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VARIATIONAL FIRST-ORDER QUASILINEAR EQUATIONS

JOSEPH GRIFONE, J. MUNOZ MASQUE, AND L.M. POZO CORONADO

ABSTRACT. The systems of first-order quasilinear partial differential equations
defined on the 1-jet bundle of a fibred manifold which come from a variational
problem defined by an affine Lagrangian are characterized by means of the
Hamilton—Cartan formalism and the theory of formal integrability.

1. INTRODUCTION

The goal of this paper is to analyse the role that Hamiltonian formalism and
formal integrability play in studying the variational character of first-order quasi-
linear partial differential systems.

Let p: M — N be a fibred manifold over an orientable connected C*° manifold
N. Set dim N = n, dimM = m +n. Let p;: J' — N be the 1-jet bundle of local
sections of p, and let p1g: J'M — J°M = M denote the canonical projection:
p10(jLs) = s(x). Throughout this paper Greek indices run from 1 to m, and Latin
indices run from 1 to n.

If (2%, y®) is a fibred coordinate system for the submersion p defined on an open
subset U C M, we denote by (z%,y; y®) the coordinate system induced on JU in
a natural way; i.e., y®(jls) = O(y* o s)/0x' ().

The starting point is the following basic fact:

Proposition 1. Let Lv be a Lagrangian density on J' M, where v is a volume form
on N. The Poincaré—Cartan form © of Lv is p1g-projectable if and only if L is an
affine function, or in other words, locally there exist functions A°, A € C>°(M)
such that L = A + A y®. In this case, the Euler—Lagrange equations of Lv are a
system of first-order quasilinear equations on J'M.

Proof. It is an easy consequence of the local expression of the Poincaré—Cartan
form

oL
oy

7

(1) 0= (-1) 0% ANv; + Lo,
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associated with Lv, where we have chosen the fibred coordinate system (x%,y%)
such that,

v=dz' A, Adz, vi:dxl/\.../\d/a?"/\.../\dz”,
and 6% are the standard 1-contact forms on JM; i.e., 0% = dy® — y®dx®. Then,
as a simple calculation shows, the Euler—Lagrange equations are:
DA DAL _ (aAg B 6Ag) 0y”
oy> Ozt oyP Oy /) Oxt’
where the index « is free. m
This result poses the problem of determining which systems of first-order quasi-

linear equations on J!'M come from an affine Lagrangian as above. The character-
ization is as follows:

Theorem 2. With the previous hypotheses and assumptions, the system of C¥
equations

oy”
B ogi’
is variational with respect to an affine Lagrangian if and only if the differential
form & € Q"FY(M) defined by
(3) E=Fody* Av+ (—1)iFéﬁdy°‘ A dyP Awv;
is closed; that is, if and only if

2) Fo=F} o5 = Fhar  Fa,Fop € C(M),

F! 5+ Féa =0,
OF. 5 _O0F; | OF. _
(4) dz'  Oy* Oy
3 7 3
OF. 5 N oFy, N ory, o
Oy Oy~ oyP
In this case, £ is the exterior differential of the Poincaré—Cartan form associated
with the corresponding Lagrangian density Lv.

0,

The result can also be formulated by saying that a (n — 1)-horizontal (over N)
differential (n + 1)-form on M is variational if and only if it is closed.

In the particular case n = dim N = 1, that is, for ordinary differential equations,
the result of Theorem 2 was stated in [3]. Moreover, the conditions (4) agree with
those obtained in [2, I-VII] in the case of an affine Lagrangian although in the
present work the result is obtained by a completely different method.

2. PROOF OF THEOREM 2

Let us first consider the Lagrangian L = A% 4+ A’ y®. The associated Euler—
Lagrange equations are
A% Al (aAg 8%) ayP

oy dxi \gyf  dye /) 9zt
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and hence the associated differential form £ reads

A, B 814}}
oy Oy~

0 i
&= (gﬁa f%i?)dya/\vqt(fl)l( )dyo‘/\dyﬁ/\vi,
which coincides with the exterior differential of the Poincaré—Cartan form and &
is obviously closed. In fact, in this case from the formula (1) we obtain © =
A% + (=1)" "L AL dy™ A v;, and hence & = dO.

Conversely, let us suppose that the equations (4) hold, so that the differential
form £ in (3) is closed. Then, the crucial point of the result is to prove that there
exists a local primitive form ¢ € Q*(M), £ = d¢, which, in addition, is (n — 1)-
horizontal with respect to p; i.e., iy, iy,w = 0 for all p-vertical tangent vectors Yp,
Y1 on M. This means that ( is written as

(5) C= A%+ (=1)"TAL dy™ A, A% AL € C¥(M).

Therefore, the equation & = d(¢ has a local solution if and only if the following
system of PDEs is integrable:

9AY QA

(6) Fa= o> dxt’
.04l 04

(7) Fas =35 ~ 9o

Theorem 3. If the conditions (4) hold, then the system (6,7) is involutive and,
hence, formally integrable.

Proof. Let us denote by ABT*M (resp. Ay ™'T*M) the subbundle of A"T* M

(resp. AZTIT*M) defined by iy,iy,w = 0 (resp. iy,iy,iy,w = 0) for all p-vertical
tangent vectors Yy, Y7 (resp. Yp,Y7,Y2) in M. Let

O: JHAST*M) — AFHT*M
be the affine bundle morphism given by
@(j,¢) = (dQ)y — &-
Set Ry = ker(®,0).

We introduce coordinates (z?,y,z
(resp. Ay T'T*M) as follows

¢ =22(Qv+ 25 (Q)dy™ A,
n=wa(n)dy* Av+ wéﬁ(n)dya A dy? Av;.
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Let (xi,ya,zo,zé;z?,zg,zfm,zgﬁ) denote the system of coordinates induced in

JY(ABT*M); precisely,

g 0(zP () g 0(zP0()
Z?(Jyo = T(y)a Zg(JyC) = W(y)v
9(z4 0 ¢) Az 0 C)

Zi,j(jéo =

Then, the equations of ® are

97 (), z;a(j;C) = Tyﬁ(y)'

(8) weo® =20 -2 . —F,, wgﬁo@:zf‘lﬂfzg@fFag.

Hence ® has constant rank and R; is a fibred submanifold of J*(AZT*M).

Moreover, a section ¢ of the vector bundle ALT™* M satisfies the equations (6,7)
if and only if j;( € R, at every point y € M; that is, ¢ is a solution of R;.

Lemma 4. With the above notations, the vectors
u' =9/0x, ... u"t =0/0x™ vt =9/oyt, ... 0™ = d/oy™
constitute a quasireqular basis for Ry at each point of M.
Proof (of Lemma). The symbol of @,
o1 =01(®): T*M @ NgT*M — Ny T*M

is given by o1(w ® ) = w A (, for every w € T*M, ( € NJT*M, or in local
coordinates

o1(de? @) =0,
o1(dy” @ v) = dy”’ Ao,
o1(da? @ (dy™ Avy)) = (1) 8] dy™ A,
o1(dy® @ (dy® Avg)) = dy® A dy® A,
Set g1 = keroy. In order to calculate dim g; we first notice that an element
X = Ndo! @ v+ A;adxj ® dy® A v; + ppdy® @ v+ u},adyﬁ ® dy* A v;
belongs to g1 if and only if (=1)°A}, 4 pa = 0, pil5 + i, = 0. Hence
dimg; = n+n’m+ inm(m+ 1) = n(1 +nm) + nm(m + 1).
Now we must count the dimension of the spaces
Gtk = AXE g1 G X = =iux =0}.
We observe that g; ,1 = {X €g1: M=\, = 0}, and hence
dim gy .0 =dimg; — 1 —nm = (n — 1)(1 + nm) + 3nm(m + 1).
In a similar way, g1 1 & = {X € Grut, ub-1: A = )\fm = 0}, so that

w1 —1=nm = (n—k)(14+nm) + snm(m+ 1),

.....
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Repeating the same operation with
g1ul,. un ol = {X € g1ul,..un P H1 = /j“zioz = 0}7

we notice that all the pg vanish automatically as every )\;- o vanishes in g; 41, yn.
Hence, we must only add the condition that the mn coefficients /ﬂﬂa vanish for
6=1:

dim gy 1, yn ot = dimgy 1, un —nm = gnm(m + 1) — nm = gnm(m — 1).
In an analogous way, when passing from g 1 yn o1, pv-1 O Grut, _um ot o7
we must eliminate the ,ufm with o > . Hence

dimgl,ul,...,u”,vl,...,v“f = dim J1ul,. . un ol vl T n(m -7+ 1)
= gn(m— (v =2))(m—(y—1)) —=n(m -7y +1)
= gn(m —y+1)(m—7),

and so dim gy 1, yn 1, om = 0.
We have still to calculate the dimension of go = ker oo(®), where

o9 = 09(®): S*T*M @ NgT*M — T*M @ N3T1T* M,

is the prolongation of the symbol. It is defined as follows: Let [f] be the equivalence
class of a function f € C*°(M), modulo sums with functions with vanishing second-
order derivatives. The prolongation of the symbol is obtained by applying

S2T*M @ NgT*M — JHAZTIT* M)
[fly ® Gy = Gy (df A ),

and then restricting to the associated vector bundle of J* (AT T*M). Hence, the
expression of o9 in local coordinates is the following (where ® stands for the sym-
metric product):
oo(dr? © da® @ v) =
oo (dr? @ dy’ @) = da? @ (dy® Av),
oo (dy® © dy’ @ v) = dy® @ (dy” Av) + dy” @ (dy® Av),
oo(dz? ® dz* @ (dy® A v;)) = ((5kdxj @ (dy® Av) + 87 dz* @ (dy™ A v))
oa(de? ® dy® @ (dy® Avy)) = da? @ (dy® A dy® Avg) + (=1)'67dy® @ (dy® Av),
oo (dy® © dy? @ (dy® Av)) = dy® @ (dy” A dy® Awvy) +dy” @ (dy® A dy® Awy).
To calculate dim go we notice that an element
X = Agryda? © dz® @ v+ X, da? © da® @ (dy™ A vy)
+ fijpda’ © dy’ @ v+ g, da? © dy’ @ (dy® Avy)
+ ﬂ(ﬁ,y)dyﬁ Ody’ v+ Dfm)adyﬁ O dy” & (dy* ANv;)
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(where (nm) = (nm) are symmetric subindices) belongs to go if and only if

His + Z(_l)ij‘fij) =0

V(igy) T Z(*l)iﬂéaﬁ =0

Figa + jag =0

g~ Viasyy =0

Pgy)a ~ Ylays = 0-
Hence the dimension of go can be counted as follows: The n(n + 1)/2 coefficients
A¢jry and the %nQ(n + 1)m coefficients )\f’jk)a can be chosen freely. The latter
completely determine the coefficients jijg. The n?m(m + 1)/2 coefficients ﬁjﬂa
with a > § can be freely chosen, and they determine the remaining ﬂ; 3o and thus
also the g, Finally, the nm(m + 1)(m + 2)/6 coefficients v/, , with o > > v

, (B7)
determine all the remaining Eéﬁw)a' Hence,

dim go = £ (nm + )n(n+ 1) + In°m(m + 1) + tnm(m + 1)(m + 2).

For the basis to be quasiregular (and hence, for the system to be involutive), the
following dimension equality must hold:

n m—1
(9) dim go = dim gy + Zdimglvulywm + Z dim gy 1,y o1, 8-
j=1 B=1
Moreover, we have
n—1 n—1
dimgy + Y dimgy 1,0 = ((n — )(L+nm) + gnm(m + 1))
j=1 =0
=1’ m(m+1) + (1 + mn)n(n + 1),
and
m—1 m—1
dimgl,ul,...,u" + Z dimgl,ul,...,u",vl,...,U’Y = Z %n(m -7+ 1)(m - 7)
y=1 v=0
= tnm(m + 1)(m + 2),

as it can be easily shown by induction on m. Hence, the condition (9) is satisfied,
and the differential system in question is involutive. m(Lemma)
Now, all the obstructions for integrability must lie in the first prolongation.
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The first prolongation of the system is

oF,  9*A° 9?A

dzi — 0xidy>  9r'dxi’

OF,  0?A° D2 AY

oy Oy*dyr  dridyr’
(12) Ofay _ 0°A, 04 :

OxJ 0xidyP  OxI Oy

GF(iﬁ 024 B (’)QA%

oy OyPoyY  Oy*dy"’
Let us thus look for every possible integrability condition, by checking all the
linear relations that can be satisfied by the equations (6) (7), (10), (11), (12)
and (13). The equations (6) and (10) cannot be related to any other equation
because A" /dy* only appears in the a-th component of (6) and, in a similar way,
92 A° /927 0y™ only appears only in the (j, a)-th component of (10). Equations (7)
can be related among themselves in order to obtain

(14) 15 = Fla
In an analogous way, equations (13) can be combined among themselves to give
the conditions

(10)

(11)

(13)

OF. 5 _ 78F§a
Oy oy’
(which is a direct consequence of (14)), and also the conditions
OF! OF: OF:
(15) af + By + e
oy Oy~ oyP
Finally, the only possible way to eliminate the A’s in the equations (11) and (12)
produce the condition

=0.

OFs 0F, 0F,,
dy>  oyP  Oxt’
Since we realise that this compatibility conditions are precisely the conditions (4)
assuring that & is closed, we have obtained the formal integrability of the system
of equations (6,7). m

Finally, by using the Cartan-Kdhler Theorem, we can assure the local integra-
bility and hence the existence of a differential n-form w with the local expression
(5) such that dw = £. Furthermore w is the Poincaré—Cartan form associated to
the Lagrangian L = A° + A! y® whose Euler-Lagrange equations are precisely
F, = Foiéﬁ(@yﬁ/axi). Thus, the proof is complete.

(16)

Remark 5. In fact, we can drop the analiticity hypothesis, and obtain Theorem 2
for the case in which the equations (2) are just C*°. The reason for that is that the
equation Ry is associated to a differential operator with constant coefficients (as
can be seen in (8)). Hence the Ehrenpreis—Malgrange Theorem (see [1, Chapter
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X,1.2], and the references therein) can be used to state that formal integrability
assures integrability in the C'*° case.
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