = T*(A)D~ ()5~ (V) (18)

where S = S, the superscripts + (resp. —) in 7=(\) and S*(\) mean
upper- (resp. lower-)triangularity; for the diagonal factors D*()) these super-
scripts mean that D* are analytic functions of A for ImA > 0 and Im A < 0
respectively.
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On the real axis &7 (x, \) and £~ (x, A) are related by
E @A) =€ (@ N)Go(N), G =8*NS~ (),  (19)

and the function Gy(\) can be considered as a minimal set of scattering data
in the case of absence of discrete eigenvalues of (1) [10,5].

If the potential Q(x, 1) of L(\) (1) satisfies equation (5) then S*(\) and T* ()
satisfy the linear equation:

; ds*

dt

. dT*

—AI,5%] =0, i— — I, T*] =0, (20)

while the functions D*()\) are time-independent. In other words D=()\) can
be considered as the generating functions of the integrals of motion of (5).

In order to determine the scattering data for the gauge equivalent equations we
need to start with the FAS for these systems:

5 (x, A) = g7z, )EF (z, A)g- (21)

where g_ = lim g(z,t) and due to (16) and g_ = T(0). In order to ensure

that the functions £* (x, A) are analytic with respect to A the scattering matrix
T(0) at A = 0 must belong to the corresponding Cartan subgroup $). Then
Equation (21) provide the fundamental analytic solutions of L. We can calculate
their asymptotics for £ — oo and thus establish the relations between the
scattering matrices of the two systems:

lim ¥ (x,A) = e MPT(0)SH(N)T(0) (22)
lim &% (z,0) = T~ (N D™ (N)T(0) (23)

with the result:
T\ =TWT(0). (24)

Obviously T(O) = 1l. The factors in the corresponding Gauss decompositions
are related by:

SEA) = T(0)SENT(0),  THA) =T\

s 3 (25)
D=(\) = D=(\)T(0).

On the real axis again the FAS £*+(z, \) and £ (z, \) are related by:

é+<$,)\) = g_(x7>‘)é0<)‘) (26)
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with the normalization condition £(x, A = 0) = 1 and Go()\) = S5+ ()\)5:'_ (A
again can be considered as a minimal set of scattering data.

4. Zo-reductions

The numerous Z,-reductions have been recently classified for the N-wave
equations [3, 4] using the reduction group introduced by Mikhailov [9]. They
can easily be reformulated for the gauge equivalent systems. Here we briefly
outline the main steps in this. In [4] we studied four type of reductions:

a) Ci(UM(z,t,n\")) = Ula,t, ), n=+1, (27)
b) ( (2., — ) = Uz, t,\), (28)
) (U* (z,£,7A") ) = —U(z,t,\), n=c=1, (29)
d) 4(U 7,6, m\) ) Ulz,t,\), n==+1 (30)

where U(z,t,\) = [J,Q(x,t)] — AJ is the potential part of the Lax operator
(1) and C;, &k = 1,...,4 are involutive automorphisms of the Lie algebra g.
The reductions for the gauge equivalent systems are obtained from (27-30)
by replacing U(x,t,\) by AS(x,t). In order to describe their effect on the
coefficients of S(x,t) we parametrize it by:

r

Sz, t) = sp(z, t)He, + Y Salz, t)E, . (31)

k=1 a€A

These coefficients are subject to the constraints (14). For example, we have:

%trace S*(x,t) = (5,8) + Z L)Sa(:v,t)s_a(m,t) = ET: Ji  (32)
k=1

where by 5(z,t) we have denoted the r-component vector 3(x,f) =
(81,...,8.)(x,t) and (§,8) = > ;_, si.

The automorphisms C}, that we will use below will be of two types: elements
of the Cartan subgroup (type 1) or of the Weyl group W, of g (type 2). For
the type 1 reductions we will use

K=expH:, K 'E,K=e¢ *9E, (33)

where % is the vector in the root space dual to H; € ). Such reductions impose
on S(z,t) the following constraints:

la) s} =1nsy, S_o =neFogr (34)
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b) S, = efog (35)
Ie) sp=-nsi,  Sa=-neBIs:, (36)
1d) S,=e Fog, (37)

In the cases 1b) and 1d) the reduction does not affect s, (z, ).

In applying the type 2 reductions we have to keep in mind that the Weyl
reflection w, with respect to the root « acts on the Cartan-Weyl basis as
follows:

wa(HE) = Hw”(];) ) wa<Eﬂ) = na,BEﬂ’ (38)
where ' = w,(8) = 5 — 2((5’5))

on S(z,t) imposed by the type 2 reductions are as follows:

« and n, g take values £1. The restrictions

2a) w,(8*) =ns, Spr = nna S’ 5, (39)
2b) w.(§) =3, Sp =ne 35 5, (40)
2¢) we(§*) = —ns, Sg = —NNe.pSh, (41)
2d) w,(5) =15, Sg = NNepSs - (42)

5. Dressing Factors and 1-Soliton Solutions

The main idea of the dressing method is starting from a FAS & 35) (z,\) of L with
potential Sy to construct a new singular solution fﬁ)(x, A) of the RHP (26)

with singularities located at prescribed positions AT. Then the new solutions
¢ (il) (x, A) will correspond to a potential S;) of L with two discrete eigenvalues

AT, It is related to the regular one by the dressing factors 7(z, \):

é(ji)(x7 /\) = {L(x? /\)é(j(:)) (xa )\),&:1 ()‘) s
a_(A) = lim a(x,\),

Lr——00

(43)

and the dressing factors for the gauge equivalent equations @(x, \) are related
to u(x, A) by

Wz, A) = gy (@, t)u™" (7, A = 0)u(z, N)go) - (44)
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If g ~ A, then the gauge equivalent dressing factors are

. B c1(A) A - A
u(:v,/\)—ll+<61(0)—1>P1, cl()\)—)\_)\l_
Py(x) = In(z))(m(z)] (45)

(m(@)n(z) 7
[n(@)) = & (ADlno), — (m(x)] = (moléy (A7)

where |ng) and (my| are constant vectors and these dressing factors satisfy the
equation:

dii
i< — AS(1y@i + MiS() = 0. (46)
dz

If g ~ B,, D, the dressing factors take the form [3]:
w(x,A) =1+ (e;(A) = D)P + (7' (N — 1) P, (47)
1(

@z, \) =1+ <01EE)\§ - 1) P+ (Cl(gg - 1) P, (48)

where P_i(z) = SoP[(2)S;*, Pi(2) is the rank one projector (45), P, =
Q(T)%Pilg(m (x,t). If g~ B, then N = 2r + 1,

r

So = z:(—l)kle (Bxg + Erg) + (=1)"Eri1 0413 (49)

k=1

k=N —k+1, (Ewn)a = 6bp; if g ~ D, then N = 2r and

r

So =Y (="' (B + Egy.) . (50)

k=1

If the dressing factors of the gauge equivalent equations satisfy (46) then the
projectors P.; satisfy the equations:

dP

—1 —|-/\ PlS(O) — Al S(l)Pl =0,

(1)
dP 1 N
—|—A Plso)—>\ Sl)Plzo
and the “dressed” potential can be obtained by:
A=A d = ~

Sty = Sy + 1755 — (Pi(z) — Pi(z)). (52)

ATAT dx
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The dressing factors can be written in the form:

_ c1(N) - }
u(r,\) =ex {ln x)|, 53
(x,A) = exp £ (0) p(x) (53)
where p(z) = P, — P_, € g and consequently 7(x, \) belongs to the corre-
sponding orthogonal group.
Making use of the explicit form of the projectors P, (x) valid for the typical
representation of B, we have [3]
2 LN 2 - .
hy(z)H,, + —— (Py(2)E, + P_o(x)E_,) (54)
(mln) kz_:l (m[n) a§+

pr) =

where we assumed Sy = J, gy = 1. Thus

7 _ 2V1ylc _ _ —2V1yk
hi(x,t) = ngpmoye — Ny, EMo,; € ;

r

<m|n> = Z(nO,kmO,k e¥1vr 4 Mo kMo, k efzylyk) + Mo r 1Mo, 741

P, for a = ¢;, — e,

P, =< P, for a = e, + ¢,

Pyrir, for ao=e;.
Here 1 < k,s <7, uy = Re A, vy =Im\] and
P, = eiul(ys—yk) (no,kmo,s eul(y.s--l—yk) _ <_1)k+8n0,§m0’]} e—ul(y.s--l—yk))

Y = Jpx + Iit, Y = — Yk Yr+1 = 0. (56)

The corresponding result for the D,. series is obtained formally if in the above
expressions (55) and (56) we put ng 11 = mo,q1 = 0. Thus P,y = Py =
0 and the last term in the right hand side of (m|n) (55) is missing.

The N -soliton solutions can be obtained by applying successively N times the
dressing procedure.

It 1s easy to determine the effect of each of the reductions (27-30) on the
fundamental analytic solutions and on the scattering matrix of both L(\) and
L(X). Here we will only formulate the properties of the dressing factors (32)
and (33):

a) Cl<uT(:13,77)\*)) =u "z, N, (57)
b) Co(u (@, —N) =u (2, ), (58)
Q) Ca(u(w,nX)) = ule, V), (59)
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dy ¢4 (u(:c,n)\)) = u(x, \). (60)

Obviously the concrete restrictions on the corresponding eigenvalues A and
A7 and on the projectors Py, will depend on the choice of the automorphisms
C}. Skipping the details we formulate some of them:

la) A7 =n(A7)", K'PL,K = Py, |m) = K|n") (61)
where K = K*;

1b) A\ =-)\, K 'PLK=Py,, |m)=Kln) (62)

lc) A =n(\))*, K 'P'K=Pp, Im) = SK|n*)  (63)

2a) AT =n(AD)*,  wo(PL) =Pu,  |m) =), (64)

2b) )‘1_ )‘T ) wa(Pfl) = Pil ; |m> = 71]04|n> ) (65)

2¢c) A =n(A))", we(Pr) =Py, Im) = Sgis|n*). (66)

Here we have made use of the fact that to each element w, € W, we can
relate an inner automorphism of g, 1. e., there exist a nondegenerate matrix w,,
belonging to the group & and such that:

Wo (X) = W, X0, " (67)

for each element X € g.

Applying the above restrictions to (32) and (33) we will get dressing factors
satisfying automatically the corresponding reduction conditions. Finally the
corresponding soliton solutions can be recovered from (37).

The dressing factors (32) and (33) are the simplest possible ones if we choose
the algebra g to an orthogonal one. More complicated dressing factors should
contain at least four poles and zeroes in A whose residues can again be recon-
structed from the ‘bare’ solutions of L()\). These problems will be addressed
in future publications.

6. Examples

Let us give some examples of the above constructions. As such we will use the
4-wave equations related to the B, ~ so(5) algebra and their gauge equivalent.
We also construct their one-soliton solutions.

The algebra so(5) has four positive roots: e; +e,, €; and e,. The corresponding
4-wave system subject to the reduction (27) with C}(X) = K 'XK and
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K = diag(Ky, Ky, 1, K5, K;), K; = £1 and = 1 has the form:
i(J1 — J2)quo, — i(lh — Ix)quo,s + 26 K1 Koq11q5, =0,
1J2qo1,e — 1aqor o« + (K1 K2¢)1G12 + ¢11459) =0,

iiqire — il1g11 . + K(K1 Kaq12g5, — ¢10901) = 0,
i(Jy + Jo)quas — il + I2)qiae — 26¢11g01 =0

(68)

where k = J; I, — JsI; and the subscripts 10, 01, 11 and 12 refer to the roots
e — e, €1, €5 and e; + ey respectively. This system with K1 = Ky = 1 1s
known to have applications in nonlinear optics, see [13, 3] and the references
therein. Its gauge equivalent has the form:

St - flSm - fS(SS)m = 07
_ L -1J3 1= I J, — LIJ, (69)
Jido(JE—J2)° (I - J3)

where the 5 x5 matrix S is constrained by K~'S(z,¢)K = S(z,t) and:
trace S* = 2(J; + J3), trace S* = 2(J! + J;),
S(S% — J7)(S* = J3) =0.

h

(70)

Here we write down the 1-soliton solution for a special choice of the soliton
parameters:

Ng1 = 1, Npoo = P, Mo 3 = 2()02 - 1) ) (71)
Nor = Nok » Mok = Kkno,k ) Ky =1, K; = K.

We also assume that p > 1 is real. The choice (71) obviously satisfies (61). In-
serting this choice into the general formulae (54 -55) after some rearrangements
we get:

(m|n) = 2(K; cosh(2u41,) + Kap® cosh(2uv1y5) + p° — 1),
iLl = 2K1 Sinh(2V1y1>, ilz = 2K2p2 Sinh(?ylyz) s
ﬁelieQ = pe il (KZ e 1T 4 K, e_ul(yﬁ?ﬂ)) ) (72)

P, =/2(p2 — e (e — Ky e
P, = \[2(p2 — 1) e (e 4 Kyeioe) |

and P_, = P, If we let p = 1 we get a 1-soliton solution associated with the
Dy, ~ A, @ A, subalgebra; if we put p = 0 the result is a 1-soliton solution
associated with the so(3) subalgebra of B,. In both subcases the subsets of
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roots (resp. {te; £ e,} and {+e;, e, }) for which P, £ 0 contain only roots
with the same length.

7. Discussion

We outlined the construction of the class of nonlinear evolution equations gauge
equivalent to the /N-wave equations. Although at some point we made explicit
use of the typical representation of g we believe that in fact these results may
be extended to any irreducible representation of g.

It remains also to be studied the internal structure of the soliton solutions of
both (5) and (8) and the /N-soliton interactions. Another open problem is the
study of the Z,-reductions of (8) along the ideas outlined in [3, 4].

References

[1] Faddeev L. and Takhtadjan L., Hamiltonian Approach in the Theory of Solitons,
Springer, Berlin 1987.

[2] Fordy A. and Kulish P., Nonlinear Schrédinger Equations and Simple Lie Alge-
bras, Commun. Math. Phys. 89(4) (1983) 427-443.

[3] Gerdjikov V., Grahovski G., Ivanov R. and Kostov N., N-Wave Interactions
Related to Simple Lie Algebras. Zo-Reductions and Soliton Solutions, Inverse
Problems 17 (2001) 999-1015.

[4] Gerdjikov V., Grahovski G. and Kostov N., Reductions of N-Wave Interactions
Related to Low-Rank Simple Lie Algebras I: Zo-Reductions, J. Phys. A: Math
and Gen. 34 (2001) (in press).

[5] Gerdjikov V. and Kulish P., The Generating Operator for the nxn Linear System,
Physica D 3(3) (1981) 549-564;
Gerdjikov V., Generalized Fourier Transforms for the Soliton Equations. Gauge
Covariant Formulation, Inverse Problems 2(1) (1986) 51-74.

[6] Gerdjikov V. and Yanovski A., Gauge Covariant Formulation of the Generating
Operator II: Systems on Homogeneous Spaces, Phys. Lett. A, 110(2) (1985) 53-
58;
Gerdjikov V. and Yanovski A., Gauge Covariant Formulation of the Generating
Operator I, Commun. Math. Phys. 103 (1986) 549-568.

[7] Helgasson S., Differential Geometry, Lie Groups and Symmetric Spaces, Aca-
demic Press, 1978.

[8] Kaup D., The Three Wave Interaction — a Non-Dispersive Phenomenon, Stud.
Appl. Math. 55 (1976) 9-44.

[9] Mikhailov A., The Reduction Problem and the Inverse Scattering Problem, Phys-
ica D 3D (1981) 73-117.

[10] Shabat A., The Inverse Scattering Problem for a System of Differential Equations,

Functional Annal. & Appl. 9(3) (1975) 75-78;
Shabat A., The Inverse Scattering Problem, Diff. Equations 15 (1979) 1824 -1834.



On N-wave Type Systems and their Gauge Equivalent 261

[11] Zakharov V. and Manakov S., Exact Theory of Resonance Interactions of Wave
Packets in Nonlinear Media, INF preprint 74-41, Novosibirsk 1975.

[12] Zakharov V. and Manakov S., On the Theory of Resonance Interactions of Wave
Packets in Nonlinear Media, Zh. Exp. Teor. Fiz. 69 (1975) 1654-1673.

[13] Zakharov V., Manakov S., Novikov S. and Pitaevskii L., Theory of Solitons. The
Inverse Scattering Method, Plenum, New York 1984.

[14] Zakharov V. and Mikhailov A., On the Integrability of Classical Spinor Models
in Two-dimensional Space-Time, Commun. Math. Phys. 74 (1980) 21-40.

[15] Zakharov V. and Takhtadjan L., The Equivalence Between the Nonlinear

Schrodinger Equation and the Heisenberg Ferromagnet Equation, Teor. Mat. Fiz.
38 (1979) 26-35.



