
���������
	���
��������
����

�����������! #"$�&%#'

(*),+�-/.10�2�3�450�2�3�6�7�458:9�6�.;6�+�8:3�6�3�<=3,>@?�6�A�6�2BA 'DCFEG"$�HC�I
 4KJL4KM�N�OQP!8:4K3�6�+�8:9�6�.SRKNT8:<=+�6�JL4KM�8:6�3�4K3U6�0 ������V,��W 4K3B2�RK<=M�NLJT2

XH�������
Y
Z����
����[\�]���
���T^�Z
[
����'!���H_D�HCF`FC  H�� H�����!ab��ac%�V��Dd�e�%
(*),+�-/.f?�4hg�4KM�2BA�iL+�-/.S<=+�6�JL4KM�8:6�3�4K3 I ` +�8:3�6�3�<=3j0�2�3�450�2�3�6�9�6
(*),+�-/.f0�2�3�450�2�3�6�7�458:9�6�.  6�kL6�M�8:9=NLRKNUNL3Kg�4:A�4K+�6�l "$�HC
6�+�8:3�6�3�<=3�>m?�6�A�6�2BA 'DCFEn"$�HC

'!�=do��p1�!e��H" P '
C�������'D�H'D`�V P ' ` +�8:3�6�3�<=3j0�2�3�450�2�3�6�9�6
 2�+�9�3BOrq�4K3�4KM�kL<=M�R58:9�6�.SRKNT8:<=+�6�JL4KM�8:6�3�4K3  6�kL6�M�8:9=NLRKNUNL3Kg�4:A�4K+�6�l "$�HC

��� P ��'D��ac�#V�s/t�C ����pu��CF�&WH�!v*%#'
(*),+�-/.f?�4hg�4KM�2BA�iL+�-/.S<=+�6�JL4KM�8:6�3�4K3 I ` +�8:3�6�3�<=3,w�M�6�9�A�2xg�+�NL.f0�2�3�450�2�3�6�9�6
(*),+�-/.f0�2�3�450�2�3�6�7�458:9�6�. 6f2�JL3�NT0�2�3�6�y52�z�6�6 �F_DCFEn"$�HC
6�+�8:3�6�3�<=3�>m?�6�A�6�2BA 'DCFEn"$�HC

 H������ c�Hp1� P
 H������' P d P!q s/t�C P ' (*),+�-/.1?�4hg�4KM�2BA�iL+�-/.o<=+�6�JL4KM�8:6�3�4K3 I
` +�8:3�6�3�<=3j0�2�3�450�2�3�6�9�6 � +�6�JL4KM�8:6�3�4K3 � A�R:2�M�JL4L{�q�NLM�3�<=R:2BA�6�l
 6�kL6�M�8:9=NLRKNUNL3Kg�4:A�4K+�6�l "$�HC

'!������ac" P `FEF�F`F|
%&��`���� P "�d P C � A�iLkL4KM�3L8:9�6�.;<=+�6�JL4KM�8:6�3�4K3x{
` A�A�6�+�NL.�8K8:9�6�.S<=+�6�JL4KM�8:6�3�4K3x{ }�g�0�NL+�3�NL+]{ � 2�+�2xg�2
� M�kT2�+�2�{  cv~�

vm�� H��WH�!_c%#��aD�
����`���� P ���HC P ' (*),+�-/.10�2�3�450�2�3�6�7�458:9�6�.
` +�8:3�6�3�<=3j0�2�3�450�2�3�6�9�6 6�+�8:3�6�3�<=3,>@?�6�A�6�2BA 'DCFEG"$�HC
 6�kL6�M�8:9=NLRKNUNL3Kg�4:A�4K+�6�l "$�HC

����_!��v~�H_D��a
'!������� P |F_D�&%#' ` +�8:3�6�3�<=3,3�4KNLM�4K3�6�7�458:9=NL.;?�6�yK6�9�6
(*),+�-/.f0�2�3�450�2�3�6�7�458:9�6�. 6�0 ��V,�Tdo��V 2�+=g�2x< "$�HC�I
6�+�8:3�6�3�<=3�>m?�6�A�6�2BA 'DCFEn"$�HC�I � 2�M�2x7�2�4KJLN�Or��4KM�9=458K8:9�6�.,RKNT8:<Kg�2�M�8:3�JL4K+�+�-/.
 4KJL4KM�N�OQP!8:4K3�6�+�8:9�6�.oRKNT8:<=+�6�JL4KM�8:6�3�4K3 <=+�6�JL4KM�8:6�3�4K3�6�0 ���/�=do��� A�6�4KJT2
6�0 ������V,��W 4K3B2�RK<=M�NLJT2

`���`���v~�&"$� q ��dU`FC P '
( ���j��� P " P _c%#|FCF`F� d 2�RK458:3B2�+�8:9�6�.SRKNT8:<Kg�2�M�8:3�JL4K+�+�-/.
(*),+�-/.f?�4hg�4KM�2BA�iL+�-/.S<=+�6�JL4KM�8:6�3�4K3 I w�4hg�2�RKNLRK6�7�458:9�6�.S<=+�6�JL4KM�8:6�3�4K3 I
(*),+�-/.f0�2�3�450�2�3�6�7�458:9�6�. (*),+�-/.10�2�3�450�2�3�6�7�458:9�6�.S>m?�6�A�6�2BA
6�+�8:3�6�3�<=3�>m?�6�A�6�2BA 'DCFEn"$�HC 6�+�8:3�6�3�<=3 'DCFEn"$�HC

� �����T���������T�
�
	����L�T�

��T�T��

�
%&������_D�H c�&%#'D�

(*),+�-/.10�2�3�450�2�3�6�7�458:9�6�.;6�+�8:3�6�3�<=3,>@?�6�A�6�2BA 'DCFEG"$�HC�I
 4KJL4KM�N�OQP!8:4K3�6�+�8:9�6�.SRKNT8:<=+�6�JL4KM�8:6�3�4K3U6�0 ������V,��W 4K3B2�RK<=M�NLJT2

� <=M�+�2BAfNT8:+�NLJT2�+oJ;�5�L�L��R ��' -D�TN5g�6�3U7�4K3�-/M�4FM�2�y52UJ�RKN5g
�D�����b�]���b�
�b�]�����������b�D�������;� �]�o�L� �B�

 © (*),+�-/.f0�2�3�450�2�3�6�7�458:9�6�.f6�+�8:3�6�3�<=3�>
?�6�A�6�2BA 'DCFEG"$�HC {�¡�¢��5£



" P   �`*|  ��*�Gt �n�*� d %�p `~t C*� �G�
' V~� d `*�*�n' �*�Ge  �*`*| C*� � � C*� | E*%�C*a "

( ��CF� |*p1��ac%#p1��aD` � %D c�F`F| `FC  caD`Fac�!a

������� �
	����
	�������	
�
�
� ������� �����
�
����	
�
� � � �������

a NT0 �5��{�JL-/w�<T8:9! 6#"&A�i%$�8:4K+�35l�kLM�i�{�¡�¢��%&

'��)(+* X-,/.1032 *

.54LZ64T���7. � 0 �986: Zb��Z
�<; � 2 �#}#M�RKN5g�6�7�458:9�2Blo3�4KNLM�450�2 _ A�<�0�2 > W 2�+�8:NL+�2
J�kT2�+�2B�TNLJL-D�,M�4>= 4K3�9�2B�ow�NT8hA�4hg�NLJT2�3�4:A�iL+�NT8:3�4K. �K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�  

.o�@?��#A���� ' � 0 �  6�+�RK<5A�l�M�+�-/4�6�+�3�4KRKM�N�O g�6�?F?�4KM�4K+�z�6�2BA�iL+�-/4!<=M�2�JL+�4K+�6�l
8!l=g�M�NT0 � 6�A�iLkL4KM�3B2U6;0�NL+�NL3�NL+�+�NL.S+�4:A�6�+�4K.�+�NT8:3�iB" �:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K� �L�

CEDGF#H@IKJ<L �98NM F#O �>P F �%Q C �SRUTWVYX>T[Z]\BT_^#\B` \BaBb  >c `Gde\  >c ` ` f!gh\B^KiBXkj1d c%lml b   Xngh\B^#X@o �:�K�:�K�:�K�:�K�:�K�:�K�:�K� ¡��p!q=�����T� X �N: � � JLNLw�M�NT8:<,N�+�4KNT8:z�6�A�A�l�z�6�6og�6�?F?�4KM�4K+�z�6�2BA�iL+�NLRKN <=M�2�JL+�4K+�6�l
+�2URKM�2L?�4 �K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�  ��

r � H � F#I � C �hs � F#O6tvu]F#H@weI �yxo�Nxo�{z c jYb | c `~}U� c omb O��[\BT_|�X@V5�{j l X>^�omb \B^\��S}U� c omb O��[\BT_|�X@V1d c%lml b   X@o �K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�n� �' ���b���������7. �N� ��PHk�N5g�+�NL.S9�M�2�4KJLNL.oy52xg�2x7�4&g�A�l!�:A�A�6�w�3�6�7�458:9=NLRKN�<=M�2�JL+�4K+�6�l
JL-&8:NL9=NLRKN w�NLMTl=g�9�2UJ,0�+�NLRKNT8:J�l�yK+�NL.oNLk�A�2L8:3�6S+�2Uw�A�NT8:9=NT8:3�6 �K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K��� �

�1����
����7� � � � e 2xg�2x7�2 � NB= 6,g�A�l;<=M�2�JL+�4K+�6�lS6�yKRK6�kL+�-D�o9=N�A�4KkT2�+�6�.
+�4:A�6�+�4K.�+�N�O <=w�M�<=RKNLRKN�8:3�4KMT),+�l;kL458:9=NL+�4K7�+�NL.,g�A�6�+�- �:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K�:�K�:��� �

�1����
�?��T�{� Z��T� ' �N� ��P/g�+�NT8:3�NLM�NL+�+�6�4!6�+�3�4KRKM�2BA�iL+�-/4FNLw�4KM�2�3�NLM�-
8�N5g�+�NLM�N5g�+�-&0�6jl=g�M�2L0�6;J�RKM�2�+=g�O w�M�NT8:3�M�2�+�8:3�JT2B� V 4KkL4KR:2 �K�:�K�:�K�:�K�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:� &B¢

p1��ac%#p1��aD` � %D c�F�!t ��`�e$CFs
.,���T�]�L�T�<�U��

Z��L����Z6�<� �#A����y� 93�L¢BO A�4K3�6#"n8:N g�+�l;M�Nx)Ug�4K+�6�lG� �K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�:�K�K�:�K�:�K� �B 

' A�2xg�6�9�2�JL9�2�y
¡�¢��%&



���������	�	��
��	��
����	�	�������������������������	�	���! #"�$����
%'&�(')�*,+�- � (/./* ��021� 3���54 *7698 4�: (�&

;�<>=@?BA3C�DFEHG

I�JLKNM�O!PRQRS�T�URVXWZY2S�M[JLSL\�V^]�_R`X\�VbadcXV[efT2M[eRV
g ]9V[eRVhc[M g9i cjJLSLklSLY2URVhc@mfMRT�_nSNOoM g V,Y2S,_np9efMRT�Y2SLq

r DLstD r>u#vwu#xHy�z,{ D,|tDL} v�~,vN�
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T
�[�������������������������/���������/���/�����������������������X�����n������� �������	����������/���������f¡H��¢��H� £��7���/��������¤�����������¥��§¦����/�/�3�������w�������/���/���

Tn ¨ �����������/���/����� ���������/�����§¦����/�/�3�������L�������/©����¦«ª,��������� 1
m+1

∑m
n=0 T

kn

�/�/¥f�/¬N�����­�����������R�������/��������¬N®L���>�/�����/�������������������/�������>������¢��/��������� ¦f����©�����
{kn} ¯�° �����/���������/���7�������/���������������/���[�/�/¥2�����/������� ¦������������X� lp ©F�/���������/���/��������¦n± 1 6 p < ∞ ² ���/�/¥�����/������� ¦������������[�

L1 �������/�/¥��/���/�����/����������� ¦������/������� ¦������������X� Lp ©F�/���������/���/��������¦n± 1 < p <∞ ²�¯³h�5����������� ������� �	�/��� ¨ ���X�������/�������n¡H��¢��H�[£´�7���/�������X���/�/�������/�������[�!�/�/¥f�/¬N��� ¦f�����/������� ¦n������������2���������/������������� ¦
p
©F��� ��¢������ ¦���������¦������ ¦X�����L��������¦��/�����/�������������������/��������� ¯

µh¶	·�¸'¹�º/»9¹2¼�¶	½/º/¾#¿���������¦������w����������������¥������L���������
p
©F��� ��¢����/���������������/�����/�������������/��� ¨ �������/���/��������¥L������©�����H� ¯

AHD {«yHÀ/ÁLÀ#�NvNÀ
cXÂ/Ã3Â/Ä«ÂÆÅ	Ç�È�É�Ê�Ë�Ì3Â	Í7Î	Ë�Â�Ï	Ð3ÑÒÐ3ÓXÔ�Â/Õ�Â�Ð3Å	Ì3É�Ö	Ì3Â/Õ�Â�Ê�×«Ø�Ë�Å	Ñ

T
ÈtÃ3É�ÙXÐHÉ�Ú�Ê�Å	È�Ì3Â�ÛjÔ�Ø�ÌHØ�Ü#Â/È�Â�Û

Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É X Ê�Ã3É�Ï3Ì	Å3É[QRÉ�Ç�Ø�Ã3Â
An(T ) =

1
n+1

∑n
k=0 T

k Ê�Ü#Â�Ï3Ñ'Ë�Ê�ÑÞÈ X È!Ê�Å'Ð3ß�Ì3Â/ÖàÂ Ý É�ÃHØ�Ë�Â/Ã'áÌ3Â/Ö!Ë�Â Ý Â�ÐHÂ/Õ�Å	Å�âãÊ�Û2äåÍ�ÌHØ Ý Ã	Å3Û,É�Ã�Í'æ ç'Í�Õ�Ðwä/ç'Í�è�é�êãë�ä g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�Í�Ï	Ð3ÑnÐ3ÓXÔ�Â/Õ�ÂhÊ�Â�Ü'ÃHØ�Ì	Ñ'Ó[ì«É�Õ�ÂXÛ,É�Ã	íÂ/Ë�Â�Ô/ÃHØ�×!É�Ì	Å	Ñ
τ : (Ω,F , µ) → (Ω,F , µ)

Í�Õ�ÏHÉ
(Ω,F , µ)

aîÅ	Ç�Û,É�Ã	Å3Û,Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�Ê Ý Â�Ð	áÌ3Â/Ö
σ
á§Ú�Â/Ì3É�Î	Ì3Â/Ö´Û,É�Ã3Â/Ö

µ
Í,Ê�Ã3É�Ï3Ì	Å3ÉÆQRÉ�Ç�Ø�Ã3Â

An(T )
Ê�Ü#Â�Ï3Ñ'Ë�Ê�ÑïÊ�Å'Ð3ß�Ì3Â�È

Lp := Lp(Ω,F , µ)
Í

1 < p < ∞ âðÇ�ÏHÉ�Ê�ß
(Tf)(ω) = f(τ(ω))

ä g Ê�Ð3í�ÎHØ/É�Í3Ú�Â/Õ�Ï�Ø
µ
añÈ�É�Ã3Â�Ñ'Ë�Ì3Â�Ê�Ë�ÌHØ�Ñ�Û,É�ÃHØoÅ

τ
a Ý É�áÃ3É�Û,É�Ä!Å	È#Ø�Ó[ì«É�É Ý Ã3É�Â�Ô/ÃHØ�Ç�Â/È#Ø�Ì	Å3É�Í'ò�Ã	Õ�Â�Ï3Å	Î3É�Ê�Ú'Ø�ÑàË�É�Â/Ã3É�ÛLØ!]�Ð3í'ÛLØXalcRØ�Ì3Ê�Â/ÌHØ­æ ó�êBí�Ë�È�É�Ã#×«Ï�Ø/É�Ë�Í

Î	Ë�Â«Ï	Ð3ÑÞÐ3ÓXÔ�Â/Õ�Â
f ∈ Lp

Í
1 6 p <∞ Í'Å3Û,É�É�Ë­Û,É�Ê�Ë�Â>Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß
∥∥∥∥∥

1

n+ 1

n∑

j=0

(T kjf)(ω)−
∫

Ω

f dµ

∥∥∥∥∥
p

→ 0

Ï	Ð3Ñ5È�Ê�É�Ü5Ê�Ë�Ã3Â/Õ�ÂÆÈ�Â/Ç�ÃHØ/Ê�Ë/Ø�Ó[ì!Å'Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö k0 < k1 < . . .
ÌHØ�Ë�í�ÃHØ�Ð3ß�Ì	ô9ÜÒÎ	Å3Ê�É�Ðwä

g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�ÍLÂ/Ë�Ê�Ó9Ï�Ø�Ê�ÐHÉ�Ï3í�É�Ë�Í,Î	Ë�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß {T n(f)}∞n=0

Ê�Ü#Â�Ï3Å	Ë�Ê�ÑõÊ�Ð�Ø/Ô�Â�È
LpÏ	Ð3ÑàÈ�Ê�É�Ü

f ∈ Lp
æåö�÷'Í	Õ�ÐwäHç'Í'í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3ÉÞö�ä ø�ê�ä

g Ê�È�Ñ'Ç�ÅùÊ>ò�Ë�Å3Û2Í7É�Ê�Ë�É�Ê�Ë�È�É�Ì	Ì3Â	ÍNÈ�Â/Ç�Ì	Å	Ú'Ø/É�Ë�Ç�Ø�Ï�Ø�ÎHØ�ÂÆÈ�ô9ÏHÉ�ÐHÉ�Ì	Å	ÅúÚ'Ð�Ø/Ê�Ê�Ø�Ô�Ø�ÌHØ�Ü#Â/È�ô9Ü Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È
X
Í�È!Ú�Â/Ë�Â/Ã	ô9ÜûÊ�Ð�Ø/Ô�Ø�ÑàÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(x)}∞n=0

Ý Ã	ÅÞÏHÉ�Ö3Ê�Ë�È�Å	ÅÐ3Å	Ì3É�Ö	Ì3Â/Õ�ÂÞÊ�×«Ø�Ë�Å	Ñ
T
È
X
È/ÐHÉ�Î3É�ËàÊ�Å'Ð3ß�Ì	í�ÓlÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ßûÊ�Ã3É�Ï3Ì	Å'Ü�QRÉ�Ç�Ø�Ã3Â 1

n+1

∑n
j=0 T

kj
Ï	Ð3Ñ

Ú'Ø�×«ÏHÂ/Ö Ý Â�Ï Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T kj}∞j=0
Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n}∞n=0

ä
M[Ô�Â/Ç�ÌHØ�Î	Å3ÛõÎ3É�Ã3É�Ç

C (X)
Û7Ì3Â�×!É�Ê�Ë�È�ÂÞÈ�Ê�É�ÜàÐ3Å	Ì3É�Ö	Ì	ô9ÜÆÊ�×«Ø�Ë�Å	Ö�È>Ô�Ø�ÌHØ�Ü#Â/È�Â�Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É

(X, ‖ · ‖X )
Í�ØRÎ3É�Ã3É�Ç

N
a@Û7Ì3Â�×!É�Ê�Ë�È�Â!È�Ê�É�Ü­Ê�Ë�Ã3Â/Õ�ÂfÈ�Â/Ç�ÃHØ/Ê�Ë/Ø�Ó[ì!Å'Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�ÌHØ�Ë�í#áÃHØ�Ð3ß�Ì	ô9Ü>Î	Å3Ê�É�Ðwä#K�Â/È�Â/Ã#Ñ'Ë�Í'Î	Ë�ÂfÔ�Ø�ÌHØ�Ü#Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â X Å3Û,É�É�Ë!Ê�È�Â/Ö3Ê�Ë�È�Â!]�Ð3í'ÛLØ[a^cRØ�Ì3Ê�Â/ÌHØ

ü© ý�þ�ÿ��2° ���/����� °L¯��9¯ ��ª7��������� ¯��9¯
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 - 
�� 8��>8 *�� �	�	�	$Æ� 8��>8
Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È#Ø

A ⊂ C (X)
Í'É�Ê�Ð3Å­Ï	Ð3Ñ>Ð3ÓXÔ/ô9Ü

T ∈ A , x ∈ X
Í�Ð3Å3Ô�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�áË�É�Ð3ß�Ì3Â�Ê�Ë�ß {T n(x)}∞n=0

Ì3ÉRÊ�Ü#Â�Ï3Å	Ë�Ê�ÑÆÊ�Ð�Ø/Ô�Â	Í'Ð3Å3Ô�ÂoÊ�Ð�Ø/Ô�Ø�Ñ�Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß­ò�Ë�Â/Ö Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�áÊ�Ë�Å�Úûò�ÐHÉ�Û,É�Ì	Ë�í
x0 ∈ X

È/ÐHÉ�Î3É�Ë­Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß ∥∥ 1
n+1

∑n
j=0 T

kj (x)− x0
∥∥
X

→ 0
ä

TLÐHÉ�Ï3í�É�ËÞÂ/Ë�Û,É�Ë�Å	Ë�ß3Í3Î	Ë�Â>Ê�Â/Õ�Ð�Ø/Ê�Ì3ÂÆæåö�÷'Í	Õ�ÐwäHç'Í'í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3ÉÞö�ä ø�ê�í�Ê�ÐHÂ/È�Å3É
∥∥∥∥∥

1

n+ 1

n∑

j=0

T kj (x)− x0

∥∥∥∥∥
X

→ 0
(
∀ {kj}∞j=0 ∈ N, x0 ∈ X

)

È�Ê�É�Õ�Ï�ØoÈ/ÐHÉ�Î3É�ËÞÊ�Ð�Ø/Ô/í�ÓjÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(x)}∞n=0

ä	mXÃ	Å�ò�Ë�Â�Û Ê Ý Â�Û,Â/ì!ß�ÓØ�Ã	Õ�í'Û,É�Ì	Ë�Â/È!Å	Ç�ÏHÂ/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È#ØfÅ3Û Ý Ð3Å	Ú'Ø	�	Å	Å5â�
�
ðë → â�
ðë7ÈfË�É�Â/Ã3É�Û,É
1.1

ÃHØ/Ô�Â/Ë�ô æåö�ê�Í�í�Ê�Ë/Ø�ÌHØ�È/Ð3Å'á
È#Ø/É�Ë�Ê�Ñ ÍNÎ	Ë�Â�Ê�Ð�Ø/Ô/ô�Û Ý Ã3É�ÏHÉ�ÐHÂ�Û Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T nx}∞n=0

Â�Ô�Ñ'Ç�Ø�Ë�É�Ð3ß�Ì3ÂtÑ'È/Ð3Ñ	É�Ë�Ê�Ñ ò�ÐHÉ�á
Û,É�Ì	Ë

x0
ä

K�Â/È�Â/Ã#Ñ'Ë�Í�Î	Ë�Â�Ô�Ø�ÌHØ�Ü#Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â X Å3Û,É�É�Ë5í�Ê�ÐHÂ/È�Ì3Â�É�Ê�È�Â/Ö3Ê�Ë�È�Â5]�Ð3í'ÛLØÆa cRØ�Ì3Ê�Â/ÌHØ
Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È#Ø

A ⊂ C (X)
Í�É�Ê�Ð3ÅÆÏ	Ð3ÑûÐ3ÓXÔ�Â/Õ�Â

T ∈ A
Ê�Ð�Ø/Ô�Ø�Ñ�Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�áÊ�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(x)}∞n=0

Ý Ã	Å5È�Ê�É�Ü x ∈ X
Å3Û,É�É�Ë�Û,É�Ê�Ë�ÂûË�Â/Õ�Ï�ØûÅ5Ë�Â�Ð3ß�Ú�Â�Ë�Â/Õ�Ï�Ø'Í�Ú�Â/Õ�Ï�Ø

Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß 1
n+1

∑n
j=0 T

kj (x)
Ê�Ü#Â�Ï3Å	Ë�Ê�Ñ Ý ÂtÌ3Â/Ã3Û,É�È X Ï	Ð3ÑùÚ'Ø�×«ÏHÂ/Õ�Â

x ∈ X
ä�WXÊ�á

Ì3Â	ÍBÎ	Ë�ÂàÊ�È�Â/Ö3Ê�Ë�È�Â�]�Ð3í'ÛLØ>a cRØ�Ì3Ê�Â/ÌHØàÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
A
Í�È�Â�Â�Ô/ì«É«Õ�Â/È�Â/Ã#Ñ Í�Ê�Å'Ð3ß�Ì3É�É«í�Ê�ÐHÂ/È�Ì3Â/Õ�Â

Ê�È�Â/Ö3Ê�Ë�È#Ø>]�Ð3í'ÛLØfadcRØ�Ì3Ê�Â/ÌHØoÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
A
ä

OnÐ3ÑïÕ�Å'Ð3ß�Ô�É�Ã	Ë�Â/È#Ø Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø H Ê�È�Â/Ö3Ê�Ë�È�Âù]�Ð3í'ÛLØ5a cRØ�Ì3Ê�Â/ÌHØ Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
C (H)Ì3É�Ç�Ø�È�Å3Ê�Å3Û,Â Ý Â�Ð3í�Î3É�Ì3ÂÞÈ­ÃHØ/Ô�Â/Ë/Ø�Ü æåö�ÍNö�ø'Íwö � ê�ä�UXÃ3Â�Û,ÉfË�Â/Õ�Â	ÍHÈtæåö�êNí�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì3Âàí�Ê�ÐHÂ/È�Ì3Â�É«Ê�È�Â/Ö'áÊ�Ë�È�Â�]�Ð3í'ÛLØÞa cRØ�Ì3Ê�Â/ÌHØÞÏ	Ð3Ñ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø L1

Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
C (L1)

ÍwØàÈûÃHØ/Ô�Â/Ë�É�æ 
�ê,a Ï	Ð3Ñ
Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È Lp

Í
1 < p < ∞,

Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3ÂÞÛ7Ì3Â�×!É�Ê�Ë�È#Ø
A
È�Ê�É�Ü Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô9Ü�Ð3Å	Ì3É�Ö	Ì	ô9ÜÊ�×«Ø�Ë�Å	ÖûÈ

Lp
ä g Ë�Âf×!ÉhÈ�Ã3É�Û7Ñ Í#È!ÃHØ/Ô�Â/Ë�É!æ ø�ê Ý Ã	Å	È�É�ÏHÉ�Ì	ô Ý Ã	Å3Û,É�Ã	ô Ô�Ø�ÌHØ�Ü#Â/È�ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È X ÍÚ�Â/Ë�Â/Ã	ô�ÉnÌ3ÉnÂ�Ô�Ð�Ø�Ï�Ø�Ó[Ë­Ê�È�Â/Ö3Ê�Ë�È�Â�Ûõ]�Ð3í'ÛLØ!adcRØ�Ì3Ê�Â/ÌHØoÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â

C (X)
ä

g ÃHØ/Ô�Â/Ë�Éúæ � ê[ÏHÂ/Ú'Ø�Ç�Ø�Ì3Â	Í9Î	Ë�ÂÒÏ	Ð3Ñ Ð3ÓXÔ�Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/Õ�ÂúÐ3Å	Ì3É�Ö	Ì3Â/Õ�ÂùÊ�×«Ø�Ë�Å	Ñ T Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È#Ø
Lp
Í
1 < p <∞, 0 6 f ∈ Lp,

Ê�Ð�Ø/Ô�Ø�ÑÞÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {T n(f)}∞n=0È/ÐHÉ�Î3É�ËÞÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß
∥∥∥∥∥

1

n+ 1

n∑

j=0

T kj (f)− f0

∥∥∥∥∥
Lp

→ 0
(
∀ {kj}∞j=0 ∈ N, f0 ∈ Lp

)
.

VhÌHØ�ÐHÂ/Õ�Å	Î	Ì3Â�É>Ê�È�Â/Ö3Ê�Ë�È�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô9Ü�Ð3Å	Ì3É�Ö	Ì	ô9Ü�Ê�×«Ø�Ë�Å	Ö5ÈûÙRí�Ì	Ú��	Å3Â/ÌHØ�Ð3ß�Ì	ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì'áÊ�Ë�È#Ø�Ü�MhÃ'Ð3Å	ÎHØoÊRÃHØ�È�Ì3Â�Û,É�Ã	Ì3Â>Õ�Ð�Ø�Ï3Ú�Â/ÖÆÌ3Â/Ã3Û,Â/Ö�MhÃ'Ð3Å	ÎHØ Ý Â�Ð3í�Î3É�Ì3Â>È�æåö�ó�ê�äenØ�Ð3Å	Î	Å3É­Ê�È�Â/Ö3Ê�Ë�È#Ø�]�Ð3í'ÛLØ­a cRØ�Ì3Ê�Â/ÌHØàÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø�Ü Lp
Í
1 6 p < ∞,

Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
C (Lp)

ÈoÊ�Ð3í�ÎHØ/É Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì	ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È­ÊRÛ,É�Ã3Â/ÖàÏHÂ«Ê�Å'Ü Ý Â/ÃûÌ3É[í�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì3Â	äHPXÇ�È�É�Ê�Ë�É�ÌË�Â�Ð3ß�Ú�Â­Ê�ÐHÉ�Ï3í�Ó[ì!Å	Ö�Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë g ä	\ÆÓhÐ	ÐHÉ�ÃHØ«Å�� ä	YNØ/Û7Å'ÐHÂ/È#ØÆæåö���Í'Ë�É�Â/Ã3É�ÛLØ­ø'ä é�ê�ä
� À#x��NÀ���� AHDãAHD��h 3�����

T �
�	�	$B���	$ - �����o�����B�Þ$�� �/��$���! - 
 - �l1#" - ����"���$B����
'�Þ1 - ���B��� - 
��#"

��������$ - �������
lp, 1 6 p <∞ 8�+�-�$ ���X����%>��&'� -�$/-)( �B������$B���

x ∈ lp
1 - ���B��� - 
�����������$ - ����� {T n(x)}�����*� - �+! - ���B���,%à�

x0 ∈ lp

­� - �Ò��� - ����� - 
>� - � ���� ��#��� * � -�$ ��� ∥∥ 1

n+1

∑n
j=0 T

kj (x)−x0
∥∥
p
→ 0����%û
'���-! {kj}∞j=0 ∈ N

8
MhË�Û,É�Ë�Å3ÛÆË/Ø�Ú	×!ÉLÌ3É�Ï�Ø�È�Ì	Ó[ÓùÃHØ/Ô�Â/Ë�íoæåö�ö�ê�Í�Õ�ÏHÉ�Ê Ý Â�Û,Â/ì!ß�ÓùÊ�È�Â/Ö3Ê�Ë�È#ØhØ/Ê�Å3Û Ý Ë�Â/Ë�Å	Î3É�Ê�Ú�Â/Ö«Õ�Ð�Ø�Ï	áÚ�Â�Ê�Ë�Å È�ô9ÏHÉ�Ð3Ñ	É�Ë�Ê�ÑùÚ'Ð�Ø/Ê�ÊÞÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9Ü Ê�Å3Û,Û,É�Ë�Ã	Å	Î	Ì	ô9Ü Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�áÊ�Ë�É�Ö�Í'Ï	Ð3ÑûÚ�Â/Ë�Â/Ã	ô9Ü�Ê�Â�Ü'ÃHØ�Ì	Ñ	É�Ë�Ê�ÑÆÈ#Ø�Ã	ÅHØ�Ì	Ë>Ë�É�Â/Ã3É�Û7ôZö�äåö�ä
M[Ê�Ì3Â/È�ÌHØ�Ñ.�3É�Ð3ß�ÌHØ/Ê�Ë�Â�Ñ'ì«É�Ö ÃHØ/Ô�Â/Ë�ôdÊ�Â�Ê�Ë�Â/Å	Ë�È Ý Â�Ð3í�Î3É�Ì	Å	Å ò�Ã	Õ�Â�Ï3Å	Î3É�Ê�Ú�Â/ÖùË�É�Â/Ã3É�Û7ôñ]�Ð3í#á

ÛLØ­a cRØ�Ì3Ê�Â/ÌHØ�âðÈ#Ø�Ã	ÅHØ�Ì	Ë/ØàË�É�Â/Ã3É�Û7ô ö�äåö�ë2Ï	Ð3Ñ�ÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9ÜõâðÚ�Â�Û Ý ÐHÉ�Ú�Ê�Ì	ô9ÜHë p á§È�ô Ý í�Ú'Ð3ô9ÜÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì	ô9ÜlÅ'ÏHÉ�Ø�Ð3ß�Ì	ô9ÜlÔ�Ø�ÌHØ�Ü#Â/È�ô9ÜlÃ3É�Ä«É�Ë�Â/Ú Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�ë�änO!Â/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È�Âò�Ë�Â/ÖõË�É�Â/Ã3É�Û7ô Ê�í�ì«É�Ê�Ë�È�É�Ì	Ì3Â5Å3Ê Ý Â�Ð3ß�Ç�í�É�ËúÊ�È�Â/Ö3Ê�Ë�È�Â p á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å�ÍLÎ	Ë�ÂÒÂ/Ë�Ð3Å	ÎHØ/É�ËÒÌHØ�Ä Ý Â�Ï	áÜ#Â�Ï�Â/Ë­Û,É�Ë�Â�ÏHÂ/È­ÃHØ/Ô�Â/Ë�ô@æåö�ö�ê�ä



� " $/- �����������	��%5��� - "w���������� 3���
��� ��$B� - $��!
 �/��$���! - 
�0 !­"w���­�����	��!�1 - ���B��� - 
�����������$ - ������� é

� D	� �NÀ/ÁLy����Nv�
'À�~	�H��
oÀ���yHÀ/ÁLÀ#�Nv��

mXí�Ê�Ë�ß
s(K)

a Ð3Å	Ì3É�Ö	Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂXÈ�Ê�É�Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö>Ú�Â�Û Ý ÐHÉ�Ú�Ê�Ì	ô9Ü�â
K = C

ë
Å'Ð3ÅàÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9ÜÒâ

K = R
ë�Î	Å3Ê�É�ÐwÍ

E
añÔ�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�ÉnÅ'ÏHÉ�Ø�Ð3ß�Ì3Â�ÉRÐ3Å	Ì3É�Ö	Ì3Â�É Ý Â�Ï Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È�Â>È

s(K)
âãÊ�È�Â/Ö3Ê�Ë�È�Â>Å'ÏHÉ�Ø�Ð3ß�Ì3Â�Ê�Ë�ÅÆÏ	Ð3Ñ

E
Â/Ç�ÌHØ�ÎHØ/É�Ë�ÍHÎ	Ë�Â«Å	Çní�Ê�ÐHÂ/È�Å	Ö

x ∈ E
Í
y ∈ s(K)Å |y| 6 |x| Ê�ÐHÉ�Ï3í�É�Ë­È�Ú'Ð3Ó[Î3É�Ì	Å3É y ∈ E ë�äeRÂ�Ê�Å	Ë�É�ÐHÉ�Ûlò�ÐHÉ�Û,É�Ì	Ë/Ø

x = {ξn}∞n=1 ∈ E
ÌHØ�Ç�ô2È#Ø�Ó[Ë Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È�Â suppx = {n ∈ N :

ξn 6= 0} È�ÂÆÛ7Ì3Â�×!É�Ê�Ë�È�É N
È�Ê�É�Ü5ÌHØ�Ë�í�ÃHØ�Ð3ß�Ì	ô9ÜÒÎ	Å3Ê�É�ÐwäwmRÂ�Ê�Ú�Â�Ð3ß�Ú	í

dimE = ∞ Í�Ë�Â
suppE =⋃

x∈E suppx
É�Ê�Ë�ß!Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�É Ý Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È�Â«È

N
Í/Å Ý Â/ò�Ë�Â�Û7í�Í�Ç�Ø/Û,É�Ì	Ñ'Ñ

N
ÌHØ

suppE
Í#Û,Â�×oÌ3Â

Ê�Î	Å	Ë/Ø�Ë�ß3Í3Î	Ë�Â
suppE = N

ä
M[Ô�Â/Ç�ÌHØ�Î	Å3ÛbÎ3É�Ã3É�Ç

c00
Ð3Å	Ì3É�Ö	Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�È s(K)

ÍBÊ�Â�Ê�Ë�Â�Ñ'ì«É�ÉoÅ	Ç>ÙRÅ	Ì	Å	Ë�Ì	ô9Ü Ý Â�áÊ�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�È�Å'Ï�Ø
x = {ξ1, ξ2, . . . , ξn(x), 0, 0, . . .}

ä�PXÇfÃHØ�È�É�Ì3Ê�Ë�È#Ø
suppE = N

Ê�ÐHÉ�Ï3í�É�Ë�Í
Î	Ë�ÂÆÏ	Ð3Ñ5Ð3ÓXÔ�Â/Õ�Â

k ∈ N
Ê�í�ì«É�Ê�Ë�È�í�É�ËtË/Ø�Ú�Â�É

x = {ξn}∞n=1 ∈ E
ÍNÎ	Ë�Â

λ = |ξk| 6= 0
äNmRÂ/ò�Ë�Â�Û7í

Ï	Ð3Ñ Â/Ã	Ë/Ø
ek = {0, . . . , 0, 1, 0, . . .} Í,Õ�ÏHÉÆÉ�Ï3Å	Ì	Å��HØÒÊ�Ë�Â/Å	Ë5ÌHØ k á�Â�ÛlÛ,É�Ê�Ë�É�ÍLÈ�É�Ã	Ì3Â5Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

ek 6
1
λ |x| ∈ E

Í'Î	Ë�ÂoÈ/ÐHÉ�Î3É�Ë>È�Ú'Ð3Ó[Î3É�Ì	Å3É
ek ∈ E

ä�I�Ë�ÂoÂ/Ç�ÌHØ�ÎHØ/É�Ë�ÍHÎ	Ë�Â
c00 ⊂ E

ä
mXí�Ê�Ë�ß ‖ · ‖E aZÔ�Ø�ÌHØ�Ü#Â/È#Ø!Û,Â/Ì3Â/Ë�Â/Ì	ÌHØ�ÑàÌ3Â/Ã3ÛLØfÌHØ

E
ä�mRÂ�Ê�ÐHÉ�Ï3Ì3É�ÉRÂ/Ç�ÌHØ�ÎHØ/É�Ë�Í	Î	Ë�ÂfÅ	ÇXí�Ê�ÐHÂ/È�Å	Ö

x, y ∈ E
Å |x| 6 |y| Ê�ÐHÉ�Ï3í�É�Ë�Í Î	Ë�Â ‖x‖E 6 ‖y‖E

ä g ò�Ë�Â�Û Ê�Ð3í�ÎHØ/É Ý Ø�Ã	í (E, ‖ · ‖E)
ÌHØ�Ç�ô2È#Ø�Ó[Ë

��������������� �"!�#�$%�'&�()��� �+*�,-��.0/1,2����.0/������ âã]9PRmfë�È
s(K)

æ 3	Í�Õ�Ðwä � Í�è 
�ê�ä/mXÃ	Å!ò�Ë�Â�Û�ÈXÊ�Å'Ð3ínÃHØ�È�É�Ì'á
Ê�Ë�È#Ø

suppE = N
Í#]9PRm

(E, ‖ · ‖E)
Ñ'È/Ð3Ñ	É�Ë�Ê�ÑûÙRí�Ì'Ï�Ø/Û,É�Ì	Ë/Ø�Ð3ß�Ì	ô�ÛúÅ'ÏHÉ�Ø�Ð3ß�Ì	ô�Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�Ûæ 3'Í'Õ�Ðwä � Í�è 
�ê�ä

K�Â/È�Â/Ã#Ñ'Ë�ÍHÎ	Ë�Â>]9PRm
(E, ‖ · ‖E)

Å3Û,É�É�Ë Ý Â/Ã#Ñ�Ï3Ú�Â/È�Â­Ì3É Ý Ã3É�Ã	ô2È�Ì	í�Ó^Ì3Â/Ã3Û7í�Í3É�Ê�Ð3Å�Å	Çní�Ê�ÐHÂ/È�Å	Ö

0 6 x(n) ↓ 0, x(n) ∈ E, n ∈ N,

Ê�ÐHÉ�Ï3í�É�Ë�Í�Î	Ë�Â ‖x(n)‖E → 0
ä�PXÇ�È�É�Ê�Ë�Ì3Âïæ 3	ÍLÕ�Ðwä � Í2è 
'Í�Ë�É�Â/Ã3É�ÛLØ 
�ê�Í�Î	Ë�ÂÒÅ'ÏHÉ�Ø�Ð3ß�Ì3Â�ÉtÔ�Ø�ÌHØ�Ü#Â/È�Â

ÙRí�Ì'Ï�Ø/Û,É�Ì	Ë/Ø�Ð3ß�Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â (E, ‖ · ‖E)
È
s(K)

Ê�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3ÂúË�Â/Õ�Ï�ØÒÅïË�Â�Ð3ß�Ú�Â Ë�Â/Õ�Ï�Ø'ÍÚ�Â/Õ�Ï�ØoÌ3Â/Ã3ÛLØ ‖ · ‖E Ý Â/Ã#Ñ�Ï3Ú�Â/È�Â>Ì3É Ý Ã3É�Ã	ô2È�ÌHØ'ä
]2Ø�ÌHØ�Ü#Â/È#ØûÃ3É�Ä«É�Ë�Ú'Ø

(E, ‖ · ‖E)
ÌHØ�Ç�ô2È#Ø/É�Ë�Ê�Ñ

p
á ���	*�4)5�&���6 â

1 6 p < ∞ ë�Í�É�Ê�Ð3ÅÒÊ�í�ì«É�Ê�Ë�È�í�É�Ë
Ë/Ø�Ú'Ø�ÑÆÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë/Ø

M > 0
Í3Î	Ë�ÂoÏ	Ð3ÑûÐ3ÓXÔ�Â/Õ�Â>Ú�Â/Ì3É�Î	Ì3Â/Õ�ÂÞÌHØ/Ô�Â/ÃHØoò�ÐHÉ�Û,É�Ì	Ë�Â/È {xi}ni=1 ⊂ E

È�É�Ã	Ì3Â
Ê�ÐHÉ�Ï3í�Ó[ì«É�ÉXÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â�7

∥∥∥∥∥

(
n∑

i=1

|xi|p
) 1

p
∥∥∥∥∥
E

6M

(
n∑

i=1

‖xi‖pE

) 1
p

.

enØ�Å3Û,É�Ì	ß�ÄoØ�ÑúÊ�Ã3É�Ï3ÅúË/Ø�Ú	Å'Ü Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë
M

ÌHØ�Ç�ô2È#Ø/É�Ë�Ê�ÑúÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö
p
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å Ý Ã3Â�Ê�Ë�ÃHØ�Ì'áÊ�Ë�È#Ø

E
ÅÆÂ�Ô�Â/Ç�ÌHØ�ÎHØ/É�Ë�Ê�ÑÆÎ3É�Ã3É�Ç

M (p)(E)
ä

UnØ�×«Ï�Ø�ÑõÔ�Ø�ÌHØ�Ü#Â/È#Ø�Ã3É�Ä«É�Ë�Ú'Ø
E
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ ö�á§È�ô Ý í�Ú'ÐHÂ/Ö�Í Ý Ã	Å ò�Ë�Â�Û M (1)(E) = 1

äLUXÃ3Â�Û,É
Ë�Â/Õ�Â	Í

p
á§È�ô Ý í�Ú'Ð�Ø�ÑÒÔ�Ø�ÌHØ�Ü#Â/È#ØÆÃ3É�Ä«É�Ë�Ú'Ø�È�Ê�É�Õ�Ï�ØÆí�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�ËtÈ�É�Ã�Ü'Ì3É�Ö p á�Â#�3É�Ì	Ú�É�ÍwË�äNÉ�äwÊ�í�ì«É�áÊ�Ë�È�í�É�Ë«Ë/Ø�Ú'Ø�ÑàÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë/Ø

M > 0
Í�Î	Ë�ÂfÏ	Ð3Ñ­Ð3ÓXÔ�Â/Õ�Â!Ú�Â/Ì3É�Î	Ì3Â/Õ�ÂoÌHØ/Ô�Â/ÃHØ Ý Â Ý Ø�Ã	Ì3Â!Ï3Å	Ç08 Ó[Ì	Ú	Ë�Ì	ô9Üò�ÐHÉ�Û,É�Ì	Ë�Â/È {xi}nn=1 ⊂ E

È�É�Ã	Ì3ÂoÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

∥∥∥∥∥

n∑

i=1

xi

∥∥∥∥∥
E

6M

(
n∑

i=1

‖xi‖pE

) 1
p

.
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���	� ��
�xHy 
�
 v ÁLÀ ��~	�H��
�
�	 �Nx �)
�� �	���)
'y���
�	Nx �/~,À/ÁLxHy���
'À�~	�H�Nx �)
'À
�
UnØ�Ú­í�×!É[Â/Ë�Û,É�ÎHØ�ÐHÂ�Ê�ß!È�ÂnÈ�È�É�ÏHÉ�Ì	Å	Å�Í�Ï	Ð3ÑoÐ3ÓXÔ�Â/Õ�ÂRÐ3Å	Ì3É�Ö	Ì3Â/Õ�Â!Â/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì3Â/Õ�Â«Â Ý É�ÃHØ�Ë�Â/ÃHØ T ÍÏHÉ�Ö3Ê�Ë�È�í�Ó[ì«É�Õ�Â5È5]9PRm

(E, ‖ · ‖E) ⊂ s(K)
Í,Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß ∥∥ 1

n+1

∑n
j=0 T

kjx − x0
∥∥
E

→ 0
Ï	Ð3Ñ

È�Ê�É�Ü {kj}∞j=0 ∈ N
Å�Ì3É�Ú�Â/Ë�Â/Ã3Â/Õ�Â

x0 ∈ E
È�Ê�É�Õ�Ï�ØÞÈ/ÐHÉ�Î3É�ËàÊ�Ð�Ø/Ô/í�Ó@Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß/áÌ3Â�Ê�Ë�Å {T n(x)} È E Úàò�ÐHÉ�Û,É�Ì	Ë�í

x0
ä3TLÐHÉ�Ï3í�Ó[ìoØ�ÑÞË�É�Â/Ã3É�ÛLØ!í�Ê�Ë/Ø�ÌHØ�È/Ð3Å	È#Ø/É�ËÞÊ�È�Â/Ö3Ê�Ë�È�Âo]�Ð3í'ÛLØna

cRØ�Ì3Ê�Â/ÌHØ!Ï	Ð3ÑûÚ'Ø�×«ÏHÂ/Õ�Â­Ê�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â/Õ�Â p á§È�ô Ý í�Ú'ÐHÂ/Õ�ÂÆâ p > 1
ë9]9PRm

E ⊂ s(K)
ä

� À#x��NÀ���� � DãAHD �h 3�����
(E, ‖ · ‖E) �

������� - $B���/$ - ����"�$ - �
p
"ð
�021� 	�	� - �R����1���"��*��������$ - �'�/��$��#"

! - 
 - �#�w��������$ - �n1 - ��1#" - ����"���$B����
 - 

s(K)

�X� - $B������$B� - �
p
"ð
�021� 	�	� - �����

M (p)(E) = 1
*
p > 1

8
+�-�$ ���X����%­��&'� -�$/- �	�	$B���	$ -�$/- ���o������%

T : E → E
�3
f�����*� - ���+! - ���3� - ������


(E, ‖ · ‖E)
1 - ���B� "

� - 
�����������$ - ����� {T n(x)} � ( �B������$B�� x0 ∈ E ���B���3 3���>�+! - ���3� - �����
∥∥∥∥∥

1

n+ 1

n∑

j=0

T kj (x)− x0

∥∥∥∥∥
E

→ 0

����%û
'���-! {kj}∞j=0 ∈ N
8

C
SLÊ�Ð3Å

T n(x) → x0
Ê�Ð�Ø/Ô�Â5È

E
ÍLË�Â

T n+1(x) = T (T n(x)) → T (x0)
Ê�Ð�Ø/Ô�Â5Å Ý Â/ò�Ë�Â�Û7í

T (x0) = x0
ä g Ê�Ð3í�ÎHØ/É

x0 6= 0
Ç�Ø/Û,É�Ì	Ñ	É�ÛÒò�ÐHÉ�Û,É�Ì	Ë

x0
ÌHØ

(x−x0)
Í�Å­Ô/í�ÏHÉ�Û5Ê�Î	Å	Ë/Ø�Ë�ß3Í#Ì3É�Â/Õ�ÃHØ�Ì	Å'á

Î	Å	È#Ø�ÑÞÂ�Ô/ì!Ì3Â�Ê�Ë�Å�Í�Î	Ë�Â
T n(x) → 0

Ê�Ð�Ø/Ô�Â	ä'YNØ�Ú	Å3ÛúÂ�Ô/ÃHØ�Ç�Â�Û2Í#Ï	Ð3Ñ>ÏHÂ/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È#Ø«í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å	Ñ
Ë�É�Â/Ã3É�Û7ô Ê�ÐHÉ�Ï3í�É�Ë>í�Ê�Ë/Ø�Ì3Â/È�Å	Ë�ß3ÍHÎ	Ë�Â>Ê�Ð�Ø/Ô�Ø�Ñ�Ê�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß

T n(x) → 0
È
E
È/ÐHÉ�Î3É�ËÞÊ�Ü#Â�Ï3Å3Û,Â�Ê�Ë�ß

∥∥∥∥∥
1

n+ 1

n∑

j=0

T kj (x)

∥∥∥∥∥
E

→ 0

Ý Ã	Å n→ ∞ Ï	Ð3ÑàÐ3ÓXÔ�Â/Ö Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å {kj}∞j=0 ∈ N
ä

mRÂ�Ê�Ú�Â�Ð3ß�Ú	í
T
Ê�×«Ø�Ë�Å3É�Í'Ë�Â ‖T n+1(x)‖E 6 ‖T n(x)‖E

Í#Å Ý Â/ò�Ë�Â�Û7í Ý Ã3É�ÏHÉ�Ð limn→∞ ‖T n(x)‖EÊ�í�ì«É�Ê�Ë�È�í�É�Ë�ä�SLÊ�Ð3Åfò�Ë�Â/Ë Ý Ã3É�ÏHÉ�Ð«ÃHØ�È�É�ÌfÌ	í�Ð3Ó«Í�Ë�Â2í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3É�Ë�É�Â/Ã3É�Û7ô 
'äåöLÂ/Î3É�È�Å'Ï3Ì3Â	ä�mXÃ3É�Ï Ý Â�áÐHÂ�×oÅ3Û2Í#Î	Ë�ÂRò�Ë�Â/Ë Ý Ã3É�ÏHÉ�ÐÞÃHØ�È�É�Ì α 6= 0
ä
� Ø/Û,É�Ì	Ñ'Ñ Í#É�Ê�Ð3Å­Ì3É�Â�Ô�Ü#Â�Ï3Å3Û,Â	Í�ò�ÐHÉ�Û,É�Ì	Ë

x
ÌHØXò�ÐHÉ�Û,É�Ì	Ë x

α

Í
Û,Â�×oÌ3Â­Ê�Î	Å	Ë/Ø�Ë�ß3Í3Î	Ë�Â

limn→∞ ‖T n(x)‖E = 1
ä

� Ø/ÙRÅ	Ú�Ê�Å	Ã	í�É�Û
δ > 0

Å È�ô�Ô�É�Ã3É�ÛjÌHØ�Ë�í�ÃHØ�Ð3ß�Ì3Â�ÉàÎ	Å3Ê�ÐHÂ
t
Ë/Ø�Ú�ÍNÎ	Ë�Â�Ô/ôdÈ�ô Ý Â�Ð3Ì	Ñ�ÐHÂ�Ê�ß5Ì3É�ÃHØ�á

È�É�Ì3Ê�Ë�È�Â
t
1
p
−1

< δ
2

äNmRÂ�Ê�Ú�Â�Ð3ß�Ú	í
1 + 2ps < 2p(s + 1)

Ï	Ð3Ñ5È�Ê�É�Ü
s ∈ N

Í�Ë�ÂÆÊ�í�ì«É�Ê�Ë�È�í�É�ËtË/Ø�Ú�Â�É
ε ∈ (0, 1)

Í3Î	Ë�Â
(
(1 + ε)p + 2ps

) 1
p < 2(s+ 1)

1
p − (s+ 1)ε

â�ö�ë
Ï	Ð3ÑûÈ�Ê�É�Ü

s = 1, . . . , t− 1
ä

T�Â/Õ�Ð�Ø/Ê�Ì3Â�ÃHØ�È�É�Ì3Ê�Ë�È�í
limn→∞ ‖T n(x)‖E = 1

Í Ê�í�ì«É�Ê�Ë�È�í�É�ËûË/Ø�Ú�Â�É
k ∈ N

ÍBÎ	Ë�ÂÞÈ�É�Ã	Ì3ÂûÌ3É�ÃHØ�á
È�É�Ì3Ê�Ë�È�Â

∥∥T k(x)
∥∥
E
< 1 + ε.

â ø�ë
J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û Â Ý É�ÃHØ�Ë�Â/Ã Ý Ã3Â�É�Ú	Ë�Å	Ã3Â/È#Ø�Ì	Å	Ñ Pr

È
E
ÌHØ>Ð3Å	Ì3É�Ö	Ì	í�ÓZÂ�Ô�Â�ÐHÂ/Î	Ú	í

Lin{e1, . . . , er}Â/Ã	Ë�Â/È
e1, e2, . . . , er ∈ E

Í'Ë�ä3É�ä

Pr({ξn}∞n=1) = {ξ1, . . . , ξr, 0, 0, . . .} =

r∑

n=1

ξnen.

M[Ô�Â/Ç�ÌHØ�ÎHØ�ÑÞÎ3É�Ã3É�Ç
I
Ë�Â�×«ÏHÉ�Ê�Ë�È�É�Ì	Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/ÃÞÈ E Í�È!Ê�Å'Ð3í Ý Â/Ã#Ñ�Ï3Ú�Â/È�Â/ÖûÌ3É Ý Ã3É�Ã	ô2È�Ì3Â�Ê�Ë�ÅàÌ3Â/Ã'áÛ7ô ‖ · ‖E

Å3Û,É�É�Û2Í�Î	Ë�Â ‖(I −Pr)T
k(x)‖E → 0 Ý Ã	Å r → ∞ ä	TLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í3Ê�í�ì«É�Ê�Ë�È�í�É�Ë«Ë/Ø�Ú�Â�É

r ∈ N
Í'Î	Ë�ÂoÈ�É�Ã	Ì3ÂoÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

∥∥(I − Pr)T
k(x)

∥∥
E
< ε.

â 
�ë



� " $/- �����������	��%5��� - "w���������� 3���
��� ��$B� - $��!
 �/��$���! - 
�0 !­"w���­�����	��!�1 - ���B��� - 
�����������$ - ������� �

YNØ�ÚjÚ'Ø�Ú
Pr(E) = Lin{e1, . . . , er}

a Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�ÉúÐ3Å	Ì3É�Ö	Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â È E
Å

T k+j(x) → 0
Ê�Ð�Ø/Ô�Â Ý Ã	Å j → ∞ Í'Ë�ÂoÌHØ�Ö'ÏHÉ�Ë�Ê�Ñ�Ë/Ø�Ú�Â�É

d ∈ N
Í�Ï	Ð3ÑûÚ�Â/Ë�Â/Ã3Â/Õ�Â

∥∥PrT
k+j(x)

∥∥
E
< ε

â � ë
Ý Ã	Å�È�Ê�É�Ü j > d

ä
MhË�Û,É�Ë�Å3Û2Í3Î	Ë�ÂoÅ	ÇRÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È ‖Pr(x)‖E 6 ‖x‖E

Å ‖(I − Pr)(x)‖E 6 ‖x‖E
Ê�ÐHÉ�Ï3í�É�Ë�Í3Î	Ë�Â

‖Pr‖E→E 6 1, ‖I − Pr‖E→E 6 1.
â é�ë

mRÂ/Ú'Ø�×!É�ÛõË�É Ý É�Ã	ß3Í	Î	Ë�Â
∥∥Tm1(x) + . . .+ Tms(x)

∥∥
E
6 2s

1
p ,

â ó�ë
Õ�ÏHÉ

k 6 m1 < m2 < . . . < ms
Í
s 6 t

Å
mi+1 −mi > d

Ï	Ð3ÑàÈ�Ê�É�Ü
i = 1, . . . , s− 1

ä
O!Â/Ú'Ø�×!É�ÛÒÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âàâ ó�ë�Í�Å3Ê Ý Â�Ð3ß�Ç�í�Ñ>Å	Ì'Ï3í�Ú��	Å	Ó Ý Â s ä�OnÐ3Ñ s = 1

Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âàâ ó�ëNÈ�É�Ã	Ì3Â
È>Ê�Å'Ð3íàÈ�ô�Ô�Â/ÃHØoÎ	Å3Ê�Ð�Ø

ε
ä3mXÃ3É�Ï Ý Â�ÐHÂ�×oÅ3Û2ÍHÎ	Ë�ÂoÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âtâ ó�ë�È�É�Ã	Ì3Â«Ï	Ð3Ñ s < t

Å Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�áË�É�Ð3ß�Ì3Â�Ê�Ë�ß
m1,m2, . . . ,ms+1

í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë­í�Ú'Ø�Ç�Ø�Ì	Ì	ô�Û È�ô2Ä«ÉRË�Ã3É�Ô�Â/È#Ø�Ì	Å	Ñ	Û2äHYwÂ/Õ�Ï�Ø
∥∥Tm1(x) + . . .+ Tms+1(x)

∥∥
E
=
∥∥Tm1−k

(
T k(x) + Tm2−m1+k(x)

+ . . .+ Tms+1−m1+k(x)
)∥∥

E
6
∥∥T kx+ Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

∥∥
E

6
∥∥PrT

kx+ (I − Pr)
(
Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

)∥∥
E

+
∥∥(I − Pr)T

k(x)
∥∥
E
+
∥∥Pr

(
Tm2−m1+k(x) + . . . + Tms+1−m1+k(x)

)∥∥
E
.

g Ê�Å'Ð3íÞÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�â 
�ë�Å â � ë�Å3Û,É�É�Û2Í3Î	Ë�Â
∥∥(I − Pr)T

k(x)
∥∥
E
+
∥∥Pr

(
Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

)∥∥
E
< (s+ 1)ε.

mRÂ�Ê�Ú�Â�Ð3ß�Ú	í�Í5Ô�Ø�ÌHØ�Ü#Â/È#Ø Ã3É�Ä«É�Ë�Ú'Ø
E

Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ
p
á§È�ô Ý í�Ú'ÐHÂ/Ö Ê@Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö

p
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å

M (p)(E) = 1
Í	Ë�Â

E
í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë­È�É�Ã�Ü'Ì3É�Ö

p
á�Â#�3É�Ì	Ú�ÉnÊRË�Â/Öû×!ÉRÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö�Í�Ë�ä3É�ä

∥∥∥∥∥

n∑

i=1

xi

∥∥∥∥∥
E

6

(
n∑

i=1

‖xi‖pE

) 1
p

È>Ê�Ð3í�ÎHØ/É�Í	Ú�Â/Õ�Ï�Øoò�ÐHÉ�Û,É�Ì	Ë�ô {xi}ni=1 ⊂ E Ý Â Ý Ø�Ã	Ì3ÂoÏ3Å	Ç08 Ó[Ì	Ú	Ë�Ì	ônäYNØ�Ú Ú'Ø�Ú ò�ÐHÉ�Û,É�Ì	Ë�ô
(I − Pr)(T

m2−m1+k(x) + . . . + Tms+1−m1+k(x))
Å
PrT

k(x) Ý Â Ý Ø�Ã	Ì3ÂÏ3Å	Ç08 Ó[Ì	Ú	Ë�Ì	ônÍ�Ë�Â	Í/Å3Ê Ý Â�Ð3ß�Ç�í�Ñ Ý Ã3É�Ï Ý Â�ÐHÂ�×!É�Ì	Å3É[Å	Ì'Ï3í�Ú��	Å	Å�â ó�ëwÅ>Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È#Ø­â ø�ë�ÍHâ é�ë�Í Ý Â�Ð3í�Î	Å3ÛÊ�ÐHÉ�Ï3í�Ó[ì!í�ÓjÂ#�3É�Ì	Ú	í 7
∥∥PrT

k(x) + (I − Pr)
(
Tm2−m1+k(x) + . . . + Tms+1−m1+k(x)

)∥∥
E

6

(∥∥PrT
k(x)

∥∥p
E
+
∥∥(I − Pr)

(
Tm2−m1+k(x) + . . .+ Tms+1−m1+k(x)

)∥∥p
E

) 1
p
6
(
(1 + ε)p + 2ps

) 1
p .

TLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	ÍHÈ>Ê�Å'Ð3íàÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È#ØÆâ�ö�ë�Å3Û,É�É�Û2Í	Î	Ë�Â
∥∥Tm1(x) + . . .+ Tms+1(x)

∥∥
E
6
(
(1 + ε)p + 2ps

) 1
p + (s+ 1)ε < 2(s+ 1)

1
p .

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í	Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âtâ ó�ë�È�É�Ã	Ì3Â«Ï	Ð3ÑûÚ'Ø�×«ÏHÂ/Õ�Â
s 6 t

ä
mXí�Ê�Ë�ß {ni}∞i=0

a Ý Ã3Â/Å	Ç�È�Â�Ð3ß�ÌHØ�ÑùÊ�Ë�Ã3Â/Õ�ÂÆÈ�Â/Ç�ÃHØ/Ê�Ë/Ø�Ó[ìoØ�Ñ Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß5ÌHØ�Ë�í�ÃHØ�Ð3ß/áÌ	ô9ÜRÎ	Å3Ê�É�ÐwÍ�Å Ý í�Ê�Ë�ß N > k
a´ÏHÂ�Ê�Ë/Ø�Ë�Â/Î	Ì3ÂXÔ�Â�Ð3ß�Ä«Â�ÉLÌHØ�Ë�í�ÃHØ�Ð3ß�Ì3Â�É�Î	Å3Ê�ÐHÂ	ä�YwÂ/Õ�Ï�Ø

N = k+mt+r
Í



ç �[
��3
 - 
�� 8��>8 *�� �	�	�	$Æ� 8��>8
Õ�ÏHÉ

0 6 r < t
ÍHÅ

m
É�Ê�Ë�ßÞÌHØ�Ë�í�ÃHØ�Ð3ß�Ì3Â�É!Î	Å3Ê�ÐHÂ	ÍHÏ	Ð3ÑÆÚ�Â/Ë�Â/Ã3Â/Õ�Â

m > d
ä�PRÊ Ý Â�Ð3ß�Ç�í�ÑÆÏHÂ/Ú'Ø�Ç�Ø�Ì	Ì3Â�ÉÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Âtâ ó�ë�Í Ý Â�Ð3í�Î	Å3Û2Í3Î	Ë�Â

∥∥∥∥∥

N∑

j=0

T nj (x)

∥∥∥∥∥
E

6

∥∥∥∥∥

k+r∑

j=0

T nj (x)

∥∥∥∥
E

+

m∑

s=1

∥∥∥∥∥

t−1∑

j=0

T nk+r+s+jm(x)

∥∥∥∥
E

6 (k + r + 1)‖x‖E +m · 2 · t
1
p.

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í

1

N + 1

∥∥∥∥∥

N∑

j=0

T nj (x)

∥∥∥∥∥
E

6
(k + r + 1)‖x‖E

N + 1
+

2mt
1
p

tm
=

(k + r + 1)‖x‖E
N + 1

+ 2t
1
p
−1
,

ÅÆÊ�Â/Õ�Ð�Ø/Ê�Ì3Â>È�ô�Ô�Â/Ã	í
t
Í

lim
N→∞

1

N + 1

∥∥∥∥∥

N∑

j=0

T nj (x)

∥∥∥∥∥
E

6 2t
1
p
−1

< δ.

YNØ�ÚÆÚ'Ø�Ú
δ > 0 Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì3Â�É�ÍHË�Â

lim
n→∞

1

n+ 1

∥∥∥∥∥

n∑

j=0

T kj (x)

∥∥∥∥∥
E

= 0.

� D � �Nv �[À ��

mXÃ	Å	È�É�ÏHÉ�Û Ý Ã	Å3Û,É�Ã	ô Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì	ô9Ü�Ê�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì	ô9ÜûÔ�Ø�ÌHØ�Ü#Â/È�ô9ÜÞÅ'ÏHÉ�Ø�Ð3ß�Ì	ô9Ü Ý Â�Ï Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È

(E, ‖ · ‖E) ⊂ s(K)
Í�Ï	Ð3ÑûÚ�Â/Ë�Â/Ã	ô9ÜûÈ�É�Ã	ÌHØ«Ë�É�Â/Ã3É�ÛLØ�
'äåö�ä

� DãAHD mXí�Ê�Ë�ß
Φ
a ÙRí�Ì	Ú��	Å	ÑtMhÃ'Ð3Å	ÎHØ'Í�Ë�ä�É�ä

Φ : [0,∞) → [0,∞)
a È�ô Ý í�Ú'Ð�Ø�Ñ�Ì3É Ý Ã3É�Ã	ô2È�ÌHØ�ÑÈ>Ì	í�ÐHÉRÙRí�Ì	Ú��	Å	Ñ Í�Ï	Ð3ÑûÚ�Â/Ë�Â/Ã3Â/Ö

Φ(0) = 0
Å
Φ(u) > 0 Ý Ã	Å u 6= 0

ä3mXí�Ê�Ë�ß

lΦ = lΦ(N) =

{
x = {ξn}∞n=1 ∈ s(K) :

∞∑

n=1

(
Φ

( |ξn|
λ

))
<∞ Ï	Ð3ÑûÌ3É�Ú�Â/Ë�Â/Ã3Â/Õ�Â

λ > 0

}

a Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂûMhÃ'Ð3Å	ÎHØ Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö�ÍBÊ�ÌHØ/Ô�×!É�Ì	Ì3Â�É!Ì3Â/Ã3Û,Â/Ö�_RÓ[Ú�Ê�É�Û,Ô/í�Ã	Õ�Ø

‖x‖Φ = inf

{
λ > 0 :

∞∑

n=1

(
Φ

( |ξn|
λ

))
6 1

}

âãÊ�Û2äåÍ7ÌHØ Ý Ã	Å3Û,É�Ã�Í�æåö�
	ÍNË�ä2ö�ÍNÕ�Ðwä � êãë�äLWXÊ�Ì3Â	Í7Î	Ë�Â (lΦ, ‖ · ‖Φ)
É�Ê�Ë�ß5Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�É�Ô�Ø�ÌHØ�Ü#Â/È�Â

Å'ÏHÉ�Ø�Ð3ß�Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÞÈ s(K)
ä

K�Â/È�Â/Ã#Ñ'Ë�Í Î	Ë�Â ÙRí�Ì	Ú��	Å	Ñ MhÃ'Ð3Å	ÎHØ
Φ

í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë
∆2
á§í�Ê�ÐHÂ/È�Å	Ó È Ì	í�ÐHÉ�Í É�Ê�Ð3Å

lim supu→0
Φ(2u)
Φ(u) < ∞ ä g ò�Ë�Â�ÛbÊ�Ð3í�ÎHØ/É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â�MhÃ'Ð3Å	ÎHØ (lΦ, ‖ · ‖Φ)

Ñ'È/Ð3Ñ	É�Ë�Ê�ÑÒÊ�É Ý Ø�ÃHØ�á
Ô�É�Ð3ß�Ì	ô�Û æåö�
'Í'Ë�ä�ö�Í'Õ�Ðwä � Í'Ë�É�Â/Ã3É�ÛLØ � ä �'ä � ê�ä�T�Â/Õ�Ð�Ø/Ê�Ì3Â>Ë�É�Â/Ã3É�Û,Éfé'ä é«Å	Ç>æåö�é�êwÔ�Ø�ÌHØ�Ü#Â/È#Ø«Ã3É�Ä«É�Ë�Ú'Ø

lΦÑ'È/Ð3Ñ	É�Ë�Ê�Ñ
p
á§È�ô Ý í�Ú'ÐHÂ/ÖàâãÊ7Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö 1 ë�È2Ë�Â�Û�ÅRË�Â�Ð3ß�Ú�Â�È�Ë�Â�Û�Ê�Ð3í�ÎHØ/É�Í�Ú�Â/Õ�Ï�ØhÙRí�Ì	Ú��	Å	Ñ Φ(u1/p)È�ô Ý í�Ú'Ð�ØûÌHØ (0, 1)

Å
lim supu→0

2Φ(u1/p)

Φ((2u)1/p)
> 1

äwYNØ�Ú	Å3Û Â�Ô/ÃHØ�Ç�Â�Û2ÍwÊ�Â/Õ�Ð�Ø/Ê�Ì3Â�Ë�É�Â/Ã3É�Û,É 
'äåö�Í Ý Ã	Å
È�ô Ý Â�Ð3Ì3É�Ì	Å	Å Ý Â�Ê�ÐHÉ�Ï3Ì	Å'Ü�í�Ê�ÐHÂ/È�Å	Ö�Ï	Ð3Ñ p > 1

ÈàÊ�Ð3í�ÎHØ/É�ÍHÚ�Â/Õ�Ï�Ø
Φ
í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë

∆2
á§í�Ê�ÐHÂ/È�Å	Ó

È>Ì	í�ÐHÉ�Í Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂûMhÃ'Ð3Å	ÎHØ (lΦ, ‖ · ‖Φ) Å3Û,É�É�Ë­Ê�È�Â/Ö3Ê�Ë�È�Â­]�Ð3í'ÛLØ!adcRØ�Ì3Ê�Â/ÌHØ'ä
� D � D mXí�Ê�Ë�ß

c0
a Ô�Ø�ÌHØ�Ü#Â/È#ØõÃ3É�Ä«É�Ë�Ú'ØõÈ�Ê�É�Ü Ê�Ü#Â�Ï3Ñ'ì!Å'Ü#Ê�ÑjÚ Ì	í�Ð3Ó Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö

x = {ξn}∞n=1

Ú�Â�Û Ý ÐHÉ�Ú�Ê�Ì	ô9Ü�â ÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9ÜHëLÎ	Å3Ê�É�Ðwä'M[Ô�Â/Ç�ÌHØ�Î	Å3Û Î3É�Ã3É�Ç x∗ = {ξ∗n}∞n=1

Ì3É�È�Â/Ç�á
ÃHØ/Ê�Ë/Ø�Ó[ì!í�Ó Ý É�Ã3É�Ê�Ë/Ø�Ì3Â/È�Ú	í Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�ÅùÎ	Å3Ê�É�Ð |x| = {|ξn|}∞n=1 ∈ c0

ä � Ø/ÙRÅ	Ú�Ê�Å	Ã	í�É�Û



� " $/- �����������	��%5��� - "w���������� 3���
��� ��$B� - $��!
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1 6 p, q < ∞ Å5ÃHØ/Ê�Ê�Û,Â/Ë�Ã	Å3Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÆ_nÂ/Ã3É�Ì��HØ lp,q È�Ê�É�Ü�Ë/Ø�Ú	Å'Ü Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�Ö
{ξn}∞n=1 ⊂ c0

Í�Ï	Ð3ÑàÚ�Â/Ë�Â/Ã	ô9Ü

‖{ξn}‖p,q =
( ∞∑

n=1

(ξ∗n)
q
(
n

q
p − (n− 1)

q
p

)) 1
p

<∞.

PXÇ�È�É�Ê�Ë�Ì3Â	Í�Î	Ë�Â Ý Ã	Å 1 6 q 6 p < ∞ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â (lp,q, ‖ · ‖p,q)
É�Ê�Ë�ßàÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â�ÉoÔ�Ø�ÌHØ�Ü#Â�áÈ�ÂûÊ�Å3Û,Û,É�Ë�Ã	Å	Î	Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�ÖbâãÊ�Û2äåÍBÌHØ Ý Ã	Å3Û,É�Ã�Í�æ é	ÍBÕ�Ðwä � ÍNè � êãë�Í Ý Ã	Åò�Ë�Â�Û

lp,q q
á§È�ô Ý í�Ú'ÐHÂ��fÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö

q
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å M (q)(lp,q) = 1

æ �'Í3í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3É 
'ä 
�ê�äBTLÐHÉ�á
ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í�ÈÞÊ�Ð3í�ÎHØ/É

1 < q 6 p < ∞ Ô�Ø�ÌHØ�Ü#Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â (lp,q, ‖ · ‖p,q)
Å3Û,É�É�ËàÊ�È�Â/Ö3Ê�Ë�È�Â

]�Ð3í'ÛLØfadcRØ�Ì3Ê�Â/ÌHØ'ä
� D � D mXí�Ê�Ë�ß

(E, ‖ · ‖E)
a Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì3Â�É�Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�É�Ê�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â�É p á§È�ô Ý í�Ú'ÐHÂ�ÉÔ�Ø�ÌHØ�Ü#Â/È�ÂûÅ'ÏHÉ�Ø�Ð3ß�Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÆÈ s(K)

ÍBÕ�ÏHÉ
p > 1

äNT�Â/Õ�Ð�Ø/Ê�Ì3ÂÒæåö�
'ÍBË�äwø'ÍBÕ�ÐwäLö�ÍBí�Ë�È�É�Ã'á
×«ÏHÉ�Ì	Å3É5ö�ä � ä ø�ê�È

E
Ê�í�ì«É�Ê�Ë�È�í�É�Ë5Ì3Â/Ã3ÛLØ ‖ · ‖′E

Í7ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�ÌHØ�Ñ Ì3Â/Ã3Û,É ‖ · ‖E
Í,Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â

Ú�Â/Ë�Â/Ã3Â/Ö Ý Ø�ÃHØ (E, ‖ · ‖′E)
É�Ê�Ë�ß

p
á§È�ô Ý í�Ú'ÐHÂ�É�Ô�Ø�ÌHØ�Ü#Â/È�Â Å'ÏHÉ�Ø�Ð3ß�Ì3Â�É Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂúÈ s(K)Ê­Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë�Â/Ö

p
á§È�ô Ý í�Ú'ÐHÂ�Ê�Ë�Å M (p)((E, ‖ · ‖′E)) = 1

äLTLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í7Ï	Ð3Ñ
(E, ‖ · ‖′E)

È�É�Ã	Ì3Â
í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3ÉnË�É�Â/Ã3É�Û7ô 
'äåö�ä

� D � DHg Ê�Å'Ð3íÆæåö�
'Í#Ë�ä	ø'Í#Õ�Ðwä�ö�Í#Ë�É�Â/Ã3É�ÛLØÞö�ä ��ä ��ê�Ð3ÓXÔ�Ø�ÑÞÔ�Ø�ÌHØ�Ü#Â/È#ØfÃ3É�Ä«É�Ë�Ú'Ø'Í'Å3Û,É�Ó[ìoØ�Ñ­È�É�Ã�Ü'Ì	Ó[Ó
r
á�Â#�3É�Ì	Ú	ínÏ	Ð3Ñ

r > 1,
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ

p
á§È�ô Ý í�Ú'ÐHÂ/Ö>Ô�Ø�ÌHØ�Ü#Â/È�Â/ÖoÃ3É�Ä«É�Ë�Ú�Â/Ö«Ï	Ð3ÑfÐ3ÓXÔ�Â/Õ�Â 1 < p < r

ä�TLÐHÉ�á
ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	ÍNÊ�Â/Õ�Ð�Ø/Ê�Ì3Â Ý ä � ä 
àÐ3ÓXÔ�Â�É­Ô�É�Ê�Ú�Â/Ì3É�Î	Ì3Â�Û,É�Ã	Ì3Â�ÉûÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�Ì3Â�ÉàÔ�Ø�ÌHØ�Ü#Â/È�Â�Å'ÏHÉ�Ø�Ð3ß�Ì3Â�É
Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÒÈ s(K)

ÍNí�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ì«É�É�È�É�Ã�Ü'Ì3É�Ö
r
á�Â#�3É�Ì	Ú�É Ý Ã	Å r > 1

Í7Å3Û,É�É�Ë5ò�Ú	È�Å	È#Ø�á
ÐHÉ�Ì	Ë�Ì	í�ÓîÌ3Â/Ã3Û7í ‖ · ‖′E

Í�Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3ÂúÚ�Â/Ë�Â/Ã3Â/Ö
(E, ‖ · ‖′E)

Â�Ô�Ð�Ø�Ï�Ø/É�ËúÊ�È�Â/Ö3Ê�Ë�È�Â�Ûd]�Ð3í'ÛLØta
cRØ�Ì3Ê�Â/ÌHØ'ä

PXÇ�È�É�Ê�Ë�Ì3Â	ÍwÎ	Ë�Â�ÈÆÊ�Ð3í�ÎHØ/É
1 < p < q < ∞ ÙRí�Ì	Ú��	Å	Ñ ‖ · ‖p,q

É�Ê�Ë�ß Ý Â�Ð3ÌHØ�ÑÒÊ�É Ý Ø�ÃHØ/Ô�É�Ð3ß�ÌHØ�ÑÚ	È#Ø�Ç�Å	Ì3Â/Ã3ÛLØ>ÌHØ«È�É�Ú	Ë�Â/Ã	Ì3Â/ÖÆÃ3É�Ä«É�Ë�Ú�É
lp,q
Í'í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ìoØ�ÑÆÈ�É�Ã�Ü'Ì3É�Ö

p
á�Â#�3É�Ì	Ú�É­æ ��ê�Í Ý Ã	Å�ò�Ë�Â�ÛÌHØ

lp,q
Ê�í�ì«É�Ê�Ë�È�í�É�ËRÌ3Â/Ã3ÛLØ ‖·‖(p,q) Í�ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�ÌHØ�ÑoÚ	È#Ø�Ç�Å	Ì3Â/Ã3Û,É ‖·‖p,q Í/Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3ÂRÚ�Â/Ë�Â/Ã3Â/Ö

(lp,q, ‖·‖(p,q))
É�Ê�Ë�ßXÔ�Ø�ÌHØ�Ü#Â/È�ÂXÊ�Å3Û,Û,É�Ë�Ã	Å	Î	Ì3Â�É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Ë�É�ÖtâãÊ�Û2äåÍ�ÌHØ Ý Ã	Å'áÛ,É�Ã�Í,æ é'Í�Õ�Ðwä � Íwè � êãë�ä mRÂ/ò�Ë�Â�Û7í�Å	ÇoÊ�Ú'Ø�Ç�Ø�Ì	Ì3Â/Õ�Â�È�ô2Ä«É«Ê�ÐHÉ�Ï3í�É�Ë�Í Î	Ë�ÂàÊ�í�ì«É�Ê�Ë�È�í�É�ËûÌ3Â/Ã3ÛLØ ‖ · ‖′p,q

Í
ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�ÌHØ�ÑùÌ3Â/Ã3Û,É ‖ · ‖(p,q)

Í7Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â�Ú�Â/Ë�Â/Ã3Â/Ö Ý Ø�ÃHØ (lp,q, ‖ · ‖′p,q)
Å3Û,É�É�Ë5Ê�È�Â/Ö3Ê�Ë�È�Â

]�Ð3í'ÛLØfadcRØ�Ì3Ê�Â/ÌHØ'ä
g Ç�Ø�Ú'Ð3Ó[Î3É�Ì	Å3É�Ç�Ø/Û,É�Ë�Å3Û2Í�Î	Ë�Â Ý Ã	Å3Û,É�Ã	ô Å	Ç Ý í�Ì	Ú	Ë�Â/È � ä 
9Å � ä � È�ô9ÏHÉ�Ð3Ñ'Ó[Ë[Ú'Ð�Ø/Ê�Ê�ô Ô�Ø�ÌHØ�Ü#Â/È�ô9Ü

Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�ÈÞÊ Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�ÛïÂ/Ë�È�É�Ë�Â�Û ÌHØ Ý Ã3Â�Ô�ÐHÉ�Û7í�ö�é«Å	Ç­æåö�ö�ê�ä

� v�
'À � ��
 � � �
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PXÌ	Ë�É�Ã3É�Ê Ú Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô�Û Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô�Ûîí�ÃHØ�È�Ì3É�Ì	Å	Ñ	Û È�ô2Ç�È#Ø�Ì Å'Ü Û7Ì3Â�á

Õ�Â/Î	Å3Ê�ÐHÉ�Ì	Ì	ô�Û7Å Å ÃHØ�Ç�Ì3Â�Â�Ô/ÃHØ�Ç�Ì	ô�Û7Å Ý Ã	Å'ÐHÂ�×!É�Ì	Å	Ñ	Û7Å È Õ�Å'Ï3Ã3ÂùÅ Ø�ò�Ã3Â�Ï3Å	ÌHØ/Û7Å	Ú�É âðí�ÃHØ�È�Ì3É�Ì	Å3É
mXÃHØ�Ì'Ï3Ë�Ð3Ñ*)�Ú	Ã	ô9Ð�ØhÊ�Ø/Û,Â�ÐHÉ�Ë/Ø�+�ë�Í�ÈhË�É�Â/Ã	Å	Åfí Ý Ã	í�Õ�Â�Ê�Ë�ÅfÅ«Ø�È�Ë�Â�ÛLØ�Ë�Å	Î3É�Ê�Ú�Â/Õ�ÂXí Ý ÃHØ�È/ÐHÉ�Ì	Å	Ñ Í�ÈhÂ�Ô�Ð�Ø�áÊ�Ë�Å«í�Ê�Ë�Â/Ö	Î	Å	È�ô9Ü Ý Ã3Â#�3É�Ê�Ê�Â/ÈnÊ�Ì3É�Ç�Ø�È�Å3Ê�Å3Û7ô�Û7Å Ý Ã	Å	ÃHØ�ì«É�Ì	Å	Ñ	Û7ÅoÅ!Ï3Ã�ä'æåö�÷�ê�ä g ÃHØ/Ô�Â/Ë/Ø�Ü«c«ä�\ ä/URÂ�áÕ�Ø�ÌHØ´æ �'Í2ç�êRÈ Ê�È�Ñ'Ç�ÅbÊ�Ã3É�Ä«É�Ì	Å3É�Û Â�Ï3Ì3Â/Ö È#Ø�Ã	ÅHØ	�	Å3Â/Ì	Ì3Â/Ö Ç�Ø�Ï�Ø�Î	Å Ô/ô9ÐbÅ	Ç�í�Î3É�ÌbÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2Ö
Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô2ÖtÂ Ý É�ÃHØ�Ë�Â/Ã�ÊXÑ�Ï3Ã3Â�Û URÂ/Ä!Å

(Tu)(x) = − 1

π

1∫

−1

u′(s)
s− x

ds

Ú'Ø�ÚÆÂ Ý É�ÃHØ�Ë�Â/Ã�Í	ÏHÉ�Ö3Ê�Ë�È�í�Ó[ì!Å	Ö�Å	Ç L2(−1, 1)
È
L2(−1, 1)

ÍHÊnÂ�Ô�Ð�Ø/Ê�Ë�ß�Ó^Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ñ

D(T ) =

{
u(x) : u(x) ∈ AC[−1, 1], u(−1) = u(1) = 0,

1∫

−1

√
1− x2 u′2(x) dx <∞

}
,

Õ�ÏHÉ
AC[−1, 1]

a Û7Ì3Â�×!É�Ê�Ë�È�ÂàÈ�Ê�É�Ü�Ø/Ô�Ê�Â�Ð3Ó[Ë�Ì3Â­Ì3É Ý Ã3É�Ã	ô2È�Ì	ô9ÜÆÌHØ­Â/Ë�Ã3É�Ç�Ú�É [−1, 1]
ÙRí�Ì	Ú��	Å	Ö�ä g

æ ç�êHÏHÂ/Ú'Ø�Ç�Ø�Ì3Â	Í�Î	Ë�ÂfÂ Ý É�ÃHØ�Ë�Â/Ã T Ê�Å3Û,Û,É�Ë�Ã	Å	Î3É�ÌàÅ Ý Â�ÐHÂ�×oÅ	Ë�É�ÐHÉ�Ì�ä g ÃHØ/Ô�Â/Ë�É[\ ä�kjÐ�Ø�Ö3ÙfØ­æåö�ö�êHÏ	Ð3Ñ
Ê�Ú'Ø�Ð3Ñ'Ã	Ì3Â/Õ�Â Ý Ã3Â/Å	Ç�È�É�ÏHÉ�Ì	Å	Ñ (Tu, u) Ý Â�Ð3í�Î3É�Ì3ÂoÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

(Tu, u) =

1∫

−1


− 1

π

1∫

−1

u′(s)
s− x

ds


u(x) dx >

1∫

−1

u2(x)√
1− x2

dx (∀u(x) ∈ D(T )).

ü© ý�þ�ÿ��2° �§¦�������� pw¯��9¯
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I�Ë�ÅÞÃ3É�Ç�í�Ð3ß�Ë/Ø�Ë�ôïÏHÂ Ý í�Ê�Ú'Ø�Ó[ËoÂ�Ô�Â�Ô/ì«É�Ì	Å3ÉhÌHØnÊ�Ð3í�ÎHØ�ÖàÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì3Â/Õ�ÂfÅ	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß/áÌ3Â/Õ�Â>Â Ý É�ÃHØ�Ë�Â/ÃHØoÈ�Å'Ï�Ø

(Bu)(x) = −b(x)
π

1∫

−1

[
b(s)u(s)

]′

s− x
ds, b(x) ∈ AC[−1, 1],

ÃHØ/Ê�Ê�ÛLØ�Ë�Ã	Å	È#Ø/É�Û,Â/Õ�ÂúÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÉÆ_nÉ�Ô�É�Õ�Ø Lp(%)
Í
p > 2

Í�Ê�È�É�Ê�Â�Û
%(x) = (1 − x2)−1/2 ÅÂ�Ô�Ð�Ø/Ê�Ë�ß�Ó@Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ñ D(B) =

{
u(x) : u(x) ∈ AC[−1, 1], u(±1) = 0, u′(x) ∈ Lp′(σ)

} Í3Õ�ÏHÉ
p′ = p/(p − 1)

Í
σ(x) = (1 − x2)(p

′−1)/2 äBmXÃ	Å�ò�Ë�Å'Ü�í�Ê�ÐHÂ/È�Å	Ñ�Ü�Â Ý É�ÃHØ�Ë�Â/Ã
B
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ�Ê�Å3Û,Û,É�Ë/á

Ã	Å	Î	Ì	ô�Û Å Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�Û2Í Ý Ã	Å	Î3É�Û âãÊ�Û2ä�æ ø�êãë

〈Bu, u〉 =
1∫

−1


−b(x)

π

1∫

−1

[
b(s)u(s)

]′

s− x
ds


u(x) dx >

1∫

−1

[
b(x)u(x)

]2
√
1− x2

dx (∀u(x) ∈ D(B)).

g ÃHØ/Ô�Â/Ë/Ø�Ü5_>ä g Â�Ð3ß�ÙnÉ�Ã3Ê�ÏHÂ/Ã3ÙfØ5æåö�÷�ê�Å Ø�È�Ë�Â/ÃHØ5æ ø�êLí�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�ÌHØ�ÛLØ�Ú�Ê�Å3ÛLØ�Ð3ß�ÌHØ�Ñ Û,Â/Ì3Â/Ë�Â/Ì'á
Ì3Â�Ê�Ë�ß�Â Ý É�ÃHØ�Ë�Â/Ã3Â/È T Å

B
Í�Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�É�Ì	Ì3Â	Í�Å�ÏHÂ/Ú'Ø�Ç�Ø�Ì	ô^Ë�É�Â/Ã3É�Û7ô@ÂÞÊ�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å	Å5Å�É�Ï3Å	Ì'á

Ê�Ë�È�É�Ì	Ì3Â�Ê�Ë�Å Ã3É�Ä«É�Ì	Å	ÑtÏ	Ð3Ñ�ÃHØ�Ç�Ð3Å	Î	Ì	ô9Ü�Ú'Ð�Ø/Ê�Ê�Â/ÈÆÌ3É�Ð3Å	Ì3É�Ö	Ì	ô9ÜÒÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô9Ü5Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�á
Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9Ütí�ÃHØ�È�Ì3É�Ì	Å	Ö�ÊnÑ�Ï3Ã3Â�Û´URÂ/Ä!Å�Í�Ê�Â�ÏHÉ�Ã#×«Ø�ì!Å'Ütò�Ë�ÅtÂ Ý É�ÃHØ�Ë�Â/Ã	ônä eRÉ�Ú�Â/Ë�Â/Ã	ô�É!Ï3Ã	í�Õ�Å3ÉÚ'Ð�Ø/Ê�Ê�ô Ë/Ø�Ú	Å'Üûí�ÃHØ�È�Ì3É�Ì	Å	ÖÆÔ/ô9Ð3Å�ÃHØ�Ì3É�ÉRÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�Ì	ô È�æ 3�ê�ä

g Ï�Ø�Ì	Ì3Â/ÖûÃHØ/Ô�Â/Ë�ÉXÅ	Ç�í�ÎHØ/É�Ë�Ê�ÑûÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2ÖûÅ	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô2ÖÆÂ Ý É�ÃHØ�Ë�Â/ÃÆÊhÑ�Ï	áÃ3Â�Û K Å'Ð3ß�Ô�É�Ã	Ë/Ø

(Gu)(x) = − 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds

Ú'Ø�ÚtÂ Ý É�ÃHØ�Ë�Â/Ã�ÍHÏHÉ�Ö3Ê�Ë�È�í�Ó[ì!Å	Ö�Å	Ç Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#ØÞÈ�É�ì«É�Ê�Ë�È�É�Ì	Ì	ô9Ü 2π
á Ý É�Ã	Å3Â�Ï3Å	Î3É�Ê�Ú	Å'Ü5ÙRí�Ì	Ú��	Å	Ö

Lp(−π, π)
Í
1 < p <∞ Í�ÈoÊ�Â Ý Ã#Ñ'×!É�Ì	Ì3Â�É!Ê[Ì	Å3Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â Lp′(−π, π)

Í3ÊXÂ�Ô�Ð�Ø/Ê�Ë�ß�ÓjÂ Ý Ã3É�ÏHÉ�áÐHÉ�Ì	Å	Ñ

D(G) =



u(x) : u(x) ∈ AC[−π, π], u(−π) = u(π) = 0,

π∫

−π

|u′(x)|p′ dx <∞



 ,

Õ�ÏHÉ
AC[−π, π] añÛ7Ì3Â�×!É�Ê�Ë�È�Â­È�Ê�É�Ü�Ø/Ô�Ê�Â�Ð3Ó[Ë�Ì3Â>Ì3É Ý Ã3É�Ã	ô2È�Ì	ô9Ü�ÌHØ«Â/Ë�Ã3É�Ç�Ú�É [−π, π] ÙRí�Ì	Ú��	Å	Ö�ämXÃ	Å3Û,É�Ì	Ñ'Ñ«Û,É�Ë�Â�Ï3ôùË�É�Â/Ã	Å	Å«Ë�Ã	Å	Õ�Â/Ì3Â�Û,É�Ë�Ã	Å	Î3É�Ê�Ú	Å'ÜoÃ#Ñ�ÏHÂ/Èoæ 
�ê�Í�í�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì3Â	Í�Î	Ë�Â

G
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ

Ê�Å3Û,Û,É�Ë�Ã	Å	Î	Ì	ô�Û2Í Ý Â/Ë�É�Ì��	ÅHØ�Ð3ß�Ì	ô�Û2Í7Ê�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�ÛjÅÒÛLØ�Ú�Ê�Å3ÛLØ�Ð3ß�Ì	ô�ÛjÛ,Â/Ì3Â/Ë�Â/Ì	Ì	ô�Û
Â Ý É�ÃHØ�Ë�Â/Ã3Â�Û2ä#PRÊ Ý Â�Ð3ß�Ç�í�Ñ«ò�Ë�Å>Ê�È�Â/Ö3Ê�Ë�È#Ø'Í�Û,É�Ë�Â�ÏHÂ�Û5ÛLØ�Ú�Ê�Å3ÛLØ�Ð3ß�Ì	ô9Ü>Û,Â/Ì3Â/Ë�Â/Ì	Ì	ô9Ü>Â Ý É�ÃHØ�Ë�Â/Ã3Â/È­æ é�êÏHÂ/Ú'Ø�Ç�Ø�Ì	ô Õ�ÐHÂ�Ô�Ø�Ð3ß�Ì	ô�ÉfË�É�Â/Ã3É�Û7ôjÂ>Ê�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å	ÅÆÅÆÉ�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�Ê�Ë�ÅtÃ3É�Ä«É�Ì	Å	ÑàÏ	Ð3ÑûÃHØ�Ç�Ð3Å	Î'á
Ì	ô9Ü�Ú'Ð�Ø/Ê�Ê�Â/ÈÆÌ3É�Ð3Å	Ì3É�Ö	Ì	ô9ÜÒÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô9Ü5Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9ÜÒí�ÃHØ�È�Ì3É�Ì	Å	Ö ÊoÑ�Ï3Ã3Â�Û
K Å'Ð3ß�Ô�É�Ã	Ë/Ø'ÍwÊ�Â�ÏHÉ�Ã#×«Ø�ì!Å'ÜÒÂ Ý É�ÃHØ�Ë�Â/Ã G ä mXÃ	Å	È�É�ÏHÉ�Ì	ô@Ê�ÐHÉ�ÏHÊ�Ë�È�Å	Ñ ÍBÅ'Ð	Ð3ÓXÊ�Ë�Ã	Å	Ã	í�Ó[ì!Å3É Ý Â�Ð3í�Î3É�Ì'áÌ	ô�ÉRÃ3É�Ç�í�Ð3ß�Ë/Ø�Ë�ônä

g Ê�Ó9Ï3íúÈ�ÃHØ/Ô�Â/Ë�É�Ô/í�ÏHÉ�Û Ý Ã	Å'ÏHÉ�Ã#×oÅ	È#Ø�Ë�ß�Ê�Ñ Ý Ã	Å	Ì	Ñ'Ë�ô9ÜùÈ5Û,Â/Ì3Â/Õ�ÃHØ/ÙRÅ	Å æ é�ê[Â�Ô�Â/Ç�ÌHØ�Î3É�Ì	Å	ÖõÅ
Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ö�Í3Ú'Ø/Ê�Ø�Ó[ì!Å'Ü#Ê�Ñ�Ë�É�Â/Ã	Å	ÅÆÛ,Â/Ì3Â/Ë�Â/Ì	Ì	ô9ÜÆÂ Ý É�ÃHØ�Ë�Â/Ã3Â/È3äHmXí�Ê�Ë�ß X aZÈ�É�ì«É�Ê�Ë�È�É�Ì	Ì3Â�ÉnÃ3É�á
ÙXÐHÉ�Ú�Ê�Å	È�Ì3Â�ÉhÔ�Ø�ÌHØ�Ü#Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â	Í X∗ a^Ê�Â Ý Ã#Ñ'×!É�Ì	Ì3Â�É[Ê9Ì	Å3Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂnÅ>Â Ý É�ÃHØ�Ë�Â/Ã ΛÏHÉ�Ö3Ê�Ë�È�í�É�Ë�Å	Ç

X
È
X∗ Í�Ë�äwÉ�ä Λ ∈ (X → X∗)

ä7M[Ô�Â/Ç�ÌHØ�Î	Å3Û Î3É�Ã3É�Ç 〈y, x〉 Ç�ÌHØ�Î3É�Ì	Å3É­Ð3Å	Ì3É�Ö	Ì3Â/Õ�ÂÌ3É Ý Ã3É�Ã	ô2È�Ì3Â/Õ�Â5ÙRí�Ì	Ú��	Å3Â/ÌHØ�Ð�Ø y ∈ X∗ ÌHØ�ò�ÐHÉ�Û,É�Ì	Ë�É x ∈ X
ä g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�Í,É�Ê�Ð3Å

X
a Õ�Å'Ð3ß/á

Ô�É�Ã	Ë�Â/È�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â
H
Í�Ë�Â 〈y, x〉 Ê�Â/È Ý Ø�Ï�Ø/É�Ë«Ê�Â�Ô/ô2Î	Ì	ô�Û Ê�Ú'Ø�Ð3Ñ'Ã	Ì	ô�Û Ý Ã3Â/Å	Ç�È�É�ÏHÉ�Ì	Å3É�Û (y, x)

Í
Õ�ÏHÉ

x, y ∈ H
äwM Ý É�ÃHØ�Ë�Â/Ã Λ

Ê!Ð3Å	Ì3É�Ö	Ì3Â/ÖÒÂ�Ô�Ð�Ø/Ê�Ë�ß�ÓñÂ Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ñ D(Λ) ⊂ X
ÌHØ�Ç�ô2È#Ø/É�Ë�Ê�Ñ � ���

����/ ������� � Í�É�Ê�Ð3ÅtÏ	Ð3Ñ�Ð3ÓXÔ/ô9Ü
u, v ∈ D(Λ)

È�ô Ý Â�Ð3Ì	Ñ	É�Ë�Ê�Ñ5Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â 〈Λu − Λv, u − v〉 > 0



6 �	$ $  ���%�"�$	0X�[�	$B��� $ " - "å�������n��"w��$��	��������$	0X�h #"���
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ÅbÊ�Ë�Ã3Â/Õ�Â Û,Â/Ì3Â/Ë�Â/Ì	Ì	ô�Û2Í[É�Ê�Ð3Å 〈Λu − Λv, u − v〉 > 0 Ý Ã	Å u 6= v

ä�\�Â/Ì3Â/Ë�Â/Ì	Ì	ô2Ö Â Ý É�ÃHØ�Ë�Â/Ã
Λ ∈ (D(Λ) → X∗)

ÌHØ�Ç�ô2È#Ø/É�Ë�Ê�Ñ � ��5).0!2� �'&�()��� � ������/ ������� � Í3É�Ê�Ð3ÅÆÅ	Ç!È�ô Ý Â�Ð3Ì3É�Ì	Å	Ñ�Ì3É�ÃHØ�È�É�Ì'áÊ�Ë�È#Ø 〈f − Λv, u − v〉 > 0
Ï	Ð3Ñ5Ð3ÓXÔ�Â/Õ�Â

v ∈ D(Λ)
Ê�ÐHÉ�Ï3í�É�Ë�ÍNÎ	Ë�Â

u ∈ D(Λ)
Å
Λu = f

äwSLÊ�Ð3Å
Λ
a Ð3Å	Ì3É�Ö	Ì	ô2Ö Â Ý É�ÃHØ�Ë�Â/Ã�Í Ë�ÂûÂ Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å3É­Û,Â/Ì3Â/Ë�Â/Ì	Ì3Â/Õ�Â�Å5Ê�Ë�Ã3Â/Õ�Â�Û,Â/Ì3Â/Ë�Â/Ì	Ì3Â/Õ�Â�Â Ý É�ÃHØ�Ë�Â/ÃHØÊ�Â/È Ý Ø�Ï�Ø/É�Ë>Ê[Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å3É�Û Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/Õ�Â>ÅàÊ�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/Õ�Â­Â Ý É�ÃHØ�Ë�Â/ÃHØ«Ê�Â�Â/Ë�È�É�Ë/áÊ�Ë�È�É�Ì	Ì3Â	ä
UnØ�Ú�Â�Ô/ô2Î	Ì3Â	Í	Î3É�Ã3É�Ç

R
Å
N
Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ó[Ë�Ê�ÑÆÛ7Ì3Â�×!É�Ê�Ë�È#ØoÈ�Ê�É�ÜÞÏHÉ�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì	ô9Ü�ÅàÌHØ�Ë�í�ÃHØ�Ð3ß/á

Ì	ô9ÜàÎ	Å3Ê�É�Ð�Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�É�Ì	Ì3Â	ÍBØ«Î3É�Ã3É�Ç
p′ = p/(p− 1)

añÊ�Â Ý Ã#Ñ'×!É�Ì	Ì3Â�É«Ê p Î	Å3Ê�ÐHÂ	ä

� D � 
��Nx����2� 	Nx	~,x
	úv�
'À�~	�H�Nx �)
 � ��vN��� ��~�� �N�Nx���x
vN��
'À
� �Nx���ÁLv�
�
�À �NÀ#���Nv ��~	�H�Nx���xtx 	NÀ � ��
'x�� � � �BÁ �Nx ���Lv�~	� �HÀ ��
*�

mXí�Ê�Ë�ß
1 < p <∞ Å

p′ = p/(p−1)
ä	M[Ô�Â/Ç�ÌHØ�Î	Å3ÛÒÎ3É�Ã3É�Ç

Lp(−π, π)
Û7Ì3Â�×!É�Ê�Ë�È�Â!È�Ê�É�ÜoÅ	Ç�Û,É�Ã	Å'á

Û7ô9Ü Ý Â>_nÉ�Ô�É�Õ�í�ÌHØ>Â/Ë�Ã3É�Ç�Ú�É [−π, π] È�É�ì«É�Ê�Ë�È�É�Ì	Ì	ô9Ü 2π
á Ý É�Ã	Å3Â�Ï3Å	Î3É�Ê�Ú	Å'Ü�ÙRí�Ì	Ú��	Å	Ö�ÊnÚ�Â/Ì3É�Î	Ì3Â/Ö

Ì3Â/Ã3Û,Â/Ö ‖u‖p =
( ∫ π

−π |u(x)|pdx
)1/p ä7eRÂ/Ã3Û7íÒÈ�Ê�Â Ý Ã#Ñ'×!É�Ì	Ì3Â�Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É Lp′(−π, π)

Â�Ô�Â�á
Ç�ÌHØ�Î	Å3ÛïÎ3É�Ã3É�Ç ‖ · ‖p′ äHmRÂ�Ê�Ë/Ø�È�Å3ÛïÈàÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�Å3É«ÙRí�Ì	Ú��	Å	Å u(x) ∈ Lp(−π, π)

É�ÉfË�Ã	Å	Õ�Â/Ì3Â�Û,É�Ë/á
Ã	Å	Î3É�Ê�Ú	Å	ÖÆÃ#Ñ�Ï �fí�Ã	ß�É

u(x) ∼ a0
2

+

∞∑

n=1

(an cosnx+ bn sinnx) ,
â�ö�ë

Õ�ÏHÉ

a0 =
1

π

π∫

−π

u(x) dx, an =
1

π

π∫

−π

u(x) cos nxdx, bn =
1

π

π∫

−π

u(x) sinnxdx, n ∈ N,
â ø�ë

É�Ê�Ë�ß>Ú�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ôbÃ#Ñ�Ï�Ø �fí�Ã	ß�ÉnÙRí�Ì	Ú��	Å	Å
u(x)

ä
TLÐHÉ�Ï3í�Ñ�Û,Â/Ì3Â/Õ�ÃHØ/ÙRÅ	ÅÆeoä3Uoä3]2Ø�Ã	Å5æ 
�ê�Í	Â Ý Ã3É�ÏHÉ�Ð3Å3ÛõÊ�Â Ý Ã#Ñ'×!É�Ì	Ì	í�ÓlÊ

u(x)
ÙRí�Ì	Ú��	Å	Ó

u(x)
7

u(x) = − 1

π

π∫

0

u(x+ s)− u(x− s)

2 tg s
2

ds.

PXÇ�È�É�Ê�Ë�Ì3ÂÆæ 
'Í	Ê�ä�é*�#
�ê�Í3Î	Ë�ÂoÊ�Â Ý Ã#Ñ'×!É�Ì	ÌHØ�Ñ�ÙRí�Ì	Ú��	Å	Ñ u(x) Ý Ã3É�ÏHÊ�Ë/Ø�È�Å3ÛLØ>ÈoÈ�Å'ÏHÉ

u(x) = − 1

π

π∫

−π

u(s)

2 tg s−x
2

ds = − 1

2π

π∫

−π

u(s) ctg
s− x

2
ds,

â 
�ë

Õ�ÏHÉ[Å	Ì	Ë�É�Õ�ÃHØ�Ð Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�ÑàÈoÊ�Û7ô�Ê�ÐHÉXÕ�Ð�Ø�È�Ì3Â/Õ�Â«Ç�ÌHØ�Î3É�Ì	Å	Ñ Ý Â«URÂ/Ä!ÅÞa@_nÉ�Ô�É�Õ�í�Í'ÅûÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í#á
Ó[ì!Å	Ö�É�Ö�Ë�Ã	Å	Õ�Â/Ì3Â�Û,É�Ë�Ã	Å	Î3É�Ê�Ú	Å	Ö�Ã#Ñ�Ï �fí�Ã	ß�ÉRÅ3Û,É�É�Ë>È�Å'Ï æ 
'Íd��ä�é�ó�ç�ê

u(x) ∼ −
∞∑

n=1

(bn cosnx− an sinnx) ,
â � ë

Õ�ÏHÉRÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ô
an
Å
bn
Â Ý Ã3É�ÏHÉ�Ð3Ñ'Ó[Ë�Ê�Ñ Ý Â>ÙnÂ/Ã3Û7í�Ð�Ø/Ûbâ ø�ë�äJ7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3ÛõË�É Ý É�Ã	ß­Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2ÖÆÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô2ÖtÂ Ý É�ÃHØ�Ë�Â/Ã H ÊXÑ�Ï3Ã3Â�Û K Å'Ð3ß�Ô�É�Ã	Ë/Ø 7

(Hu)(x) =
1

2π

π∫

−π

u(s) ctg
s− x

2
ds,

â é�ë
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Õ�ÏHÉ�ÍBÚ'Ø�Ú�ÅtÈ�ô2Ä«É�ÍBÅ	Ì	Ë�É�Õ�ÃHØ�Ð Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�Ñ�ÈûÊ�Û7ô�Ê�ÐHÉ«Õ�Ð�Ø�È�Ì3Â/Õ�ÂûÇ�ÌHØ�Î3É�Ì	Å	Ñ Ý ÂàURÂ/Ä!Åta _nÉ�Ô�É�Õ�í�ä
T�ÃHØ�È�Ì	Å	È#Ø�Ñ â 
�ë�ÅÒâ é�ë�Í'Ç�Ø/Û,É�ÎHØ/É�Û2Í3Î	Ë�Â

(Hu)(x) = −u(x) ä ��ÌHØ�Î	Å	Ë�Í3È­Ê�Å'Ð3í5â � ë

(Hu)(x) ∼
∞∑

n=1

(bn cosnx− an sinnx) .
â ó�ë

mXí�Ê�Ë�ß
u(x) ∈ Lp(−π, π)

Í
v(x) ∈ Lp′(−π, π)

ä�M[Ô�Â/Ç�ÌHØ�Î	Å3Û5Ú�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ô Å'Ü«Ã#Ñ�ÏHÂ/È �fí�Ã	ß�É
Î3É�Ã3É�Ç

an
Í
bn
Å
cn
Í
dn
Í	Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�É�Ì	Ì3Â	ä�YwÂ/Õ�Ï�Ø�æ 
	Í	Ê�ä�ø'ö�ç�êNÊ Ý ÃHØ�È�É�Ï	Ð3Å	È�Â­ÃHØ�È�É�Ì3Ê�Ë�È�Â>mnØ�Ã3Ê�É�È#Ø�Ð3Ñ

1

π

π∫

−π

u(x)v(x) dx =
a0c0
2

+

∞∑

n=1

(ancn + bndn) .
â ��ë

PRÊ Ý Â�Ð3ß�Ç�í�ÑfÃHØ�È�É�Ì3Ê�Ë�È�Â[mnØ�Ã3Ê�É�È#Ø�Ð3Ñàâ ��ë�Í�ÊLí�Î3É�Ë�Â�Û�Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Öûâ�ö�ëBÅÞâ ó�ë�Ï	Ð3ÑXÐ3ÓXÔ�Â/Õ�Â u(x) ∈
L2(−π, π) Ý Â�Ð3í�ÎHØ/É�Û

1

π

π∫

−π

(Hu)(x) ·u(x) dx =

∞∑

n=1

(bnan − anbn) = 0
Å'Ð3Å

(Hu, u) = 0 (∀u(x) ∈ L2(−π, π)),
â ç�ë

Ë�ä�É�ä�Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2ÖnÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô2Ö«Â Ý É�ÃHØ�Ë�Â/Ã H Ê7Ñ�Ï3Ã3Â�Û�K Å'Ð3ß�Ô�É�Ã	Ë/Ø�Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�ÛÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É L2(−π, π)
Í�Ì3ÂnÌ3É2Ñ'È/Ð3Ñ	É�Ë�Ê�ÑÞÊ�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�ÛùÂ Ý É�ÃHØ�Ë�Â/Ã3Â�Û2Í#Ë/Ø�ÚÞÚ'Ø�Ú­Ì3Éí�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�ËÞí�Ê�ÐHÂ/È�Å	Ó 7
(Hu, u) > 0

Í3É�Ê�Ð3Å
u 6= 0

ä
J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û Ë�É Ý É�Ã	ß È Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É Lp(−π, π)

Í
1 < p < ∞ Í9Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2ÖbÅ	Ì	Ë�É�Õ�Ã3Â�á

Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/Ã G ÊRÑ�Ï3Ã3Â�Û K Å'Ð3ß�Ô�É�Ã	Ë/Ø

(Gu) (x) = − 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds,

Õ�ÏHÉûÅ	Ì	Ë�É�Õ�ÃHØ�Ð Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�ÑõÈ5Ê�Û7ô�Ê�ÐHÉ�Õ�Ð�Ø�È�Ì3Â/Õ�Â5Ç�ÌHØ�Î3É�Ì	Å	Ñ Ý Â5URÂ/Ä!Åúa _nÉ�Ô�É�Õ�í�ÍLÊûÂ�Ô�Ð�Ø/Ê�Ë�ß�Ó
Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ñ

D(G) =

{
u(x) : u(x) ∈ AC[−π, π], u(−π) = u(π) = 0,

π∫

−π

|u′(x)|p′ dx <∞
}
,

Õ�ÏHÉ
AC[−π, π] añÛ7Ì3Â�×!É�Ê�Ë�È�Â­È�Ê�É�Ü�Ø/Ô�Ê�Â�Ð3Ó[Ë�Ì3Â>Ì3É Ý Ã3É�Ã	ô2È�Ì	ô9Ü�ÌHØ«Â/Ë�Ã3É�Ç�Ú�É [−π, π] ÙRí�Ì	Ú��	Å	Ö�ä
� À#x��NÀ���� � DãAHD �h 3�����

1 < p < ∞ 8�6 �	$ $  ���%�"�$	02� �	$B��� $ " - "å�������n��"w��$��	��������$	02� - 1B��"��#"
� - "

G
��%��	" - � � �	��������"w���[�w���B����
� 3���R�3


D(G)


Lp′(−π, π)

��%'
���%������,%�����" -�$/- 1 - � - �o�B������� "
$	0�� * ���3�,������"����/$	0��õ�û1 - ����$��	��������$	0�� * 1#"��������

〈Gu, u〉 = π
∞∑

n=1

n
(
a2n + b2n

)
(∀u(x) ∈ D(G)),

â 3�ë

$ �w�h� -	( ���h���	�B��$B��0
an
�
bn
- 1#"w���w����%�&f���,%�1 - � - "B�w ������ â ø�ë 8



6 �	$ $  ���%�"�$	0X�[�	$B��� $ " - "å�������n��"w��$��	��������$	0X�h #"���
�$B��$	��%t� %��	" - ��� �	��������"w��� ö�é

C
YNØ�Ú Ú'Ø�Ú Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2Ö Å	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô2ÖjÂ Ý É�ÃHØ�Ë�Â/Ã H

Ê�Ñ�Ï3Ã3Â�Û K Å'Ð3ß�Ô�É�Ã	Ë/Ø ÏHÉ�Ö3Ê�Ë�È�í�É�Ë
æ 
'ÍX��ä�é�ó�ó�ênÌ3É Ý Ã3É�Ã	ô2È�Ì3ÂúÅ	Ç Lp′(−π, π)

È
Lp′(−π, π) Ý Ã	ÅïÐ3ÓXÔ�Â�Û p′ ∈ (1,∞)

Í9Ë�ÂúÂ/Î3É�È�Å'Ï3Ì3Â	Í
Î	Ë�ÂoÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2Ö�Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô2ÖtÂ Ý É�ÃHØ�Ë�Â/Ã G ÊXÑ�Ï3Ã3Â�ÛùK Å'Ð3ß�Ô�É�Ã	Ë/ØoÏHÉ�Ö3Ê�Ë�È�í�É�Ë
Å	Ç

D(G)
È
Lp′(−π, π)

Í Ý Â�Ê�Ú�Â�Ð3ß�Ú	í u′(x) ∈ Lp′(−π, π)
ä

O!Â/Ú'Ø�×!É�Û2ÍHÎ	Ë�Â>Â Ý É�ÃHØ�Ë�Â/Ã G Ñ'È/Ð3Ñ	É�Ë�Ê�ÑÆÊ�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�Û2äBmXí�Ê�Ë�ß u(x) ∈ D(G)
ä3YNØ�Ú

Ú'Ø�ÚoÙRí�Ì	Ú��	Å	Ñ
u(x)

Ø/Ô�Ê�Â�Ð3Ó[Ë�Ì3Â[Ì3É Ý Ã3É�Ã	ô2È�ÌHØ[ÌHØhÂ/Ë�Ã3É�Ç�Ú�É [−π, π] Í�Ë�Â[Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�ÂRÊ�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å3Éæ 
'ÍX��äHç*��ê

u′(x) ∼
∞∑

n=1

n (bn cosnx− an sinnx) .

g Ê�Å'Ð3íÒâ � ë�Å3Û,É�É�Û

u′(x) ∼
∞∑

n=1

n (an cosnx+ bn sinnx) .
â�ö�÷�ë

PRÊ Ý Â�Ð3ß�Ç�í�Ñ�ÃHØ�È�É�Ì3Ê�Ë�È�Â â�ö�÷�ë�Í Ê«í�Î3É�Ë�Â�Û´Ë�Â/Õ�Â	Í Î	Ë�ÂàÈÆÊ�Å'Ð3í â 
�ë u′(x) = (Gu)(x)
Í�ÌHØàÂ�Ê�Ì3Â/È#Ø�Ì	Å	Å

ÃHØ�È�É�Ì3Ê�Ë�È#Ø>mnØ�Ã3Ê�É�È#Ø�Ð3Ñ â ��ë Ý Â�Ð3í�ÎHØ/É�Û

1

π

π∫

−π

(
− 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds

)
u(x) dx =

∞∑

n=1

n
(
a2n + b2n

)
,

Ë�ä�É�ä�Ê Ý ÃHØ�È�É�Ï	Ð3Å	È#ØXÏHÂ/Ú'Ø�Ç�ô2È#Ø/É�ÛLØ�ÑÞÙnÂ/Ã3Û7í�Ð�Øoâ 3�ë�ä�PXÇhÙnÂ/Ã3Û7í�Ð3ô â 3�ëwÌ3É Ý Â�Ê�Ã3É�ÏHÊ�Ë�È�É�Ì	Ì3Â!È�ô2Ë�É�Ú'Ø/É�Ë�ÍÎ	Ë�ÂùÂ Ý É�ÃHØ�Ë�Â/Ã G
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�Û2Í[Ë�ä2É�ä 〈Gu, u〉 > 0 (∀u(x) ∈ D(G))

ä�UXÃ3Â�Û,É
Ë�Â/Õ�Â	ÍBÅ	Ç>ÙnÂ/Ã3Û7í�Ð3ô â 3�ë[Ê�ÐHÉ�Ï3í�É�Ë�Í Î	Ë�Â 〈Gu, u〉 = 0

Ë�Â/Õ�Ï�ØàÅtË�Â�Ð3ß�Ú�ÂûË�Â/Õ�Ï�Ø'Í Ú�Â/Õ�Ï�Ø
an = bn = 0

(∀n ∈ N)
ä3eRÂ>È>ò�Ë�Â�ÛõÊ�Ð3í�ÎHØ/É�Í3È­Ê�Å'Ð3í�Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Ñ â�ö�ë�Í

u(x) ∼ a0/2
Í3Ë�äHÉ�ä

u(x) = C = const
(∀x ∈ [−π, π]) ä�mRÂ�Ê�Ú�Â�Ð3ß�Ú	í u(−π) = u(π) = 0

ÍLË�Â
C = 0

Å�Í,Ç�ÌHØ�Î	Å	Ë�Í 〈Gu, u〉 = 0
Ð3Å	Ä!ß

È>Ê�Ð3í�ÎHØ/É
u(x) = 0

Í	Ë�ä3É�ä
G
añÊ�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô2ÖtÂ Ý É�ÃHØ�Ë�Â/Ã�äO!Â/Ú'Ø�×!É�ÛbË�É Ý É�Ã	ß3Í�Î	Ë�ÂûÂ Ý É�ÃHØ�Ë�Â/Ã G Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ5Ê�Å3Û,Û,É�Ë�Ã	Å	Î	Ì	ô�Û2äNmXí�Ê�Ë�ß

u(x) ∈ Lp(−π, π)
Í

v(x) ∈ Lp′(−π, π)
äHM[Ô�Â/Ç�ÌHØ�Î	Å3Û Ú�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ôbÅ'ÜÞÃ#Ñ�ÏHÂ/È%�fí�Ã	ß�ÉXÎ3É�Ã3É�Ç

an
Í
bn
Å
cn
Í
dn
Í'Ê�Â�Â/Ë/á

È�É�Ë�Ê�Ë�È�É�Ì	Ì3Â	äHYwÂ/Õ�Ï�Ø'ÍHÊRí�Î3É�Ë�Â�Û â�ö�÷�ë�Å�ÃHØ�È�É�Ì3Ê�Ë�È#Ø
u′(x) = (Gu)(x)

Í3Å3Û,É�É�Û

(Gu)(x) ∼
∞∑

n=1

n (an cosnx+ bn sinnx) , (Gv)(x) ∼
∞∑

n=1

n (cn cosnx+ dn sinnx) .

mRÂ/ò�Ë�Â�Û7íàÈ>Ê�Å'Ð3íàÃHØ�È�É�Ì3Ê�Ë�È#Ø>mnØ�Ã3Ê�É�È#Ø�Ð3ÑÒâ ��ë Ý Â�Ð3í�ÎHØ/É�Û

1

π

π∫

−π

(Gu)(x)v(x) dx =

∞∑

n=1

n (ancn + bndn) ,

1

π

π∫

−π

u(x)(Gv)(x) dx =

∞∑

n=1

n (ancn + bndn) .

��ÌHØ�Î	Å	Ë�Í
π∫

−π

(Gu)(x) · v(x) dx =

π∫

−π

u(x) · (Gv)(x) dx,

Ë�ä3É�ä 〈Gu, v〉 = 〈u,Gv〉 (∀u(x), v(x) ∈ D(G)).

â�ö�ö�ë

PXÇ«ÃHØ�È�É�Ì3Ê�Ë�È#Ø�â�ö�ö�ë�È�ô2Ë�É�Ú'Ø/É�Ë�Í Î	Ë�ÂàÂ Ý É�ÃHØ�Ë�Â/Ã G Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ�Ê�Å3Û,Û,É�Ë�Ã	Å	Î	Ì	ô�Û2Í Ë�äBÉ�ä
G = G∗ ÍHÕ�ÏHÉ

G∗ añÊ�Â Ý Ã#Ñ'×!É�Ì	Ì	ô2ÖtÊ G Â Ý É�ÃHØ�Ë�Â/Ã�ä



ö�ó �n�+!'�*� - 
 698��>8
O!Â/Ú'Ø�×!É�Û2ÍNÎ	Ë�Â�Â Ý É�ÃHØ�Ë�Â/Ã G Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ Ý Â/Ë�É�Ì��	ÅHØ�Ð3ß�Ì	ô�Û2ä�OnÐ3Ñ�ò�Ë�Â/Õ�ÂûÃHØ/Ê�Ê�Û,Â/Ë�Ã	Å3Û2ÍNÊ�ÐHÉ�Ï3í�Ñ

Ý Ã	Å3Û,É�Ã	í�é'ä 
oÅ	Ç­æ � Íd��ä�ó 
�ê�Í3Ú	È#Ø�Ï3ÃHØ�Ë�Å	Î	Ì	ô2Ö�ÙRí�Ì	Ú��	Å3Â/ÌHØ�Ð
f(u) = 〈Gu, u〉 äBYNØ�ÚÆÚ'Ø�ÚtÛ7Ì3Â�×!É�Ê�Ë�È�Â

D(G) Ý ÐHÂ/Ë�Ì3ÂÞÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É Lp(−π, π) Ý Ã	ÅÆÐ3ÓXÔ�Â�Û p ∈ (1,∞)
Í
G = G∗ Å D(G) = D(G∗)

Í
Ë�Â�æ � ÍX��äHó 
�ê

gradf(u) = Gu+G∗u = 2Gu
Å'Ð3Å

Gu =
1

2
gradf(u),

Ë�ä�É�ä	Ð3Å	Ì3É�Ö	Ì	ô2ÖtÂ Ý É�ÃHØ�Ë�Â/Ã G Í	ÏHÉ�Ö3Ê�Ë�È�í�Ó[ì!Å	Ö�Å	Ç D(G)
È
Lp′(−π, π)

Í
p′ = p/(p − 1)

Í3Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ
Ý Â/Ë�É�Ì��	ÅHØ�Ð3ß�Ì	ô�Û2ä

B

� D � À#x��NÀ�� 
 � � � À �)
'yHxHy��	�Nv��õvõÀ/ÁLvN���)
'yHÀ#�N�Nx �)
'vïy Lp(−π, π)g ò�Ë�Â�Û Ý í�Ì	Ú	Ë�É­ÏHÂ/Ú'Ø�Ç�ô2È#Ø�Ó[Ë�Ê�ÑùË�É�Â/Ã3É�Û7ô Â�Ê�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å	ÅùÅúÉ�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�Ê�Ë�Å Ã3É�Ä«É�Ì	Å	Ñ
Ï	Ð3Ñ ÃHØ�Ç�Ð3Å	Î	Ì	ô9Ü Ú'Ð�Ø/Ê�Ê�Â/È�Ì3É�Ð3Å	Ì3É�Ö	Ì	ô9ÜùÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô9Ü Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9Üùí�ÃHØ�È�Ì3É�á
Ì	Å	ÖÆÊXÑ�Ï3Ã3Â�Û K Å'Ð3ß�Ô�É�Ã	Ë/Ø'Í�Ê�Â�ÏHÉ�Ã#×«Ø�ì!Å'Ü�Â Ý É�ÃHØ�Ë�Â/Ã G äg È�É�ÏHÉ�ÛZÈÒÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�Ì	Å3ÉtÌ3É�Ð3Å	Ì3É�Ö	Ì	ô2Ö Â Ý É�ÃHØ�Ë�Â/Ã Ê�í Ý É�Ã Ý Â/Ç�Å��	Å	ÅlâðË/Ø�ÚïÌHØ�Ç�ô2È#Ø/É�Û7ô2Ö ��* $ �
,2��/ ��,�� $%� ����5)�'� � ë�ä�mXí�Ê�Ë�ßïÈ�É�ì«É�Ê�Ë�È�É�Ì	Ì3Â/Ç�ÌHØ�Î	ÌHØ�Ñ^ÙRí�Ì	Ú��	Å	Ñ

F (x, u)
Â Ý Ã3É�ÏHÉ�ÐHÉ�ÌHØ Ý Ã	Å x ∈

[−π, π] Í u ∈ R
ÍNÅ3Û,É�É�Ë Ý É�Ã	Å3Â�Ï 2π Ý Â x Åúí�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë5í�Ê�ÐHÂ/È�Å	Ñ	Û^UnØ�ÃHØ�Ë�É�Â�ÏHÂ/Ã	Å�7�Â/ÌHØÆÅ	Ç�á

Û,É�Ã	Å3ÛLØ Ý Â x Ý Ã	ÅïÚ'Ø�×«ÏHÂ�ÛñÙRÅ	Ú�Ê�Å	Ã3Â/È#Ø�Ì	Ì3Â�Û
u ∈ R

ÅïÌ3É Ý Ã3É�Ã	ô2È�ÌHØ Ý Â u Ý Â/Î	Ë�ÅïÏ	Ð3ÑõÈ�Ê�É�Ü
x ∈ [−π, π] ä'M[Ô�Â/Ç�ÌHØ�Î	Å3Û5Î3É�Ã3É�Ç F Â Ý É�ÃHØ�Ë�Â/ÃÞÊ�í Ý É�Ã Ý Â/Ç�Å��	Å	Å�Í Ý Â/Ã3Â�×«ÏHÉ�Ì	Ì	ô2ÖûÙRí�Ì	Ú��	Å3É�Ö F (x, u) 7
(Fu)(x) = F (x, u(x))

Í	ØRÎ3É�Ã3É�Ç
L+
p (−π, π)

a@Û7Ì3Â�×!É�Ê�Ë�È�Â!È�Ê�É�Ü­Ì3É�Â/Ë�Ã	Å��HØ�Ë�É�Ð3ß�Ì	ô9ÜàÙRí�Ì	Ú��	Å	Ö­Å	Ç
Lp(−π, π)

ä
enØ/Û Ý Â/ÌHØ�ÏHÂ�Ô/Å	Ë�Ê�ÑÒÊ�ÐHÉ�Ï3í�Ó[ìoØ�ÑtË�É�Â/Ã3É�ÛLØ �Þä ]�ÃHØ�í�ÏHÉ�ÃHØ'Í Ý Ã	Å	È�É�ÏHÉ�Ì	ÌHØ�ÑÒÊ!ÏHÂ/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È�Â�ÛÈ­Û,Â/Ì3Â/Õ�ÃHØ/ÙRÅ	ÅÒæ é'ÍX��ä 3�ç�ê�ä
� À#x��NÀ���� � DãAHD �h 3�����

X �
"w� �h�B���3���	
�$ - ���/��$���! - 
 - 1#" - ����"���$B����
 -�*

Λ ∈ (D(Λ) → X∗) �"�������������$ - $B��1#"w��"�02
�$	02� �����3���3��������$	02� � - $ - � - $	$	02� - 1B��"���� - " �ù�	�	$B���	$ - � - ����������� &
- 1#"w���w���B��$	��%

D(Λ) ⊂ X
�
A ∈ (X → X∗) �

"�������������$ - $B��1#"w��"�02
�$	02�õ� - $ - � - $	$	02� � - "
( " �	�B���	
�$	02� - 1B��"���� - " 8N+�-�$ ���o1#"��û��&'� - �

f ∈ X∗  #"���
�$B��$	�B�

Λu+Au = f
â�ö�ø�ë

�3�������h"w���­��$	�B�
u ∈ D(Λ)

8�� ���	� * �#" - ���[� -�$/-�*B- 1B��"���� - "
A
%'
���%������,%Æ����" -�$/- � - $ - � - $	$	0�� * � -

 #"���
�$B��$	�B� â�ö�ø�ë �3�������­� - �/$ ->- ��$ - "w���­��$	�B� 8
�	��

������������������� � Ø/Û,É�Ë�Å3Û æ é	Íd��ä�ö � 
�ê�Í	Î	Ë�Â>Ë�É�Â/Ã3É�ÛLØ�
'äåönÔ/ô9Ð�Ø>Ê�ÙnÂ/Ã3Û7í�Ð3Å	Ã3Â/È#Ø�ÌHØ%�Þä3]�ÃHØ�á

í�ÏHÉ�Ã3Â�ÛõÔ�É�Ç Ý Ã3É�Ï Ý Â�ÐHÂ�×!É�Ì	Å	Ö�ÃHØ�Ï3ÅHØ�Ð3ß�Ì3Â/Ö�Ì3É Ý Ã3É�Ã	ô2È�Ì3Â�Ê�Ë�Å�Â Ý É�ÃHØ�Ë�Â/ÃHØ Λ
ÅûÐ3Å	Ì3É�Ö	Ì3Â�Ê�Ë�Å�Â�Ô�Ð�Ø�á

Ê�Ë�ÅÞÉ�Õ�ÂnÂ Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ñ D(Λ)
ä/O!Â�Ê�Ë/Ø�Ë�Â/Î	Ì3Â	Í#Î	Ë�Â�Ô/ô´Â Ý É�ÃHØ�Ë�Â/Ã Λ

Ô/ô9Ð­Ð3Å	Ì3É�Ö	Ì	ô�ÛÒÛLØ�Ú�Ê�Å3ÛLØ�Ð3ß�Ì	ô�Û
Û,Â/Ì3Â/Ë�Â/Ì	Ì	ô�ÛlÂ Ý É�ÃHØ�Ë�Â/Ã3Â�Û^Ê Ý ÐHÂ/Ë�Ì3Â/ÖúÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É X Â�Ô�Ð�Ø/Ê�Ë�ß�Ó Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ñ D(Λ)

æ ó�ê�ä
_nÉ�Õ�Ú�ÂfÈ�Å'ÏHÉ�Ë�ß3Í�Î	Ë�ÂRÏ	Ð3Ñ­É�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�Ê�Ë�ÅàÃ3É�Ä«É�Ì	Å	Ñ­ÈfË�É�Â/Ã3É�Û,É 
'äåö2ÏHÂ�Ê�Ë/Ø�Ë�Â/Î	Ì3Â	Í'Î	Ë�Â�Ô/ô Ü#Â/Ë�ÑÞÔ/ô
Â�Ï3Å	ÌÆÅ	ÇnÂ Ý É�ÃHØ�Ë�Â/Ã3Â/È Λ

Å'Ð3Å
A
Ô/ô9Ð�Ê�Ë�Ã3Â/Õ�Â>Û,Â/Ì3Â/Ë�Â/Ì	Ì	ô�Û2ä

� À#x��NÀ���� � D � D �h 3�����
p > 2

�
f(x) ∈ Lp′(−π, π)

8	� ���	������%51 - ����� 
'���-!
x ∈ [−π, π] �
'���-!

u ∈ R

�021 - �	$�%�&f���,%à 3��� - 
���%

1) |F (x, u)| 6 a(x) + d1 · |u|p−1 * $ �w� a(x) ∈ L+
p′(−π, π), d1 > 0;

2) F (x, u)
$B�2 ��02
������f1 -

u;
3) F (x, u) · u > d2 · |u|p −D(x)

*�$ �w�
D(x) ∈ L+

1 (−π, π), d2 > 0,� - 1#"�����&'��0 !û
�$�������$	��%�!�1���"���������"��
λ > 0

 #"���
�$B��$	�B�

λ · F (x, u(x)) − 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds = f(x)

â�ö�
�ë

�3�������>�����	$B����
'��$	$ - ��"w���­��$	�B�
u(x) ∈ D(G)

8



6 �	$ $  ���%�"�$	0X�[�	$B��� $ " - "å�������n��"w��$��	��������$	0X�h #"���
�$B��$	��%t� %��	" - ��� �	��������"w��� ö��

C
� Ø Ý Å	Ä«É�Ûùí�ÃHØ�È�Ì3É�Ì	Å3ÉÞâ�ö�
�ë�È­Â Ý É�ÃHØ�Ë�Â/Ã	Ì3Â�Û È�Å'ÏHÉ 7

λFu+Gu = f.
â�ö � ë

PXÇùí�Ê�ÐHÂ/È�Å	Ö ö�ë � 
�ëÆÈ�ô2Ë�É�Ú'Ø/É�Ë�ÍfÎ	Ë�ÂbÂ Ý É�ÃHØ�Ë�Â/Ã@Ê�í Ý É�Ã Ý Â/Ç�Å��	Å	Å F
ÏHÉ�Ö3Ê�Ë�È�í�É�Ë Ì3É Ý Ã3É�Ã	ô2È�Ì3ÂbÅ	Ç

Lp(−π, π)
È
Lp′(−π, π)

ÍwÛ,Â/Ì3Â/Ë�Â/Ì3É�ÌÒÅ5Ú�Â/ò�Ã��	Å	Ë�Å	È�É�Ì�Í Ý Ã	Å	Î3É�Û´Ï	Ð3ÑtÐ3ÓXÔ�Â/Õ�Â u(x) ∈ Lp(−π, π)È�ô Ý Â�Ð3Ì	Ñ'Ó[Ë�Ê�Ñ�Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È#Ø ‖Fu‖p′ 6 ‖a‖p′ + d1‖u‖p−1
p

Å 〈Fu, u〉 > d2‖u‖pp − ‖D‖1
ä

J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3ÛùË�É Ý É�Ã	ß>Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2ÖûÅ	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/Ã G ä'mRÂ!Ë�É�Â/Ã3É�áÛ,Éàø'äåöÞÂ Ý É�ÃHØ�Ë�Â/Ã G ÏHÉ�Ö3Ê�Ë�È�í�É�ËtÅ	Ç
D(G)

È
Lp′(−π, π)

Å Ñ'È/Ð3Ñ	É�Ë�Ê�ÑúÊ�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�Û2ÍØfÇ�ÌHØ�Î	Å	Ë�Í	È«Ê�Å'Ð3í>Ð3Å	Ì3É�Ö	Ì3Â�Ê�Ë�Å�Í	ÅûÊ�Ë�Ã3Â/Õ�ÂoÛ,Â/Ì3Â/Ë�Â/Ì	Ì	ô�Û Â Ý É�ÃHØ�Ë�Â/Ã3Â�Û2ä	UXÃ3Â�Û,ÉXË�Â/Õ�Â	Í	Â Ý É�ÃHØ�Ë�Â/Ã GÑ'È/Ð3Ñ	É�Ë�Ê�ÑÞÛLØ�Ú�Ê�Å3ÛLØ�Ð3ß�Ì	ô�ÛúÛ,Â/Ì3Â/Ë�Â/Ì	Ì	ô�ÛúÂ Ý É�ÃHØ�Ë�Â/Ã3Â�Û2Í#Ë/Ø�ÚÞÚ'Ø�ÚÞÌ3É9ÏHÂ Ý í�Ê�Ú'Ø/É�ËoÊ�Ë�Ã3Â/Õ�Â!Û,Â/Ì3Â/Ë�Â/Ì'áÌ3Â/Õ�ÂoÃHØ/Ê�Ä!Å	Ã3É�Ì	Å	ÑÒâãÊ�Ã�ä�æåö�÷	ÍX��ä3ø�é�ç�êãë�ä
YNØ�Ú	Å3Û Â�Ô/ÃHØ�Ç�Â�Û2ÍBÏ	Ð3ÑtÂ Ý É�ÃHØ�Ë�Â/Ã3Â/È G = Λ

Å
λF = A

È�ô Ý Â�Ð3Ì	Ñ'Ó[Ë�Ê�Ñ�È�Ê�É!Ë�Ã3É�Ô�Â/È#Ø�Ì	Å	Ñ�Ë�É�Â�áÃ3É�Û7ô 
'äåö�ä'TLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í�í�ÃHØ�È�Ì3É�Ì	Å3Éoâ�ö � ë�Í�ØRÇ�ÌHØ�Î	Å	Ë«Å>í�ÃHØ�È�Ì3É�Ì	Å3Éoâ�ö�
�ë�Í�Å3Û,É�É�Ë«É�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�É
âãÊ�Û2ä	Ç�Ø/Û,É�ÎHØ�Ì	Å3É 
'äåö�ë�Ã3É�Ä«É�Ì	Å3É

u ∈ D(G)
ä
B�R~,À/Á �)
'yHvNÀ � DãAHD �h 3�����

p > 2 �
��&'� - �>������$ - �­�/�B��� -�*

f(x) ∈ Lp′(−π, π)
8L+�-�$ ���> #"���
 "

$B��$	�B�

up−1(x)− 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds = f(x)

�3�������>�����	$B����
'��$	$ - ��"w���­��$	�B�
u(x) ∈ D(G)

8
TLÐHÉ�Ï3í�Ó[ì!Å3ÉfÏ3È�É«Ë�É�Â/Ã3É�Û7ôlÂ/Ë�Ð3Å	ÎHØ�Ó[Ë�Ê�Ñ5Â/ËàË�É�Â/Ã3É�Û7ô 
'ä ø­Ú'Ø�Ú Ý Â­Ü�Ø�ÃHØ�Ú	Ë�É�Ã	ítÂ/Õ�ÃHØ�Ì	Å	Î3É�Ì	Å	ÖÌHØ!Ì3É�Ð3Å	Ì3É�Ö	Ì3Â�Ê�Ë�ß3ÍHË/Ø�Ú�Å Ý ÂoÊ�Ë�Ã	í�Ú	Ë�í�Ã3ÉXÏHÂ/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È#Ø'ä
� À#x��NÀ���� � D � D �h 3�����

p > 2
�
f(x) ∈ Lp(−π, π)

8 � ���	�o����%>1 - �����Þ
'���-!
x ∈ [−π, π] �­
'���-!

u ∈ R

�021 - �	$�%�&f���,%à 3��� - 
���% �

1) |F (x, u)| 6 g(x) + d3|u|1/(p−1) * $ �w� g(x) ∈ L+
p (−π, π), d3 > 0;

2) F (x, u)
$B�2 ��02
������f1 -

u;
3) F (x, u) · u > d4|u|p/(p−1) −D(x)

*�$ �w�
D(x) ∈ L+

1 (−π, π), d4 > 0,� - 1#"�����&'��0 !û
�$�������$	��%�!�1���"���������"��
λ > 0

 #"���
�$B��$	�B�

λF (x, u′(x)) +
1

2π

π∫

−π

u(s) ctg
s− x

2
ds = f(x)

â�ö�é�ë

�3�������>�����	$B����
'��$	$ - ��"w���­��$	�B�
u(x) ∈ Lp(−π, π) � u′(x) ∈ Lp′(−π, π)

�
u(±π) = 0

8
C
mRÂ�Ð�Ø�Õ�Ø�ÑtÈÞí�ÃHØ�È�Ì3É�Ì	Å	Å â�ö�é�ë

u′(x) = v(x)
Å�í�Î	Å	Ë�ô2È#Ø�Ñ Í�Î	Ë�ÂÞË�Â/Õ�Ï�Ø

u(x) =
∫ x
−π v(t) dt +

u(−π) =
∫ x
−π v(t) dt

Í Ý Ã	Å'Ü#Â�Ï3Å3Û ÚÆÂ Ý É�ÃHØ�Ë�Â/Ã	Ì3Â�Û7íûí�ÃHØ�È�Ì3É�Ì	Å	Ó

λFv + V v = f,
â�ö�ó�ë

Õ�ÏHÉ
v ∈ Lp′(−π, π)

Å

(V v)(x) =
1

2π

π∫

−π

( s∫

−π

v(t) dt

)
ctg

s− x

2
ds = (Hu)(x).

mRÂ�Ê�Ú�Â�Ð3ß�Ú	í Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2ÖbÂ Ý É�ÃHØ�Ë�Â/Ã H
Í�ÈùÊ�Å'Ð3íõË�É�Â/Ã3É�Û7ô \ ä9J,Å3Ê�Ê�Ø´æ 
'Í���ä�é�ó�ó�ê�Í�ÏHÉ�Ö3Ê�Ë�È�í�É�Ë

Ì3É Ý Ã3É�Ã	ô2È�Ì3ÂRÅ	Ç Lp(−π, π)
È
Lp(−π, π)

Í/Ë�Â[Å	Ç9ÃHØ�È�É�Ì3Ê�Ë�È#Ø
V v = Hu

È�ô2Ë�É�Ú'Ø/É�Ë�Í�Î	Ë�ÂRÂ Ý É�ÃHØ�Ë�Â/Ã VÏHÉ�Ö3Ê�Ë�È�í�É�Ë Å	Ç
Lp′(−π, π)

È
Lp(−π, π)

Í Ý Ã	Å	Î3É�Û2Í�ÈÒÊ�Å'Ð3íùÙnÂ/Ã3Û7í�Ð3ô \ äLJ,Å3Ê�Ê�Ø Ý É�Ã3É�Ê�Ë/Ø�Ì3Â/È�Ú	Å



ö�ç �n�+!'�*� - 
 698��>8
Ã3É�Õ�í�Ð3Ñ'Ã	Ì3Â/Õ�ÂÞÅtÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì3Â/Õ�ÂÞÅ	Ì	Ë�É�Õ�ÃHØ�ÐHÂ/È�æ 
	Í'��äBé�ó�ç�ê�ÍHÃHØ�È�É�Ì3Ê�Ë�È#Ø

V v = Hu
Å�ÃHØ�È�É�Ì3Ê�Ë�È#Øtâ 3�ë�Í

ÊRí�Î3É�Ë�Â�Û2Í	Î	Ë�Â
u(x) ∈ Lp(−π, π)

Í
u′(x) ∈ Lp′(−π, π)

Å
u(±π) = 0

Í	Å3Û,É�É�Û

〈V v, v〉 = 〈Hu, u′〉 = −〈u,Hu′〉 = 〈u,Gu〉 = 〈Gu, u〉 > 0 (∀ v ∈ Lp′(−π, π)).
â�ö���ë

PXË/Ø�Ú�Í�Â Ý É�ÃHØ�Ë�Â/Ã V ÏHÉ�Ö3Ê�Ë�È�í�É�Ë!Å	Ç
Lp′(−π, π)

È
Lp(−π, π)

Å>Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ­Ê�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì	ô�ÛÂ Ý É�ÃHØ�Ë�Â/Ã3Â�Û2Í�Î	Ë�ÂRÈ�ô2Ë�É�Ú'Ø/É�ËfÅ	Ç!â�ö���ë�Í Ý Â�Ê�Ú�Â�Ð3ß�Ú	í 〈Gu, u〉 > 0 Ý Ã	Å u 6= 0 Ý ÂXË�É�Â/Ã3É�Û,É[ø'äåö�ä�UXÃ3Â�Û,ÉË�Â/Õ�Â	Í,Ê�Â/Õ�Ð�Ø/Ê�Ì3ÂÒÊ�ÐHÉ�ÏHÊ�Ë�È�Å	Ó ö�äåöàÅ	Ç5æ é'Í\��äLç � ê2Ð3Å	Ì3É�Ö	Ì	ô2ÖõÛ,Â/Ì3Â/Ë�Â/Ì	Ì	ô2ÖõÂ Ý É�ÃHØ�Ë�Â/Ã V Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ
Ì3É Ý Ã3É�Ã	ô2È�Ì	ô�Û2äJ7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û5Ë�É Ý É�Ã	ßfÂ Ý É�ÃHØ�Ë�Â/Ã>Ê�í Ý É�Ã Ý Â/Ç�Å��	Å	Å F ä/PXÇ2í�Ê�ÐHÂ/È�Å	Ö�ö�ë � 
�ëwÈ�ô2Ë�É�Ú'Ø/É�ËÞâãÊ�Û2äåÍ/ÌHØ Ý Ã	Å'áÛ,É�Ã�Í�æåö�Í	è�ø�êãë�Í�Î	Ë�Â!Â Ý É�ÃHØ�Ë�Â/Ã F ÏHÉ�Ö3Ê�Ë�È�í�É�Ë«Ì3É Ý Ã3É�Ã	ô2È�Ì3Â«Å	Ç Lp′(−π, π)

È
Lp(−π, π)

Í'Û,Â/Ì3Â/Ë�Â/Ì3É�Ì
Å�Ú�Â/ò�Ã��	Å	Ë�Å	È�É�Ì�ä

YNØ�Ú	Å3Û Â�Ô/ÃHØ�Ç�Â�Û2ÍhÅ3Ê Ý Â�Ð3ß�Ç�í�Ñ í�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì	Ì	ô�ÉùÊ�È�Â/Ö3Ê�Ë�È#ØõÂ Ý É�ÃHØ�Ë�Â/Ã3Â/È V
Å
F
Í Ý Â�Ð3í�ÎHØ/É�Û2ÍÎ	Ë�ÂtÂ Ý É�ÃHØ�Ë�Â/Ã A = λF + V

ÏHÉ�Ö3Ê�Ë�È�í�É�ËtÅ	Ç Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø Lp′(−π, π)
ÈtÊ�Â Ý Ã#Ñ'×!É�Ì	Ì3Â�É�Ê­Ì	Å3Û

Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â Lp(−π, π)
ÅùÑ'È/Ð3Ñ	É�Ë�Ê�ÑùÌ3É Ý Ã3É�Ã	ô2È�Ì	ô�Û2Í�Ê�Ë�Ã3Â/Õ�Â5Û,Â/Ì3Â/Ë�Â/Ì	Ì	ô�Û âðÚ'Ø�ÚõÊ�í'Û,ÛLØtÛ,Â�á

Ì3Â/Ë�Â/Ì	Ì3Â/Õ�ÂúÅ´Ê�Ë�Ã3Â/Õ�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/Õ�Â Â Ý É�ÃHØ�Ë�Â/Ã3Â/È�ë­ÅïÚ�Â/ò�Ã��	Å	Ë�Å	È�Ì	ô�Û2ä[TLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í Ý ÂË�É�Â/Ã3É�Û,Éf]�ÃHØ�í�ÏHÉ�ÃHØ«añ\ÆÅ	Ì	Ë�ÅÒæ é'ÍX��ä 3�é�êwí�ÃHØ�È�Ì3É�Ì	Å3É­â�ö�ó�ë�Å3Û,É�É�ËÞÉ�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�ÉnÃ3É�Ä«É�Ì	Å3É
v(x) ∈

Lp′(−π, π)
ä�eRÂ�Ë�Â/Õ�Ï�Ø2Ï�Ø�Ì	Ì3Â�É�í�ÃHØ�È�Ì3É�Ì	Å3ÉXâ�ö�é�ë�Í�È[Ê�Å'Ð3ínÊ�È�Ñ'Ç�Å

u′(x) = v(x)
Í�Å3Û,É�É�ËXÉ�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�É

Ã3É�Ä«É�Ì	Å3É
u(x) ∈ Lp(−π, π)

ä
B�R~,À/Á �)
'yHvNÀ � D � D �h 3�����
p > 2 �

��&'� - �f������$ - �!�/�B��� -�*
f(x) ∈ Lp(−π, π)

8w+�-�$ ���f #"���
�$B� "
$	�B�

(
u′(x)

) 1
(p−1) +

1

2π

π∫

−π

u(s) ctg
s− x

2
ds = f(x)

�3�������>�����	$B����
'��$	$ - ��"w���­��$	�B�
u(x) ∈ D(G)

8
O!Â/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È�ÂÆÊ�ÐHÉ�Ï3í�Ó[ì«É�ÖtË�É�Â/Ã3É�Û7ônÍ ÈûÂ/Ë�Ð3Å	Î	Å3ÉoÂ/ËàË�É�Â/Ã3É�Û 
'ä ø­Å 
'ä 
'Í Â�Ê�Ì3Â/È#Ø�Ì3ÂàÌHØÞÂ�Ô�á

ÃHØ�ì«É�Ì	Å	ÅÆÂ Ý É�ÃHØ�Ë�Â/ÃHØoÊ�í Ý É�Ã Ý Â/Ç�Å��	Å	Å�Åûí�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì	Å	Å�Ú�Â/ò�Ã��	Å	Ë�Å	È�Ì3Â�Ê�Ë�Å�Â�Ô/ÃHØ�Ë�Ì3Â/Õ�Â­Â Ý É�ÃHØ�Ë�Â/ÃHØ'ä
� À#x��NÀ���� � D � D��h 3�����

p > 2
�
f(x) ∈ D(G)

8 � ���	�X����%R1 - �����f
'���-!
x ∈ [−π, π] �n
'���-! u ∈ R
�021 - �	$�%�&f���,%û 3��� - 
���%

1)
:
3)
��� - "w���70

3.3
* 1#"�������� 
o 3��� - 
��	�

2) F (x, u)
����" -�$/- 
 - 
�"������������

1 -
u
* � - 1#"��û��&'��0 !�
�$�������$	��%�!

λ > 0
 #"���
�$B��$	�B�

u(x) + λF


x,− 1

2π

π∫

−π

u′(s) ctg
s− x

2
ds


 = f(x)

â�ö�ç�ë

�3�������>�����	$B����
'��$	$ - ��"w���­��$	�B�
u(x) ∈ D(G)

8
C
mXÃ	Å

λ = 0
í�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3É�Ï�Ø�Ì	Ì3Â/Ö Ë�É�Â/Ã3É�Û7ô Â/Î3É�È�Å'Ï3Ì3Â	Í Ý Â/ò�Ë�Â�Û7íùÊ�Î	Å	Ë/Ø/É�Û^Ï�Ø�ÐHÉ�É�Í,Î	Ë�Â

λ > 0
ä � Ø Ý Å	Ä«É�Ûùí�ÃHØ�È�Ì3É�Ì	Å3ÉÞâ�ö�ç�ë�È>Â Ý É�ÃHØ�Ë�Â/Ã	Ì3Â�Û È�Å'ÏHÉ 7

u+ λFGu = f.
â�ö'3�ë

g È�É�ÏHÉ�Û@Ì3Â/È�í�ÓîÌ3É�Å	Ç�È�É�Ê�Ë�Ì	í�Ó ÙRí�Ì	Ú��	Å	Ó
v(x)

Í�Â�Ô�Â/Ç�ÌHØ�Î	Å	È
f(x) − u(x) = λv(x)

ä9WXÊ�Ì3Â	Í�Î	Ë�Â
v(x) ∈ Lp(−π, π)

Í
v(±π) = 0

Å
v′(x) = λ−1 (f ′(x)− u′(x)) ∈ Lp′(−π, π)

Í�Ë�ä�É�ä
v(x) ∈ D(G)

ä
mRÂ�ÏHÊ�Ë/Ø�È�Å	È

u = f − λv
È>í�ÃHØ�È�Ì3É�Ì	Å3É­â�ö'3�ë�Í Ý Â�Ð3í�Î	Å3Û

FG(f − λv) = v.
â ø�÷�ë

PXÇàí�Ê�ÐHÂ/È�Å	ÖúÏ�Ø�Ì	Ì3Â/ÖùË�É�Â/Ã3É�Û7ôdÈ�ô2Ë�É�Ú'Ø/É�Ë�ÍLÎ	Ë�ÂtÂ Ý É�ÃHØ�Ë�Â/Ã Ê�í Ý É�Ã Ý Â/Ç�Å��	Å	Å F ÏHÉ�Ö3Ê�Ë�È�í�É�Ë�Ì3É Ý Ã3É�áÃ	ô2È�Ì3ÂÆÅ	Ç
Lp′(−π, π)

È
Lp(−π, π)

ÍwÊ�Ë�Ã3Â/Õ�Â�Û,Â/Ì3Â/Ë�Â/Ì3É�ÌúÅÒÚ�Â/ò�Ã��	Å	Ë�Å	È�É�Ì�Í Ý Ã	Å	Î3É�ÛbÏ	Ð3Ñ�Ð3ÓXÔ�Â/Õ�Â
u(x) ∈ Lp′(−π, π)

È�ô Ý Â�Ð3Ì	Ñ'Ó[Ë�Ê�Ñ�Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È#Ø

‖Fu‖p 6 ‖g‖p + d3‖u‖p′ , 〈Fu, u〉 > d4‖u‖
p

p−1

p′ − ‖D‖1.



6 �	$ $  ���%�"�$	0X�[�	$B��� $ " - "å�������n��"w��$��	��������$	0X�h #"���
�$B��$	��%t� %��	" - ��� �	��������"w��� ö'3
��ÌHØ�Î	Å	Ë�Í Ý ÂbË�É�Â/Ã3É�Û,Éïø'ä ø´Å	Ç æ é�êÞÊ�í�ì«É�Ê�Ë�È�í�É�Ë Â�Ô/ÃHØ�Ë�Ì	ô2ÖdÂ Ý É�ÃHØ�Ë�Â/Ã F−1 ÍXÏHÉ�Ö3Ê�Ë�È�í�Ó[ì!Å	Ö@Å	Ç
Lp(−π, π)

È
Lp′(−π, π)

ÅúÑ'È/Ð3Ñ'Ó[ì!Å	Ö3Ê�ÑùÊ�Ë�Ã3Â/Õ�ÂtÛ,Â/Ì3Â/Ë�Â/Ì	Ì	ô�Û2ÍLÂ/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì	ô�ÛlÅ ÃHØ�Ï3ÅHØ�Ð3ß�Ì3Â
Ì3É Ý Ã3É�Ã	ô2È�Ì	ô�Û2Í Ý Â�Ê�Ú�Â�Ð3ß�Ú	íÞÏ	Ð3ÑûÛ,Â/Ì3Â/Ë�Â/Ì	Ì	ô9ÜûÂ Ý É�ÃHØ�Ë�Â/Ã3Â/È Ý Â/Ì	Ñ'Ë�Å	ÑàÃHØ�Ï3ÅHØ�Ð3ß�Ì3ÂoÌ3É Ý Ã3É�Ã	ô2È�Ì	ô2ÖÅ«ÏHÉ�Û7Å	Ì3É Ý Ã3É�Ã	ô2È�Ì	ô2ÖàÊ�Â/È Ý Ø�Ï�Ø�Ó[ËnÈnÊ�Å'Ð3íûæ é'Í�ÐHÉ�Û,ÛLØoö�ä 
�ê�ä�UXÃ3Â�Û,É2Ë�Â/Õ�Â	Í�Â Ý É�ÃHØ�Ë�Â/Ã F−1 Ñ'È/Ð3Ñ	É�Ë�Ê�ÑÚ�Â/ò�Ã��	Å	Ë�Å	È�Ì	ô�ÛjâãÊ�Û2ä�æåö�Í'ÐHÉ�Û,ÛLØ>ø'äåö�êãë�ä

mXÃ	Å3Û,É�Ì	Å	ÈfÂ Ý É�ÃHØ�Ë�Â/Ã F−1 Ú>Â�Ô�É�Å3Û�ÎHØ/Ê�Ë�Ñ	Û�í�ÃHØ�È�Ì3É�Ì	Å	ÑÆâ ø�÷�ë�Í Ý Ã	Å'Ü#Â�Ï3Å3Û5Úoí�ÃHØ�È�Ì3É�Ì	Å	Ó Gf−
λGv = F−1v

Å'Ð3Å
F−1v + λGv = Gf,

â ø'ö�ë
Ë�ä3É�ä Ý Â�Ð3í�Î	Å'Ð3ÅÆí�ÃHØ�È�Ì3É�Ì	Å3ÉRÈ�Å'Ï�Ø�â�ö�ø�ë�ä
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f(x) ∈ D(G)
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u(x) +


− 1

2π

π∫

−π

u′(s) ctg
s− x
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ds


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p
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Ã

 $ ∧ á $#° ³�
�� ä

�! #"%$'&($*)+$',�& ��� �qFOG
P

( F �'´ °�I � FOI F �i� ° ´ F �'´d�
U
( F ��� ° ´ ±+F-KXP N � $ 
RN�´�
p� °�I$S $$G$I Nd� G N I F�° ´

P
ä

�]F $�² �'³�³ $ � J\G�² � G
U

 $ � °�SVL � G 
 (�³ F ` 
 G�²aG�²�F °�I � FOI $$G$I Nd� G N I F ° �

P
`+²�F ´ F�±+FOI

a 6 b

 SVL ³�
 F�$cG�² � G

(a, b) ∈ U
� °�I �'³�³

U ∈ U
� °�I

a, b ∈ P
ä

�! #"%$'&($*)+$',�&54 � �qFOG
P

( F � ∨ â °�I ∧ ë§á
³ � G$G 
�� F � ° ´ F �'´d�
U
( F �i� °�SVL � G 
 (�³ F � ° ´ ±+F-KZP N � $ 
RN�´�
 á

� °�I$S $$G$I Nd� G N I F.° ´
P

$ Nd� ²TG�² � G
(P,U)


 $ �¦³ ° � �'³�³ J � ° ´ ±+F-K � ° ´ F ä ¨�²�F ´ `hF $�² �'³�³ $ � JXG�² � G
(P,U)
 $ � � n�l s�� � � l n�o�t�p$u ∨ â °�I ∧ ë§á
�RsD}6}Wy l�p l n�oMp Í `+²�F ´ F�±+FOI

U
² � $ � ( � $ F+° � ∨ â °�I ∧ ë§á $#° ³�
�� $ FOG�$ ä ¥ �

U
² � $ �

( � $ F�° � ∨ â °�I ∧ ë§á $#° ³�
�� $ FOG�$ Í G�²�F ´ 
 G 
 $ � �'³�³ F � ∨ â °�I ∧ ë§á$x n � y �Tl n�o�t�p$u vOw s�x-y w o y z n�{-| xO} { w l } w { p ä ¥ �
P
 $ ��³ � G$G 
�� F � ° ´ F Í G�²�F ´ G�²�F � ° ´ ±+F-K4P N � $ 
RN�´�
p� °�I$S $$G$I Nd� G N I F

U

 $ � �'³�³ F �Qx n � y �"`+²�F ´ F�±+FOI 
 G¦² � $ �

( � $ F¦° � $#° ³�
�� $ FOG�$ ä ¨�²�F ³ ° � �'³�³ J � ° ´ ±+F-K � ° ´ F
(P,U)


 $ � �'³�³ F �$� n�l s�� � � l n�o�t�p$u �RsD}6}Wy l�p"l n�oMp 
p�
U
² � $

� ( � $ FI° � $#° ³�
�� $ FOG�$ ä
687(9�:<;#=> ��� �qFOG

(E, τ)
( F �c³ ° � �'³�³ J � ° ´ ±+F-K $#° ³�
�� ¡ 
 F�$�¯ $$L �?� F ä ¨�²�F ´

τ
² � $ � ( � $ F

V
° �

$#° ³�
�� Í?� ° ´ ±+F-K �'´d� ( �'³ �'´d� F � $ N ( $ FOG�$ ä ¬o°�I
V ∈ V

Í `hF $ FOG
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U
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a ∈ P
ä ¨�²�F ´ G�²�FOI F � I F

n ∈ N
Í
γ1, . . . , γn ∈ Γ

Í �'´d�
aγi ∈ Pγi

Í
i = 1, . . . , n,

$ Nd� ² G�² � G
a =

∑n
i=1 fγi(aγi)

ä ¨�²�FOI F � I F
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⋃
γ∈Γ fγ(Uγ))
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¨ ° �
γ ×
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−1(W ) ∈ Uγ .
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PB = {a ∈ P : ∃λ > 0 s.t. (0, a) ∈ λB} �'´d�
UB = {αB : α > 0}.
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�	���������f�/������¥�®L�����!�����/���������5�/�����$N������/¥)N����o�/�"!#!N�������'N������������ ¦>¢��/�����/�������­�/�����������������f�/����¥������R����������3���������/���������!���/��!N� ¯ # �/¥9��������¦�¢��/�����/�������2�������/�/����¥9�/���/¥����/� �����/�����/���������9�/�����$N������/¥)N��������������������¥����/¥�������¥���������®L�����/���à�������/�������/�����3����¢��������/�����$N������/¥)N������2�������������/���������[����������� ¯ & ���/¥����/�w�/�����$N�����©�/¥)N����«����������¥o�!�������	������¦o�������/�����!���/�$N����������/��� !w¢��������3���/���������/���­���/�������	� �����L�������>¢��/�����/�����/¥«������/��!N�����/���2���/�����/�h�/���������/���������[���������/¬��/�/�h�����Þ�/���3���/���������������/¥������/���/���3���������	�f�����/���������9��������©�����������/�/���3�����/���X����������� ¯
µh¶	·�¸'¹�º/»9¹«¼�¶	½/º/¾#¿����/��!��/�/�"!#!N�������'N����������/���L¢��/�����/�����/�7���9���/��!N�����/�����$N������/¥)N��/¥��'!w¢��/��N��/¥ $#������������$N������/¥)N��/�����/������� ¯
O«Ø�Ì	ÌHØ�Ñ Ê�Ë/Ø�Ë�ß�ÑùÑ'È/Ð3Ñ	É�Ë�Ê�Ñ Ý Ã3Â�ÏHÂ�Ð3×!É�Ì	Å3É�Û@ÃHØ/Ô�Â/Ëõæåö � � ê�Í,È�Ú�Â/Ë�Â/Ã	ô9ÜùÃHØ�Ç�È�Å	È#Ø�Ð�Ø/Ê�ßÒË�É�Â/Ã	Å	Ñ

Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å«Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9Ü«í�ÃHØ�È�Ì3É�Ì	Å	Ö�Í�Ç�Ø�Ï�Ø�Ì	Ì	ô9Ü«ÌHØ�Õ�É�Â�Û,É�Ë�Ã	Å	Î3É�Ê�Ú�Â�Û5Õ�ÃHØ/ÙnÉ�ä�eRÉ�Â�Ê�á
�	Å'Ð	Ð3Ñ��	Å	Ñ Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â/Õ�Â�í�ÃHØ�È�Ì3É�Ì	Å	ÑùÇ�Ø�Ì	Å3ÛLØ/É�Ë5Â�Ï3Ì3Â�Å	Ç �3É�Ì	Ë�ÃHØ�Ð3ß�Ì	ô9Ü Û,É�Ê�Ë�ÈtÚ'Ø�Î3É�á
Ê�Ë�È�É�Ì	Ì3Â/ÖÒË�É�Â/Ã	Å	ÅúÂ�Ô/ô2Ú	Ì3Â/È�É�Ì	Ì	ô9Ü5Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9Ü5í�ÃHØ�È�Ì3É�Ì	Å	Ö�ä7M[Ê�Ì3Â/È�Ì3Â�É­Ç�ÌHØ�Î3É�Ì	Å3É­ò�Ë�Â
Ê�È�Â/Ö3Ê�Ë�È�Â Ý Ã	Å3Â�Ô/Ã3É�Ë/Ø/É�ËûÈ­Ú�Â/Ì	Ë�É�Ú�Ê�Ë�É!Å3Ê�Ê�ÐHÉ�ÏHÂ/È#Ø�Ì	Å	ÑtÂ�Ê �	Å'Ð	Ð3Ñ��	Å3Â/Ì	Ì	ô9ÜtÊ�È�Â/Ö3Ê�Ë�ÈàÊ Ý É�Ú	Ë�ÃHØ>Ú	ÃHØ/É�áÈ�ô9Ü!Ç�Ø�Ï�Ø�Î�Í/Å«È Ý É�Ã	È�í�ÓïÂ/Î3É�Ã3É�Ï3ßXa Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ÅÞÙRí�Ì	Ú��	Å	ÅoK Ã	Å	ÌHØhÚ	ÃHØ/É�È�ô9Ü«Ç�Ø�Ï�Ø�Î�æ é � ö�÷�ê�äg Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Ì3Â/ÖÞÃHØ/Ô�Â/Ë�É9Å	Ç�í�ÎHØ/É�Ë�Ê�Ñ>Ê�È�Â/Ö3Ê�Ë�È�ÂRÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å­í�ÃHØ�È�Ì3É�Ì	Å	ÖoÎ3É�Ë�È�É�Ã	Ë�Â/Õ�Â Ý Â�áÃ#Ñ�Ï3Ú'Ø!ÌHØfÕ�ÃHØ/ÙnÉ�Í#Ú�Â/Ë�Â/Ã	ô�ÉXÈ�Â/Ç�Ì	Å	Ú'Ø�Ó[Ë Ý Ã	ÅûÂ Ý Å3Ê�Ø�Ì	Å	ÅàÏHÉ�ÙnÂ/Ã3ÛLØ	�	Å	Öàí Ý Ã	í�Õ�Å'ÜÞÊ�Ë�É�Ã#×oÌ3É�È�ô9Ü�Ê�Å'áÊ�Ë�É�Û2ä g æåö � � êHÔ/ô9Ð�ØXí�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�ÌHØfÊ�È�Ñ'Ç�ßRÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	ÅàÊ Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß�Ó ÙRí�Ì	Ú��	Å	Å>K Ã	Å	ÌHØ
Ì3É�Ú�Â/Ë�Â/Ã	ô9Ü�Ú'Ð�Ø/Ê�Ê�Â/È­Ú	ÃHØ/É�È�ô9ÜûÇ�Ø�Ï�Ø�ÎÆÎ3É�Ë�È�É�Ã	Ë�Â/Õ�Â Ý Â/Ã#Ñ�Ï3Ú'ØoÌHØ«Õ�ÃHØ/ÙnÉ�ä�M[Ê�Ì3Â/È�Â/ÖÆÃHØ�Ç�È�Å	Ë�Å	Ñ�Ë�É�Â�áÃ	Å	ÅûÈ«í�Ú'Ø�Ç�Ø�Ì	Ì	ô9ÜàÃHØ/Ô�Â/Ë/Ø�ÜûÑ'È/Ð3Ñ	É�Ë�Ê�ÑàÚ	Ã	Å	Ë�É�Ã	Å	Ö Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ÅtÙRí�Ì	Ú��	Å	ÅûK Ã	Å	ÌHØ!Ú	ÃHØ/É�È�ô9ÜÇ�Ø�Ï�Ø�Î � á§Õ�Â Ý Â/Ã#Ñ�Ï3Ú'Ø�ÌHØÞÕ�ÃHØ/ÙfØ�Ü âãÊ�Û2äLæåö�ö�êãë�Í�Ê�Â/Õ�Ð�Ø/Ê�Ì3Â�Ú�Â/Ë�Â/Ã3Â�Û7í Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ßtÙRí�Ì	Ú��	Å	ÅK Ã	Å	ÌHØfò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�ÌHØ Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/ÖûÃHØ�Ç�Ã3É�Ä!Å3Û,Â�Ê�Ë�Å�Ê Ý É �	Å3ÙRÅ	Î3É�Ê�Ú	Å'ÜÞÚ	ÃHØ/É�È�ô9Ü­Ç�Ø�Ï�Ø�Î�ä3I�Ë�Â/ËÃ3É�Ç�í�Ð3ß�Ë/Ø�Ë Ý Â/Ç�È�Â�Ð3Å'ÐtÈÞÚ'Ø�Î3É�Ê�Ë�È�É«Â/Ë Ý ÃHØ�È�Ì3Â/ÖtË�Â/Î	Ú	Å Ý Ã	ÅÆÅ	Ç�í�Î3É�Ì	Å	Å�Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Åtí�ÃHØ�È�Ì3É�Ì	Å	ÑÌHØÞÕ�ÃHØ/ÙnÉoÔ/ÃHØ�Ë�ßÆÊ�È�Â/Ö3Ê�Ë�È�Â Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ÅùÊ�Å3Ê�Ë�É�Û7ôlÃ3É�Ä«É�Ì	Å	Ö5í�ÃHØ�È�Ì3É�Ì	Å	Ñ�ÌHØÞÕ�ÃHØ/ÙnÉ�ÍBí�ÏHÂ�á
È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ì!Å'ÜÞÌHØRÕ�ÃHØ�Ì	Å��3É[Õ�ÃHØ/ÙfØfÊ Ý É �	ÅHØ�Ð3ß�Ì	ô�ÛúÚ	ÃHØ/É�È�ô�Û í�Ê�ÐHÂ/È�Å	Ñ	Û´âãÊ�Û2äBæåö � � êãë�ä�mXÃ	ÅÞË/Ø�Ú�Â�Û
Ý Â�Ï	Ü#Â�ÏHÉ Ý Ã3Â�Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ Ê Ý É �	Å3ÙRÅ	Ú'Ø í�ÃHØ�È�Ì3É�Ì	Å	Ö � á§Õ�Â Ý Â/Ã#Ñ�Ï3Ú'ØúÌHØ Õ�ÃHØ/ÙfØ�ÜïÅ´È�Â/Ç�Ì	Å	Ú'Ø�Ó[ËùÏ3È#ØË�Å Ý ØÆÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Åùa Ê�Ð�Ø/Ô�Ø�Ñ ÅùÊ�Å'Ð3ß�ÌHØ�Ñ ä�OnÐ3Ñ Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â/Õ�Â5Ê�Ð3í�ÎHØ�Ñ ÍNÚ�Â/Õ�Ï�ØtÈ�Ì	í�Ë�Ã3É�Ì	Ì	Å3É
È�É�Ã	Ä!Å	Ì	ô@Õ�ÃHØ/ÙfØûÂ/Ë�Ê�í�Ë�Ê�Ë�È�í�Ó[Ë�Í�ò�Ë�Å Ý Â/Ì	Ñ'Ë�Å	Ñ�Ì3É>ÃHØ�Ç�Ð3Å	Î	Å3Û7ônÍ7ØàÈÆÊ�Ð3í�ÎHØ/É�Í�Ú�Â/Õ�Ï�Ø�Û7Ì3Â�×!É�Ê�Ë�È�ÂÈ�Ì	í�Ë�Ã3É�Ì	Ì	Å'ÜõÈ�É�Ã	Ä!Å	ÌïÕ�ÃHØ/ÙfØ�Ì3É Ý í�Ê�Ë�Â	Í�Â/Ì	ÅïÃHØ�Ç�Ì	Ñ'Ë�Ê�Ñ ä9UnØ�ÚïÂ/Ú'Ø�Ç�Ø�ÐHÂ�Ê�ß3Í2Ê�Ð�Ø/Ô�Ø�ÑõÌ3É�Â�Ê �	Å'Ð	Ð3Ñ�á
�	Å	Ñ´Â�Ô�É�Ê Ý É�Î	Å	È#Ø/É�Ë Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ßïÙRí�Ì	Ú��	Å	Å K Ã	Å	ÌHØ5Ï	Ð3ÑïÚ'Ð�Ø/Ê�Ê�Ø Ç�Ø�Ï�Ø�ÎïOfÅ	Ã	Å'Ü�ÐHÉúæ ø'Í 
�ê�ÍØRÊ�Å'Ð3ß�ÌHØ�Ñ>Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Ñ>a Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß>ÙRí�Ì	Ú��	Å	Å­K Ã	Å	ÌHØXÏ	Ð3Ñ>Ô�Â�ÐHÉ�É�Ä!Å	Ã3Â/Ú�Â/Õ�ÂnÚ'Ð�Ø/Ê�Ê�ØÚ	ÃHØ/É�È�ô9ÜûÇ�Ø�Ï�Ø�Î æ � ê�ä
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g Ê�Ë/Ø�Ë�ß�Éfæåö�Í'è � êBÂ/Ë�Û,É�ÎHØ�ÐHÂ�Ê�ß3Í#Î	Ë�ÂfÂ/Ë�Ð3Å	Î	Å	Ë�É�Ð3ß�Ì3Â/ÖûÂ�Ê�Â�Ô�É�Ì	Ì3Â�Ê�Ë�ß�Ó Ê�È�Â/Ö3Ê�Ë�È#ØRÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å

í�ÃHØ�È�Ì3É�Ì	Å	Ñ�Î3É�Ë�È�É�Ã	Ë�Â/Õ�Â Ý Â/Ã#Ñ�Ï3Ú'ØÞÌHØ>Õ�ÃHØ/ÙnÉnÑ'È/Ð3Ñ	É�Ë�Ê�Ñ�Ë�Â	Í�Î	Ë�Â­Å	Ç!Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	ÅõâãÊ�Ð�Ø/Ô�Â/ÖtÅ'Ð3ÅÊ�Å'Ð3ß�Ì3Â/Ö�ë«í�ÃHØ�È�Ì3É�Ì	Å	ÑùÌHØtÕ�ÃHØ/ÙnÉ�Í7È�Â�Â�Ô/ì«ÉûÕ�Â/È�Â/Ã#Ñ ÍLÌ3É�Ê�ÐHÉ�Ï3í�É�ËÒÉ�Õ�Â�Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Ñ ÌHØ�Ð3ÓXÔ�Â�Û
Ý Â�Ï3Õ�ÃHØ/ÙnÉÆâ Ü#Â/Ë�Ñ�Ë/Ø�Ú�Â/ÖÒÈ#Ø�Ã	ÅHØ�Ì	Ë�Ì3É«Å3Ê�Ú'Ð3Ó[Î3É�Ìõæåö�ø�êãë�ä g Ï�Ø�Ì	Ì3Â/Ö5ÃHØ/Ô�Â/Ë�É>Ô/í�ÏHÉ�Ë Ý Â/Ú'Ø�Ç�Ø�Ì3Â	Í�Î	Ë�Âò�Ë/ØXÂ�Ê�Â�Ô�É�Ì	Ì3Â�Ê�Ë�ßXÜ�Ø�ÃHØ�Ú	Ë�É�Ã	ÌHØXÅ3Û,É�Ì	Ì3ÂhÏ	Ð3Ñ!í�ÃHØ�È�Ì3É�Ì	Å	Ö�Í/Ç�Ø�Ï�Ø�Ì	Ì	ô9Ü!ÌHØhÕ�ÃHØ/ÙnÉ�Í�Ì3É�Õ�Â�Û,É�Â�Û,Â/Ã3ÙRÌ3Â�Û
Å	Ì	Ë�É�Ã	È#Ø�Ð3í�ä	SLÊ�Ð3Åû×!É[Õ�ÃHØ/ÙjÊ�Â�Ê�Ë�Â/Å	Ë«Å	Ç Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â>Ê�Â�É�Ï3Å	Ì3É�Ì	Ì	ô9ÜàÈ �3É Ý ß«Ã3É�Ô�É�Ã�Í�Ë�Â	Í�Ú'Ø�ÚÔ/í�ÏHÉ�Ë Ý Â/Ú'Ø�Ç�Ø�Ì3Â5Ì	Å	×!É�Í,Å	Ç�Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Åõí�ÃHØ�È�Ì3É�Ì	Å	ÑúÌHØtÕ�ÃHØ/ÙnÉ�á �3É Ý Â/Î	Ú�É�Ê�ÐHÉ�Ï3í�É�ËÒÉ�Õ�Â�Ì3É�Â�Ê�á
�	Å'Ð	Ð3Ñ��	Å	Ñ>Å>ÌHØXÐ3ÓXÔ�Â�Û Ý Â�Ï3Õ�ÃHØ/ÙnÉ�ä'I�Ë�ÂfÂ/Ç�ÌHØ�ÎHØ/É�Ë�Í#Î	Ë�Â Ý Ã3É�Ï	ÐHÂ�×!É�Ì	Ì	ô2ÖàÈ)�	Å	Ë�Å	Ã3Â/È#Ø�Ì	Ì	ô9Ü­È�ô2Ä«ÉÃHØ/Ô�Â/Ë/Ø�Ü Ý Â�Ï	Ü#Â�Ï Ý Ã	Å	È�Ì3Â�Ê�Å	Ë�Ì3Â/È�ô�É­Î3É�Ã	Ë�ôZÈ�Ë�É�Â/Ã	Å	Ó«ÍwÌ3Â�Ë�É�ÛbÌ3É­Û,É�Ì3É�É­Â�Ê�Ë/Ø�È/Ð3Ñ	É�ËtÌ3É�Å	Ç�Û,É�Ì'á
Ì	ô�Û7ÅÒÂ�Ê�Ì3Â/È�Ì	ô�É­Ê�È�Â/Ö3Ê�Ë�È#ØûÂ�Ï3Ì3Â�Û,É�Ã	Ì3Â/Ö Ë�É�Â/Ã	Å	ÅïâðÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	ÑÒÊ�Â/Õ�Ð�Ø/Ê�Â/È#Ø�ÌHØ�Ê�Â�Ê�È�Â/Ö3Ê�Ë�È#Ø/Û7Å
ÙRí�Ì	Ú��	Å	ÅàK Ã	Å	ÌHØ �#Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	ÑàÌHØnÅ	Ì	Ë�É�Ã	È#Ø�ÐHÉ[Õ�Ø�ÃHØ�Ì	Ë�Å	Ã	í�É�ËoÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Ó ÌHØ Ý Â�Ï3ô2Ì	Ë�É�Ã	È#Ø�áÐHÉ�ë�ä

T�È�Â/Ö3Ê�Ë�È�ÂfÚ	Ã	Å	Ë�Å	Î3É�Ê�Ú�Â/ÖàÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	ÅàÈ Ý É�Ã	È�ô�ÉhÔ/ô9ÐHÂfÈ�È�É�ÏHÉ�Ì3Â'� ä g ä#mRÂ/Ú�Â/Ã	Ì	ô�Û Ý Ã	Å­Å3Ê�áÊ�ÐHÉ�ÏHÂ/È#Ø�Ì	Å	Å Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ÅÒÙRí�Ì	Ú��	Å	Å�K Ã	Å	ÌHØ­Å�Â�Ê �	Å'Ð	Ð3Ñ��	Å3Â/Ì	Ì	ô9ÜtÊ�È�Â/Ö3Ê�Ë�ÈûÊ Ý É�Ú	Ë�ÃHØ>Ì3É�Ú�Â�áË�Â/Ã	ô9ÜúÚ'Ð�Ø/Ê�Ê�Â/È5Ú	ÃHØ/É�È�ô9ÜúÇ�Ø�Ï�Ø�ÎùÏ	Ð3Ñ í�ÃHØ�È�Ì3É�Ì	Å	ÑùÈ�Ë�Â/Ã3Â/Õ�Â Ý Â/Ã#Ñ�Ï3Ú'Ø�ÌHØ�Õ�ÃHØ/ÙnÉ�âãÊ�Û2ä2æ 3'Í�è � ä é�ê�Íæåö�
'Íhè�ø'ä é�êãë�ä�MhÌ3Â Â�Ô�Â�Ô/ìoØ/É�Ë Ý Â/Ì	Ñ'Ë�Å3É�Ë�Â/Î	Ì3Â/Õ�Â Ý Ã3Â�Û,É�×oí�Ë�Ú'Ø Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å È Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â/ÖË�É�Â/Ã	Å	ÅñâãÊ�Û2ä!æ é'Í���êãë�ähUnØ�ÚjÔ/í�ÏHÉ�Ë Ý Â/Ú'Ø�Ç�Ø�Ì3Â´Ì	Å	×!É�ÍhÚ	Ã	Å	Ë�Å	Î	Ì3Â�Ê�Ë�ß´Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å^í�ÃHØ�È�Ì3É�Ì	Å	Ñ
Î3É�Ë�È�É�Ã	Ë�Â/Õ�Â Ý Â/Ã#Ñ�Ï3Ú'Ø�ÌHØtÕ�ÃHØ/ÙnÉ�á �3É Ý Â/Î	Ú�ÉÆÇ�Ø�Ú'Ð3Ó[ÎHØ/É�Ë�Ê�Ñ È5Ë�Â�Û2Í,Î	Ë�Â�í�ÃHØ�È�Ì3É�Ì	Å3É�Í�Ô/í�Ï3í�Î	ÅõÊ�Ð�Ø�áÔ�ÂûÌ3É�Â�Ê �	Å'Ð	Ð3Å	Ã	í�Ó[ì!Å3Û2ÍwË�É�Ã#Ñ	É�ËÆò�Ë�Â�Ê�È�Â/Ö3Ê�Ë�È�Â Ý Ã	Å )�ÃHØ/Ê�Ä!Å	Ã3É�Ì	Å	Å +�Õ�ÃHØ/ÙfØ'Í Ì3Â�Ê�Â�Ü'ÃHØ�Ì	Ñ	É�Ë�É�Õ�Â
Ý Ã	Å )�Ê�í�×!É�Ì	Å	Å +�ä/`[Î	Å	Ë�ô2È#Ø�Ñ!Ê�È�Ñ'Ç�ßXÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å>Ê�ÂhÇ�ÌHØ�Ú�Â/È�ô�Û7Å>Ê�È�Â/Ö3Ê�Ë�È#Ø/Û7Å>ÙRí�Ì	Ú��	Å	Ö!K Ã	Å	ÌHØÌ3É�Ú�Â/Ë�Â/Ã	ô9Ü­Ú	ÃHØ/É�È�ô9Ü>Ç�Ø�Ï�Ø�ÎtâãÊ�Û2äHæåö�Í#ø�êãë�Í�Û,Â�×oÌ3Â!Ê�Ú'Ø�Ç�Ø�Ë�ß3Í#Î	Ë�ÂnÊ�È�Â/Ö3Ê�Ë�È�ÂnÚ	Ã	Å	Ë�Å	Î3É�Ê�Ú�Â/ÖàÌ3É�Â�Ê �	Å'Ð	á
Ð3Ñ��	Å	ÅùÈ�ô2Î'ÐHÉ�Ì	Ñ	É�Ë5Õ�ÃHØ�Ì	ßÒÛ,É�×«Ï3í È�Â/Ç�Û,Â�×oÌ3Â�Ê�Ë�ß�ÓîÅùÌ3É�È�Â/Ç�Û,Â�×oÌ3Â�Ê�Ë�ß�Ó Ï	Ð3ÑùÙRí�Ì	Ú��	Å	ÅùK Ã	Å	ÌHØ
Ü#Â/Ë�ßúÚ'Ø�Ú�Â/Ö'á§Ë�ÂùÚ	ÃHØ/É�È�Â/Ö´Ç�Ø�Ï�Ø�Î	ÅbÔ/ô2Ë�ß Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/Ö�Í Ý Ã	Å	Î3É�ÛZÈúÌHØ�Å'Ð3í�Î	Ä«É�Û Ý Â�ÐHÂ�×!É�Ì	Å	ÅÂ/Ú'Ø�Ç�ô2È#Ø/É�Ë�Ê�ÑÆÇ�Ø�Ï�Ø�ÎHØ!OfÅ	Ã	Å'Ü�ÐHÉ�ä

AHD�� ���NxHyH��
oÀ 	NxH��� 
'v��ùv 	Nx �)
*�	�NxHy�� �tu �#Á ���Nv
PRÛ,É�É�Ë�Ê�ÑÆÌ3É�Ê�Ú�Â�Ð3ß�Ú�ÂÞÃHØ�Ç�Ð3Å	Î	Ì	ô9Ü Ý Â�Ï	Ü#Â�ÏHÂ/ÈàÚ�Å	Ç�í�Î3É�Ì	Å	Ó^Ú	ÃHØ/É�È�ô9Ü�Ç�Ø�Ï�Ø�ÎÆÌHØoÕ�ÃHØ/ÙfØ�Ü ä3enØ�Å'á

Ô�Â�ÐHÉ�ÉRË�Å Ý Å	Î	Ì	ô�Û7ÅÆÅ	ÇnÌ	Å'ÜàÑ'È/Ð3Ñ'Ó[Ë�Ê�ÑûÈ�É�Ú	Ë�Â/Ã	Ì	ô2ÖÆÅÆÊ�Å	Ì	Ë�É�Ë�Å	Î3É�Ê�Ú	Å	Ö Ý Â�Ï	Ü#Â�Ï3ônämXÃ	ÅbÈ�É�Ú	Ë�Â/Ã	Ì3Â�Û Ý Â�Ï	Ü#Â�ÏHÉÒÚ'Ø�×«ÏHÂ�É�Ã3É�Ô/Ã3ÂùÕ�ÃHØ/ÙfØ Ý Ø�ÃHØ/Û,É�Ë�Ã	Å	Ç�í�É�Ë�Ê�Ñ Â/Ë�Ã3É�Ç�Ú�Â�Û ÙRÅ	Ú�Ê�Å	Ã3Â�á
È#Ø�Ì	Ì3Â/Ö Ï	Ð3Å	Ì	ônÍhØ Ã3É�Ä«É�Ì	Å	Ñ´Ì	í'Û,É�Ã	í�Ó[Ë�Ê�Ñ È Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�Å	Å ÊtÚ'Ø�Ú�Â/Ö'á Ð3Å3Ô�Â Ý Ã3É�Ï3È#Ø�Ã	Å	Ë�É�Ð3ß�Ì3Â/ÖÌ	í'Û,É�ÃHØ	�	Å3É�Ö Ã3É�Ô�É�Ã�ä g É�Ú	Ë�Â/Ã	Ì	ô2Ö Ý Â�Ï	Ü#Â�ÏbÅ3Ê Ý Â�Ð3ß�Ç�í�É�Ë�Ê�Ñ´È Ú�Â/Ì3Ê�Ë�Ã	í�Ú��	Å	Ñ�Ü Í2Â Ý Å	ÃHØ�Ó[ì!Å'Ü#Ê�ÑïÌHØØ/Ô�Ê�Ë�ÃHØ�Ú	Ë�Ì	ô�ÉÒÙRí�Ì	Ú��	Å3Â/ÌHØ�Ð3ß�Ì3Â�á�Ø�ÌHØ�Ð3Å	Ë�Å	Î3É�Ê�Ú	Å3É Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë�ô 7 Ý Â/Ã3Â�×«Ï�Ø�Ó[ì!Å	ÖbÇ�Ø�Ï�Ø�Î	í Â Ý É�ÃHØ�áË�Â/Ã âãÊ>Ã3É�Õ�í�Ð3Ñ'Ã	Ì	ô�Û7ÅúÅ'Ð3Å Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô�Û7ÅúÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë/Ø/Û7Å�ëfÂ/Ú'Ø�Ç�ô2È#Ø/É�Ë�Ê�ÑúÇ�Ø�Ï�Ø�Ì	Ì	ô�Û Ð3Å3Ô�Â
È Ý Ã#Ñ	Û,Â�Û Ý Ã3Â/Å	Ç�È�É�ÏHÉ�Ì	Å	Å Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È3Í�Ú'Ø�×«ÏHÂ�ÉÆÅ	Ç�Ú�Â/Ë�Â/Ã	ô9ÜïÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�É�ËùÊ�È�Â�É�Û7íùÃ3É�Ô/Ã	í�ÍÐ3Å3Ô�ÂoÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÉnÈ�É�Ú	Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	ÖúâãÊ�Û2äåÍ	ÌHØ Ý Ã	Å3Û,É�Ã�Íwæåö �'� ö�ó�êãë�äg Ï�Ø�Ì	Ì3Â/ÖoÃHØ/Ô�Â/Ë�É2Û7ô Ý Ã	Å'ÏHÉ�Ã#×oÅ	È#Ø/É�Û,Ê�ÑÞÊ�Å	Ì	Ë�É�Ë�Å	Î3É�Ê�Ú�Â/Õ�ÂfÈ�Ç�Õ�Ð3Ñ�Ï�Ø'Í Ý Ã	ÅoÚ�Â/Ë�Â/Ã3Â�Û�Õ�ÃHØ/Ù´ÃHØ/Ê�áÊ�ÛLØ�Ë�Ã	Å	È#Ø/É�Ë�Ê�Ñ«Ú'Ø�Ú �3É�Ð3ß�Ì	ô2Ö!Õ�É�Â�Û,É�Ë�Ã	Å	Î3É�Ê�Ú	Å	Ö>Â�Ô�8�É�Ú	Ë�ä/]9Â�ÐHÉ�ÉLË�Â/Õ�Â	Í�Ú'Ø�Ú«É�Ï3Å	Ì3Â�É �3É�ÐHÂ�É�ÃHØ/Ê�Ê�ÛLØ�Ë/á
Ã	Å	È#Ø/É�Ë�Ê�ÑúÈ�Ê�ÑúÊ�Å3Ê�Ë�É�ÛLØÆÏ3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9ÜúÊ�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Öúa Â�Ô/ô2Ú	Ì3Â/È�É�Ì	Ì	ô�ÉÞÏ3Å3ÙnÙnÉ�Ã3É�Ì��	Å'á
Ø�Ð3ß�Ì	ô�É!í�ÃHØ�È�Ì3É�Ì	Å	Ñ�ÌHØ>Ã3É�Ô/ÃHØ�Ü Ý Ð3ÓXÊfí�Ê�ÐHÂ/È�Å	ÑtÊ�Â/Õ�Ð�Ø/Ê�Â/È#Ø�Ì	Å	Ñ�È�Â­È�Ì	í�Ë�Ã3É�Ì	Ì	Å'Ü�È�É�Ã	Ä!Å	ÌHØ�Ü ä�mRÂ�ÏÕ�É�Â�Û,É�Ë�Ã	Å	Î3É�Ê�Ú	Å3ÛlÕ�ÃHØ/ÙnÂ�Û

Γ
È�ÌHØ/Ê�Ë�Â�Ñ'ì«É�ÖùÃHØ/Ô�Â/Ë�É Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�Ñ Â/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì3Â�ÉÆÊ�È�Ñ'Ç�Ì3Â�ÉûÛ7Ì3Â�á×!É�Ê�Ë�È�Â	ÍBÅ3Û,É�Ó[ì«É�É«Ê�Ë�Ã	í�Ú	Ë�í�Ã	í�Ê�É�Ë�ÅtÅtÈ/ÐHÂ�×!É�Ì	Ì3Â�ÉoÈ

R
2 ä�JNÉ�Ô/Ã3ÂàÕ�ÃHØ/ÙfØ>a ò�Ë�ÂÞÅ	Ì	Ë�É�Ã	È#Ø�Ð5È

R
2 ÍØ«È�É�Ã	Ä!Å	ÌHØ«Õ�ÃHØ/ÙfØfadË�Â/Î	Ú'Ø'Í3Ñ'È/Ð3Ñ'Ó[ìoØ�Ñ	Ê�ÑûÚ�Â/Ì��3Â�ÛõÂ�Ï3Ì3Â/Õ�Â>Å'Ð3ÅûÌ3É�Ê�Ú�Â�Ð3ß�Ú	Å'ÜÆÃ3É�Ô�É�Ã�ä3mXÃ	Å�ò�Ë�Â�Û

Ã3É�Ô/ÃHØ«Õ�ÃHØ/ÙfØ«Ç�Ø�Ì	í'Û,É�Ã3Â/È#Ø�Ì	ô Å�Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ó[Ë�Ê�ÑÆÎ3É�Ã3É�Ç
γi
ÍHØ!È�É�Ã	Ä!Å	Ì	ô adÎ3É�Ã3É�Ç

a
Í
b
Í
c
Å�Ë�ä'Ïwä

M[Ô�Â/Ç�ÌHØ�Î	Å3ÛõÎ3É�Ã3É�Ç
J(Γ)

Û7Ì3Â�×!É�Ê�Ë�È�Â­È�É�Ã	Ä!Å	Ì�Õ�ÃHØ/ÙfØ'Í	Ú�Â/Ë�Â/Ã	ô�ÉfÑ'È/Ð3Ñ'Ó[Ë�Ê�ÑûÚ�Â/Ì��3É�È�ô�Û7Å�Ë�Â/Î'á
Ú'Ø/Û7ÅÆÏ3È�í#ÜûÅ�Ô�Â�ÐHÉ�ÉnÃ3É�Ô�É�Ã�ä�YNØ�Ú	Å3ÉfÈ�É�Ã	Ä!Å	Ì	ô Û7ô ÌHØ�Ç�ô2È#Ø/É�Û ����4)/1, $ ����!2� ! ä g É�Ã	Ä!Å	Ì	ô Õ�ÃHØ/ÙfØ'Í
Ì3É Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�ì!Å3É J(Γ) ÍLÔ/í�ÏHÉ�ÛjÌHØ�Ç�ô2È#Ø�Ë�ß � ,2����!��2��� � ! ÅùÂ�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ß Å'ÜúÛ7Ì3Â�×!É�Ê�Ë�È�ÂÒÎ3É�á
Ã3É�Ç

∂Γ
ä�\ÆôïÊ�Î	Å	Ë/Ø/É�Û2Í'Î	Ë�Â!Õ�ÃHØ/Ù

Γ
alò�Ë�Â«Â�Ô�8�É�Ï3Å	Ì3É�Ì	Å3ÉXÚ�Â/Ì3É�Î	Ì3Â/Õ�ÂoÛ7Ì3Â�×!É�Ê�Ë�È#Ø!È�Ê�É�ÜÞÉ�Õ�Â!Ã3É�Ô�É�Ã
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ÅÆÛ7Ì3Â�×!É�Ê�Ë�È#Ø­È�Ê�É�ÜûÈ�Ì	í�Ë�Ã3É�Ì	Ì	Å'Ü�È�É�Ã	Ä!Å	Ì�äHmXÃ	Å�ò�Ë�Â�Û Õ�ÃHØ�Ì	Å	Î	Ì	ô�ÉfÈ�É�Ã	Ä!Å	Ì	ô È>Õ�ÃHØ/ÙlÌ3ÉRÈ/Ü#Â�Ï3Ñ'Ë�ä
SLÊ�Ð3ÅõÈ�É�Ã	Ä!Å	ÌHØ

a
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ Ú�Â/Ì��3É�È�Â/ÖïË�Â/Î	Ú�Â/ÖïÃ3É�Ô/ÃHØ

γi
Í,Ë�ÂÒÔ/í�ÏHÉ�Û^Õ�Â/È�Â/Ã	Å	Ë�ß3Í�Î	Ë�Â5Ã3É�Ô/Ã3Â

γiÝ Ã	Å3Û7ô2Ú'Ø/É�ËÒÚ È�É�Ã	Ä!Å	Ì3É a ä,JNÉ�Ô/Ã3Â	Í Ý Ã	Å3Û7ô2Ú'Ø�Ó[ì«É�ÉÆÚùÕ�ÃHØ�Ì	Å	Î	Ì3Â/ÖõÈ�É�Ã	Ä!Å	Ì3É a ∈ ∂Γ
Í7ÌHØ/ÛlÔ/í#á

ÏHÉ�Ë!í�ÏHÂ�Ô/Ì3É�ÉXÂ�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ß
γa
ä�\ÆÌ3Â�×!É�Ê�Ë�È�Â«Å	Ì'ÏHÉ�Ú�Ê�Â/ÈoÈ�Ê�É�Ü­Ã3É�Ô�É�Ã�Í Ý Ã	Å3Û7ô2Ú'Ø�Ó[ì!Å'ÜÞÚÞÈ�É�Ã	Ä!Å	Ì3É a ÍÂ�Ô�Â/Ç�ÌHØ�Î	Å3ÛÒÎ3É�Ã3É�Ç

I(a)
ä#\ÆÌ3Â�×!É�Ê�Ë�È�Â	Í Ý Â�Ð3í�ÎHØ/É�Û,Â�Éhí�Ï�Ø�ÐHÉ�Ì	Å3É�Û5Å	Ç�Õ�ÃHØ/ÙfØRÈ�Ê�É�Ü>É�Õ�ÂnÈ�É�Ã	Ä!Å	Ì�Í#Â�Ô�Â�á

Ç�ÌHØ�Î	Å3Û Î3É�Ã3É�Ç ◦
Γ
ä	mRÂ�Ï3Õ�ÃHØ/ÙnÂ�Û Õ�ÃHØ/ÙfØ

Γ
ÌHØ�Ç�Â/È�É�ÛúÐ3ÓXÔ�Â/Ö�Õ�ÃHØ/Ù

Γ0
Ë/Ø�Ú�Â/Ö�ÍHÎ	Ë�Â

Γ0 ⊂ Γ
ä

mRÂ�Ï ÙRí�Ì	Ú��	Å3É�Ö ÌHØúÕ�ÃHØ/ÙnÉ Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�Ñ Â/Ë�Â�Ô/ÃHØ�×!É�Ì	Å3É
u :

◦
Γ → R

ä2QRÉ�Ã3É�Ç
ui(x)

Ô/í�ÏHÉ�Û
Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ßÆÊ�í�×!É�Ì	Å3É>ÙRí�Ì	Ú��	Å	Å

u(x)
ÌHØÞÃ3É�Ô/Ã3Â

γi
äBQRÉ�Ã3É�Ç

C[Γ]
Ô/í�ÏHÉ�Û Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ß Ý Ã3Â�Ê�Ë�ÃHØ�Ì'áÊ�Ë�È�Â!ÙRí�Ì	Ú��	Å	Ö�Í#ÃHØ�È�Ì3Â�Û,É�Ã	Ì3Â!Ì3É Ý Ã3É�Ã	ô2È�Ì	ô9ÜÞÌHØnÚ'Ø�×«ÏHÂ�ÛúÃ3É�Ô/Ã3ÉhÕ�ÃHØ/ÙfØ Γ ä/OnÐ3Ñ­Ë/Ø�Ú	Å'ÜÞÙRí�Ì	Ú��	Å	ÖÈ>Ú'Ø�×«ÏHÂ/Ö�È�É�Ã	Ä!Å	Ì3É

a
Õ�ÃHØ/ÙfØ Ý Ã	Å i ∈ I(a)

Ê�í�ì«É�Ê�Ë�È�í�É�Ë Ý Ã3É�ÏHÉ�Ð limγi3x→a ui(x)
Í3Ú�Â/Ë�Â/Ã	ô2ÖtÛ7ô

Â�Ô�Â/Ç�ÌHØ�ÎHØ/É�ÛjÎ3É�Ã3É�Ç
ui(a)

äNmXÃ	Å ò�Ë�Â�ÛbÏ	Ð3ÑÒÈ�É�Ã	Ä!Å	Ì	ô
a ∈ J(Γ)

Å
k, i ∈ I(a)

È�É�Ð3Å	Î	Å	Ì	ô
uk(a)Å

ui(a)
Ì3ÉnÂ�Ô�Ñ'Ç�Ø�Ì	ô Ê�Â/È Ý Ø�Ï�Ø�Ë�ß3ä g ô9ÏHÉ�Ð3Å3Û È Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[Γ] Ý Â�Ï Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÂàÙRí�Ì	Ú��	Å	Ö�ÍÏ	Ð3ÑfÚ�Â/Ë�Â/Ã	ô9Ü

uk(a) = ui(a)
Ý Ã	Å!Ð3ÓXÔ�Â/Ö a ∈ J(Γ)

ÅfÐ3ÓXÔ/ô9Ü
k, i ∈ I(a)

ä/\ÆÌ3Â�×!É�Ê�Ë�È�ÂXÈ�Ê�É�ÜfË/Ø�Ú	Å'Ü
ÙRí�Ì	Ú��	Å	Ö!Â�Ô�Â/Ç�ÌHØ�Î	Å3ÛtÎ3É�Ã3É�Ç

C(Γ)
Å!ÌHØ�Ç�Â/È�É�ÛÆÅ'Ü � $ *�, $ ,-� ����� � ! ÌHØ�Õ�ÃHØ/ÙnÉ�ä�YNØ�Ú�Â�É9Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å3ÉÈ Ý Â�Ð3Ì3ÉfÉ�Ê�Ë�É�Ê�Ë�È�É�Ì	Ì3Â	Í�Ë/Ø�ÚÆÚ'Ø�Ú�Û7ô Û,Â�×!É�Û ÏHÂ�Â Ý Ã3É�ÏHÉ�Ð3Å	Ë�ßàË/Ø�Ú	Å3É!ÙRí�Ì	Ú��	Å	Å Ý Â>Ì3É Ý Ã3É�Ã	ô2È�Ì3Â�Ê�Ë�ÅÌHØ!È�É�Ê�ß>Õ�ÃHØ/Ù^Å Ý Â�ÐHÂ�×oÅ	Ë�ß u(a) = ui(a)

Í
i ∈ I(a)

ä
M Ý Ã3É�ÏHÉ�Ð3Å3Û Ý Â/Ì	Ñ'Ë�Å3É Ý Ã3Â/Å	Ç�È�Â�Ï3Ì3Â/ÖjÙRí�Ì	Ú��	Å	Å�Í9Ç�Ø�Ï�Ø�Ì	Ì3Â/ÖbÌHØúÕ�ÃHØ/ÙnÉ�ä�OnÐ3Ñ´ò�Ë�Â/Õ�ÂùÈ�È�É�ÏHÉ�Û

ÈXÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�Ì	Å3É�ÙRí�Ì	Ú��	Å	Ó
µ(x) ∈ C[Γ]

Í�È�Ç�Ø�Å3Û7Ì3ÂnÂ�Ï3Ì3Â/Ç�ÌHØ�Î	Ì3ÂnÂ/Ë�Â�Ô/ÃHØ�×«Ø�Ó[ì!í�Ó´Ú'Ø�×«ÏHÂ�É9Ã3É�Ô/Ã3Â
γi ⊂ Γ

ÌHØ�Ì3É�Ú�Â/Ë�Â/Ã	ô2ÖúÅ	Ì	Ë�É�Ã	È#Ø�Ð
(0, li)

Ý Ã	Å li > 0
ä �fí�Ì	Ú��	Å	Ñ

µ(x)
Â Ý Ã3É�ÏHÉ�Ð3Ñ	É�ËtÌHØûÚ'Ø�×«ÏHÂ�ÛÃ3É�Ô/Ã3ÉRÕ�ÃHØ/ÙfØ«Â/Ã	Å3É�Ì	Ë/Ø	�	Å	Ó«ä	OnÐ3Ñ Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì3Â/Ö�Ë�Â/Î	Ú	Å s ∈ γi

Ý Â�Ð�Ø�Õ�Ø/É�Û

O
+
ε (s) =

{
x ∈ γi : 0 < µi(x)− µi(s) < ε

}
,

O
−
ε (s) =

{
x ∈ γi : 0 < µi(s)− µi(x) < ε

}
.SLÊ�Ð3Å�ÙRí�Ì	Ú��	Å	Ñ

u(x) ∈ C[Γ]
Å3Û,É�É�ËàÚ�Â/Ì3É�Î	Ì3Â�É«Î	Å3Ê�ÐHÂàÌ	í�ÐHÉ�Ö�ÌHØ­Ã3É�Ô/Ã3É

γi
ÍHË�ÂÞÎ3É�Ã3É�Ç

σui(s ± 0)Â�Ô�Â/Ç�ÌHØ�Î	Å3ÛZÇ�ÌHØ�ÚïÙRí�Ì	Ú��	Å	Å
ui(x)

È�Ô�Ð3Å	Ç�ÅïË�Â/Î	Ú	Å
s ∈ γi

âðÈÒÚ�Â/Ì��3É�È�ô9ÜïË�Â/Î	Ú'Ø�ÜõÃ3É�Ô/ÃHØ�Å3Û,É�É�Ë
Ê�Û7ô�Ê�ÐÆË�Â�Ð3ß�Ú�Â­Â�Ï3ÌHØ«Å	Çnò�Ë�Å'ÜàÈ�É�Ð3Å	Î	Å	Ì�ë�ä

�fí�Ì	Ú��	Å	Ó
u(x) ∈ C[Γ]

ÌHØ�Ç�Â/È�É�Û #�!���� $ , $ ����!�,-4 $%� ��6���� � ,2��� $
Γ
Í	É�Ê�Ð3Å�Â/ÌHØ!Ï3Å3ÙnÙnÉ�Ã3É�Ì��	Å'á

Ã	í�É�ÛLØoÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â
µ(x)

ÌHØ«Ú'Ø�×«ÏHÂ�Û Ã3É�Ô/Ã3ÉRÕ�ÃHØ/ÙfØ'ä	mXÃ	Å�ò�Ë�Â�Û Ý Â�Ð�Ø�Õ�Ø/É�Û

u′i(x0) = lim
x→x0

∆ui(x0)

∆µi(x0)
, x, x0 ∈ γi.

VhÌHØ�ÐHÂ/Õ�Å	Î	Ì3ÂàÂ Ý Ã3É�ÏHÉ�Ð3Ñ'Ó[Ë�Ê�Ñ Ý Ã3Â/Å	Ç�È�Â�Ï3Ì	ô�É«È�ô�Ê�Ä!Å'Ü Ý Â/Ã#Ñ�Ï3Ú�Â/È3äwM[Ô�Â/Ç�ÌHØ�Î	Å3ÛïÎ3É�Ã3É�Ç Cn[Γ] Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È�ÂRÙRí�Ì	Ú��	Å	Ö!Å	Ç
C[Γ]

Í Ý Ã3Â/Å	Ç�È�Â�Ï3Ì	ô�É2Ú�Â/Ë�Â/Ã	ô9Ü!ÏHÂ Ý Â/Ã#Ñ�Ï3Ú'Ø n È�Ú'Ð3Ó[Î	Å	Ë�É�Ð3ß�Ì3ÂRÊ�í�ì«É�Ê�Ë�È�í#áÓ[ËoÅ Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�Ë C[Γ]
ä

mRÂ�ÏfÏ3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô�Û�í�ÃHØ�È�Ì3É�Ì	Å3É�ÛÆÌHØ9Õ�ÃHØ/ÙnÉ Ý Â�Ï3ÃHØ�Ç�í'Û,É�È#Ø/É�Û2Í�Ê�ÐHÉ�Ï3í�Ñ­æ 3�ê�Í�ÌHØ/Ô�Â/Ã!Â�Ô/ô2Ú'áÌ3Â/È�É�Ì	Ì	ô9ÜoÏ3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9Üoí�ÃHØ�È�Ì3É�Ì	Å	Ö­ÌHØXÃ3É�Ô/ÃHØ�Ü>Õ�ÃHØ/ÙfØ[Å>ÌHØ/Ô�Â/Ã­í�Ê�ÐHÂ/È�Å	ÖÞÊ�Â/Õ�Ð�Ø/Ê�Â/È#Ø�Ì	Å	Ñ
È�Â«È�Ì	í�Ë�Ã3É�Ì	Ì	Å'Ü�È�É�Ã	Ä!Å	ÌHØ�Ü ä3S,Õ�Â>Û,Â�×oÌ3ÂoÇ�Ø Ý Å3Ê�Ø�Ë�ß­È>Â�Ô/ì«É�ÛùÈ�Å'ÏHÉ

Lu = F (x), x ∈ Γ.
â�ö�ë

g Ï�Ø�Ì	Ì3Â/ÖõÃHØ/Ô�Â/Ë�É�ÃHØ/Ê�Ê�ÛLØ�Ë�Ã	Å	È#Ø/É�Ë�Ê�Ñïí�ÃHØ�È�Ì3É�Ì	Å3É�Í Ý Â/Ã3Â�×«Ï�Ø/É�Û,Â�É�Ê�Â/È�Â/Ú	í Ý Ì3Â�Ê�Ë�ß�ÓîÏ3Å3ÙnÙnÉ�á
Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9Ü�í�ÃHØ�È�Ì3É�Ì	Å	Ö�ÌHØ«Ã3É�Ô/ÃHØ�ÜûÕ�ÃHØ/ÙfØ 7

(
pi(x)u

′′
i

)′′ −
(
qi(x)u

′
i

)′
= fi(x), x ∈ γi ⊂

◦
Γ,

â ø�ë
ÊXÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë/Ø/Û7Å�ÍHÂ Ý Ã3É�ÏHÉ�Ð3Ñ	É�Û7ô�Û7ÅtÙRí�Ì	Ú��	Å	Ñ	Û7Å

p(x) ∈ C2[Γ], inf
x∈

◦
Γ

p(x) > 0, q(x) ∈ C1[Γ], q(x) > 0
ÌHØ

Γ, f(x) ∈ C[Γ],




 � =h �������
�� 8 ��8
ÏHÂ Ý Â�Ð3Ì	Ñ	É�Û,Â/ÖÆÈ>Ú'Ø�×«ÏHÂ/ÖÆÈ�Ì	í�Ë�Ã3É�Ì	Ì3É�Ö�È�É�Ã	Ä!Å	Ì3É a ∈ J(Γ)

ÃHØ�È�É�Ì3Ê�Ë�È#Ø/Û7Å

ui(a) = uk(a), u′i(a) = αki(a)u
′
k(a) + αji(a)u

′
j(a),

pk(a)u
′′
k(a) +

∑

i∈I(a)\{k,j}
αki(a)pi(a)u

′′
i (a) = 0,

pj(a)u
′′
j (a) +

∑

i∈I(a)\{k,j}
αji(a)pi(a)u

′′
i (a) = 0

â 
�ë

Å�í�Ê�ÐHÂ/È�Å	Ñ	Û7ÅÆÊRË�Ã3É�Ë�ß�Å3Û7Å Ý Ã3Â/Å	Ç�È�Â�Ï3Ì	ô�Û7Å
∑

i∈I(a)
D3ui(a) + δ(a)u(a) = f(a), a ∈ J(Γ).

â � ë

mXÃ	Å«ò�Ë�Â�Û�Ê�Î	Å	Ë/Ø/É�Ë�Ê�Ñ Í�Î	Ë�Â[ÈXí�Ê�ÐHÂ/È�Å	Ñ�Üûâ 
�ë�Í	â � ë�È�Ê�É Ý Ã3Â/Å	Ç�È�Â�Ï3Ì	ô�É2È�ô2Î	Å3Ê�Ð3Ñ'Ó[Ë�Ê�ÑoÈ[ÌHØ Ý ÃHØ�È/ÐHÉ�Ì	Å	ÅÂ/ËnÈ�É�Ã	Ä!Å	Ì	ô
a ∈ J(Γ)

�
k
Í
j
alÙRÅ	Ú�Ê�Å	Ã3Â/È#Ø�Ì	Ì	ô�É«âãÔ�Ø�Ç�Å3Ê�Ì	ô�É�ë,Å	Ì'ÏHÉ�Ú�Ê�ôõÅ	Ç

I(a)
Í
i ∈ I(a)

�
αki(a)

Í
αji(a)

Å
δ(a)

Í
f(a)

a´Ç�Ø�Ï�Ø�Ì	Ì	ô�É�Î	Å3Ê�Ð�Ø'Í Ý Ã	Å	Î3É�Û δ(a) > 0
Í�Ø9È!â � ë�Î3É�Ã3É�Ç

D3u
Â�Ô�Â/Ç�ÌHØ�Î3É�ÌHØhË�Ã3É�Ë�ß�Ñ

Ú	È#Ø�Ç�Å Ý Ã3Â/Å	Ç�È�Â�Ï3ÌHØ�Ñ (p(x)u′′)′−q(x)u′ ä�UXÃ3Â�Û,ÉLË�Â/Õ�Â	Í�É�Ê�Ð3Å!ÚnÈ�Ì	í�Ë�Ã3É�Ì	Ì3É�Ö!È�É�Ã	Ä!Å	Ì3É a Ý Ã	Å3Û7ô2Ú'Ø/É�ËÈ�Ê�É�Õ�Â Ï3È#Ø Ã3É�Ô/ÃHØ
γi
Å
γk
Í�Ë�Â Ý Â�Ð�Ø�Õ�Ø/É�Ë�Ê�Ñ Í�Î	Ë�ÂúÈ�Ê�ÉtÈ�É�Ð3Å	Î	Å	Ì	ô Å Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Ñ Í�Ê�È�Ñ'Ç�Ø�Ì	Ì	ô�É

Ê«Å	Ì'ÏHÉ�Ú�Ê�Â�Û
j
È�Ê�Å3Ê�Ë�É�Û,É>í�Ê�ÐHÂ/È�Å	Öïâ 
�ë�ÍLâ � ë�Í Â/Ë�Ê�í�Ë�Ê�Ë�È�í�Ó[Ë�ä _nÉ�È#Ø�ÑtÎHØ/Ê�Ë�ß

Lu
í�ÃHØ�È�Ì3É�Ì	Å	Ñõâ�ö�ë�a

ò�Ë�ÂÆÐHÉ�È�ô�ÉÞÎHØ/Ê�Ë�Åúí�ÃHØ�È�Ì3É�Ì	Å	Ö â ø�ënÌHØ�Ã3É�Ô/ÃHØ�Ü È�Û,É�Ê�Ë�ÉûÊ­ÃHØ�È�É�Ì3Ê�Ë�È#Ø/Û7Å â 
�ënÅÒÐHÉ�È�ô�Û7ÅùÎHØ/Ê�Ë�Ñ	Û7Å
í�Ê�ÐHÂ/È�Å	Öúâ � ë�ÌHØ

J(Γ)
ÍHØ Ý ÃHØ�È#Ø�ÑûÎHØ/Ê�Ë�ß F Ê�Ð�Ø�Õ�Ø/É�Ë�Ê�Ñ�Å	Ç Ý ÃHØ�È�ô9ÜûÎHØ/Ê�Ë�É�Ö â ø�ë�ÅÒâ � ë�ä

JNÉ�Ä«É�Ì	Å3É�Û Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â/Õ�Âõí�ÃHØ�È�Ì3É�Ì	Å	Ñdâ�ö�ëàÌHØ�Ç�ô2È#Ø/É�Ë�Ê�Ñ È�Ê�Ñ'Ú'Ø�ÑjÙRí�Ì	Ú��	Å	Ñ
u(x) ∈

C4(Γ) ∩ C(Γ)
Í3í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ìoØ�ÑÆÌHØ«Ú'Ø�×«ÏHÂ�ÛõÃ3É�Ô/Ã3ÉfÕ�ÃHØ/ÙfØoÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�Û7íÆÂ�Ô/ô2Ú	Ì3Â/È�É�Ì'á

Ì3Â�Û7í Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â�Û7íúí�ÃHØ�È�Ì3É�Ì	Å	Ó â ø�ë�ÍLØtÈ�Ú'Ø�×«ÏHÂ/ÖõÈ�Ì	í�Ë�Ã3É�Ì	Ì3É�ÖõÈ�É�Ã	Ä!Å	Ì3Éàa í�Ê�ÐHÂ/È�Å'á
Ñ	Û â 
�ë�Í�â � ë�ä

`[ÃHØ�È�Ì3É�Ì	Å3É â�ö�ëoÈ�Â/Ç�Ì	Å	Ú'Ø/É�Ë Ý Ã	Å´Û,Â�ÏHÉ�Ð3Å	Ã3Â/È#Ø�Ì	Å	Å ÛLØ�Ð3ô9ÜõÏHÉ�ÙnÂ/Ã3ÛLØ	�	Å	Ö Ý ÐHÂ�Ê�Ú�Â/ÖbÛ,É�Ü�Ø�Ì	Å'áÎ3É�Ê�Ú�Â/Ö Ê�Å3Ê�Ë�É�Û7ônÍ�Ê�Â�Ê�Ë�Â�Ñ'ì«É�ÖÒÅ	ÇoË�Â/Ì	Ú	Å'Ü Ý Ã#Ñ	Û,Â�Ð3Å	Ì3É�Ö	Ì	ô9ÜÒÊ�Ë�É�Ã#×oÌ3É�Ö Å�Å3Û,É�Ó[ì«É�Ö5Ê�Ë�Ã	í�Ú	Ë�í�Ã	íÊ�É�Ë�ÅÒæåö���ê�ä
mXÃ	Å Å3Ê�Ê�ÐHÉ�ÏHÂ/È#Ø�Ì	Å	ÅïÊ�È�Â/Ö3Ê�Ë�È5Ã3É�Ä«É�Ì	Å	Ö í�ÃHØ�È�Ì3É�Ì	Å	Ñ â�ö�ë Ý Ã3É�Ï Ý Â�Ð�Ø�Õ�Ø/É�Ë�Ê�Ñ Í�Î	Ë�Â�È�ô Ý Â�Ð3Ì3É�Ì	ôÊ�ÐHÉ�Ï3í�Ó[ì!Å3ÉRí�Ê�ÐHÂ/È�Å	Ñ 7
� Õ�ÃHØ/Ù

Γ
Ñ'È/Ð3Ñ	É�Ë�Ê�ÑàÏHÉ�Ã3É�È�Â�Û �

� Ï	Ð3ÑoÚ'Ø�×«ÏHÂ/Ö>È�É�Ã	Ä!Å	Ì	ô
a ∈ J(Γ)

ÅoÚ'Ø�×«ÏHÂ/Õ�ÂnÅ	Ì'ÏHÉ�Ú�Ê�Ø
i ∈ I(a)

Ü#Â/Ë�ÑoÔ/ôõÂ�Ï3ÌHØXÅ	Ç2Ú�Â/Ì3Ê�Ë/Ø�Ì	Ë
αji(a)

Í
αki(a)

Â/Ë�Ð3Å	Î	ÌHØ>Â/ËoÌ	í�Ð3Ñ �
� Ï	Ð3ÑàÚ'Ø�×«ÏHÂ/ÖûÈ�É�Ã	Ä!Å	Ì	ô

a ∈ J(Γ) Û,Â�×oÌ3ÂoÇ�Ø�Ï�Ø�Ë�ß>Ô�Ø�Ç�Å3Ê�Ì	ô�ÉXÅ	Ì'ÏHÉ�Ú�Ê�ô j, k ∈ I(a)
Ë/Ø�Ú�Í'Î	Ë�Â

Ï	Ð3Ñ5Ì3É�Ú�Â/Ë�Â/Ã3Â/Õ�ÂtÅ	Ì'ÏHÉ�Ú�Ê�Ø
i ∈ I(a) \ {j, k} Â�Ï3Ì3Â/È�Ã3É�Û,É�Ì	Ì3ÂtÔ/í�Ï3í�ËÆÈ�ô Ý Â�Ð3Ì	Ñ'Ë�ß�Ê�Ñ Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È#Ø

αji(a) 6 0
Í
αki(a) 6 0

Í Ý Ã	Å	Î3É�ÛùÜ#Â/Ë�Ñ�Ô/ôbÂ�Ï3Ì3Â>Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â­Ê�Ë�Ã3Â/Õ�Â�É�ä
`[Î	Å	Ë�ô2È#Ø�Ñ�Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë�ô ÃHØ/Ô�Â/ËÆæåö��'Í�ö�ç�ê�Í Ý Ã3É�Ï Ý Â�ÐHÂ�×!É�Ì	Å	Ñ�Õ�Ø�ÃHØ�Ì	Ë�Å	Ã	í�Ó[Ë­Ì3É�È�ô2Ã3Â�×«ÏHÉ�Ì	Ì3Â�Ê�Ë�ßÚ	ÃHØ/É�È�Â/Ö´Ç�Ø�Ï�Ø�Î	ÅïÏ	Ð3Ñõí�ÃHØ�È�Ì3É�Ì	Å	Ñjâ�ö�ëÆâðÌHØ5Õ�ÃHØ/ÙnÉ

Γ
Å'Ð3ÅïÌHØ�Ð3ÓXÔ�Â�ÛZÉ�Õ�Â Ý Â�Ï3Õ�ÃHØ/ÙnÉ Γ0 ⊂ Γ

ë
ÊRÚ	ÃHØ/É�È�ô�Û7Å�í�Ê�ÐHÂ/È�Å	Ñ	Û7ÅÆÈ�Å'Ï�Ø

u(a) + α(a)D3u(a) = Aa, ϑ(a)u′(a)− β(a)u′′(a) = Ba, a ∈ ∂Γ (a ∈ ∂Γ0),

α(a), ϑ(a), β(a) > 0, ϑ(a) + β(a) > 0, Aa, Ba ∈ R.

â é�ë

�HÏHÉ�Ê�ß5Å È�Ê�Ó9Ï3í Ì	Å	×!É Ý Â�Ð�Ø�Õ�Ø/É�Ë�Ê�Ñ Í�Î	Ë�Â�Ú'Ø�×«ÏHÂ�É�Õ�ÃHØ�Ì	Å	Î	Ì3Â�ÉûÃ3É�Ô/Ã3Â5Õ�ÃHØ/ÙfØ Γ
â Ý Â�Ï3Õ�ÃHØ/ÙfØ Γ0

ë
Â/Ã	Å3É�Ì	Ë�Å	Ã3Â/È#Ø�Ì3ÂÞÂ/Ë­Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�Ö�Õ�ÃHØ�Ì	Å	Î	Ì3Â/ÖÆÈ�É�Ã	Ä!Å	Ì	ôbÈ�Ì	í�Ë�Ã	ß>Õ�ÃHØ/ÙfØ'ä

g Å'Ï�í�Ê�ÐHÂ/È�Å	ÖÒâ é�ë�Â�Ô�Â�Ê�Ì3Â/È#Ø�Ì�ÙRÅ	Ç�Å	Î3É�Ê�Ú	Å3Û Ê�Û7ô�Ê�ÐHÂ�ÛúÚ	ÃHØ/É�È�Â/ÖûÇ�Ø�Ï�Ø�Î	Å â�ö�ë�Í â é�ë,adÂ/Ì	Å�Â�Ü'È#Ø�á
Ë�ô2È#Ø�Ó[Ë>È�Ê�ÉRÈ�Â/Ç�Û,Â�×oÌ	ô�É!Ê�Ð3í�ÎHØ�ÅûÇ�Ø�Ú	Ã3É Ý ÐHÉ�Ì	Å	Ñ�Ú�Â/Ì��3Â/ÈÞÊ�Ë�É�Ã#×oÌ3É�È�Â/ÖtÊ�Å3Ê�Ë�É�Û7ônä



=j
 - 1#" - �� - $B� - � �	�	�	��% �	�	�à�������n��"w��$��	��������$ -�$/-  #"���
�$B��$	��%û$�� $ "�� �n� 
�é
� D,s À�� x 
'x���
oÀ ��yHx ���)
'y�� �NÀ���À#�Nv �õx�ÁL�Nx��Nx�ÁL�Nx���x � � �	yH�NÀ#�Nv�� � � � � ��
�À

g Ï�Ø�Ì	Ì3Â�Û Ý í�Ì	Ú	Ë�ÉàÅ	Ç�í�ÎHØ/É�Ë�Ê�ÑùÇ�Ø�È�Å3Ê�Å3Û,Â�Ê�Ë�ß Ê�È�Â/Ö3Ê�Ë�È#Ø�Ç�ÌHØ�Ú�Â Ý Â�Ê�Ë�Â�Ñ'Ì3Ê�Ë�È#Ø5Ì3É�Ú�Â/Ë�Â/Ã	ô9Ü Ã3É�áÄ«É�Ì	Å	ÖÆÚ	ÃHØ/É�È�ô9ÜÆÇ�Ø�Ï�Ø�Î�OfÅ	Ã	Å'Ü�ÐHÉÞâ�ö�ë�ÍNâ é�ënâãÊ�Ð3í�ÎHØ�Ö
α(·) ≡ 0

ë2Â/Ë­Õ�ÃHØ�Ì	Å	Î	Ì	ô9Ü�Ï�Ø�Ì	Ì	ô9Ü äHYwÂ/Î	Ì3É�É�Í
Ô/í�ÏHÉ�Ë Å	Ç�í�Î3É�ÌïÈ�Â Ý Ã3Â�ÊtÂ5Ë�Â�Û2Í�Ú'Ø�Ú´È�É�ÏHÉ�ËúÊ�É�Ô�ÑïÃ3É�Ä«É�Ì	Å3ÉÆÇ�Ø�Ï�Ø�Î	ÅõOfÅ	Ã	Å'Ü�ÐHÉ�ÌHØ5Õ�ÃHØ/ÙnÉ�ÍLÚ�Â/Õ�Ï�ØÌ3É Ý Ã3É�Ã	ô2È�Ì3Â­Û,É�Ì	Ñ	É�Ë�Ê�ÑÆÂ�Ï3ÌHØ«Å	ÇnÕ�ÃHØ�Ì	Å	Î	Ì	ô9ÜûÈ�É�Ã	Ä!Å	Ì�Õ�ÃHØ/ÙfØ'äJ7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì	í�ÓlË�Â/Î	Ú	í

s ∈ Γ ∪ ∂Γ ä�YwÂ/Î	Ú'Ø s ÃHØ�Ç�Ô/Å	È#Ø/É�ËàÕ�ÃHØ/Ù Γ
ÌHØoÚ�Â/Ì3É�Î	Ì3Â�É

Û7Ì3Â�×!É�Ê�Ë�È�Â«Ì3É Ý É�Ã3É�Ê�É�Ú'Ø�Ó[ì!Å'Ü#Ê�ÑûÈ�É�Ë�È�É�ÖàÕ�ÃHØ/ÙfØ Γ ä#SLÊ�Ð3Å s Ñ'È/Ð3Ñ	É�Ë�Ê�ÑÞÈ�Ì	í�Ë�Ã3É�Ì	Ì3É�ÖàË�Â/Î	Ú�Â/ÖûÌ3É�Ú�Â�áË�Â/Ã3Â/Õ�ÂtÃ3É�Ô/ÃHØ'Í7Ë�ÂtË/Ø�Ú	Å'ÜúÈ�É�Ë�È�É�Ö Ô/í�ÏHÉ�ËtÏ3È�É�ä7SLÊ�Ð3Åù×!É
s
a È�É�Ã	Ä!Å	ÌHØ�Õ�ÃHØ/ÙfØ'ÍNË�ÂtÚ�Â�Ð3Å	Î3É�Ê�Ë�È�Â

È�É�Ë�È�É�ÖÒÃHØ�È�Ì3Â�Ú�Â�Ð3Å	Î3É�Ê�Ë�È�í�Ã3É�Ô�É�Ã�Í Ý Ã	Å3Û7ô2Ú'Ø�Ó[ì!Å'ÜÒÚ5ò�Ë�Â/Ö5È�É�Ã	Ä!Å	Ì3É�äwmXÃ	ÅÒò�Ë�Â�Û Ú'Ø�×«Ï�Ø�ÑÒÕ�ÃHØ�áÌ	Å	Î	ÌHØ�Ñ�È�É�Ã	Ä!Å	ÌHØ
b ∈ ∂Γ \ s Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	ËÞÕ�ÃHØ�Ì	Å��3ÉnË�Â�Ð3ß�Ú�Â­Â�Ï3Ì3Â/ÖÆÅ	Çnò�Ë�Å'ÜûÈ�É�Ë�È�É�Ö�Í3Ú�Â/Ë�Â/Ã	í�ÓÛ7ô Ô/í�ÏHÉ�ÛùÂ�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ßÞÎ3É�Ã3É�Ç

Γb(s)
ä

mXí�Ê�Ë�ß
a
Å
b
a Ý Ø�ÃHØoÃHØ�Ç�Ð3Å	Î	Ì	ô9Ü�Õ�ÃHØ�Ì	Å	Î	Ì	ô9ÜÆÈ�É�Ã	Ä!Å	Ì�Õ�ÃHØ/ÙfØ Γ ä�OnÐ3ÑÆÚ'Ø�×«ÏHÂ/Õ�Â s ∈ γa ∪ aÈ�È�É�ÏHÉ�ÛùÈ>ÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�Ì	Å3ÉnÚ	ÃHØ/É�È�í�ÓjÇ�Ø�Ï�Ø�Î	í

Lu = 0, x ∈ Γ,

u(s) = 0, ϑ(a)u′(s)− β(a)u′′(s) = 0,

u(b) = Ab, ϑ(b)u′(b)− β(b)u′′(b) = Bb,

u(c) = 0, ϑ(c)u′(c)− β(c)u′′(c) = 0, c ∈ ∂Γ \ {a, b},

â ó�ë

Õ�ÏHÉdÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ô Ú	ÃHØ/É�È�ô9Ü í�Ê�ÐHÂ/È�Å	Ö í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[Ëîí�Ê�ÐHÂ/È�Å	Ñ	Û
ϑ, β : ∂Γ → R+

Í
ϑ(·) + β(·) > 0

Å
AbBb = 0

Í
Ab + Bb = 1

ä � Ø/Û,É�Ë�Å3Û2ÍLÎ	Ë�Â�ò�Ë�ÅùÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ô Ì3ÉûÇ�Ø�È�Å3Ê�Ñ'Ë
Â/Ë

s
äwenØ Ý Â�Û7Ì	Å3Û Ë/Ø�Ú	×!É�ÍNÎ	Ë�ÂÆÕ�ÃHØ�Ì	Å	Î	Ì	ô�É­Ã3É�Ô/ÃHØÆÂ/Ã	Å3É�Ì	Ë�Å	Ã3Â/È#Ø�Ì	ô Â/Ë�Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì!Å'Ü Õ�ÃHØ�á

Ì	Å	Î	Ì	ô9ÜûÈ�É�Ã	Ä!Å	Ì�ä
YNØ�Ú>Ú'Ø�ÚoÚ	ÃHØ/É�È#Ø�ÑoÇ�Ø�Ï�Ø�ÎHØ>â�ö�ë�Í3â é�ëwÌ3É�È�ô2Ã3Â�×«ÏHÉ�ÌHØ'Í�Ë�ÂXÇ�Ø�Ï�Ø�ÎHØ>â ó�ëwÅ3Û,É�É�ËnÉ�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�É�Ã3É�Ä«É�á

Ì	Å3É�Í'Ú�Â/Ë�Â/Ã3Â�ÉnÔ/í�ÏHÉ�ÛùÂ�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ß­Î3É�Ã3É�Ç
vs(x)

ä3mRÂ/Ì	Ñ'Ë�Ì3Â	Í'Î	Ë�Â«Ç�Ø�È�Å3Ê�Å3Û,Â�Ê�Ë�ß
vs(x)

Â/Ë
s ∈ γa ∪ aÌ3É Ý Ã3É�Ã	ô2È�ÌHØRÈRÌ3Â/Ã3Û,É C3[Γ]

ä#I�Ë�ÂnÊ�È�Â/Ö3Ê�Ë�È�Â	Í�Ë/Ø�Ú>×!É2Ú'Ø�Ú­Å>Ê�ÐHÉ�Ï3í�Ó[ì!Å	Ö>Ã3É�Ç�í�Ð3ß�Ë/Ø�ËfÃHØ/Ô�Â/Ë�ô æåö�ç�ê�Í
Ã3É�Õ�í�Ð3Ñ'Ã	Ì3Â>Ô/í�Ï3í�Ë Ý Ã	Å	È/ÐHÉ�Ú'Ø�Ë�ß�Ê�Ñ�È«Ï�Ø�Ð3ß�Ì3É�Ö	Ä!Å'ÜûÈ�ô2Ú'Ð�Ø�Ï3Ú'Ø�Ü ä

� À�� ��� A æåö�ç�ê D �h 3�����
u(x) �

$B����"��	
���������$ - ��"w���­��$	�B� - ��$ - " - ��$ -�$/-  #"���
�$B��$	��%
(
p(x)u′′)′′ − (q(x)u′

)′
= 0, x ∈ (ζ, η) ⊂ R,

p(x) ∈ C2[ζ, η], inf
x∈[ζ,η]

p(x) > 0, q(x) ∈ C1[ζ, η], q(x) > 0,

 �� - 
��B����
 - "�%�&��­���� 3��� - 
���%	�

u(ζ) = ϑ(ζ)u′(ζ)− β(ζ)u′′(ζ) = 0, β(ζ), ϑ(ζ) > 0, β(ζ) + ϑ(ζ) 6= 0.

+�-�$ ���R$��[1#" - �����! B���3�
(ζ, η]

�2 	$	���	��%
u(x)

�3�������[$B� � - �B��� - ��$ -�$/- 1#" - ��� -�$/- $� ���% 8 � ���	�­1#"��
( � - �ù
o$B��� - � - " - �Ò� - �/�3�

ξ ∈ (ζ, η]

�021 - �	$B��$ - "���
'��$B����
 -

u(ξ) = 0
* � -

u′(ξ)u′′(ξ) > 0
8

� À�� ��� � D �h 3�����
ξ ∈ γa

�
v′ξ(ξ) = v′′ξ (ξ) = 0

*
D3vξ(ξ) > 0

8	+�-�$ ���9����%f
'���-!
s ∈ (a, ξ) ⊂ γa�� ��w���n
�021 - �	$B��$ - $B��"���
'��$B����
 -

vs(ξ) < 0
8

C � ��� ���hOnÐ3Ñ Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì3Â/Õ�ÂbÃ3É�Ä«É�Ì	Å	Ñ u(x)
Â�Ï3Ì3Â/Ã3Â�Ï3Ì3Â/Õ�Â í�ÃHØ�È�Ì3É�Ì	Å	Ñ â�ö�ë�Â Ý Ã3É�ÏHÉ�áÐ3Å3Û ÌHØ^Ú'Ø�×«ÏHÂ�Û Õ�ÃHØ�Ì	Å	Î	Ì3Â�Û Ã3É�Ô/Ã3ÉbÕ�ÃHØ/ÙfØ

Γ
ÙRí�Ì	Ú��	Å	Ó

Fu(x)
Ý Â Ý ÃHØ�È�Å'Ð3í 7

Fu(x) =(
pu′′u′ −D3u · u

)
(x)

Í�Õ�ÏHÉ,Ï3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã3Â/È#Ø�Ì	Å3É9Ê�Â/Õ�Ð�Ø/Ê�Â/È#Ø�Ì3ÂXÊLÇ�Ø�Ï�Ø�Ì	Ì3Â/ÖoÂ/Ã	Å3É�Ì	Ë/Ø	�	Å3É�Ö«Ã3É�Ô�É�Ã�ä
YwÂ/Õ�Ï�Ø Ý Ã	Å�Ð3ÓXÔ�Â�Û x ∈ γa

Å	Ì	Ë�É�Õ�Ã	Å	Ã3Â/È#Ø�Ì	Å3É�Û Ý ÂÞÎHØ/Ê�Ë�Ñ	Û � Ý Â�Ê�ÐHÉ�Ï3í�Ó[ì!Å3Û Ý Ã	Å	È/ÐHÉ�Î3É�Ì	Å3É�ÛZâ � ë
Ý Â�Ð3í�Î	Å3Û

∫

Γb(x)

Lu · u dt = Fu(x) +
∑

c∈∂Γ\a
Fu(c) +

∑

c∈J(Γ)
δ(c)u2(c) +

∫

Γb(x)

p · (u′′)2 + q · (u′)2 dt.




�ó =h �������
�� 8 ��8
`[Î	Å	Ë�ô2È#Ø�Ñ Í	Î	Ë�Â«ÐHÉ�È#Ø�ÑûÎHØ/Ê�Ë�ß>ÃHØ�È�É�Ì3Ê�Ë�È#ØoÃHØ�È�ÌHØ«Ì	í�Ð3Ó«Í	É�Õ�Â>Û,Â�×oÌ3Â Ý Ã3É�ÏHÊ�Ë/Ø�È�Å	Ë�ßÞÈoÈ�Å'ÏHÉ

∫

Γb(x)

p · (u′′)2 + q · (u′)2 dt+ C(u) = −Fu(x), â ��ë

Õ�ÏHÉRÚ�Â/Ì3Ê�Ë/Ø�Ì	Ë/Ø
C(u) =

∑
c∈∂Γ\a Fu(c) +

∑
c∈J(Γ) δ(c)u

2(c)
Ì3ÉXÇ�Ø�È�Å3Ê�Å	ËÞÂ/Ë

x
ä

PXÇRÃHØ�È�É�Ì3Ê�Ë�È#ØÆâ ��ë�Ê�ÐHÉ�Ï3í�É�Ë�Í	Î	Ë�ÂoÙRí�Ì	Ú��	Å	Ñ
Fu(x)

Û,Â/Ì3Â/Ë�Â/Ì	Ì3ÂoÈ�Â/Ç�ÃHØ/Ê�Ë/Ø/É�Ë­ÌHØ!Ã3É�Ô/Ã3É
γa
âðÌHØ�á

Ý Â�Û7Ì	Å3Û2Í3Î	Ë�ÂoÃ3É�Ô/Ã3Â>Â/Ã	Å3É�Ì	Ë�Å	Ã3Â/È#Ø�Ì3ÂÞÂ/ËoÕ�ÃHØ�Ì	Å	Î	Ì3Â/ÖÆÈ�É�Ã	Ä!Å	Ì	ô a
ë�ä

� ��� 2 ��mRÂ/Ú'Ø�×!É�Û Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�Â�Ê�Ë�ßõí�Ë�È�É�Ã#×«ÏHÉ�Ì	Å	Ñ ÐHÉ�Û,Û7ô È Ê�Ð3í�ÎHØ/É
β(a) = 0

ä�mXí�Ê�Ë�ß
s ∈ (a, ξ) ⊂ γa

Å
u(x) = vξ(x)− vs(x)

ä	PXÇRÂ Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	ÑûÙRí�Ì	Ú��	Å	Ö vξ(x) Å vs(x) Ê�ÐHÉ�Ï3í�É�Ë�Í	Î	Ë�ÂÏ	Ð3Ñ>È�Ê�É�Ü
c ∈ ∂Γ\a Ô/í�ÏHÉ�ËnÈ�ô Ý Â�Ð3Ì3É�Ì3ÂfÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â Fu(c) = p(c)u′′(c)u′(c) > 0

Í#ØRÊ�Ë/Ø�ÐHÂ!Ô/ô2Ë�ß
C(u) > 0

ä	mRÂ/ò�Ë�Â�Û7íàÅ	ÇÞâ ��ë9Ê�ÐHÉ�Ï3í�É�Ë
Fu(ξ) < 0

ä3mRÂ�Ê�ÐHÉ�Ï3Ì3É�ÉRÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â­ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì3Â

p(ξ)
(
v′′ξ (ξ)− v′′s (ξ)

)(
v′ξ(ξ)− v′s(ξ)

)
−
(
D3vξ(ξ)−D3vs(ξ)

)(
vξ(ξ)− vs(ξ)

)
< 0

Å'Ð3Å�Í3ÊXí�Î3É�Ë�Â�Ûùí�Ê�ÐHÂ/È�Å	Ö�ÐHÉ�Û,Û7ônÍ

Fvs(ξ) +D3vξ(ξ)vs(ξ) < 0.
â ç�ë

YNØ�Ú Ú'Ø�Ú
Fvs(x)

Û,Â/Ì3Â/Ë�Â/Ì	Ì3Â�È�Â/Ç�ÃHØ/Ê�Ë/Ø/É�ËÒÅ
Fvs(s) = 0

â Ý Â�Ê�Ú�Â�Ð3ß�Ú	í vs(s) = v′s(s) = 0
ë�Í7Ë�Â

Fvs(ξ) > 0 Ý Ã	ÅÒÐ3ÓXÔ�Â�Û s ∈ (a, ξ) ⊂ γa
ä,MhË�Ê�Ó9Ï�ØÆÅÒÅ	Ç5â ç�ë Ý Â�Ð3í�ÎHØ/É�Û Ì	í�×oÌ3Â�É­Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

vs(ξ) < 0
ä

� ��� ����TLÐ3í�ÎHØ�Ö
β(a) > 0

ä
�HÏHÉ�Ê�ßnÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â
vs(ξ) < 0

Ê�ÐHÉ�Ï3í�É�ËfÅ	Ç2í�×!É2ÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�Ì	Ì3Â/Õ�Â
ÌHØ>ÄoØ�Õ�É«ø>Å�Ì3É Ý Ã3É�Ã	ô2È�Ì3Â/Ö�Ç�Ø�È�Å3Ê�Å3Û,Â�Ê�Ë�Å�Ã3É�Ä«É�Ì	Å	ÖtÇ�Ø�Ï�Ø�Î	Å â ó�ë�Â/ËàÇ�ÌHØ�Î3É�Ì	Å	ÖtÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�Â/ÈÚ	ÃHØ/É�È�ô9Ü�í�Ê�ÐHÂ/È�Å	Ö�ä'O!É�Ö3Ê�Ë�È�Å	Ë�É�Ð3ß�Ì3Â	Í�É�Ê�Ð3Å Ý Ã3É�Ï Ý Â�ÐHÂ�×oÅ	Ë�ß3ÍHÎ	Ë�Â Ý Ã	Å�Ì3É�Ú�Â/Ë�Â/Ã3Â�Û β(a) = β0 > 0ÐHÉ�Û,ÛLØtÌ3É�È�É�Ã	ÌHØ'Í,Ë�ÂtÌHØ�Ö'ÏHÉ�Ë�Ê�ÑùË/Ø�Ú�Â�É�Ç�ÌHØ�Î3É�Ì	Å3É

β(a) ∈ (0, β0]
Í7Î	Ë�Â�Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�ÉûÃ3É�Ä«É�á

Ì	Å3É
vs(ξ) = 0

Í
s ∈ (a, ξ) ⊂ γa

Í7Ç�Ø�Ï�Ø�Î	Å â ó�ë!Ô/í�ÏHÉ�ËtÃHØ�È�Ì3Â�Ì	í�Ð3Ó È�Ë�Â/Î	Ú�É
ξ
ä g ò�Ë�Â�Û^Ê�Ð3í�ÎHØ/É

Å	ÇàÐHÉ�Û,Û7ô öûÊ�ÐHÉ�Ï3í�É�Ë5Ê�Ë�Ã3Â/Õ�Â�ÉûÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â
v′s(ξ)v

′′
s (ξ) > 0

Í7Ì3É�Ê�Â/È�Û,É�Ê�Ë�Å3Û,Â�ÉÆÊÞÃHØ�È�É�Ì3Ê�Ë�È#Ø/Û7Å
v′ξ(ξ) = v′′ξ (ξ) = 0

È�È�Å'Ï3í�æåö�Í�ÐHÉ�Û,ÛLØ�
�ê�ä
B

�R~,À/Á �)
'yHvNÀ AHD �h 3�����
ξ ∈ γa

�
v′ξ(ξ) = v′′ξ (ξ) = 0

*
σvξ(ξ + 0) > 0

8�+�-�$ ���o1#"��û$B��� - � - " - �
ε > 0

����%t
'���-!
s ∈ O−

ε (ξ)

�021 - �	$B��$ - $B��"���
'��$B����
 -

σvs(s + 0) < 0
* �«����%t
'���-!

s ∈ O+
ε (ξ)
�021 - �	$B��$ - $B��"���
'��$B����
 -

σvs(s+ 0) > 0
8

C
g æåö�Í'ÐHÉ�Û,ÛLØÞø�ê Ý Â/Ú'Ø�Ç�Ø�Ì3Â	Í�Î	Ë�Â>È­í�Ê�ÐHÂ/È�Å	Ñ�ÜÆÊ�ÐHÉ�ÏHÊ�Ë�È�Å	Ñ�Ï	Ð3Ñ�È�Ê�É�Ü x > ξ

â
x ∈ γa

ë�È�ô Ý Â�Ð	áÌ3É�Ì3ÂÆÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â
vξ(x) > 0

äNmRÂ/ò�Ë�Â�Û7íÒÅ	ÇÞÌ3É Ý Ã3É�Ã	ô2È�Ì3Â/ÖúÇ�Ø�È�Å3Ê�Å3Û,Â�Ê�Ë�ÅùÃ3É�Ä«É�Ì	Å	Ñ vs(x) Â/Ë sÅùÐHÉ�Û,Û7ô ø�Ê�ÐHÉ�Ï3í�É�Ë Ê�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å3É
ε > 0

Ë/Ø�Ú�Â/Õ�Â	Í�Î	Ë�Â Ý Ã	Å s ∈ O−
ε (ξ)

Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�É
Ã3É�Ä«É�Ì	Å3É

vs(x)
Ç�Ø�Ï�Ø�Î	Åùâ ó�ë�Ô/í�ÏHÉ�Ë­Å3Û,É�Ë�ß­ÌHØoÃ3É�Ô/Ã3É

γa
Ì	í�Ð3ß

ηs > ξ
äHmXÃ	Å	Î3É�Û Ï3Ã	í�Õ�Å'Ü�Ì	í�ÐHÉ�ÖÆÌHØ

Å	Ì	Ë�É�Ã	È#Ø�ÐHÉ
(s, ηs) ⊂ γa

ÙRí�Ì	Ú��	Å	Ñ
vs(x)

Ì3É9Å3Û,É�É�ËnÅ
v′s(ηs)v

′′
s (ηs) > 0

â ÐHÉ�Û,ÛLØoö�ë�ä#MhË�Ê�Ó9Ï�ØRÊ�ÃHØ�Ç�í
Ê�ÐHÉ�Ï3í�É�Ë>Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�Â�Ê�Ë�ß Ý É�Ã	È�Â/ÖàÎHØ/Ê�Ë�ÅÞÏHÂ/Ú'Ø�Ç�ô2È#Ø/É�Û,Â/Õ�Âoí�Ë�È�É�Ã#×«ÏHÉ�Ì	Å	Ñ 7 Ý Ã	Å s ∈ O−

ε (ξ)
Å3Û,É�É�Ë

Û,É�Ê�Ë�ÂtÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â
σvs(s + 0) < 0

ä,UXÃ3Â�Û,ÉÞË�Â/Õ�Â	Í Ý Ã	Å s ∈ O−
ε (ξ)

È�ô Ý Â�Ð3Ì3É�Ì3ÂtÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â
σvs(ηs+0) > 0

ä�mRÂ/ò�Ë�Â�Û7íoÉ�Ê�Ð3Å>ÈRÇ�Ø�Ï�Ø�Î3É!â ó�ë
ϑ(a) = v′′s (ηs)

Å
β(a) = v′s(ηs)

Í/Ë�ÂnÙRí�Ì	Ú��	Å	Å
vs(x)Å

vηs(x)
Ê�Â/È Ý Ø�Ï�Ø�Ó[Ë�Í'ÅàÊ�Ë/Ø�ÐHÂ«Ô/ô2Ë�ß«È!ò�Ë�Â�ÛúÊ�Ð3í�ÎHØ/É σvηs(ηs +0) > 0

ä g æåö�Í�ÐHÉ�Û,ÛLØ«é�ê Ý Â/Ú'Ø�Ç�Ø�Ì3Â	ÍÎ	Ë�ÂàÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â
σvηs(ηs + 0) > 0

Ì3É«Ç�Ø�È�Å3Ê�Å	Ë�Â/ËàÇ�ÌHØ�Î3É�Ì	Å	Ö5Ú�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�Â/È
ϑ(a), β(a) > 0Ú	ÃHØ/É�È�Â/Õ�Â­í�Ê�ÐHÂ/È�Å	Ñ�Ç�Ø�Ï�Ø�Î	Åùâ ó�ë�ä3mRÂ/ò�Ë�Â�Û7í Ý Ã	ÅÆÈ�Ê�É�Ü s ∈ O−

ε (ξ)
Ô/í�ÏHÉ�Ë­È�ô Ý Â�Ð3Ì3É�Ì3Â>Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

σvηs(ηs + 0) > 0
ä

YwÉ Ý É�Ã	ßÞÈ�Ë�Â/ÃHØ�ÑûÎHØ/Ê�Ë�ßoÏHÂ/Ú'Ø�Ç�ô2È#Ø/É�Û,Â/Õ�ÂÞí�Ë�È�É�Ã#×«ÏHÉ�Ì	Å	ÑÆÊ�ÐHÉ�Ï3í�É�Ë­Å	ÇnÌ3É Ý Ã3É�Ã	ô2È�Ì3Â�Ê�Ë�ÅtÂ/Ë�Â�Ô/ÃHØ�á×!É�Ì	Å	Ñ
s 7→ ηs

Å Ý Ã3É�ÏHÉ�Ð3ß�Ì3Â/Õ�ÂÞÊ�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Ñ ηs → ξ + 0 Ý Ã	Å s→ ξ − 0
ä
B



=j
 - 1#" - �� - $B� - � �	�	�	��% �	�	�à�������n��"w��$��	��������$ -�$/-  #"���
�$B��$	��%û$�� $ "�� �n� 
*�

OnÐ3Ñ´Ú'Ø�×«ÏHÂ/Ö Õ�ÃHØ�Ì	Å	Î	Ì3Â/Ö È�É�Ã	Ä!Å	Ì	ô
a ∈ ∂Γ

È�È�É�ÏHÉ�ÛñÈùÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�Ì	Å3ÉÒÚ	ÃHØ/É�È�í�Ó Ç�Ø�Ï�Ø�Î	í
OfÅ	Ã	Å'Ü�ÐHÉ

Lu = 0, x ∈ Γ,

u(a) = 0, ϑ(a)u′(a)− β(a)u′′(a) = 1,

u(c) = 0, ϑ(c)u′(c)− β(c)u′′(c) = 0, c ∈ ∂Γ \ a,

â 3�ë

Ã3É�Ä«É�Ì	Å3ÉàÚ�Â/Ë�Â/Ã3Â/ÖõÔ/í�ÏHÉ�Û^Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ßÒÎ3É�Ã3É�Ç
ya(x)

ä,QRÉ�Ã3É�Ç
wa(x)

Û7ôñÔ/í�ÏHÉ�Û^Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ßÒÃ3É�á
Ä«É�Ì	Å3É­Ú	ÃHØ/É�È�Â/ÖúÇ�Ø�Ï�Ø�Î	Å�Í7Ú�Â/Ë�Â/ÃHØ�Ñ Ý Â�Ð3í�Î	Å	Ë�Ê�Ñ Å	Ç5â 3�ë�ÍNÉ�Ê�Ð3Å Ý ÃHØ�È�ô�ÉÞÎHØ/Ê�Ë�Å Ú	ÃHØ/É�È�ô9Ü í�Ê�ÐHÂ/È�Å	ÖÈoÈ�É�Ã	Ä!Å	Ì3É

a ∈ ∂Γ Ý Â�Û,É�Ì	Ñ'Ë�ß­Û,É�Ê�Ë/Ø/Û7Å�äHmRÂ�Ê�Ú�Â�Ð3ß�Ú	íàÈ�Ê�ÉRò�Ë�ÅûÇ�Ø�Ï�Ø�Î	ÅÆÌ3É�È�ô2Ã3Â�×«ÏHÉ�Ì	ônÍHË�ÂoÙRí�Ì	Ú'á�	Å	Å
ya(x)

Å
wa(x)

Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	ô Â�Ï3Ì3Â/Ç�ÌHØ�Î	Ì3Â	ä
� À�� ��� � D �h 3����� �2 	$	���	��%

yb(x)
*
b ∈ ∂Γ

* �3�������[
R
'��"-�!�	$B�
a ∈ ∂Γ

$� ����n�#"�����$ - �����Æ��"�� 8
+�-�$ ��� �2 	$	���	��%

ya(x)
�3�������f$� ����>�#"�����$ - �����5��"��û
>
'��"-�!�	$B�

b
8

C
`XÛ7Ì3Â�×oÅ3ÛõÙRí�Ì	Ú��	Å	Ó

ya
ÌHØ

Lyb
Å Ý Ã3Â/Å	Ì	Ë�É�Õ�Ã	Å	Ã	í�É�Û Ý ÂoÎHØ/Ê�Ë�Ñ	Û ÌHØ Γ ä3mXÃ	Å	È/ÐHÉ�Ú'Ø�ÑÆÊ�È�Â/Ö'áÊ�Ë�È#ØoÙRí�Ì	Ú��	Å	Ö

ya(x)
Å
yb(x)

ÈoÈ�É�Ã	Ä!Å	ÌHØ�ÜûÕ�ÃHØ/ÙfØ'Í Ý Â�Ð3í�Î	Å3Û

0 = p(a)y′′b (a)−
∑

c∈J(Γ)
ya(c)δ(c)yb(c) − p(b)y′′a(b) +

∑

c∈J(Γ)
ya(c)δ(c)yb(c),

Î	Ë�ÂoÈ�Ê�ÐHÉ�ÏHÊ�Ë�È�Å3Éní�Ê�ÐHÂ/È�Å	Ñ
y′′b (a) = 0

Ï�Ø/É�Ë>ÃHØ�È�É�Ì3Ê�Ë�È�Â
y′′a(b) = 0

ä
BmXÃ3É�×«ÏHÉ Î3É�ÛîÈ�È�É�Ê�Ë�Å Ý Â/Ì	Ñ'Ë�Å3É Ú	Ã	Å	Ë�Å	Î3É�Ê�Ú	Å@Ì3É�Â#�	Å'Ð	Ð3Å	Ã	í�Ó[ì«É�Õ�Â í�ÃHØ�È�Ì3É�Ì	Å	Ñ ÍnÌHØ Ý Â�Û7Ì	Å3ÛâãÊ�Û2ä�æåö�êãë�Í	Î	Ë�Â«í�ÃHØ�È�Ì3É�Ì	Å3ÉnÎ3É�Ë�È�É�Ã	Ë�Â/Õ�Â Ý Â/Ã#Ñ�Ï3Ú'Ø Lu = 0

ÌHØ�Ç�ô2È#Ø/É�Ë�Ê�Ñ . &�������� $ ��. ��!2&)&�!�,-4��(� !2�
ÌHØ

Γ
ÍBÉ�Ê�Ð3Å Ý Ã	Å β(·) ≡ 0

Ú'Ø�×«Ï�Ø�Ñ�Å	ÇoÙRí�Ì	Ú��	Å	Ö
ya(x)

Í
a ∈ ∂Γ

Í Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�ÌHØàÌHØ Γ
ÍHÅ�ÌHØ�Ç�ô9á

È#Ø/É�Ë�Ê�Ñ .0!2&�()��� � $ ��. ��!2&)&�!�,-4��(� !2� ÍHÉ�Ê�Ð3Å�Ï	Ð3Ñ�Ð3ÓXÔ�Â/Ö
a ∈ ∂Γ

Ã3É�Ä«É�Ì	Å3É
wa(x)

Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3ÂÌHØ
Γ Ý Ã	Å ϑ(a) = 0

Å
β(·) ≡ 0

ÌHØ
∂Γ \ a ä��ÌHØ�Ú�Â/È�ô�ÉXÊ�È�Â/Ö3Ê�Ë�È#ØnÃ3É�Ä«É�Ì	Å	Ö
ya(x)

Å
wa(x)

Ú	ÃHØ/É�È�Â/ÖÞÇ�Ø�Ï�Ø�Î	Å�â 3�ë7Ë�É�Ê�Ì3Â Ý É�Ã3É Ý ÐHÉ�Ë/Ø�Ó[Ë�Ê�ÑàÊ�ÂÇ�ÌHØ�Ú�Â/È�ô�Û7ÅÞÊ�È�Â/Ö3Ê�Ë�È#Ø/Û7ÅàÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�Ö­ÙRí�Ì	Ú��	Å	Å­K Ã	Å	ÌHØXÅ>Ç�Ø�È�Å3Ê�Ñ'ËfÂ/ËnÇ�ÌHØ�Î3É�Ì	Å	Ö­Ú�Â/ò�ÙnÙRÅ'á
�	Å3É�Ì	Ë�Â/È�Ú	ÃHØ/É�È�ô9Ütí�Ê�ÐHÂ/È�Å	ÖïâðÈ�Ê�Ð3í�ÎHØ/É

J(Γ) = ∅
Ë/Ø�Ú'Ø�Ñ�Ç�Ø�È�Å3Ê�Å3Û,Â�Ê�Ë�ß�Â/Ë�Ê�í�Ë�Ê�Ë�È�í�É�Ë�� ë�äNTLÐ�Ø/Ô�Ø�Ñ

Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	ÑÞí�ÃHØ�È�Ì3É�Ì	Å	Ñ­ÌHØnÕ�ÃHØ/ÙnÉhÂ�Ô�É�Ê Ý É�Î	Å	È#Ø/É�Ë Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ß>Ã3É�Ä«É�Ì	Å	Ö ya(x) È�Ì3ÉhÇ�Ø�áÈ�Å3Ê�Å3Û,Â�Ê�Ë�ÅúÂ/ËÆÇ�ÌHØ�Î3É�Ì	Å	ÖúÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�Â/È�Ú	ÃHØ/É�È�ô9ÜÒí�Ê�ÐHÂ/È�Å	Ö�Í7ØûÇ�ÌHØ�Î	Å	Ë�Å Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ßÙRí�Ì	Ú��	Å	Å�K Ã	Å	ÌHØoÇ�Ø�Ï�Ø�Î	ÅàOfÅ	Ã	Å'Ü�ÐHÉÞâãÊ�Û2ä æåö�ê�Å'Ð3ÅÒæ ø�êãë�ä
��������� ��	 �����������#]�í�ÏHÉ�Û�Õ�Â/È�Â/Ã	Å	Ë�ß3Í�Î	Ë�ÂRí�ÃHØ�È�Ì3É�Ì	Å3É

Lu = 0
5 ,-!�/ !�� $ .05)! � $ ��. ��!2&)&�!�,-4 $ /

ÌHØ�Õ�ÃHØ/ÙnÉ
Γ
Í,É�Ê�Ð3ÅúÏ	Ð3Ñ Ð3ÓXÔ�Â/Ö È�É�Ã	Ä!Å	Ì	ô

a ∈ ∂Γ
Ã3É�Ä«É�Ì	Å3ÉûÚ	ÃHØ/É�È�Â/Ö Ç�Ø�Ï�Ø�Î	Åjâ 3�ë!Ê

β(·) ≡ 0Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â­ÌHØ Γ ÅàÜ#Â/Ë�Ñ�Ô/ô Â�Ï3Ì3ÂoÅ	Çnò�Ë�Å'ÜàÃ3É�Ä«É�Ì	Å	Ö�Å3Û,É�É�Ë>ÌHØ
∂Γ

Ì	í�Ð3ß>Ú	ÃHØ�Ë�Ì3Â�Ê�Ë�ÅÆË�Ã	Å�ä
MhË�Û,É�Ë�Å3Û2Í'Î	Ë�ÂfÚ	Ã	Å	Ë�Å	Î3É�Ê�Ú	ÅûÌ3É�Â�Ê �	Å'Ð	Ð3Å	Ã	í�Ó[ì«É�É[í�ÃHØ�È�Ì3É�Ì	Å3É[Ñ'È/Ð3Ñ	É�Ë�Ê�ÑûÊ�Ð�Ø/Ô�ÂfÌ3É�Â�Ê �	Å'Ð	Ð3Å	Ã	í#á

Ó[ì!Å3Û2Í#Ì3ÂfÌ3É[Û,Â�×!É�Ë>Ê�Å'Ð3ß�Ì3ÂfÌ3É�Â�Ê �	Å'Ð	Ð3Å	Ã3Â/È#Ø�Ë�ß3ä�I�Ë�Â«Ê�ÐHÉ�Ï3í�É�Ë«Å	Ç[Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë/Ø!ÃHØ/Ô�Â/Ë�ô^æåö�ê 7#É�Ê�Ð3Å
Ì3É�Ú�Â/Ë�Â/Ã3Â�É�Ã3É�Ä«É�Ì	Å3É

ya(x)
âðÅ	Ç�ÙRÅ	Õ�í�Ã	Å	Ã	í�Ó[ì!Å'ÜRÈ[Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Åàö�ë Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3ÂXÌHØ Γ ÅnÅ3Û,É�É�ËÌ	í�Ð3ß­Ú	ÃHØ�Ë�Ì3Â�Ê�Ë�Å�Ë�Ã	Å�È­È�É�Ã	Ä!Å	Ì3É

b ∈ ∂Γ
Í3Ë�Â>Ã3É�Ä«É�Ì	Å3É

wb(x)
Í�ÙRÅ	Õ�í�Ã	Å	Ã	í�Ó[ì«É�ÉRÈÞÂ Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	ÅÊ�Å'Ð3ß�Ì3Â/Ö�Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å�Í�Â�Ô�Ñ'Ç�Ø�Ë�É�Ð3ß�Ì3Â­Û,É�Ì	Ñ	É�Ë­Ç�ÌHØ�Ú�ä

g æåö�êÞÂ/Ë�Û,É�ÎHØ�ÐHÂ�Ê�ß3ÍnÎ	Ë�Â í�ÃHØ�È�Ì3É�Ì	Å3ÉùÎ3É�Ë�È�É�Ã	Ë�Â/Õ�Â Ý Â/Ã#Ñ�Ï3Ú'ØbÊùí�Ê�ÐHÂ/È�Å	Ñ	Û7ÅlÄoØ�Ã	Ì	Å	Ã	Ì3Â/Õ�ÂbÅ
í Ý Ã	í�Õ�Â�á§ÄoØ�Ã	Ì	Å	Ã	Ì3Â/Õ�Â5Ê�Â/Î'ÐHÉ�Ì3É�Ì	Å	ÑùÈ�ÂtÈ�Ì	í�Ë�Ã3É�Ì	Ì	Å'ÜùÈ�É�Ã	Ä!Å	ÌHØ�Ü Í�Ú�Â/Ë�Â/Ã3Â�É�Å	Ç�í�ÎHØ�ÐHÂ�Ê�ß�È�ÃHØ/Ô�Â/Ë/Ø�Üæ 3'Í'Õ�Ðwä�ç �wö'3 � ø'ö�ê�ÍNÈ�Ê�É�Õ�Ï�ØtÊ�Å'Ð3ß�Ì3ÂtÌ3É�Â�Ê �	Å'Ð	Ð3Å	Ã	í�É�Ë�äLmRÂ/ò�Ë�Â�Û7íÒÏ	Ð3Ñ Ì3É�Õ�Â�Ú	Ã	Å	Ë�Å	Î	Ì3Â�Ê�Ë�ß5Ì3É�Â�Ê �	Å'Ð	á
Ð3Ñ��	Å	ÅûÌ3É[È�Â/Ç�Ì	Å	Ú'Ø/É�Ë�äHQXË�Â«×!ÉXÚ'Ø/Ê�Ø/É�Ë�Ê�Ñ�í�ÃHØ�È�Ì3É�Ì	Å	Ñ Í'ÃHØ/Ê�Ê�ÛLØ�Ë�Ã	Å	È#Ø/É�Û,Â/Õ�Â­È!Ï�Ø�Ì	Ì3Â/ÖûÃHØ/Ô�Â/Ë�É�Í	Ë�Â	Í
Ú'Ø�Ú Ý Â/Ú'Ø�Ç�ô2È#Ø/É�ËùÊ�ÐHÉ�ÏHÊ�Ë�È�Å3É ö�Í7Ï	Ð3Ñ Ì3É�Õ�Â�Ú	Ã	Å	Ë�Å	Î	Ì3Â�Ê�Ë�ßúÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	ÅïÇ�Ø�Ú'Ð3Ó[ÎHØ/É�Ë�Ê�ÑõÈÒË�Â�Û2ÍÎ	Ë�Â�Ï�Ø�×!ÉàÌ3É�Ç�ÌHØ�Î	Å	Ë�É�Ð3ß�Ì3Â�ÉûÅ	Ç�Û,É�Ì3É�Ì	Å3ÉûÂ�Ô�Ð�Ø/Ê�Ë�ÅúÇ�Ø�Ï�Ø�Ì	Å	Ñ í�ÃHØ�È�Ì3É�Ì	Å	Ñ Ý Ã	Å	È�Â�Ï3Å	Ë5Ú Ë�Â�Û7í�ÍNÎ	Ë�ÂÂ/Ì3Â Ý É�Ã3É�Ê�Ë/Ø/É�ËÞÔ/ô2Ë�ß>Ì3É�Â�Ê �	Å'Ð	Ð3Å	Ã	í�Ó[ì!Å3Û2äHmXÃ	Å	Î3É�Û Ý Â/Ë�É�Ã#ÑÆÊ�È�Â/Ö3Ê�Ë�È#Ø«Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å Ý Ã3Â/Å3Ê�Ü#Â�áÏ3Å	ËoÌ3ÉRË�Â�Ð3ß�Ú�Â Ý Ã	Å�)�ÃHØ/Ê�Ä!Å	Ã3É�Ì	Å	Å +­Õ�ÃHØ/ÙfØ'Í'Ì3ÂoÅ Ý Ã	Å�É�Õ�Â )�í'Û,É�Ì	ß�Ä«É�Ì	Å	Å +�âãÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì!Å	Ö
Ý Ã	Å3Û,É�Ã Ý Ã	Å	È�É�ÏHÉ�ÌÆÈ�æåö�Í Ý Ã	Å3Û,É�ÃÒö�êãë�ä	YNØ�Ú�Â/ÖÆò�ÙnÙnÉ�Ú	ËoÌ3ÉXÌHØ/Ô�Ð3Ó9Ï�Ø/É�Ë�Ê�Ñ�ÈoÚ'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â/Ö�Ë�É�Â/Ã	Å	Å




�ç =h �������
�� 8 ��8
Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Å âðÚ�Â/Õ�Ï�Ø

J(Γ) = ∅
ë,Å�Í#Ú'Ø�ÚûÔ/í�ÏHÉ�Ë Ý Â/Ú'Ø�Ç�Ø�Ì3Â«È«Ê�ÐHÉ�Ï3í�Ó[ì«É�Û Ý í�Ì	Ú	Ë�É�Í�Å3Û,É�É�ËoÛ,É�Ê�Ë�ÂË�Â�Ð3ß�Ú�Â!Ï	Ð3ÑÞÕ�ÃHØ/ÙfØ'Í�Å3Û,É�Ó[ì«É�Õ�Â!È�Ì	í�Ë�Ã3É�Ì	Ì	Ó[Ó È�É�Ã	Ä!Å	Ì	í�Í'ÚàÚ�Â/Ë�Â/Ã3Â/Ö Ý Ã	Å3Û7ô2Ú'Ø/É�Ë>Ì3ÉXÛ,É�Ì3É�É[Ë�Ã3É�ÜÃ3É�Ô�É�Ã�ä

� D �R~�� � ��� � � ��
�� � �NÀ
	Nx�� �Nv

g Ê�Ó9Ï3í�ÈÞò�Ë�Â�Û Ý í�Ì	Ú	Ë�É!Ê�Î	Å	Ë/Ø/É�Û2Í�Î	Ë�Â­Õ�ÃHØ/Ù Γ
Ê�Â�Ê�Ë�Â/Å	ËàÅ	Ç Ý Â�Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â�Ê�Â�É�Ï3Å	Ì3É�Ì	Ì	ô9ÜÃ3É�Ô�É�Ã�Í

∂Γ = {a, b} Í γa Å γb a Õ�ÃHØ�Ì	Å	Î	Ì	ô�É>Ã3É�Ô/ÃHØ'ä�mXÃ3Â�Ê�Ë/Ø�Ñ5Ê�Ë�Ã	í�Ú	Ë�í�ÃHØàÕ�ÃHØ/ÙfØ�á �3É Ý Â/Î	Ú	Å Ý Â/Ç�áÈ�Â�Ð3Ñ	É�Ë«ÏHÂ/Ú'Ø�Ç�Ø�Ë�ß3Í	Î	Ë�Â«Ì3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Ñûí�ÃHØ�È�Ì3É�Ì	Å	Ñ5â�ö�ë�ÌHØfË/Ø�Ú�Â�ÛùÕ�ÃHØ/ÙnÉXÈ/ÐHÉ�Î3É�ËoÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Ó
ÌHØ!Ð3ÓXÔ�Â�Û Ý Â�Ï3Õ�ÃHØ/ÙnÉ�ä

J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û Ú	ÃHØ/É�È�í�Ó Ç�Ø�Ï�Ø�Î	íÒâ ó�ë�Í'Ì3Â!Ë�É Ý É�Ã	ß>Ô/í�ÏHÉ�ÛùÊ�Î	Å	Ë/Ø�Ë�ß3Í	Î	Ë�Â s ∈ Γ∪ a ä'JNÉ�Ä«É�Ì	Å3ÉRÇ�Ø�áÏ�Ø�Î	Å Ý Â�á Ý Ã3É�×oÌ3É�Û7í>Â�Ô�Â/Ç�ÌHØ�ÎHØ/É�ÛÒÎ3É�Ã3É�Ç vs(x) ä g Ê�Ð3í�ÎHØ/É2Õ�ÃHØ/ÙfØ�á �3É Ý Â/Î	Ú	Å­Å	Ç�Ì3É�È�ô2Ã3Â�×«ÏHÉ�Ì	Ì3Â�Ê�Ë�ÅÇ�Ø�Ï�Ø�Î	Å�â�ö�ë�ÍHâ é�ë,Ê�ÐHÉ�Ï3í�É�Ë�Í#Î	Ë�ÂnÙRí�Ì	Ú��	Å	Ñ
vs(x)

Â�Ï3Ì3Â/Ç�ÌHØ�Î	Ì3Â«Â Ý Ã3É�ÏHÉ�Ð3Ñ	É�Ë�Ê�Ñ>Ï	Ð3Ñ«Ð3ÓXÔ�Â/Õ�Â s ∈ Γ∪aÅÒÌ3ÉoÅ3Û,É�É�ËÆÚ	ÃHØ�Ë�Ì	ô9Ü5Ì	í�ÐHÉ�ÖÒÈ�Ì	í�Ë�Ã	Å
Γb(s)

äwUXÃ3Â�Û,É>Ë�Â/Õ�Â	Í�È�ÃHØ/Ê�Ê�ÛLØ�Ë�Ã	Å	È#Ø/É�Û,Â�Û^Ê�Ð3í�ÎHØ/É>Å3Û,É�É�Ë
Û,É�Ê�Ë�Â>Ê�ÐHÉ�Ï3í�Ó[ì!Å	ÖÆÙfØ�Ú	Ë�Í	Ñ'È/Ð3Ñ'Ó[ì!Å	Ö3Ê�Ñ�Â/Î3É�È�Å'Ï3Ì	ô�ÛõÊ�ÐHÉ�ÏHÊ�Ë�È�Å3É�Û Ë�É�Â/Ã3É�Û � ÅÆé!ÃHØ/Ô�Â/Ë�ôZæ ø�ø�ê�ä

� À�� ��� � D �L���­��$	�B�
vs(x)


��������/� â ó�ë * $B��1#"w��"�02
�$ - �­
�$ - "B���
C[Γ]

* 
���
��B���B� - �t� - �/�	�
s ∈ Γ ∪ a 8I�Ë�Å5Ê�È�Â/Ö3Ê�Ë�È#ØàÇ�Ø�Ï�Ø�Î	Åïâ ó�ëhÈ�Û,É�Ê�Ë�ÉoÊ«Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë/Ø/Û7Å Ý Ã3É�Ï3ô9Ï3í�ì«É�Õ�Â Ý í�Ì	Ú	Ë/Ø Ý Â/Ç�È�Â�Ð3Ñ'Ó[ËàÏHÂ�áÚ'Ø�Ç�Ø�Ë�ßÞÊ�ÐHÉ�Ï3í�Ó[ì«É�ÉRí�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3É�ä
� À#x��NÀ���� AHD � ���	��"w���­��$	�B�

va(x)
1 - � - �o�B��������$ - $��

Γ
* � - 1#"�� ��&'� - �

s ∈ Γ
� -�- ��
'���	"

����
� �&��­���9"w���­��$	�B�
vs(x)

�� ��w���f1 - � - �o�B��������$ - $��
Γb(s) ⊂ Γ

8
C
PXÇ­Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	ÑÒÙRí�Ì	Ú��	Å	Å vs(x) Ê�ÐHÉ�Ï3í�É�Ë�ÍwÎ	Ë�Â σvs(b + 0) > 0 Ý Ã	Å�Ð3ÓXÔ�Â�Û s ∈ Γ ∪ a äVlË/Ø�Ú5Ú'Ø�Ú

va(x) > 0
ÌHØ

Γb(a)
Å
vs(x)

Ì3É«Å3Û,É�É�ËûÚ	ÃHØ�Ë�Ì	ô9ÜtÌ	í�ÐHÉ�Ö�È�Ì	í�Ë�Ã	Å
Γb(s)

â
s ∈ γa

ë�Í�Ë�Â
Ý Ã	ÅúÌ3É Ý Ã3É�Ã	ô2È�Ì3Â�ÛlÊ�Ú�Â�Ð3ß�×!É�Ì	Å	ÅõË�Â/Î	Ú	Å

s ∈ γa
Â/ËtÕ�ÃHØ�Ì	Å	Î	Ì3Â/Ö È�É�Ã	Ä!Å	Ì	ô

a
È�Ì	í�Ë�Ã	ßtÕ�ÃHØ/ÙfØ

ΓÙRí�Ì	Ú��	Å	Ñ
vs(x)

Û,Â�×!É�Ë ) Ý Ã	Å3Â�Ô/Ã3É�Ê�Ë�Å +«Ì	í�Ð3Å­È Γb(s)
Ë�Â�Ð3ß�Ú�ÂfÎ3É�Ã3É�Ç Ý É�Ã3É�Û,É�Ì	Ì	í�Ó Ë�Â/Î	Ú	í s ä�mXÃ	Å'áÎ3É�Û Ý Â/Ë�É�Ã#Ñ­Ê�È�Â/Ö3Ê�Ë�È#Ø Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�ÅûÌHØ Γb(s)
í«Ã3É�Ä«É�Ì	Å	Ñ

vs(x)
Û,Â�×!É�Ë Ý Ã3Â/Å	Ç�Â/Ö	Ë�Å­Ë�Â�Ð3ß�Ú�Â

Ý Ã	Å Ý É�Ã3É�Ü#Â�ÏHÉ Ý É�Ã3É�Û,É�Ì	Ì3Â/Ö s Î3É�Ã3É�ÇfË/Ø�Ú	í�ÓjË�Â/Î	Ú	í
s0 ∈ Γ

Í�Ï	Ð3ÑûÚ�Â/Ë�Â/Ã3Â/ÖtÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�ÉnÃ3É�á
Ä«É�Ì	Å3É

vs0(x)
Å3Û,É�É�Ë>ÈoË�Â/Î	Ú�É

s0
Ì	í�Ð3ß>Ú	ÃHØ�Ë�Ì3Â�Ê�Ë�Å�Ë�Ã	Å âðË�ä3É�ä	Ú�Â/Õ�Ï�Øoí�ÃHØ�È�Ì3É�Ì	Å3É­â�ö�ë�Ú	Ã	Å	Ë�Å	Î3É�Ê�Ú	Å

Ì3ÉfÂ�Ê �	Å'Ð	Ð3Å	Ã	í�É�ËÞÌHØ
Γb(s0)

ë�ä3mXÃ	ÅÆò�Ë�Â�ÛùÅ	ÇfÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È#Ø
va(x) > 0

ÌHØ
Γb(a)

Ê�ÐHÉ�Ï3í�É�Ë�Í3Î	Ë�Â Ý Ã	ÅÈ�Ê�É�ÜùÇ�ÌHØ�Î3É�Ì	Å	Ñ�Ü Ý É�Ã3É�Û,É�Ì	Ì3Â/Ö s ∈ Γ
Í Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�ì!Å'ÜïÛLØ�Ã	Ä!Ã	í�Ë�íúÛ,É�×«Ï3íúË�Â/Î	Ú'Ø/Û7Å a

Å
s0
Í

ÏHÂ�Ð3×oÌ3Â�È�ô Ý Â�Ð3Ì	Ñ'Ë�ß�Ê�Ñ Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â σvs(s + 0) > 0
Í7Î	Ë�ÂtÌ3É�È�Â/Ç�Û,Â�×oÌ3ÂÒÈ�È�Å'Ï3íúÊ�ÐHÉ�ÏHÊ�Ë�È�Å	Ñbö�ä

TLÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	ÍLË/Ø�Ú�Â/Ö Ë�Â/Î	Ú	Å
s0 ∈ Γ

Ê�í�ì«É�Ê�Ë�È�Â/È#Ø�Ë�ß5Ì3ÉàÛ,Â�×!É�ËÒÅùÙRí�Ì	Ú��	Å	Ñ
vs(x)

Â�Ê�Ë/Ø/É�Ë�Ê�Ñ
Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â/Ö Ý Ã	ÅàÐ3ÓXÔ�Â�Û s ∈ Γ

ä
B

�	��

������������� g Ê�Ð3í�ÎHØ/É Õ�ÃHØ/ÙfØ'ÍoÅ3Û,É�Ó[ì«É�Õ�ÂlÔ�Â�ÐHÉ�É´Ï3È�í#ÜdÕ�ÃHØ�Ì	Å	Î	Ì	ô9Ü È�É�Ã	Ä!Å	Ì�Í>ÙRí�Ì	Ú'á
�	Å	Ñ

vs(x)
Û,Â�×!É�Ë ) Ý Ã	Å3Â�Ô/Ã3É�Ê�Ë�Å + Ì	í�Ð3ÅùÎ3É�Ã3É�ÇûÚ'Ø�Ú	í�Óhá§Ì	Å3Ô/í�Ï3ß�Ë�Ã3É�Ë�ß�Ó Õ�ÃHØ�Ì	Å	Î	Ì	í�Ó È�É�Ã	Ä!Å	Ì	í

Å	Ç
∂Γ \ {a, b} äPXÇnË�É�Â/Ã3É�Û7ôZöRÊ�ÃHØ�Ç�í Ý Â�Ð3í�ÎHØ/É�Û
�R~,À/Á �)
'yHvNÀ � D � ���	�f�������n��"w��$��	��������$ - �7 #"���
�$B��$	�B� â�ö�ë �����*� -

(
���	����$ -

)
$B� - � �	�	�	�	�#"3 3���

$�� $ "�� �n� " �B��1	�
Γ
* � -f- $ - �����*� -

(
���	����$ -

)
$B� - � �	�	�	�	�#"3 3���X�­$��X��&'� - �ù� $/- 1 - � $ "�� �n�

Γ0 ⊂ Γ
8

O«Ø�ÐHÉ�É Ý Â/Ú'Ø�Ç�ô2È#Ø/É�Ë�Ê�Ñ ÍHÎ	Ë�Â>Ê�Ð�Ø/Ô�Ø�ÑûÌ3É�Â�Ê �	Å'Ð	Ð3Ñ��	Å	Ñ�í�ÃHØ�È�Ì3É�Ì	Å	ÑÒâ�ö�ë�Ñ'È/Ð3Ñ	É�Ë�Ê�ÑûÌ3É�Â�Ô�Ü#Â�Ï3Å3Û7ô�Ûí�Ê�ÐHÂ/È�Å3É�Û Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Ê�Ë�Å�ÙRí�Ì	Ú��	Å	Å�K Ã	Å	ÌHØ«Ú	ÃHØ/É�È�Â/ÖÆÇ�Ø�Ï�Ø�Î	Åúâ�ö�ë�Íwâ é�ë�ä
� À#x��NÀ���� � D��h 3�����

Γ �
$ "�� � " �B��1 - �/�	�[�n�������n��"w��$��	��������$ - �7 #"���
�$B��$	�B� â�ö�ë �#"��B�����������	�

$B� - � �	�	�	�	�#"3 3���f$��f1 - � $ "�� �n�
Γ0 ⊂ Γ (Γ0 6= Γ)

8 +�-�$ ��� �2 	$	���	��% �H"��	$��f�#"�����
 - ��
��������/� â�ö�ë *
â é�ë $�� $ "�� �n�

Γ

�$���� - 1B��"w������$	$�� 8



=j
 - 1#" - �� - $B� - � �	�	�	��% �	�	�à�������n��"w��$��	��������$ -�$/-  #"���
�$B��$	��%û$�� $ "�� �n� 
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C
J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3ÛÆÃ3É�Ä«É�Ì	Å3É

ub(x)
Â�Ï3Ì3Â/Ã3Â�Ï3Ì3Â/Õ�Â[í�ÃHØ�È�Ì3É�Ì	Å	ÑÞâ�ö�ëBÌHØ

Γ
Í�í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ì«É�ÉLÈhÕ�ÃHØ�á

Ì	Å	Î	Ì	ô9ÜûË�Â/Î	Ú'Ø�ÜûÚ	ÃHØ/É�È�ô�Û í�Ê�ÐHÂ/È�Å	Ñ	Û
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�'´d�

G�² N $ ‖x̂+ ŷ‖κ 6 C(‖x̂‖κ + ‖ŷ‖κ)
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p� �'´d� ° ´�³ J 
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X

�'´d�
B⊥ = B̃⊥ ∩ X

Í $ 
�´d� F
X
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 ±+FOI�$ �'³�³ J � °�SVL ³ FOG F.±+F � G#°�I ³ � G$G 
�� F.° � �'³�³

� ° ´ G 
�´9N ° N $ �WN�´d� G 
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 ° ´ $

x̄, x : Q→ [0,∞]( J

x̄(q) = sup{xα(q) : α ∈ A} (q ∈ Q),
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ẑ ∈ Xκ


 G $ N��x� F�$<G#° � ²�F � &_G�² � G ‖x‖ 6 A� °�I �'´ � I (�
 G$I � I$JZF ³ FOSTF ´ G
x ∈ X

` 
 G�²
0 6 x 6 ẑ
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µh¶	·�¸'¹�º/»9¹X¼�¶	½/º/¾#¿������������/�����	�/��������������¥������L�����������H�������/�H�������/���N�����������/�����	�/�����������/���N�/�����,�/�������/����������/������� ������¢����������/������� �,������������������������¥h�3���/�������������9���/���������/��¢����	��� !w¢��/��N���� ¯
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r D �tD �fx	~wÁ ��
'xHy
� ,-� � $ .0.0��,-4 ��������� ������/ 4 �+.'�
	���!
. $
� ������� & $ / ! $%�

# �/¥ ¨ �������/�����/�����������2¢��/�����/�����/¥ 2l
�/����¥������������������,�/�9��� ¨ !#!w�'N��/���/���5���������������h�/��������¥������,���X�	�/������©����¥����/�����������������û�R�������������à���/�����'N��/���à���f���/�������������û�/�������3�����������«���/��������¥à�����������«�R�/�����H�����������	��/�����/�������/�����	�

(kj − 1)−
�/����¥��������

j = 1, . . . , l
���§���

1 6 k1 < . . . < kl 6 2l ¯�& ��� kj = j
�����h�/������¦���©�/�/�h�X����������¢ # �/����¦��/�����h�/��� kj = j + 1

£õ�X����������¢ � ���/�H����� ¯ ���/�����������������t�����������������/����¢����/�����/�!N�����/���������3����������� ¨ �����X�����������[� !N�����	¢����L������������� ¯
µh¶	·�¸'¹�º/»9¹9¼�¶	½/º/¾#¿ ¨ �������/�����/���������3¢��/�����/�����/�������/��������¥L���������������/�����H�������������/�����/�������/���������	�/����������¥���©����¥h�����������������������������[�����/��¢��#� !N�����/���������3������������� !N�����	¢������������������ ¯
J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û ÈÆÂ�Ô�Ð�Ø/Ê�Ë�Å

D
ÌHØ Ý ÐHÂ�Ê�Ú�Â�Ê�Ë�Å�ÍNÂ/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì3Â/Ö Õ�Ð�Ø�Ï3Ú	Å3ÛbÚ�Â/Ì	Ë�í�Ã3Â�Û Γ

ÍBÏ	Ð3Ñ�ò�Ð	á
Ð3Å Ý Ë�Å	Î3É�Ê�Ú�Â/Õ�Â­í�ÃHØ�È�Ì3É�Ì	Å	Ñ 2l Ý Â/Ã#Ñ�Ï3Ú'Ø

2l∑

r=0

ar
∂2lu

∂x2l−r∂yr
+

∑

06r6k62l−1

ark(x)
∂ku

∂xk−r∂yr
= F (1)

Ê Ý Â�Ê�Ë�Â�Ñ'Ì	Ì	ô�Û7Å5Ê�Ë/Ø�Ã	Ä!Å3Û7ÅtÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë/Ø/Û7Å ar ∈ R
Å�ÛNÐ�Ø�Ï3Ä!Å3Û7ÅtÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë/Ø/Û7Å

ark ∈
Cµ(D)

Ú	ÃHØ/É�È�í�Ó Ç�Ø�Ï�Ø�Î	í
∂kj−1u

∂nkj−1

∣∣∣∣
Γ

= fj , j = 1, . . . , l, (2)

Õ�ÏHÉ
n = n1 + in2

Â/Ç�ÌHØ�ÎHØ/É�ËtÉ�Ï3Å	Ì	Å	Î	Ì	í�ÓñÈ�Ì3É�Ä!Ì	Ó[ÓdÌ3Â/Ã3ÛLØ�Ð3ß�Å5ÌHØ�Ë�í�ÃHØ�Ð3ß�Ì	ô�É
kj
Ý Â�Ï3Î	Å	Ì3É�Ì	ôí�Ê�ÐHÂ/È�Å	Ó

1 6 k1 < . . . < kl 6 2l
ä�UnØ�Ú´Â�Ô/ô2Î	Ì3Â	Í Ý Â�Ï Ì3Â/Ã3ÛLØ�Ð3ß�Ì3Â/Ö Ý Ã3Â/Å	Ç�È�Â�Ï3Ì3Â/Ö (∂/∂n)rÝ Â/Ã#Ñ�Ï3Ú'Ø r Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�Ñ�Ç�ÏHÉ�Ê�ß>Õ�ÃHØ�Ì	Å	Î	Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/Ã
(
n1

∂

∂x1
+ n2

∂

∂x2

)r

.

VhÌHØ�ÐHÂ/Õ�Å	Î	Ì	ô2Ö�Ê�Û7ô�Ê�ÐtÅ3Û,É�É�ËÞÅÆÕ�ÃHØ�Ì	Å	Î	Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/Ã (∂/∂e)r Ý Â­Â/Ë�Ì3Â/Ä«É�Ì	Å	ÓlÚtÉ�Ï3Å	Ì	Å	Î	Ì3Â�Û7í
Ú'Ø/Ê�Ø�Ë�É�Ð3ß�Ì3Â�Û7íûÈ�É�Ú	Ë�Â/Ã	í

e = e1 + ie2 = i(n1 + in2)
ä

mXÃ	Å
kj = j

Å3Û,É�É�ÛlÇ�Ø�Ï�Ø�Î	í OfÅ	Ã	Å'Ü�ÐHÉ�Í�Ø�ÈÒÊ�Ð3í�ÎHØ/É
kj = j + 1

Í
1 6 j 6 l,

ò�Ë�íúÇ�Ø�Ï�Ø�Î	í
É�Ê�Ë�É�Ê�Ë�È�É�Ì	Ì3Â>ÌHØ�Ç�È#Ø�Ë�ß­Ç�Ø�Ï�Ø�Î3É�ÖÆeRÉ�Ö3ÛLØ�ÌHØ'ÍHÂ/ÌHØoÔ/ô9Ð�Ø«Å	Ç�í�Î3É�ÌHØoV!ä g ä	]�Å��HØ�Ï3Ç�É>æåö�ê Ï	Ð3Ñ Ý Â�Ð3Å	Õ�Ø�Ã'áÛ,Â/Ì	Å	Î3É�Ê�Ú�Â/Õ�Â5í�ÃHØ�È�Ì3É�Ì	Å	Ñ äNOnÐ3ÑùÂ�Ï3Ì3Â/Ã3Â�Ï3Ì3Â/Õ�Â5í�ÃHØ�È�Ì3É�Ì	Å	Ñ â�ö�ë!Ô�É�Ç�ÛNÐ�Ø�Ï3Ä!Å'ÜúÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�Â/È
Ç�Ø�Ï�Ø�ÎHØÆâ ø�ë�Ô/ô9Ð�Ø«ÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�ÌHØ>È�æ ø�ê�ä�M[Ô/ì!Å	ÖÆÊ�Ð3í�ÎHØ�Ö�Ç�Ø�Ï�Ø�Î	Å â�ö�ë�Íwâ ø�ë�ÈoÚ'Ð�Ø/Ê�Ê�ÉnÙRí�Ì	Ú��	Å	Ö

u ∈ C2l(D) ∩ C2l−1,µ(D),

2l∑

r=0

ar
∂2lu

∂x2l−r∂yr
∈ Cµ(D), (3)

ü© ý�þ�ÿ��£p ������������� °L¯ &9¯
1 �	������������� �/�����/�������2�/���3����¦�$�����¢������������������/�����������������/¥%� ���������H�@| ÿ�¯ �6P�ÿ�ÿ�¯ ý�þ�ÿ��/G ¡�ª ¯
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 � 8 � 8
Ô/ô9Ð Å3Ê�Ê�ÐHÉ�ÏHÂ/È#Ø�Ì Èbæ 
�ê�ä g ò�Ë�Â/ÖbÃHØ/Ô�Â/Ë�É�Ç�Ø�Ï�Ø�ÎHØ â ø�ëÞÔ/ô9Ð�ØúÃ3É�Ï3í��	Å	Ã3Â/È#Ø�ÌHØùÚ ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì3Â/Ö
Ê�Å3Ê�Ë�É�Û,ÉhÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô9Ü­í�ÃHØ�È�Ì3É�Ì	Å	Ö­ÈnÚ'Ð�Ø/Ê�Ê�É

Cµ(Γ)×Cµ(D)
Í Ý Ã	Å	Î3É�Û5í�ÃHØ�È�Ì3É�Ì	Å	Ñ Ý ÂnÚ�Â/Ì	Ë�í�Ã	íÔ/ô9Ð3ÅÞÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô�Û7Å�ä � Ø/Û,É�Ë�Å3Û2Í�Î	Ë�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Âàâ 
�ëNÇ�Ø�È�Å3Ê�Å	Ë!Â/ËfÊ�Ë/Ø�Ã	Ä!Å'ÜoÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�Â/Èí�ÃHØ�È�Ì3É�Ì	Å	ÑÒâ�ö�ë�ä

g ÌHØ/Ê�Ë�Â�Ñ'ì«É�Ö«ÃHØ/Ô�Â/Ë�É9ò�Ë�Å!Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë�ô ÃHØ/Ê Ý Ã3Â�Ê�Ë�ÃHØ�Ì	Å3Û�ÌHØ[Ê�Ð3í�ÎHØ�Ö«Â�Ô/ô2Î	Ì3Â/Õ�Â Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø
C2l,µ(D)

ä g ò�Ë�Â�ÛjÊ�Ð3í�ÎHØ/ÉÞÊ�Å3Ê�Ë�É�ÛLØÆÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô9Üúí�ÃHØ�È�Ì3É�Ì	Å	Ö�Í7ÂÆÚ�Â/Ë�Â/Ã	ô9Ü ÄfÐ�Ø�Ã3É�Î	ß�È�ô2Ä«É�Í
ÏHÂ�Ð3×oÌHØ ÃHØ/Ê�Ê�ÛLØ�Ë�Ã	Å	È#Ø�Ë�ß�Ê�ÑbÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C1,µ(Γ) × Cµ(D)

Í�Å É�ÉÆÅ3Ê�Ê�ÐHÉ�ÏHÂ/È#Ø�Ì	Å3É�Ë�Ã3É�Ô/í�É�Ë
Â/Ë�ÏHÉ�Ð3ß�Ì3Â/Õ�Â Ý Â�Ï	Ü#Â�Ï�Ø'ä�eXÅ	×!ÉRÈ�Ê�ÉnÂ�Ô�Â/Ç�ÌHØ�Î3É�Ì	Å	ÑÒæ 
�êwÊ�Â�Ü'ÃHØ�Ì	Ñ'Ó[Ë�Ê�ÑÆÔ�É�ÇnÅ	Ç�Û,É�Ì3É�Ì	Å	Ö�äg Ï�Ø�Ð3ß�Ì3É�Ö	Ä«É�Û Ý Ã3É�Ï Ý Â�Ð�Ø�Õ�Ø/É�Ë�Ê�Ñ Í�Î	Ë�Â Γ Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë�Ú'Ð�Ø/Ê�Ê�í C2l,µ ä g Ê�Ð3í�ÎHØ/É

l = 1
ò�Ë�Â

í�Ê�ÐHÂ/È�Å3É�Ì3É�Ê�Ú�Â�Ð3ß�Ú�Â í�Ê�Å'Ð3Å3Û2Í Ý Â/Ë�Ã3É�Ô�Â/È#Ø�È Γ ∈ C1,µ+ε ÊûÌ3É�Ú�Â/Ë�Â/Ã	ô�Û ε > 0
äL`7ÏHÂ�Ô/Ì3Â5È5ò�Ë�Â/Ö

Ê�È�Ñ'Ç�Å Ý Â�Ï C1,µ+0 Ý Â/Ì	Å3ÛLØ�Ë�ß5Â�Ô/ß�É�Ï3Å	Ì3É�Ì	Å3ÉàÚ'Ð�Ø/Ê�Ê�Â/È C1,µ+ε Ý ÂÆÈ�Ê�É�Û ε > 0
ä g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�Í

ΓÝ Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	ËÞò�Ë�Â�Û7íàÚ'Ð�Ø/Ê�Ê�íàÏ	Ð3ÑûÈ�Ê�É�ÜàÇ�ÌHØ�Î3É�Ì	Å	Ö l ä3YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2ÍHÙRí�Ì	Ú��	Å	Å n1 Í n2 Å�Í	Ç�ÌHØ�áÎ	Å	Ë�Í'Ú�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ô´Õ�ÃHØ�Ì	Å	Î	Ì	ô9Ü­Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì	ô9ÜàÂ Ý É�ÃHØ�Ë�Â/Ã3Â/ÈÆâ ø�ë Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�Ë>Ú'Ð�Ø/Ê�Ê�í
C2l−1,µ(Γ)

ä9JNÉ�Ä«É�Ì	Å3É�í�ÃHØ�È�Ì3É�Ì	Å	Ñ^â�ö�ë>Å	ì«É�Ë�Ê�ÑïÈ Ú'Ð�Ø/Ê�Ê�É
C2l,µ(D)

Í�Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�É�Ì	Ì3ÂùÉ�Õ�Â Ý ÃHØ�áÈ#Ø�ÑÆÎHØ/Ê�Ë�ßÞÏHÂ�Ð3×oÌHØ Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�Ë�ß Cµ(D)
ÍBØ­ÙRí�Ì	Ú��	Å	Å

fj
ÈÞÚ	ÃHØ/É�È�Â�Û´í�Ê�ÐHÂ/È�Å	Å â ø�ë9a Ú'Ð�Ø/Ê�Ê�í

C2l−kj+1,µ(Γ)
ä

mXí�Ê�Ë�ß
νk
Í
1 6 k 6 m

Í�aîÈ�Ê�ÉoÃHØ�Ç�Ð3Å	Î	Ì	ô�É­Ú�Â/Ã	Ì	Å5Ü�Ø�ÃHØ�Ú	Ë�É�Ã	Å3Ê�Ë�Å	Î3É�Ê�Ú�Â/Õ�Âtí�ÃHØ�È�Ì3É�Ì	Å	Ñ
a0 +

a1z + . . . + a2lz
2l = 0

È5È�É�Ã�Ü'Ì3É�Ö Ý Â�Ð3í Ý ÐHÂ�Ê�Ú�Â�Ê�Ë�Å´Å lk a Ú	ÃHØ�Ë�Ì3Â�Ê�Ë�ß
k
á§Õ�Â5Ú�Â/Ã	Ì	Ñ Í�Ë/Ø�ÚõÎ	Ë�Â

∑
k lk = l

äHTïò�Ë�Å3Û7Å�Ú�Â/Ã	Ì	Ñ	Û7Å�Ê�È�Ñ'×!É�Û ÛLØ�Ë�Ã	Å��	í
B ∈ C

2l×l Ê�ÐHÉ�Ï3í�Ó[ì«É�Õ�Â>Ê Ý É �	ÅHØ�Ð3ß�Ì3Â/Õ�Â>È�Å'Ï�Ø'äSLÊ�Ð3ÅùÌ3É�Ú�Â/Ë�Â/Ã	ô2Ö
n
á§È�É�Ú	Ë�Â/Ã

g(z) = (g1(z), . . . , gn(z))
Ø�ÌHØ�Ð3Å	Ë�Å	Î3É�ÌùÈ�Â/Ú	Ã3É�Ê�Ë�Ì3Â�Ê�Ë�Å Ë�Â/Î3É�Ú

ν1, . . . , νm
Í Ë�Â	Í�Å3Ê�Ü#Â�Ï3ÑÒÅ	Ç>ÃHØ�Ç�Ô/Å3É�Ì	Å	Ñ

l = l1 + . . . + lm
Í�Û,Â�×!É�Û È�È�É�Ê�Ë�Å Ô�ÐHÂ/Î	Ì	í�Ó

n × l
á�ÛLØ�Ë/á

Ã	Å��	í
Wg(ν1, . . . , νm) = (Wg(ν1), . . . ,Wg(νm)),

Õ�ÏHÉoÛLØ�Ë�Ã	Å��HØ
Wg(νk) ∈ C

n×lk
Ê�Â�Ê�Ë/Ø�È/ÐHÉ�ÌHØàÅ	Ç

È�É�Ú	Ë�Â/Ã3Â/È/á�Ê�Ë�Â�ÐHÔ#�3Â/È
g(νk), g

′(νk), . . . ,
1

(lk − 1)!
g(lk−1)(νk).

mXÃ	Å3Û,É�Ì	Ñ'ÑÆò�Ë�ÂÞÂ�Ô�Â/Ç�ÌHØ�Î3É�Ì	Å3É!Ú
2l
á�Ê�Ë�Â�ÐHÔ#�	í

h(z) = (1, z, . . . , z2l−1)
ÍHÂ Ý Ã3É�ÏHÉ�Ð3Å3ÛïË�É Ý É�Ã	ß 2l × l

á
ÛLØ�Ë�Ã	Å��	í

B
ÃHØ�È�É�Ì3Ê�Ë�È�Â�Û

B =Wh(ν1, . . . , νm).� Ø/Û,É�Ë�Å3Û2ÍLÎ	Ë�Â�Ú	È#Ø�Ï3ÃHØ�Ë�ÌHØ�Ñ ÛLØ�Ë�Ã	Å��HØ
B̃
Í,Ê�Â�Ê�Ë/Ø�È/ÐHÉ�Ì	ÌHØ�Ñ Å	Ç

B
Å
B
Í,Â�Ô/ÃHØ�Ë�Å3ÛLØ'ä�SLÊ�Ð3Å

l ×
2l
á�ÛLØ�Ë�Ã	Å��	í�Í2Â�Ô/ÃHØ�Ç�Â/È#Ø�Ì	Ì	í�Ó Ê�Ë�Ã3Â/Ú'Ø/Û7ÅbÂ�Ô/ÃHØ�Ë�Ì3Â/Ö ÛLØ�Ë�Ã	Å��	ô

B̃−1 Í�Â�Ô�Â/Ç�ÌHØ�Î	Å	Ë�ßùÎ3É�Ã3É�Ç B1 Í�Ë�ÂÈ�Ë�Â/Ã	ô�ÉhÉ�É
l
á�Ê�Ë�Ã3Â/ÚÞÂ�Ô/ÃHØ�Ç�í�Ó[ËnÚ�Â�Û Ý ÐHÉ�Ú�Ê�Ì3Â«Ê�Â Ý Ã#Ñ'×!É�Ì	Ì	í�Ó ÛLØ�Ë�Ã	Å��	í�ä#mRÂ/ò�Ë�Â�Û7í

B
Å
B1 Ê�È�Ñ'Ç�Ø�Ì	ôÊ�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å3É�Û

2ReBB1 = � ,
Õ�ÏHÉtÇ�ÏHÉ�Ê�ß Å´Ì	Å	×!É

�
Â/Ç�ÌHØ�ÎHØ/É�ËïÉ�Ï3Å	Ì	Å	Î	Ì	í�Ó ÛLØ�Ë�Ã	Å��	ílâðÅ'Ð3Å

É�Ï3Å	Ì	Å	Î	Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/Ã�ë�ä
§ Ú	ÃHØ/É�È�ô�Û7Åõí�Ê�ÐHÂ/È�Å	Ñ	Û7Åjâ ø�ë«Ê�È�Ñ'×!É�Û

l × 2l
á�ÛLØ�Ë�Ã	Å��	í

C = (Cjk) ∈ C1,µ(Γ)
Í,ò�ÐHÉ�Û,É�Ì	Ë�ô

Ú�Â/Ë�Â/Ã3Â/Ö�Â Ý Ã3É�ÏHÉ�Ð3Ñ'Ó[Ë�Ê�Ñ�Å	ÇfÊ�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Ö
2l∑

k=1

Cjk(t)z
k−1 =

[
e1(t) + e2(t)z

]2l−kj [− e2(t) + e1(t)z
]kj−1

, 1 6 j 6 l, (4)

Õ�ÏHÉ
e = e1 + ie2 = i(n1 + in2)

a É�Ï3Å	Ì	Å	Î	Ì	ô2Ö5Ú'Ø/Ê�Ø�Ë�É�Ð3ß�Ì	ô2Ö5È�É�Ú	Ë�Â/Ã�Ú�Ú�Â/Ì	Ë�í�Ã	í
Γ
ä � Ø/Û,É�Ë�Å3Û2Í

Î	Ë�Â>É�Õ�ÂoÌHØ Ý ÃHØ�È/ÐHÉ�Ì	Å3ÉfÂ�Ê�Ë/Ø�È/Ð3Ñ	É�ËÞÂ�Ô�Ð�Ø/Ê�Ë�ß D Ê�ÐHÉ�È#Ø'ä
T�ÙnÂ/Ã3Û7í�Ð3Å	Ã	í�É�Û Ø�ÌHØ�ÐHÂ/Õ@Â�Ê�Ì3Â/È�Ì3Â/Ö Ë�É�Â/Ã3É�Û7ô Å	Ç æ 
�ê Ý Ã	Å3Û,É�Ì	Å	Ë�É�Ð3ß�Ì3Â Ú Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�í

C2l,µ(D)
ä9eRÉ�Ú�Â/Ë�Â/Ã3Â�É�Â/Ë�Ð3Å	Î	Å3É�Ê�Â�Ê�Ë�Â/Å	ËúË�Â�Ð3ß�Ú�Â È Ë�Â�Û2Í�Î	Ë�Â Ú�Â/Ì	Ë�í�Ã

Γ
ÈúÃHØ/Ê�Ê�ÛLØ�Ë�Ã	Å	È#Ø/É�Û,Â�Û

Ê�Ð3í�ÎHØ/ÉRÌ3É Ý Ã3É�Ï Ý Â�Ð�Ø�Õ�Ø/É�Ë�Ê�Ñ Ý Ã3Â�Ê�Ë�ô�Û2ä
� À#x��NÀ���� AHD �h 3�����!� - $B�� #"

Γ,
-�$ "���$	���/�	
���&��!�	� - �����������

D
* 1#"��	$������B���o�B�R�	�������� 

C2l,µâ �	�������� 
C2,µ+0 1#"�� l = 1)

�Þ� - ��� - �B�2�3
�1#" - ����0 !!� - $B�� #" - 

Γ0,Γ1, . . . ,Γn

* $ �w�
Γ0
- !'
�����02
������


'��� - ����������$	0X�[� - $B�� #"�0 8
+�-�$ ���o
o1#"w����1 - � - �>��$	�	�

det[C(t)B] 6= 0, t ∈ Γ, (5)



� � - ��$ - �Æ�#"�����
 - ��
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��������#�

(1)
*
(2)

�9"w��� $/- ����� - 
��«
o1#" - ����"���$B����
'�
C2l,µ(D)

�������	$#�w���3�
κ
���������,% � - "B�w �� - �

κ = − 1

π
[arg det(CB)]

∣∣
Γ
+ l(2l − n), (6)

$ �w��1#"��#"�� �­��$	�B�h$��n� - $B�� #"w�)����"w�����,%û
«1 - � - �o�B��������$ - �õ$���1#"���
��B��$	�	� â � 8 � 8 
«$���1#"���
��B��$	�	� *
- ������
���%�&��­��� - �����������û���B��
�� ë �

n
�������Æ�/�B��� - ��
 %	
�$	0 !à� - �71 - $B��$B�«� - $B�� #"��

Γ
8

� Ø/Û,É�Ë�Å3Û2Í�Î	Ë�ÂRÈnÊ�Ð3í�ÎHØ/É Ý Ã3Â�Ê�Ë�Â/Õ�ÂnÚ�Â/Ì	Ë�í�ÃHØ (n = 0)
ò�Ë/ØXË�É�Â/Ã3É�ÛLØnÊ�Â/Õ�Ð�Ø/Ê�í�É�Ë�Ê�ÑÞÊ9Ë�É�Â/Ã3É�Û,Â/Ö�ö

Å	Ç>æ é�ê�Í Ý Â�Ð3í�Î3É�Ì	Ì3Â/Ö Ý ÂoÂ/Ë�Ì3Â/Ä«É�Ì	Å	Ó^Ú Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�íÒâ 
�ë�ä
C
UnØ�Ú!Å!È«æ 
�ê'È Ý Ã	Å	Ì	Ñ'Ë�ô9Ü Ý Ã3É�Ï Ý Â�ÐHÂ�×!É�Ì	Å	Ñ�ÜoÕ�Ð�Ø�Ï3Ú�Â�Ê�Ë�Å>Â/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â Γ Ý Â/Ã#Ñ�Ï3Ú	Å«Õ�ÃHØ�Ì	Å	Î'áÌ	ô9ÜÆÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô9Ü�Â Ý É�ÃHØ�Ë�Â/Ã3Â/ÈûÈ�â ø�ë�Û,Â�×oÌ3ÂàÈ�ô2Ã3Â/È�Ì	Ñ'Ë�ß5âãÊ!Ê�Â�Ü'ÃHØ�Ì3É�Ì	Å3É�Û´ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì3Â�Ê�Ë�ÅÇ�Ø�Ï�Ø�Î	Å�ë�ä

`LÊ�ÐHÂ/È�Å3Û,Ê�ÑRÏ	Ð3ÑnÙRí�Ì	Ú��	Å	Å
ϕ ∈ C1(Γ) Ý Â�Ï ϕ′ Ý Â/Ì	Å3ÛLØ�Ë�ß Ý Ã3Â/Å	Ç�È�Â�Ï3Ì	í�Ó Ý Â Ý Ø�ÃHØ/Û,É�Ë�Ã	í[Ï	Ð3Å	Ì	ôÏ3í�Õ�Å�ÍHÂ/Ë�Ê�Î	Å	Ë�ô2È#Ø/É�Û,Â/Ö�È Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â�Û´ÌHØ Ý ÃHØ�È/ÐHÉ�Ì	Å	Å Ý Â­Â/Ë�Ì3Â/Ä«É�Ì	Å	ÓlÚ

D
âðË�ä�É�ä3È­ÌHØ Ý ÃHØ�È/áÐHÉ�Ì	Å	Å�Í3Â�Ê�Ë/Ø�È/Ð3Ñ'Ó[ì«É�ÛõÂ�Ô�Ð�Ø/Ê�Ë�ß

D
Ê�ÐHÉ�È#Ø�ë�äHYwÂ/Õ�Ï�Ø'ÍHÂ/Î3É�È�Å'Ï3Ì3Â	Í3Å3Û,É�É�ÛùÃHØ�È�É�Ì3Ê�Ë�È�Â

(u+)′ =
∂u

∂e

∣∣∣∣
Γ

,

Ç�ÏHÉ�Ê�ßtÅúÌ	Å	×!ÉûÊ�Å3Û7È�Â�Ð
” + ”

í�Ú'Ø�Ç�ô2È#Ø/É�Ë5ÌHØÆÕ�ÃHØ�Ì	Å	Î	Ì3Â�ÉàÇ�ÌHØ�Î3É�Ì	Å3É�ÙRí�Ì	Ú��	Å	Å�ä7U Ê�Â�×«Ø�ÐHÉ�Ì	Å	Ó«Í
Â Ý É�ÃHØ	�	Å	Ñ Ï3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã3Â/È#Ø�Ì	Å	Ñ ϕ → ϕ′ Ì3ÉàÑ'È/Ð3Ñ	É�Ë�Ê�ÑùÂ�Ô/ÃHØ�Ë�Å3Û,Â/Ö C1(Γ) → C(Γ)

äLM�Ï3ÌHØ�Ú�Â
Ú'Ø�Ú Ý Â/Ú'Ø�Ç�Ø�Ì3Â>ÈÆæ 
�ê�Í'ò�Ë�Å3Û Ê�È�Â/Ö3Ê�Ë�È�Â�ÛõÂ�Ô�Ð�Ø�Ï�Ø/É�ËÞÂ Ý É�ÃHØ	�	Å	Ñ

ϕ→ ϕ′ +
1

s(Γ)

∫

Γ

ϕ(t) d1t,

Õ�ÏHÉ
s(Γ)

Â/Ç�ÌHØ�ÎHØ/É�ËtÏ	Ð3Å	Ì	í5Ú�Â/Ì	Ë�í�ÃHØ
Γ
Å
d1t

É�Ê�Ë�ßtò�ÐHÉ�Û,É�Ì	Ë�Ï	Ð3Å	Ì	ôZÏ3í�Õ�Å�ä�� Ø/Û,É�Ë�Å3Û2Í7Î	Ë�Â
r
á�Ø�Ñ

Å	Ë�É�ÃHØ	�	Å	Ñûò�Ë�Â/ÖÆÂ Ý É�ÃHØ	�	Å	Å�ÏHÉ�Ö3Ê�Ë�È�í�É�ËàØ�ÌHØ�ÐHÂ/Õ�Å	Î	Ì	ô�ÛïÂ�Ô/ÃHØ�Ç�Â�Û 7

ϕ→ ϕ(r) +
1

s(Γ)

∫

Γ

ϕ(t) d1t.

g Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�Å	Å�ÊRò�Ë�Å3Û â ø�ë�Û,Â�×oÌ3Â>Ç�Ø/Û,É�Ì	Å	Ë�ß­ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì	ô�ÛõÚ	ÃHØ/É�È�ô�Û í�Ê�ÐHÂ/È�Å3É�Û

(
∂kj−1u

∂nkj−1

)(2l−kj)

+
1

s(Γ)

∫

Γ

∂kj−1u

∂nkj−1
d1t = f

(2l−kj)
j +

1

s(Γ)

∫

Γ

fj(t) d1t, 1 6 j 6 l. (7)

VhÌHØ�ÐHÂ/Õ�Å	Î	Ì3Âúæ 
�ê�ÏHÂ/Ú'Ø�Ç�ô2È#Ø/É�Ë�Ê�Ñ Í,Î	Ë�ÂÆÏ	Ð3Ñ
u ∈ C2l,µ(D)

Å
2 6 kj 6 2l − 1

Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�ÂÃHØ�È�É�Ì3Ê�Ë�È�Â
(
∂kj−1u

∂nkj−1

)(2l−kj)

=

[(
∂

∂e

)2l−kj ( ∂

∂n

)kj−1
]
u+

∑

16k+r62l−kj

bkr

(
∂k+ru

∂xk∂yr

)+

ÊXÌ3É�Ú�Â/Ë�Â/Ã	ô�Û7Å
bkr ∈ Ckj−1,µ(Γ)

Í'Ú�Â/Ë�Â/Ã3Â�É Ý Ã	Å k1 = 1
Ê�ÐHÉ�Ï3í�É�Ë>Ç�Ø/Û,É�Ì	Å	Ë�ß­ÌHØ

(u+)(2l−1) =
∂2l−1u

∂e2l−1

∣∣∣∣
Γ

+
∑

16k+r62l−2

bkr

(
∂k+ru

∂xk∂yr

)+

, bkr ∈ C1,µ(Γ).
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g ÂoÈ�Ê�É�ÜûÊ�Ð3í�ÎHØ�Ñ�ÜàÚ	ÃHØ/É�È�Â�Éní�Ê�ÐHÂ/È�Å3É­â ��ë9Û,Â�×oÌ3Â>Ç�Ø Ý Å3Ê�Ø�Ë�ß>È­ÙnÂ/Ã3Û,É

[(
∂

∂e

)2l−kj ( ∂

∂n

)kj−1
]
u+

∑
bkr

(
∂k+ru

∂xk∂yr

)+

+
1

s(Γ)

∫

Γ

∂kj−1u

∂nkj−1
d1t = f0j , (8)

Õ�ÏHÉnÊ�í'Û,Û7Å	Ã3Â/È#Ø�Ì	Å3ÉfÈ�É�ÏHÉ�Ë�Ê�Ñ Ý Â 1 6 k + r 6 2l − 2
Í	Ú�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë�ô

bkr ∈ C1,µ(Γ)
Å

f0j = f
(2l−kj)
j +

1

s(Γ)

∫

Γ

fj(t) d1t, kj < 2l.

mXÃ	Å
j = l

Å
kl = 2l

É�ÉÞÊ�ÐHÉ�Ï3í�É�Ë�Ç�Ø/Û,É�Ì	Å	Ë�ßtÌHØ
f0l = fl

ä g ÂÆÈ�Ê�É�ÜÒÊ�Ð3í�ÎHØ�Ñ�Ü5È�É�Ú	Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ñ
f0 ∈ C1,µ(Γ)

ä
g È�É�ÏHÉ�ÛõÔ�ÐHÂ/Î	Ì3Â�á Ï3ÅHØ�Õ�Â/ÌHØ�Ð3ß�Ì	í�Ó

l × l
á�ÛLØ�Ë�Ã	Å��	í

J
Í	Ê�Â�Ê�Ë/Ø�È/ÐHÉ�Ì	Ì	í�Ó^Å	ÇnÚ'ÐHÉ�Ë�Â/Ú�� Â/Ã�Ï�Ø�ÌHØ 7

J = diag(J1, . . . , Jm), Jk =




νk 1 0 . . . 0
0 νk 1 . . . 0
· · · . . . ·
0 0 0 . . . 1
0 0 0 . . . νk




∈ C
lk×lk .

T�ò�Ë�Â/Ö«ÛLØ�Ë�Ã	Å��3É�Ö«ÈhÏ�Ø�Ð3ß�Ì3É�Ö	Ä«É�ÛtÊ�È�Ñ'Ç�Ø�ÌHØhÂ Ý É�ÃHØ	�	Å	Ñ Í�Ú�Â/Ë�Â/ÃHØ�Ñ!Ú�Â�Û Ý ÐHÉ�Ú�Ê�Ì3Â�Û7í!Î	Å3Ê�Ð3í z = x+iyÊ�Ë/Ø�È�Å	Ë5È5Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�Å3É
l × l

á�ÛLØ�Ë�Ã	Å��	í
zJ = x + yJ

ÍNÕ�ÏHÉ
x
Â/Ç�ÌHØ�ÎHØ/É�ËÒÊ�Ú'Ø�Ð3Ñ'Ã	Ì	í�ÓîÛLØ�Ë�Ã	Å��	í�ä

g Ñ'È�Ì3Â�ÛùÈ�Å'ÏHÉ
zJ = diag(zJ1 , . . . , zJm)

Í	Õ�ÏHÉ

zJk =




x+ νky y 0 . . . 0
0 x+ νky y . . . 0
· · · . . . ·
0 0 0 . . . y
0 0 0 . . . x+ νky



.

M[Ô�Â/Ç�ÌHØ�Î	Å3ÛúÉ�ì«É2Î3É�Ã3É�Ç
P2l−2

Ú'Ð�Ø/Ê�Ê�È�Ê�É�Ü>Û7Ì3Â/Õ�Â/Î'ÐHÉ�Ì3Â/È
p(x, y)

Ê�Ë�É Ý É�Ì	Å­Ì3É�È�ô2Ä«É 2l−2
Í#É�Õ�Â

ÃHØ�Ç�Û,É�Ã	Ì3Â�Ê�Ë�ß3Í�Â/Î3É�È�Å'Ï3Ì3Â	Í	Ï�Ø/É�Ë�Ê�ÑûÃHØ�È�É�Ì3Ê�Ë�È�Â�Û
dimP2l−2 = l(2l − 1).T�Â/È�É�Ã	Ä«É�Ì	Ì3ÂùØ�ÌHØ�ÐHÂ/Õ�Å	Î	Ì3Â´æ 
�ê[Ú	ÃHØ/É�È#Ø�ÑõÇ�Ø�Ï�Ø�ÎHØ´â�ö�ë�ÍXâ ç�ë«Ã3É�Ï3í��	Å	Ã	í�É�Ë�Ê�Ñ´Úõò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì3Â/Ö

Ç�Ø�Ï�Ø�Î3ÉRÏ	Ð3Ñûò�Ð	Ð3Å Ý Ë�Å	Î3É�Ê�Ú�Â/ÖtÊ�Å3Ê�Ë�É�Û7ô Ý É�Ã	È�Â/Õ�Â Ý Â/Ã#Ñ�Ï3Ú'Ø
∂φ

∂y
− J

∂φ

∂x
+M1φ+ M̃1p = f1, (9)

2Re
[
(CB)φ+

]
+M0φ+ M̃0p = f0, (10)Õ�ÏHÉàÂ Ý É�ÃHØ�Ë�Â/Ã M1 Â/Õ�ÃHØ�Ì	Å	Î3É�ÌùÈ C1,µ(D)

ÍNÂ Ý É�ÃHØ�Ë�Â/Ã M0 Ú�Â�Û Ý Ø�Ú	Ë�É�ÌùÈ C1,µ(Γ)
Í,ØûÐ3Å	Ì3É�Ö	Ì	ô�É

Â Ý É�ÃHØ�Ë�Â/Ã	ô M̃1 Å M̃0 ÏHÉ�Ö3Ê�Ë�È�í�Ó[ËÒÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�É�Ì	Ì3ÂÒÅ	Ç P2l−2 → Cµ(D)
Å
P2l−2 → C1,µ(Γ)âðË�Â/Î	Ì3Â�ÉnÈ�ô2ÃHØ�×!É�Ì	Å3ÉnÈ�Ê�É�Üûò�Ë�Å'ÜûÂ Ý É�ÃHØ�Ë�Â/Ã3Â/È>Ï	Ð3ÑàÏ�Ø�Ð3ß�Ì3É�Ö	Ä«É�Õ�Â>Ì3É�Ê�í�ì«É�Ê�Ë�È�É�Ì	Ì3Â#ë�äQXË�Â>Ú'Ø/Ê�Ø/É�Ë�Ê�ÑÆÚ�Â�Û Ý ÐHÉ�Ú�Ê�Ì3Â/Ö l á§È�É�Ú	Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Å f1 Í	Ë�Â>Â/ÌHØ Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë Cµ(D)

ÅÆÂ Ý Ã3É�áÏHÉ�Ð3Ñ	É�Ë�Ê�Ñ!ÃHØ�È�É�Ì3Ê�Ë�È�Â�Û
f1 = (B1

1,2l, . . . , B
1
l−1,2l, B

1
1,2lF ),

Õ�ÏHÉ
B1

j,2l
Ý Ã3É�ÏHÊ�Ë/Ø�È/Ð3Ñ'Ó[ËnÊ�Â�Ô�Â/Ö!ò�ÐHÉ�Û,É�Ì'á

Ë�ô Ý Â�Ê�ÐHÉ�Ï3Ì3É�Õ�ÂfÊ�Ë�Â�ÐHÔ#�HØ l×2l
á�ÛLØ�Ë�Ã	Å��	ô

B1 Í/È�È�É�ÏHÉ�Ì	Ì3Â/Ö>È�ô2Ä«É�ä�enØ Ý Â�Û7Ì	Å3Û2Í�Î	Ë�ÂXÈ�É�ì«É�Ê�Ë�È�É�Ì	ÌHØ�Ñ
l
á§È�É�Ú	Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ñ

f0 ∈ C1,µ(Γ)
ä

UnØ�Ú�Å�È�æ 
�ê�È�È�É�ÏHÉ�Û Å	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô�ÉfÂ Ý É�ÃHØ�Ë�Â/Ã	ô Ý Â>Â�Ô�Ð�Ø/Ê�Ë�Å�7

(I1ϕ)(z) =
1

πi

∫

D

(t− z)−1
J ϕ(t) d2t, z ∈ D,

(S1ϕ)(z) =
1

πi

∫

D

(t− z)−2
J ϕ(t) d2t, z ∈ D,
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Õ�ÏHÉ

d2t
Â/Ç�ÌHØ�ÎHØ/É�Ënò�ÐHÉ�Û,É�Ì	Ë Ý ÐHÂ/ìoØ�Ï3Å�ä�mRÂ�Ê�ÐHÉ�Ï3Ì	Å	Ö­Å	Ì	Ë�É�Õ�ÃHØ�Ð>Ç�ÏHÉ�Ê�ßfÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2Ö>Å Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�ÑÈ>Ê�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�ÛõÊ�Û7ô�Ê�ÐHÉ�äHeRÉ�Â�Ô�Ü#Â�Ï3Å3Û,Â�Éfí�Ê�ÐHÂ/È�Å3ÉnÊ�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å	Ñ�ò�Ë�Â/Õ�ÂoÅ	Ì	Ë�É�Õ�ÃHØ�Ð�Ø 7

∫

T

ξ−2
J d1ξ = 0,

Õ�ÏHÉ
T
Â/Ç�ÌHØ�ÎHØ/É�ËnÉ�Ï3Å	Ì	Å	Î	Ì	í�ÓïÂ/Ú	Ã	í�×oÌ3Â�Ê�Ë�ß3Í�ÐHÉ�Õ�Ú�Â Ý Ã3Â/È�É�Ã#Ñ	É�Ë�Ê�Ñ ä�MhË�Û,É�Ë�Å3Û2Í�Î	Ë�Â[ÈXÊ�Å'Ð3ínÎ3É�Ë�Ì3Â�Ê�Ë�ÅÙRí�Ì	Ú��	Å	Å

ξ−2
J

È�ô Ý Â�Ð3Ì	Ñ	É�Ë�Ê�ÑÆÅûí�Ê�ÐHÂ/È�Å3É
∫

T+

ξ−2
J d1ξ = 0, (11)

Õ�ÏHÉ
T
+ Â/Ç�ÌHØ�ÎHØ/É�Ë>Ð3ÓXÔ/í�Ó Ý Â�Ð3í�Â/Ú	Ã	í�×oÌ3Â�Ê�Ë�ß3äUnØ�Ú Ý Â/Ú'Ø�Ç�Ø�Ì3Â«Èàæ � ê�Í�Ï	Ð3Ñ ϕ ∈ Cµ(D)

ÙRí�Ì	Ú��	Å	Ñ
I1ϕ

Ì3É Ý Ã3É�Ã	ô2È�Ì3Â!Ï3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�ÛLØfÈ«Â�Ô�áÐ�Ø/Ê�Ë�Å
D
Å�Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�ôjÙnÂ/Ã3Û7í�Ð3ô

∂(I1ϕ)

∂x
= σ1ϕ+ S1ϕ,

∂(I1ϕ)

∂y
= σ2ϕ+ JS1ϕ, (12)

ÊXÌ3É�Ú�Â/Ë�Â/Ã	ô�Û7ÅtÛLØ�Ë�Ã	Å��HØ/Û7Å
σk ∈ C

l×l Í	Ê�È�Ñ'Ç�Ø�Ì	Ì	ô�Û7Å�Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å3É�Û σ2 = Jσ1
ä g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�Í

(
∂

∂y
− J

∂

∂x

)
I1ϕ = 0. (13)

g Ê�Å'Ð3íïâ�ö�ö�ëRÚúÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì3Â�Û7íÒÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì3Â�Û7í Â Ý É�ÃHØ�Ë�Â/Ã	í S1 Û,Â�×oÌ3Â Ý Ã	Å3Û,É�Ì	Å	Ë�ßtË�É�Â/Ã3É�áÛ7í 
'ä é'äåö2Å	Ç!æ é�ê�Í�Ê�Â/Õ�Ð�Ø/Ê�Ì3ÂfÚ�Â/Ë�Â/Ã3Â/ÖÞò�Ë�Â/ËfÂ Ý É�ÃHØ�Ë�Â/ÃàÂ/Õ�ÃHØ�Ì	Å	Î3É�Ì­È Cµ(D)
ä'T í�Î3É�Ë�Â�Ûõâ�ö�ø�ë,Â/Ë�Ê�Ó9Ï�Ø

Ê�ÐHÉ�Ï3í�É�Ë�Í3Î	Ë�Â>Â Ý É�ÃHØ�Ë�Â/Ã I1 Â/Õ�ÃHØ�Ì	Å	Î3É�Ì Cµ(D) → C1,µ(D)
ä

g È�É�ÏHÉ�ÛúÏ�Ø�ÐHÉ�ÉRÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì	ô�É!Â Ý É�ÃHØ�Ë�Â/Ã	ô Ý Â«Ú�Â/Ì	Ë�í�Ã	í

(I0ψ)(z) =
1

2πi

∫

Γ

(t− z)−1
J dtJψ(t), z ∈ D,

Õ�ÏHÉ Ý ÂÞÂ/Ë�Ì3Â/Ä«É�Ì	Å	ÓlÚÆË�Â/Î	Ú�É
t = t1 + it2

ÌHØoÚ	Ã	Å	È�Â/Ö
dtJ

Â/Ç�ÌHØ�ÎHØ/É�ËàÚ�Â�Û Ý ÐHÉ�Ú�Ê�Ì	ô2Ö5ÛLØ�Ë�Ã	Å	Î	Ì	ô2ÖÏ3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð
dt11 + dt2J

ÅÆÚ�Â/Ì	Ë�í�Ã
Γ
Â/Ã	Å3É�Ì	Ë�Å	Ã3Â/È#Ø�Ì Ý Â�ÐHÂ�×oÅ	Ë�É�Ð3ß�Ì3Â Ý Â­Â/Ë�Ì3Â/Ä«É�Ì	Å	ÓlÚ

D
Í

Å�Ê�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/Ã

(S0ψ)(t0) =
1

πi

∫

Γ

(t− t0)
−1
J dtJψ(t), t0 ∈ Γ.

mRÂ�Ê�ÐHÉ�Ï3Ì	Å	ÖÆÅ	Ì	Ë�É�Õ�ÃHØ�Ð�Ç�ÏHÉ�Ê�ß Ý Â/Ì	Å3ÛLØ/É�Ë�Ê�Ñ�È­Ê�Û7ô�Ê�ÐHÉRÕ�Ð�Ø�È�Ì3Â/Õ�Â>Ç�ÌHØ�Î3É�Ì	Å	Ñ Ý Â>URÂ/Ä!Å�ämRÂ�Ë�É�Ã3Û7Å	Ì3Â�ÐHÂ/Õ�Å	Å æ ó�ê�ÙRí�Ì	Ú��	Å	Ñ
φ = I0ψ

Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ
J
á�Ø�ÌHØ�Ð3Å	Ë�Å	Î	Ì3Â/ÖõÈ�Â�Ô�Ð�Ø/Ê�Ë�Å

D
ÍwË�ä,É�ä

í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ë­í�ÃHØ�È�Ì3É�Ì	Å	Ó
∂φ

∂y
− J

∂φ

∂x
= 0. (14)

I�Ë/ØXÊ�Å3Ê�Ë�É�ÛLØ Ý Ã	Å J = i Ý É�Ã3É�Ü#Â�Ï3Å	ËnÈXÚ'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú	í�Ó´Ê�Å3Ê�Ë�É�Û7í«URÂ/Ä!Å!a J,Å3ÛLØ�ÌHØ'ä�UnØ�Ú Ý Â/Ú'Ø�Ç�Ø�Ì3ÂÈùæ ó�ê�ÍNÈ�Ê�ÉûÂ�Ê�Ì3Â/È�Ì	ô�É�ÙfØ�Ú	Ë�ôñË�É�Â/Ã	Å	ÅõØ�ÌHØ�Ð3Å	Ë�Å	Î3É�Ê�Ú	Å'ÜõÙRí�Ì	Ú��	Å	Ö�Í7Ê�È�Ñ'Ç�Ø�Ì	Ì	ô�É�ÊàÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì3Â/Ö
ÙnÂ/Ã3Û7í�ÐHÂ/Ö�URÂ/Ä!Å�Í	ÃHØ/Ê Ý Ã3Â�Ê�Ë�ÃHØ�Ì	Ñ'Ó[Ë�Ê�ÑÆÅûÌHØ«Ã3É�Ä«É�Ì	Å	Ñ�Ê�Å3Ê�Ë�É�Û7ôZâ�ö � ë�ä

MhÎ3É�È�Å'Ï3Ì3Â	Í'È«Ê�Ð3í�ÎHØ/ÉXÊ�Ú'Ø�Ð3Ñ'Ã	Ì3Â/Ö�ÛLØ�Ë�Ã	Å��	ô
J = i

Â Ý É�ÃHØ�Ë�Â/Ã S0 Ý É�Ã3É�Ü#Â�Ï3Å	ËoÈ!Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú	Å	ÖÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/ÃtURÂ/Ä!Å�Í	Ú�Â/Ë�Â/Ã	ô2ÖtÂ�Ô�Â/Ç�ÌHØ�Î	Å3ÛïÎ3É�Ã3É�Ç S ä3UnØ�Ú Ý Â/Ú'Ø�Ç�Ø�Ì3Â­ÈÆæ ��ê�Í	ÃHØ�Ç�Ì3Â�Ê�Ë�ß
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S0 − S
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ5Â Ý É�ÃHØ�Ë�Â/Ã3Â�Û2Í Ú�Â�Û Ý Ø�Ú	Ë�Ì	ô�ÛbÈ C1,µ ä g æ ��ê,Ë/Ø�Ú	×!Éoí�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì3Â	Í�Î	Ë�ÂàÈ Ý Ã3É�Ï	á

Ý Â�ÐHÂ�×!É�Ì	Å	Ålâ � ë!Â�Ê�Ì3Â/È�Ì	ô�ÉÆÃ3É�Ç�í�Ð3ß�Ë/Ø�Ë�ô Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â/Ö´Ë�É�Â/Ã	Å	ÅõÊ�Å	Ì	Õ�í�Ð3Ñ'Ã	Ì	ô9ÜõÂ Ý É�ÃHØ�Ë�Â/Ã3Â/Èïæ ç�êÃHØ/Ê Ý Ã3Â�Ê�Ë�ÃHØ�Ì	Ñ'Ó[Ë�Ê�ÑÆÅûÌHØoÂ Ý É�ÃHØ�Ë�Â/Ã

N0ψ = Re
[
CB(ψ + S0ψ)

]
, (15)

ÏHÉ�Ö3Ê�Ë�È�í�Ó[ì!Å	Ö�È Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�ÉoÈ�É�ì«É�Ê�Ë�È�É�Ì	Ì	ô9Ü l á§È�É�Ú	Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ö ψ ∈ C1,µ(Γ)
ä �HÏHÉ�Ê�ßûí�Î	Ë�É�á

Ì3Â	Í7Î	Ë�Â�È5Ê�Å'Ð3í Ý Ã	Å	Ì	Ñ'Ë�ô9Ü Ý Ã3É�Ï Ý Â�ÐHÂ�×!É�Ì	Å3ÉtÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â5Õ�Ð�Ø�Ï3Ú�Â�Ê�Ë�ÅõÚ�Â/Ì	Ë�í�ÃHØ Γ
ÛLØ�Ë�Ã	Å��HØ�á

ÙRí�Ì	Ú��	Å	Ñ
C(t)

È­Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Åúâ � ë Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë­Ú'Ð�Ø/Ê�Ê�í C1,µ+0(Γ)
ä

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í3ò�Ë�Â/Ë­Â Ý É�ÃHØ�Ë�Â/ÃÆÙRÃ3É�Ï3Õ�Â�Ð3ß�Û,Â/È­Å�É�Õ�ÂoÅ	Ì'ÏHÉ�Ú�ÊRÏ�Ø/É�Ë�Ê�Ñ�ÙnÂ/Ã3Û7í�ÐHÂ/Ö

indN0 = − 1

π

[
arg det(CB)

]∣∣∣∣
Γ

. (16)

mXÃ	Å5ò�Ë�Â�Û´Ð3ÓXÔ�Â�ÉoÃ3É�Ä«É�Ì	Å3É
ϕ ∈ Cµ(Γ)

í�ÃHØ�È�Ì3É�Ì	Å	Ñ
Re[CB(ψ + S0ψ)] = f

Ê Ý ÃHØ�È�Â/ÖÒÎHØ/Ê�Ë�ß�Ó
f ∈ C1,µ(Γ) Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë C1,µ(Γ)

ä
T�Â/Õ�Ð�Ø/Ê�Ì3Â æ é�ê�Â Ý É�ÃHØ�Ë�Â/Ã I0 Â/Õ�ÃHØ�Ì	Å	Î3É�Ì C1,µ(Γ) → C1,µ(D)

Å5Ê Ý ÃHØ�È�É�Ï	Ð3Å	È#ØÆÙnÂ/Ã3Û7í�Ð�Ø�T�Â�áÜ#Â#�	Ú�Â/Õ�Âoañm[ÐHÉ�Û,É�Ð3Ñ
2(I0ψ)+ = ψ + S0ψ. (17)

`[Ë�È�É�Ã#×«Ï�Ø/É�Ë�Ê�Ñ Í�Î	Ë�Â«Ð3ÓXÔ�Ø�Ñ�ÙRí�Ì	Ú��	Å	Ñ
φ ∈ C1,µ(D)

É�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì	ô�ÛïÂ�Ô/ÃHØ�Ç�Â�Û Ý Ã3É�ÏHÊ�Ë/Ø�È�Å3ÛLØÈ>È�Å'ÏHÉ
φ = I1ϕ1 + I0ϕ0 + iξ, ξ ∈ R

l (18)
ÊûÌ3É�Ú�Â/Ë�Â/Ã	ô�Û7ÅïÚ�Â�Û Ý ÐHÉ�Ú�Ê�Ì3Â/Ö l

á§È�É�Ú	Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å3É�Ö
ϕ1 ∈ Cµ(D)

Å È�É�ì«É�Ê�Ë�È�É�Ì	Ì3Â/ÖïÙRí�Ì	Ú��	Å3É�Ö
ϕ0 ∈ C1,µ(Γ)

Í	í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ'Ó[ì«É�ÖÆí�Ê�ÐHÂ/È�Å	Ñ	Û
∫

Γj

ϕ(t) d1t = 0, 1 6 j 6 n. (19)

g Ê�Ø/Û,Â�ÛùÏHÉ�ÐHÉ�Í Ý Â�ÐHÂ�×oÅ3Û
ϕ1 =

(
∂

∂y
− J

∂

∂x

)
φ,

Å Ý í�Ê�Ë�ß φ0 = φ− I1ϕ1 äHYwÂ/Õ�Ï�Ø>È­Ê�Å'Ð3í5â�ö�
�ë2ÙRí�Ì	Ú��	Å	Ñ φ0 Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ J á�Ø�ÌHØ�Ð3Å	Ë�Å	Î3É�Ê�Ú�Â/ÖtÈÞÂ�Ô�Ð�Ø�áÊ�Ë�Å
D
Í/Ë�ä�É�ä�í�ÏHÂ/È/ÐHÉ�Ë�È�Â/Ã#Ñ	É�Ëfí�ÃHØ�È�Ì3É�Ì	Å	Ó@â�ö � ë�Í�Å Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë!Ú'Ð�Ø/Ê�Ê�í C1,µ(D)

ä�mRÂ/ò�Ë�Â�Û7í!ÏHÉ�ÐHÂ
Ê�È�Â�Ï3Å	Ë�Ê�ÑÆÚ Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å	Ó

φ0 = I0ϕ0 + iξ, ξ ∈ R
l,

ÊRí�Ê�ÐHÂ/È�Å	Ñ	Û7Å â�ö'3�ë�ÌHØ«È�É�ì«É�Ê�Ë�È�É�Ì	Ì	í�Ó Ý ÐHÂ/Ë�Ì3Â�Ê�Ë�ß ϕ äg Ê�Ð3í�ÎHØ/É Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È Cµ ò�Ë�Â Ý Ã3É�Ï	ÐHÂ�×!É�Ì	Å3É«í�Ê�Ë/Ø�Ì3Â/È/ÐHÉ�Ì3Â­È�æ 3�ê9âãÊ�Û2ä3Ë/Ø�Ú	×!ÉÞæåö�÷�êãë�ä3YNØ�Ú	Å3ÛÂ�Ô/ÃHØ�Ç�Â�Û2Í�ÙRí�Ì	Ú��	Å	Ñ
ϕ0 Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ�Ã3É�Ä«É�Ì	Å3É�Û´í�ÃHØ�È�Ì3É�Ì	Å	Ñ Re(ψ + S0ψ) = f

Ê Ý ÃHØ�È�Â/Ö5ÎHØ/Ê�Ë�ß�Ó
f = Reφ0

Í�Ú�Â/Ë�Â/ÃHØ�Ñ Ý Âní�Ê�ÐHÂ/È�Å	Ó Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë«Ú'Ð�Ø/Ê�Ê�í C1,µ(Γ)
ä�UnØ�ÚÞÂ/Ë�Û,É�Î3É�Ì3Â!È�ô2Ä«É�Í�Èfò�Ë�Â�Û

Ê�Ð3í�ÎHØ/ÉnÉ�Õ�ÂoÃ3É�Ä«É�Ì	Å3É
ϕ0 Ë/Ø�Ú	×!É Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë C1,µ(Γ)

ä
mRÂ�Ð3ß�Ç�í�Ñ	Ê�ß Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3É�Û â�ö�ç�ë5Å ÙnÂ/Ã3Û7í�ÐHÂ/Ö T�Â�Ü#Â#�	Ú�Â/Õ�Â^a m[ÐHÉ�Û,É�Ð3Ñ â�ö���ë�Í«Ç�Ø�Ï�Ø�Î	í

â 3�ë�Í�â�ö�÷�ëfÛ,Â�×!É�Û^ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì	ô�Û@Â�Ô/ÃHØ�Ç�Â�ÛjÃ3É�Ï3í��	Å	Ã3Â/È#Ø�Ë�ß5ÚùÊ�Å3Ê�Ë�É�Û,ÉûÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â�ÌHØ/Ô�Â/ÃHØ
(ϕ1, ϕ0, p, ξ),

Ú�Â/Ë�Â/ÃHØ�ÑÆÂ Ý Ã3É�ÏHÉ�Ð3Ñ	É�Ë�Ê�Ñ�í�ÃHØ�È�Ì3É�Ì	Å	Ñ	Û7Å

ϕ1 +M1
(
I1ϕ1 + I0ϕ0 + iξ

)
+ M̃1p = f1,

2Re
[
CB(I1ϕ1)+ + iξ

]
+ReCB

(
ϕ0 + S0ϕ0

)
+M0

(
I1ϕ1 + I0ϕ0 + iξ

)
+ M̃0p = f0,



� � - ��$ - �Æ�#"�����
 - ��
����������2����% ( �	�	�	1B����������� -�$/-  #"���
�$B��$	��%û
�0X� - � -�$/- 1 - "�%����	� é*�
Ý Â�Ï3Î	Å	Ì3É�Ì	Ì3Â/ÖÞí�Ê�ÐHÂ/È�Å	Ñ	Ûõâ�ö'3�ë�ä g È�É�ÏHÉ�ÛtÏ	Ð3Ñ«Ú	ÃHØ�Ë�Ú�Â�Ê�Ë�Å Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â X = P2l−2×R

l Í/Ú�Â/Ë�Â/Ã3Â�ÉÊ�Â/Õ�Ð�Ø/Ê�Ì3Â�â ç�ë�Å3Û,É�É�Ë>ÃHØ�Ç�Û,É�Ã	Ì3Â�Ê�Ë�ß

dimX = l(2l − 1) + l = 2l2, (20)

Â Ý É�ÃHØ�Ë�Â/Ã	ô
N11 = ϕ1 +M1I1ϕ1, N10 =M1I0,

N01ϕ1 = 2Re
[
CB(I1ϕ1)+

]
+M0I1ϕ1,

N00ϕ0 = Re
[
CB(ϕ0 + S0ϕ)

]
+M0I0ϕ0,

(21)

Å�Í'ÌHØ�Ú�Â/Ì3É ��Í�Â Ý É�ÃHØ�Ë�Â/Ã	ô

T 1(p, ξ) = M̃1p+ I0(iξ), T 0(p, ξ) = M̃0p− 2 Im(B)ξ +M 0(iξ).

YwÂ/Õ�Ï�Ø Ý Ã3É�Ï3ô9Ï3í�ì!í�ÓjÊ�Å3Ê�Ë�É�Û7í�Û,Â�×!É�Û Ç�Ø Ý Å3Ê�Ø�Ë�ß­ÈoÚ	ÃHØ�Ë�Ú�Â/Ö�ÙnÂ/Ã3Û,É

N
(
ϕ1, ϕ0

)
+ T (p, ξ) =

(
f1, f0

)
(22)

ÊRÂ Ý É�ÃHØ�Ë�Â/Ã	Ì	ô�Û7ÅtÛLØ�Ë�Ã	Å��HØ/Û7Å

N =

(
N11 N10

N01 N00

)
, T =

(
T 1

T 0

)
.

T�Â/Õ�Ð�Ø/Ê�Ì3Â­â ø�÷�ë Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�Â Cµ(D)×C1,µ(Γ)×X Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ!ÃHØ/Ê�Ä!Å	Ã3É�Ì	Å3É�Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø
Cµ(D) × C1,µ(Γ)

ÌHØ
2l2

Å	Ç�Û,É�Ã3É�Ì	Å	Ö�Í Ý Â/ò�Ë�Â�Û7í�ÌHØÞÂ�Ê�Ì3Â/È#Ø�Ì	Å	Å�Å	Ç�È�É�Ê�Ë�Ì	ô9Ü�Ê�È�Â/Ö3Ê�Ë�È�ÙRÃ3É�Ï3Õ�Â�Ð3ß/áÛ,Â/È�ô9Ü�Â Ý É�ÃHØ�Ë�Ã3Â/È�æåö�ö�ê,Â Ý É�ÃHØ�Ë�Â/Ã	ô (N,T )
Å
N
ÙRÃ3É�Ï3Õ�Â�Ð3ß�Û,Â/È�ÂÞò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì	ô^Å�Å'Ü�Å	Ì'ÏHÉ�Ú�Ê�ô

Ê�È�Ñ'Ç�Ø�Ì	ô Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å3É�Û
ind(N,T ) = indN + 2l2. (23)

T Ï3Ã	í�Õ�Â/ÖbÊ�Ë�Â/Ã3Â/Ì	ônÍ�í�Ê�ÐHÂ/È�Å3Éõâ�ö'3�ë­È�ô9ÏHÉ�Ð3Ñ	É�Ë È Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C1,µ(Γ)
Ç�Ø/Û7Ú	Ì	í�Ë�Â�É Ý Â�Ï Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È�ÂÒÚ�Â/ÃHØ�Ç�Û,É�Ã	Ì3Â�Ê�Ë�Å

ln
Í Ý Â/ò�Ë�Â�Û7í Å	ÇÆË�É�Ü ×!É�Ê�Â�Â�Ô/ÃHØ�×!É�Ì	Å	Ö´Å	Ì'ÏHÉ�Ú�Ê

κ
Ê�Å3Ê�Ë�É�Û7ô â ø�ø�ë�Í

â�ö'3�ë9Ê�È�Ñ'Ç�Ø�ÌÆÊXÅ	Ì'ÏHÉ�Ú�Ê�Â�ÛõÂ Ý É�ÃHØ�Ë�Â/ÃHØ N Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å3É�Û

κ = ind(N,T )− ln. (24)

J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û Ý Â�Ï3Ã3Â�Ô/Ì3É�É�Â Ý É�ÃHØ�Ë�Â/Ã	ô â ø'ö�ë�ä,`LÊ�ÐHÂ/È�Å3Û,Ê�Ñ Ý Å3Ê�Ø�Ë�ß N1 ∼ N2
Í,É�Ê�Ð3ÅõÃHØ�Ç�Ì3Â�Ê�Ë�ß

N1 −N2
Ñ'È/Ð3Ñ	É�Ë�Ê�ÑûÚ�Â�Û Ý Ø�Ú	Ë�Ì	ô�Û Â Ý É�ÃHØ�Ë�Â/Ã3Â�Û2ä g Ê Ý Â�Û7Å	ÌHØ�Ñ Í'Î	Ë�ÂoÂ Ý É�ÃHØ�Ë�Â/Ã�Â Ý É�ÃHØ�Ë�Â/Ã M0 Ú�Â�ÛNá

Ý Ø�Ú	Ë�É�Ì�È C1,µ(Γ)
Í'È­Â�Ô�Â/Ç�ÌHØ�Î3É�Ì	Å	Ñ�Ü â�ö�é�ë9Û,Â�×!É�Û ÌHØ Ý Å3Ê�Ø�Ë�ß

N11 ∼ 1, N10 ∼ 0, N00 ∼ N0

Å�Í	Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í

N ∼M =

(
1 0

N0,1 N0

)
. (25)

UnØ�Ú Â/Ë�Û,É�Î3É�Ì3ÂõÈ�ô2Ä«É�ÍhÂ Ý É�ÃHØ�Ë�Â/Ã N0 ÙRÃ3É�Ï3Õ�Â�Ð3ß�Û,Â/ÈõÅ É�Õ�Â Å	Ì'ÏHÉ�Ú�ÊÒÏ�Ø/É�Ë�Ê�Ñ ÙnÂ/Ã3Û7í�ÐHÂ/ÖZâ�ö�ó�ë�ä
g ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�Í�Ê�í�ì«É�Ê�Ë�È�í�É�ËXÉ�Õ�Â�Ã3É�Õ�í�Ð3Ñ'Ã	Å	Ç�Ø�Ë�Â/Ã�Í�Ë�ä�É�ä�Â/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì	ô2Ö«È

C1,µ Â Ý É�ÃHØ�Ë�Â/Ã R Ê�Â�Ê�È�Â/Ö'áÊ�Ë�È�Â�Û
R0N0 ∼ N0R0 ∼ 1

ä	eRÉ Ý Â�Ê�Ã3É�ÏHÊ�Ë�È�É�Ì	Ì3Â Ý Ã3Â/È�É�Ã#Ñ	É�Ë�Ê�Ñ ÍHÎ	Ë�Â>Â Ý É�ÃHØ�Ë�Â/Ã

R =

(
1 0

−R0N0,1 R0

)
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Ê�Ð3í�×oÅ	Ë�Ã3É�Õ�í�Ð3Ñ'Ã	Å	Ç�Ø�Ë�Â/Ã3Â�Û^ÚùÂ Ý É�ÃHØ�Ë�Â/Ã	í M Å�Í7Ê�ÐHÉ�ÏHÂ/È#Ø�Ë�É�Ð3ß�Ì3Â	Í�Â Ý É�ÃHØ�Ë�Â/Ã M ÙRÃ3É�Ï3Õ�Â�Ð3ß�Û,Â/È3ä
eRÂ Ë�Â/Õ�Ï�ØúÌHØ Â�Ê�Ì3Â/È#Ø�Ì	Å	Å@â ø�é�ë

N
a ÙRÃ3É�Ï3Õ�Â�Ð3ß�Û,Â/È Â Ý É�ÃHØ�Ë�Â/Ã�Í�ØÒÈ�Û,É�Ê�Ë�É�Ê�Ì	Å3ÛZÅ´Å3Ê�Ü#Â�Ï3ÌHØ�Ñ

Ç�Ø�Ï�Ø�ÎHØÆâ�ö�ë�Íwâ ø�ë�ä
mXí�Ê�Ë�ß

M(t)
Í
0 6 t 6 1

Í Ý Â�Ð3í�ÎHØ/É�Ë�Ê�ÑõÇ�Ø/Û,É�Ì3Â/Ö N 01 ÌHØ tN01 È Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Å	Ålâ ø�é�ëoÂ Ý É�áÃHØ�Ë�Â/ÃHØ
M
ähYwÉ5×!É Ê�Â�Â�Ô/ÃHØ�×!É�Ì	Å	Ñ Ý Â/Ú'Ø�Ç�ô2È#Ø�Ó[Ë�Í[Î	Ë�ÂõÂ Ý É�ÃHØ�Ë�Â/Ã M(t)

Ë/Ø�Ú	×!É ÙRÃ3É�Ï3Õ�Â�Ð3ß�Û,Â/È3ä
mRÂ�Ê�Ú�Â�Ð3ß�Ú	í^Â/ÌjÌ3É Ý Ã3É�Ã	ô2È�Ì3Â´Ç�Ø�È�Å3Ê�Å	ËbÂ/Ë t

ÍXÉ�Õ�ÂïÅ	Ì'ÏHÉ�Ú�ÊúÌ3É Ç�Ø�È�Å3Ê�Å	ËbÂ/Ë
t
Å�Í[È´ÎHØ/Ê�Ë�Ì3Â�Ê�Ë�Å�Í

indM = indM(0) = indN 0.
g Ê�Å'Ð3íõâ ø�é�ë

indN = indN 0 ÍwÎ	Ë�Â�È�Û,É�Ê�Ë�ÉàÊ�â�ö�ó�ëRÅ´â ø 
�ë�Í9â ø � ëÇ�Ø�È�É�Ã	ÄoØ/É�Ë>ÏHÂ/Ú'Ø�Ç�Ø�Ë�É�Ð3ß�Ê�Ë�È�ÂÞÙnÂ/Ã3Û7í�Ð3ô Å	Ì'ÏHÉ�Ú�Ê�ØÆâ ó�ë�ÅûË�É�Â/Ã3É�Û7ônä
B

� v�
'À � ��
 � � �
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i�Y��)U[Z�e�	 �kb�� X'Y�TVU[Z\RKS�� ��Y���U
��Y���b���U$W X'S#`#S�Y�f�Y#_�b\i�Y
�'�������/¥�� P�þ/h�þ�ÿ$Q ��� ¯ ¡��������������'��¢�� ¯ & �������/�,� h�Q
� © _o369 < ¤��u��s�v-t�3)��r-|����:��~ �uv���~[y������u��s�v-t�3)��r�

��|u}#x't)wusC~3zu�:x
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# �/¥n�������������/�����X�n���������/�������������������!�/�"!#!N�������'N����������/�����[¢��/�����/�����/¥n�/�����/�������������X�/���������,�/�3�������n����©��������n,���,�«�X�/���������/���/���������/���/������� ����� ¦ !w¢��/��N����f���h�������«���/���/�������«�����o�������������/���Æ�«���������/�������/������������/��n,���,�«�R��������¦����������/���������/���/������� ¯ � ���������!¥������ �!�����o�����L�����/¥f��������������������¢�¬N®L�����[�����/�����/�����¢��/�����/�����/¥ ¯ OH�������/�����/���2�������3�����/���[�������������h��¢�®L�����������������/¥��������������/�����������������L�����/¥2������������n,���,���/�/¥�/�������/�����/������¢��/�����/�����/¥2�[�/����¢��/�����L��N/���/�����/�����	� ¨ ���������/�����������/�����9�����L�����/¥ ¯ �	�������3������������¢����/�����/¥��¢�®L�����������������/¥h���/�����������/�����2�����L�����/¥��R�/������¢��L�����/¥h�����L�����/¥����������/�����/���­������������� ¯
µh¶	·�¸'¹�º/»9¹!¼�¶	½/º/¾#¿#�/�����/�������������/���������/¥[�����������/¥���¢��/�����/�����/�kn7�/��������£ $��������������/���������/��©F�/���/������� ��©�����7�/����¢�����¢������û���/���/����������� ¯

AHD {«yHÀ/ÁLÀ#�NvNÀ
g Â�Ô�Ð�Ø/Ê�Ë�Å

(x, t) ∈ R
1 × R

1
+

Í
R
1 =] − ∞,+∞[

Í
R

1
+ =]0,+∞[

ÍNÃHØ/Ê�Ê�Û,Â/Ë�Ã	Å3Û^í�ÃHØ�È�Ì3É�Ì	Å3É�Í
Â Ý Å3Ê�ô2È#Ø�Ó[ì«É�É>Å	Ç�Õ�Å3Ô/Ì	ô�É>È�Â�Ð3Ì	ô@ÈûÌ3É�Ð3Å	Ì3É�Ö	Ì3Â�á§í Ý Ã	í�Õ�Â�Û Ê�Ë�É�Ã#×oÌ3É 1 âãÊ�Û2ä�æåö�Í�Ê�ä�é�é�ê�Í�æ ø'Í�Ê�ä,ö�ç 3�ê�Í
Â�Ô/Ç�Â/Ã�Å Ý Â�Ï3Ã3Â�Ô/Ì	í�ÓlÔ/Å3Ô�Ð3Å3Â/Õ�ÃHØ/ÙRÅ	Ó«Í Ý Ã	Å	È�É�ÏHÉ�Ì	Ì	ô�ÉfÈ>Û,Â/Ì3Â/Õ�ÃHØ/ÙRÅ	ÅÒæ ø�êãë�7

∂2u

∂t2
− ∂4u

∂x2∂t2
+ α2 ∂

4u

∂x4
= β

∂2

∂x2
u3,

â�ö�ë

Õ�ÏHÉRÇ�Ø�Ï�Ø�Ì	Ì	ô�ÉnÎ	Å3Ê�Ð�Ø
α ∈ R

1
+

Í
β ∈ R

1 ämRÂ�Ð�Ø�Õ�Ø/É�Û2Í3Î	Ë�Â
ϕ
Í
ψ
adÌHØ�ÎHØ�Ð3ß�Ì	ô�ÉfÙRí�Ì	Ú��	Å	ÅûÇ�Ø�Ï�Ø�Î	Å�URÂ/Ä!Å�7

u|t=0 = ϕ(x), ut|t=0 = ψ(x), x ∈ R
1,

â ø�ë

ÅRÅ3Ê�Ú�Â�Û,Â�É�Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â�É�Ã3É�Ä«É�Ì	Å3É 2 u = u(x, t)
Í
(x, t) ∈ R

1×R
1
+

Í
R
1
+ = [0,+∞[

Í�í�ÃHØ�È�Ì3É�Ì	Å	ÑÞâ�ö�ë
Ï	Ð3Ñ­È�Ê�É�Ü­Ç�ÌHØ�Î3É�Ì	Å	ÖàÈ�Ã3É�Û,É�Ì	Ì3Â/Ö Ý É�Ã3É�Û,É�Ì	Ì3Â/Ö t Ý Â Ý É�Ã3É�Û,É�Ì	Ì3Â/Ö x Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�Ë­Ô�Ø�ÌHØ�Ü#Â/È�í Ý Ã3Â�á

ü© ý�þ�ÿ�� ON�H�������2� ¯ $ ¯
1 ON�/�����/�����/���3�����/��� ����¬N®L���X�/�������/�����������/�����/�������h���������ù�!�����������/���3�������������/� � ý � �������/�����>���������/����/�����/�������/�/���­�/���/�����������/��� !w¢��/��N�����¤

∂(∂w/∂x)3/∂x ≡ (w3
x)x
�H���/���������H�����3���/���

u = wx
�­�/�����/���/¢�¬N®,�/��/�"!#!N�������'N��/�����������/���­��������¦������������[¢��/�����/�����/¥��������/�/����¥h�h�����/¢f± ÿ�²�¯

2 & ���[�������������/�������/�«�����L�����/���«�/�����/�H��������¥������������������/�,������������¥(!w¢��/��N��/¥����/�3��¬N®���¥2�����w�/���/������� ��������/�����/�������/�����N��¢����/�����9�/����¥������,�[¢��������/����������¥�¬N®���¥�¢��/�����/�����/¬��2�����L�����R�����/���7�������������R�����9�����������/¥ ¯
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Ê�Ë�ÃHØ�Ì3Ê�Ë�È�í

C[−∞,+∞] ≡ C[R1] 3
Ì3É Ý Ã3É�Ã	ô2È�Ì	ô9Ü>ÙRí�Ì	Ú��	Å	Ö g = g(x)

Í�Ï	Ð3Ñ«Ú�Â/Ë�Â/Ã	ô9ÜoÊ�í�ì«É�Ê�Ë�È�í#á
Ó[Ë Ý Ã3É�ÏHÉ�Ð3ô Ý Ã	Å x→ ±∞ Í'ÅûÌ3Â/Ã3ÛLØ>Â Ý Ã3É�ÏHÉ�Ð3Ñ	É�Ë�Ê�Ñ Ý Â>ÙnÂ/Ã3Û7í�ÐHÉ ‖g(x)‖C = supx∈R1 |g(x)| ä]�í�ÏHÉ�Û Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ë�ß

C(k)[R1] =
{
g(x) ∈ C[R1] : g′(x), . . . , g(k)(x) ∈ C[R1]

} ä
enØ�ÄoØ)�3É�Ð3ß!a^Ï	Ð3ÑÞÊ�Ð3í�ÎHØ�Ñ

β = 0
Í#Ë�ä�É�ä�Ï	Ð3ÑÞÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�Õ�Âûâ�ö�ë7Ð3Å	Ì3É�Ö	Ì3Â/Õ�Â!í�ÃHØ�È�Ì3É�Ì	Å	Ñ Í

ÌHØ�Ö	Ë�ÅûÑ'È�Ì	ô2ÖàÈ�Å'ÏûÃ3É�Ä«É�Ì	Å	ÑàÇ�Ø�Ï�Ø�Î	Å�URÂ/Ä!ÅàÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[R1]
Í	ØfÈoÊ�Ð3í�ÎHØ/É

β 6= 0
aZÌHØ�Ö	Ë�Å

È�Ã3É�Û,É�Ì	Ì3Â/Ö­Â/Ë�Ã3É�Ç�Â/ÚoÊ�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å	Ñ«Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â/Õ�ÂnÃ3É�Ä«É�Ì	Å	Ñ!Ç�Ø�Ï�Ø�Î	Å>URÂ/Ä!Å«ÅoÂ#�3É�Ì	Å	Ë�ßRÌ3Â/Ã3Û7í
È
C[R1]

ò�Ë�Â/Õ�ÂÞÐHÂ/Ú'Ø�Ð3ß�Ì3Â/Õ�ÂûÃ3É�Ä«É�Ì	Å	Ñ Í�Ï�Ø�ÐHÉ�É«ÃHØ/Ê�Ê�Û,Â/Ë�Ã3É�Ë�ßÆí�Ê�ÐHÂ/È�Å	Ñ�Ê�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å	Ñ�Õ�ÐHÂ�Ô�Ø�Ð3ß/á
Ì3Â/Õ�Â�âãÂ Ý Ã3É�ÏHÉ�ÐHÉ�Ì	Ì3Â/Õ�ÂûÏ	Ð3Ñ t ∈ R

1
+

ë�Ã3É�Ä«É�Ì	Å	Ñ�í�ÃHØ�È�Ì3É�Ì	Å	Ñùâ�ö�ë�ÅtÃHØ�Ç�Ã	í�Ä«É�Ì	Å	ÑtÉ�Õ�ÂÞÃ3É�Ä«É�Ì	Å	Ñ�ÌHØ
Ú�Â/Ì3É�Î	Ì3Â�ÛõÈ�Ã3É�Û,É�Ì	Ì3Â�ÛõÂ/Ë�Ã3É�Ç�Ú�É�ä

� D�� �#Á ��� � � x ��vùÁ7~�� ~,vN�NÀ
�N�Nx���x � � �	yH�NÀ#�Nv�� vwu
��v �H��
�
úyHx	~,�
J7Ø/Ê�Ê�Û,Â/Ë�Ã	Å3Û Ð3Å	Ì3É�Ö	Ì3Â�ÉfÂ�Ï3Ì3Â/Ã3Â�Ï3Ì3Â�Éfí�ÃHØ�È�Ì3É�Ì	Å3É�ÍHÊ�Â�Â/Ë�È�É�Ë�Ê�Ë�È�í�Ó[ì«É�ÉÞâ�ö�ë�7

∂2u

∂t2
− ∂4u

∂x2∂t2
+ α2 ∂

4u

∂x4
= 0.

â 
�ë
enØ�Ð3Å	Î	Å3É Ý Ã	Å λ > 0

Ã3É�Ç�Â�Ð3ß�È�É�Ì	Ë�ô Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â/Õ�Â Â Ý É�ÃHØ�Ë�Â/ÃHØ d2/dx2 Ý Â/Ç�È�Â�Ð3Ñ	É�ËÊ�í�ì«É�Ê�Ë�È�É�Ì	Ì3Â Ý Ã3É�Â�Ô/ÃHØ�Ç�Â/È#Ø�Ë�ß5í�ÃHØ�È�Ì3É�Ì	Å3É�â 
�ë�ÍwÃHØ�Ç�Ã3É�Ä!Å	È�É�Õ�ÂtÂ/Ë�Ì3Â�Ê�Å	Ë�É�Ð3ß�Ì3Â Ý Ã3Â/Å	Ç�È�Â�Ï3Ì3Â/Ö Ý ÂÈ�Ã3É�Û,É�Ì	Å�äwPRÛ,É�Ì	Ì3Â	Í Ý í�Ê�Ë�ß u = u(x, t)
aîÚ'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â�É­Ã3É�Ä«É�Ì	Å3ÉoÇ�Ø�Ï�Ø�Î	Å URÂ/Ä!Åïâ�ö�ë�ÍLâ ø�ë�Í�Ï	Ð3Ñ

Ú�Â/Ë�Â/Ã3Â/Õ�ÂoÎHØ/Ê�Ë�Ì	ô�É Ý Ã3Â/Å	Ç�È�Â�Ï3Ì	ô�É uxx Í uxxt Ì3É Ý Ã3É�Ã	ô2È�Ì	ô Ý Ã	Å t > 0
ä g È�É�ÏHÉ�ÛúÌ3Â/È�í�Ó Ì3É�Å	Ç�È�É�Ê�Ë/á

Ì	í�ÓjÙRí�Ì	Ú��	Å	Ó
v = u− uxx.

â � ë
PXÇhÇ�Ø/Û,É�Ì	ôjâ � ë7Û,Â�×oÌ3Â!É�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì	ô�Û Â�Ô/ÃHØ�Ç�Â�ÛÒÂ Ý Ã3É�ÏHÉ�Ð3Å	Ë�ß!ÌHØ�ÎHØ�Ð3ß�Ì	ô�É[Ç�ÌHØ�Î3É�Ì	Å	Ñ v|t=0 =

ϕ(x) − ϕ′′(x)
Í
vt|t=0 = ψ(x) − ψ′′(x) Ý Ã	Å�í�Ê�ÐHÂ/È�Å	Å�Í Î	Ë�ÂûÙRí�Ì	Ú��	Å	Å ϕ(x) Í ψ(x) Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�Ë

C(2)[R1]
Å>È�ô2ÃHØ�Ç�Å	Ë�ßÞæ 
'Í�Ê�ä#ó�ç�ø�êHÃ3É�Ä«É�Ì	Å3É

u(x, t)
Ç�Ø�Ï�Ø�Î	ÅàURÂ/Ä!Å�â�ö�ë�ÍHâ ø�ëNÎ3É�Ã3É�Ç�Ì3Â/È�í�Ó´Ì3É�Å	Ç�È�É�Ê�Ë/á

Ì	í�ÓjÙRí�Ì	Ú��	Å	Ó
v(x, t)

7

u(x, t) =

(
I − d2

dx2

)−1

v(x, t) =
1

2

+∞∫

−∞

e−|r|v(x+ r, t) dr.
â é�ë

g Ã3É�Ç�í�Ð3ß�Ë/Ø�Ë�É Ý Â�ÏHÊ�Ë/Ø�Ì3Â/È�Ú	Å^â � ëfí�ÃHØ�È�Ì3É�Ì	Å3É â 
�ëfÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[R1]
Û,Â�×oÌ3Â5Ç�Ø Ý Å3Ê�Ø�Ë�ßÈ>È�Å'ÏHÉnØ/Ô�Ê�Ë�ÃHØ�Ú	Ë�Ì3Â/Õ�ÂÞÂ�Ô/ô2Ú	Ì3Â/È�É�Ì	Ì3Â/Õ�Â>Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â/Õ�Â>í�ÃHØ�È�Ì3É�Ì	Å	Ñ

Vtt = G0V, t ∈ R
1
+,

â ó�ë
Õ�ÏHÉ

V = V (t) : t → v(x, t)
a Å3Ê�Ú�Â�ÛLØ�Ñ È�É�Ú	Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ñ ÍLÂ Ý Ã3É�ÏHÉ�ÐHÉ�Ì	ÌHØ�Ñ Ï	Ð3Ñ t ∈ R

1
+

Í,Ê�Â
Ç�ÌHØ�Î3É�Ì	Å	Ñ	Û7ÅûÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[R1]

ä	M Ý É�ÃHØ�Ë�Â/Ã	Ì	ô2ÖûÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë«È!í�ÃHØ�È�Ì3É�Ì	Å	Å5â ó�ë7a^Ð3Å	Ì3É�Ö'á
Ì	ô2Ö�Â Ý É�ÃHØ�Ë�Â/Ã G0 = −α2

(
I − d2/dx2

)−1
d4/dx4

a Â Ý Ã3É�ÏHÉ�ÐHÉ�Ì�ÌHØÞÙRí�Ì	Ú��	Å	Ñ�Ü g(x) ∈ C(4)[R1]Å É�Õ�ÂõÛ,Â�×oÌ3Â Ý Ã3Â�ÏHÂ�Ð3×oÅ	Ë�ßïÏHÂ Â Ý É�ÃHØ�Ë�Â/ÃHØ G = A + α2I + B
Í2Õ�ÏHÉ

A = α2d2/dx2
Í
B =

−α2(I − d2/dx2)
−1 ä

3 � �/���������/���/�������
C[R1]

�/�"!#!N�������'N������������ �Ò���/���/�������
d/dx

�­��������������¬l���/���������/�����/¥
D(d/dx) =

C(1)[R1]
¥����/¥�������¥ � P ��� ¯ � ��þ � ��� S ��� ¯?Q6h � �/�����/��������¥�®,�/�>���/���/�����������>�����/�H��¬N®L���R���������/���/���/������� ���/���h����¢���©���

U(t; d/dx)
�����������

C0
�/����� ¦�� �/����������¤

U(t; d/dx)g(x) = g(x+ t)
���,�/�"!#!N�������'N������������ �[���/���/�������

d2/dx2�[��������������¬õ���/���������/�����/¥
D(d2/dx2) = C(2)[R1]

�/�������L������� � P �3� ¯ � h�ÿ � ���������/�R�/���/������� ����¢�¬ú�/����¢�����¢�����¢
U(t; d2/dx2)

�����������
C0 : U(t; d2/dx2)g(x) = 1

2
√

πt

∫ +∞
−∞ e−ξ2/(4t)g(x+ ξ)dξ

�
t > 0 ¯ & ���/�����/������������¥X�/����¢������

λ > 0
�/���������/�/�����/� � P ��� ¯ � ��ÿ � � h�ÿ � �����������������/�������>�	�/���L�����������Þ���/���/����������� d/dx � d2/dx2 �h�/�/¥���������������©������¢�¬N®,��¦R�����������������/�

(λI − d/dx)−1 � (λI − d2/dx2)
−1 ���§���

I
£ �����L����������������� �f���/���/�������#�����/�/�������/�������

��N/���/���[�/�����
‖(λI − d/dx)−1‖

�
‖(λI − d2/dx2)

−1
‖ 6 1/λ ¯
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YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í Ý Â�Ð3í�Î	Å3Û ò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì3Â�ÉÞâ 
�ë�Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â�Éfí�ÃHØ�È�Ì3É�Ì	Å3É

utt = α2(uxx + u− h ∗ u), â ��ë
ÈoÚ�Â/Ë�Â/Ã3Â�Û

h = e−|x|/2
ÅûÎ3É�Ã3É�Ç

h ∗ ω Â�Ô�Â/Ç�ÌHØ�Î3É�ÌHØ>Ê�È�É�Ã	Ë�Ú'Ø 7 (h ∗ ω)(x) = ∫ +∞
−∞ h(x− ξ)ω(ξ)dξ

ä
M Ý É�ÃHØ�Ë�Â/Ã A Í D(A) = D(d2/dx2)

Í/È
C[R1]

æ é'Í�Ê�ä 3�ø�ê3Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ Ý Ã3Â/Å	Ç�È�Â�Ï3Ñ'ì!Å3ÛÒÂ Ý É�ÃHØ�Ë�Â/Ã3Â�ÛÚ�Â�Ê�Å	Ì	í�ÊRÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Å C(t;A)
Í
t ∈ R

1 Í#Ú'Ð�Ø/Ê�Ê�Ø C0
Í�Ï	Ð3Ñ­Ú�Â/Ë�Â/Ã3Â/Ö Ý Ã	ÅàÈ�Ê�É�Ü g(x) ∈ C[R1]Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�Â Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3É

C(t;A)g(x) =
1

2

[
U

(
αt;

d

dx

)
+ U

(
− αt;

d

dx

)]
g(x) =

1

2

[
g(x+ αt) + g(x− αt)

] â ç�ë
Å�Â#�3É�Ì	Ú'ØoÌ3Â/Ã3Û7ô ‖C(t;A)‖ 6 1

Í
t ∈ R

1 äg Â/Ç�Û7í�ì«É�Ì	Ì	ô2ÖÆÂ Ý É�ÃHØ�Ë�Â/Ã A+ α2I
Í
D(A+ α2I) = D(d2/dx2)

Í'Ë/Ø�Ú	×!É Ý Â/Ã3Â�×«Ï�Ø/É�Ë­È C[R1]æ é'Í2Ê�äRö�ó 3�ênÚ�Â�Ê�Å	Ì	í�ÊÒÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ó C(t;A + α2I)
Í
t ∈ R

1 Í�Ú'Ð�Ø/Ê�Ê�Ø C0
Í�Ï	Ð3Ñ´Ú�Â/Ë�Â/Ã3Â/Ö

Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�Â Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3É

C
(
t;A+ α2I

)
g(x) = C(t;A)g(x) + αt

t∫

0

I1

(
α
√
t2 − s2

)
C(s;A)g(x)

ds√
t2 − s2

,
â 3�ë

Õ�ÏHÉ
g(x)

a Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì	ô2Öoò�ÐHÉ�Û,É�Ì	ËXÅ	Ç C[R1]
Í�Ø
I1(z) =

∑+∞
k=0

(z/2)2k+1

k!(k+1)!

a Û,Â�Ï3Å3ÙRÅ��	Å	Ã3Â/È#Ø�Ì	ÌHØ�Ñ
ÙRí�Ì	Ú��	Å	Ñû]9É�Ê�Ê�É�Ð3Ñ5æ ó'Í	Ê�ä �/ø 3�ê�Í	Å�Â#�3É�Ì	Ú'ØoÌ3Â/Ã3Û7ô ‖C(t;A+ α2I)‖ 6 ch(αt)

Í
t ∈ R

1 äMhÕ�ÃHØ�Ì	Å	Î3É�Ì	Ì	ô2Ö Â Ý É�ÃHØ�Ë�Â/Ã B
Í
D(B) = C[R1]

Í Ý Â/Ã3Â�×«Ï�Ø/É�ËúÚ�Â�Ê�Å	Ì	í�ÊtÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ó
C(t;B)

Í
t ∈ R

1 Í�Ú'Ð�Ø/Ê�Ê�Ø C0
ÍHÚ�Â/Ë�Â/ÃHØ�Ñ�Ï	Ð3Ñ Ý Ã3Â/Å	Ç�È�Â�Ð3ß�Ì3Â/Õ�Âûò�ÐHÉ�Û,É�Ì	Ë/Ø g(x) ∈ C[R1] Ý Ã3É�ÏHÊ�Ë/Ø�È/áÐ3Ñ	É�Ë�Ê�Ñõæ é'ÍwÊ�ä�ö � ø�ê9Ê�Ë�É Ý É�Ì	Ì	ô�Û Ã#Ñ�ÏHÂ�Û2ÍwÃHØ�È�Ì3Â�Û,É�Ã	Ì3Â�Ê�Ü#Â�Ï3Ñ'ì!Å3Û,Ê�Ñ Ý Â t ÌHØûÚ'Ø�×«ÏHÂ�Û Ú�Â/Ì3É�Î	Ì3Â�Û

Â/Ë�Ã3É�Ç�Ú�ÉnÅ	Ç
R
1 7

C(t;B)g(x) =

+∞∑

n=0

(−1)n(αt)2n

(2n)!

(
I − d2

dx2

)−n

g(x).

MhË�Ú	í�Ï�Ø'Í Ý Ã	Å3Û,É�Ì	Ñ'ÑZÂ#�3É�Ì	Ú	í@Ì3Â/Ã3Û7ô Ã3É�Ç�Â�Ð3ß�È�É�Ì	Ë�ô
(I − d2/dx2)

−1 ÍfÈ�ô2È�Â�Ï3Å3Û ‖C(t;B)‖ 6

ch(αt)
Í
t ∈ R

1 äfPRÊ Ý Â�Ð3ß�Ç�í�ÑñÙnÂ/Ã3Û7í�Ð3í æ 
'Í!Ê�ä«ó�ó � ê�ÍfÈ�ô2ÃHØ�×«Ø�Ó[ì!í�Ó Ê�Ë�É Ý É�Ì	ÅdÃ3É�Ç�Â�Ð3ß�È�É�Ì	Ë�ô
(I − d2/dx2)

−n Î3É�Ã3É�Ç Ý Â�Ð3í�Õ�Ã	í Ý	Ý í�Í Ý Â/Ã3Â�×«Ï�Ø/É�Û7í�ÓlÂ Ý É�ÃHØ�Ë�Â/Ã3Â�Û d2/dx2 7
(
I − d2

dx2

)−n

g(x) =
1

(n− 1)!

+∞∫

0

sn−1e−sU

(
s;

d2

dx2

)
g(x) ds,

Ý Ã3É�Â�Ô/ÃHØ�Ç�í�É�Û Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3ÉfÚ�Â�Ê�Å	Ì	í�ÊfÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Å C(t;B)
7

C(t;B)g(x) = g(x) − (αt)2

2

+∞∫

0

e−s
0F2

(
;
3

2
, 2;−(αt)2

4
s

)
U

(
s;

d2

dx2

)
g(x) ds,

â�ö�÷�ë

Õ�ÏHÉ
0F2 (; 3/2, 2;−z/4) = 2

∑+∞
n=0

(−1)nzn

n!(2n+2)!

ajÂ�Ô�Â�Ô/ì«É�Ì	ÌHØ�ÑoÕ�Å Ý É�Ã	Õ�É�Â�Û,É�Ë�Ã	Å	Î3É�Ê�Ú'Ø�ÑÞÙRí�Ì	Ú��	Å	Ñàæ ��Í
Ê�ä � 
*��ê�ä3O«Ø�ÐHÉ�É�Í Ý Ã	Å3Û,É�Ì	Ñ'ÑtÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì3Â�É Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3É Ý Â�Ð3í�Õ�Ã	í Ý	Ý ô U(s; d2/dx2)

ÍBÙnÂ/Ã3Û7í#á
ÐHÉ>â�ö�÷�ë9Û,Â�×oÌ3Â Ý Ã	Å'Ï�Ø�Ë�ß­È�Å'Ï

C(t;B)g(x) = g(x)− (αt)2

2

+∞∫

−∞

F

(
(αt)2, ξ2

)
g(x+ ξ) dξ, t ∈ R

1,
â�ö�ö�ë

Õ�ÏHÉnÂ�Ô�Â/Ç�ÌHØ�Î3É�Ì3Â
F (z, ξ2) =

∫ +∞
0 e−s−ξ2/(4s)

0F2 (; 3/2, 2;−z/4s)ds/
√
s
ä



ó�ø ;7����" - 
 � 8 � 8
g Â/Ç�Û7í�ì«É�Ì	Å3ÉfÂ/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì	ô�Û´Â Ý É�ÃHØ�Ë�Â/Ã3Â�Û B

Ê�Â�Ü'ÃHØ�Ì	Ñ	É�ËÞÊ Ý Â�Ê�Â�Ô/Ì3Â�Ê�Ë�ßûÂ Ý É�ÃHØ�Ë�Â/ÃHØ A+ α2IÝ Â/Ã3Â�×«Ï�Ø�Ë�ßXÚ�Â�Ê�Å	Ì	í�Ê9Â Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ó Ú'Ð�Ø/Ê�Ê�Ø C0
æ é'Í�Ê�ä#ö�ó 3�ê�Í Ý Â/ò�Ë�Â�Û7ífÂ Ý É�ÃHØ�Ë�Â/Ã G Ñ'È/Ð3Ñ	É�Ë�Ê�ÑÝ Ã3Â/Å	Ç�È�Â�Ï3Ñ'ì!Å3ÛlÂ Ý É�ÃHØ�Ë�Â/Ã3Â�Û^Ê�Å'Ð3ß�Ì3ÂtÌ3É Ý Ã3É�Ã	ô2È�Ì3Â/Ö Ú�Â�Ê�Å	Ì	í�ÊûÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	ÅùÚ'Ð�Ø/Ê�Ê�Ø C0

Í
Ï	Ð3ÑûÚ�Â/Ë�Â/Ã3Â/ÖÆÌHØ!ò�ÐHÉ�Û,É�Ì	Ë/Ø�Ü

g(x) ∈ D(G) = D(d2/dx2)
Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�Â Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3É

C(t;G)g(x) = C
(
t;A+ α2I

)
g(x) +

t2

2

1∫

0

j1

(
t
√
1− ζ2, A+ α2I

)
C(tζ;B)g(x) dζ, t ∈ R

1,

Õ�ÏHÉ
j1(t, A+ α2I)g(x) = 4/π

∫ 1
0

√
1− η2C(tη;A+ α2I)g(x) dη.PRÊ Ý Â�Ð3ß�Ç�í�ÑàÙnÂ/Ã3Û7í�Ð3ôjâ ç�ë�Í�â 3�ë�Í�â�ö�ö�ë�Í�Ú�Â�Ê�Å	Ì	í�ÊXÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ñ Í Ý Â/Ã3Â�×«Ï�Ø/É�ÛLØ�ÑàÂ Ý É�ÃHØ�Ë�Â�áÃ3Â�Û

G
Í	Ç�Ø Ý Å3Ê�ô2È#Ø/É�Ë�Ê�ÑÆÈoÑ'È�Ì3Â�ÛùÈ�Å'ÏHÉRÌHØ«ÙRí�Ì	Ú��	Å	Ñ�Ü g(x) ∈ D(d2/dx2)

7

C(t;G)g(x) =
1

2

[
g(x+ αt) + g(x− αt)

]

+
αt

2

t∫

0

I1

(
α
√
t2 − s2

) [
g(x+ αs) + g(x− αs)

] ds√
t2 − s2

+
t2

π

1∫

0

dζ

1∫

0

√
1− η2

{
g
(
x+ αtη

√
1− ζ2

)
+ g

(
x− αtη

√
1− ζ2

)

− (αtζ)2

4
√
π

+∞∫

−∞

F

(
(αtζ)2, ξ2

)[
g
(
x+ ξ + αtη

√
1− ζ2

)

+g
(
x+ ξ − αtη

√
1− ζ2

) ]
dξ + αtη

√
1− ζ2

tη
√

1−ζ2∫

0

I1

(
α
√
t2η2(1− ζ2)− s2

)

×
[
g(x+ αs) + g(x− αs)− (αtζ)2

4
√
π

+∞∫

−∞

F

(
(αtζ)2, ξ2

)

×
[
g(x+ ξ + αs) + g(x+ ξ − αs)

]
dξ

]
ds√

t2η2(1 − ζ2)− s2

}
dη

â�ö�ø�ë

ÅûÏ	Ð3ÑàÌ3É�ÉnÊ Ý ÃHØ�È�É�Ï	Ð3Å	È#Ø>Â#�3É�Ì	Ú'ØoÌ3Â/Ã3Û7ô

‖C(t;G)‖ 6 ch(αt) + α−2sh
(
αt(

√
2− 1)

)
sh
(
αt(

√
2 + 1)

)
, t ∈ R

1.
â�ö�
�ë

TïÚ�Â�Ê�Å	Ì	í�ÊfÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å3É�Öúâ�ö�ø�ë2Ø/Ê�Ê�Â#�	Å	Å	Ã	í�Ó[ËÆæ é'Í3Ê�ä�3'ö�êNÊ�Å	Ì	í�ÊnÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Ó 7

S(t;G)g(x) =

t∫

0

C(r;G)g(x) dr, g(x) ∈ C[R1],
â�ö � ë

Å5Ð3Å	Ì3É�Ö	Ì3Â�ÉàÛ7Ì3Â/Õ�Â�Â�Ô/ÃHØ�Ç�Å3É
C1[R

1] = {g(x) ∈ C[R1] : C(t;G)g(x) ∈ C (1)(R1;C[R1])} ÍNË�äwÉ�äÝ Â�ÏHÛ7Ì3Â�×!É�Ê�Ë�È�Â C1[R
1] Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø C[R1]

Ê�Â�Ê�Ë�Â/Å	ËXÅ	Ç�Ë�É�Üfò�ÐHÉ�Û,É�Ì	Ë�Â/ÈXÅ	Ç
C[R1]

Í�Ï	Ð3ÑfÚ�Â/Ë�Â/Ã	ô9Ü
ÙRí�Ì	Ú��	Å	Ñ

C(t;G)g(x) : R1 → C[R1]
Ñ'È/Ð3Ñ	É�Ë�Ê�Ñ5Ì3É Ý Ã3É�Ã	ô2È�Ì3ÂûÏ3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�Û,Â/Ö ÙRí�Ì	Ú��	Å3É�Ö

Ý É�Ã3É�Û,É�Ì	Ì3Â/Ö t äMhÎ3É�È�Å'Ï3Ì3Â	Í3Î	Ë�Â
D(G) = D(d2/dx2) ⊂ C1[R

1]
ä
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PRÊ Ý Â�Ð3ß�Ç�í�ÑÆÂ#�3É�Ì	Ú	íÒâ�ö�
�ë�Í'Å3Û,É�É�Û

‖S(t;G)‖ 6

∣∣∣∣∣

t∫

0

‖C(s;G)‖ ds
∣∣∣∣∣ 6

|sh(αt) |
α

+

∣∣∣∣∣
sh(2αt

√
2)

4α3
√
2

− sh(2αt)

4α3

∣∣∣∣∣ , t ∈ R
1.

â�ö�é�ë

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í Ý Ã	Å'Ü#Â�Ï3Å3ÛõÚ�Ø/Ô�Ê�Ë�ÃHØ�Ú	Ë�Ì3Â�Û7íàÏ3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â�Û7íûí�ÃHØ�È�Ì3É�Ì	Å	Ó«Í3Â�Ô�Â�Ô/ìoØ�áÓ[ì«É�Û7íÞí�ÃHØ�È�Ì3É�Ì	Å3É­â ó�ë�È>Ô�Ø�ÌHØ�Ü#Â/È�Â�Û Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[R1]
7

Vtt = GV, t ∈ R
1
+,

â�ö�ó�ë

ÈfÚ�Â/Ë�Â/Ã3Â�ÛùÂ Ý É�ÃHØ�Ë�Â/Ã	Ì	ô2ÖàÚ�Â/ò�ÙnÙRÅ��	Å3É�Ì	Ë G Ý Â/Ã3Â�×«Ï�Ø/É�Ë>Ê�Å'Ð3ß�Ì3ÂfÌ3É Ý Ã3É�Ã	ô2È�Ì	í�Ó Ú�Â�Ê�Å	Ì	í�ÊXÂ Ý É�ÃHØ�áË�Â/Ã'á�ÙRí�Ì	Ú��	Å	ÓñÚ'Ð�Ø/Ê�Ê�Ø
C0
äwenØ�ÎHØ�Ð3ß�Ì	ô�Éàí�Ê�ÐHÂ/È�Å	ÑÒÈ

C[R1]
Ï	Ð3ÑÒí�ÃHØ�È�Ì3É�Ì	Å	Ñ´â�ö�ó�ë Ý É�Ã3É Ý Å	Ä!í�Ë�Ê�ÑÈoÈ�Å'ÏHÉ

V |t=0 = Φ, Vt|t=0 = Ψ ,
â�ö���ë

Õ�ÏHÉ
Φ = ϕ(x)− ϕ′′(x)

Í
Ψ = ψ(x)− ψ′′(x)

adò�ÐHÉ�Û,É�Ì	Ë�ô Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø C[R1]
ä

OnÐ3Ñ�Ë�Â/Õ�ÂÞÎ	Ë�Â�Ô/ô^Ç�Ø�Ï�Ø�ÎHØàURÂ/Ä!Å â�ö�ó�ë�Í,â�ö���ëhÔ/ô9Ð�ØÞÃHØ�È�Ì3Â�Û,É�Ã	Ì3ÂàÚ�Â/Ã	Ã3É�Ú	Ë�Ì3Â/Ö 4 ÌHØ
R
1
+

ÍHÌ3É�Â�Ô�á
Ü#Â�Ï3Å3Û,Â�ÅtÏHÂ�Ê�Ë/Ø�Ë�Â/Î	Ì3Â	ÍwÎ	Ë�Â�Ô/ô@Â Ý É�ÃHØ�Ë�Â/Ã G Ô/ô9Ð Ý Ã3Â/Å	Ç�È�Â�Ï3Ñ'ì!Å3Û Â Ý É�ÃHØ�Ë�Â/Ã3Â�Û Ê�Å'Ð3ß�Ì3ÂûÌ3É Ý Ã3É�áÃ	ô2È�Ì3Â/Ö5Ú�Â�Ê�Å	Ì	í�ÊÞÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	ÅÒÚ'Ð�Ø/Ê�Ê�Ø C0

Í Ý Ã	Å5ò�Ë�Â�Û Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â�É 5 Ã3É�Ä«É�Ì	Å3É>Ç�Ø�Ï�Ø�Î	ÅURÂ/Ä!Å´â�ö�ó�ë�Í�â�ö���ë[Ï�Ø/É�Ë�Ê�Ñõæ é'ÍwÊ�ä�3'ö � 3�ø�ê9ÙnÂ/Ã3Û7í�ÐHÂ/Ö
V (t) = C(t;G)Φ + S(t;G)Ψ

Í
t ∈ R

1 ÍBÏ	Ð3ÑÐ3ÓXÔ/ô9Ü
Φ ∈ D(G)

Å
Ψ ∈ C1[R

1]
ä

YwÉ Ý É�Ã	ß3Í Ý Ã3Â/Å	Ç�È�Â�Ï3Ñ Â�Ô/ÃHØ�Ë�Ì	í�Ó Ç�Ø/Û,É�Ì	íbâ é�ë!ÅùÅ3Ê Ý Â�Ð3ß�Ç�í�Ñ Ý É�Ã3É�Ê�Ë/Ø�Ì3Â/È�Â/Î	Ì3Â�Ê�Ë�ß Ã3É�Ç�Â�Ð3ß�È�É�Ì'á
Ë�ô

(I − d2/dx2)
−1 �oÚ�Â�Ê�Å	Ì	í�ÊÞÂ Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å3É�Ö�Í Ý Â/Ã3Â�×«Ï�Ø/É�Û,Â/ÖùÂ Ý É�ÃHØ�Ë�Â/Ã3Â�Û G

Í ÌHØ�Ü#Â�Ï3Å3Û
Ã3É�Ä«É�Ì	Å3ÉRÇ�Ø�Ï�Ø�Î	Å�URÂ/Ä!ÅàÏ	Ð3Ñûí�ÃHØ�È�Ì3É�Ì	Å	ÑÒâ 
�ë 7

u =
(
I − d2

dx2
)−1

V (t) = C(t;G)ϕ + S(t;G)ψ.
â�ö�ç�ë

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í	Å3Û,É�É�ËÞÛ,É�Ê�Ë�Âoí�Ë�È�É�Ã#×«ÏHÉ�Ì	Å3É 6 7
� À#x��NÀ���� AHD �h 3�����t$����#������$	0X� �2 	$	���	�	�

ϕ(x)
*
ψ(x)
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C[R1]
8�+�-�$ ����
��������#��= - �!�

����%>�	�	$B���	$ -�$/-!- ��$ - " - ��$ -�$/-  #"���
�$B��$	��% â 
�ë "���
�$ - ����"�$ - � - "	"w���B��$�� * �	����������������� - ��"w���­��$	�B�

4 j�����������n,���,�
u′′(t) = Au(t), t ∈ R

1
+; u(0) = u0, u′(0) = u1, (∗)

�[��������¦����������/���������/���/�������
E
������� ����������¥ 2)������!����[2���!+/-!32�2	� /��
��!�� � Q �#� ¯�h/M � �#�������f��������������¥X���/�����/���L�/���/©�	�/���L���������

E1 ⊂ E
�������������/�����/���

u0 � u1 ∈ E1
��¢�®L��������¢����[���/���/�����������/���������L�����/�����

R
1
+

� ¨ ���h�����L�����/��/�����/���3�����/�L¢����������������,�/�
t
���7�/¬N�����o�����	���������

K ⊂ R
1
+

��� ¯ � ¯ �/��¢����/�����/¥ um
n → 0

±
um
n ∈ E1

�
m = 0, 1 ² �/���

n → ∞
���/���/¢����,�§¦����/�/�3�������L��������������������¢�¬N®,��¦9�����L�������

un(t) → 0
�/�����/���3�����/�L�/�

t ∈ K
���§���

u
(m)
n (0) = um

n

�
m = 0, 1 ¯

5 # �����L�/���/���/������� ���/�9�/�"!#!N�������'N��/��¢����H��¥�!w¢��/��N��/¥ u(t) : R1
+ → E

��� ¯ � ¯ u(t) ∈ C(2)(R
1
+;E)

������� ����©
������¥ /�(��u":"$&�
��$"$/�&�� 2	�������'&���� �u1#"$�A2)��/��
��!��������#��
)&��0!���&

(∗)
�'�������

u(t) ∈ D(A)
�
Au(t) ∈ C(R

1
+;E)

�/���
t ∈ R

1
+

�[¢��������/����������¥�¬N����¥2�/�������/�������
(∗) ¯

6  �R�������������/���%!w¢��/��N���� ψ(x) ��������¢������������������3�f���������,¢�¬ �������������������'�/���Æ��¢����/�X�/�/¥«��¢�®L��������������©���/¥o�����L�����/¥>����������� n,���,�­�/�/¥«¢��/�����/�����/¥û± P�² �3�/�������ù�/�[�������/�H��������¥>�����/�������/���t�/�����	�/���L��������� C1[R
1]�/���������/���/�������

C[R1].
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u(x, t) =
1

2
[ϕ(x+ αt) + ϕ(x− αt)] +

1

2

t∫

0

[ψ(x+ αr) + ψ(x− αr)] dr

+
αt

2

t∫

0

I1

(
α
√
t2 − s2

)
[ϕ(x + αs) + ϕ(x− αs)]

ds√
t2 − s2

+
α

2

t∫

0

rdr

r∫

0

I1

(
α
√
r2 − s2

)
[ψ(x+ αs) + ψ(x− αs)]

ds√
r2 − s2

+
t2

π

1∫

0

dζ

1∫

0

√
1− η2

{
ϕ
(
x+ αtη

√
1− ζ2

)
+ ϕ

(
x− αtη

√
1− ζ2

)

− (αtζ)2

4
√
π

+∞∫

−∞

F

(
(αtζ)2, ξ2

) [
ϕ
(
x+ ξ + αtη

√
1− ζ2

)
+ ϕ

(
x+ ξ − αtη

√
1− ζ2

)]
dξ

+αtη
√
1− ζ2

tη
√

1−ζ2∫

0

I1

(
α
√
t2η2(1− ζ2)− s2

){
ϕ(x+ αs) + ϕ(x− αs)

− (αtζ)2

4
√
π

+∞∫

−∞

F

(
(αtζ)2, ξ2

)
[ϕ(x+ ξ + αs) + ϕ(x+ ξ − αs)] dξ

}
ds√

t2η2(1− ζ2)− s2

}
dη

+
1

π

t∫

0

r2

{ 1∫

0

dζ

1∫

0

√
1− η2

{
ψ
(
x+ αrη

√
1− ζ2

)
+ ψ

(
x− αrη

√
1− ζ2

)

− (αrζ)2

4
√
π

+∞∫

−∞

F

(
(αrζ)2, ξ2

) [
ψ
(
x+ ξ + αrη

√
1− ζ2

)
+ ψ

(
x+ ξ − αrη

√
1− ζ2

)]
dξ

+αrη
√
1− ζ2

rη
√

1−ζ2∫

0

I1

(
α
√
r2η2(1− ζ2)− s2

)

×
{
ψ(x+ αs) + ψ(x− αs)− (αrζ)2

4
√
π

+∞∫

−∞

F

(
(αrζ)2, ξ2

)

× [ψ(x+ ξ + αs) + ψ(x+ ξ − αs)] dξ

}
ds√

r2η2(1− ζ2)− s2

}
dη

}
dr

�Þ����%à$B� $/- ��1#"���
'�����	�	
�� - �B��$	�	�

sup
x∈R1

|u(x, t)| 6
[
ch(αt) + α−2sh

(
αt
(√

2− 1
))
sh
(
αt
(√

2 + 1
))]

sup
x∈R1

|ϕ(x)|

+
1

α

[
|sh(αt) |+ 1

4α2
√
2

∣∣∣sh
(
2αt

√
2
)
−

√
2sh(2αt)

∣∣∣
]
sup
x∈R1

|ψ(x)|, t ∈ R
1.



� �������#�o= - �!�­����%Þ #"���
�$B��$	��%û�3
 $ � ��$	0 !û� - �B� �/��$	�	��$B���	�	$B���	$ - "F 	1#"3 $/-�$/- ������"	�o$�% ó�é
�	��

����������� ���2cXÂ/Ë�Ñ´Å	Ç�ÌHØ�ÎHØ�Ð3ß�Ì3Â Ê�Ë/Ø�È�Å'Ð�Ø/Ê�ß �3É�Ð3ßùÌHØ�Ö	Ë�ÅbÃ3É�Ä«É�Ì	Å3É

u(x, t)
Ð3Å	Ì3É�Ö	Ì3Â/Õ�Â

Â�Ï3Ì3Â/Ã3Â�Ï3Ì3Â/Õ�ÂRí�ÃHØ�È�Ì3É�Ì	Å	Ñ!Å	Ç�Õ�Å3Ô/Ì	ô9Ü!Ú�Â�ÐHÉ�Ô�Ø�Ì	Å	ÖoÌHØ Ý Â�Ð3í�Â�Ê�Å t ∈ R
1
+

Í�ÙnÂ/Ã3Û7í�Ð�Ø!â�ö�ç�ëwÂ Ý Ã3É�ÏHÉ�Ð3Ñ	É�Ë
u(x, t)

ÌHØàÈ�Ê�É�ÖÒÎ	Å3Ê�ÐHÂ/È�Â/Ö Ý Ã#Ñ	Û,Â/Ö t ∈ R
1 Í Î	Ë�Â�É�Ê�Ë�É�Ê�Ë�È�É�Ì	Ì3ÂÆÈ�ô2Ë�É�Ú'Ø/É�Ë�Å�Å	Ç­Ê�Ø/Û,Â/Õ�Â�Ç�Ø�Ï�Ø�Ì	Å	Ñí�ÃHØ�È�Ì3É�Ì	Å	Ñ Í	Ë/Ø�Ú�Ú'Ø�Ú�Â/Ì3Â«Ì3ÉnÛ,É�Ì	Ñ	É�Ë�Ê�Ñ Ý Ã	Å�Ç�Ø/Û,É�Ì3É t→ −t ä

�	��

����������� 2 ��YNØ�Ú5Ú'Ø�Ú�Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â�É­Ã3É�Ä«É�Ì	Å3É
V (t)

Ø/Ô�Ê�Ë�ÃHØ�Ú	Ë�Ì3Â/ÖÒÇ�Ø�Ï�Ø�Î	ÅÒURÂ/Ä!Åõâ�ö�ó�ë�Í
â�ö���ë Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë C(2)(R

1
+;C[R1])

ÅfÏ	Ð3ÑfÌ3É�Õ�Â
GV (t) ∈ C(R

1
+;C[R1])

Í�Ë�ÂhÇ�ÌHØ�Î3É�Ì	Å	Ñ«Ã3É�Ä«É�Ì	Å	Ñ
u(x, t) = (I − d2/dx2)

−1
V (t)

í�ÃHØ�È�Ì3É�Ì	Å	ÑÒâ 
�ë Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�Ë C(4)[R1]
Ï	Ð3ÑàÈ�Ê�É�Ü

t ∈ R
1
+

ä

� D\� x�� ��~	�H�NxHÀ �NÀ���À#�NvNÀ�u �#Á ���Nv � x ��v
Á7~��ù�NÀ�~,vN�NÀ
�N�Nx���x � � �	yH�NÀ#�Nv�� vwu
��v �H��
�
úyHx	~,�

mXÃ	Å3Û,É�Ì	Å	È Ú Â�Ô�É�Å3Û ÎHØ/Ê�Ë�Ñ	Û í�ÃHØ�È�Ì3É�Ì	Å	Ñ â�ö�ë Ð3Å	Ì3É�Ö	Ì	ô2Ö Â/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì	ô2Ö Â Ý É�ÃHØ�Ë�Â/Ã
(I − d2/dx2)

−1 Í Ý Â�Ð3í�Î	Å3Ûtò�Ú	È�Å	È#Ø�ÐHÉ�Ì	Ë�Ì3Â�Éfâ�ö�ë Ì3É�Ð3Å	Ì3É�Ö	Ì3Â�É2Å	Ì	Ë�É�Õ�Ã3Â�á Ï3Å3ÙnÙnÉ�Ã3É�Ì��	ÅHØ�Ð3ß�Ì3Â�É2í�ÃHØ�È/áÌ3É�Ì	Å3ÉXadÌ3É�ÐHÂ/Ú'Ø�Ð3ß�Ì3Â�Éfí�ÃHØ�È�Ì3É�Ì	Å3ÉnU[ÐHÉ�Ö	ÌHØ«añK�Â/Ã�ÏHÂ/ÌHØ 7

utt − α2uxx = α2u− βu3 + h ∗ (βu3 − α2u).
â�ö'3�ë

`[ÃHØ�È�Ì3É�Ì	Å3Étâ�ö'3�ëRÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[R1]
Û,Â�×oÌ3ÂÆÇ�Ø Ý Å3Ê�Ø�Ë�ßtÈÆÈ�Å'ÏHÉÞØ/Ô�Ê�Ë�ÃHØ�Ú	Ë�Ì3Â/Õ�Â Ý Â�Ð3í�Ð3Å'áÌ3É�Ö	Ì3Â/Õ�Âoí�ÃHØ�È�Ì3É�Ì	Å	Ñ

Vtt = GV + F (V ), t ∈ R
1
+,

â ø�÷�ë
Õ�ÏHÉ!Â Ý É�ÃHØ�Ë�Â/Ã G Ë/Ø�Ú�Â/Öt×!É�Í3Ú'Ø�Ú�ÅÆÈ­í�ÃHØ�È�Ì3É�Ì	Å	Åùâ�ö�ó�ë�ÍHØ

F (V )
añÇ�Ø�Ï�Ø�Ì	Ì	ô2ÖtÌ3É�Ð3Å	Ì3É�Ö	Ì	ô2Ö�Â Ý É�á

ÃHØ�Ë�Â/Ã�Í	ÏHÉ�Ö3Ê�Ë�È�í�Ó[ì!Å	ÖÆÈ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[R1]
7
F (g) = β[(I − d2/dx2)

−1 − I]Q(g)
ÍHÇ�ÏHÉ�Ê�ß

Q
a

Â Ý É�ÃHØ�Ë�Â/Ã�Ê�í Ý É�Ã Ý Â/Ç�Å��	Å	Å�7 Q(g) = f(g(x))
Í
g(x) ∈ C[R1]

Í
f(s) = s3

ä
MhË�Û,É�Ë�Å3Û2Í�Î	Ë�Â2Å	Ç,Ì3É Ý Ã3É�Ã	ô2È�Ì3Â/ÖfÏ3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�Û,Â�Ê�Ë�Å!Â Ý É�ÃHØ�Ë�Â/ÃHØ�Ê�í Ý É�Ã Ý Â/Ç�Å��	Å	Å Q È Ý Ã3Â�áÊ�Ë�ÃHØ�Ì3Ê�Ë�È�ÉïÌ3É Ý Ã3É�Ã	ô2È�Ì	ô9ÜñÙRí�Ì	Ú��	Å	Ö æ ç'Í!Ê�ä � ÷�ó�êàÅdÂ/Õ�ÃHØ�Ì	Å	Î3É�Ì	Ì3Â�Ê�Ë�ÅdÐ3Å	Ì3É�Ö	Ì3Â/Õ�ÂjÂ Ý É�ÃHØ�Ë�Â/ÃHØ

(I − d2/dx2)
−1 − I

Ê�ÐHÉ�Ï3í�É�Ë Ì3É Ý Ã3É�Ã	ô2È�ÌHØ�Ñ´Ï3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�Û,Â�Ê�Ë�ß Ý Â �fÃ3É�Ä«É�Ì3É�Ð3Å	Ì3É�Ö	Ì3Â/Õ�ÂÂ Ý É�ÃHØ�Ë�Â/ÃHØ F (V )
È Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�É C[R1]

ä
PXÇXÌ3É Ý Ã3É�Ã	ô2È�Ì3Â/Ö�Ï3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�Û,Â�Ê�Ë�Å�Â/Ë�Â�Ô/ÃHØ�×!É�Ì	Å	Ñ F (V )

Ê�ÐHÉ�Ï3í�É�Ë�Í	Î	Ë�Â
F (V )

í�ÏHÂ/È/ÐHÉ�á
Ë�È�Â/Ã#Ñ	É�Ë­ÐHÂ/Ú'Ø�Ð3ß�Ì3Â�Û7í�í�Ê�ÐHÂ/È�Å	Ó^_RÅ Ý Ä!Å��HØ'äHmRÂ/ò�Ë�Â�Û7íÆÊ�í�ì«É�Ê�Ë�È�í�É�Ë Ý Ã3Â�Û,É�×oí�Ë�Â/Ú [0, t∗[

Í	È­Ú�Â/Ë�Â�á
Ã3Â�ÛùÇ�Ø�Ï�Ø�ÎHØ>URÂ/Ä!Å â ø�÷�ë�Íwâ�ö���ë�Å3Û,É�É�ËÆæ 3'Í3Ê�äHç*��êNÉ�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�É!Â�Ô�Â�Ô/ì«É�Ì	Ì3Â�ÉnÃ3É�Ä«É�Ì	Å3É

V = V (t)
Í

Ë�ä3É�ä	É�Ï3Å	Ì3Ê�Ë�È�É�Ì	Ì3Â�ÉfÌ3É Ý Ã3É�Ã	ô2È�Ì3ÂoÏ3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�Û,Â�ÉnÃ3É�Ä«É�Ì	Å3ÉRÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì3Â/Õ�Â>í�ÃHØ�È�Ì3É�Ì	Å	Ñ

V (t) = C(t;G)Φ + S(t;G)Ψ +

t∫

0

S(t− τ ;G)F (V (τ)) dτ, t ∈ R
1
+,

â ø'ö�ë

Ï	Ð3ÑÞÐ3ÓXÔ/ô9Ü
Φ ∈ D(G)

Å
Ψ ∈ C1[R

1]
ä

mXÃ	Å3Û,É�Ì	Ñ'Ñ�Â#�3É�Ì	Ú	Åïâ�ö�
�ë�Í,â�ö�é�ëhÌ3Â/Ã3Û Â Ý É�ÃHØ�Ë�Â/Ã'á�ÙRí�Ì	Ú��	Å	Öïâ�ö�ø�ë�Í,â�ö � ë�Í�Ç�Ø Ý Å3Ê�Ø�Ì	Ì	ô�É�Í Å3Ê Ý Â�Ð3ß/áÇ�í�Ñ�ò�ÐHÉ�Û,É�Ì	Ë/Ø�Ã	Ì	ô�ÉÞÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È#Ø
sh(t)sh(τ) 6 ch(t+ τ)/2

Í |sh(t)| 6 ch(t)
Í
t, τ ∈ R

1 Í È�È�Å'ÏHÉ
‖C(t;G)‖ 6

2α2+1
2α2 ch(2αt

√
2) ≡ ρ(α, t)

Í ‖S(t;G)‖ 6
ρ(α,t)

2α
√
2

Í�Å�í�Î	Å	Ë�ô2È#Ø�Ñ Í�Î	Ë�Â­Ï	Ð3ÑÆò�ÐHÉ�Û,É�Ì	Ë�Â/È
Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È#Ø C[R1]

Ê Ý ÃHØ�È�É�Ï	Ð3Å	È�Â�Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å3É ‖ΦΨ‖C 6 ‖Φ‖C‖Ψ‖C
Í�ÈûÊ�Å'Ð3í�Î3É�Õ�Â	ÍBÊ«Ì	Å3Û

Û,Â�×oÌ3Â­ÃHØ/Ô�Â/Ë/Ø�Ë�ßàÚ'Ø�ÚtÊ!Ø�Ð3Õ�É�Ô/Ã3Â/Öùæåö�÷'ÍHÊ�äwö�ø�÷�ê�ÍHÅ	ÇfÅ	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì3Â/Õ�Âàí�ÃHØ�È�Ì3É�Ì	Å	Ñúâ ø'ö�ë�Í3í�Î	Å	Ë�ô2È#Ø�Ñ
Â#�3É�Ì	Ú	í

ch(t− τ) 6 ch(t)ch(τ)
Í	È�ô2È�Â�Ï3Å3Û Å	Ì	Ë�É�Õ�ÃHØ�Ð3ß�Ì3Â�ÉfÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â

‖V (t)‖C 6 ρ(α, t)

[
Ω(α,Φ,Ψ) +

|β|
α
√
2

t∫

0

ch(2ατ
√
2)‖V (τ)‖3Cdτ

]
, t ∈ R

1
+,

â ø�ø�ë



ó�ó ;7����" - 
 � 8 � 8
Õ�ÏHÉ

Ω(α,Φ,Ψ) = ‖Φ‖C + 1/(2α
√
2)‖Ψ‖C

ä�PXÇ>Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È#Ø â ø�ø�ëXÊ�ÐHÉ�Ï3í�É�Ë æåö�ö�ÍwÊ�äLö�
�ê�Â#�3É�Ì	Ú'Ø
Ì3Â/Ã3Û7ô Â�Ô�Â�Ô/ì«É�Ì	Ì3Â/Õ�Â>Ã3É�Ä«É�Ì	Å	Ñ

‖V (t)‖C 6 Ω(α,Φ,Ψ)ρ(α, t)
(
1− q(α, β)Ω2(α,Φ,Ψ)δ(α, t)

)− 1
2 ,

Õ�ÏHÉ
δ(α, t) = 3αt

√
2 + sh(4αt

√
2) + sh(8αt

√
2) /8

ÍHÌHØoÈ�Ã3É�Û,É�Ì	Ì3Â�Û´Â/Ë�Ã3É�Ç�Ú�É
t ∈ [0, t∗]

Í3Ï	Ð3Å	ÌHØ
Ú�Â/Ë�Â/Ã3Â/Õ�ÂàÂ/Õ�ÃHØ�Ì	Å	Î	Å	È#Ø/É�Ë�Ê�Ñ�È�É�Ð3Å	Î	Å	Ì3Â/Ö

t∗ = sup{t ∈ [0, t∗[: δ(α, t) < 1/(q(α, β)Ω2(α,Φ,Ψ))} ä
�HÏHÉ�Ê�ß

q(α, β) = |β|(2α2 + 1)
3
/(64α8)

ä
PXË/Ø�Ú�ÍnÌHØ Â/Ë�Ã3É�Ç�Ú�É

[0, t∗]
Ê�í�ì«É�Ê�Ë�È�í�É�Ë Â�Ô�Â�Ô/ì«É�Ì	Ì3Â�É Ã3É�Ä«É�Ì	Å3ÉõØ/Ô�Ê�Ë�ÃHØ�Ú	Ë�Ì3Â/Ö@Ç�Ø�Ï�Ø�Î	ÅZURÂ�á

Ä!Åbâ ø�÷�ë�Í2â�ö���ë�ÍwÏ	Ð3Ñ Ú�Â/Ë�Â/Ã3Â/Õ�Â5Ê Ý ÃHØ�È�É�Ï	Ð3Å	È#Ø�Â#�3É�Ì	Ú'Ø�Ì3Â/Ã3Û7ô â ø�ø�ë�äLI�Ë�ÂtÂ�Ô�Â�Ô/ì«É�Ì	Ì3Â�ÉûÃ3É�Ä«É�Ì	Å3É
V (t)

Í
t ∈ [0, t∗]

Í�Ô/í�ÏHÉ�Ë Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú	Å3ÛZÃ3É�Ä«É�Ì	Å3É�ÛZÇ�Ø�Ï�Ø�Î	Å URÂ/Ä!Å^â ø�÷�ë�ÍXâ�ö���ë�Í�É�Ê�Ð3Å´Â/Ì3Â5Ï3È#Ø�á
×«Ï3ôõÌ3É Ý Ã3É�Ã	ô2È�Ì3ÂnÏ3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�Û,Â Ý Â t Í/Î	Ë�ÂnÑ'È/Ð3Ñ	É�Ë�Ê�Ñ­Ê�ÐHÉ�ÏHÊ�Ë�È�Å3É�Ûïæ 3'Í#Ê�ä 3'ö�êHÌ3É Ý Ã3É�Ã	ô2È�Ì3Â/ÖÏ3Å3ÙnÙnÉ�Ã3É�Ì��	Å	Ã	í�É�Û,Â�Ê�Ë�Å Ý Â �fÃ3É�Ä«ÉàÌ3É�Ð3Å	Ì3É�Ö	Ì3Â/Õ�Â5Â Ý É�ÃHØ�Ë�Â/ÃHØ F (V )

Í Ý Ã	Åùí�Ê�ÐHÂ/È�Å	Å
Φ ∈ D(G)Å

Ψ ∈ C1[R
1]
ä

YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í3Å3Û,É�É�Ë­Û,É�Ê�Ë�Â
� À#x��NÀ���� � D �h 3����� $����#������$	0X� �2 	$	���	�	�

ϕ(x)
*
ψ(x)


��������/� = - �!� â�ö�ë * â ø�ë 1#"��	$���� "
�B���o��� 1#" - ����"���$B����
� 

C[R1]

����������b� - ��
 - �3�7� 1#" - �3
�
 - ��$	0��7� � - ������
'��"w� -�$/- 1 - "�%����	�


��	��&«�/�B��������$ - 7 * � -�$ ���«1#"�� t ∈ [0, t∗]
* $ �w�

t∗ = sup

{
t : δ(α, t) <

64α8

|β|(2α2 + 1)3Ω2(α,ϕ, ψ)

}
,

Ω(α,ϕ, ψ) = sup
x∈R1

|ϕ(x)| + 1

2α
√
2
sup
x∈R1

|ψ(x)|,

�� �­������
� 3���h�����	$B����
'��$	$ - �7�	����������������� - ��"w���­��$	�B�
u = u(x, t), (x, t) ∈ R

1×[0, t∗]
*#( � - �f
��������/�


>1#" - ����"���$B����
'�
C[R1]

* ����%û� - � - " -�$/- ��1#"���
'�����	�	
�� - �B��$	�	�

sup
x∈R1

|u(x, t)| 6
(
1 +

1

2α2

)
Ω(α,ϕ, ψ)ch

(
2αt

√
2
)
(
1− |β|(2α2 + 1)

3
Ω2(α,ϕ, ψ)

64α8
δ(α, t)

)− 1
2

.

� D � � � À �)
'yHxHy��	�NvNÀ ��~,x ����~	�H�Nx���x �NÀ���À#�Nv���� � �	yH�NÀ#�Nv�� vwu
��v �H��
�
úyHx	~,�v � �'u � � ��À#�NvNÀÆÀ
��x �NÀ���À#�Nv��õ� � � xH�NÀ��N�Nx �@x 
��NÀ�u�� À

UnØ�Ú Å	Ç�È�É�Ê�Ë�Ì3Â æåö�ø�ê�ÍLÉ�Ê�Ð3ÅõÙRí�Ì	Ú��	Å	Ñ
g(x)

Í Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×«Ø�ìoØ�Ñ Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�í C[R1]
Í,Ë/Ø�Ú	×!É

Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�íÒT�Â�Ô�Â�ÐHÉ�È#Ø W 1
2 (R

1)
Í�Ë�ä É�ä

g(x), g′(x) ∈ L2(R
1)
Í�Ë�ÂàÊ Ý ÃHØ�È�É�Ï	Ð3Å	È#ØÂ#�3É�Ì	Ú'Ø

‖g‖C = sup
x∈R1

|g(x)| 6 ‖g‖W 1
2
=

√√√√√
+∞∫

−∞

[
(g(x))2 + (g′(x))2

]
dx,

Ý Ã	Å	Î3É�Û2ÍLÉ�Ê�Ð3ÅùÚúË�Â�Û7í ×!É g(x) ∈ C(2)[R1]
Í7Ë�Â Ý Ã3É�ÏHÉ�Ð Ý Ã	Å x → ±∞ ÙRí�Ì	Ú��	Å	Ö

g(x)
Í
g′(x)ÃHØ�È�É�Ì�Ì	í�Ð3Ó«ä

7 j��������7�������N¢����/��� �����������/���N�������������/���������B�����L�����/�B¢��/�����/�����/¥h± ÿ�² �/� C(4)[R1]
�������§���N�������������������/��������������L�����/�7¢��/�����/�����/¥n± ÿ�M�² �/� C(2)[R1] ¯



� �������#�o= - �!�­����%Þ #"���
�$B��$	��%û�3
 $ � ��$	0 !û� - �B� �/��$	�	��$B���	�	$B���	$ - "F 	1#"3 $/-�$/- ������"	�o$�% ó*�
mRÂ�Ð�Ø�Õ�Ø�Ñ ÍHÎ	Ë�Â«Ï	Ð3Ñ�È�Ê�É�Ü

t > 0
Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â�É!Ã3É�Ä«É�Ì	Å3É

u = u(x, t)
í�ÃHØ�È�Ì3É�Ì	Å	Ñ â�ö�ë Ý Ã	Å	ÌHØ�Ï	áÐHÉ�×oÅ	Ë Ý É�Ã3É�Ê�É�Î3É�Ì	Å	Ó Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È C[R1] ∩W 1

2 (R
1)
ÍwÅ3Ê�Ê�ÐHÉ�Ï3í�É�Û Ë/Ø�ÚúÌHØ�Ç�ô2È#Ø/É�Û7ô2ÖùÅ	Ì	Ë�É�Õ�ÃHØ�Ð

ò�Ì3É�Ã	Õ�Å	Å

y(t) = ‖u‖2W 1
2
=

+∞∫

−∞

(
u2 + u2x

)
dx,

ÈoÚ�Â/Ë�Â/Ã3Â�Û
u = u(x, t)

adÃ3É�Ä«É�Ì	Å3ÉRí�ÃHØ�È�Ì3É�Ì	Å	ÑÒâ�ö�ë�ä
mXÃ	Å3Û,É�Ì	Ñ'ÑoÚoÃHØ�È�É�Ì3Ê�Ë�È�í

y′(t) = 2(u, ut)+2(ux, uxt)
Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È�ÂfURÂ/Ä!Å«aj]�í�Ì	Ñ'Ú�Â/È�Ê�Ú�Â/Õ�Â 8ÅûÅ3Ê Ý Â�Ð3ß�Ç�í�Ñ�ò�ÐHÉ�Û,É�Ì	Ë/Ø�Ã	Ì3Â�ÉfÌ3É�ÃHØ�È�É�Ì3Ê�Ë�È�Â 2ab 6 a2 + b2
Í'È�ô2È�Â�Ï3Å3ÛõÂ#�3É�Ì	Ú	í

y′(t) 6 ‖u‖22 + ‖ux‖22 + ‖ut‖22 + ‖uxt‖22,
Å	ÇRÚ�Â/Ë�Â/Ã3Â/Ö�Í�Â�Ô�Â/Ç�ÌHØ�ÎHØ�Ñ

z(t) = ‖ut‖2W 1
2
= ‖ut‖22 + ‖uxt‖22,

Å3Û,É�É�Û

y′(t) 6 y(t) + z(t).
â ø 
�ë

VhÌHØ�ÐHÂ/Õ�Å	Î	Ì3ÂûÅ	ÇoÃHØ�È�É�Ì3Ê�Ë�È#Ø
[y′(t)]2 = 4[(u, ut)

2 + 2(u, ut)(ux, uxt) + (ux, uxt)
2] Ý Â�Ð3í�ÎHØ/É�ÛÂ#�3É�Ì	Ú	í

[y′(t)]2 6 4y(t)z(t).
â ø � ë

PRÊ Ý Â�Ð3ß�Ç�í�ÑÒí�ÃHØ�È�Ì3É�Ì	Å3Étâ�ö�ë�Í Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3É uxuxtt = (uuxtt)x − uuxxtt
ÅÒÅ	Ì	Ë�É�Õ�Ã	Å	Ã	í�Ñ Ý ÂÎHØ/Ê�Ë�Ñ	Û2Í3Å	ÇnÊ�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Ñ

1

2
y′′(t) =

+∞∫

−∞

u2t dx+

+∞∫

−∞

u2xt dx− β

+∞∫

−∞

u4x dx− α2

+∞∫

−∞

u2xx dx

È�ô2È�Â�Ï3Å3Û Ý É�Ã	È�Â�ÉRò�Ì3É�Ã	Õ�É�Ë�Å	Î3É�Ê�Ú�Â�É!ÃHØ�È�É�Ì3Ê�Ë�È�Â

1

2
y′′(t) = z(t)− β

∥∥u2x
∥∥2
2
− α2

∥∥uxx
∥∥2
2
.

â ø�é�ë
VhÌHØ�ÐHÂ/Õ�Å	Î	Ì3Â	ÍNÅ3Ê Ý Â�Ð3ß�Ç�í�Ñ Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å3É uxtuxtt = (utuxtt)x − utuxxtt

ÅÒÅ	Ì	Ë�É�Õ�Ã	Å	Ã	í�Ñ Ý ÂÎHØ/Ê�Ë�Ñ	Û2Í3Å	Ç Ý Ã3É�ÏHÊ�Ë/Ø�È/ÐHÉ�Ì	Å	Ñ Ý Ã3Â/Å	Ç�È�Â�Ï3Ì3Â/Ö z′(t) 7

1

2
z′(t) =

d

dt


−1

4
β

+∞∫

−∞

u4x dx− 1

2
α2

+∞∫

−∞

u2xx dx


 ,

Ê�ÐHÉ�Ï3í�É�Ë>È�Ë�Â/Ã3Â�Énò�Ì3É�Ã	Õ�É�Ë�Å	Î3É�Ê�Ú�Â�ÉfÃHØ�È�É�Ì3Ê�Ë�È�Â

z(t) = S0 −
1

2
β‖u2x‖

2
2 − α2‖uxx‖22,

â ø�ó�ë

Õ�ÏHÉ
S0 = ‖ψ‖2W 1

2
+ α2‖ϕ′′‖22 + β

2 ‖(ϕ′)2‖22
ä

mXí�Ê�Ë�ß!Èfí�ÃHØ�È�Ì3É�Ì	Å	Å�â�ö�ë Ý Ø�ÃHØ/Û,É�Ë�Ã β > 0
ä#YwÂ/Õ�Ï�ØfÅ	Ç[Ê�Â�Â/Ë�Ì3Â/Ä«É�Ì	Å	Ö�â ø 
�ë,Åtâ ø�ó�ë,Ê�ÐHÉ�Ï3í�É�Ë�Í�Î	Ë�Â

y′(τ) 6 y(τ) + S0
Í
τ > 0

Í	Å�Í	Ç�ÌHØ�Î	Å	Ë�Í Ý Â«ÐHÉ�Û,Û,ÉnK Ã3Â/Ì	í�Â�Ð	Ð�Ø

y(t) 6
[
y(0) + tS0

]
et, t > 0.

â ø*��ë

8 |(ϕ, ψ)|6‖ϕ‖2‖ψ‖2
�'�§���

(ϕ, ψ)=
∫ +∞
−∞ ϕ(x)ψ(x)dx

�
‖ϕ‖2 =

√

∫ +∞
−∞ |ϕ(x)|2 dx

£b�������������������������/�n������©
�/¥����/���N�/�����/�������������/�w�X�/�����H���9�����������������������>�/���������/���/�������

L2(R
1) ¯



ó�ç ;7����" - 
 � 8 � 8
PXÇ9Ì3É�ÃHØ�È�É�Ì3Ê�Ë�È#Øoâ ø*��ëwÊ�ÐHÉ�Ï3í�É�Ë�Í/Î	Ë�Â Ý Ã	Å«È�ô Ý Â�Ð3Ì3É�Ì	Å	ÅoÌHØ�ÎHØ�Ð3ß�Ì	ô�Û7Å­ÙRí�Ì	Ú��	Å	Ñ	Û7Å ϕ(x)

Í
ψ(x)í�Ê�ÐHÂ/È�Å	Ö

ϕ(x), ψ(x) ∈W 1
2 (R

1); (ϕ′(x))2, ϕ′′(x) ∈ L2(R
1),

â ø�ç�ë
Ú'Ð�Ø/Ê�Ê�Å	Î3É�Ê�Ú�Â�É�Ã3É�Ä«É�Ì	Å3É

u = u(x, t)
í�ÃHØ�È�Ì3É�Ì	Å	Ñ â�ö�ë Ý Ã	Å	ÌHØ�Ï	ÐHÉ�×oÅ	Ë Ý Ã3Â�Ê�Ë�ÃHØ�Ì3Ê�Ë�È�íïT�Â�Ô�Â�ÐHÉ�È#Ø

W 1
2 (R

1)
Å�Í	Ç�ÌHØ�Î	Å	Ë�ÍHÊ Ý ÃHØ�È�É�Ï	Ð3Å	È#Ø>Â#�3É�Ì	Ú'Ø

sup
x∈R1

|u(x, t)| 6

√√√√√
+∞∫

−∞

[
(u(x, t))2 + (ux(x, t))

2
]
dx 6

√
y(0) + tS0 e

t
2 , t > 0,

â ø 3�ë

Â�Ô�É�Ê Ý É�Î	Å	È#Ø�Ó[ìoØ�ÑÆÊ�í�ì«É�Ê�Ë�È�Â/È#Ø�Ì	Å3ÉnÕ�ÐHÂ�Ô�Ø�Ð3ß�Ì3Â/Õ�Â­Ã3É�Ä«É�Ì	Å	Ñûí�ÃHØ�È�Ì3É�Ì	Å	ÑÒâ�ö�ë�äYNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í3Å3Û,É�É�Ë­Û,É�Ê�Ë�Â
� À#x��NÀ���� � D �h 3�����!
R #"���
�$B��$	�	� â�ö�ë 1���"���������"

β > 0
* �X$����#������$	0X� �2 	$	���	�	�

ϕ(x)
*
ψ(x) �� - 
��B����
 - "�%�&f�à 3��� - 
���& â ø�ç�ë 82+�-�$ ���5�� �­������
� 3���t�����	$B����
'��$	$ - � $ � - �/������$ - �­�	����������������� - �

"w���­��$	�B�!
��������/� = - �!� â�ö�ë * â ø�ë * ����%�� - � - " -�$/- ��1#"���
'�����	�	
�� - �B��$	�	� â ø 3�ë �	�	�5
û1 - �	" - ��$ - �

���1	�B���

sup
x∈R1

|u(x, t)| 6
√
‖ϕ‖2W 1

2
+ t
(
‖ψ‖2W 1

2
+ α2‖ϕ′′‖22 + β

2 ‖(ϕ′)2‖22
)
e

t
2 , t > 0.

� ���	��&«�#��%ù�3
 ( $B��" $ �������������	��! "���
'��$B����
 â ø�é�ë * â ø�ó�ë ����� $ ����� - ���>1���"���������" - �
β
* �3�������

y′′(t)− 6z(t)+4S0 = 2α2‖uxx‖22
*�- ���� ���� * 
­���	�� - �B��$	�	� â ø � ë * 
�0X�����	�����h�������n��"w��$��	��������$ - �

$B��"���
'��$B����
 - ����%à�	$B��� $ "������ ( $B��" $ �	�

y(t)y′′(t)− 3

2
[y′(t)]2 + 4S0y(t) > 0.

â 
�÷�ë

6 "���
�$	�	
���% â 
�÷�ë � - ��$ - 
�$	0��û�������n��"w��$��	��������$	0���$B��"���
'��$B����
 - �Æ����%f�	$B��� $ "������ ( $B��" $ �	�
�3


[13]
* 
����	��&«�#����� * ��� - �����	��1 - ��"w� � - 
������­
�021 - �	$B��$	�B�� 3��� - 
��	�

‖ϕ‖W 1
2
> 0, M = (ϕ,ψ) + (ϕ′, ψ′) > 0, S0 < M2‖ϕ‖−2

W 1
2
,

â 
'ö�ë

� - �3�������2������� -[- �B��$	�	�R��$	�3
� f�	$B��� $ "������ ( $B��" $ �	� � y(t) >
(
‖ϕ‖−1/2

W 1
2

−Nt
)−2 * � - �B��$	�	�R��
'��"�!# 


�"w������$	�
T ∗ �� �­������
 - 
���$	��%��	����������������� -�$/- "w���­��$	��%Þ #"���
�$B��$	��% â�ö�ë �

T ∗
6 N−1‖ϕ‖−

1
2

W 1
2
,

â 
�ø�ë

$ �w�
N = ‖ϕ‖−3/2

W 1
2

√
M2 − S0‖ϕ‖2W 1

2

8
YNØ�Ú	Å3ÛõÂ�Ô/ÃHØ�Ç�Â�Û2Í3Å3Û,É�É�Ë­Û,É�Ê�Ë�Â
� À#x��NÀ���� � D �h 3�����[1���"���������"�0

α
*
β
�!$����#������$	0X� �2 	$	���	�	�

ϕ(x)
*
ψ(x)


��������/�>= - �!� â�ö�ë *
â ø�ë 1 - �7�/�	$B��$	0õ 3��� - 
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GIH�><V�>�C�C�K�N
K�C-H�BDXOV-JY?�\<C�E6N4>�]-BIV-J�H�><V�>�RUGL>IF-C-><V�>IF-C�E9PQK�S�F�V-J�PQKTRUXOV-JYC+F-[^]-V�><GIH�V-JYC-GIH<R�JYN
_�BIM<BDXIJ7C�J
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K−f(x) :=
∫

|y|6|x|

K
−(x, y)f(y) dy, K+f(x) :=

∫

|y|>|x|

K
+(x, y)f(y) dy, x ∈ R

n, n > 2,

�4� ���$�-�p�
K −(x, y)

�
K +(x, y)

�������-�������Q�L�p�����j�������Q� −n � ���Q�Q�
n = 1 � �x���j�������Q�/�Q���

�������j�����9�

K−f(x) :=

x∫

0

K
−(x, y)f(y) dy, K+f(x) :=

∞∫

x

K
+(x, y)f(y) dy, x ∈ R+,
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7��������/�½���$���x�Q ¡�Q���������$�����������+�

L
p)
a (Rn) � �������<�$�<�$�-�������ª�x����¼+���������$��Æ����������/�Ä���Q���������Q�Q���� 

���x�Q�Q�L�p���Q�Q�j�����$�+���-�p� ) ���a¢9¹ Ï�= »Ú�-���������Q�j�<�������q���Q���������Q�Q���+���x�Q�Q�l���Q�Q�j�����$�+�$�-� * ¢>W�Q�j�������WÂg�Q�Q�j�����$�+�����Q�L�Í�-�����$���j�-�$�-� �W�������-�������Q�L�p�e� ���$�-�p�������x¼+���§�7�j��� � ¦Q�j�TÂx���-���
�-��ÂQ�x���-�����$���j�-���-�Ä�����$����¨'�Q�Ä�-�������p�����
Â �����Q¦��������j���$��¼�������¥-�$��¼��Q�l��Âx���-�����Q¦�����ÂQ�x�e�-�����$���j�� 
���-� � �j�-¼��Q�QÂx��Å7ÑT�x� ���Q�Q�x�$��¨T���Q�Q� � � �$���Q�Q������� � �-�����$���j�-�Q�<9U���j��� � �-�����$���j�-��£6�x���j¥����Q�-� ��j�����-���L�'���-�j���Q¿Q�$�+���?7�������� � �1��¨T�-�$���Q����Â �����p� �-���Q�j�-�½���Q�Q���+���x�Q�Q�l�ª�-�����$���j�-���-�&@
�+���-�$�< 
���-�$� �BA �Q���p� �x���'�������j�������Q�Q�L�p�e�j�����-�p���e�p���-�����W���Q� ������¢

Ì �����Q���-Æ ���-�����j��������� ¦����Q� �$�����-���j�-¦Q�Q�L� �j�<�$�-���Q�É�$�Í���$���x���Q¼+���j�-�
a � ��¥���������¦Q�Q����Åt ÑT���4�-���$���Q�Q¦����Q���������§�����������j�-���-�Q�Q�x�/�Q�Q�j�����$�+���Q�l�½�-�����$���j�-���-�§�������������Q�Q�l�/�4�������-�������Q�l 

�p�Ä� ���$�-�p�g���j�������Q� −1
�Ä�p���-���������Q�Q�l�§�L�$�+���$�+�����Q�L�p���������-�������Q�L�p��� ���$�-�p�g���j�������Q� −n�����$���x�Q ¡�Q���������$�����������+�/¤
��¥������ � ���-��ÂQ¨T�4������� ¦����Q�É�-¿����QÂQ�/���j���j�x�g�x�§���-���a¢¶À7�����-���Q�L�4���< 

¼��+���+�-����� �����$����¨����j�Y�����j���-�������gÎx¢ Ï �e�������������Q����� �<��� ¦$�-� � ���j���-������� 3 ¢ 3 �/�<��� ¦$�-�'�$�+���x 
�+�������-���'���$���x���Q¼+���j�-�$���§���j���-������� 3 ¢ 4 ���<��� ¦$�-�U�����$�+���$�+�������-���q���$���x���Q¼+���j�-�$�x¢
CEDGFIH��KJ5L	���	��M �

R
n � n

 m�����Q�����Ä����Âx���x�$�-�j�½�Q���������$���������j� � R+ = (0,∞); Sn−1 � �<���x 
�Q�Q¦Q�$���q��¾
���$�W�

R
n �a¿����Q���������
�$��¦$�+�$�tÂ ���-�j���Q�$��� � |Sn−1| � ���a�x�$�-Ñ'�+���IN

Sn−1 = {x ∈ R
n :

|x| = 1}, |Sn−1| = 2π
n
2

Γ(n
2
)

N
B(x0, r) �PO ���§�

R
n �$�+���Q�j���

r
�W¿����Q�������Í�'�j�-¦QÂ �

x0
N
p′ = p

p−1

¢

Q �SR8T �-�1
GJ T �KUx��VSW$�KX'�ZYj
$�-�1���	��M
Q � � �![\T JQ�6��]�^ T FGY�U T JQ�KY�Ux
GJ,_e�5D$�5`�J �7À7¥��-¼��$��¦Q���

Lp(Ω, w) :=
{
f : ‖f‖Lp(Ω,w) <∞

}
,�Y�$�

‖f‖Lp(Ω,w) =



∫

Ω

|f(x)|pw(x) dx




1
p

.

Ì �<��� ¦$�-�
w ≡ 1

¥-�+�$��� �Q���������
Lp(Ω, w) = Lp(Ω).;1�$�<�����Ã�$�-¥��-�j�/¹ Î�» � �-�Q���<�$�<���Q���É���$���x�Q ¡�Q���������$�����������½¤
��¥������/�$�e�p����¨T���������+�

Ω
�Q���-�Q¼� 

�j���������-Æ ) ���
��¥��x¼+���j�<�������qÂ �-����¦Q���-Æ * �����Q���$���j���������j���

Lp)
a (Ω) :=

{
f : ‖f‖

L
p)
a (Ω)

:= sup
0<ε<p−1

ε
1

p−ε ‖f‖
Lp−ε(Ω,a

ε
p )
<∞

}
, 1 < p <∞, )IÏ�*

�Y�$�
a(x) � �Q���-�Q¼��j�������$���§�Q¼������Q���1���g�����-���Q�Q¿$���j�<�����$���e¾U� �QÂQ¿Q�Q�q�$�

Ω � Â �-�j�-�Q� Å �p� �$��¼��l 
���-��� + ) �-(�&�%.-��0/�� ) ��1
¢9Ìo�L¥��-�����$���x���Q¼+���j�-�$�§�Q�����-�Q���<�$�<�$���Q�Q�����$���x�Q ¡�Q���������$�����������/����¨T���
���QÂQ�j�-�������j�Y�½¼+�+����¦$�-�p�½�Q���/�����<�$�<�$�-�����Q�Q�½�-��ÂQ�x�/�Q���������$����������¢6Ì��$�-¥��-�-�+��¹ Î �	Ï�Ïj�	Ï�Ð »p�Q���<�Q �����������+�$����� � ¦Q�j� a ∈ L1(Ω),

¦Q�j�������$���Q���Q�Q�j���g�-�$��¨T���Q���
Lp(Ω) ↪→ L

p)
a (Ω)

¢$Ì �����Q���-Æ½���-�����j�
�p�:���������,�$�<�$�e�

Ω = R+
�x���

Ω = R
n ���Q�Q���$�-�������-�������Q�Q���-�����$���j�-���-�½���������-�������Q�L�p�

� ���$�-�p���p���$�+�����������+�$��¥-�Q�L��������¥��x¼+���j�<�������e�Q���<�����������������/�Q�Q�j�����Q�Q�Q�j�����������½���$���x���Q¼+�+ 
�j�-�$���Ã�$��¦$�+�$�½Â ���-�j���Q�$��� � �$��¥�����Â �-����¦Q��������� � ���Ã�j�����Y�����Q���<�������������-��� �������$�-Âx�+�����Q� Å
�Q�Q�j�����Q�Q�Q�j�����������Ä�����U�$��¦$�+���'Â ���-�j���Q�$�����

a(x) ∈ L1(BδN )
�Q���Ä��ÅW¥-�l�

0 < δ < N <∞,



( Ð � # � ���.� ���E�������
	��
	
�Y�$�

BδN = {x : δ < |x| < N}, �g¼+�-�������-Æ �<�$���
BδN

�$�½�Q�Q�j���Q���+�
(δ,N)

���������������Q�����
�<��� ¦$�-��¢

Àt�Q���<�$�<�$���Q�����
�-��ÂQ��� ��¥-�$��¼���� ���$���x�Q ¡�Q���������$���������j�q¼+���������Q� � �j����¥-Ñ��7���-�j�-��� � �-�����L¥��-�$�
���$���x���Q¼+���j�-�$� � ���-�+���$��¼��Q�aÆ����L¥��-�Ã���$���x���Q¼+���j�-���-�ª����¨T���½�Q�Q�Q�j�������ÃÂ����������p�����j���p�ª¨T�
���$���x�Q ¡�Q���������$����������� ) ���a¢9¹ Ï 3 » * ¢6W�Q�

a ∈ L1(Ω)
���������q�������j�'¿������-¦QÂx���-�$��¨T���Q�QÆ

Lp(Ω) ↪→ Lp)
a (Ω) ↪→ Lp−ε1(Ω, a

ε1
p ) ↪→ Lp−ε2(Ω, a

ε2
p ), 0 < ε1 < ε2 < p− 1. ) Ð�*

��������������������� ��� 6W�Q�Ä��¥-�a¦Q���4������������¼��j�������Ã�-�Q���<�$�<�$���Q�Q�Ä���$���x�Q ¡�Q���������$�����������T¤
��¥������
�$�q�-���$���Q�Q¦����Q�Q�l�½�p����¨T���������+�ª�

a(x) ≡ 1
�j�����Y���Ä���Q�$���j�<�Q���Q�j�Ä�-�$��¨T���Q���

Lp(Ω) ↪→ L
p)
a (Ω) ���¢$��¢Q�'È��j�������p�L�<�$�
���$���x�Q ¡�Q���������$���������j�Ä�x�-���Q���j�Y���$�-� O �Q�����Q�����ÍÂx���-�����Q¦�����Â �-���Ä�Q���������$���x 

�������Ä¤
��¥������x¢K;o�-�Y���-����� ) Ð�*<� ���$�+�$�-���Q¦Q�������-�$��¨T���Q���'�$�g�p����¨T���������+��¥�����Â �-����¦Q���-ÆÃ�����Q� ���+ 
�$���Q���Q�Q�j���j�Y���j�<�$�-�������

a ∈ L1(Ω)
¢	Òd�j�§�j�<�$�-������¦$�-���j�§�Q���<�������������-���j�Y�Ã�Q�Q���$�-�������-�������Q�Q�

���$���x�Q ¡�Q���������$���������e�$�q�����-���$���Q�Q¦����Q�Q�l���p����¨T���������+� ) ���a¢ � �$���Q�Q������� � ¹ Î �pÏ Î+» *<� ���-�+�/���$���x�Q 
�Q���������$�������������$�T�-��ÂQ�x���p����¨T���������+�/���-��� ���$�-�����1�����Q�Q�������j�Y�e�e¥���¼UÈ��j�-���'�j�<�$�-���Q�6¢
6W�j�����

a(x) � �����$��¨'�Q�j�<�����$���e�j��Ål���gÂ �-����¦Q�$�����$���������j�����
R+

¾U� �QÂQ¿Q�Q�6¢"!4� �QÂQ¿Q�QÅ

a∗(t) = sup
x>0

a(xt)

a(x)
) Î *

�$��¼��a����Å7� ) �-�
/
�Q*���(�%$� 1$#&%j(�')(�%�%
a ) ���a¢¶¹ Ïj� ��¢ ( 4 » * ¢�Àt�j��������� �<�$�<��� Å7ÑT���W���j�-Æ��������T�$�-���+�  

¨T���Q�QÆ9�
(a0) * �<���e¾U� �QÂQ¿Q�Q�

xγa(x) � γ ∈ R,
���W�j�-¼��$�-���-�-���Ä�$�

R+ � �j� a∗(t) 6 1
tγ

�Q���
t > 1.

(b0) * �<���e¾U� �QÂQ¿Q�Q�
xγa(x) � γ ∈ R,

���U�x¥-�a���-�����$�
R+ � �j� a∗(t) 6 1

tγ
�Q���

t < 1.
+-, ����� , ��� ���/. ����¾U� �QÂQ¿Q�Q�

a(x) = x−λ(1 + x)λ−γ � λ, γ ∈ R, x ∈ R+,
���������

a∗(t) = t−λ sup
x>0

(
1 + tx

1 + x

)λ−γ

=

{
t−max{λ,γ}, 0 < t 6 1,

t−min{λ,γ}, t > 1.

Q � Q � CED FG^	� T J�U.F T J�0:Y&Fj�1�KF T Fj�1�KX-17� M¶� T J�17� ��2o�+�$���Í�$�-�����1�����Q�Q�������§�������������Q�Q�L�
�-�����$���j�-�Q�

K
�§�Q���<�������$��¨T���Q�Q���������-���������������Ã� ���$�

K (x, y)
���j�������Q� −1

�ª�p���-���������Q�Q�L�
�-�����$���j�-�Q�

K
���<�$�<��� Å7ÑT�x�§�Q���<�������$��¨T���Q�Q� �e�$�T� �����

K (x, y)
�

(a1) K (x, y)
�������-���������Ä���j�������Q� −n N

(b1) K (x, y)
�Q�Q�����Q�$���Q�����Ä�-���������Q�j�<�������Ä���$��Ñ����Q�QÆ

K (ω(x), ω(y)) ≡ K (x, y) � �Y�$� ω ��Q���-�Q¼��j�����������4���$��Ñ����Q���U�
R
n.Ì ÂQ�Q�Q���q¹ ( � ��¢$º�Ë+»6�$�-Âx��¼+����� � ¦Q�j���Q�Q�j�����$�+���
∫

Rn

|K (σ, y)| |y|−
n
p dy, σ ∈ Sn−1,

∫

Rn

|K (y, θ)| |y|−
n
p′ dy, θ ∈ Sn−1, 0 < p 6 ∞,

�Q�Q���j�<�$�-���Q� �
(a1)

�
(b1)

���U¼+�������Y�x�q�-�
σ ∈ Sn−1 �

θ ∈ Sn−1 �����-���j���j�����j���Q���q�
∫

Rn

|K (σ, y)| |y|−
n
p dy =

∫

Rn

|K (y, θ)| |y|−
n
p′ dy, p′ =

p

p− 1
.



���������
	����
��������������	�����������������������������	������ �!�"�������
�"�����$#��&%������'#�� ( Î
¤
����Â �����x�$����� � ¦Q�j�'�'�$�-�����1�����Q�Q���-��� �<��� ¦$�-�

∫

|y|>|x|

∣∣K −(σ, y)
∣∣ |y|−

n
p dy =

∫

|y|6|x|−1

∣∣K −(y, θ)
∣∣ |y|−

n
p′ dy. ) 3 *

�e��¥-�+�$��� ��������¼��-�������j�Y�/��¥��-¼��$��¦����Q�Q�Q�p�

κ
− :=

∞∫

1

∣∣K −(1, y)
∣∣ y−

1
p dy, κ

+ :=

1∫

0

∣∣K +(y, 1)
∣∣ y−

1
p′ dy, n = 1.

. ���g�+�$��¥��������'�Q¼��$��¨T���Q�Q�e�1���j���Q�x�������-�������e���<��� ¦$�-�U�$�+���$�+�����Q�l��� �$���9�

K
−(x, y) = k−(|x|, |y|), K

+(x, y) = k+(|x|, |y|),
�§�q�������������Q�������<��� ¦$�-�U���j�<�$��� ���j�U¾U� �QÂQ¿Q�Q�

κ−n (α) :=

1∫

0

|k−(t, 1)|tn−1− α
p′ dt, κ+n (α) :=

∞∫

1

|k+(t, 1)|tn−1− α
p′ dt, α ∈ R.

Àt�j��������� � ¦Q�j� κ−1 (1) = κ
− �

κ+1 (1) = κ
+.

� � C4�1�KF�17� T �KX�� Y0V���LKJ��
À7¥��-¼��$��¦Q���

c−(a) := sup
0<ε<p−1

∞∫

1

∣∣K − (x, 1)
∣∣ x−

1
(p−ε)′ a∗(x)

ε
p(p−ε) dx,

c+(a) := sup
0<ε<p−1

1∫

0

∣∣K + (x, 1)
∣∣ x−

1
(p−ε)′ a∗(x)

ε
p(p−ε) dx.

� �5F T � 1 J � � � ���
	 �
	��
1 < p < ∞ ��� 	 ��
������

K −(x, y)
�

K +(x, y)
�"�������
�"����� �
	����������

−1
�
a � �������5��������	���� ��� R+

	
«<¢�� ����� ��� ������������� 	 ����� ����%

c−(a) <∞ � c+(a) <∞,
	�� ����������	������

K− � K+ �
����	 �.�
	���
	 �.������� ������������� ����� �E�������5��� �5�
���
	��������
	 �.��� �������
�
L
p)
a (R+) � �5������	���#

‖K−‖
L
p)
a (R+)

6 c−(a), ‖K+‖
L
p)
a (R+)

6 c+(a). ) 4�*
«Y«<¢�� �����

xγa(x)
��� �.���������
	����
	 ���

R+
����% ��� 
I��	����
���0�

γ ∈ R
	���
I���0� � � 	�� κ−1 (min{1, γ}) <

∞,
	�� ‖K−‖

L
p)
a (R+)

6 κ−1 (min{1, γ}). � ����� xλa(x) ��� 	 ��� � ���
	����
R+
����% ��� 
I��	����
���0�

λ ∈ R	���
I���0� � � 	��
κ+1 (max{1, λ}) <∞,

	�� ‖K+‖
L
p)
a (R+)

6 κ+1 (max{1, λ}).«Y«Y«<¢��
	 �
	��
a ∈ L1(R+)

	 � �����
K −(x, y) > 0

�Z��� 	 �5��� ����������	������
K− � K +(x, y) > 0

�
��� 	 �5���E����������	������

K+ � 	�� 	 ����� ����%
κ
− < ∞ � κ+ < ∞ ���
�!� ���"���I#�� ����% ������������� ���������
	��

����������	����
� �
K− � K+ �
����	 �.�
	��
	 �.������� �E�������5��� �5�
���
	��������
	 �.�

L
p)
a (R+)

�8�5������	���#

κ
−
6 ‖K−‖

L
p)
a (R+)

, κ
+
6 ‖K+‖

L
p)
a (R+)

. ) º *



( 3 � # � ���.� ���E�������
	��
	
«���¢�� ��� 	 �5��� �������5��������	������

a(x) = x−λ(1+x)λ−γ � λ, γ ∈ R,
	 ����� ����%

κ−1 (min{1, λ, γ}) <
∞ �

κ+1 (max{1, λ, γ}) < ∞ �
���
	���	�� �0��� � �5��� K −(x, y) > 0
�

K +(x, y) > 0
	 ����� ����%

κ−1 (max{1, λ}) <∞ � κ+1 (min{1, γ}) <∞ ���
�!� ���"���I#�� ����% ������������� ���������
	�� ����������	����
� �
K−

�
K+ �
����	 �.�
	��
	 �.������� � �������5��� �5�
���
	��������
	 �.�

L
p)
a (R+)

�8�5������	���#,���5��� �.����������� � ������
��

κ−1 (max{1, λ}) 6 ‖K−‖
L
p)
a (R+)

6 κ−1 (min{1, λ, γ}), ) ( *
κ+1 (min{1, γ}) 6 ‖K+‖

L
p)
a (R+)

6 κ+1 (max{1, λ, γ}). ) Ê *
� �5���
	������
	�� � �5��� λ = γ = 1 � K −(x, y) > 0

�
K +(x, y) > 0

����������	������
K− � K+ ������� ������ ����� �8�������5��� �5�
���
	��������
	 �.�

L
p)
a (R+)

	���� ��� � 	������!
I�&	���� ��� � 
I��� ���
κ
− < ∞ � κ

+ < ∞�
����	 �.�
	��
	 �.������� � �5������	���# ‖K−‖
L
p)
a (R+)

= κ
− � ‖K+‖

L
p)
a (R+)

= κ
+.

C
«<¢ . �-Âx��¨T���:�����Q�j���§�����$���j���������j��� ) 4�*�� ���j�-�����Ä�$�-Âx��¼��a���-���j�Y� ���$�+�$�-���Q¦Q���Q¢ 2	��ÂÍÂx��Â

K−f(x) =
∫ 1
0 K −(1, t)f(xt) dt,

�j�'���x���g�����$���j�������������e�Q�QÂ �-�j��Â �-���q�
Lp−ε ������� ¦Q���

‖K−f‖
Lp−ε(R+,a

ε
p )

6

1∫

0

|K −(1, t)|





∞∫

0

|f(ty)|p−εa(y)
ε
p dy





1
p−ε

dt

=

1∫

0

|K −(1, t)|t−
1

p−ε





∞∫

0

|f(x)|p−εa
(x
t

) ε
p
dx





1
p−ε

dt

=

1∫

0

|K −(1, t)|t−
1

p−ε





∞∫

0

|f(x)|p−εa(x)
ε
p

[
a
(
x
t

)

a(x)

] ε
p

dx





1
p−ε

dt

6

1∫

0

|K −(1, t)|t−
1

p−εa∗

(
1

t

) ε
p(p−ε)

dt





∞∫

0

|f(x)|p−εa(x)
ε
p dx





1
p−ε

.

6U���<�$�U�Q�Q�j�������Q�e�'�����Q�j���Í�Q�Q�j�����$�+�$�4����¨'����������� ¦Q�Q���'�$�-Âx��¼��a���-�������4�����$���j���������j�Q¢
«Y«<¢ . �-Âx��¨T�����-¿����QÂQ�'�Q��� ‖K−‖

L
p)
a (R+)

¢�ÌÍ���x�������j�-Æ��������
�$�-���+�x¨T���Q�Q�
(a0)

���������
a∗(t) 6

t−γ �Q�Q�
t > 1

¢I6U�-È��j���p�

‖K−‖
L
p)
a (R+)

6 max
06ε6p−1

∞∫

1

∣∣K − (t, 1)
∣∣ t−

1
(p−ε)′

− εγ
p(p−ε) dt,

�����<�$�o¦������7������¥-�j���1���'�-¿����QÂx�7������� ¦$�-���j�Y�T�Q���Q�p�L�½���a¦Q���<�$���Q�����ª�Q�Q�j�����$�+���t���$�+����¨��$���Q�����
�1��Â �����p�x�1�x¢

Àt¿����QÂx���Q��� ‖K+‖
L
p)
a (R+)

������� ¦$�-���j�Y�/���$�+�$�-���Q¦Q���Q¢
«Y«Y«<¢ . �-Âx��¨T�����-¿����QÂQ�e���Q�Q¼��e���-���p� �-�����$���j�-�$�

K− ¢�Ìl�-¼��j����� �p�Q�Q���p�Q¼��Q�Q� Å7Ñ�������������Æx 
�����j��¾U� �QÂQ¿Q�QÆ§�����x�$�

fδ(x) =

{
x
− 1

p
+δ
, 0 < x 6 1,

0, x > 1.

2	��Â Âx��Â
fδ ∈ Lp(R+)

�
a ∈ L1(R+) � �j� fδ ∈ L

p)
a (R+)

�����x��� ) Ð�* ¢ >W¼½�-���$���Q�Q¦����Q���������
�-�����$���j�-�$�

K− �g���$���x�Q ¡�Q���������$���������j�
L
p)
a (R+)

�<�$�<���j��� � ¦Q�j�g�-�½�-�Q���<�$�<�$���ª�$�Ä¾U� �QÂQ¿Q�Q�
fδ
¢



���������
	����
��������������	�����������������������������	������ �!�"�������
�"�����$#��&%������'#�� ( 4
6W�Q�

x < 1
���������

K−fδ(x) =

1∫

0

K
−(1, t)fδ(xt) dt > κp(δ)fδ(x),

�Y�$�
κp(δ) =

∫ 1
0 K −(1, t)fδ(t) dt

¢�;1�$�<�$�-�����j�<������� �

‖K−‖
L
p)
a (R+)

>

‖K−fδ‖Lp)
a (R+)

‖fδ‖Lp)
a (R+)

> κp(δ).

À7���-�-���j�Y�§��������ÆQ���§Âg�Q���<�$�<���Ä�Q�Q�
δ → 0

������¼��$��Â �����Q�Q�j�����$�+��� � �-�Q���<�$�<���xÅ7Ñ������
κp(δ) � ¦Q�j���¥��������-���a���-���j�Y�e�j���-�������-Æe¤
�����9¢

Àt¿����QÂx�'���-���p� �-�����$���j�-�$�
K+ �$�-Âx��¼��a���-���j�Y�½���$�+�$�-���Q¦Q���Q¢

«���¢ 6W�$�����L�W�-¿����QÂQ�§� ) ( * �Ä� ) Ê * ������� ¦$�-���j�Y�g�Q¼ ) 4�* �������������<�$�����j���Q�Q�L�p�e���a¦Q���<�$���Q�Q�Q�p�
�W� ¦����j��� �j�-��� � ¦Q�j�'�'È��j���Í�<��� ¦$�-�
���Q�$���j�<�Q���Q�j���$���j���������j� ) ���a¢Q�Q�Q������� Ð ¢ Ï�*

a∗(x) =

{
t−max{λ,γ}, 0 < t 6 1,

t−min{λ,γ}, t > 1.

6U����� ¦Q��� �-¿����QÂQ� ���Q�Q¼��É���-���p� ‖K−‖
L
p)
a (R+)

.
Ìl�-¼��j����� �p�Q�Q���p�Q¼��Q�Q� Å7Ñ����Í��������Æ������j�

¾U� �QÂQ¿Q�QÆ§�'���x�$�

fδ(x) =

{
x−ν+δ, 0 < x 6 1,

0, x > 1,

�Y�$�
δ > 0, ν = 1− max{1,λ}

p′
¢I>U�������

‖fδ‖Lp)
a (R+)

= sup
0<ε<p−1

ε
1

p−ε





1∫

0

dx

x
νp+ ε

p
(λ−νp)−δ(p−ε)





1
p−ε

.

Àt�j��Ål���4�Q���������L�p�§�$�-����� ¨��$���Q�Q�Q�p�§������� ¦$�-��� � ¦Q�j� fδ ∈ L
p)
a (R+)

¢QÀt¿����Q���
K−fδ

���-�j�-¦���¦Q���
���Q�Q¼��j¢I>U������� �Q�Q�

0 < x 6 1

K−fδ(x) =

1∫

0

K
−(1, t)fδ(xt) dt = x−ν+δ

1
x∫

0

K
−(1, t)t−ν+δ dt

= fδ(x)

1
x∫

0

K
−(1, t)t−ν+δ dt > fδ(x)

1∫

0

K
−(1, t)t−ν+δ dt.

Àt�j��Ål����������� ¦$�-���

‖K−‖
L
p)
a (R+)

>

‖K−fδ‖Lp)
a (R+)

‖fδ‖Lp)
a (R+)

>

1∫

0

K
−(1, t)t−ν+δ dt.

�W�j��¥-� ������� ¦Q�Q�����-¿����QÂQ�½���Q�Q¼��e�Q��� ‖K−‖
L
p)
a (R+)

�����-�-���j�Y�ª��������ÆQ���ªÂª�Q���<�$�<���/�Q�Q�
δ → 0

¢
6W���<�$�<�����Q�aÆe�������<�����/�����e¼��$��Â ���Í�Q�Q�j�����$�+���'�j�-¼�����¨T���/�����x���g�j���-�����p� ¤
�����9¢



( º � # � ���.� ���E�������
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Àt¿����QÂx�����Q�Q¼��Ä�Q��� ‖K+‖

L
p)
a (R+)

������� ¦$�-���j�Y�/���$�+�$�-���Q¦Q�������������<�$�����j��� ¾U� �QÂQ¿Q�Q�

fδ(x) =

{
0, 0 < x 6 1,

x−µ−δ, x > 1,

�Y�$�
δ > 0 � µ = 1− min{1,γ}

p′
¢
B

� �p� �KFG`�F�17� T �KX��:Y0V���LKJ��
� � � ��� V���LKJ�� T J��1�KJ VSW$�KFG`�F&M¶� T J � C��	�����	� L	� T ��H Y���� T �KL	�5Y��	�	� Y T �-�1�	�	� �¶Ì�È��j���

�Q� �QÂQ�j�o�p�Ã�$�-�������-���Q���½�<��� ¦$��ÆT�$�+���x�����Q�l�4� �$���
k−(|x|, |y|) � k+(|x|, |y|) ¢-ÌªÈ��j���/�<��� ¦$�-�o�p�

������� ¦Q����� ���j����¨��$���Q���7¥����$���7���x��������� � ¦������Q�������j�T�-���$���Q�Q¦����Q���������'�-�����$���j�-���-�
K− �

K+ �
���$���x�Q ¡�Q���������$���������j��¢ >U�����Q��� � �p� ������� ¦Q���ª�-¿����QÂQ�'�Q���T���-��� ‖K−f‖

L
p)
a (Rn)

� ‖K+f‖
L
p)
a (Rn)¦�������¼4��¾
���Q�Q¦�����ÂQ���4�����<���Q���

F (ρ) :=
1

|Sn−1|

∫

Sn−1

f(ρσ) dσ

¾U� �QÂQ¿Q�Q�
f ) ���a¢Q�j���-�����p� 3 ¢ Ï�* ¢�e� ¥-�+�$������������¼��-�������j�Y�e�-��ÂQ¨T�4��¾
���Q�Q¦�����ÂQ���������<���Q��� ���$���x���Q¼+���j�-�$�

a
�

A(ρ) :=
1

|Sn−1|

∫

Sn−1

a(ρσ) dσ, ρ ∈ R+.

�e���-���������Q�Q�L�7�-�����$���j�-�
K− �

K+ ���j�����x�j�Y�qÂq�������������Q�Q�L���-�����$���j�-�$�-�
K̄− �

K̄+ �a� �Q 
�$�-�p�

k̄−
�
k̄+

����¾
�-���p�+���-�

K−f(x) = K̄−F (|x|), K+f(x) = K̄+F (|x|), ) Ë *
�Y�$�

k̄−(ρ, r) = |Sn−1|ρn−1k−(ρ, r)
�
k̄+(ρ, r) = |Sn−1|ρn−1k+(ρ, r) � ¦Q�j�g���-¼��j�����Q�e�j�����������- 

¼��-�������j�Y������¼��+���+�-���-�-�p���Q���ª�������������Q���-���/�<��� ¦$���½�$�g�������-�����Q�Q���$�-Âx��¼��a���-�����-ÆÃ�Q�Q¨T���$���	 
�p� 3 ¢ Ï ¢�Àt�j���������Í�<�$�<��� Å7ÑT���
�<�$�<�$�������Q���Q¼U�����$���j�����������
	U�������$�x�

∫

Sn−1

a(ρσ)λ dσ 6 |Sn−1|A(ρ)λ, 0 < λ < 1, )IÏ�=�*

|F (ρ)|q 6 1

|Sn−1|

∫

Sn−1

|f(ρσ)|q dσ, q > 1. )IÏ�Ï�*

_e� 1 1 J � � � � �
�5��� �.����������� ������� �.�����
	 � �
∥∥K−f

∥∥
L
p)
a (Rn)

6
∥∥K̃−F̃

∥∥
L
p)

Ã
(R+)

,
∥∥K+f

∥∥
L
p)
a (Rn)

6
∥∥K̃+F̃

∥∥
L
p)

Ã
(R+)

, )IÏ�Ð�*
� �
�

K̃−F (ρ) =

∞∫

0

k̃−(ρ, r)F (r) dr, K̃+F (ρ) =

∞∫

0

k̃+(ρ, r)F (r) dr,

F̃ (ρ) =
∣∣Sn−1

∣∣ 1pρ
n−1
p F (ρ), Ã(ρ) =

∣∣Sn−1
∣∣ρn−1A(ρ),



���������
	����
��������������	�����������������������������	������ �!�"�������
�"�����$#��&%������'#�� (�(

k̃−(ρ, r) =
∣∣Sn−1

∣∣
(
ρ

1
p r

1
p′
)n−1

k−(ρ, r), k̃+(ρ, r) =
∣∣Sn−1

∣∣
(
ρ

1
p r

1
p′
)n−1

k+(ρ, r).

C
;o�-�Y���-����� ) Ë * ���������

∫

Rn

∣∣K−f(x)
∣∣p−ε

a(x)
ε
p dx =

∞∫

0

ρn−1
∣∣K̄−F (ρ)

∣∣p−ε
∫

Sn−1

a(ρξ)
ε
p dξdρ.

2Ú�-�Y���'�����x��� )IÏ�=�*
∫

Rn

∣∣K−f(x)
∣∣p−ε

a(x)
ε
p dx 6

∣∣Sn−1
∣∣

∞∫

0

ρn−1
∣∣K̄−F (ρ)

∣∣p−ε
A(ρ)

ε
p dρ.

Àt�j��Ål���Ã�Q���Q�p�L�p�,�Q������¥-�$��¼��-�����Q�Q�Q�p���Q�Q�x���������ÁÂ �����Q�j���p�������$���j����������� � )IÏ�Ð�* ¢oÌo�j�-����������$���j���������j�'�$�-Âx��¼��a���-���j�Y�½���$�+�$�-���Q¦Q���Q¢
B_e� 1 1 J � � Q ��� ��% ��� ��������������� � 	 ��
������

f
���5��� �.���������.� �
����	������ �������

‖f‖
L
p)
a (Rn)

6 ‖f‖
L
p)
A
(Rn)

,

� �
�
A (x) := 1

|Sn−1|
∫
Sn−1

a(|x|σ) dσ.
C

. ���
�$�-Âx��¼+���j�<���j�������7�$�����-���j�-¦Q���W�t�$���j�-Æ�¦$�-�������Q�Q�������Q�Q���W�����$���j���������j� )IÏ�=�*�� ��������Æx���Â§�������x�Q�Q�L�ÍÂ ���-�j���Q�$���-�-�a¢
B;1�$�<��� Å7Ñ'���Ä�$�����1���$�-Âx��¼��a���-���j�Y�½���$�+�$�-���Q¦Q���q�W�������-ÑT��Å �����$���j����������� )IÏ�Ï�* ¢_e� 1 1 J � � � � �
	 �
	��

A (x) = A(|x|) 	������ ���

‖F‖
L
p)
A
(Rn)

6 ‖f‖
L
p)
A
(Rn)

, )IÏ Î *
� �
�

F (x) := 1
|Sn−1|

∫
Sn−1 f(|x|σ) dσ

	
Ì �<�$�<��� Å7Ñ���Æ��j���-�������
�p���$�-�����1�����Q�Q���-���������$���j�����������'���x���

‖K−f‖
L
p)
a (Rn)

6 C−‖F‖
L
p)
A
(Rn)

, ‖K+f‖
L
p)
a (Rn)

6 C+‖F‖
L
p)
A
(Rn)

, )IÏ 3 *
�Y�$�

F (x) = F (|x|) � a � �Q���-�Q¼��j�������Q�aÆÄ���$���x���Q¼+���j�-�Ä�$�
R

n � ��¾
���Q�Q¦�����Âx���q�����<���Q�x�'Â �-�j�-���-���
�$�����$�Ã¾U� �QÂQ¿Q�Q�

A (x) = A(|x|) � ���-��ÂQ¨T�e���-��� �-¿����QÂQ�,���Q�Q¼��Í� ���j���j�x�Í�Q�����$���x��� ¦ O �x�Â �-�����-���Q�
C−
∗

�
C+
∗

� )IÏ 3 * ¢À7¥��-¼��$��¦Q���

d−(A) :=
∣∣Sn−1

∣∣ sup
0<ε<p−1

∞∫

1

∣∣k− (t, 1)
∣∣ t

n
p−ε

−1
A∗(t)

ε
p(p−ε) dt,

d+(A) :=
∣∣Sn−1

∣∣ sup
0<ε<p−1

1∫

0

∣∣k+ (t, 1)
∣∣ t

n
p−ε

−1
A∗(t)

ε
p(p−ε) dt,

κ
−
n :=

∞∫

1

∣∣k−(1, y)
∣∣ y

n
p′
−1
dy, κ

+
n :=

1∫

0

∣∣k+(y, 1)
∣∣ y

n
p
−1 dy.
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� �5F T � 1 J � � � �
�
	 �
	��

1 < p < ∞ � A(|x|) � �������5��������	���� ��� Rn ��� 	 ��
������
k−(|x|, |y|)�

k+(|x|, |y|) �"�������
�"�����?�
	���������� −n 	
«<¢ � �����

d−(A) < ∞, d+(A) < ∞,
	�� ������� �.�����
	 � � )IÏ 3 * ��� ��������%���	���% �

C− = d−(A)�
C+ = d+(A)

�
����	 �.�
	��
	 �.������� 	
«Y«<¢ � �����

tγA(t)
��� �.���������
	����
	 ���

R+
����% ��� 
I��	����
���0�

γ ∈ R
	���
I���0� � � 	��

κ−n (min{n, γ}) <
∞,
	��

C− 6 |Sn−1|κ−n (min{n, γ}) 	 � �����
tλA(t)

��� 	 ��� � ���
	 ���
R+
����% ��� 
I��	����
���0�

λ ∈ R	���
I���0� � � 	��
κ+n (max{n, λ}) <∞,

	��
C+ 6 |Sn−1|κ+n (max{n, λ}) 	«Y«Y«<¢ � �����

A ∈ L1(Rn)
�
k−(|x|, |y|) > 0 � k+(|x|, |y|) > 0 � 	�� 	 ����� ����%

κ
−
n < ∞ �

κ
+
n <∞ ���
�!� ���"���I#�� ����%&������������� ���������
	�� ����������	����
� �

K− � K− �
����	 �.�
	��
	 �.������� �E�������5���
�5�
���
	��������
	 �.�

L
p)
a (R+).

� ��� ��	���# ����% ������� 	 � � ��� 
I�����
	�����	 � ������� �.�����
	 � � � )IÏ 3 * ���5��� �.�����
������� � ������
��

∣∣Sn−1
∣∣κ−

n 6 C−
∗ ,

∣∣Sn−1
∣∣κ+

n 6 C+
∗ . )IÏ�4�*«���¢ � ���

a(x) = |x|−λ(1 + |x|)λ−γ , λ, γ ∈ R,
� ���
��	���������	����������
� %��
��� ������� 	 � � ��� 
I��� �

�
	�����	�� � )IÏ 3 * 	 �
� �����
	 �.����%���	 ������� �.�����
	 � �'#
∣∣Sn−1

∣∣κ−n (max{n, λ}) 6 C−
∗ 6

∣∣Sn−1
∣∣κ−n (min{n, λ, γ}), )IÏ º *

∣∣Sn−1
∣∣κ+n (min{n, γ}) 6 C+

∗ 6
∣∣Sn−1

∣∣κ+n (max{n, λ, γ}). )IÏ ( *
� �5���
	������
	�� � �5��� λ = γ = n

�I# ����	�# �
�
	�� ��� �.�����
	 � �
C−
∗ =

∣∣Sn−1
∣∣κ−

n , C+
∗ =

∣∣Sn−1
∣∣κ+

n .

C
. �-Âx��¼+���j�<���j�����j�ª�j���-�����p� ���������-�j�-�-�$�����/�$�������-Æ 3 ¢ Ï ¢
6W�Q�������Q�x�Ã�j���-�����p�ÃÎx¢ Ï �e�Q�$�+ 

���l�Ä¦$�-���+� �Ä�����$���j��������� )IÏ�Ð�*�� �����<�$�7��� ���T�Q���������l�Ä�Q������¥-�$��¼��-�����Q�QÆ�������� ¦$�-���Ã� ���j����¨��$���Q���
�j���-�����p� ���$�����-���j�-¦Q���-Æ/¦$�-�����9¢

. ����������� ¦����Q�Q�Ã�-¿������-ÂÃ���-���É���Q�Q¼��ª���Q� �QÂQ�-�+�Ã«Y«Y«t��«�� �����$���j����������� )IÏ�Ð�* �����Q�Q�������Q�x �p�
¢pÇU�½�p� �j������������¼��j�����Y� �j��� � ¦Q�j�/�$�e�$�+���$�+�����Q�l� ¾U� �QÂQ¿Q�Q� �������$���j����������� )IÏ�=�* � )IÏ�Ï�*���'�<�$�<�$�-�����j�<������� � �������$���j����������� )IÏ�Ð�*�� �Q�������$��Ñ'��Å7�j�Y���'�$���j�����������x¢
6U����� ¦Q���Í�����Q��� Å �-¿����QÂQ�g�Q¼ )IÏ�4�* ¢I7p�-�������-���Q��� �p�Q�Q���p�Q¼�� Å7ÑT� Å ¾U� �QÂQ¿Q�QÅ

fδ(x) =

{
|x|−

n
p
+δ, 0 < |x| 6 1,

0, |x| > 1,

�Y�$�
δ > 0

¢LÀt¦������x�����
fδ ∈ Lp(Rn)

� � �<�$�<�$�-�����j�<������� � �����x������Âx��Å7¦����Q�Q�
A ∈ L1(Rn) �

fδ ∈ L
p)
a (Rn)

¢QÌo���x���g�$�+���$�+�������������
fδ

���������

‖K−fδ‖Lp)
A (Rn)

=
∥∥K̃−F̃δ

∥∥
L
p)

Ã
(R+)

,

�Y�$�
Ã(ρ) = |Sn−1|ρn−1A(ρ), F̃δ(ρ) =

1
|Sn−1|

∫
Sn−1 fδ(ρσ) dσ = |Sn−1|

1
pρ

n−1
p fδ(ρ).Ìl������������¼��-����� O �����½�����Q���L� �Q¼������$���j��������� ) º *<� �����<�$�������<�$��¨'�Q�l���Q������¥-�$��¼��-�����Q�QÆ����� 

��� ¦Q���
∥∥K−fδ

∥∥
L
p)
A (Rn)

> κ
−
n

∥∥F̃δ

∥∥
L
p)

Ã
(R+)

= |Sn−1|κ−
n ‖fδ‖Lp)

A (Rn)
.

2Ú���,���-�p�L� �����Q�j�����Q¼������$���j��������� )IÏ�4�* �$�-Âx��¼+�����Q¢9Ìo�j�-������������� ¦$�-���j�Y�����$�+�$�-���Q¦Q���g���������<�Q 
�����j���Í¾U� �QÂQ¿Q�Q�

fδ(x) =

{
0, 0 < |x| 6 1,

|x|−
n
p
−δ, |x| > 1,�Y�$�

δ > 0.. �-Âx��¼+���j�<���j�����j� �����$���j��������� )IÏ º * � )IÏ ( * ���$�+�$�-���Q¦Q�����$�-Âx��¼+���j�<���j������� �����$���j��������� ) ( *� ) Ê * ¢ B



���������
	����
��������������	�����������������������������	������ �!�"�������
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� � Q � CED��ª� �:Y0V���LKJ�� �ÚÀ7¥��-¼��$��¦Q���

κ−p :=

∫

|x|61

K
− (e1, x)

1

|x|
n
p

dx,

`−(a) := sup
0<ε<p−1

∫

|x|>1

∣∣K − (x, e1)
∣∣ [a∗ (|x|)]

ε
p(p−ε)

|x|
n

(p−ε)′
dx.

A �-��������� � ¦Q�j� `−(a) 6
∫
|x|>1 |K − (x, e1)|max

{
[a∗(|x|)]

1
p′ ,

1

|x|
n
p′

}
dx,

¦Q�j��������� ¦$�-���j�Y�Ã���l 

¦Q���<�$���Q�����
sup0<ε<p−1

[a∗(|x|)]
ε

p(p−ε)

|x|
n

(p−ε)′
.

� �5F T � 1 J � � Q �
�
	 �
	��
1 < p < ∞, a = a(|x|) � %����
� K −(x, y)

�"�������
�"����� �
	���������� −n�:����� � ��������	���� ��	���������	������������������ ����� ��	 � �����
`−(a) < ∞,

	�� ����������	����
K− ������������� ���

�E�������5��� �5�
���
	��������
	 �.�
L
p)
a (Rn)

�

‖K−‖
L
p)
a (Rn)

6 `−(a). )IÏ Ê *
� �����

K −(x, y) > 0
�
a ∈ L1(Rn) � 	�� 	 ����� �����

κ−p < ∞ ���
�!� ���"���I# � ����% 	���
I��� ������������� ��� �
�����
	�� �

κ−p 6 ‖K−‖
L
p)
a (Rn)

. )IÏ Ë *
C

Àt¿����Q��� ‖K−f‖
Lp−ε(Rn,a

ε
p )

���j���j�x�j¢ . ���gÈ��j�-�����Q���<�$���-�������
K−f(x)

�'���x�$�

K−f(x) =
∫

|y|6|x|

|y|−
n
qq′ K

−(x, y)
1
q′

(
a(|x|)

ε
p

a(|y|)
ε
p

) 1
qq′

|y|
n
qq′ K

−(x, y)
1
q

(
a(|y|)

ε
p

a(|x|)
ε
p

) 1
qq′

f(y) dy.

6W�Q�������Q�x�§�����$���j���������j�Ä£���<���-�$���$� � ������� ¦Q���

|K−f(x)| 6 {∆}
1
q′





∫

|y|6|x|

|y|
n
q′ |K −(x, y)|

(
a(|y|)

ε
p

a(|x|)
ε
p

) 1
q′

|f(y)|q dy





1
q

,

�Y�$�
∆ =

∫
|y|6|x| |y|

−n
q |K −(x, y)|

(
a(|x|)

ε
p

a(|y|)
ε
p

) 1
q

dy. A �-�����Q�Q� q �§���a�$��¨T���Q�Q�ª�Q���
∆

�$�
p − ε

�
�O�$�<�����q¼+�-�����Q�g�����$��¥-�Q�

y → |x|y � ������� ¦Q���

∆ = |x|−
n

p−ε

∫

|y|61

|y|−
n

p−ε

∣∣∣∣K
−
(
x

|x| , y
)∣∣∣∣
(

a(|y|)
a(|x||y|)

) ε
p(p−ε)

dy.

Ì �����<�$�<�������Í�Q�Q�j�����$�+�$�4�O�$�<���-���Í¼+�-�����Q�g���$��Ñ����Q�Q�
y = ω(z),

�Q�Q��Â �-�j�-�����
ω(e1) =

x
|x| ,

�Y�$�
e1 = (1, 0, . . . , 0),

�§�j������������¼��j�����Y�e�����$���j���������j���

sup
t<1

a(t)

a(xt)
6 a∗

(
1

x

)
, x > 0,



Ê = � # � ���.� ���E�������
	��
	
���Q�Q�����Q�$���Q������������Å:¾U� �QÂQ¿Q�Q�

K
�-���������Q�j�<�������q���$��Ñ����Q�QÆ9�

∆ 6 |x|−
n

p−ε

∫

|y|61

|y|−
n

p−ε
∣∣K − (e1, y)

∣∣
[
a∗

(
1

|y|

)]− ε
p(p−ε)

dy.

;1�$�<�����q�'�Q�Q�j�����$�+�$�
�Q������¥-�$��¼��-�����Q���4�Q�Q�j�������Q� � ������� ¦Q��� ∆ 6 |x|−
n

p−ε `−ε (a),
�Y�$�

`−ε (a) :=
∫

|x|>1

∣∣K − (x, e1)
∣∣ [a∗ (|x|)]

ε
p(p−ε)

|x|
n

(p−ε)′
dx.

2	��ÂQ������¥-�$��¼���� � ������� ¦$�-���

∣∣K−f(x)
∣∣ 6 [`−ε (a)]

1
(p−ε)′

|x|
n

(p−ε)(p−ε)′





∫

|y|6|x|

|y|
n

(p−ε)′ |K −(x, y)|
(
a(|y|)

ε
p

a(|x|)
ε
p

) 1
(p−ε)′

|f(y)|p−ε dy





1
p−ε

.

. �+�$��� � ���������

‖K−f‖
Lp−ε

(

Rn,a
ε
p
) 6 [`−ε (a)]

1
(p−ε)′

{∫

Rn

|f(y)|p−ε|y|
n

(p−ε)′

×
∫

|y|6|x|

|x|−
n

(p−ε)′ |K −(x, y)|
(
a(|y|)

ε
p

a(|x|)
ε
p

) 1
(p−ε)′

a(|x|)
ε
pdxdy

} 1
p−ε

=[`−ε (a)]
1

(p−ε)′

{∫

Rn

|f(y)|p−ε|y|
n

(p−ε)′ a(|y|)
ε

p(p−ε)′

∫

|y|6|x|

|x|−
n

(p−ε)′ |K −(x, y)|a(|x|)
ε

p(p−ε) dx dy

} 1
p−ε

.

6U���<�$�
¼+�-�����Q�
x→ |y|x �§���$��Ñ����Q�Q�§�j�'���Q� �������Q����� �Q�Q�j�����$�+�$� � ������� ¦Q���

‖K−f‖
Lp−ε

(

Rn,a
ε
p
) 6 [`−ε (a)]

1
(p−ε)′

{∫

Rn

|f(y)|p−εa(|y|)
ε

p(p−ε)′ dy

×
∫

|x|>1

|x|−
n

(p−ε)′ |K −(x, e1)|a(|x||y|)
ε

p(p−ε) dx

} 1
p−ε

= [`−ε (a)]
1

(p−ε)′

{∫

Rn

|f(y)|p−εa(|y|)
ε
p dy ×

∫

|x|>1

|x|−
n

(p−ε)′ |K −(x, e1)|
(
a(|x||y|)
a(|y|)

) ε
p(p−ε)

dx

} 1
p−ε

6 [`−ε (a)]
1

(p−ε)′ ‖f‖
Lp−ε

(

Rn,a
ε
p
) ×

{∫

|x|>1
|x|−

n
(p−ε)′ |K −(x, e1)| [a∗(|x|)]

ε
p(p−ε) dx

} 1
p−ε

= [`−ε (a)]
1

(p−ε)′ [`−ε (a)]
1

p−ε ‖f‖
Lp−ε

(

Rn,a
ε
p
) = `−ε (a)‖f‖Lp−ε

(

Rn,a
ε
p
).

Àt�j��Ål�����W� ¦����j��� )IÏ�*�� �Q�Q�x���������ÍÂ )IÏ Ê * ¢
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. ���g�$�-Âx��¼+���j�<���j�������Ä�-¿����QÂQ�/���Q�Q¼��§� )IÏ Ë * �j�-¼��j����� �p�Q�Q���p�Q¼��Q�Q� Å7Ñ����4��������Æ������j�Ä¾U� �QÂx 

¿Q�QÆg�T���x�$�
fδ(x) = |x|−

n
p
+δ

(1 + |x|)−2δ .
2	��ÂgÂx��Â

fδ ∈ Lp(Rn)
�
a ∈ L1(Rn) � �j� fδ ∈ L

p)
a (Rn)�'���x��� ) Ð�* ¢.>W¼
�-���$���Q�Q¦����Q���������/�-�����$���j�-�$�

K− �'���$���x�Q ¡�Q���������$���������j�
L
p)
a (Rn)

�<�$�<���j��� � ¦Q�j��-���-�Q���<�$�<�$���e�$�'¾U� �QÂQ¿Q�Q�
fδ
¢�>U�������

K−fδ(x) =
∫

|y|61

K
−(e1, y)fδ(|x|y) dy.

¤
����Â ���Q���-�j���Q�Q��� � ¦Q�j� fδ(xy) > fδ(x)fδ(y).
2Ú�-�Y���

K−fδ(x) > κ−p (δ)fδ(x),

�Y�$�
κ−p (δ) =

∫
|y|61 K −(e1, y)fδ(y) dy

¢�;1�$�<�$�-�����j�<������� �

‖K−‖
L
p)
a (Rn)

>

‖K−fδ‖Lp)
a (Rn)

‖fδ‖Lp)
a (Rn)

> κ−p (δ).

À7���-�-���j�Y�Ä��������ÆQ���gÂq�Q���<�$�<�����Q�Q�
δ → 0

�����g¼��$��Â ���Ã�Q�Q�j�����$�+��� � �-�Q���<�$�<���xÅ7Ñ������
κ−p (δ) � ¦Q�j���¥��������-���a���-���j�Y�e�j���-�������-Æe¤
�����9¢

B� �$�+�$�-���Q¦Q�����W� ���j����¨��$���Q���U���Q�$���j�<�Q���Q�j�'�q�Q���g�-�����$���j�-�$�
K+ �7¼+�-�������-Æ

κ−p
�
`−(a)

�$�

κ+p =

∫

|x|>1

K
+ (x, e1)

1

|x|
n
p′
dx

�
`+(a) = sup

0<ε<p−1

∫

|x|61

∣∣K + (e1, x)
∣∣ |x|−

n
p−ε [a∗ (|x|)]

ε
p(p−ε) dx

�����-���j���j�����j���Q���Q¢
���������	��
��
���	�������������������������������� �����!"����������#%$�&�'�&($)��*,+(�.-��. ����
��-������/������#��%������0��/����-�#��
�����������

�
��������
102��������0
*,����*,#3����4�����-�������#5-��	4�������
��"-���*,��6
����0879&

_e�KUx� T J�U�� T J

Ö h":<;�=?>�@BA,CED�C FHG�=JILK�@�M�@ONPC9Q"C F)AE=SR,=?@�T�U2VWCEXYC[ZpC-H�BIV+]->�?-S�f�K-S
?�K�C-BD��C�E6N�>�]-BIV-J�H�><V�>�R�h \aÛ4h ]H^1JI@+b+J `
Ö`_�×�a h \.b _�_ G<h

Ô h3c[RHdJ;�e�dgf
h�M
=SUiA,C�XYC[jÚXOV-JYC�K�A-BDC�C-><GIH<\t?�K�C-BD��C�E6N
>�]-BIV-J�H�><V�>�RWRWR�BIGI>�R<E6N�><M<><M�k1BDC�C�E6NTXOV-JYC+F-[^]-V�><GIH<[
V-JYC-GIH<R�JYNt_�BIM<BDXIJmlnl.o�BIGIH<C h(pÚb+JOFxh�C�JI@+b%q�BDA-BDC-GIb�>��7V�BIGD] h \ Ô�Õ�Ö`r h \"s�h Ö`_ `�t Ô h \aÙÚh�uJv _ h

r h3c[RHdJ;�e�dgf
h�M
=SUwA,C�XYC�j	M<><M�k1BDC�K-BÚ]->�C-S+H<K-S1XOV-JYC+F-[^]-V�><GIH�V-JYC-GIH<R�J	_�BIM<BDXIJ.lnl/Z�ZDR�h�R<@+ZI>�R�h�ÛWJ�H�BIP$J�H<K-b+J�h \
Ô�Õ�Ö b+h \"s�h
b+h \yxÚh
b Ô v�u Ö�z ]-BIV�h�C�JtJYC�Xm? h ]�{)|J}�|L~g��� � �`���S� ��}2���E�S��|.}����S� ��}5���H��~g��}(�5�
|J�8|J�?����|.�?�(� Ó |<h
�<���?�?� ��}�	���S��h��n���<h��)���
�mh \ Ô�Õ�Ö b+h \.�E��� h�u a `�t b+h \"�xh r uJv�b r hb+h3c[RHdJ;�e�dgf
h�M
=SUOA,C9XYC[jÚXOV-JYC�K�A-BDC�C-><GIH<\7]-><H�BDC�f�K�JY?�J	�QK-GIGOJ7RUR�BIGI>�R<E6N'><M<><M�k1BDC�C�E6N'XOV-JYC+F-[^]-V�><GIH�V-JYC�[
GIH<R�JYN7_�BIM<BDXIJylnl.o$?�JOF-K-b+JYR�b�h�P$J�H�h�cd@+V+C h \ Ô�Õ�Ö b+h \"s�h Ö`� `�t Ô h \yxÚh ��Ô v ��a hu�h3c[RHdJ;�e�dgf
h�M
=SU%A,C�XYC�=p?-><H<C-><GIH<\1]-V�><GIH�V-JYC-GIH<R�Jp_pK-ZI><V�b+K�C�J	RdXOV-JYC+F-[^]-V�><GIH�V-JYC-GIH<R�JYNo_�BIM<BDXIJ"lnl�o$?�JOF-K�[
b+JYR�b�h�P$J�H�h+cd@+V+C h \ Ô�Õ�Ö u�h \"s�h ÖY× `�t r h \yxÚh × uJv a�r h

� h.�g�9����� �L¡£¢HC F/¤
¥�¦�§L¨�¦����i©,C<ª)}«�S��|5� }��S|J��~g����� � � ��¬­�����S��|Y®¯� Ó ����� ��}B��}(��|L~%°y� }�� °m���/��¬��8���S��|J�?|J�±lnlO²W~ Ó ��h�)���S� ��}(���[�%| Ó ��h(²<}(��� h \ Ö`_�_�Ô h \.�E��� h Ö<Ö`_ h \"�xh ÖYÔ�_ v Ö b r h
× h"³���§g�J´[�`µ¶� ���8µ¶·<¸�C�³"C F�¤���¹yº�¦�¤�C�»/C�¼E½��(���S� ��}��¿¾W� �S�	��}�À¯��� ���S� À¯|�ª)�8|L~g���S��~S�Ih \"ÁH���Â�S��}
]�ÁH� ~SÃ���Ä�����?|L~ ` Ô�Õ<Õ�Ö h
a h"³/¦�º�� Å ��·?Æ8Ç�� Å �.È¿C F,É3�S·?º�Æ��WÊ�C FHË)��Ì¶�S� §g¦3Í�C F,����¨i¤���¹yº�¦±¤�C[��}��S|J��~g���<ª)�8|L~g���S��~S�"� }OÎ)��}+[Ï�Â�g��}(����~g�OÐ���} Ó �S� ��}Ñ �(� Ó |J�Ih��E��� h��mh��H��~S� ����� |,¼[Ò��8��}�|J}��[�
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