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OPTOAMYECKASA TEOPEMA BJIVMA — XAHCOHA
B BAHAXOBBIX PEHIETKAX ITOCJIEAOBATEJIbHOCTEN

A. H. Azuzos, B. 1. UYnaun

Xopomo u3BeCTHO, YTO JuHeiHoe cxkatue 1 B rumib0epTOBOM ITPOCTPAHCTBE O0JIAJAET TaK HA3bIBAEMBIM
ceoiictBom Biyma — Xancona: cinabas cxonumocTs creneneii 7" 9KBUBaJIeHTHA CUJIBHON CXOAMMOCTH CPE/I-
aux Yezapo m#ﬂ > T*n st 11060 CTPOTO BO3PACTAIONIEHH MOC/IEI0BATEIFHOCTH HATYPATBHBIX M-
cest {kn}. Amasormanoe cBOICTBO BEPHO M /yia TMHEHHBIX C2kaTwii B [p-nipocTpancTBax (1 < p < 00), maus
JIVHEAHBIX CRATHi B L1 wm JITS TIOJIOKUTETHHBIX JTUHEHHBIX cxkaTtwii B LP-mpocrpancTtsax (1 < p < 00).
MsI fgoKa3bIBaeM, YTO 3TO CBOMCTBO Biiyma — XaHCOHA CIIpaBEIIMBO W JIJIsI JIIOOBIX JIMHEWHBIX CKATHUH
B cemapabeIbHBIX P-BBIMYKJ/IBIX OAHAXOBBIX PENIeTKAaX MI0CIeI0BATEIHHOCTEN.

KuaroueBrble ciioBa: 6aHaxoBa uieabHas PelreTKa, P-BbIIIYKJI0CTh, TUHEHHOE CXKATHE, IPTOAUIECKAsT T€O-
peMa.

1. BBenenue

XOopoIIo u3BECTHO, UTO Jjisi JII00OTO JTUHEHHOTO cxKaTusg 1 B pedIeKCMBHOM OAHAXOBOM
npocrpancree X cpenane Yezapo A, (T) = %_H Y r—o T* cxonsitest B X B CHIBHOI OmIepaTop-
HOIt Tomosiorun (cM., Hanpumep, |8, 1. 8, § 5]). B wacTHOCTH, /17151 7TFOGOTO COXPAHSIOIIETO MEpY
orobpaxkennst T : (0, F,u) — (Q,.F7, ), rue (2, F, 1) — uzMepumoe NPOCTPAHCTBO € TOJI-
HOUl o-KOHe4uHO! Mepoit y, cpeanune Yesapo A, (1) cxogarcsa cumpuo B Ly, = L,(Q,.F, ),
1< p<oo (3uecy (Tf)(w) = f(r(w)). B ciyuae, Korja 4 — BEPOATHOCTHASI Mepa U T — TI€-
pemernuBaroiee mpeobpaszoBanue, proudeckas Teopema biayma — Xancona [6] yrBepxgaer,
9ro jist jiio6oro f € Ly, 1 < p < 00, nMeeT MeCcTo CXOAMMOCTh

n

1
Tk £)(w) — dull =0
] Z( fw) fdu
Jj=0 Q P
JUI BCEX CTPOTO BO3PACTAIONINX IIOCJeI0BaTebHOCTEN ko < k1 < ... HATYPAJbHBIX UHCEJI.

n o
B wacrHocTn, orciona ciaegyer, aro mocaenoBarensrocts {T7(f)}02, cxompures cimabo B Ly,
s Beex f € Ly, |10, rot. 8, yrBepxaenue 1.2|.
B cBsizu ¢ 5TWM, €CTECTBEHHO, BO3ZHMKAET 3aJada O BBIIEJICHUH Kjacca 0aHAXOBBIX MPO-
crpancTB X, B KOTOPBIX cj1abasi CXOAUMOCTD mocefosarensaoct {17 (z)}0° ) npu geficrsun

. 1 n k;
smHeRHoro cxxatus T' B X Bever CHIbHYIO CXOAMMOCTB CPefHUX de3apo = > =0 T ms

o k;00 m 00
Kaxk10i1 moxnocsiegoBaresbHocT {717 520 TIOCJIE/IOBATEIHOCTH {Tm}22,.
O6o3naunm vepe3 € (X) MHOKECTBO BCEX JIMHEHHBIX CKaTHil B 6AHAXOBOM TTPOCTPAHCTRE
(X, |l lx), a uepe3 M — MHOKECTBO BCEX CTPOTO BO3PACTAIOIINX IOCIEI0BATEILHOCTE HATY-

paibHBIX ynces. ['oBopaT, yTo HanaxoBo mMpocTpancTBo X mmeeT cBoiicTBo Biiyma — Xancona

© 2017 Azuzos A. H., Yumuu B. U.



4 AsmzoB A. H., Ynmmn B. 1.

OTHOCHUTEJIBHO nojMHOKecTBa 7/ C € (X)), ecan st smobbix T € o, x € X, b0 nocyienoBa-
tespHOCTD {17 () }02 ) He cxoauTcs caabo, 60 c1abas CXOMUMOCTE TOH OCTIeI0BATEIHHO-
1 n ki
cTH K 371eMeHTy o € X BI€YeT CXOJUMOCTh Hn—+1 > o T (z) — o — 0.
Caenyer ormeruth, uto corsacuo [10, . 8, yrBepxkenue 1.2| ycioBue

1 = k; [eS)
n+1jZOTJ(1‘)—x0 X—)O (V{k:j}jzoe‘ﬁ, l’QGX)

BCerja Bieder ci1abyio cxoanMocTh nocaenosarensaoctn {17 (x)}>2 . Ilpu srom ¢ momorkio
apryMeHTOB U3 JoKa3arenbcTBa nMiumkammn (i) — (i) B Teopeme 1.1 pa6ots! 1], ycranasiam-
BAETCsI, 9TO CJIA0BIM TIpefiesioM mocsenoBareabaoct {T7x}00 ) 06a3aTe/IbHO SBIAETCS dJle-
MEHT Xq.

TosopsT, uro GanaxoBo mpocTpancTBO X wMeeT ycjaoBHOe cBoiicTBO Biyma — Xamcona
OTHOCHUTEIbHO TonMHOXKecTBa &/ C € (X), eciu myg jo6oro T € &7 cnabas CXOIUMOCTD MO-
caegosarensroct {T7(x)}0° ) npu Bcex £ € X mMeer MeCTO TOIJA U TOJBKO TOTJIA, KOIJa
MOCIEJOBATETLHOCTD n%rl Z?:o T*i(z) cxomures mo mopme B X s xaxgoro x € X. Sc-
HO, 9TO CBOHCTBO Bayma — Xancona oTHOCHMTETHHO 27, BOOOIIE TOBOPS, CUJIBHEE yCIOBHOTO
cBoiictBa Biyma — XaHCOHA OTHOCUTETHHO & .

Jns runsbeprosa npocrpanctsa H csoitcrBo Biuyma — Xawncona oraocuresnsno €(H)
HEe3aBUCHMO TI0JTydeHo B paborax |1, 12, 14|. Kpome toro, B [1] ycranoBieno ycjaoBHOe CBOIi-
crBo Bayma — Xancona i mpoctpanctBa Ly ornocurensuo 4(L1), a B pabore [3] — mia
npocTpancTs Ly, 1 < p < 00, OTHOCUTETHHO MHOXKECTBA, ./ BCEX MOJIOKUTETBHBIX JMHEHHBIX
cxkatuit B Ly. B 1o ke Bpems, B paGore |2| mpuBeens! TpuMepsl OAHAXOBBIX IPOCTPAHCTB X,
KOTOpBIe He 00siaator ceoiicrBom Buiyma — Xancona oraocurensHo € (X).

B pa6ore [4] mokazano, 910 aJist JIO6OTO TOJOKUTENBHOTO JIMHEHHOTO CxKaTug 1 Tpo-
crpancTBa Ly, 1 <p < 00,0 < f € Ly, cnabas cxogmvocts nocaenosareabaoct {17 (f) 02
BJI€YET CXOIUMOCTH

n

ni1ZTkj(f)_f0 =0 (V{k}520 €N fo€Ly).
J=0 Ly

AHajioruaHoe CBONCTBO MOJIOKUTEIBHBIX JIMHEHHBIX CKATH B (DYHKITMOHAJIBHBIX TPOCTPAH-
crBax OpJimda ¢ paBHOMEPHO TIajKoil HopMoii OpJnaa mosrydeso B [16].

Hamane cpoiicrsa Biayma — Xancona B mpocrpancrsax Ly, 1 < p < 00, OTHOCHTEIHHO
¢(Lp) B citydae IpOU3BOIBLHBIX IPOCTPAHCTB C MePOii 10 CUX HOp He yCTaHOBJeHO. l13BecTen
TOJILKO crefytommii pesyasrar B. Miostepa u FO. Tamunosa [17, Teopema 2.5].

Teopema 1.1. Ilycte T — smHeiiHOE CcKaTHe Ha HAHAXOBOM IPOCTPAHCTBE MOCJIEIOBA-
respHOCTER Iy, 1 < p < 00. Torga aist mro6oro snementa « € 1, mocienoBarensaocts {1 (x)}
1160 CXOAUTCA K T € 1, B TOM H TOJIbKO B TOM CJIydae, Korja || %H >0 TFi (x) — xOHp —0
JIJIsT BCEX {k?j}?io eMN.

Ormernm Takke HejaBHiOW pabory [11], rae ¢ momMoIbo CBONCTBA ACUMIITOTHYECKO 11 /1-
KOCTH BbIIEJIAETCAd KJIacCC ﬂeﬁCTBI/ITeﬂbHBIX CIMMETPUYIHBIX TTPOCTPAHCTB IOC/JIeJ0BATEIHHO-
cTeil, ISt KOTOPBIX COXPAHSETCs BApHAHT TeopeMbl 1.1.

OcHoBHasl 11€J1b HACTOsIIIEN PAGOTHI COCTOUT B TIOJIyYeHUN SPrOJMYecKoii Teopembl Biry-
ma — XancoHa (BapmanTa Teopembl 1.1) 11 1eiiCTBUTENbHBIX (KOMIUTEKCHBIX) P-BBILYKJIBIX
cenapabesibHBIX W/IeaJbHBIX OaHAXOBBIX PEIeTOK IocaeqoBaTeapHocTel). JJokazareancrBo
9TOil TeOpEeMBl CyNIECTBEHHO HCIOJB3YeT CBONCTBO P-BBIMYKJIOCTH, YTO OTINYAET HAII TOJ-
X0J1 0T MeT0/I0B paborsl [11].
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2. IlpenBapuTtesjbHbIE CBEIEHUS

ITycrs s(K) — smmeiiHOe TPpOCTPAHCTBO BCeX mOCIefoBaTespHocTel KoMaekcHbIX (K = C)
um geficreurenbubix (K = R) uncen, E — G6eCKOHEIHOMEPHOE UI€ATBHOE JIMHEHHOE TI0/ITPO-
crpauctBo B s(K) (cBoiictBO maeansrocTn mig E o3nadaer, uto u3 yeiaosuit x € E, y € s(K)

u |y| < |z| cienyer Briouenne y € E).

9
n=1

&n # 0} Bo muoxkectBe N Bcex HarypasibHbix umcesn. [lockonmpky dim E = oo, To supp E =
U, Supp « ects 6eckoneunoe mojmuoxkectso B N, u mosromy, 3amensst N na supp £, moxHO

CcUnNTaTh, uTO supp £ = N.

Hocurenem snemenrta x = {£,} € FE naswiBator nogmuoxkectBo suppr = {n € N :

O6o3uaunM uepes cqg JuHeiinoe noznpocrpancTso B $(K), cocrosmee u3 buHUTHBIX TO-
caeposarenbuocteit Buta v = {£1,82,...,&y(),0,0,...}. I3 pasencrsa supp £ = N cuexyer,
a0 Juist moboro k € N cymectByer Takoe v = {£,}°2, € E, uto A = [§| # 0. IlosTomy
st opra e, = {0,...,0,1,0,...}, rae exunHuna cront Ha k-OM MecCTe, BEPHO HEPABEHCTBO
e < §|x| € E, uro Biaeder BKIOUeHHE € € FE. 910 03HaUaer, 4To cog C E.

ITycrs || - || — GamaxoBa monoToHHast HopMma Ha . Ilocrennee o3navaer, 410 U3 yCcI0BmMil
z,y € E n |z| < |y| creayer, uro ||z||g < ||ly||g. B srom cayuae napy (E, || - ||g) #vassiBator
barazosvim udeasvorvim npocmpancmeom (BUIT) B s(K) |9, ru. 4, § 3. Ilpu srom B cuty paBen-
crea supp E = N, BUII (E, || - || g) siBasiercst hyHpmaMeHTaIbHBIM W/1€aIbHBIM TIPOCTPAHCTBOM
[9, r. 4, §3].

Tosopsit, uro BUIL (E, || - ||g) nMeeT mOPsIIKOBO HEMPEPHIBHYIO HOPMY, €CJIU U3 YCJIOBUIt

0<2™ 0, 2™ eE, neN,

cnenyer, uro ||| p — 0. Ussecrro [9, . 4, §3, Teopema 3|, uro maeanbHOE GAHAXOBO

dbyumamenransioe npocrpanctso (E| || - ||g) B s(K) cenapabesbHo Torza m ToJBKO TOrja,
KOrjIa HOpMA || - | g TIOPSIKOBO HempepbIBHA.
Banaxosa pemerka (FE, || - |g) #HazsiBaercs p-ewnykaot (1 < p < 00), eciu CymecTByer

takasi Koucranrta M > 0, 4o st 1106010 KoHewHOTO Habopa aementoB {z;}" ; C E BepHO
CJIEYIONIee HEPABEHCTBO:

3=

n
H S ol
=1

n
<SM{ Y il
E i=1

Haumensbimast cpegu Takux KOHCTaHT M Ha3BIBAETCS KOHCTAHTOW P-BBIMYKJIOCTH TPOCTPAH-
ctBa E u obosmagaercs uepes M P)(E).

Kaxmas Ganaxosa pemerka F saBisercs 1-BuImykiio#f, mpu 3ToM M(l)(E) = 1. Kpome
TOTO, P-BBINTyKJIasi 0aHaX0Ba PeIeTKa BCerja yIOBJIETBOPSIET BepXHE p-OIeHKe, T. €. CyIIe-
cTByeT Takad KoHcranTta M > 0, 910 11 11060r0 KOHEYHOTO HAOOpa MOMapHO N3 bIOHKTHBIX
ssieMeHTOB {z;}'_; C E BEpHO HEPABEHCTBO

n n
Soal| <MYl
=1 E i=1
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3. Teopema Bayma — XaHcoHa B cemnapadebHbIX
GaHaXOBbD(HﬂeaﬂbeD(HpOCTpaHCTBaX HOCHeﬂOBaTeﬂbHOCTeﬁ

Kak y»Ke orMedasoch BO BBEJIEHNUH, JIJIs JIIOOOT0 JIUHEHHOTO OrpaHrndeHHoro omneparopa 1,
neiicreytomero 8 BUIL (E, | - ||g) C s(K), cxogumocts H#_l > i=0 T*x — x|, — 0 pnm
BCEX {k:j}?‘;o € I u HeKoToporo xg € F Bcerma BjedeT ¢aa0yi0 CXOAUMOCTD IIOCIeT0BATE b
Hocru {T™(z)} B E K anementy xg. Cieaytomias TeopemMa ycranasaupaer cBoiictso Biyma —
Xancona s Kaz /1010 cenapabeapHoro p-seimykaoro (p > 1) BUIT E C s(K).

Teopema 3.1. IIycrs (E, || - |g) — Geckoneunomeproe p-BroiiyKioe cenapabeibHoe 6aHa-
x0B0 mueasHoe momupocrpanctso B s(K) ¢ komcramroii p-somykmoctn MWP)(E) =1, p > 1.
Torua st mo6oro smaeiinoro cxarus T @ E — E n3 caaboii cxoqumocrn B (E| || - || g) nocie-

aposarenbHoctn {T"(x)} k snementy xg € E caenyer cxoqumocts

n

1 b
n+IZTJ(x)—xO —0
Jj=0 E

aist Beex {kj}52, € M.

< Ecmn T"(z) — x0 cmabo B E, to T"(z) = T(T"(x)) — T(xg) cnabo u mostomy
T(xg) = xo. B cayuae xy # 0 3amensiem ssieMeHT xg Ha (T — o), 1 Oyjuem canTarh, He OrPaHH-
qnBag oburHoctu, uro T"(x) — 0 cnabo. Takum 06pazom, Jist JOKA3ATETECTBA YTBEPK ICHUST
TEOpEeMbI CJieJlyeT YCTaHOBUTh, 4To ciaabas cxomumocth 1" (x) — 0 B E Bieder cxoauMocTh

J
nHZTa(x) -0
Jj=0 E

npu 1 — 00 Ans moboit mocaeosarensoctn {k;j}52, € M.

Hockomeky T cxatue, To [T (2)||g < [|T"(2)| g, n nosTomy mpeaer lim, o0 [|T7(2) || £
cymiecTByeT. Ecam 3TOT mipeies1 paBeH HYJTI0, TO yTBepK AeHne TeopeMbl 3.1 oueBuano. IIpesmmo-
JIOPKUM, 9TO 3TOT TIpesies1 pasen « # 0. Samensis, ecmn HeOOXOIUMO, 3JIEMEHT T Ha 3JIEMEHT =
MOXKHO CYUTATh, 9TO lim, o [|T"(2)||r = 1.

Badurcupyem § > 0 u BbIOEpEM HATypaabHOE YUCIO ¢ Tak, YTOOBI BBHITIOJIHSIOCH HEpa-

1
BEHCTBO t7 + < g. IMockombky 1 4 2Ps < 2P(s 4+ 1) mnga Becex s € N, To cyImecTByer Takoe
e € (0,1), uro
1 1
(14+e)P+2Ps)r <2(s+1)7 — (s+ 1) (1)
anga Bcex s =1,...,¢t— 1.

Cornacho paserncrBy lim,, [|7"(x)||g = 1, cymecrByer takoe k € N, 4ro BepHO Hepa-

BEHCTBO
k
|T*(z)||; < 1+e. (2)

Paccmorpum oneparop mpoektupoBanus P, B E wa smneitnyto obomouky Lin{eq,... e, }

OPTOB €1,€9,...,6, € E T e.

P{ien) = {61 6,0,0,.} = 3 e
n=1

O6osnauas uepes I TOXKIECTBEHHBIN onepaTop B F, B CWIy TOPSAIKOBOI HENPEPBIBHOCTH HOP-
MBI || - || g mveem, uro ||(I — P)T*(z)||g — 0 npu r — co. CiiejoBaTeIbHO, CYIIECTBYET TAKOe
r € N, 970 BepHO HEPABEHCTBO

(I = P)T ()|, <e. (3)
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Tak kak P.(E) = Lin{ej,...,e,} — KOHeYHOMEpHOe JIMHEIHOE TOANPOCTPAHCTBO B F 1
TF+i(2) — 0 crabo npu j — 0o, To Haiigerca Takoe d € N, 1718 KOTOPOro

| P T (2)]|, < € (4)

pu Bcex j = d.
Ormvernwm, aro n3 wepasencts ||P.(z)||g < ||zl|g v [|(I — Pr)(2)||g < ||z||E cremyer, uro

1Ple—E <1, [I-PFlp-p<1 (5)
ITokaskem Termeps, 9TO
1
|77 (z) + ...+ T (2)]| , < 257, (6)
rmek<m<me<...<mg s<tumipr—m; >dpsaseexi=1,...,5s—1.

Hoxaxem mepasenctso (6), ncnonbsys nagayknuio mo s. s s = 1 mepasencrso (6) BepHO
B cuty BbIGOpa uncia €. Ipeamnooxum, 9To HepaBeHCTBO (6) BepHO /g s < t U TOCTIe0Ba-
TEJIBHOCTD M1, M2, . .., Msi] YAOBIETBOPSET yKA3aHHBIM BhiNIe Tpebosanusam. Toraa

|77 (@) + 4 T @) = [T (T ) + T )
o T TR () || <[ TR+ TR () 4 T TR ()]
<||PTFa + (I = P) (T2 ™R (@) 4. Tt ™ ()|
(I = P)T @), + || P (T2 7™ (@) + . T R ()|

B cuy mepasencts (3) u (4) nmeem, aro
(I = P)T ()|, + || B (T2 7™ R (@) + 4 Tmer ™R (@) ||, < (s + 1e.

[TockosibKy, OamaxoBa pelnerka F gBASeTCs p-BBINYKJIOH € KOHCTAHTON pP-BBIMYKJIOCTH
M®)(E) =1, o E ynosaerBopsier BepxHeii p-OleHKe ¢ TOif e KOHCTAHTOH, T. €.

Y
< (2 ||xiu%>
=1

B Cilydae, Korja sjmeMeHTs! {x;}; | C E nomapHo AM3BIOHKTHEL

Tak xak amementol (I — P,) (T2 ™FF () 4 ... 4 Tmst17™+k(2)) u P.T*(z) nomapmo
JM3BIOHKTHBI, TO, UCTIO/IB3Ysl TIpe/oioxkenne nuaykimn (6) n vepasencrsa (2), (5), noaydanm
CJIEJIYIOIILY O OIEHKY:

n

>

=1

E

HPTTk;(x) + (I . PT)(ng—mH-k(x) 4.+ Tms+1—m1+k;(x)) HE

1
< (HPrT’“(x)H’,;ﬂ](I = P)(Tme ik (g) 4 et () H’;;) "< ((1+ )P +275)7.
CremoBaresibHo, B CHly HepaBeHCTBa (1) umeem, 9To
|T™ () + ...+ TmS“(x)HE < (Q+e)P+ QPS)% +(s+ e <2(s+ 1)%

Taxum 06pazom, HepaseHCTBO (6) BEPHO /1 Kaxka0T0 § < t.
IIycte {n;}°, — mpom3BObHAS CTPOIO BO3PACTAIONIA IIOC/IEI0BATEILHOCTE HATYPAJIb-
HBIX 9uCesI, U IycTh N > k — moctatodno 00Jibioe HaTypasbaoe aucyo. Torma N = k+mit+r,



8 AsmzoB A. H., Ynmmn B. 1.

rme 0 < r < t, m m ecTh HATYPAIBHOE UHUCJO, Jjisd KOTOporo m = d. Vcnonb3ys 1oKa3anHoe
HepaBeHCTBO (6), mosTydnM, 9To

N
> T"i(x)
5=0

Taxmm obpazom,

k+r

> T (x)
j=0

t—

m 1
Tnk+'r+s+jm (x)
7=0

s=1

<
E

1
<(k+r+)|z||lg+m-2-tr
E

1 N , k+r+1)|x 2mt% k+r+1)|x 1_
Pl E<< el 2ttt Dl )
U COTJIACHO BBIOODY t,
. al n. 1 9
NN ]ZOTf(w) <<

Tak kax ¢ > 0 TpOU3BOIBLHOE, TO

. 1| & ok
Jim ol D Th@)| =0,
7=0 E
4. IIpumepsbl

IIpuBenem npumepsr 6€CKOHETHOMEPHBIX CEMAPA0ETbHBIX OAHAXOBBIX MIEATBHBIX TOITPO-
crpaucts (E,| - ||g) C s(K), mna xoropsix BepHa Teopema 3.1.

4.1. Ilycre ® — dynkuus Opsnyga, 1. e. @ : [0,00) — [0,00) — BbINyKJIasi HENPePbIBHAsS
B HyJse dyukuus, ais koropoii P(0) =0 u ®(u) > 0 mpu u # 0. Ilycrs

lp =lp(N) = {x = {& e € s(K) - i <<I> (%)) < 00 IS HEKOTOPOTO A > 0}

n=1

— mpocTtparcTBo Op/nda moc/ieI0BaTeIbHOCTel, cHaOKeHHOe HOpMOl JIrokcemOypra

et {1 0: 5 (o (51)) 1)

(cwm., mampmmep, [13, 1. 1, rn. 4]). fdcno, uro (lg, | - ||¢) ecTb GeckoHeIHOMEPHOE GAHAXOBO
neasnbHoe nonpocrpancTeo B s(K).

Tosopsar, uro dyukuus Opamga P yaoejaerBopser Ag-yCJIOBHIO B HyJe, €CIn
lim sup,,_,¢ %;‘)) < 00. B arom cayuae npocrpancreo Opsmva (g, || - [|o) siBasiercs: cenapa-
GenbubiM (13, T. 1, T1. 4, Teopema 4.a.4]. Coryacuo Teopeme 5.5 u3 [15] 6anaxosa pererka lg

SBJISIETCS P-BBITYKIIOf (C KOHCTAHTO# 1) B TOM I TOIBKO B TOM caiydae, kora dyskmus ®(ul/P)
2 (ul/?)

O((2u)'/7)
BBITIOJIHEHUHN TI0CJIEJHUX YCJIOBUiL st p > 1 B ciaydae, korga ® yposrerBopsier Ag-ycaoBuio

B HyJse, npoctpanctso Opmnaa (lg, | - ||e) nmeer cBoiictBo Bayma — Xamcona.

seimyksa Ha (0,1) m limsup,,_, > 1. Takum obpaszom, coriacHo Teopeme 3.1, mpu

4.2. Tlycts ¢y — GaHaxoBa pelleTKa BCEX CXOAMIIMXCS K HYJIIO IOCJIe0BATEIHLHOCTEN
x = {&,}5°° | KOMIUTEKCHBIX (/eiicTBUTeNBHBIX) Tncesa. O6o3uaunm depes z* = {£)}1°° | HeBO3-
PACTAIOILYIO [EPECTAHOBKY HocsenoBaTensaoctu unces |z| = {|&,]}02, € cp. Baduxcupyem
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1 < p,q < 00 m paceMoTpuM npocTpancTeo JIopeHna [, , BCex TAKUX I0C/IEL0BATEIBHOCTEMN
o0
{&€n}52, C ¢p, st KOTOPBIX

1
> q q P
Hentlpa = | D€ (0P == 1)F) | < oo
n=1
Nssecrro, aro mpn 1 < g < p < 00 npoctpancTBo (Ip g, | - ||p,q) €cTh cemapabensroe Gamaxo-

BO CHMMETPUYHOE MPOCTPAHCTBO TIOCIEI0BATEIbHOCTEN (CM., Hampumep, [5, ria. 4, §4]), npu

] 5 0 a — .
STOM [}, 4 ¢-BBIIYKJIO C KOHCTAHTOM ¢-BBHITyKI0CTH M ( )(lp7q) = 1|7, yreepxaenne 3.3|. Cie
JI0BATENIBHO, B ciaydae 1 < ¢ < p < 0o GanaxoBo mpocTpanctBo (I, 4, || - [|p,q) WMeeT cBoiicTBO
Bayma — Xamcona.

4.3. Ilycrs (E,|| - ||p) — nponsBosibHOE GECKOHETHOMEPHOE CenapabeibHOe pP-BBIMYKJIOe
fanaxoBo nieanbaoe nognpocrpancTeo B s(K), rae p > 1. Cornacuo [13, 1. 2, ri. 1, yrBep-
xaenne 1.d.2] B E cymecrByer HopMa || - ||z, 9kBuBaseHTHAas HOpME || - ||p, OTHOCHTEIBHO
kotopoit napa (E,| - ||’z) ecrb p-Bolnykioe Ganaxoso uieanbnoe nognpocrpancrso B s(K)
¢ koucrantoii p-seimykaoctn MP) (B, | - ||%)) = 1. Caexosarenswo, mrs (E, || - ||z) Bepro
yTBepKIeHne TeopeMbl 3.1.

4.4. B cuny [13, 1. 2, r1. 1, Teopema 1.£.7] mr06as 6anaxoBa perreTka, NMEIas BEPXHIOK
r-OLEHKY JJIst 1 > 1, SIBJISIeTCsT P-BBIMYKJI0M OaHaxoBoii pereTkoii st aoboro 1 < p < r. Cie-
JIOBATEIBbHO, COTVIAcHO TI.4.3 Ji0060e GecKkoHeUHOMEpHOe cemapabebHoe HAHAXOBO WjIeaTbHOE
noanpocrpanctso B $(K), yuosiersopsitoniee BepxHeit r-ouenke npu r > 1, numeer sKBUBa-

nenTHy0 HOpMY || - ||z, orHOCHTENBHO KOTOpOH (E, || - ||5) obramaer csoiicrBom Biyma —
XancoHa.
Nssectro, uro B ciydae 1 < p < ¢ < oo dyskuus || - ||, 4 ecTb momHas cemapabeabHasi

KBa3UHOPMa Ha BEKTODHOI peIIeTKe [, ,, YAOBIETBOPSIONIAst BepXHeil p-oeHke [7], mpu sToM
na [, o cymecrsyer Hopma ||-[|(,.q), KBUBaIEHTHAS KBAa3UHOPME || - ||, 4, OTHOCHTETEHO KOTOPOI
(Ip.g> I lp,q)) €CTH GaHAXOBO CHMMETPITHOE TPOCTPAHCTBO TOCTIETOBATETHHOCTE (CM., HATpH-
mep, [5, r. 4, §4). TlosTomy m3 cKazaHHOTO BBIMIE CleyeT, ITO cymecTyer Hopma || - ||, .,
9KBUBaJIEHTHAs HOpMe || - orrocuTe b0 KoTopoit napa (Ipq, | - [, ,) umeer croiicTso
Bayma — Xamcona.

B zaknrouyenne 3amMeTuM, 9TO TPpUMEPHI 13 TyHKTOB 4.3 1 4.4 BBIIEISIOT KJIACCH 0AHAXOBBIX

lp.0):

[POCTPAHCTB € TI0JIOXKUTEJIbHBIM OTBETOM Ha npobemy 15 u3 [11].
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BLUM-HANSON ERGODIC THEOREM
IN A BANACH LATTICES OF SEQUENCES

Azizov A. N., Chilin V. L.

It is well known that a linear contraction 7" on a Hilbert space has the so called Blum—Hanson property,

i

e., that the weak convergence of the powers T™ is equivalent to the strong convergence of Cesaro averages

m;ﬂ NN T* for any strictly increasing sequence {k,}. A similar property is true for linear contractions

on I,-spaces (1 < p < o), for linear contractions on L', or for positive linear contractions on LP-spaces
(1 < p < o0). We prove that this property holds for any linear contractions on a separable p-convex
Banach lattices of sequences.

Key words: Banach solid lattice, p-convexity, linear contraction, ergodic theorem.
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CUHI'VJIAPHBIE MHTETPO-IN®OPEPEHIINMAJIBHBIE YPABHEHU A
C gJPOM I'MIJIbBEPTA 1 MOHOTOHHON HEJIMHENHOCTBIO

C. H. Acxabos

Hocsawaemea A. B. Llabamy 6 cesasu
¢ ez2o0 80-aemuem

MeTom0M MaKCHUMAJIBLHBIX MOHOTOHHBIX OI€PATOPOB B BEUIECTBEHHBIX IPOCTPAHCTBAX JleGera JoKa3bIBa-
OTCA TeOPeMbl O CyIeCTBOBAHUM U €IMHCTBEHHOCTH PeUIeHUsd [JId Pa3/JIMYHbIX KJIACCOB HeJIMHeHHbIX CUH-
TYJISIpHBIX UHTErpo-and depeHImanbHbIX ypaBHenuii ¢ ssapom 'minbepTa. IIpuBemeHs! caeacTBus, UILTIO-
CTPUPYIOUINE TTOJIyYeHHbIe Pe3yJIbTAThI.

KuaroueBbie ciioBa: HeJIMHEHHOE CUHTYJISIPHOE MHTETrpo-auddepeHImaabHoe ypaBHenue, siapo I'uasoep-
Ta, MeTOJ MaKCUMaJIbHBIX MOHOTOHHBIX OII€PAaTOPOB.

1. BBegeHre m OCHOBHBIE PE3YyJIbTAThI

WMuaTepec K CHUHTYJIAPHBIM UHTETPO-AudPEPEHITNATBHBIM YPABHEHUSIM BBI3BAH WX MHO-
TOYMC/IEHHBIMU ¥ PA3HOOOPA3HBIMU TPUJIOKEHUSIMUA B TUAPO W adPOJUHAMUKE (ypaBHEHUE
[TpasaTis «KpbLIa cCaMOJIeTay ), B TEOPUH YIPYTOCTU U aBTOMATHYECKOTO yIIPAB/IEHNs, B 0014~
CTH YCTOWYUBBIX MPOTECCOB € HE3aBUCUMBIMU Tipuparienuamu u ap. [10]. B padorax X. M. Ko-
raHa [7, 8] B CBSI3U C PEIIeHWeM OJHOV BAapPUAIMOHHONW 3a7a4un ObLI M3y4YeH CUHTYISPHBIN
uHTerpo-auddepeHIuaabubii onepaTop ¢ sapoM Korru

1
(Tw)(z) :—%/ s g
21

V)

— X

Kak omeparop, feicryiommuii m3 Lo(—1,1) B La(—1,1), ¢ obacTbio ompe/ienenns
1
D(T) =< u(x) : u(x) € AC[-1,1], u(—1) =u(l) =0, /\/ 1 —22u?(z)dr < 00 p,
-1

riae AC[—1, 1] — mMHOXKecTBO Bcex abCOJIIOTHO HeNpepbiBHBIX Ha orpeske [—1,1] dyukuuii. B
[8] mokazamo, uro omeparop 1" cummerpuden u nosoxurener. B pabore M. Hlnaiida [11] s
ckasisipHoro nipousseienusi (1w, u) 10y 4eHO HEPABEHCTBO

1 1 1

(Tu,u):/ —E/Mds u(x)dm}/mdx (Vu(z) € D(T)).

™ S —X
-1 -1 -1

© 2017 Acxa6os C. H.
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DT pelyIbTaThl JIOMYCKAIOT 0000IIEeHNe Ha Coydail CHHTYISIPHOTO WHTErpo-aud depeHimab-
HOTO OTIepaTopa BUIA

1 /
(Bu)(z):—b(:) / beyus)]” b(z) € AC[-1,1],
21

paccmaTpuBaeMoro B mpocrpamctse Jlebera Ly(p), p > 2, ¢ Becom p(x) = (1 — z2)71/2 ¢
obnacrsio onpeeenus D(B) = {u(z) : u(z) € AC[-1,1], u(£1) =0, u/(z) € Ly (o)}, rue
P =p/lp—1), ox) = (1 —22)P-D/2 Tpu stux ycaosusix omeparop B sisiercs: cnvver-
PUYHBIM ¥ TIOJIOXKHUTETBHBIM, mpudeM (cM. [2])

1 1 1

(Bu,u>:/ —b(x)/ [b(s)uts)] ds u(m)dm}/de (Vu(z) € D(B)).

™ S§—XT
—1 —1 —1

B pa6orax JI. Bomasdepcaopda [10] u aBropa [2] ycranoBiena makcuMaibHas MOHOTOH-
HOCTB omnieparopoB 1" u B, cOOTBETCTBEHHO, W JOKAa3aHBI TEOPEMBI O CYIIECTBOBAHUU U €JUH-
CTBEHHOCTHU PEIIeHus [I/isi PA3JINIHBIX KJIACCOB HEJIMHEWHBIX CHHTY/ISPHBIX UHTErpo-audde-
PEHIMAIBHBIX ypaBHEHUiT ¢ sapoM Kormu, comepskaimx 3Tu ornepaTopbl. HekoTopbie npyrue
KJIACCHI TAKUX yPaBHEHWii ObLIN paHee pacCMOTPeHbI B [9].

B nannoit pabore m3ydaercs CHHTY/ISIPHBIN HHTETPO-TuddepeHITnaIbHbIN OTepaTop C /1
pom I'mibbepra

(Gu)(x) = —% / o (s) et " ds

KaK OIepaTop, JEHCTBYIONMI W3 MPOCTPAHCTBA BEMIECTBEHHBIX 27-TIePHOINIECKUX (DyHKIMi
Ly(—m,m), 1 <p < 00, B CONPsAKEHHOE C HUM TIPOCTPAHCTBO L,y (—7,7), ¢ 06/1aCTBIO OIpe/ie-
JIEHU A

D(GQ) = u(z) : u(z) € AC[—m, 7], u(—7) = u(r) =0, /]u’(x)\p/ dr < oo,

rjae AC[—7, m] — MHOXKecTBO BCex abCOJIIOTHO HENPEPBIBHBIX Ha OTPe3Ke [—r, 7] dyHKImii.

[TpuMeHsis METO/TBI TEOPUU TPUTOHOMETPUYIECKUX PSAJIOB |3], ycTanosyieno, uto G sBIg€TCS
CIMMETPUYIHBIM, TTOTEHIUAJIBHBIM, CTPOTO TOJIO?KUTEJIBHBIM W MaKCHUMaJIbHBIM MOHOTOHHBIM
onepaTopoM. Vlcnosb3yst 3Tu CBOHCTBA, METOIOM MAKCHMAJILHBIX MOHOTOHHBIX OTIEPATOPOB [5]
JIOKa3aHbI TJI00AJBHBIE TEOPEMBI O CYIIECTBOBAHUY W €IUHCTBEHHOCTHU PEIeHUsT JJIsl Pa3Iud-
HBIX KJIACCOB HEJMHENHHBIX CHHTYIAPHBIX WHTErpO-TuddepeHnuatbHbIX YPABHEHUN ¢ SapOM
lMunsbepra, comepxkamux oneparop G. IlpuBenenbl CieACTBUS, ULTIOCTPUPYIOIIIE Oy YeH-
HBbIE DE3YJIbTATHI.

Bcerogy B pabore Oymem MpuIepKUBAThCA TPUHATHIX B MoHOrpadwun [5| obosnadenuii u
oTIpeIe/IeHU , KacaloIuXCs TeOPUU MOHOTOHHBIX orepaTopoB. Ilycts X — BermecTBeHHOE pe-
drekcnBHOE HAHAXOBO MPOCTPAHCTBO, X ™ — COMPSIKEHHOE ¢ HUM TTPOCTPAHCTBO U onepaTop A
neiicreyer u3 X B X*, 1. e. A € (X — X*). O6o3naunm uepes (y,r) 3HaYeHHE JUHEHHOIO
HempepbsIBHOTO dyHKImoHata y € X* ua snemente x € X. B wactaoctu, ecoim X — THIb-
6eproso npocrpancrso H, To (y, x) coBnagaer ¢ 00bIMHBIM CKaJISIPHBIM [TpOM3Be/eHneM (Y, x),
e z,y € H. Oneparop A ¢ smmeiinoit obnacteio onpegenenns D(A) C X HasbiBaercs mo-
HOMOHKBLM, eCin Jiist JE00bIX u,v € D(A) Bbinonnsiercst nepasenctso (Au — Av,u —v) > 0
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u crporo MOHOTOHHBIM, ecan (Au — Av,u —v) > 0 npn u # v. MoHOTOHHBIH OnEpaTop
A € (D(A) — X*) HasBIBAETCA MAKCUMAADHO MOHOMOHHBIM, €CJIU U3 BBIOJHEHUS HEPABEH-
crea (f — Av,u —v) = 0 gus soboro v € D(A) cnenyer, uro v € D(A) n Au = f. Ecim
A — JmEHeHBINH OmepaTop, TO OmpeeseHne MOHOTOHHOTO M CTPOTO MOHOTOHHOTO OIEepaTopa
COBIAJIAET C OTPEJIEJICHUEM MOJI0KUTETHHOTO U CTPOTO TIOJ0XKUTETHHOTO OMepaTopa COOTBET-
CTBEHHO.

Kaxk o6prano, vepez R u N 0603Ha9a0TCs MHOYXKECTBA BCEX JIEHCTBUTEIBHBIX U HATYPAJIb-
HBIX YHCEJT COOTBETCTBEHHO, a vepe3 p' = p/(p — 1) — conpszkenHoe ¢ p 9uco.

2. Crporas MoJIOXKUTEJIbHOCTh CUHTYJISPHOTO
nHTerpo-auddeperHiuanbHOro oneparopa ¢ sapom I'miasbepra

IMycts 1 <p <ooup =p/(p—1). O6o3naunm yepes Ly(—m,T) MHOKECTBO BCEX U3MEPH-
MBIX TI0 JleGery Ha oTpeske [—m, 7| BeIeCTBeHHBIX 27-TIePHONIeCKUX (DYHKIUI ¢ KOHETHOT

nopmoit ||ull, = ([7_ |u(z)[Pdx) Up Hopmy B compsizkeHHOM TpocTpancTBe L,y (—m, ) 0bo-

snaunm depes || - ||,7. [Tocraum B coorsercreue dynxunn u(z) € Ly(—m, ) ee TpuroHomer-
pudeckuii paa Pypwe
o
ao .
u(x) ~ 5 + Z (an cosnx + by, sinnz) , (1)
n=1
e
K s ™
1 1 1 .
ag=— [ uw(z)dx, an,=— [ u(x)cosnzdr, b,=— [ u(z)sinnzdr, neN, (2
T s T
—r -7 -n

ectb K03 dunuenter psiga Pypbe dhyHrIUM U(T).
Canenyst monorpacdun H. K. Bapu [3], onpegennm conpsizkennyto ¢ u(z) dbynxnuio u(z):

™

1/u(m+s)—u(x—s)d8.

u(r) = —— 2te

™
0

NsgectHo [3, ¢.573], uro conpsixkennast byHKIus U(x) npejcraBuma B BuJIe

a(x):_l/ﬂ%ds:—%/ﬂu(s)ctgsgxds, (3)

m™J 2tg=

—T

IJle IHTEerpasl MOHUMAETCH B CMBICJIE IVIABHOTO 3Hadenns 1o Komm — JleGery, m cOOTBETCTBY-
o1t efi Tpuronomerpudeckuii psi Pypre nmeer Bug [3, c. 568]

u(z) ~ — Z (by, cosnzx — a, sinnx), (4)

n=1

rie Koaddunments! a, u b, onpenensitorcs mo dpopmyaam (2).
Paccmorpum Temeps cuHTyagpHBIN nHTErpasibHbIil oneparop H ¢ aapom ['manbepra:

™

(Hu)(w) = 5 [ uls)ctg

—T

S —X

ds, (5)
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re, KaK W BBIIIEe, NHTErPaJI MOHUMAETCS B CMbBICJIE TJIaBHOTO 3HadeHus 1o Komm — Jlebery.

CpasuuBas (3) u (5), 3ameqaem, uro (Hu)(z) = —u(z). 3naunt, B cuty (4)
x) ~ Z (by, cosnz — ap sinnx) . (6)
n=1

ITycrs u(x) € Ly(—m,m), v(x) € Ly (—m, ). Obosnaunm koabduiments: nx psgos Pypee
uepes an, by u ¢y, dp, coorBerctBenno. Torma [3, c.218| cupasenmuBo pasenctso IlapceBasis

L / u(w)o(e) de = <2 + 3 (e + ). (7)

Ncnonbsys pasencrro [apcesasst (7), ¢ yaerom coorromennii (1) u (6) pst ro6oro u(zx) €
Lo(—m, ) mosyaaem

1 /(Hu)(ac)u(x) dx = Z (bpan — apby) =0 wm (Hu,u) =0 (Yu(x) € Lo(—m, 7)), (8)
n=1

™
-

T. €. CHHTYJIAPHBIH nHTErpaIbHbIl oriepaTop H ¢ sapom ['manbepra siBaseTcs moI0KUTETbHBIM
B IIPOCTpPAHCTBE Lo(—7, ), HO He SIBJIFETCs CTPOTO TOJOKUTETBHBIM OMePATOPOM, TaK KaK He
yaossierBopsier ycsiosuto: (Hu,u) > 0, econ u # 0.

Paccmorpum Temeps B mpocTpaHCTBE Lp(—7r,7r), 1 < p < 00, CHHTYJSPHBI WHTETPO-
nuddepentmanbhbiiit oneparop G ¢ sapom ['mibbepTa

(Gu) (z) = ——/ ctg—ds

r7le MHTEerpasl MOHUMAETCs B CMBICIE TyiaBHOTO 3HadeHus 1mo Komm — Jlebery, ¢ obacThio
OTIpe Ie/IeHU S

D(G) = {u(m) s u(z) € AC[—m, m], u(—m) = u(mw) =0, / |u’(x)|pl dr < oo},

rjae AC[—m, m] — MHOXKecTBO BCex abCOJIIOTHO HENPEPBIBHBIX Ha OTPe3Ke [—7r, 7] dyHKImii.

Teopema 2.1. Ilycte 1 < p < oo. Cunryasipabiii uHTErpo-AngpepeHuaabHbIi onepa-
Top G ¢ sapom I'misbepra neiicrByer 3 D(G) B Ly (—m, ™) 1 sIB/IsIeTCS CTPOrO HOJIOAKHTE b
HBIM, CHMMETPHIHBIM H ITOTEHIIHATHHBIM, IIPHYEM

(Gu, ) —wz al +b2)  (Vu(z) € D(Q)), (9)

e koachpunuentsr a, u b, onpenersiorcs mo gopmyaam (2).
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< Tak kKak CHUHTYJAPHBI WHTErpasbHbil omeparop H ¢ aapom I'manbepra meiictByer
[3, ¢.566] menpepeiBrO U3 Ly (—7,7) B Ly (—m,m) npu mobom p' € (1,00), T0o odueBUIHO,
9TO CHHTYJISIPHBIN WHTErpo-auddepernuaababliii onepatrop G ¢ saapom ['miasbepra geiicTByer
u3 D(G) B Ly (—m,m), mockonbky v (z) € Ly (—m, 7).

Hokazkem, uro oneparop G siisiercss crporo noJoxkuresnbubim. [lycrs u(z) € D(G). Tax
kak yHKms u(x) abCOTIOTHO HEITPEPBIBHA HA OTPE3Ke [—T, 7|, TO CIpaBe/IuBO COOTHOIIEHUE

[3, c. 87]

M8

o' (z) ~ n (b, cosnx — ay, sinnz) .

1

3
I

B cuny (4) mveem

n (a, cosnx + by, sinnz) . (10)

=
M8

() ~

S
Il
—

Ucnonssys pasencrso (10), ¢ yuerom Toro, uro B cuiy (3) u/(x) = (Gu)(z), na ocroBanum
pasenctBa IlapceBans (7) mosyaaem

1 T 1 T / S—X > 2 2
;/(—%/u(s)cthds>u(m)da¢:;n (az +07) .

—T —T

T. €. CIpaBe/IuBa JToKa3biBaeMas hopmyita (9). 13 dopmyser (9) HemocpeCTBEHHO BBHITEKAET,
410 oneparop G siBisiercs nosoxkuresbHbM, T. €. (Gu,u) = 0 (Vu(z) € D(G)). Kpome
Toro, u3 dopmysst (9) creayer, uro (Gu,u) = 0 TOrga U TOJBKO TOTIA, KOTAA an = b, = 0
(Vn € N). Ho B arom ciyuae, B cuty coorromenust (1), u(x) ~ ap/2, 1. e. u(x) = C = const
(Vz € [—m, 7). llockombky u(—m) = u(wr) = 0, o C = 0 u, 3paunt, (Gu,u) = 0 gumm
B caydae u(x) =0, . e. G — CTPOro TOJIOKUTEBHBIN ONepaTop.

Hoxazxem Teneps, uro omeparop G aBisgercss cumMerpudubiM. [Iycrs w(x) € Ly(—m, ),
v(z) € Ly(—m, 7). Obosnaunm kosddunnents! nx psgos Pypwe qepes an, by u ¢y, dy, coor-
sercrenno. Tora, ¢ yuerom (10) u pasencrsa v/ (z) = (Gu)(x), nmeem

(Gu)(z) ~ Z n (a, cosnx + by sinnz), (Guv)(x) ~ Z n (cp cosna + dy, sinnz) .
n=1 n=1
[Mostomy B cuny pasencrsa Ilapcesans (7) momyuaem
17 >0
- G dx = nCn + bndy )
- /( u)(z)v(x) dx nzln(a cn + )
1 s

™
-

— /u(m)(Gv)(w) dx = Z n (ancn + bpdy) .

n=1

3uaguT,
_Z(Gu)(ﬁ) ~v(z)dx :_[ u(z) - (Gv)(z) dx, an

T. e. (Gu,v) = (u,Gv) (Vu(x),v(z) € D(G)).

U3 pasenctBa (11) BBITEKaeT, uTo omepatop G sABASETCS CHMMETpUYHBIM, T. e. G = G*, 7€
G* — conpsikennblit ¢ G oneparop.
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Hoxaxkem, uto oneparop G sBASETCS TOTEHIMAIBHBIM. [ 3TOr0 paccMoTpum, Ceys
npumepy 5.3 u3 [4, c. 63|, kBagparuuneiit hyuknnonan f(u) = (Gu,u). Tak Kak MHOXKECTBO
D(G) mnorso B mpocrpasctse Ly, (—m, ) mpn sobom p € (1,00), G = G* n D(G) = D(G*),
To [4, c. 63|

1
gradf(u) = Gu+ G'u=2Gu wm Gu= 3 grad f(u),

T. e. auHelnbi oneparop G, neiictBytommit u3 D(G) B Ly (—m,m), p' = p/(p — 1), asngerca
TIOTEHIINAJIBHBIM. >

3. Teopemsbl CyIeCTBOBaHUSI M €IWHCTBEHHOCTH B L,(—7, )

B 9TOM MYHKTE JOKA3bIBAIOTCA TEOPEMbI O CYHMIECTBOBAHNUN W €JUHCTBEHHOCTU PEHICHUA
JUIS PA3JINYHBIX KJIACCOB HEJMHEHHBIX CHHTYJISPHBIX HWHTErpo-auddepeHuanibHbIX ypaBHe-
Huii ¢ sagpom ['miasbepra, cogepxkamnux omneparop G.

BBejsiem B paccMOTpeHme HEJMHEHHBIN OmepaTop CyNeprno3uiny (TaK Ha3bIBAEMBIN one-
pamop Hemwiurozo). Ilycrs BemecrBenHosHaunas dbyukuns F(x,u) onpejenena mpu & €
[—7m, 7], u € R, umeer mepuos 27 TO x U yJIOBJIETBOpseT ycaoBusgM Kapareomopu: oHa m3-
MepmMa 0 X TPU KaxXKA0M (uKCHpoBanHOM u € R u HempephiBHA IO U MOYTH JJIs BCEX
x € [—m,m|. O6o3HaunM yepe3 F' onepaTop Cyneprosuiyn, nopoxkjaenusii dyuxmmeii F(z, u):
(Fu)(z) = F(z,u(z)), a sepe3 L} (—m,T) — MHOKeCTBO BCeX HEOTPHIATETbHBIX (DYHKITHI 13
Ly(—m, ).

Hawm monamoburcsa ciegytorias Teopema @. Bpaynepa, mpuBeieHHasi C JOKA3ATETHCTBOM
B MoHorpacdun [5, c. 98].

Teopema 3.1. Ilycts X — pegexcuroe 6anaxoBo npocrpanctso, A € (D(A) — X*) —
paanagbHO HEMPEPBIBHBIH MaKCHMAJJIBHBIH MOHOTOHHBIH OIEpaToOp C JHHEHHOH 00.1acThIO
onpenererns D(A) C X n A € (X — X*) — pagmanbHo HempepbIBHBIH MOHOTOHHBIH KO-
sprurTuBHBIH oneparop. Torga npu jgobom [ € X* ypaBaenue

Au+ Au= f (12)

nmeer pemenne u € D(A). Ecin, kpome Toro, omeparop A sIBJISIeTCsI CTPOr0 MOHOTOHHBIM, TO
ypasuenne (12) umeer TOYHO OJHO pereHue.

BAMEYAHUE 3.1. Bamernwm [5, c¢. 143], uro Teopema 3.1 6bL1a chopmynuposana P. Bpa-
yziepoM 6e3 TpeJIoIoKeHuii paJinanibHON HENPEPBIBHOCTH onepaTopa A u smueiHocTH 0612~
cru ero onpenenerns D(A). locrarouno, urobel oneparop A GbLT JIHHERHBIM MAKCHMAIBLHBIM
MOHOTOHHBIM OIIEPATOPOM C IIOTHOH B mpocrpancTee X obsacreio onpegesnennss D(A) [6].
JIerko BUZETH, YTO JIIs €JUHCTBEHHOCTU PellleHns B TeopeMe 3.1 10cTaTouHo, 4To6BI XOTst Obl
omuH u3 orneparopoB A min A 6bUT CTPOrO MOHOTOHHBIM.

Teopema 3.2. Ilycts p > 2 u f(x) € Ly(—m, 7). Ecan gia mourn Bcex x € [—7, 7]
Beex u € R BbITOJIHAIOTCS yCI0BHS
1) |F(z,u)| < a(z) +dy - |ulP~t, ore a(z) € L;—,(—T(,Tr), dy > 0;
2) F(x,u) e ybbIBaer 1o u;
3) F(z,u)-u > ds - |ulP — D(x), e D(z) € L (—n,7), d2 > 0,
TO mpH JIFOOBIX 3HAYEHUSIX mapaMerpa A > 0 ypaBHeHHE

m
1

A Fle,ula) - o /u'(s) ctg % ds = f(x) (13)

—T

nmeer eguacrsentoe perierne u(x) € D(G).
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< Banumewn ypasuenue (13) B omepaTopHoM BujE:
AFu+ Gu = f. (14)

U3 ycnoBuit 1)-3) BBITEKAeT, WTO OMEpaTop Cymepruosunuu F IeicTByeT HEempepbiBHO U3
Ly(—m,m) B Ly (—m,7T), MOHOTOHEH W KOSPIUTUBEH, HpudeM st 100010 u(x) € Ly(—m, )
BoimosHsorcst nepasencrea, ||[Full,y < |ally + diflulh ™" u (Fu,u) > dalullb — || D]

PaccMoTpuM Tenepnb CHHTYIAPHBIN nHTErpo-muddepennmuanbubiii onmepatop G. ITo Teope-
me 2.1 omeparop G neiictsyer u3 D(G) B Ly(—m,T) n SBISI€TC CTPOTO MOJOKATETBHBIM,
a 3HAYAT, B CUJIy JTUHEHHOCTH, U CTPOrO MOHOTOHHBIM omepaTopoM. Kpome Toro, oneparop G
ABJIAETCA MAKCUMAJIBHBIM MOHOTOHHBIM ONEPATOPOM, TaK KaK He JIOIyCKAeT CTPOr0 MOHOTOH-
Horo pacummpenus (cp. [10, c. 258]).

Takum obpazom, s onepatopoB G = A u AF = A BBITOJHAIOTCA BCe TPEOOBAHUS TEO-
pemsbr 3.1. Cnenosarensuo, ypasuenne (14), a suaunt u ypasuenne (13), uveer e uHCTBEHHOE
(cm. 3amevanne 3.1) pemenne u € D(G). >

Canencrsue 3.1. Ilycts p > 2 — Joboe gernoe uncio, f(x) € Ly (—mn,m). Torga ypas-
HeHme
™
1

uP~(z) — o /u'(s) ctg % ds = f(x)

—Tr
umeer egunacrsennoe pemenne u(x) € D(G).
Cremyromuye JiBe TEOPEMbI OTIMYAIOTCA OT TEOPeMbl 3.2 KaK M0 XapakTepy OrpaHWYeHwuil
HA HEJIMHEHHOCTb, TaK U 110 CTPYKTYPE JOKA3aTeIbCTBA.

Teopema 3.3. Ilycts p > 2 u f(x) € L,(—n, ). Eciu a1 modru Bcex x € [—m, 7| H Bcex
u € R BeInOIHSAIOTCS yC/I0BHS:
1) |F(z,u)| < g(x) + ds|ulY®=D, nre g(x) € L} (—m,m), d3g > 0;
2) F(x,u) e ybbiBaer 1o u;
3) F(z,u) - u > dg|ulP/P~V) — D(x), rne D(z) € L (—=, ), ds > 0,
TO HpH JIIOOBIX 3HAYEHHIX mapamerpa \ > 0 ypaBHeHHe

™

1 —
AF(a,u (2)) + o /u(s) ctg % ds = f(x) (15)
7r
—T
nmeer eauncrennoe pemenne u(x) € Ly(—m,m) ¢ u/(x) € Ly(—m, ) nu(£mr) = 0.
< Honaras B ypassernn (15) u/(z) = v(x) u yunrsBas, aro rorpa u(x) = [* v(t)dt +
u(—m) = ffﬂ v(t) dt, mpuxoaUM K OTIEPATOPHOMY yDPABHEHUIO

AFv+ Vo = f, (16)
rae v € Ly(—m,7) u
(Vo)(z) = % / ( / o(t) dt) ctg =2 ds = (Hu)(a).

[TockosbKy cunrysnsipusiii oneparop H, B cuiy reopembr M. Pucca [3, c. 566], neiicreyer
HenpepsIBHO U3 Ly, (—7,m) B L,(—m, ), T0 u3 paBenctsa Vv = Hu BeITeKaeT, 9T0 onepaTtop V'
aeiicrByer u3 Ly (—m,m) B Ly(—m,m), npudem, B cuay dopmynsr M. Pucca nepecranokn
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PeryJISipHOTO M CHHIYJISIPHOTO MHTerpasios |3, c. 568], pasencrsa Vv = Hu n pasencrsa (9),
¢ yaerom, 910 u(z) € Ly(—m,m), v/(x) € Ly (—m,m) u u(£m) = 0, nmeem

(Vv,v) = (Hu,u') = —(u, Hu') = (u,Gu) = (Gu,u) >0 (Vv € Ly(—m,7)). (17)

Wrax, oneparop V' geiictByer u3 Ly (—7,7) B Ly(—m,T) 1 BIAETCA CTPOTO HOJOKUTETHHBIM
oriepaTopoMm, 4to BeiTekaer u3 (17), nockosbky (Gu, u) > 0 npu u # 0 mo Teopeme 2.1. Kpome
Toro, corjacuo cuaegcteuio 1.1 uz [5, ¢. 84| suuHeitnblit MoHOTOHHBI omepaTop V' sBigeTcs
HETTPEPBIBHBIM.

Paccmorpum Temeps omeparop cyneprnosurn F. 113 yenosuit 1)-3) BeiTekaer (cM., HATpu-
mep, [1, §2]), uro oneparop F' aeiicTByer HenpepwiBHO u3 Ly (—m,7) B Ly(—m, 7), MOHOTOHEH
1 KOIPUUTUBEH.

Takum 0o6pa3oMm, UCHOJB3Ys YCTAHOBJEHHBIE CBOiCTBa omeparopoB V u F, mojydaem,
aro oneparop A = AF' + V peiictByer u3 npocrpanctsa L, (—7,T) B CONPsIKEHHOE C HIM
IPOCTPAHCTBO L,(—7,7) U SIBJISETCST HEMPEPBIBHBIM, CTPON0 MOHOTOHHBIM (KakK CyMMa MO-
HOTOHHOTO M CTPOTO TIOJIO?KHUTEJIHBHOTO OHepaTOpoB) 1 KOIPIUTUBHBIM. CﬂeﬂOBaTeﬂbHO, 110
teopeme Bpaymepa — Muntu |5, c. 95| ypasuenue (16) mveer enuHCcTBeHHOE perenue v(x) €
L, (—n,n). Ho rorga nanunoe ypasuenue (15), B cuiy cssasu v/ (z) = v(x), nMeer eMHCTBEHHOE
pemenne u(x) € L,(—m,m). >

Canencrsue 3.2. Ilycro p > 2 — moboe gernoe aucio, f(x) € Ly(—m, ). Torna ypaBHe-

Hupe
™

1 1 _
(@) T + 5 [ us)ets *55 ds = f(2)
2 2
—Tr
umeer egunacrsennoe pemenne u(x) € D(G).

JlokazaTebCTBO CJIeYIONIEeil TeOPEMBI, B OTJinYne OT TeopeM 3.2 u 3.3, OCHOBAHO Ha 00-
pallleHnn OmepaTopa CyNepro3ullny W yCTAHOBJIEHUH KOIPIIUTUBHOCTH OOPATHOTO OMEPaTOpPa.

Teopema 3.4. IIycre p > 2 u f(x) € D(G). Ecin juist nourn Bcex x € [—m, 7] uBcex u € R
BBIIOJTHSIIOTCS yeioBust 1)—3) teopemsr 3.3, npuuem B ycaoBun 2) F(xz,u) cTporo Bospacraer
o u, TO npwu Jirobbx 3HaYeHusx A > (0 ypaBHEeHHE

™

1 _
w@) +AF [z, —— [ d/(s)ctg =L ds | = f(x) (18)
27 2
—
nmeer eguacreentoe perierne u(x) € D(G).
< IIpu A = 0 yrBep:kjeHure JaHHON TEOPEMbl OYEBHIHO, MOITOMY CUMTAEM JIAJI€e, ITO
A > 0. Banumiem ypasuenue (18) B omepaTopHOM BHIE:
u+ AFGu = f. (19)

Beesem mOByI0 HemzBecTHyIO dyHKuuio v(z), oboznauns f(xr) — u(x) = Iv(x). dcwo, uro

) —
v(z) € Ly(—m,7), v(E£m) =0u v'(z) = X7 (f'(z) — v/ (z)) € Ly(—m,7), 1. e. v(z) € D(G).

[Moxcrasus u = f — Av B ypasuenue (19), nosyumnm
FG(f — M) =wv. (20)

W3 ycnoBmit JamHOM TE€OpeMBI BBITEKAET, UTO OMEPATOp cymeprio3uruu F' aeficTByeT Hempe-
b

pbIBHO 13 Ly (—7,7) B L,(—7,7), CTPOrO MOHOTOHEH ¥ KOSPIUTHBEH, TIPUYeM JJIsi 106010

u(x) € Ly (—m,T) BBIIOIHSIOTCH HEPABEHCTBA

_p
[Fully < llgllp + dsllully s (Fu,u) = dallull;™ = [ D]
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Buaunt, o Teopeme 2.2 u3 [5] cymecrsyer obparubiii oneparop F —1 jeiicrByrommuit u3
Ly(—m,m) B Ly (—7,7) U gBAAIOMHINCA CTPOTO MOHOTOHHBIM, OTPAHUYEHHBIM U PaJHaIbHO
HEMPEPBIBHBIM, TOCKOJIBKY JIi MOHOTOHHBIX OIEPATOPOB MOHATHS PATUATHHO HEPEPHIBHBIN
I JIeMIHeTIpephIBHEIA COBIAAIOT B cuy |5, memma 1.3|. Kpome Toro, omeparop F~! apngerca
KOOpuUTUBHBIM (cM. [1, siemwma 2.1]).
Ipuvenns oneparop F~! k obenm wacram ypasrnenns (20), mpuxomum K ypasuennto G f —
AGv = F~Y um
-1
F7 v+ AGv = Gf, (21)

T. €. MOJIyun/in ypaBHeHue Buja (12).

Bamernm, urto mo Teopeme 2.1 Gf € Ly (—m,m) u, Kak ObIJIO yCTAHOBJIEHO HPH JOKa3a-
TeJIbCTBE TeopeMbl 3.2, (G BJIsIeTCST MAKCUMAJIbHBIM MOHOTOHHBIM OTIEPATOPOM.

Taxum obpazoM, omepatopel AG = A u F~! = A yI0BIeTBOPAIOT BCeM TpPeGOBAHMSIM
teopembl 3.1. CreznoBaresnibro, ypastaenue (21) umeer pemenve v € D(G) u 910 pemienne
eJIMHCTBEHHO B CHJIy CTPOroii MOHOTOHHOCTH omeparopa A = F~1'. Ho Torma, B cuiy cBasu
u = f—M\v, ypasuenue (19), a 3Haunur u gannoe ypasaenne (18), uMeeT eIMHCTBEHHOE PEIleHne

u € D(G). >

Caencrue 3.3. Ilycrs p > 2 — joboe wernoe uncio u f(x) € D(G). Torna ypasHenne

iy p—1

u(z) + —%/u'(s)cth;de = f(x)

—T

umeer eguacrsennoe pemerne u(x) € D(G).

B zaksrouenne ormernm, 9To pu p = 2 Teopembl 3.2—3.4 0XBATHIBAIOT, B YACTHOCTH, U CJIy-
4Jail TUHEINHOTO CHHTYJISPHOT0 WHTErpo-auddepeHninaapHoro ypaBHenus ¢ ssapoM ['uibbepra.
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SINGULAR INTEGRO-DIFFERENTIAL EQUATIONS
WITH HILBERT KERNEL AND MONOTONE NONLINEARITY

Askhabov S. N.

In this paper applying methods of trigonometric series we establish that the singular integro-differential
operator with the Hilbert kernel (Gu)(z) = —5= [ _u/(s)ctg 5% ds with the domain D(G) = {u(w) :
u(x) absolutely continuous with «'(z) € L, (—m,m) and u(—n) = u(r) = 0}, where p’ = p/(p — 1),
1 < p < 00, is a strictly positive, symmetric and potential. Using this result and the method of maximal
monotone operators, we investigate three different classes of nonlinear singular integro-differential
equations with the Hilbert kernel, containing an arbitrary parameter, in the class of 27-periodic real
functions. The solvability and uniqueness theorems, covering also the linear case, are established under
transparent restrictions. In contrast to previous papers devoted to other classes of nonlinear singular in-
tegro-differential equations with the Cauchy kernel, this one is based on inverting of the superposition
operator generating the nonlinearity in the equations considered, and on the proof of the coercivity of this
inverse operator. The corollaries are given that illustrate the obtained results.

Keywords: nonlinear singular integro-differential equations, Hilbert kernel, method of maximal monotone
operators.
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In this paper, we introduce the concepts of wus-lattice cones and order bornological locally convex lattice
cones. In the special case of locally convex solid Riesz spaces, these concepts reduce to the known concepts
of seminormed Riesz spaces and order bornological Riesz spaces, respectively. We define solid sets in locally
convex cones and present some characterizations for order bornological locally convex lattice cones.
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1. Introduction

The theory of locally convex cones as developed in [5] and [11], uses an order theoretical
concept or a convex quasiuniform structure to introduce a topological structure on a cone.
Examples of locally convex cones contain classes of functions that take infinite values and
families of convex subsets of vector spaces. These type of structures are not vector space
and also may not even be embedded into a larger vector spaces in order to apply technics
from topological vector spaces. These structures are studied in the general theory of locally
convex cones. The class of bornological locally convex spaces is an important class of locally
convex spaces which are introduced by Mackey in 1946. Every bounded linear operator on
a bornological space is continuous. These structures have an advantage which they can be
written as an inductive limit of seminormed spaces. Therefore every complete Hausdorff
bornological locally convex space is the inductive limit of Banach spaces. We establish these
results for locally convex cones in [3]. Also, We investigated the bornological convergence
for cones in [2]. In the case of locally convex lattice cones, we want to study the order
bornological locally convex lattice cones. The investigating of these structure is interesting,
since these structures are the order inductive limit of us-lattice cones which are the extensions
of seminormed Riesz spaces. We note that in the case of vector lattices the concept of separated
us-lattice cones reduces to the concept of normed Riesz spaces and the concept of symmetric
complete separated wus-lattice cones reduces to the concept of Banach lattices, which have
many applications in Economics. This research can be useful for researchers in mathematical
economic theory. For recent researches see [2—4, 6, 9].

A cone is a set & endowed with an addition and a scalar multiplication for nonnegative real
numbers. The addition is assumed to be associative and commutative, and there is a neutral
element 0 € &. For the scalar multiplication the usual associative and distributive properties
hold, that is a(fa) = (af)a, (o + B)a = aa + fa, a(a+b) = aa + ab, la = a and 0a = 0 for
all a,b e & and o, 5 > 0.

Let & be a cone. A collection 4 of convex subsets U C P2 = 22 x P is called a convez
quasiuniform structure on &2, if the following properties hold:

© 2017 Ayaseh D., Ranjbari A.
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(Uy) A CU for every U € U (A ={(a,a) : a € P});

(Uy) for all U,V € U there is a W € U such that W CUNV;
(Us) \U o pU C (A + p)U for all U € 4 and A, > 0;

(Uy) aU € sh for all U € U and « > 0.

Here, for U,V C &2 by U oV we mean the set of all (a,b) € 2?2 such that there is some
c € & with (a,c) € U and (c,b) € V.

Let & be a cone and U be a convex quasiuniform structure on &. We shall say (£, ) is
a locally convex cone if

(Us) for each a € & and U € U there is some p > 0 such that (0,a) € pU.

With every convex quasiuniform structure i on & we associate two topologies: The
neighborhood bases for an element a in the upper and lower topologies are given by the
sets

U(a) ={be & :(bya) €U}, resp. (a)U={be Z:(a,b)cU}, Ueil

The common refinement of the upper and lower topologies is called symmetric topology.
A neighborhood base for a € & in this topology is given by the sets

U(a)U =U(a)N(a)U, U €l

Let &l and # be convex quasiuniform structures on &?. We say that 4l is finer than #
it W C sl

The extended real number system R = R U {+oo} is a cone endowed with the usual
algebraic operations, in particular a + oo = +oo for all @ € R, a - (+00) = 400 for all & > 0
and 0 - (+00) =0. We set ¥ = {€: ¢ > 0}, where

E=14(a,b 6@2:a<b+6.
fien e R acor)

Then ¥ is a convex quasiuniform structure on R and (R, ”f;) is a locally convex cone.
For a € R the intervals (—oo,a + €| are the upper and the intervals [a — e, 400| are the
lower neighborhoods, while for a = 400 the entire cone R is the only upper neighborhood,
and {+oc} is open in the lower topology. The symmetric topology is the usual topology on R
with as an isolated point +oc.

For cones & and 2, a mapping T : & — 2 is called a linear operator if T'(a + b) =
T(a)+T(b) and T'(aa) = oT'(a) hold for all a,b € &2 and a > 0. If both (£, 4) and (2, %)
are locally convex cones, the operator T is called (uniformly) continuous if for every W € #
one can find U € U such that (T" x T)(U) C W.

A linear functional on 22 is a linear operator p : & — R. The dual cone &* of a locally
convex cone (Z,4) consists of all continuous linear functionals on &?. The polar of the
neighborhood U € U is defined as folows:

U°={pe @ : pa)<pb) +1, V(a,b) eU}.

Let 4 be a convex quasiuniform structure on &2. The subset % of il is called a base for i,
whenever for every U € U there are n € N, Uy,...,U, € & and Aq,..., A\, > 0 such that
MU Nn---n AU, CU.

Suppose that (Z2,4) is a locally convex cone. We shall say that FF C 22 is u-bounded
(uniformly-bounded) if it is absorbed by each U € . A subset A of & is called bounded above
(below) whenever A x {0} (res. {0} x A) is u-bounded (see [3]).
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2. Solid sets and us-lattice cones

Locally convex lattice cones as a generalization of locally solid Riesz spaces has been
introduced by Walter Roth in [10]. Here, we use the definition of this structure which have
been presented in the terms of convex quasiuniform structures. We define solid sets in locally
convex lattice cones and use them for our aim.

DEFINITION 1. Let & be a cone and < be a reflexive, transitive and antisymmetric order
on & (& is an ordered cone). We shall say that &2 is a V (or A)-lattice cone whenever

(1) a,b € & implies that aVb € & (or a ANb € P);

(2) for a,b,ce P, (a+c)V(b+c)=aVb+clor (a+c)AN(b+c)=anb+c).

The cone & is called a lattice cone if it is a V and A-lattice cone.

Let & and 2 be V(or A)-lattice cones. The linear operator T : & — 2 is called
V (or A)-lattice homomorphism whenever T(aV b) = T(a)V T'(b) (or T(a Ab) = T(a) NT(b))
for a,b € .

Let E be a Riesz space. A subset A of E is called solid whenever |b| < |a| and a € A imply
that b € A (see [1]). We note that for a € E, |a| = a V (—a). Now, we present a definition
of solid sets in lattice cones.

DEFINITION 2. Let & be a V (or A)-lattice cone. We shall say that a subset B of 222, is
V (or A)-solid, whenever

(1) a < b implies that (a,b) € B;

(2) (a,b) € aB and (¢,b) € B imply that (a V ¢,b) € (a+ 8)B (or (a,b) € aB and
(a,c) € B imply that (a,bAc) € (a+ ()B).

If &2 is a lattice cone, the subset B is called solid whenever it is V-solid and A-solid.

The V (or A)-solid hull of a subset B of &2 is the smallest (with respect to the set inclusion)
V (or A)-solid subset of &2, which contains B, we denote it by shy (B) (or sha(B)). Also we
denote the solid hull of B by sh(B).

If E is a Riesz space and A C F is solid (in the sense of the Riesz spaces) and convex,
then A = {(¢,b) € E? : 3a € A, ¢ < b+ a} is solid in the sense of lattice cones. Indeed,
if a < b for a,b € E, then (a,b) € A, since 0 € A and a < b+ 0. Now, let (a,b) € A
and (¢,b) € AA for v, A > 0. Then we have a < b+ ~t and ¢ < b+ A\’ for some ¢, € A.
Now, we have t V 0,t' V0 € A, since A is solid. Then a < b+ v(t V 0) + A(¢ vV 0) and
¢ <b+~(tV0)+ A(t'VO0). This shows that a Ve < b+~(tV0)+ A(#' V0). Since A is convex,
we conclude that y(t Vv 0) + A(t' V0) € (y+ \)A. Therefore (aV¢,b) € (7 + \)A. Similarly, we
can prove that A is A-solid.

DEFINITION 3. Let &2 be an ordered cone and 4 be a convex quasiuniform structure on &2.
We shall say that Ll is compatible with the order structure of &7 whenever a < b implies that
(a,b) € U for all U € U for a,b € Z.

DEFINITION 4. Let & be a V (or A)-lattice cone and i be a compatible convex quasiuni-
form structure on & such that (£, 4) is a locally convex cone. Then we shall say that (Z7,4)
is a locally convex V (or A)-lattice cone, whenever  has a base of V (or A)-solid sets. If 4l has a
base of V (or A)-solid sets, then it is called V (or A)-solid convex quasiuniform structure. If &7
is a lattice cone, then the convex quasiuniform structure il is called solid whenever it has a
base of solid sets. The locally convex cone (£, 4l) is called locally convez lattice cone if 1 has
a base of solid sets.

EXAMPLE 1. Let (E,7) be a locally convex solid Riesz space. Then 7 has a base ¥ of
solid, convex and balanced subsets. For V € ¥, weset V = {(a, b)cE?: JveV,a<b+ v}.
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Then ¥ = {V : V € ¥} is a solid convex quasiuniform structure on E. Therefore (E,¥) is
a locally convex lattice cone.

Let & be a cone. A subset B of &2 is called uniformly convexr whenever it has the
properties (U;) and (Us). The locally convex cone (£2,4) is called a wc-cone whenever
U={aU : a> 0} for some U € U (see [3]). If & is a V (or A)-lattice cone and U is V (or A)-
solid, then (Z2,4) is called Vs (or Ays)-lattice cone. In the case that &2 is a lattice cone
and U is solid, (£, 4) is called us-lattice cone. For example normed Riesz spaces and Banach
lattices are us-lattice cones as locally convex cones. Also the locally convex cone (R, ¥) is
a us-lattice cone. We note that every us-lattice cone is a locally convex lattice cone.

Let & be a V (or A)-lattice cone and B C 22, We denote the smallest uniformly convex
and V (or A)-solid subset of 222, which contains B by usy (B) (or uss(B)), and we call it the
uniformly convex \V (or A)-solid hull of B. If & be a lattice cone, then we denote the uniformly
convex solid hull of B, by us(B).

Proposition 1. In a locally convex V (or A)-lattice cone, the V (or A)-solid hull of a u-
bounded set is u-bounded.

< Let (22,4) be a locally convex V (or A)-lattice cone and B be a u-bounded subset
of 222. Let B be a base of V (or A)-solid sets for 4. For every U € B there is A > 0 such that
B C \U. This shows that usy(B) C usy(AU) = AU (or uss(B) C usp(AU) = AU), since U
is V (or A)-solid. Therefore us\ (B) (or usn(B)) is u-bounded. >

Corollary 1. In a locally convex lattice cone, the solid hull of a u-bounded set is u-bo-
unded.

Proposition 2. Let & be a V (or N)-lattice cone and (Z,4,)~er be a family of locally
convex V (or A)-lattice cones. Also, let for every v € I', gy : & — P is a V (or A)-lattice
homomorphism. Then the coarsest convex quasiuniform structure { on &7, which makes all g,
continuous, is V (or A)-solid and (£, 4) is a locally convex V (or A)-lattice cone.

< Tt is enough to show that for every v € I' and V (or A)-solid U, € L, (g, % g,) "1 (Uy)
is V (or A)-solid in the V (or A)-lattice cone &?. We prove the assertion for the case that & is
a V-lattice cone. Indeed, let a < b for a,b € &. Then g.,(a) < g,(b) for each v € T, since g,
is a V-lattice homomorphism for each v € I'. This implies that (g,(a), g,(b)) € Uy, since U,
is V-solid for each v € I'. Then (a,b) € (g, X gy)~*(U,). Now, let (a,b) € a(gy x g4) 1 (U,)
and (c,b) € B(gy x g,)"1(U,) for a,b,c € & and v € I'. Then (g,(a),g,(b)) € aU, and
(g4(c), g4(b)) € BU,. Now, since U, is V-solid an g, is V-lattice homomorphism, we conclude
that (g,(aV c),gy(b)) = (gy(a) V g,(c), g(b)) € (a + B)U,. Therefore (aVe,b) € (a+ B)(gy X
9) "1 (Uy).

Under the assumptions of Proposition 2, (£, 4l) is called V (or A)-order projective limit of
locally convex V (or A)-lattice cones (25,4, )er by the V (or A)-lattice homomorphisms g,
~ € I'. Similarly, the concept of order projective limit can be defined.

Proposition 3. Every locally convex V (or A)-lattice cone is the \V (or N)-order projective
limit of some Vs (or Ays)-lattice cones.

< Let (22,4) be a locally convex V (or A)-lattice cone. Then i has a base B of
V (or A)-solid sets. For B € B, we set Up = {aB : o > 0}. Then g is a V (or A)-solid
convex quasiuniform structure on & and (Z2,4p) is a locally convex V (or A)-lattice cone
for each B € B. Now, it is easy to see that (Z2,4) is the V (or A)-order projective limit of
(Z,4p)Bes by the identity mappings. >

Corollary 2. Every locally convex lattice cone is the order projective limit of some us-
lattice cones.
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In the special case of locally convex solid Riesz spaces, Proposition 3 yields that every
(Hausdorff) locally convex solid Riesz space is the projective limit of (normed) seminormed
Riesz spaces.

3. Order bornological locally convex lattice cones

Suppose that (£, 4) and (2, %) are locally convex cones and T': & — 2 is a linear
operator. We shall say T is u-bounded if (T x T)(F) is u-bounded in 22 for every u-bounded
subset F of 222, We shall say (2, 4) is a bornological cone if every u-bounded linear operator
from (£2,4) into any locally convex cone is continuous (see [3]).

Let (22,4) and (2, %) be locally convex cones. The linear operator T': & — 2 is called
bounded below whenever T maps bounded below subsets of &2 into bounded below subsets
of 2. The locally convex cone (£, 4) is called b-bornological whenever every bounded below
linear operator from (Z,4l) into other locally convex cone is continuous (see [3]).

Bornological and b-bornological locally convex cones have been studied in [3]. Firstly, we
review the construction of this structure briefly: Let &2 be a cone and U be a uniformly convex
subset of . We set Zy ={a € & : IX >0, (0,a) € AU} and Uy = {aU : a > 0}. Then
(Py,Uy) is a locally convex cone (a uc-cone). In [3], we proved that there is the finest convex
quasiuniform structure 4, (or ;) on locally convex cone (2, 4) such that £?2 (or &) has
the same u-bounded (or bounded below) subsets under 4l and (- (or ;). The locally convex
cone (£, 4l;) is the inductive limit of the uc-cones (Py, Uy )yes, where B is the collection
of all uniformly convex u-bounded subsets of 922. Also (Z,4l,,) is the inductive limit of
the uc-cones (Zy,Uy)vesn, where B = {uch({0} x B) : B is bounded below}. If (22,4l) is
bornological or b-bornological, then L is equivalent to il or ., respectively.

DEFINITION 5. We shall say that the locally convex V (or A)-lattice cone (Z2,4) is V (or A)-
order bornological whenever every u-bounded V (or A)-lattice homomorphism from (£, 4l) in
to any locally convex V (or A)-lattice cone is continuous.

Obviously, every bornological locally convex V (or A)-lattice cone is V (or A)-order
bornological. For example, every Vs (or Ays)-lattice cone is V (or A)-order bornological. Also
every us-lattice cone is order bornological. It has been proved in [3], that every locally convex
cone which its convex quasiuniform structure has countable base is bornological. This shows
that if (22, 4) is a locally convex lattice cone and 4l has a countable base, then (2, 4l) is order
bornological.

EXAMPLE 2. Let X be a topological space, and let & be the cone of all R -valued
continuous functions on X, where R, is endowed with the usual, that is the one-point
compactification topology. We consider on & the pointiwise order. For each ¢ > 0, we set
£ =1{(f,g9) € #? :Vr € X, f(z) < g(x) +¢}. Then for each € > 0, £ is a solid set and
= {€:e > 0} is a solid convex qusiuniform structure. Then (22, 4l) is a locally convex
lattice cone. We note that (Z,4) is order bornological locally convex lattice cone, since it
is a ws-lattice cone. The cone & is not a vector space and it may not be embedded in any
vector space.

Theorem 1. Let (£, ) er be a family of locally convex V (or A)-lattice cones. Also
let & be a V(or N)-lattice cone and for each v € T, f, : &, — & be a V(or N)-
lattice homomorphism such that & = span(U,cr fy(#,)). Then & endowed with the
convex quasiuniform structure U created by the sets of the form usy(U,er(fy X f7)(Us))
(or usa(U,er(fy x f1)(Uy))), where U, € £y, is a locally convex V (or A)-lattice cone.

< We consider the case that (2,8, ),er are locally convex V-lattice cones. Firstly, we
prove that the elements of & are bounded below with respect to the sets usy (U, er f+(Us))-
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Let a € &. Then there are n € N, v1,...,v, € I', and a,, € &,,, © = 1,...,n, such that
a=>", fy(ay). There are \; > 0, i = 1,...n, such that (0,a,,) € \;U,,. This shows that
(0,a) € Aus(U,er f7(Uy)), where A = maxi<i<p A Then (£,4l) is a locally convex cone.
Since the sets usy(U,cr f7(Uy)) are V-solid, we conclude that (£,4) is a locally convex
V-lattice cone. A similar argument yields our claim for the case that (£, ) cr are locally
convex A-lattice cones. >

The projective and inductive limits had been investigated for topological vector spaces
and locally convex cones in [8] and [7], respectively. Under the assumptions of Theorem 1,
(2,4) is called the V (or A)-order inductive limit of the locally convex V (or A)-lattice cones
(Z,,4), under the V (or A)-lattice homomorphisms f, : &, — 2. Similarly, the concept of
order inductive limit can de defined.

Corollary 3. An order inductive limit of locally convex lattice cones is a locally convex
lattice cone.

Corollary 4. An order inductive limit of locally convex solid Riesz spaces is a locally
convex solid Riesz space.

Proposition 4. Let (Z2,4) be the V (or A)-order inductive limit of locally convex
V (or A)-lattice cones (Z.,8L,)y € T, under lattice homomorphisms f : &, — £, v € T,
and (2, %) be a locally convex cone. Then the linear mapping T : &? — 2 is continuous if
and only if for every v € I', Tof, is continmious.

<1 The mapping T is continuous if and only if for each W € %, (T x T)"Y(W) € 4L
By Theorem 1, this holds if and only if for every v € '

(fy X [) (T x T)"Y(W)) = (Tof, x Tof,)~ (W) € 4L,

In the other words, we require the continuity of each Tof, for each v € I'. >

Proposition 5. An V (or A)-order inductive limit of V (or A)-order bornological locally
convex lattice cones is V (or N)-order bornological.

< Let (22,4) be the V (or A)-order inductive limit of V (or A)-order bornological locally
convex lattice cones (#,, 4L, ) by the V (or A)-lattice homomorphisms f,, v € I'. Also suppose
that 7' be a u-bounded V (or A)-lattice homomorphism from (Z2,4) into another locally
convex V (or A)-lattice cone (2, %#"). Then for every v € I, Tof, is a u-bounded V (or A)-lat-
tice homomorphism on (#,,4L,). Since (£,,4L,) is V (or A)-order bornological, we conclude
that Tof, is continuous for each v € I', by Proposition 4. Therefore 7" is continuous by
Proposition 4. >

Similarly, one can prove that an order inductive limit of order bornological locally convex
lattice cones is order bornological.

Theorem 2. Let (Z,41) be a locally convex V (or A)-lattice cone. Then there is the
finest V (or A)-solid convex quasiuniform structure i,l‘vﬂ (or L[‘AT ) on & under which P?
has the same u-bounded subsets as under $I. Under the convex quasiuniform structure L[‘Vﬂ
(or ilf;‘), & isa V (or N)-order bornological cone, the \ (or A)-order inductive limit of a family
of Vys (or Ays)-sublattice cones of &?. The locally convex cone (Z2,4) is V (or A)-order

bornological if and only if ${ and L[‘VT' (or ﬂf\ﬂ) are equivalent.

<1 We prove the theorem for the case that (£, 4) is a locally convex V-lattice cone. Let B
be the collection of all u-bounded V-solid subsets of #2. For B € B, we set

Pp={aec P: IXN>0s.t. (0,a) € A\B} and lUp={aB: a>0}.
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We consider on &5 the order induced by the original order of &2. Since B is V-solid, it is
easy to see that (Zp,Up) is a locally convex V,-lattice cone. We have &2 = (Jpc &B-
Indeed, for a € &, Let B’ be the smallest uniformly convex V-solid subset of 272, which
contains {(0,a)}. Then B’ € B and a € Pp. Now let (t@,ﬂr/ﬂ) be the V-order inductive
limit of (Zp,Up)pen, under the inclusion mappings Ip : P — Z. Then (t@,il‘vﬂ) is
a locally convex V-lattice cone by Theorem 1. The u-boundedness of B € 9B shows that
Ip: (P, Up) — (£,4) is continuous. Now, we conclude that Ll‘vﬂ is finer than 4 by the
definition of V-order inductive limit. Then wu-boundedness in il|v7‘ implies u-boundedness

in 8. On the other hand, if F C £? is u-bounded with respect to 4, then it is u-bounded
in (Z5,4z), where F= usy(F). Now, the continuity of I yields that F' is u-bounded with
respect to Ll|vﬂ. Also (@,Ll‘vﬂ) is V-order bornological by Proposition 5. For the final part of
theorem, we note that the identity mapping I : (£, ) — (@’L%) is a u-bounded V-lattice
homomorphism. Now, if (£2,4) is order bornological, then I is continuous. Therefore il is
finer than U‘Vﬂ. On the other hand 4, is finer than 4. Then they are equivalent. Similarly we
can prove the theorem for the case that (Z2,4) is a locally convex A-lattice cone. >

Corollary 5. If (#2,4l) is a V (or A)-order bornological locally convex V (or A)-lattice
cone, then i =817, (or & = 4P ).

I7|
Corollary 6. If (22,4) is a locally convex lattice cone, then there is the finest solid convex
quasiuniform structure ;| on &, under which P2 has the same u-bounded subsets as under
. Under the convex quasiuniform structure ), & is an order bornological cone, the order
inductive limit of a family of us-sublattice cones of &?. The locally convex cone (Z,4l) is
order bornological if and if {4 and | are equivalent.

Proposition 6. Let (Z,4) be a locally convex lattice cone. Then i is finer than Uy

< Since £? has the same u-bounded subsets under $ and 7|, and 4 is the finest convex
quasiuniform structure that has this property, we conclude that (; is finer than . >

Proposition 7. Every bornological locally convex lattice cone is order bornological.

< Let (£2,4) be a bornological locally convex lattice cone. Then we have 4 = 4[.. Now,
since $ C ;| C 4L, we conclude that & = 8. >

In the following theorem we characterize V (or A)-order bornological locally convex
V (or A)-lattice cones

Theorem 3. For locally convex V (or A)-lattice cone (Z2,41) the followings are equivalent:

(a) (2,4) is V(or A)-order bornological;

(b) for every uniformly convex V (or A)-solid subset V of 2 that absorbs all u-bounded
subsets, there is U € 4 such that U C V;

(c) every u-bounded V (or A)-lattice homomorphism from & into any Vs (or Ays)-lattice
cone is continuous.

(d) (2,4) is the V (or A)-order inductive limit of some us-lattice subcones of (Z,4).

< The statements (a) and (d) are equivalent by Proposition 5 and Theorem 2.

(a — b): Let (a) holds and V be a uniformly convex V (or A)-solid subset of &2, that
absorbs all u-bounded subsets. We set ¥ = {aV : a > 0}. Then (£, %) is a locally convex
V (or A)-lattice cone. The identity mappings I : (£, U) — (£, ¥) is u-bounded, since V
absorbs all u-bounded subsets. On the other hand I is a V (or A)-lattice homomorphism.
Now (a) yields that I is continuous. Therefore there exists U € 4 such that U C V.

(b — a): Let (b) holds and T" be a u-bounded V (or A)-lattice homomorphism from (£, )
into another locally convex V (or A)-lattice cone (2,%#). Let W € # be V (or A)-solid. Then
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(T x T)"}(W) is a uniformly convex V (or A)-solid subset of &2, since T is a V (or A)-lat-
tice homomorphism. Now there is U € & such that U C (T x T)~'(W) by (b). Then T is
continuous.

(a — ¢): The proof is clear.

(¢ — a): Suppose that (¢) holds and T is a u-bounded V (or A)-lattice homomorphism
from (Z,4) into another locally convex V (or A)-lattice cone (2, %#'). For W € #', we set
Ww = {aW : a > 0}. Clearly for every W € #', T : (2, ) — (2, #w) is a u-bounded
V (or A)-lattice homomorphism and then it is continuous by (c). Now, let W € #. Then we
have W € #y. Therefore there is U € 4 such that (T'x T)(U) C W. >

Corollary 7. As a special case in locally convex solid Riesz spaces, Theorem 3, (c) yields
that a locally convex solid Riesz space E is order bornological if and only if every bounded
lattice homomorphism from FE into a seminormed Riesz space is continuous.

DEFINITION 6. Let (£2,4) and (£2,%) be locally convex V (or A)-lattice cones.
We shall say that T is |7|y (or |7|x)-continuous whenever T : (t@,il‘vﬂ) - (2, V/G/‘)
(or T: (‘@7”1/\7\) — (2, 7/‘;\')) is continuous. Similarly, we can define the concept of |7|-conti-

nuity.

Proposition 8. Let (Z,4) and (2,%') be locally convex V (or A)-lattice cones. Then
the V (or A)-lattice homomorphism T : (Z,) — (2,%) is u-bounded if and only if T
is ||y (or |T|A)-continuous.

< Let (22,4) and (2,%#) be locally convex V-lattice cones and T : (£, U) — (2, %)
be a u-bounded V-lattice homomorphism. Then T : ((@,LL‘Vﬂ) — (2, V/G/‘) is u-bounded,
since #? has the same u-bounded subsets under 4 and il‘/\T - Now, since (& ,Ll‘vﬂ) is V-order
bprnological, we conclude that T is |7|y-continuous. One the other hand if T'is ||y -continuous,
then T : (‘@’1%) — (2, Vﬂ‘x) is u-bounded. This implies that T : (2,U) — (2,%) is

u-bounded. On can prove the assertion for the case that (22, 4) and (2,%#) are locally
convex A-lattice cones. >

Corollary 8. Let (£,4) and (2,#') be locally convex lattice cones. Then the lattice
homomorphism T : (2,U) — (2, %) is u-bounded if and only if it is |T|-continuous.

Corollary 9. Every continuous V (or A)-lattice homomorphism is |T|y (or |T|)-continuo-
us. Also, every continuous lattice homomorphism is |T|-continuous.

Let (Z,4) be a locally convex V (or A)-lattice cone. We investigate the behavior of the
convex quasiuniform structure U‘Vﬂ (or U‘/\ﬂ) under V (or A)-order inductive limit.

Theorem 4. Let (Z2,4) be the V (or N)-order inductive limit of locally convex lattice cones
(2,44 )yer under the V (or A)-lattice homomorphisms f : P — &, v € I'. Then (£, 4,))
is the V (or A)-V (or A)-order inductive limit of locally convex lattice cones (ywﬂ\vﬂy)vef
(or (l@y,ﬂf\ﬂw)yep) under V (or A)-lattice homomorphisms fr: P, — &,y €T.

< We prove the theorem for the case that (£2,4) is the V-order inductive limit of locally

convex lattice cones (£, ) cr. For every y € T, f, : (‘@V’ul\/fh) — (Z,47)) is continuous

by Proposition 8. Let (£, #') be the V-order inductive limit of locally convex lattice cones

(t@y,ﬂrﬁh)wep under V-lattice homomorphisms f, : &, — &, v € I'. Then Ll|\/Th C ¥, by

the definition of V-order inductive limit. We claim that &2 has the same u-bounded subsets
under ¥ and L[‘VTW If B is u-bounded under L[‘VTW then it is u-bounded under (. This shows
. Therefore B is

that for v € T, (fy x fy)"(B) is u-bounded under &l,, and then in !,l|\/7‘ﬂY
u-bounded under # . Now, this shows that the identity mapping I : (Q@,ﬂr/ﬂ) — (P2, W) is
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u-bounded. Then it is continuous, since ('@’ul\/ﬂ) is V-order bornological. Then W = il‘vﬂ.
A similar argument yields our claim for the other case. >

Corollary 10. The convex quasiuniform structure ;| is stable under the order inductive
limit.

In [3]|, we introduced the weak convex quasiuniform structure on a locally convex cone.
Here, we define the absolute weak convex quasiuniform structure on a locally convex V (or A)-
lattice cone.

Let (22,4) be a locally convex V (or A)-lattice cone and let Ly(or L) is the set of all
continuous V (or A)-lattice homomorphism from (2, 4l) into (R, ¥). We denote by o (Z, Ly)
(or U5 (2, Lp)) the coarsest convex quasiuniform structure on &, that makes all u € Ly
(or g € L), continuous. In fact (£, 85(Z, Ly)) (or (Z,45(Z,Lx))) is the V (or A)-order
projective limit of (R,¥) under all i € Ly (or u € L). This shows that (2, U5(Z, L))
(or (2, Uj,|(Z, Lp))) is a locally convex V (or A)-lattice cone. If (,41) is a locally convex
lattice cone and L is the set of all continuous lattice homomorphism from (£, 4) into (R, ”f;),
then we can define the solid convex quasiuniform structure on l,(#, L) in a similar way.

For a locally convex lattice cone (Z2,4l), it is easy to see that U, (22, 2*) is finer than
o (£, L). But for some locally convex lattice cones, these convex quasiuniform structures
are equivalent.

EXAMPLE 3. Let Ry = Ry U {+o00}. We set U = {(a,b) € (R{)?: a < b} and U = {U}.
If we consider usual order on R, then il is a solid convex quasiuniform structure on R, and
(R, ) is a locally convex lattice cone (a us-lattice cone). The dual cone of (R, 1) consists
of all nonnegative reals an functionals 0 and +00 acting as:

0, a =0,

400 else,

0(a) =

0 else

— {+OO, a = "‘OO’ and +T.O(U,) — {

respectively. Since all elements of Ei are lattice homomorphism, we conclude that
ﬂ|0|(ﬁ+,L) = MU(K+,E1). In fact, we have L = 22*. It is easy to see that il is strictly
finer than 80, (R4, L).

DEFINITION 7. Let (£,4) and (2,%#') be locally convex V (or A)-lattice cones. The
linear operator 7' : & — 2 is called |o|-continuous, whenever T' : (Z,4,/(Z, Lv))) —
(2,7,)(2,Ly)) (or T : (2, U15|(Z, L)) = (2,#|5/(2,Ln))) is continuous.

Proposition 9. Let (Z2,4) and (2,%#') be locally convex V (or A)-lattice cones. Then
every continuous V (or A)-lattice homomorphism from (Z,4) into (2, %) is |o|-continuous.

<1 We prove the assertion for the case that (2, ) and (2, %) be locally convex V-lattice
cones. We denote the sets of all continuous V-lattice homomorphisms on 2 and & by L|
and Ly, respectively. Let T': (22, 4) — (2, %) be a continuous V-lattice homomorphism and
Wi| € #|5/(2, L,). Then there are n € N and 1, ..., pu, € L, such that

n

ﬂ A;l(i) - VV\U\’

=1

where A; = p; X g, for ¢ = 1,...,n. We have p;0T" € Ly for ¢ = 1,...,n, since T is
a continuous V-lattice homomorphism. We set I'; = p;0T x p;0T, for i« = 1,...,n. Then
Ul = My T (1) € 45 (2, Ly) and we have (T x T)(U}y)) € Wiy >
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Theorem 5. Let (Z2,4) be a V (or A)-order bornological locally convex lattice cone
and (2,%) be a locally convex V (or A)-lattice cone which has the same u-bounded subsets
under W and #|,|(2, Lv)) (or #|,|(2,Ly))). Then every |o|-continuous V (or A)-lattice ho-
momorphism from & into 2 is continuous.

< Let T be a |o|-continuous V (or A)-lattice homomorphism from & into 2. Since every
u-bounded subset is weakly u-bounded, we conclude that T' is u-bounded by the assumptions.
Now, since (2, 4) is order bornological, T" is continuous. >

Corollary 11. Let (22,4) be a V (or A)-order bornological locally convex lattice cone.
Then every linear functional on (£2,4), which is V (or A)-lattice homomorphism, is continuous
if and only if it is |o|-continuous.
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MMOPAJKOBO BOPHOJIOTUYECKUWE JIOKAJIBHO
BHIITYKJIBIE PEHNIETOYHBIE KOHYCHI

Aitazex JI., Pankbapu A.

B craTthe BBOASATCS MOHATHSA US-PEITETOYHOTO KOHYCA U MOPSIKOBO OOPHOJIOIMIECKOTO JIOKAJIHHO BBIILYK-
JIOTO PENIETOTHOTO KOHYyCa. B crenmasbHOM ciydae JOKaIbHO COMUAHOrO (= HOPMAIBHOTO) MPOCTPAHCTBA
Pucca (= BEKTOpHO#H pENIeTKHW) 3TW TOHATHS CBOAATCA K XOPOIIO W3BECTHBIM TOHATHAM TOJIyHOPMU-
poBaHHOTO TIpOCcTpaHCTBa Prcca m mopsaKOBO GOPHOJIOIMYIECKOT0 MPOCTPAHCTBA Prcca, cCOOTBETCTBEHHO.
BomuTcsa Takike TOHSATHE COMMIHOTO MHOXKECTBA B JIOKAJIBHO BBIMYKJIOM KOHYCE W JIAIOTCS HEKOTODHIE
XapaKTepU3ayH MOPSIKOBO OOPHOIOTMYECKUX JIOKATHHO BBIIMYKJIBIX PEIMIETOYHBIX KOHYCOB.

KitroueBblie cjioBa: JIOKAJIBHO BBIMIYKJIBIA PEMIETOYHBIN KOHYC, TTOPSATKOBO OOPHOIOTUIECKHI KOHYC.
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NOOEPEHITNAILHOTO YPABHEHUS HA TPAGE

P. 4. Kynaen

Ilocsawaemea 80-aemuro
Anexces Bopucosuua Illabama

Pa6ora mocssmena Bompocam Heocrmuigimu auddepeHnaabHbIX YPABHEHNH 9eTBEPTOr0 MOPSIKA Ha
reomeTpudeckoM rpade. st TakKMX ypaBHEHMI BBOAUTCS MOHSITHE KPUTHIECKON HEOCIUJIJISAIINN, KOTOPOEe
ABsgeTcs 0000IeHneM TOYHOTO MTPOMEXKYTKa HEOCIIM/IISINN B KJIacCudeckoi Teopun. [loasaTue meocrmi-
JIIA Ta€TCs B TEPMUHAX CBONCTB CHEIUAIHHON (DyHIaAMEHTATHLHON CHCTEMbI DelleHuil ypaBHeHus Ha
rpade, 9TO BHOCUT HOBBIE YE€DPTHI B TEOPUIO, HO TE€M HE MEHEe OCTABJISIeT HEM3MEHHBLIMU OCHOBHBIE CBOi-
CTBa OJTHOMEPHOU TEOPHU.

KiroueBsie ciioBa: rpad, auddepennuansnoe ypaBHenne Ha rpade, Heocrmianms, Gyukims ['puma,
OCIUJIIAIMOHHOCTb.

JaHHas cTaThs BJSETCS TMPOAOJKeHUeM pabor [1-4|, B KOTOPBIX pa3BUBATIACH TEOPHsI
HeocruLasnn auddepenHnnaabHbIX ypaBHEHUH, 33/ IaHHBIX Ha TeoMerpudeckoM rpade. Heoc-
muLsiius A depeHnnaabHOr0 YpaBHEHUS 3aHUMAET OJHO U3 TEHTPAJbHBIX MECT B Kade-
CTBEHHOU Teopuu OOBIKHOBEHHBIX AuddepeHnraababix ypagHernit. OCHOBHOE 3HAYEHUE 3TO
CBO¥ICTBO MPHOOpETaeT B KOHTEKCTE MCCAEI0BAHUS OCIUIISITUOHHBIX CBOMCTB CIEKTPA Kpae-
BBIX 3a/1a4, U B IEPBYI0 OU€pejib — ToJI0KuTeabHoCTH hyHKinn ['prHa kpaesbix 3aja4d [5-10].

B mpencrasiennoit paboTe n3ydaeTcs CBONCTBO HEOCIULISIIIUN YPABHEHNI IeTBEPTOTO 110-
paaka Ha rpade, KOToOpble BOSHUKAIOT TPHU onucanuu AedopMaruii yupyrux CTep:KHEBBIX CH-
creMm. B [1-4] 6bL1a yeTaHOBIEHA CBA3H HEOCIUJIISIIIAN C TOJIOKUTEILHOCTBIO (hyHKImn ['prna
HEKOTOPBIX KJIACCOB KPAEBBIX 3a/lad 4eTBEepTOro nopsijaka Ha rpade. OCHOBOI pa3BuTust T€o-
pru B yKa3aHHBIX PA0OTaX ABJISIETCS KPUTEPUl TOJI0KUTE/THbHOCTH (DYHKINN [ puHA KPAeBBIX
3aja4 4-ro mopsaka Ha rpadax (cm. [11]), cormacro KOTOPOMY MOJOKHUTETHHOCTH (DYHKITHH
I'puna sKBUBaIEHTHA TIOJIOKUTENIHHON PA3PEITUMOCTH CHEN(PUIECKIX KPAEBBIX 33a9. JTOT
Pe3yabTAT TO3BOJU B KaUeCTBE OTIPABHON TOYKHU TPU M3YUEHUU HEOCIU/ILISIUN yDABHEHUS
Ha rpade 6paTh CBONCTBO TOJIOKUTEJIHLHOCTA CUCTEMbBI PEIeHull ypaBHeHus Ha rpade, yao-
BJIETBOPAIOIINX HA TpaHuIie rpada crernuagsbHbIM KpaeBbiM yeaoBusm (cM. [1-4]). Ilpu takom
MO/IX0/1€ TPOsiBseTcs crnenmduka ypaBaennit 4-ro mopsaka Ha rpadax u BOSHUKAIOT JIBA
THUIA HEOCTWIANuU — cjaabas u cuiabHad. Jljid Kaaccmyueckoro ciydasi, KOrja BHYTPEHHUE
BepmuHBLI rpada OTCYTCTBYIOT, 9TH MOHATHASA HE PA3JIUYUUMbBI, a B CJIydae, KOT/Ia MHOYKECTBO
BHYTPEHHUX BepIiuH rpada He mycTo, OHU pasHATCs. Kak okazajoch, ciabas HEOCIULIS-
st 00ecriedrBaeT M0JI0KUTEIbHOCT (DyHKIMN ['puHa juis kiaacca 3agad Jupuxie [2, 3],
a CUJIbHAST HEOCIWLIANNSA — TOJI0KUTEIbHOCTD pyHKImu ['puna st 60Jiee mMmUPOKOTo KJIacca
KpPaeBbIX 3a71a4 [4].

© 2017 Kymaes P. Y.
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B crarse [1, §4] ormeuasnock, 4o oTamYnTENbHOM 0COBEHHOCTHIO CBONCTBA HEOCIIMILISIIN
YPaBHEHHUsI Y€TBEPTOrO TOPSAIKA Ha Tpade sBIFeTCs TO, UTO U3 Heocuuwisanun (caaboil mim
CUILHOM) ypaBHeHus Ha rpade, BOOOIIE rOBOPs, HE CJIELyeT €ro HeOCHMJIANMs Ha JTH000M
noarpade (xorst Takoil BapuaHT He uckiouen [12]). B mamuoii paGore Gyer mokazaHo, 9To
9Ta 0COOEHHOCTH XapaKTepHa MMEHHO JIJIsl yPaBHEHWI, 3aJaHHbIX Ha rpade, HeromeoMopdHOM
unTepBasy. Eciu ke rpad coCTOUT M3 MOCI€I0BATEILHO COEIMHEHHBIX B TIeIb pebep, TO, Kak
OyJaeT MoKa3aHO HUKE, W3 HEOCIWLISINN YpaBHEHHS Ha rpade-Ternouke CIeyeT ero Heoc-
IUJLIANAA 1 Ha, 1I000M noarpade. To 03HAYAET, YTO MPEIJIOKEHHBI B IUTUPOBAHHBIX BhITIE
paboTax IOX0J] MPUBHOCUT HOBBIE UEPTHI B TEOPHIO, HO TeM He MeHee OCTaBJisieT HeU3MeH-
HBIMU OCHOBHBIE CBOWCTBA OJJHOMEPHOI Teopun (HEOCIMJLISIINS COTJIACOBAHA CO CBOWCTBAMM
dyuxun I'pruna; HEOCIULIAINS HA WHTEPBAIE TADAHTUPYET HEOCIUJLIAINIO Ha MOBIHTEPBa-
J1e).

CBoiiCTBO KPUTHUIECKOI HeocnmLIsiiny Briepsbie 06110 BBegero FO. B. TlokopHbIM mipu uc-
CJI€eJOBaHUU ITOJIO?KUTEJIBHOCTU d)yHKHI/II/I FpI/IHa 1 OCHUJIJIAITMOHHBIX CBOWCTB CIIEKTPa HEKO-
TOPBIX KJIACCOB KPAEBBIX 3aJa4 I ypaBHEHWs] BTOPOTO Topsyaka Ha rpade (em. [9, §4.5],
[13, §2.5]). OHo 0606IIAaeT TOHSATHE TOYHOIO MPOMEXKYTKA HEOCIUJUISIINE B KJIACCUYECKOMN
teopun (cm. [5, 7|). Kak Gymer mokaszano HuzKe, KPUTUIHOCTH HEOCIUJLISIIIUN yYDABHEHUSI
YETBEPTOrO MOPsiKa Ha rpade-Iernouke 3aK/aI0UaeTcss B TOM, UTO ypaBHEHUe, Oyaydm CJa-
60 HEOCIMITUPYIOIINM, TEPSIeT 9TO CBONCTBO MPHU «PACIIUpeHun» rpada, HO COXpaHseT ero
MIPU «CYKEHUW». Y 9UThIBasI CBA3b HEOCIIM/LIAINN CO 3HAKOBBIMU CBOiicTBaMu dyukimit ['puna
HEKOTOPBIX KPaeBbIX 3a71a4 (cM. [1, 2|), MOXKHO cKa3aTh, 9TO CBONCTBO KPUTHYECKON HEOCITHI-
JIAIIAN BBIYJIEHACT T'DaHb ME2KAY BO3MOXKHOCTBHIO M HEBO3MO2KHOCTBIO IJIsA d)yHKHI/II/I FpI/IHa
XOTh KaKOH-TO KpaeBoil 3aja4un ObITh MOJOKUTETHHOM, TpuYeM B HAWJIYYIIEM I0JIOKEeHUN
oKazbIBaeTcd 3aaaqa dupuxie.

1. OcHOBHbBIE IOHATHS U IIOCTAHOBKA 3aa49m1

WNmeeTcst HECKOTBKO PA3JIMIHBIX TIOJXO/IOB K M3YUEHUI0 KPaeBbIX 3aja4d Ha rpadax. Ham-
60.}166 TUIIMYHBIMU U3 HUX ABJIAIOTCA BeKTOprIﬁ 1 CUHTETUYECKU IIOAXOIBbI.

IIpu BexkTOpHOM mOIXOE KaXKI0€ pebpo rpada mapamerpusyercs OTPe3KoM (HDUKCHPO-
BAHHOI JIJINHBI, a PEIeHns HYMEPYIOTCs B COOTBETCTBUH C KaKOW-IM00 TPeIBAPUTETHHOMN
Hymepanueit pedep. BekTopHbIil TOIX0/ WCIOIB3yeTCs B KOHCTPYKIIAAX, ONMUPAIOMIMXCT Ha
abcTpakTHble (DYHKIMOHAIBHO-aHAJUTUIECKNE PE3YIbTATHI: MOPOXKIAININN 3a7ady Orepa-
TOp (C PeryJsipHBIMU WM CUHTYIAPHBIME KO3(hhUIIMEHTaMN) OKA3BIBAETCA 3aIaHHBIM 00
B TPSIMOM TIPOW3BEJIEHUN TPOCTPAHCTB, KaXKJI0€ U3 KOTOPBIX COOTBETCTBYET CBOEMY peOpy,
00 B TIPOCTPAHCTBE BEKTOP-DyHKIHUiT (cM., Hampumep, [14-16]).

B nannoit paboTe MbI IPUIEPKUBAEMCS CHHTETUYECKOTO B3TVISIIA, TIPH KOTOPOM Tpad pac-
CMaTPUBAETCsT KaK IeJIbHBII TeoMeTpuUIecKuii 00bekT. BoJiee Toro, Kak eJnHoe IeI0e paccMaT-
puBaeTcs Bcs cuctema JgudQepeHInaaTbHbIX COOTHOIEHNT — OOBIKHOBEHHBIE nuddepeHiu-
aJIbHble ypaBHEHUs Ha pedpax TII0C YCAOBWS COTJIACOBAaHWS BO BHYTPEHHUX BepriwHax. [1oax
reomerpudeckuM rpacgom I' B HacTodImelr paboTe MOHUMAETCsI OTPDAHUYEHHOE CBSI3HOE MHO-
JKECTBO, MMeIOIIee CTPYKTYPy ceTu u BjoxenHoe B R?. Pe6po rpada — 310 unrepsan B R2,
a BepmmHa Tpada — TOUKA, STBJISIONIASICI KOHIIOM OJHOTO WM HECKOJIBKNX pebdep. IIpm aTom
pebpa rpada 3aHyMepOBaHbI U 0003HAYAIOTCA Yepes3 7Y;, a BEpIIUHbI — depe3 a, b, ¢ u T. 1.

O6o3uaunm vepes J(I') maO)KECTBO Bepinn Tpada, KOTOPbIE SIBISIOTCS KOHIEBBIMEI TOU-
Kamu JIByX u Oosiee pebep. Takme BepIuHBI MBI Ha3bIBAEM GHYMpPeHHuMmu. Bepmmabl rpada,
ue npunrajexamue J(I'), 6Gymem HasbBaTh 2panuynbiMy ¥ 0GO3HAYATH X MHOXKECTBO Ue-
pe3 OI'. Mei canraem, aro rpad I' — 910 00beinHEHNE KOHEYHOTO MHOKECTBA BCEX €10 pebep
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¥ MHOYKECTBA BCeX BHyTpeHHWX BepiuH. [Ipu 310M rpanmdHbie Bepminabl B TPad HE BXOIIT.
Eciu BepminHa a sBJIsSeTCsT KOHIEBOHM TOUKO# pebpa y;, To OyJIeM TOBOPUTH, YTO PedpPo 7;
NpUMBIKAET K BepiimHe a. Pebpo, mpuMbIKaollee K TpaHuvHoi Bepmmuae a € O, Ham Oy-
neT ynobHee 0003HAYATD Y. MHOKECTBO HHIEKCOB BCeX pedep, IPUMBIKAIONINX K BEPIIUHE d,
o6oznaunm vepes I(a). MuoxkecTBo, nosyvaemoe yjajuennem u3 rpada Beex ero BepimH, 000-

o
sraunm uepes I'. Tloarpadom rpada I Hazosem mr0b0it rpad I'y Taxoit, ato I'g C I
o

IMox dyukumeit na rpade nonumaercs orobpaxenwe u : I' — R. Yepes wu;(x) Gymem
obozrauaTh cyxkenue dynkuuu u(x) Ha pedpo ;. Hepes C[I'] Gymem 0603HAUATH MPOCTPAH-
cTBO (PYHKIHIT, PABHOMEPHO HEMPEPBIBHBIX HA KaxKja0M pedpe rpada I'. g rakux dyHKImii
B KaK/Ioii Bepmmee a rpada mpu i € I(a) cymectByer mpesen lim.y,5;q u; (), KOTOPBI MBI
ob6oznauaem uepes u;(a). IIpu srom musa sepumnbl a € J(I') u k,i € I(a) Besnmuannsr ug(a)
u u;(a) He obg3ambl coBnagaTh. Beimesnm B npocrpanctse C[I'] mognpoctpancTso dyHKIMIA,
JUTs KOTOPBIX Uk (a) = u;(a) upn so6oii a € J(I') n mobsix k,i € I(a). MHOXKECTBO BCeX TaKUX
dbyukiwmit o6o3uaunm uepes C(I') n HazsoBem ux nenpepusnvmu Ha rpade. Takoe onpe/enenne
BIIOJIHE €CTECTBEHHO, TaK KaK MbI MOXKEM JIOONPEIETUTh TaKue (PyHKIIUH 10 HeIPEePbIBHOCTH
Ha Becb rpad u nonoxutsh u(a) = ui(a), i € I(a).

OrnpeeiuM TOHsITHE TPOM3BOMHON (yHKIMHU, 3amanHol Ha Tpade. as sroro BBemeMm
B paccmorpenne dyukuuio pu(x) € C[I'], B3anMHO 0HO3HAYHO OTOOPAZKAIOIILYIO KaxK,10e pebpo
v; C I' ma mekoropsiii uarepsan (0,[;) mpu l; > 0. Oyuxiwsa p(z) onpemesser Ha KazKIOM
pebpe rpada opuenTanuio. s Ipou3BOJIBHOI TOUKHU § € 7, IOJIaraeM

OF(s) = {z €vi: 0 < piz) — pils) < e},

O (s) = {x €i: 0 < pi(s) — piz) <e}.
Ecin dynkuus u(x) € C[I'] nveer koneunoe uuncio Hyseii Ha pebpe 7;, To yepe3 ou;(s + 0)
oboznaunM 3HaK GyHKIUH u;(xr) BOJU3M TOUKN S € 7, (B KOHIEBBIX TOUKax pebpa mMmeer
CMBICJI TOJIBKO OJIHa M3 3TUX BeJII/IT{I/IH).
Oyukunio u(z) € C[I'] nasosem duddepenyupyemoti na epage T'; ecim ona nuddepeniu-
pyema oTHOCUTEHHO (X)) Ha KaxkaoMm pebpe rpada. Ilpu sToM moaraem

Aws
wi(xg) = lim 7%@0)

Pree AM@(xO)’ Z,To € Y-

AHAIOrMYHO ONPe/IeIsAITCs IPOU3BOIHBIE BhICIINX TT0psiaKkoB. O6o3naunm vepez C™[I'] mpo-
crpanctio dyuknuii w3 C[['], mpon3Bo/HbIE KOTOPHIX J0 MOPSAIKA 1 BKIIOYUTEHHO CYIIECTBY-
o1 u npunaexar C[I].

[Mox quddepennuanbabiv ypaBaerneM Ha rpade mogpasymesaeM, ciaeays |9], Habop o6bIk-
HOBEHHBIX A depenHnnaabHbIX ypaBHeHn Ha pedpax rpada u Habop yCJI0BUll COTJIACOBAHUS
BO BHyTPEHHUX BeprmuHax. Kro MOXKHO 3amnmcarh B 00IEM BHJIE

Lu=F(z), ze€l. (1)

B nmammoit pabore paccmarpuBaeTcs ypaBHEHWE, TOPOXKIAEMOE COBOKYITHOCTHIO audde-
PEHIUAILHBIX YpaBHEHU HA pebpax rpada:

[}
(pi(@)uf)" = (ai(@)uf) = fiz), @€y CT, (2)
¢ ko3 dunmerTamu, onpegegeMbiMu QyHKITATMHI

p(x) € C°[), inf p(z) >0, q(z) € C'[T), qla) > 0ma T, f(z) € [T,
zel
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JI0TIOJTHsIeMOiT B Kaxk/10ii BHyTpenHeil Bepimue a € J(I') paBencrBamu

ui(a) = ur(a), ui(a) = api(a)uy(a) + aji(a)uj(a),

pr(a)uf(a)+ > ar(a)pi(a)uf(a) =0,
icl(a)\{k.j} (3)

pj(a)uj(a) + aji(a)pi(a)ui(a) =0
iel(a)\{k.j}

n yCJIOBUAMU C TPETHbUMU TTPOU3IBOJIHBIMU

> DPui(a) + 8(a)u(a) = f(a), a€ J(T). (4)

i€l(a)

[Tpu 5T0M cumTaercs, 94To B yeaoBugax (3), (4) Bce NpOM3BO/HbIE BLIYUC/SIIOTCS B HATIPABJICHUN
or sepmuubl a € J(I'); k, j — durcuposanusle (6azucubie) nngekcs u3 I(a), i € I(a); ax;(a),
aji(a) nd(a), f(a) — 3ananmbie uncna, npudem 6(a) > 0, a B (4) uepes D3u obosHadena Tperbs
kBasunpounssoaaas (p(z)u”) —q(x)u'. Kpome Toro, ecam kK BHyTpeHHE T BEPITMHE @ TPUMBIKAET
BCero jBa pebpa 7; W Vg, TO MOJAraeTcsd, 9TO BCE BEJUYUHBI U COOTHOINEHUS, CBSI3aHHBIE
¢ mHAEKCOM j B cucreme ycnaosmii (3), (4), orcyrersyior. Jlesas wacts Lu ypasuenus (1) —
9TO JIeBble YacTu ypaBHeHuil (2) Ha pefpax BMecTe ¢ paBeHCTBaMU (3) W JIEBBIMU YACTSAMHU
yeaosuii (4) va J(I'), a npasast yacts F' ciaraercs u3 npasbix dacreii (2) u (4).

Pemmernnem muddepennuanpaoro ypasuenus (1) maspiBaercs Begkasg yHkums u(r) €
CHT) N C(I'), ymoBaeTsopsiomas Ha KaxK0M pebpe rpada cOOTBETCTBYONIEMY 00LIKHOBEH-
Homy guddepennuanbHOMy ypaBHeHHIO (2), a B KaXK/0if BHyTPEHHE!l BepIIMHE — yCJIOBU-
aum (3), (4).

Ypasuenne (1) BO3HMUKAET NpPU MOAEJIUPOBAHUU MaJbIX gedOopMaluii MI0CKOH MexaHu-
YeCKOHU CUCTEeMBI, COCTOLAINel N3 TOHKUX IPAMOJUHENHBIX CTEpXKHEHl W UMEIOIeil CTpYKTYpy
ceru [17].

ITpu umccnemoBanun CBONCTB perenuii ypasHenus (1) mpeamosiaraercs, 9TO BBITOJHEHBI
CJIETYTOTIE YCJIOBUSI:

— rpad I' aBisgerca aepesom;

— auist kaxkoii Beprimabt a € J(I') n kaxgoro nugexca ¢ € I(a) xorst 6b 0JIHA U3 KOHCTAHT
aji(a), ogi(a) oTamana oT HyJIs;

— s kaxgoil Bepumusl a € J(I') Moxkno 3azars 6asucHele nHAeKCH j, k € I(a) Tak, 9ro
nuist Hekoroporo unjekca i € I(a) \ {j,k} oaHOoBpeMeHHO Gy/yT BBINOIHITHCS HEPABEHCTBA
aji(a) <0, agi(a) < 0, npudem XoTs GBI 0JIHO HEPABEHCTBO CTPOTOE.

YuursiBas pesyabrarbl pabor [17, 18], npejanosoxkenusi rapaHTUPYIOT HEBBIPOXKIEHHOCTh
KpaeBoil 3ajgaun s ypasuenus (1) (ma rpade I' mwam ma o6om ero moarpade Iy C T)
C KPpa€BbIMU yCJIOBUAMU BUIA

u(a) + a(a)D3u(a) = A,, V(a)u'(a) — B(a)u”(a) = By, a € dT (a € ATy), 5)
ala),d(a),B(a) =20, (a)+ B(a) >0, As B, eR.
3/1ech U BCIOAY HUXKE TMOJIAraeTcs, ITO Kaxkjoe rparudroe pebpo rpada I' (moarpada T'p)
OPUEHTUPOBAHO OT COOTBETCTBYIOIIEN I'PDAHMIHON BEPINUHBI BHYTPH rpada.
Bupx ycnosuit (5) ob6ocroBan (bu3maeckuM cMbICTIOM Kpaesoii 3agaan (1), (5) — onnm oxsa-
THIBAIOT BCE€ BO3MOXKHBIE C/Iydal 3aKPEIJIEHUA KOHIIOB CTep}KHeBOﬁ CUCTEMHBI.
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2. HekoTophble cBOiCTBA pelleHnii OJHOPOJTHOTO YpaBHeHUs Ha rpade

B mamHOM TmyHKTE M3y4aeTcs 3aBUCHMOCTH CBONCTBAa 3HAKOIOCTOSHCTBA HEKOTOPBIX pe-
mennit kpaeebix 3a1a4d dupuxie (1), (5) (cayuait a(-) = 0) or rpanndHbIX gaHHbIX. TouHee,
OymeT m3ydeH BONPOC O TOM, Kak BejeT cebs perenue 3ajadnm upuxse Ha Tpade, Korga
HepePBIBHO MEHSIeTCsT OHA W3 TPAHWYIHBIX BEPIUH Tpada.

Pacemorpum npomssosibayio Touky s € I' U JI. Touka s pazbusaer rpad I' ma KoneuHoe
MHOXKECTBO Herepecekaromuxcsi Berseii rpacda ['. Ecan s saBasgerca BHyTpenHel TOYKON HEKO-
Toporo pebpa, TO Takux BeTBeil Oymer aBe. Ecim xe s — BepinuHa rpada, TO KOJIMIECTBO
BeTBeil PAaBHO KOIMYECTBY pebep, MPUMBIKAONMX K 9TOi Beprmuue. [Ipn 9TOoM Kakaas rpa-
HuaHast BepimHa b € JI'\ s npuHaIeKUT rpaHnile TOJIBKO OJHOM U3 9TUX BeTBeil, KOTOPYIO
MBI Oyem o6osradaTh depes ['y(s).

Ilycte a m b — mapa pazimanabix rpanndabix Bepiua rpada . g kaxmoro s € v, U a
BBEJIEM B PACCMOTPEHUE KPAEBYIO 3aa9y

Lu=0, zel,
u(s) =0, Y(a)u'(s) — Ba)u’(s) =0,
u(d) = Ay, I(b)u'(b) — B(b)u" (b) = B,
u(c) =0, d(e)u'(c) — B(c)u’(c) =0, ce€dl\{a,b},

(6)

e KO3(DUIMEHTH KPAaeBbIX YCIOBUN YIAOBIETBOPAOT yciaoBuam o, 3 : I — Ry,
9()+6()>0mu AyBy, = 0, Ay + By, = 1. Bamernm, 9ro 311 K03PPUIMEHTH HE 3aBUCST
or s. HanoMumM Takzke, 9YTO TpaHUYHbIE peOpa OPHEHTUPOBAHBI OT COOTBETCTBYIOIIUX T'pPa-
HUYHBIX BEPIITUH.

Tax kak xkpaesas 3ama4a (1), (5) HeBbIpOXKIeHA, TO 331392 (6) IMeeT eJMHCTBEHHOE perlre-
H1e, KoTopoe OyJiem o6o3navarh yepes vg(z). Ionsarro, uro 3aBucumocts vs(z) o1 s € 7, Ua
merpepriera B Hopme C3[T]. D10 cBOICTBO, Tak e Kak 1 CIeIyIonTii pesyabTaT pabors [18],
PeryspHoO OyIyT TPHUBJIEKATHC B JTAJbHEHANINX BBIKJIAIKAX.

Jlemma 1 [18]. IIycrs u(x) — HerpuBHaibHOE pellieHHe OJHOPOJHOTO yDaBHEHHS!
(p(x)u")" = (g(x)')" =0, x € ((m) CR,

p(z) € C*¢,n], xér[lcfn]p(m) >0, q(z)€C'¢,m], qlz) >0,

YVZIOBJIETBOPSTIOIIEE YCIOBUSIM

u(C) = 9(Q)u' () = BOu"(€) =0,  B(¢),¥(¢) 20, B(C)+I(C) #0.

Torna na npomexkyrke (C,n] dyukums u(z) nmeer He 6osee ogHoro npocroro Hyss. Ecin npu
5TOM B HEKOTOpoii Touke & € (¢, n] Bemosneno paserctso u(§) = 0, o u'(§)u”(§) > 0.

Jlemma 2. ITycts € € v, nvi(§) = v¢ (§) =0, D3ve(€) > 0. Torna st Beex s € (a,€) C Ya
Oyer BoinoJiHeHo HepaBeHCTBO Vg(§) < 0.

< IIArT 1. s mpowsBOBHOTO pererust u(x) OmHOPOAHOTO ypasHenusi (1) ompese-
JUM Ha KaxkJ0M rpanmanom pebpe rpada ' dymxkmmio %, (r) no npasmny: F,(r) =
(pu"v/ — D3u - u) (z), e qudbdepenmpoBanme CONIACOBAHO C 3a/[aHHOM OpHeHTanuell pebep.
Torpa mpu JiT060M X € 7y, UHTETPUPOBAHUEM M0 YACTAM C MOC/IELYIOIUM TpUBIedeHnem (4)
TIOJTY IAM

/Lu-udtzﬁu(x)—i— Z Fulc) + Z

Sy (e) + / p- (") + q- ()2 dt.
Ty () cedlM\a ceJ(T)

Ip(x)
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Sft‘II/ITbIBaSI7 9TO JieBad 9aCTh PABEHCTBA pPaBHa HYJIIO, €0 MO?KHO IPEJACTABUTH B BUIE

/ p- (W) 4 g (W)2dt+ Clu) = —Fu(x), (7)
Dy ()

rne xouctanta C(u) =3~ cor\q FulC) + X cesm d(c)u®(c) me 3aBucHT OT .

U3 pasencrsa (7) ciemyer, aro dyHKIwms Fy, () MOHOTOHHO BO3pacraer Ha pebpe 7y, (Ha-
HOMHUM, 94TO peGpo OPUEHTUPOBAHO OT IPAHUYHON BEPIIUHBL Q).

IITAr 2. Tlokaxkem CIpaBeIMBOCTL yTBEpKJeHus Jemmbl B ciaydae ((a) = 0. Ilycrs
s € (a,8) Cyamu(x) =ve(x) —ve(x). I3 onpenenenns bynximii ve(x) n ve(x) cremyer, 9ro
nis Beex ¢ € O\ a Oyzer BeImosiHeHo HepaBeHCTBO %y, (¢) = p(c)u”(c)u/(¢) > 0, a crano GpITH
C(u) = 0. IHosromy u3 (7) crenyer %, (€) < 0. Iloceanee HepaBeHCTBO SKBUBAJIEHTHO

p(§) (V€ (€) = v{(€)) (ve(€) — vi(€)) — (DPve(§) — DPvs(8)) (ve(€) — vs(€)) < 0

WU, C yIYeTOM YCJIOBUU JIEMMBI,

F0,(€) + Dve(€)vs(€) < 0. (8)

Tak Kak %, (r) MOHOTOHHO Bo3pacTaer u %, (s) = 0 (mockosnbky vs(s) = vi(s) = 0), 1o
Fu,(§) = 0 npn mo6om s € (a,&) C g Orcioga u u3 (8) mosydaeM Hy»KHOE HEPABEHCTBO
vs(§) < 0.

IITAr 3. Cayuaii B(a) > 0. 3ueck HepaBeHCTBO v5(£) < 0 colejyer u3 yxe pacCMOTPEHHOTO
HA Iare 2 W HEMPEPBIBHOI 3aBUCUMOCTH perrenuii 3agaqu (6) or 3uavenuii KoaddunuenTon
KpPaeBbIX yCJa0BUi. [IeficTBUTEILHO, eCn IPeIIoI0KUTh, 910 pu Hekoropom [(a) = By > 0
JeMMa HeBepHa, TO Haiimercs takoe suauenue ((a) € (0, ], uro coorBercTBYyIOIIEE pere-
ure v5(€) = 0, s € (a,&) C 74, 3agaun (6) Gyzer paBHo Hys0 B Touke . B srom ciayvae
u3 jeMMbl 1 coexyer crporoe mepasenctso vl (£)vY(€) > 0, mecoBmecTuMoe ¢ paBeHCTBAMU
ve(§) = v¢(§) = 0 BBuay [1, nemma 3]. >

Cnencrsue 1. Ilycrs § € v, 1 vg(§) = v (§) = 0, ove(§ +0) > 0. Torza npu mexoropom
e > 0 gs Beex s € O- (€) omonneno nepasenctso ovg(s +0) < 0, a ars Beex s € OF (€)
BBIIIOJIHEHO HepaBeHCTBO ovs(s + 0) > 0.

< B [1, siemma 2] mokazaHo, 9TO B YCJIOBUSIX CIEJCTBUS s BeeX & > & (x € 7y,) BBINOJ-
HeHO HepaBeHCTBO Vg¢(x) > 0. IlosroMy U3 HENPEPHIBHON 3aBUCHMOCTH DereHns: vs(x) OT s
u JIeMMBI 2 cJedyeT cyliecTBoBanme € > () Takoro, 4To mpm S € ﬁe_ (f) COOTBETCTBYIOIIIEE
perienne vg(x) 3amaun (6) Gymer nmers Ha pebpe v, HyIb 75 > &. [Ipuuem apyrux Hysei Ha
unTepBasie (8,1;) C v, byHKuus vs(x) He umeet u v, (ns)vl (ns) > 0 (memma 1). Orcroga cpasy
CJIEJIyeT CIPaBe/INBOCTE [EPBOil 9aCcTH JOKA3bIBAEMOTO yTBEPKAeHus: npu s € O () umeer
MecTo HepaBeHCTBO oUs(s + 0) < 0. Kpome toro, npu s € 0 (£) BLINOIHEHO HEPABEHCTBO
ovs(ns+0) > 0. Ilosromy ecam B 3amaue (6) ¥(a) = v”(ns) n B(a) = vi(ns), To dynxnmm vg(x)
1 Uy, (T) COBIAIAIOT, U CTAJIO OBITH B STOM ciIydae vy, (ns +0) > 0. B [1, 1emma 5| nokazano,
9YTO HEPABEHCTBO oVp, (s + 0) > 0 me 3aBucnT or 3Hauenuii kosddurmenros Y(a), f(a) = 0
KpaeBoro yciaous 3axa4n (6). Ilosromy mpm Beex s € O (§) OymeT BHITOIHEHO HEPABEHCTBO
oy, (ns +0) > 0.

Tenepsb BTOpas 9acTh JOKA3BIBAEMOTO YTBEPXKJIEHUS CJIEIyeT U3 HeIPepPhIBHOCTH O0TOOpa-
JKEHUS S > 1)g U TIPeJiesIbHOro cootHotnenns s — €+ 0 npu s — £ — 0. >
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Jnst ka0t rpaHudHOil BepmmHbl ¢ € OI' BBeIeM B pacCMOTPEHHWE KPAEBYIO 3aady
Hupuxie
Lu=0, zeT,

u(a) =0, Y(a)u'(a) — Bla)u”(a) =1, (9)
u(c) =0, I(c)u'(c) — B(c)u"(c) =0, c€Il\a,

perrienre KOTopoii GyaeMm obo3HavdaTh depes yq(z). Hepes wg(z) Mbl Gymem o6o3HAYATH pe-
HIeHre KPaeBoil 3a7a4uu, KOTopas moayuutcs u3 (9), ecim mpasble 9acTH KPAeBbIX yCJIOBUii
B Bepmuue a € O nomenars mectamu. II0CKOBKY BCe 3TH 3aa91 HEBBIPOXKJIEHBI, TO (DyHK-
1w Yo () m we () onpejeneHbl 0HO3BHAYHO.

JIlemma 3. ITycrs pyakums yy(x), b € O, umeer B Bepmmne a € OI' vy KpaTHOCTH TPH.
Toryma ¢yuknus y,(x) uMeerT HyJb KpATHOCTH TPH B BepInuHe b.

< YMHOXKUM DYHKIUO Y, HA Ly, u npounTerpupyem mo dactam ua I'. [Ipusnekas cBoii-
crBa byHKIWi Yo () u yp(x) B Bepumuax rpada, 1oy anm

0 =pla)yh(a) = Y ya(©)d(y(c) = pB)ya(d) + D yale)d()ys(c),

ceJ(I) ceJ(T)

4ro BesegcTue ycaosus Yy (a) = 0 gaer pasencrso y (b) = 0. >

ITpexkie 4eM BBECTH MOHATHE KPUTHYECKW HEONUJLIUPYIONIErO YDABHEHUSI, HATIOMHUM
(cm. [1]), uTo ypaBHenue derBepToro mopsiika Lu = 0 Ha3bIBAETCS CAAO0 HEOCUUAAUPYIOULUM
Ha I', ecoim ipn 5(+) = 0 kaxgas u3 byuxumit y,(x), a € O, nonoxkurensbua Ha I', u Ha3bI-
BAETCSl CUABHO HEOCUUANUPYIOULUM, ecr Jist 11060l a € OI' pemenne w, () TOTOKUTETHHO
Ha I npu ¥(a) =0u B(-) =0 wa O\ a.

3uaxoBble cBOiicTBA perennil y,(z) n w,(z) Kpaesoit 3a1a4au (9) TECHO MEPEIIeTAITCS CO
3HAKOBBIMU CBOWCTBAMU COOTBETCTBYyIOMEi dyuknun ['puHa u 3aBucar ot 3uaderuii koahdu-
IIMEHTOB KpaeBbix yciaosuii (B cayuae J(I') = @ makas 3aBucumocts orcyrcrByer!). Crabas
HEOCITW/LIAINS ypaBHeHUsl Ha Tpade obecrnednBaeT moI0KUTETbHOCTD Pelenii y, (x) BHe 3a-
BUCUMOCTH OT 3Ha4eHui K03 (MUIMEHTOB KPAEBbIX YCAOBUii, a 3HAYUT M MOJOKUTETHHOCTD
dbyukum I'puna 3agaan Jdupuxse (cm. [1] nmm [2]).

ONPEJEJEHUE 1. Byzem rooputs, ato ypasuenune Lu = 0 xpumudecku HEOCUUAIUDYEM
Ha rpade I, ecam st s060it Beprmubl a € OI' perenne kpaesoit 3agaqan (9) ¢ f(-) = 0
IOJIOKUTENLHO Ha [ 1 X0Ta 6BI OMHO U3 9TUX pemeHuil nMeer Ha O Hy/Ib KPaTHOCTH TpPH.

OrMernM, 9T0 KPUTUIECKW HEOCIMLINPYIOIIEE yPABHEHNE ABIAECTCA Caab0 HEOCIMLINPY-
FOINM, HO HE MOXKET CHUJIbHO HEOCITUJIINPOBATh. JTO CJIEIyeT U3 pesyabrara paboTsl [1]: eciu
HEKOTOPOe pertenre Y, (x) (u3 durypupyromux B onpesenennn 1) mogoxurenbHo Ha I 1 mveer
HyJIb KpaTHOCTH Tpu B Bepmmue b € I, To pemenune wy(x), burypupytomniee B onpejienennn
CHJILHON HEOCIIMJLIANNN, 00s3aTeIbHO MEHSeT 3HaK.

B [1] ormewasioch, 9TO ypaBHEHWE HYETBEPTOrO TOPsiKa € YCJAOBHSIMU IIAPHUPHOTO |
YIPYTO-IIAPHUPHOTO COYJIEHEHNs] BO BHYTPEHHUX BEPIIUHAX, KOTOPOE M3YdYajoCh B paboTax
[9, rui. 8; 19-21], Bcerma cubHO Heoctmsuupyer. I[losroMy isi HEr0 KPUTHUHOCTH HEOCIHJI-
JIATIAN He BO3HUKAET. UTO Ke KacaeTcs ypaBHEHWs, pACCMATPUBAEMOTO B JaHHOI pabore, TO,
KaK TIOKA3BIBAET CJIEJCTBHUE 1, /It HEr0 KPUTUYHOCTH HEOCHUJLIALNN 3aKII0YAETCA B TOM,
YTO Jarke He3HAYWTENbHOE M3MeHeHWe O0JAaCTH 3ajaHus YPaBHEHUs MPUBOJUT K TOMY, UTO
OHO TIEPECTAET OBITH HEOCIMILIMPYIOMNM. [IpudeM noTepst CBOMCTBA, HEOCHMJLISIIANA TPONCXO-
JIUT He TOJIBKO MPH «PACIIupeHuny rpada, HO U IMPH €r0 «yMEeHbIIeHUN» (COOTBETCTBYIOTIHI
npumep npusejed B [1, npumep 1]). Takoit apdexr He Habar0maeTCsT B KIaCCHYECKOH Teopun
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neocumisiyn (korpa J(I') = &) u, Kak Oyzer 110Ka3aHO B CJIE/YIOIEM yHKTe, MMeeT MeCTO
TOMBKO i rpada, IMEIOIIero BHYTPEHHIOK BEPIINHY, K KOTOPOil IPUMBIKACT HE MEHEE Tpex
pebep.

3. Cuyuaii rpada-1ienoukn

Bcerogy B aTOM mynkTe camraem, uto rpad I’ cocrouT m3 mociaesoBaTeIbHO COEIMHEHHBIX
pedep, OI' = {a,b}, 7, u 7, — rpanmunsie pebpa. [Ipoctasg cTpykTypa rpada-menovxkn mos-
BOJISIET JIOKA3aTh, YTO HEOCHU/LIANMS ypasHerus: (1) Ha Takom rpade BedeT HeOCIULIAINIO
Ha JjiroboM monrpade.

Paccmorpum kpaeyto 3agady (6), HO Temeps Gyjem cuntarh, uro s € I' U a. Permenue 3a-
Jla4u rno-npexkHemy obosnavaem udepes vg(x). B ciyuae rpada-mnenodkn 3 HeBHIPOK IEHHOCTH
samaun (1), (5) ciaemyer, uro dbyHKIUSA V(L) OJHOZHAUHO OMpe/esercs s jgoboro s € 'Ua
u He uMeer KparHbIX Hyseil BuyTpu ['p(s). Kpome Toro, B paccmarpusaemom ciydae mmveer
MeCTO caeaytomuii GhakT, ABAOMUNCS OYeBUIHBIM CIeJCTBHEM TeopeM 4 u 5 paborsr [22].

Jlemma 4. Pemenne vs(x) 3azaun (6), menpepsisnoe B Hopme C[I'], 3aBucur or Toukn
sel'Ua.

Dtu cpoiicTBa 3amaun (6) BMecTe ¢ pe3ybTaTaMy TPeIbIAYIIEro IyHKTa MO3BOJISIOT J0-
Ka3aTh CJIEYIOIIee YTBEPKICHHE.

Teopema 1. Eciu perrenne v,(x) momoxurenbao ua I', To mpu obom s € T' coorBer-
crByroree pererne vg(x) Gyuer noaoxkurenabno Ha [y(s) C T

< U3 onpenenenns dbyuximm vg(z) caeayer, aro ovg(b 4+ 0) > 0 mpu rod6om s € I'U a.
A rak kak vg(z) > 0 Ha I'y(a) u vs(x) He nmeer kparubix Hyseil BuyTpu [h(s) (s € v,), TO
[IPY HENpPEePBIBHOM CKOJIbYKEHUN TOYKH § € 7y, OT TPAHUYHON BEPUINHBI a BHYyTpb rpada I
dbyurims vs(z) moxer «puobpectus Hyau B I'y(s) Toabko yepes nepemenHyio Touky . Ilpu-
eM TI0Tepst CBOICTBA TOJIOKHUTETbHOCTH Ha 'y (s) y pererns vg () MOXKET IPOM30ATH TOTBKO
pU TIEPexo/ie TIEPEMEHHO § Uepe3 TaKylo TOUKy So € I, i1 KOTOPOit COOTBETCTBYIOIIEE Pe-
IIeHNe Vg, (T) UMeeT B TOUKE S HyJIb KPATHOCTH TpH (T. e. Koraa ypaBHeHne (1) KpuTwdecKn
He ocimpyer Ha ['y(sg)). IIpu s1om u3 Hepasencrea v, (z) > 0 na I'y(a) crepyer, aro npn
BCEeX 3HAYEHUAX NepeMeHHoi s € ', mpmHajiekamux MapIpyTy MexKJy TOYKaMH a U S,
JIOJIZKHO BBITIOJIHATHCsT HEpaBeHCTBO ovg(s + 0) > 0, 9r0 HEBO3MOXKHO BBUJY CJeACTBUs 1.
CreznoBaresibHO, Takoit Touku sg € I' cymecTBoBaTh He MOXKeT M (DYHKIMsS Ug(x) ocTaeTcs
TTOJIOXKUTEIbHOM Tipu Jitobom s € I, >

SAMEYAHUE. B ciyuae rpada, umeromniero 0oJiee ABYyX TI'PAHUYHBIX BEPITUH, (DyHK-
st Vs () MOXKET «IpHOOPECTH» HYyJIU 4Yepe3 KaKylo-HHOYIb TPEThI0 TPAHWYHYIO BEPIIHHY
3 O\ {a,b}.

3 Teopemnr 1 cpaszy mosrydaeM

CaencrBue 2. Ecin quddepennnanbroe ypasuenne (1) ciabo (cuibHO) He oCHHLIHDYeT
Ha rpage-mtenn I, 70 0HO c1abo (cHnbHO) He ocHILIHPYET H Ha J1t060M ero moarpacge I'g C T

Hasnee mokasbiBaeTcs, 9to crabas neocuussnus ypasaenns (1) saBasercss HEOOXOMMbIM
yCJI0BHEM TOJIOKUTeIbHOCTH (hyHKInu ['puna Kpaesoit 3agaqan (1), (5).

Teopema 2. ITycrs I' — rpac-nenouxa u quchpepennmanpnoe ypasaenne (1) kpuruaeckn
we ocrmumupyer Ha noarpage I'g C T (Ty # T'). Torna ¢yuknusa I'puna kpaepoii 3amaan (1),
(5) ma rpace I' 3nakonepemenna.
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< Paccmorpum pernenne up(x) opHopororo ypashenust (1) na I, yosiaersopsitoee B rpa-
HUYHBIX TOYKAX KPAEBLIM YCJIOBHIM

u(a) + a(a )D3U(a) 0, d(a)u'(a) — Bla)u’(a) =0,
u(b) + a(b) D u(b) = Ay,  I(b)u'(b) — B(b)u" (b) = By, (10)
a(-),9(),6() =0, 9(:)+5() >0,

1paBble 4acTH KOTOPBIX ONPEJEJISIOTCS B 3aBUCHMOCTH OT 3HaveHusi koddduimenta o(b)
u3 (5): ecm a(b) = 0, o Ay = 0, By = 1, a eciim (b)) > 0, o Ay, = 1, By, = 0. B pa-
6ore [11, Teopema 8| nokazano, uro nosokuTeaLHOCTL MyHKIMU ['prna kpaesoii 3amaun (1),
(5) sxBUBaseHTHA TOIOKHUTENbHOCTH Ha [ pemtenms up(x). IlosTomy mas goxasarenscTsa
TEOPEMBI HaM JIOCTATOYHO MOKa3aTh, 9T0 (GyHKIMs Up(x) MeHsier 3HaK Ha .

Ecmu B (10) 6ymer a(a) = a(b) = 0, To 3HAKOIEPEMEHHOCTE Up(T) CI€ayeT W3 TOTO, 9TO
ypasuernune (1) kpurnaecku ne ocrmmmpyer na noarpade g, n u3 caeacremit 1, 2. Kpome
Toro, B [1, memma 19| mokazamno, aro ecan B a(a) = a(b) = 0 u dyuximsa uy(z) Menser 3HaK
ua I, 1o ona Gyzmer 3uakonepementoii u B caydae a(b) > 0, a(a) = 0.

TMokaxkem, uro up(z) 3HaKonepemennasi u B ciaydae a(a) > 0. Paccmorpum orobparkenue
a(a) — up(a) m3 [0,00) B R. OHO HempepwIBHO 1 JIHOO MOCTOSHHO, JUOO CTPOTO MOHOTOH-
HO (cMm. [1, ciencreue 4]). Ecin dynkuus a(a) — up(a) nocrosinna, to pemenue uy(x) ot
suavennii a(a) He 3aBucut, a npn «(a) = 0, KaK yxke mMoKa3aHo, MeHsgeT 3HaK Ha . Ecim
dbyukius a(a) — up(a) yosisaer, o npu «(a) > 0 6yger up(a) < 0. Ipu srom BBUAY [,
aemma 9| Beimosneno oup(b 4 0) > 0, a crano 6biTh, GyHKIUA up(2r) MeHser 3uak Ha ['. Hy
u, HaKOHell, ecjn orobpaxkenne a(a) — up(a) Bo3pacraer, TO 3HAKOIEPEMEHHOCTh DPEIeHNs]
up(x) npu a(a) > 0 crexyer u3
a) oup(b+0) > 0 u up(a) > 0 upu Beex afa) > 0;

6) mpu aa) = 0 dyuxms up(x) 3HAKOTIEDEMEHHA;
B) orobpaskenue a(a) — up(z) menpepsisao B HOpMe C[I];

r) dyukims uy(z) He nvmeer kparubix Hysei saytpu I' [18, ciencreue 2. >

(a)
(0)
()
(r) &
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ON THE DISCONJUGACY OF A DIFFERENTIAL EQUATION ON A GRAPH

Kulaev R. Ch.

The paper is devoted to the problems of disconjugacy of fourth-order differential equations on a graph.
We introduce the concept of critical disconjugacy. Critical disconjugacy allows us to generalize the notion
of exact interval of disconjugacy in the classical theory. We give the definition of disconjugacy in terms
of the properties of a special fundamental system of solutions of an equation on a graph. This definition
introduces new features into the theory, but it preserves the basic properties of the one-dimensional theory.
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1. Introduction

For over recent 25 years the spaces of integrable functions with respect to a measure
taking values in a Banach (quasi-Banach) lattice have been a field of increased interest. The
spaces of integrable and weakly integrable functions with respect to a vector measure possess
interesting order and metric properties and have been studied intensively by many authors.
They find applications in important problems such as the representation of abstract quasi-
Banach lattices as spaces of integrable functions, the study of the optimal domain of linear
operators, domination and factorization of operators, spectral integration etc., see [4, 5, 7, 18,
20] and the references therein.

A key role in the theory is played by the space L. (1) of weakly integrable functions with
respect to a measure p with values in a Banach space, see the survey paper by Curbera and
Ricker |5] and the book by Okada, Ricker and Sanches Pérez [18|. However, in the context of
quasi-Banach spaces, when the conjugate space may turn out to be trivial, the duality based
definition of L. (1) does not work, so we need to find a suitable substitute for L} (11).

In the case of a measure taking values from a quasi-Banach lattice two natural candidates
for the space of weakly integrable function were indicated in [10]. The first one arises as the
domain of the smallest extension of the integration operator (see Aliprantis and Burkinshaw
[3, Theorem 1.30]), and the second one is based on the construction of the maximal normed
extension introduced by Abramovich in [1]. The approach based on the smallest extension of
the integration operator is presented in [11].

© 2017 Kusraev A. G. and Tasoev B. B.
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In order to realize the second possibility, it is necessary to extend Abramovich’s cons-
truction to quasi-Banach setting, as done in this article. In Section 2 we sketch the needed
information concerning quasi-Banach lattices and prove some Riesz—Fischer type completeness
theorems for quasi-normed lattices; next, we gave a characterization of order continuous quasi-
Banach lattices. In Section 3 we examine the construction of the maximal quasi-normed
extension introduced by Abramovich [1] for Banach lattices. It is proved that the maximal
quasi-normed extension X* of a Dedekind complete quasi-normed lattice X with the weak
o-Fatou property is a quasi-Banach lattice if and only if X is intervally complete. Moreover,
X* has the Fatou and the Levi property provided that X is a Dedekind complete quasi-normed
space with the Fatou property.

We use the standard notation and terminology of Aliprantis and Burkinshaw [3] and
Meyer-Nieberg [17] for the theory of vector and Banach lattices (see also Abramovich and
Aliprantis [2], Luxemburg and Zaanen [13]). Throughout the text we assume that all vector
spaces are defined over the field of reals and all vector lattices are Archimedean. We let :=
denote the assignment by definition, while N and R symbolize the naturals and the reals.

2. Quasi-Banach Lattices

In this section, we briefly sketch the needed information concerning quasi-Banach lattices.
In particular, we give some simple results on the completeness and order continuity of quasi-
Banach lattices for which we have not found references.

DEFINITION 2.1. A quasi-normed space is a pair (X, | - ||) where X is a real vector space
and || - || is a quasi-norm, a function from X to R such that the following conditions hold:

(1) ||z]] = 0 for all z € X and ||z|| =0 if and only if x = 0.

(2) ||Az|| = |Al||z|| for all z € X and A € R.

(3) There exists a constant C' > 1 with ||z 4+ y|| < C(||z| + ||y||) for all z,y € X.
If, in addition, for some 0 < p < 1 the inequality

4) |l +y||? < ||lz]|P + ||y||P holds for all x,y € X,

then || - || is called a p-norm and (X, || - ||) is called a p-normed space.

The best constant C' in 2.1(3) is called the quasi-triangle constant, or quasi-norm
multiplier, or modulus of concavity of the quasi norm. Note that || S 7_, x| < Sor_; CF|lz|
for all x1,...,x, € X.

Two quasi-norms || - || and || - || are equivalent if there is a constant A > 1 such that
A7Y|z|| < ||z||" < A|lz|| for all z € X. By the Aoki-Rolewicz theorem (see [8]), each quasi-
norm is equivalent to some p-norm for some 0 < p < 1.

Theorem 2.2 (Aoki-Rolewicz). Let (X, || - ||) be a quasi-normed space with the quasi-
triangle constant C > 1 and p = (1 +log, C)~!. Define || - ||, : X — R as

n 1 n
lllyi= inf{<Zkaup)p I neN} (0 e X)
k=1 k=1

Then 0 < p < 1, | - ||, is a p-norm, and ||z||, < ||lz|| < 2V/7|z||, for all z € X
< See Maligranda [15, Theorem 1.2|, Pietsch [19, 6.2.5]. >

Thus, we may assume unless otherwise is mentioned that a quasi-Banach space is equipped
with a p-norm for some 0 < p < 1.
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A topological vector space X is said to be locally bounded if it has a bounded neighborhood
of zero. A quasi-normed space is a locally bounded topological vector space if we take the sets
{r e X : |z <e} (0 <e€R) for a base of neighborhoods of zero. Moreover, this topology
may be induced by metric d(z,y):= ||z — y||” (z,y € X) where ||-|| is an equivalent p-norm.
Conversely, Hyers [6] proved that the topology of a locally bounded topological vector space X
can be deduced from a quasi-norm, which may be obtained as the Minkowski functional of
a bounded balanced neighborhood B of zero:

|z]:= ||z||p:==inf {0 <AeR: z € AB} (z€X).
A quasi-norm may be discontinuous in its own topology [19, 6.1.9]. However, every quasi-norm

is equivalent to a continuous one, since a p-norm is continuous.

DEFINITION 2.3. A quasi-Banach space (p-normed space) is a quasi-normed space which
is complete in its metric uniformity.

Theorem 2.4. A quasi-normed space X := (X, || - ||) with a triangle constant C > 1 is
complete (and hence a quasi-Banach space) if and only if for every series (xy) in X such that
S, Ckllak|l < oo there exists Y 50 |z € X and

00
D> o
k=1

< See Maligranda [15, Theorem 1.1]. >

o0

<Y O .
k

=1

The basic results of the Banach space theory such as open mapping theorem and the
closed graph theorem (for linear operators) are valid also in the context of quasi-Banach
spaces, see [9].

DEFINITION 2.5. A quasi-Banach (quasi-normed, p-Banach) space (X, || - ||) is called
a quasi-Banach lattice (respectively, quasi-normed lattice, p-Banach lattice) if, in addition,
X is a vector lattice and |z| < |y| implies ||z|| < ||y|| for all z,y € X.

Lemma 2.6. In any quasi-normed lattice X lattice operations are continuous and the
positive cone is closed. Moreover, if an increasing (decreasing) net (zqo)aca IS quasi-norm
convergent to x € X, then x = supye Zo (¢ = infoea xq)-

<1 This can be ensured just as in the case of Banach lattice using monotonicity of the
quasi-norm and quasi-triangle inequality. >

It follows from Lemma 2.6 that the completion of a quasi-normed lattice X is a quasi-
Banach lattice including X as a vector sublattice. Along similar lines, it can also be proved
that Amemiya’s result on completeness of normed lattices is true in the context of quasi-
normed spaces: a quasi-normed lattice X is complete if and only if every increasing Cauchy
sequence in X is convergent. This fact in combination with Theorem 2.4 leads to the following
result.

Theorem 2.7. For a quasi-normed space X := (X, | - ||) with a triangle constant C' > 1
the following assertions are equivalent:

(1) X is a quasi-Banach lattice.

(2) For every series (x1) in X such that Y oo, C¥||zk|| < oo there exists ¥ € X with
T =3 5o The

(3) For every series (z1) in X such that Y oo, C¥||zk|| < oo there exists x € X with
T =0-Y poq Tpi=SUPpeN O peq Tk

< See [12, Theorem 2.7]. >
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DEFINITION 2.8. A quasi-Banach lattice (X, || -||) (as well as the quasi-norm || - ||) is said
to be order continuous, if z, | 0 implies ||z4|| | O for any net (z4)aca in X. If arbitrary nets
are replaced by sequences, one speak of order o-continuity.

Theorem 2.9. For a quasi-Banach lattice X the following are equivalent:
(1) X is order continuous.

(2) Every increasing order bounded sequence in X is convergent.

(3) X is Dedekind o-complete and order o-continuous.

< See [12, Theorem 2.10]. >

DEFINITION 2.10. A quasi-Banach lattice (X, ||-||) is said to have the weak Fatou property
(respectively weak o-Fatou property) if there exists K > 0 (called the weak Fatou constant)
such that for every increasing net (x,,) (respectively sequence (x,,)) with the supremum z € X
we have ||z|| < K sup,, ||za|| (respectively ||z|| < K sup,, ||z,]|). If K = 1 then ||z| = sup,, ||za]|
and in this situation X is said to have the Fatou property (respectively o-Fatou property).

DEFINITION 2.11. Say that a quasi-normed lattice (X, || - ||) has the Levi property
(respectively o-Levi property) if sup, zo (respectively sup,, x,) exists for every increasing
net (z4) (respectively sequence (z,)) in X4 provided that sup, ||z.] < oo (respectively
sup,, ||zn|| < 00). A quasi-KB-space is an order continuous quasi-normed lattice with the Levi
property.

Proposition 2.12. Suppose that X is a quasi-normed lattice with the Levi property.
Then X is a Dedekind complete quasi-Banach lattice with the weak Fatou property.

< The fact that a quasi-normed lattice with the Levi property has also the weak
Fatou property is the only thing that needs verification. The proof is similar to that of
Proposition 2.4.19 in Meyer-Nieberg [17].

Assume that X has the Levi property but lacks the weak Fatou property. Then for every
n € N there exists an increasing net (Yn,a)aca(n) in X4 such that y, = supea(n) Yn,a exists
and

lynll = n7, 7= C"n?supaeapmy lUnall (0 €N),

where C' > 1 is the triangle constant of X. Putting ¢, := yn/7, Un.a = Yn,o/T We arrive at the
following relations:

Jn=SWacA(m) Inar  Tnll =1 |lfnall <CT"n7* (n€N).

Let (x,) stands for the net of finite suprema of elements in {y,o : n € N, a € A(n)}.
If 20 = Unyay VooV Unpap, With o € A(ny), then

=
3

k
_ _ = 1
H$7H < ||yn1,a1 +ot ynkﬂk” < ZCJHynj@jH ZCJC n]n Z —5 < o0
j=1

j=1 n=1

By hypothesis, z = sup,, 7, exists and satisfies z > g, for all n € N. Consequently, ||z| > n
for all n € N, a contradiction. >

3. Maximal Quasi-Normed Extension

Consider a quasi-normed lattice (X, -||) with the quasi-triangle constant C. Let X?°
stand for the Dedekind completion of X, so that X is identified with a majorizing order dense
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sublattice of X°, while X?° itself is a Dedekind complete vector lattice. Define a function
Il lls: X° = Ras

lz]|s:= inf{HxH cx e Xy, |7 < :U} (z € X‘s).

Clearly, ||z|| = ||lz||s for all # € X and ||Z||s < oo for each & € X?, since X is majorizing
sublattice. Positive homogeneity and monotonicity of || - ||s are obvious. Moreover, if |Z| < z
and || < y for some 2,y € X and Z,5 € X?, then |z + 7| <z +y and ||z + 7lls < ||z +y| <
C(||z]|+ly||) and hence ||z+7||s < C(||Z||s+||7lls)- It follows that (X5, ||-||s) is a quasi-normed
lattice with the same quasi-triangle constant.

Lemma 3.1. If (X, ||-||) is a quasi-Banach lattice with a triangle constant C' or a p-Banach
lattice, then so is (X°,] - ||5).

< Assume that > 7%, C*||Zg||ls < oo for a sequence (zy) in X¢. Pick ), € X such that
T < xp and kaH < H.TkH(g + 1/(20)k Then

n n n 1
k k)~

d CHla <) C HkaHéJrZQ—k

k=1 k=1 k=1

and hence > 7%, C*||zg|| < oo. By Theorem 2.6 x:= 0-Y oo, 7, exists in X. Consequently,
0-> 7% | T, exists in X°, since S}, #x < x for all n € N. 1>

Assume now that (X, || - ||) is a Dedekind complete quasi-normed lattice with a quasi-
triangle constant C'. Identify X with an order dense ideal in its universal completion X™".
Define a function || - ||, : X* — RU {400} by putting

[Z],c:=sup {||z] : z € X, 0< & < |2} (2 X").

Observe that ||z|| = ||z, for all x € X. Denote X*:= {& € X" : ||Z]|,, < oco}. If 0 < u <
|z + 9| < |Z| + |g] for some Z,7 € X* and u € X, then there exist z,y € X with 0 <z < |Z|,
0 <y < gl and w = 2+ y. It follows that ul] < C(Jz] + lyll) < C(I&lx + 3]l) and
thus |2 + g, < C(||Z]],c + [|9]]5). Similarly, || - ||,. is a p-norm, whenever || - || is. Taking into
account obvious monotonicity and positive homogeneity of || - ||,., we see that (X*, | - ||,.) is a
quasi-normed lattice with the quasi-triangle constant C' and, if || - || is a p-norm, so is || - ||,

DEFINITION 3.2. A mazimal quasi-normed extension of a quasi-normed lattice (X, || - ||)
is the pair (X%, ]| - |l5,) with X% := (X%)* and

1155 := Sup{inf{HQCII creX, |7 <z} 7e X, 0<F< yae\} (& € X%,

Observe that if X is Dedekind complete then X°% = X* and || - [|s;c = || - || -

Lemma 3.3. If (X, | - |x) and (Y,| - ||y) are quasi-normed lattices, Y is an order dense
ideal in X" containing X, and ||z||x = ||z||y for all z € X, then Y C X*.

< This is an immediate consequence of the definition. >

DEFINITION 3.4. A quasi-normed lattice X is called intervally complete if every order
interval of X is complete or, in other words, every order bounded Cauhcy sequence of X is
convergent to an element of X.

It can be easily seen that each intervally complete quasi-normed lattice is an order dense
ideal of its own metric completion and every order ideal of any quasi-Banach lattice is an
intervally complete quasi-normed lattice. Thus, the class of intervally complete quasi-normed
lattices coincides with the class of order dense ideals of quasi-Banach lattices.
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Lemma 3.5. Intervally complete quasi-normed lattice is uniformly complete.

< Let (z,) be a uniformly Cauchy sequence, that is, there exist e € X and a sequence of
reals (g,,) such that lim, e, = 0 and |z,4x — zp| < epe for all n,k € N. Then ||z, — zp] <
enllell and (x,,) is Cauchy in (X,|| - ||). Moreover, |xxy1| < |z1| + 1€ for all k& € N. By
hypothesis, there exists x = lim,, x,, in (X, || - ||). Passage to the limit in |z, 1 — z,| < epe
with & — oo yields |z — x,| < ene for all n € N, whence X is uniformly complete. >

Lemma 3.6. Let X be the metric completion of an intervally complete quasi-normed
lattice X. Then X is Dedekind complete if and only if so is X.

< If X is Dedekind complete then so is X, since X is an order dense ideal of X. Assume
that a quasi-normed lattice X is intervally complete and Dedekind complete and prove X is
Dedekind complete. It was proved by Veksler [21, 22] that an Archimedean vector lattice is
Dedekind complete if and only if it is uniformly complete and has the projection property. By
Lemma 3.5 it suffices to show that X has the projection property. Consider an element x € X
and a band B in X and pick a sequence (x,,) in X converging to . Observe, that B:= BN X
is a band of X and B+ = BX N X, since X is an order dense ideal in X. If 7 stands for
the band projection in X onto B, then 7’ := Ix — 7 is the band projection onto BL. The
sequences (mzp) and (7'z,) are Cauchy, as so is (z,,), hence they converge to some u € X
and u' € X, respectively. Clearly, v € B, v/ € B+, and z = u+u'. >

Lemma 3.7. A quasi-normed lattice X is intervally complete if and only if every increasing
order bounded Cauchy sequence in X, is quasi-norm convergent.

< The proof given in [23, Theorem 1.1] for normed lattices works in the quasi-normed
setting. >

Lemma 3.8. Let X be a universally complete vector lattice and (T4 )aca an increasing
net in X . Then there exists a band projection m on X such that sup, 7z, exists in X, while
for the complementary band projection 7' := Ix —m we have Nn'e = sup,, 7’ (o A Ne) for all
N eNande e X,.

< There is no loss of generality in assuming that X = C(Q) with extremally compact
space Q. (Recall that the symbol C(Q) denotes the universally complete vector lattice of all
continuous functions f : Q) — [—00, co] for which the open set {g € Q : —oo < f(¢q) < 0o} is
dense in @.) Let (z,) be an increasing net in C(Q)) and define two functions z,z : Q@ — [0, o0]
by

T(q) = supfza(q) : @« € A} (¢ € @),
z(q): Uelilyf(q) sup 7(¢) (¢€Q),

where .#'(q) is a basis of neighborhoods of ¢. Then Z is lower semicontinuous and z is
continuous, see |24, Lemma V.1.2 and Theorem V.1.1]. Consider an open set Qp := {q €
Q : x(q) < oo} and observe that its closure Qg is clopen. Now, let 7 stands for the band
projection of Cu(Q) corresponding to Q¢ and 7z stands for the function coinciding with z
on Qo and vanishing on Q1 := Q \ Qo. Evidently, 72 € Co(Q) and 7z = sup, x4, see [24,
Theorem V.2.1]. At the same time x(q) = oo for all ¢ € @1, so that Z(q) = co for allg € @1\ A
where A is a meager subset of Q1. The latter implies that Ne(q) = sup,, z4(q) A Ne(q) for all
q € Q1 \ A, whence the desired equation N7'e = sup,, 7’'(z, A Ne) follows. >

Lemma 3.9. Let X be a quasi-normed lattice X with the weak o-Fatou property. If X
is intervally complete and Dedekind complete, then its maximal quasi-normed extension X*
is intervally complete.
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<1 Take an increasing order bounded Cauchy sequence (&) in X7. Since X* is Dedekind
complete, there exists & = sup,, Z,,. Prove that (&,) converges to .

We may assume without loss of generality that A:=) "7 C"n||Zy41 — &plx<oo.
Applying Lemma 3.8 to the increasing sequence (2,,) with 2, := > | k(Zp41 — &) yields
a band projection m on X such that Z:= sup,, 72, exists in X% and for 7’ := Ixu — 7 we
have Nn'e = sup,, 7'(2, A Ne) for all N € N and e € X, 0 < e < 2. Making use of the weak
o-Fatou property and monotonicity of the quasi-norm we deduce

N||7'e|| < K sup,, ||7'(2m A Ne)|| < K sup,, ||Zmll» < KA < .

It follows that n’e = 0 for all e € X and hence 7’2 = 0, since X is order dense ideal in X".
Thus, 7 = Ix« and Z = sup,, 2, € X*. To ensure that Z € X* it suffices to check that ||z|| < A
for an arbitrary element x € X with 0 < z < 2. For any such x put y,:= 2, A x and observe
that (y,) is an increasing sequence in X with x = sup,, y,,. Moreover, (y,) is Cauchy, since
for arbitrary n,l € N we can estimate:

[Yn+t = Ynll = 1Znss A w — 2n Al < Zng — 20l
n+l 9]
= > C*llder — 2kl < D CPkllErir — kll — 0
k=n+1 k=n+1

as n — oo. The interval comleteness of X implies that the sequence (y,) is convergent
in X, so that lim, v, = sup,y, = x by Lemma 2.6. Observe now that ||z|| < A, since
lynll < |I2n]l < A and |[Jz|| = limy, ||y,|| < A, whence Z € X*.

Now we are able to show that (Z,) converges to z. First note that £—&,, = 0-> ;2 (Zx41—
Zr), and consequently

[o¢]
n(& —&n) <o) k(Er4 — &) < £
k=n

It follows that 0 < & — &, < (1/n)Z and ||Z — 2|, < (1/n)]|2]|,. — 0. Appealing to Lemma 3.7
completes the proof. >

Theorem 3.10. Let (X,|| - ||x) be a Dedekind complete quasi-normed lattice with the
weak o-Fatou property. The maximal quasi-normed extension (X*,|| - ||..) is a quasi-Banach
lattice if and only if X is intervally complete.

<1 The necessity is immediate from the fact that X is an order dense ideal of X*. To
prove the sufficiency observe that the metric completion (Y| -||y) of (X*, |- ||..) is Dedekind
complete by Lemma 3.6. At the same time X* is order dense ideal of Y, since X* is intervally
complete by Lemma 3.9 and an intervally complete quasi-normed lattice is an order dense
ideal of its metric completion. Thus, X C Y C (X*)"* = X" and ||z|| = ||z|y for all z € X so
that Y € X*” by Lemma 3.3. It follows that Y = X* and X* is complete. >

It is evident that if X has the Levi property then X = X* but the converse is false, see
[1, Examples 2 and 5]. The next result asserts that the maximal quasi-normed extension with
the weak Fatou property has the Levi property.

Theorem 3.11. Let X be a Dedekind complete quasi-normed lattice. Then the maximal
quasi-normed extension X* has the Levi property if and only if X has the weak Fatou property.

< Let X be a Dedekind complete quasi-normed lattice with the weak Fatou constant K.
Take an increasing net (Z,) in X* with B:= sup, ||Za]/;» < co. By Lemma 3.8 there exists
a band projection m on X* such that & = sup, 72, exists in X* and for every N € N and
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e € X, we have Nnte = sup, 7+ (2, A Ne). Making use of the weak Fatou property we
deduce N|rte| < Ksup,, |7+ (2o A Ne)|| < K sup,, ||Zall,» = BK and 7+ = 0, since N and e
are arbitrary. It follows that 7 is the identity operator and Z = sup, Z,. Show that z € X*.
Ifr € Xand 0 < z < & then A%, € X and (vAZ,) is an increasing net with the supremum x.
By the weak Fatou property we have ||z|| < K sup, ||[tAZq| < K sup, ||Za|;c = K B. It follows
that sup{||z| : € X, 0<z <2} < KB and 7 € X*.

To prove the converse, it suffices to observe that if X* has the Levi property, then X has
the weak Fatou property by Proposition 2.12. >

Proposition 3.12. Let X be a Dedekind complete quasi-normed lattice. Then the ma-
ximal quasi-normed extension X* has the Fatou property if only if X has the Fatou property.

< The necessity is obvious. To prove the sufficiency take an increasing net () in X7
such that & = sup, z, for some 2 € X7. Pick an arbitrary x € X with 0 <z < 2 and note
that o A x is an increasing set in X and sup, o A & = z. In virtue of the Fatou property
we have ||z|| = sup, ||Za A x| < sup, ||Zal|,.- Hence, ||z]| < sup, ||Zall < ||Z]|5 for all z € X4
with 0 < z < &. The latter implies that ||Z||,. = sup, ||Za||s. >

Corollary 3.13. Let X be a Dedekind complete quasi-normed lattice. If X has the Fatou
property then the maximal quasi-normed extension X* has the Fatou and the Levi property.

<1 The proof follows immediately from Theorem 3.11 and Proposition 3.12. >

4. Concluding remarks

REMARK 4.1. The maximal normed extension of a Dedekind complete normed lattice
was introduced and the Theorem 3.10 was proved in Abramovich [1, Definition on p.8 and
Theorem 3]. Lemmas 3.6 and 3.7 for normed lattices can be seen in Veksler [22, Lemma 2]
and |23, Theorem 1.1], respectively.

REMARK 4.2. In the case of normed lattices Theorem 3.10 is true without the weak
o-Fatou property, see Abramovich [1]. We do not know whether or not the assumption about
the weak o-Fatou property is superfluous in Theorem 3.10.

REMARK 4.3. Let X be a quasi-Banach lattice and (Q,%loc,,u) a vector measure space
with a localizable measure p : # — X which is countable additive in the sense of order or
quasi-norm convergence depending on the context, see [10, 11]. The Bartle-Dunford—Schwartz
type integration and the purely order based Kantorovich-Wright integration with respect to
 provide two quasi-Banach lattices of integrable functions, L1 (1) and L} (), respectively, see
[10]. Moreover, the vector lattice L°(u1) (of equivalence classes) of y-a.e. finite %'°-measurable
real-valued functions is a universal completion of both quasi-Banach lattices L (x) and L ().
According to Definition 3.2 we can construct maximal quasi-normed extensions (L. (11), ||*[|ox)
and (L1 (u), || |l+5) of LL(1t) and LL(u), respectively. By virtue of Theorem 3.10 L. (1) is a
quasi-Banach lattice and an order dense ideal in L%(u1). Moreover, L () has the Fatou and
Levi properties by Corollary 3.13, since L1(u) is order continuous.

REMARK 4.4. Similarly, L (1) is a quasi-normed lattice and order dense ideal in L°(p),
but L. (i) is metrically complete under the additional assumption that L(x) has the weak
o-Fatou property. We do not know whether L!_(u) is metrically complete (and hence a quasi-
Banach lattice) without this additional assumption coming from Theorem 3.10.

DEFINITION 4.5. An Z'°°-measurable function f : © — R U {#o0} is called weakly
integrable with respect to p or weakly p-integrable if

£ i= s [ 17] dia* sl < oc,
z*eBY
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where |2*u| : £'°° — [0, 0c] variation of z*u and B’ the positive part of the unit ball in X*.
A weakly integrable function f is integrable with respect to p if for each A € Z'°° there exists
a vector denoted by fA fdu € X, such that

x* /fdu :/fdac*,u for all z*e X™.
A A

Denote by LL (1) the space of (equivalence classes) all weakly y-integrable function equipped
with the norm || - ||, and let L'(p) stand for the subspace of L} (1) consisting of (equivalence
classes) all p-integrable functions. Note that if || ]|, < oo then |f| < co p-a.e. Thus, L} (u)
and L'(u) can be considered as subspaces of LO(y).

Theorem 4.6. Let X be a Banach lattice and (2, %, 1) a vector measure space with
Z-decomposable measure p: # — X . Then L. (1) and L (1) coincide as Banach lattices.

REMARK 4.7. In Theorem 4.6 %Z-decomposability of measure p provides L1 (1) with the
Levi and Fatou properties (see [4, Theorem 5.8]), while Ll _(u) always has these properties.
Without Z-decomposability assumption it may happen that L. (u) # L., (u). Similar
questions for the space of order integrable functions L}(u) and the corresponding maximal
quasi-Banach extension L!_(p) remain open.
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O MAKCUMAJIbHOM KBABMHOPMUNPOBAHHOM PACHIMPEHUN
KBABMHOPMNVNPOBAHHBIX BEKTOPHBIX PEITETOK

Kycpaes A. T, Tacoes b. b.

ITesib paboTbl — PaACIPOCTPAHUTH KOHCTPYKIMIO AGpPaMOBUYa MAKCUMAJIHLHOIO HOPMUPOBAHHOIO PACIIHU-
peHrsi HODMHUPOBAHHON PENMIETKH HA KJIACC KBA3WHOPMUPOBAHHBIX PENIETOK. YCTAHOBJIEHO, YTO MAaKCH-
MaJIbHO€ KBA3WHOPMUPOBAHHOE pacHimpeHue X~ TOPsIKOBO IMOJIHOM KBAa3WHOPMUPOBAHHOM pemeTku X
co cs1abbiM cueTHbIM cBolicTBoM Dary saBisgeTcs KBa3ubOaHAXOBONW PENIeTKON B TOM U TOJBKO B TOM CJIy-
4qae, Korjga X MHTEPBAJIbHO 1oJiHA. Boste Toro, X obnamaer csoiicrBamu Jlesu u @ary, eciu Toabko X —
TIOPSIKOBO TIOJTHAsl KBAa3WHOPMUPOBAaHHAsT permeTka co cBoiictBom Pary. O6GCyXKIaeTcsi TaKKe BO3MOK-
HOCTBH IIPUMEHEHMs ITONW KOHCTPYKIUHU K ONPEEJICHUIO IPOCTPAHCTBA c1abo mHTerpupyeMbix (byHKImi
OTHOCHUTEJILHO MEPBI CO 3HAYECHUSAMHU B KBAa3MOAHAXOBOI pemeTke, He mpuberas K ABoficTBeHHOCTH (KOTO-
pas MOXKeT OKA3aThCsA TPUBHATLHOMN ).

KirogyeBble cii0Ba: KBa3MHOPMUPOBaHHAs PELIeTKa, MAKCUMAIbHOE KBA3HHOPMHUPOBAHHOE PACUIMPEHHE,
csoiictBo Paty, cBoiicTBO JleBn, BeKTOpHAs Mepa, c1abo MHTerpupyemble OYHKIIAN.
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OB OJTHON KPAEBOI 3AJAYE /15 SJIJIUIITUYECKOTO YPABHEHU S
BBICOKOTO TTIOPSIJIKA B MHOI'OCBS3HOI OBJIACTU HA IIJIOCKOCTI!

A. I1. Conpgaros

Ipogeccopy A. B. Illabamy e cesasu
¢ ez2o0 80-aemuem

st snmmnTuteckoro ypaBHeHus: 2] mopsiaka, crapumme Ko3M@HuImeHTs KOTOPOro MOCTOSTHHBL, B MHOTO-
CBA3HON 00/IaCTH € IVIAJKON I'DAHMIHEN HA IJIOCKOCTH PAcCMOTpPEHa KpaeBas 33/a4da ¢ HOPMAJIbHBIMU
npousBogubiMu (k; — 1)— mopsinka, 7 = 1,...,0, tme 1 < k1 < ... < k; < 2I. IIpu k; = j ona mnepexo-
T B 33mady dwupuxue, a upu k; = j + 1 — B 3agauy Heiimana. B pabGore mamel HOCTaTOMHOE yCIOBHE
GbpearobMoOBOCTH 3TOM 334a4n U HOPMyJIa UHIAEKCA.

KuroueBsblie cjioBa: 3JUTUTITHYECKOE YPABHEHME, KpaeBast 33/1a49a, HOPMaJIbHBIE TTPOU3BO/IHBIE, MHOTOCBSI3-
Has 00/1aCTh, TJIAJKNM KOHTYDP, GPEearobMOBOCTD, HOPMYIa WH/IEKCA.

PaccmoTrpum B obstactu D HaA TJIOCKOCTH, OTPAHUYEHHON TVIAJKUM KOHTypoM I s 3J-
JINTITUYECKOT0 ypaBHeHus 2] ropsijika

oFu
Z 8$2l ray Z ark(m)axk—rayr =F (1)

0<r<k<2i-1

C TIOCTOSTHHBIMA CTapImmuMu Koadduimmertamn a, € R n muaammvn KoaddunmentamMn a,, €
CH(D) kpaeByio 3ajgaqy

8k‘j—lu ]
A k1 :fJ’ jzl,...,l, (2)
onfi—4|p
re n = ny + ing O3HAYAET €UHUYHYIO BHEIIHIO HOPMAJb U HATYpAJbHbIE k;j MOIMHEHDI
yeaosuio 1 < kp < ... < k; < 20. Kak 00bI4HO, 11071 HOpMaIbHON 1npousBoaHoil (0/0n)"

TOps/IKa 7 MIOHUMAETCS 3/1eCh TPAHUYHBI OllepaTop

18%1 28952 '

AHaIOTMYHBI CMBICT UMeeT W TPAHWYHBIH omepaTop (0/0e)” 1Mo OTHOIIEHUIO K €JUHUIHOMY
KacaTeJbHOMY BEKTOPY e = e1 + ieg = i(ny + ing).

IIpu k; = j umeem zamauy [dupuxne, a 8 caydae kj = j+ 1, 1 < j < [, a1y 3agady
eCTeCTBEHHO Ha3BaTh 3ajaqeii Heiimana, ona Oblia uzydena A. B. Bm_[a;[se [1] JJIst TIoJIUrap-
MOHHUYECKOrO ypaBHenus. [Iyist ogropognoro ypasaenust (1) 6e3 mtammux kodddunnenTon
3asada (2) 6pw1a paccmorpena B [2]. O6mmit cryqait 3amaun (1), (2) B kiacce dyHKImit

2l ol
ue C*(D)nCc* (D Z T 3 :L@y e C*(D), (3)

© 2017 Conmaros A. II.
! Pa6ora Boimosimena B pamkax Tocymapersennoro 3amanus P®, tema Ne 1.7311.2017/BY.
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611 uccaenosan B [3]. B sroii pabore zazava (2) Obuia peaynupoBaHa K SKBHUBAJIEHTHOI
CHCTeMe MHTerpagbHbX ypasHenuil B knacce CH(T) x CH(D), mpudeM ypaBHEHHS 10 KOHTYDY
ObLIN CHHTYISIPHBIME. 3aMETUM, 9TO MPOCTPAHCTBO (3) 3aBucuUT OT cTapmmx KodhdunmnenTos
ypasuenus (1).

B macrosimeit pabore 9TH pesyabTaThl PACTPOCTPAHNM HA Caydai 00BIMHOr0 MPOCTPAHCTRA
C?:#(D). B sToM ciyuae CHCTeMa MHTEIPAILHBIX YPABHEHHIl, 0 KOTOPHIX IIJIa Pedb BLIIIe,
JoKHA paccMarpuBaThea B mpoctpancTse CUH(T) x CH(D), u ee mccnenosanme Tpebyer
orzesibHOTO T10Ax0na. Huzke Bee obo3Hauenus [3] coxpansiiorest 6e3 n3menenuii.

B masnpreiimen mpemogaraercs, uto I mpunamexnt kaaccy C2hH. B cayqae | = 1 a0
YCJIOBHE HECKOIbKO ycuamm, mnorpebosas I' € CLHTE ¢ mexoropeim € > 0. Ya06HO B 97T0it
ceasu nox CLA10 monmvars obbemumenne kmaccos CHFTe mo Becem € > 0. B wactmoctn, T
MPWHAIEXKUT ITOMY KJIACCY [/ Bcex 3uadenuit [. Takum obpazom, pyHKIUHU N1, Ny U, 3HA-
quT, Ko3(hdunuenTs rpaHndHbBIX AuddepeHnuaabHbIX 0nepaTopoB (2) MpUHAIERKAT KIACCY
C?=LI(T). Pemenue ypasnenus (1) umerca B kiaacce C24(D), coorsercrBenno ero mpa-
Bag 9acTh J0JKHA puHajiexats CH(D), a dyrkimu f; B KpaesoM yciaoun (2) — Kiaccy
CQlfkjnLl,,u(F)_

ITycts vg, 1 < k < m, — BCe pa3juyYHble KOPHU XapaKTEPUCTUIECKOTO YPABHEHUS ag +
a1z + ...+ ayz® = 0 B BepxHell MONYIIOCKOCTH U I, — KPATHOCTH k-TO KOPHS, TaK UTO
> ke = 1. C oarumu KopHSIME CBsizKeM MaTpuily B € C2X! ¢rreyToIIero CrenmuanbHOTO BHIA.

Ecin mexoropslit n-Bexktop ¢(z) = (g1(2),...,9n(2)) aHAINTHYEH B OKPECTHOCTH TOUEK
Vly...,Vm, TO, UCXOJs U3 paszbuenus [ = [y + ... + l,;,, MOkeMm BBecTH OJIOUHYIO N X [-MaT-
puty Wy(vi, ..., vm) = (Wy(tn), ..., Wy(vm)), tae matpuma Wy (vy) € C™** cocrapiena u3
BEKTOPOB-CTOJIOIIOB

1
/ (lk—l)
g(vk),g(vk),---,i(lk_l)!g (Vk)-
Mpuvensist 310 0b03nadenne Kk 2[-cronduy h(z) = (1,z,...,2%71), onpegemnm renepn 21 x I-

matpuiy B pasenctsom B = Wy (v1,. .., V).

3amernm, 4TO KBaJpaTHas Marpuna B, cocrapiennas w3 B n B, obparuma. Ecmu | x
2l-MaTpuiy, o6pa30BaHHYI0 CTPOKAMH 0bpaTHOil Marpunsl B~!, obosnaunts wepes B, To
BTODEIE €€ [-CTPOK 06pa3yioT KOMILIEKCHO COMpsizKeHHYI0 MaTpuily. Ilostomy B u B! crszans
coornomennem 2Re BB! = 1, rae 31ech u mmke 1 o3Havaer eJINHUYIHYIO MATPUIy (Wau
eIMHUYHBII OrepaTop).

C kpaesbiMu ycaouamu (2) ceszkem | X 2l-matpuny C = (Cjy) € CYA(T), snementsr
KOTOPO# OIpeeaioTcd U3 COOTHOIICHUN

21
Y Ot = [ar(t) + ea(t)] [~ ea) + eV 1<i<l (4
k=1

e e = ej + ieg = i(ng + ing) — €MHUYHBIN KacaTeIbHbI BEKTOP K KOHTYpY I'. 3amernw,
9TO €ro HaIpaBJIeHWe OCTaBjsieT obsiacTh [ cieBa.

Cdopmynupyem aHajor OCHOBHON TeOpeMbl W3 [3]| MpPUMEHHTENbHO K TMPOCTPAHCTBY
Cgl’“(ﬁ). HexoTopoe otnmame cOCTOMUT TOJIBLKO B TOM, 4TO KOHTYp I' B paccMaTpmBaemMoMm
CJIydae He MPEJINOJaraeTcs TPOCTHIM.

Teopema 1. Iycrs xontyp I, orpanmauparommii obmacts D, npuaagiexnt kraccy C2hH
(kmaccy C*#+0 npu | = 1) u cocront n3 mpocreix kontypos L'y, 'y, ..., Ty, nae Ty oxBaTeBaer
BCE€ OCTaJIbHBbIE€ KOHTYDHI.

Torma B IPeIIOIOKEHIN

det[C(£)B] #£0, teT, (5)
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saznaua (1), (2) ¢ppearoasvosa B npocrpancrse C?H(D) u ee uuiexc » gaercss popmynoit

w =

1
——largdet(CB)]| + (21 — n), (6)
T
1€ pHupalleHne Ha KOHTyPe OEPETCs B MOJIOKUTEILHOM Hanpap/ieHun (T. €. B HAIPABJIEHHH,
OCTABJIAIONEM 00JIACTD CJIEBA) H N €CTh YHCJIO CBSI3HBIX KOMIIOHEHT KOHTYpa I,
Bamernm, 9T0 B Cirydae npocroro Koutypa (n = 0) sra Teopema coriacyercsi ¢ Teopemoii 1
u3 [5], mOTy9eHHOl IO OTHOIIEHUIO K TPOCTPAHCTBY (3).

< Kak u B [3]| B IpHHATHIX TIPE/IIOIOKEHNSX TJ1a/IKOCTH OTHOCHTEIBHO I TOpSKN IpaHid-
HBIX MHTErPAJbHBIX OMEPATOPOB B (2) MOXKHO BBIPOBHATH (C COXPAHEHUWEM SKBUBAJEHTHOCTH
3a/1a4Mn).
1 /
Yenosumest guist byukiyn ¢ € CH(T) oz ¢’ nornMaTh NPON3BOAHYIO 110 APAMETPY JITHHBI
JIYTH, OTCINTHIBAEMON B IOJIOKUTEJIFHOM HANPABJIEHNN 0 OTHOIIEHHIO K D (T. e. B Hampas-
JeHnn, ocrasisgonieM obsacts D ciesa). Toraa, o9eBnIHO, IMeeM PaBEHCTBO

_8u

(U+), ~ e

Y
r
3/IeCh W HUXKE CUMBOJ ~ + 7 yKa3blBaeT Ha I'paHuvHOe 3HauUeHue GyHkimu. K coxanenuro,

oneparsi ucdepertuposanns @ — ¢ me smaserca obparmvoit CL(T) — C(T). Oxnako
KaK [TOKa3aHO B [3], 9TuM CBOHCTBOM 001 [aeT OIepaItis

1
o — ¢ + ST /sO(t) dit,
T

rie s(I') osnauaer mymny kourTypa I' u dit ecrb 3jemMeHT JUMHBL JAyru. 3aMeTuM, 9TO r-asi
UTepaIus 3TOi omepanun JTefiCTByeT aHAJOTUIHBIM 00pa3oM:

1
r . _*
— + t)dqt.
o= ST / o(t)dy
T
B COOTBETCTBUU C 3TUM (2) MOXKHO 3aMEHUTH 3KBUBAJICHTHBIM KpaeBbIM YC.}'[OBI/IGM

oki—1y, (2l_kj)+ 1 oki—1y
S

g- v - _ p(20=ky) 1 , )
r r

Amnanornuno [3] nokaswisaercs, uro ms u € C?HH(D) n 2 < k;j < 2l — 1 crnpaseimBo
PaBeHCTBO

<ak]._1u> (20—FK;) < o )2lkj < o >kj1 Z 8k‘+7’u +
ki—1 r ko
onki Oe on Lk ireaik, 0~y

¢ mekoTopbMu by, € C*i~LH(T), xotopoe mpu ki = 1 cegyer 3aMeHHTH Ha

+ Y b LA e CLH(D)
kr (%Uk@yr ) kr .

1<k+r<2l-2

(uT)@-D = o lu
8€2l—1 r
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Bo Bcex ciyuasix kpaesoe ycaosue (7) MOXKHO 3anucarh B (popme

a 2l71€j a kjfl ak_H» + 1 8k;j_1
()7 @) o (i) v Sonn o

oxkoyr (T) ) onki—1
r
e cymmyuposanne segercs o 1 < k + 7 < 21 — 2, koabdunmentst by, € CHH(T) u

(2l—k;)

1
fjozfj +m/fj(t)dlta kj <21
I

Ilpu j =1 n k; = 2l ee cienyer 3amMeHUTH Ha flo = f;. Bo Bcex ciyuasx BeKTOp-QyHKIMS
0 e o).

Bsenem 6si0uno-mmaronanbayio | X [-marpuity J, cocraBiennyo u3 kiaetok 2Kopaana:

0 vy 1 ... 0
J=diag(J1,...,Jm), Jp= e e Clexle |

0O 0 0 ... 1

0 0 0 ... u

C sroit MmaTpurieit B JaabHERINEM CBI3aHA OTIepals, KOTOpas KOMIIJIEKCHOMY YUCIY 2 = T +1Y
CTaBUT B COOTBeTCTBHE | X [-marpuity z; = x + yJ, r7ie & 03HAYAET CKAJISIPHYIO MATPHUILY.
B gaBuowm Buge z; = diag(zy,,...,27,,), T1e

T+ vy Y 0 ... 0
0 THVRYy Y ... 0
2], = . . C e .
0 0 0 ... Y
0 0 0 ... z4+1y

O6o3uaunM ere uepes Py _o Kacc BCEX MHOTOUIEHOB p(z,y) CTEMeHn He Bbiie 2] — 2, ero
Pa3MepHOCTh, OYEBUIHO, Jaercs paeHcTBoM dim Py_o = [(2] — 1).

Cogseprienno ananorndno [3] kpaesas 3amaua (1), (8) peayuupyercss K SKBUBAJIEHTHOI
3aj1ade JJis SJUTUITHYECKOH CHCTeMBI TIEPBOTO MOPSIKA

dp 09 1, 77l gl
oy Jog Mo+ Mp=1T, (9)
2Re [(CB)¢*] + M + M = f°, (10)

e onepatop M orpammuen 8 CL#(D), oneparop M° kommaxten 8 C1#(T), a nuneitabie
OIIePaTOPLI ML w MO JeHCTBYIOT COOTBETCTBEHHO M3 Py o — CH(D) u Py g — CHH(T)
(TOUHOE BBIpAyKEHMEe BCEX ITUX OMEPATOPOB [ JAJbLHEHIIEro HeCYIIeCTBEHHO).

Y10 Kacaercss KOMILIEKCHO [-BeKTop-byHKIUM f1, TO OHA MPUHA/IIEAKNIT C“(ﬁ) u orpe-
JleJISieTcsl PABeHCTBOM f1 = (Bllzl, . ,Bll_m!, Bll72lF), i(d B]l,2l MPEICTABIAIOT COOOM STeMEH-
THI TIOCTIEIHET0 cTo161a [ X 2[-MaTpuisl B!, BBegenHoit Bpime. HamoMumM, 4TO BemecTBeHHAs
l-sextop-dbynkmua fO € CLH(T).

Kak u B 3] BBesIeM mHTErpasibHbIE OTEPATOPHI 10 06IACTH:

(I'9)(2) = — / (t—2)5'0(t)dat, =€ D,

™
D

(') = = [ (=270 dt, 2D,

D
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rie dot o3HagaeT iemenT miaomaau. Ilocmenunit maTerpas 3/1eCh CHHTY/ISIPHBIN U TIOHUMAETCsT
B COOTBETCTBYIOIEM cMbIcIe. HeobxoanMoe yCIoBHe CYIeCTBOBAHMS 3TOTO MHTErPAJIA:

!aﬁmgza

rae T o3HaUaeT eIMHUIHYIO OKPYKHOCTD, JIETKO poBepsieTcs. OTMETHM, YTO B CUJIY YETHOCTU
dbyHKIIIN 5;2 BBITIOJTHSIETCST U YCJIOBUE

/éfdﬁ:o, (11)
T+

riae TT oznagaer 06yI0 TTOSYOKPY#KHOCTD.
Kax mokazano & [4], n1st o € CH(D) dbynxuust I wenpeprisno auddepernmpyema B 06-
nactu D u cipaBeiiuBbl (hOPMYJIbI

I(I'y)
oz

I(I'p)

= 1 12
9 o2p + JS o, (12)

=10+ S'o,

¢ HexoTopbIMI MaTpunamu oy, € CX!) cps3anmbMu cooTHOmenIEM 09 = Joi. B wacTHOCTH,

0 0

B cuny (11) K CHETYISPHOMY HHTErpajbHOMY OmepaTopy S' MOXKHO MPEMEHHTDL Teope-
My 3.5.1 m3 [5], cormacno koTopoit atot oneparop orpanmaen 8 CH(D). C yuerom (12) orciona
cemyer, uro omeparop I' orpammdaen CH(D) — CYH(D).

BeesieM maiee nHTErpasibHBIE OMEPATOPDI IO KOHTYPY

(19%)(2) = — /u—zn%wwux 2eD,

2m1
r
rJIe 0 OTHOIIEHUIO K TOUYKe ¢t = t1 + ity Ha KpuBOil di; 03HAYAET KOMILIEKCHBI MATPUIHBIN

mudpdepentman dit;l + dtaJ u xkouryp I oprenTHpOBaH MOJOKUTEIHLHO IO OTHOMIEHUIO K D,
U CHUHTYJISPHBINH OTIepaTop

($*0)(t0) = = [(t= 1) dtwle), weT,

r

ITocegunit mETErpaa 3€CH TTOHUMAETCA B CMBICTIE TJIABHOTO 3HAUEHWs 110 KOTIm.
ITo repmunonorun [6] dbyukmus ¢ = I U4 sBisiercs: J-amasmTudasoit B obsnactu D, T. e.
VIOBJIETBOPSIET YPaBHEHUIO
o¢  _0¢
A foch

oy or

OTta cucrema npu J = ¢ mepexoauT B Kjaccudeckyio cucremy Kommu — Pumana. Kak mokazano
B [6], Bce ocHOBHBIE daKkTBHl TEOPUU AHAJIUTHYECKNX (DYHKIMl, CBsI3aHHbIE C WHTErPaJIbHOI
dbopmysoit Ko, pacnpocTpansitoTces n Ha perenns cucteMmbr (14).

OueBnIHO, B CJIyUae CKATAPHOH MaTpuisl J = i omepatop SO mepexoquT B KIacCHUecKuii
cunryssipubiii oneparop Koru, koropsiii o6o3naunm 1vepes S. Kak nokasano B [7], pazuocts

0. (14)
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SY — S asnsierca oneparopom, KommakTabiM B C'HH. B [7] Takske ycraHOBIEHO, 9TO B TIpe/-
nosiozkeHnn (4) OCHOBHBIE DPE3Y/IBTATHI KJIACCHIECKOIl TeOPUH CHHTY/ISPHBIX OMepaTopos |8]
PACIPOCTPAHSIIOTCST W Ha OTEePaTOp

N°% =Re [CB(y + S%)], (15)

JeHCTBYIONTMIi B IPOCTPAHCTBE BEIIECTBEHHLIX [-BekTop-bynkmmit ¢ € CLH(T). 3aech yure-
HO, 9TO B CHJIy TIPUHATHIX TPEANOJJ0ZKEHUE OTHOCUTE/IBHO TJVIQAKOCTU KOHTYDaA F MaTpHUIla-
bymrkmms C(t) B onpenenenmn (4) mpunastesxut Kiaccy CLATO(T).

Takum 06pazom, 3T0T orepaTop GpPeArobMOB U €r0 WHIEKC JAaeTcsd (PopMy/Ioit

ind NV = 1[argdet(C’B)] . (16)

T r

[pu 3tom o6oe pemenne o € CH(T) ypasnenus Re[CB(y + S%))] = f ¢ mpasoit qacTsio
f € CH¥(T) mpmmagesxxut CLH(T).

Cornacuo [5] oneparop 1Y orpanmuen CL#(T) — CL#(D) u cnpaseammsa dbopmyna Co-
xonikoro — Iliemesns

2(1%)" = ¢ + 5% (17)

YrBepxaaerca, uto mobas dbynknug ¢ € C1#(D) equncTBeHHBIM 06pa30M IIPEICTABIMA
B BUJIE

p=T"0"+1°° +i¢, ceR (18)

C HEKOTOPHIMU KOMILIEKCHOH [-BeKTOp-pyHKIMeH @ € C“(ﬁ) ¥ BEIECTBEHHON (yHKIMei
¥ € CYH(T), ymoBaeTBopsIomeii yCI0BHAM

/ap(t) dit=0, 1<j<n. (19)
Ly

B camom neste, mosioxkum
0 0
pl=(7- 7)o
oy ox
u nycts ¢ = ¢ — I'p!. Torma B cumy (13) dbynxmus ¢¥ asngerca J-anamuruaeckoii B 061a-
cru D, 1. e. ynosiaersopser ypasuennio (14), u npunajiesxnt kaaccy CHH# (D). Tlostomy neno
CBOJIUTCS K TPECTABICHUTO
¢° =1"0" +ie, ¢eR,

¢ ycnousivu (19) Ha BENIECTBEHHYIO MLJIOTHOCTD (.

B ciyaae npocrpancrs CH* sro npejioxkenue ycranosieHo B [9] (cm. rakzke [10]). Taxmm
o6pazom, dymkmms @V awasercs permennem ypasaenns Re(y + S%)) = f ¢ npasoit qacTsio
f = Re ¢, xoropas no ycaosmo npunagmexut knaccy CHA(T). Kak oTMeueno Bbimme, B 5TOM
cmydae ero perenne 0 Taxke npurasteskut CLH(T).

[Monw3ysice mpeacrasiennem (18) u dopmymoit Coxonkoro — Ilmemens (17), 3amauay
(9), (10) mokeM 3KBUBAJIEHTHBIM 00PA30M PEJIyIMPOBATHL K CHCTEME OTHOCHTETHHO Habopa
(o1, 0, p, £), KoTOpas onpesegeTcs ypaBHEHIAME

Pl MY(IY + 100 + i) + M'p = f1,
2Re [CB(I'oY) T +i€] + Re OB (" + 8%°) + MO (I*e! + 19° + i€) + M°p = f°,
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nojaunaennoit yerosusm (19). Bregem s kparkoctn npocrpanctBo X = Py o X R!, koTopoe
coryiacHo (8) mMeeT pa3MepHOCTh

dim X =1(21 — 1) +1 = 217, (20)

OIepPaTOPHI
Nll:gp1+lel 1 N10:M1]O
NYp! = 2Re [CB(I'")T] + MT' o', (21)
N®g? = Re [CB(¢" + $%)] + M°1°¢°,
1, HaKOHEI], OIl€epaTOPhl
T (p,&) = M'p + 1°(i€), T (p,€) = M p — 2Im(B)E + MO (4€).
Torma OPeAbIAYIIYIO CUCTEMY MOXKEM 3alUCaTh B KPATKOMI dopwme

N((pl’ng) +T(p7€) - (flafo) (22)
C OIepaTOPHBIMU MaTPHUIIAMI
Nll NlO Tl
N:<N01 NOO ) T= 70 | *
Cormacno (20) mpoctpanctso CH(D) x C1#(T') x X ap/stercs pacIImpenneM TpOoCTPaHCTBA
CH(D) x CY*(T") ma 2% n3Mepennii, TO3TOMY Ha OCHOBAHHE M3BECTHBIX CBONCTB (hpearo/b-
MoBbIx oneparpos [11] oneparopwl (N, T) u N $pearoibMoBO 9KBUBAJIEHTHBI M UX WHJIEKCHI

CBA3aHbI COOTHOIIIEHUEM
ind(N,T) = ind N + 2I2. (23)

C apyroit croponsl, yeaosme (19) Boigenser B mpocrpanctse CO'LH(TY) 3aMKHYTOE MOATIPO-
CTPAHCTBO KOPA3MEPHOCTH [n, TIOITOMY W3 TeX Ke COOOpayKeHwuii WHJIEKC » cucteMbl (22),
(19) cesizan ¢ ungekcom omneparopa N COOTHOIIEHUEM

» =ind(N,T) — In. (24)

Paccmorpum mogpobuee omeparopst (21). Yemoumes mucats Np ~ Na, ecin pasHOCTD
Ni — Ny sIBIsIeTCsl KOMITAKTHBIM OTePaTOpoM. BemoMuaast, 1To omeparop omeparop MY kou-
maxten B C1#(T), B obozradennax (15) MoykeM HammcaTh

Nll ~ 1’ NlO ~ 0, NOO ~ NO
u, cjaeaoBaTeJIbHO,

1 0

Kax ormeueno Bemme, omepatop N dbpearomsmos u ero mmzjekc maerca dopmymaoir (16).
B 4acTHOCTH, CYIIECTBYET €ro Pery/Ispu3aTop, T. €. orpanndenusiii 8 C1* oneparop R co cBoii-
crBom RON® ~ NORY ~ 1. HemocpeicTBeHHO TIPOBEPSIETCSI, YTO OIEPATOP

1 0
R = ( _RONOL RO )
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CIIy’KUT Peryaspu3aropom K omeparopy M wm, ciemoBarenbro, omeparop M dpearosbmMos.
Ho rmorma ma ocuoBanum (25) N — dbpearoabMoB omepaTop, a BMeCTe ¢ HUM U WCXOTHAS
sazada (1), (2).

Iycts M(t), 0 < t < 1, momygaerca 3amenocit N°' ma tN°' B ompenenenmm (25) ome-
paropa M. Te ke coobpazkenusi 1okaspiBaioT, 4ro oneparop M (t) takxke dpearosbMos.
[TockobKY OH HENpepBIBHO 3aBUCHT OT t, €ro WHAEKC He 3aBUCUT OT t W, B YaCTHOCTH,
ind M = ind M(0) = ind N°. B cuny (25) ind N = ind N, wro Bumecte ¢ (16) m (23), (24)
3aBepIIaeT JI0Ka3aTeaLCTBO (hopMysbl nHjgekca (6) u Teopembr. [>
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A BOUNDARY VALUE PROBLEM FOR HIGHER ORDER
ELLIPTIC EQUATIONS IN MANY CONNECTED DOMAIN ON THE PLANE

Soldatov A. P.

For the elliptic equation of 2ith order with constant (and leading) coefficients boundary value a problem
with normal derivatives of the (k; — 1)—order, j = 1,...,[ considered. Here 1 < k1 < ... < k; < 2]. When
k; = j it moves to the Dirichlet problem, and when k; = j + 1 it corresponds to the Neumann problem.
The sufficient condition of the Fredholm problem and index formula are given.

Key words: elliptic equation, boundary value problem, normal derivatives, many connected domain,
smooth contour, Fredholm property, index formula.
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3AJTAYA KOIIN 1151 YPABHEHIS U3TMBHBIX KOJIEBAHUIN
HEJIMHENHO-YIIPYTOI'O CTEPYKHS BECKOHEYHON JI/INHBI

X. I'. ¥Ymapos

Hocsawaemes A. B. Ilabamy 6 ceasu
¢ ez0 10buseem

715t Ha3BaHHOTO B 3aro0JIOBKe CTATHU anddepeHIInaIbHOr0 YPABHEHNUsT UCCIeI0BAHA PAa3PENIMMOCTh 3a-
naun Komwm B mpocTpancTBe HempephIBHBIX (YHKIHI HA BCEil YMCJIOBOI OCH CBefileHMeM K abCTPaKTHOM
3agaue Komm B GanaxoBoMm mpocTpaHcTBe. HaliieH SBHBINA BUJ PENIEHNs COOTBETCTBYIOIMIETO JIMHEHHOTO
YPaBHEHUS. YCTAHOBJIEH BPEMEHHON OTPE30K CYIIECTBOBAHMS KJIACCUTIECKOTO perienus 3agaun Kommu s
HEeJIMHEHHOTO YPaBHEHUS U TOJIy9eHa OIeHKA HOPMBI 3TOTO JIOKAJIHHOTO pemeHusi. PACCMOTPEHBI yCI0BUS
CyIIeCTBOBAHUS TJIOOAJIHLHOTO PEIIeHNUs ¥ Pa3pyIIeHus PENIeHnsl Ha KOHEYHOM OTPE3Ke.

KurodeBsle ciioBa: n3rubnbie Kosebamus crepxkHsi, ypasHenune Kureitna — I'opiona, cuyibHO-HepephiB-
HbIe IOJIYTI'PYHIBl OII€PATOPOB.

1. BBenenue

B obnactu (z,t) € R! x RL, R! =] — o0, +00[, R} =]0, +oc[, paccmorpum ypasuenue,
OIHCHIBAIONIee M3THOHEIE BOIHBI B HelHHeiHO-ympyroM crepxkme! (. [1, c. 55], [2, c. 189),
0630p n noxpobuyio Gubarorpaduio, npusejeHHble B MoHOTpaduu [2]):

0u 0*u o 0%u 0% 4
_ Fu_ 507 1
02 o202 T C g Pz (1)

IIe 3aJaHHBIC YUCAA @ € Ri, B € RL
Tlosaraem, ato @, 1) — mHaganbable GyHIun 3349 Kormm:

ulimg = (), wlg=1(z), weR, (2)

=1 =1
H HCKOMOe K1accnieckoe pemenne? u = u(z,t), (z,t) € R' xR, , R = [0, +oo[, ypasuenus (1)
JIJIg BCEX 3HAYEHUIT BPEMEHHOW MEPEMEHHO ¢ 110 MepeMEeHHOl + TPUHAIIeKAT 0AHAXOBY MIPO-

© 2017 Ymapos X. I

! VpaBHenue, onuchiBaomee HeluHeHbIEe U3rHGHbIe BOJIHBI B CTEPIKHE, COJEPHKHUT [2] cremenn wacTHO
npomssoHoil Hemssectroit bymkimm: d(Ow/dx)® /0xr = (wd),, onHako, 3aMeHON U = W, W TOCTEIYIONIM
muddepennupoBanmem 06enx dacTell ypaBHEeHUs CBOANTCA K Bumy (1).

2 HOI[ KJIaCCUYECKHUM PEMIEeHUEM IMOHUMAETCd JOCTATOYIHO IJIaJKad (1)yHKH;I/If[7 HMeEION[ad BCe HEIIPEPBIBHLIE
ITPOM3BOIHBIE HYYKHOTO TOPSIIKA W YIOBJIETBOPSIONIAs YPABHEHUIO B Ka¥KI0M TOYKE 00JACTH €ro 33 aHWUSI.
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crpanctBy C[—00, +00] = C[R!]? nenpepruisanix dymkmmit g = g(), 4715 KOTOPBIX CyITIECTRY-
10T IIpeJiesibl IpU & — +00, U HOpMa OHpe,D;eJIHeTCH o dopwmyie ||g(z)| o = supgert |9(x)].

Bynem o6o3nauars C(k R = {g(z) € C[RY]: ¢'(2),...,g%¥(2) € CRY]}

Hama nens — pis caydas ﬁ =0, 7. e. 1 cooTBeTCTBYyIOMEro (1) JMHERHOTO ypaBHEHMs I,
HafiTH ABHBI BUJ pemenns 3aqaun Komm B npocrpanctee C[RY], a B ciyuae 3 # 0 — wmaiitn
BPEMEHHOI OTPe30K CYIeCTBOBAHMS KJIACCHIECKOTO PelleHns 3a1a49u Kol 1 O1eHnTh HOpMY
B C[R!] 3T0r0 MOKAMBHOTO pelmenus, qagee paccMOTPETh YCIOBHA CYMIECTBOBAHUS TI06AIE-
HOTO (OTpeNeIeHHoro Jyist ¢ € R}F) pemenus ypasHenus (1) u paspymenust ero pemenuss Ha
KOHEYHOM BPEMEHHOM OTPE3KE.

2. 3amauva Komwu ajis JsuHeiiHOro ypaBHEHUS M3TUOHBIX BOJIH

Paccmorpum smHeitHOe 01HOPOIHOE ypaBHenue, cooTsercTryomee (1):

0%u 0*u 5 0%u

2 oo TV gm Y (3)

Hamrame mpu A > 0 pesosbsents muddepenmuanbaoro omeparopa d?/dr? nozsosser
CYIIECTBEHHO TPeobpa3oBaTh ypaBHeHue (3), pasperms ero OTHOCUTENLHO MPOM3BOIAHON 110
Bpemenu. Vmenno, mycts u = u(x,t) — xgaccumdaeckoe pemenue 3agaan Komm (1), (2), mis
KOTOPOT'O 9aCTHBIE MTPOU3BOIHBIE Uyy, Ugy¢ HETIPEPHIBHBI ipu ¢ > 0. BBegem HOBYIO HEM3BECT-
HY10 (DYHKITAIO

V= U— Ugg. (4)

13 3amens! (4) MOKHO €MHCTBEHHBIM 00pPa30M OIpeIeNTh HadaIbHbIe 3HAYEHHS U, =
o(x) — ¢"(), vl = Y(x) —¥"(x) npn ycnosun, uro dynxuun (), ¥(xr) npuHasTeKar
CO[RY] u Boipasuts [3, c. 682] pemenne u(z, t) 3axaun Kommu (1), (2) uepes HoByto Hem3Bect-
Hyto dyHKIMO v(X,t):

2\t N
(@, ) = (1— @> oo t) = 3 / e Mo + 7, t) dr. (5)

B pesymsrate mojactanosku (4) ypasmenme (3) B mpoctpamctse C[R!] mokmo 3ammcats
B BUJI€ a0CTPAKTHOTO OOBIKHOBEHHOTO AudPEPEHITHATHHOTO YPABHEHNU ST

‘/tt = GOV, te Rl ’ (6)

rme V. =V(t) : t — v(x,t) — uckomasg BeKTOP-DYHKIUS, ONpeeIeHHas st t € @i, co
swauennsivm B ipoctpanctee C[RY]. Oneparoprsrit kKosdbdurment B ypasaennn (6) — yumeii-
ublil oneparop Go = —a? (I — d2/dx2)_1d4/dx4 — ompejenen na dynkmaax g(z) € CW[RY]
M ero MOXKHO HPOJOKHATH 10 omeparopa G = A + o’ + B, tne A = a2d2/dm2, B =
—a(I — d2/dz*) "

3B npocrpanctee C[R'] auddepenuumamsubiii oneparop d/dx ¢ obmacrthio onpenererus Z(d/dx) =
CWI[R!] asasercs [3, c. 670], [4, c. 58] LPOM3BOAALEM OLEPATOPOM CAKUMAIOLIE CHIBLHO HELPEPLIBHO IPyII-
et U(t; d/dx) xnacca Co neswix cusuros: U(t; d/dx)g(x) = g(x +t), a nuddepermmmansusii omepatop d?/da?
¢ obmacthio onpenenenns 2(d?/dz?) = C®[R'] mopoxmaer [3, c. 681] CHIBHO HEMPEPHIBHYIO MOIYTPYIITY
Ul(t;d?/dx®) xnacca Co : Ul(t;d*/dx®)g(x) =

A > 0 mpumamexur [3, c. 671, 681] pesompBeHTHBIM MHONKecTBaM omepaTopos d/dx u d?/dz? u nna coorBer-

g(z + &)d¢E, t > 0. TlonoxurenbHas MOIYOCH

crytomux pesombsent (A — d/dz)™" u (M — d? /de)_l7 rae I — TOXKIECTBEHHBIH ONepaTop, CIpaBe JIABbI
omenku Hopwm |[(A — d/dz) ™", ||()\I—d2/dx2)_l|| <1/
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Takum 06pazom, nosyunm skBuBaseHTHOE (3) maTErpo-mud depennuanbaoe ypasHeHue
utt:a2(u$m+u_h*u)a (7)

B koTopoM h = e~ 1% /2 i uepes h * w oGoznauena ceeprka: (h* w)(z) = fj;o h(z — &w(§)dE.

Oneparop A, 2(A) = P(d?/dz?), 8 C[RY] [5, c. 92] siBasieTcst TPOU3BOSIIINM OTIEPATOPOM
kocumyc onepatop-dyukmmu C(t; A), t € RY, xnacca Cp, a1a koTopoit mpu Beex g(x) € C[RY]
CTIPABEJINBO TPEJICTABJIEHNE

ot Agte) = 3|0 (ati ) + 0~ at )| o) = Lot +a) + e —at)]

u omerka Hopmel ||C(t; A)|| < 1, ¢t € RL.

Bozmymenusiit oneparop A + oI, (A + o?I) = P(d?/dz?), raxxe nopoxmaer B C[R!]
[5, c. 169] xocumyc omepatop-dbymkmmio C(t; A + o?I), t € R, kmacca Cpy, a1 KOTOpOii
CIIPABEJINBO 1PEJICTABJIEHIE

ds
12— g2’

C’(t;A+a2I) (x) =C(t; A)g —|—at/.71 —52> C(s; A)g(x) (9)
0

2k+1
e g(x) — npomsBobHbIL aement w3 C[RY], a I1(2) = Y2129 Z,/Qkiﬂ), Mo UIIPOBAHHASL

bynxmus Beccens [6, ¢. 729], u onenka wopme ||C(t; A + o?1)|| < ch(at), t € RL
Orpanmdennsii onmeparop B, 2(B) = C[R!], mopoxmaer kocumyc omepaTop-byHKITIO

C(t; B), t € R, xmacca Cp, xotopas aas nponssosbHOTO atementa g(r) € C[R!] npeacras-

ngercs |5, ¢. 142| creneHHBIM DPSIIOM, PABHOMEDHO CXOAIIMMCS TO § Ha KAYKJIOM KOHETHOM

+oo  \n o 2n 2\ — N
C(t; Byglw) = 3 L@ (I - d—) o(a).

s (QTL)' dx2

orpeske u3 R:

OTKyna, IpUMeHSs OIEHKY HOPMBI Pe30JIbBEHTEHI (I—dQ/de)il, seiBogM  ||C'(¢; B)||
ch(at), t € R'. Hcmomssya dopmymy [3, c. 664], BEIPasKaroNIylo CTENEHH pPe30IbBEHTHI
(I — d?/daz?)™" 4epes momyrpymmy, opoxKgaemyio oneparopom d?/daz?:

(I—d—2>n _$+Oon1—s d?
) e =ty [ (s Jateas
0

mpeoGpasyem mpejcTaBienne kocuuyc oneparop-gyukmun C(t; B):

o 9 +o0o N 9 2
C Bgla) = glo) - 5L [ o, <;§,2;—< i )v(%) g@)ds,  (10)

2
0

rae oFh (33/2,2;—2/4) =23 %) % o6obienHas runepreomerpudeckasi yHkiws [7,

c. 437]. anee, npuMenss MHTerpaibHOE TIpecTaBIenne noayrpymmns! U(s; d? /dx?), dopwy-
e (10) MoxkHO npuATH BUT

g 20
Ci: Bga) = gto) - 5L [ 7 (@02 &) gtar )z, ter,

e obosHaveno F (z,£2) = f0+°° e=s78/(49) \Fy (;3/2,2; —2/45)ds/ /5.
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Bo3Mylienie orpaHideHHbIM oepaTopoM B coxpansier crocobrocts omneparopa A + o1
MOPOXKIaTh KOocuHyc oneparop-dyukimio kiacca Cp [5, ¢. 169], mosromy omeparop G siBasgeTcs
TTPOMBBOISATINM OTIEPATOPOM CHUJIBHO HEMPEPBIBHONW KOCWHYC omepatop-dyukimmn kaacca Cp,
77151 KOTOpOii Ha sremenTax ¢(x) € Z(G) = 2(d?/dx?) cipaBenBo mpeCTaBICHIE

1

2
C(t;G)g(x) = C(t; A+ o2T) +% J(VI= G A+ a?T)C¢: Blg(a) de, 1€ B
0
e j1(t, A+ a?l)g —4/7rf0 V1 —=n2C(tn; A+ o21)g(x) dn.

Ucnosssys (bopMyﬂm (8), (9), (11), kocunuyc onepaTop-dyHKIHMS, TTOPOKIAEMAsA ONEPATO-
poum G, 3amuchiBaercs B sBHOM Buje Ha yukiusx g(x) € 2(d?/dz?):

C(t;G)g(x) = [g(a: +at) + g(x — at)]

N | —

ds
t2 _ 82

% / ayt? — 2) [9(z + as) + g(z — as)]
0

1

+§ dC/M{g (ﬂz—f—atn\/l——@) +g<x—at77\/1——C2)
0

0

+o0
_ (ZT/C; F ((atC)2, §2> [g (x Y et atny/T— g?)

(12)
tn@
+g(x—i—{—atm/l—g“?)}df—i—atm/l—@ / (a\/t2 (1-2¢2) —s)
0
x|g(z+ as) + g(r —as) — 4\/, atC € )
ds
x[glz+ &+ as)+gla+&— as)}df] N }dn
u JIJid Hee CIIpaBed/InBa OII€HKa HOPMBI
1C(t: G)|| < ch(at) + a~2sh (at(ﬁ — 1))sh (at(ﬂ + 1)), te R (13)

C kocunyc oneparop-dynkiueii (12) acconuupyior [5, c. 91] cunyc oneparop-dyHKImO:

= /C(T;G)g(az) dr, g(z) € C[RY], (14)
0

u mumeiinoe muoroobpasme C1[R!] = {g(z) € CR'] : C(t;G)g(x) € CO(RY; C[RY)}, ™ e.
nomvmrozxectso C1[RY] mpocrpancTsa C[R!] coctont m3 Tex snementos w3 C[RY], 1usa koTophix
bynxmus C(t;G)g(z) : RY — C[RY] ssasierca nenpepwuisro muddepentmpyemoit dbynkmeir
epeMEHHOI .

Ouesnno, uto 2(G) = 2(d?/dx*) C C1[RY].
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Ucnonssys onenky (13), nmeem

Ish(at) | |sh(2atv/2)  sh(2at)
403+/2 403 |

t
1556 < / 1C(s: Gl ds| < teRL (15)
0

Takum obpazom, mpuxoauM K abcTpakTHOMY audpepeHIumaibHOMy YpaBHEHU0, 0000111a-
fomemy ypasrernue (6) B 6anaxosom mpoctpanctee C[R1]:

Vi =GV, teRl, (16)

B KOTOPOM OmepaTopHblii Koadduument G MOpoKIaeT CHIBLHO HENPEPHIBHYIO KOCUHYC OTiepa-
Top-dyukmmio knacca Cg. Hawansuele yenosua B C[R!] nna ypasnenns (16) mepermmryres
B BUJE

Vlieo =@ Vilieo = ¥, (17)

e @ = ¢(x) — ¢ (z), ¥ =1(x) — " (x) — saemenT npoctpanctea C[RY].

Jlna Toro urober 3amaua Komm (16), (17) 6bL1a paBHOMEpPHO KOppeKTHOi* ma @i, HE00-
XOJIMMO M JOCTATOYHO, 9TOOBI onepaTop G ObLI TPOM3BOIAAIIMM ONMEPATOPOM CHJIHHO HEmpe-
PBHIBHOII KOCHHYC onepaTop-GyHKIuN Kiaacca Cp, TIPU STOM KJIACCHYECKOe® peIleHue 33 aum
Komm (16), (17) maercs [5, ¢. 91-92] dbopmymoit V(t) = C(t;G)d + S(t;G) ¥, t € RY, ana
mobrix ¢ € P(G) u ¥ € Cq[RY].

Tenepnb, Tpon3Bojst 06paTHYO 3aMeHy (5) W UCHOIB3Ys MEPECTAHOBOYHOCTH PE30JIbBEH-
o1 (I — d? /dnr:z)f1 C KOCWHYC onepaTop-QpyHKIMEH, mopoxkaaeMoii oneparopom (G, HAXOAUM
permene 3aaun Ko jyist ypasaerust (3):

o -1
w=(I- %) V() = Ot G) o + S(t:G) 0. (18)

Takum 06pa3oM, UMeeT MEeCTO yTBep K jeHned :

Teopema 1. Ilycre mauaabubie pyukmun p(x), ¥(x) BMecTe ¢ MPOU3BOJHBIMH JI0 U€T-
BEpTOro mops/iKa BKIIOUATENsH0 npuHagtexar npocrpanctsy C[R!]. Torna samaua Komm
JIIsI JIMHEHHOTO OJTHOPOJHOTO ypaBHeHus: (3) pABHOMEPHO KOPPEKTHA, KJIACCHYECKOE DEIEHHE

43agaua Komm
u’(t) = Au(t), te Ei; u(0) =u’, o/ (0)=u', (%)

B 6aHAXOBOM NIPOCTPAHCTBE F HA3BIBAETCH PAGHOMEPHO Koppexmnol [5, c. 89|, ecim malinerca maoTHOE TOI-
—1
muoxectso By C E takoe, uro mpu u’, u' € E) CymecIByeT eIMHCTBEHHOE DELICHIE Ha R, u sT0 pemenue
. =1
PABHOMEDHO yCTOWYMBO MO ¢ Ha j0060oMm kommnakre K C R, 1. e. u3 ycnosus u; — 0 (up € Ey, m = 0,1) npu

n — 00 CJIeJyeT CXOAMMOCTh COOTBETCTBYIOWINX perrenuii uy (t) — 0 paBHOMepHO 10 ¢ € K, T11e ul™ (0) = uy,

m =0, 1.

5 Msamx sl menpepesro auddepennupyemas byuxmus u(t) : @i_ — E, 1 e ult) e C? (@i_; E) masbiBa-
erca Kaaccuueckum peuwenuem abemparmnoti 3adanwu Kowwu (x), ecom u(t) € 2(A), Au(t) € C(Ei_;E) npu
te Ki U yJOBJIETBOPSIIOTCS PABEHCTBA, (*).

5 Or mawambmoit dbynxmmy () TpeGyeM 3aBemOMO GOJBIIYIO LIAJKOCTDL, UeM HYKHO J/If CyIIeCTBOBA-
Hus pemenus 3amaun Komm myis ypapeenus (3), 9ToGBI He 3aHEUMaThCs ormacanmeM momMuokectBa Ci[R']
mpocrpanctsa C[RY].
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naercst popmynoii (18) mam B mogpobrofi 3ammcn

DN | =
[S—y

u(z,t) =

t
[o(z + at) + p(z — at)] +§/ z+ar)+P(x —ar)]dr
0

t

n %t /h (aﬂ) (@ +as) + ol - 0‘8)]\/%
0

+%0/7"d7“0/11 (a/r2 =) W“MHW“O‘S”V%

2

1 1
[ 1_n2{¢(x+awl_—gz)+¢(x_awl_—gz)
0 0

ry/1—¢2

rarT=¢ [ (a0 - )

0

“+00

(ar¢)?
VG

X {1/)(3: +as) +¢Y(x — as) — F ((OH‘C)Q,fQ)

X [Y(x+ &+ as) + P(r+ & — as)] dg} \/T2772(1d‘_9 o } dn} dr

H JJIsI HETO CIIPAaBEIHBA OLlEHKA
sup |u(z,t)] < [ch(at) + OFQSh(at(\/i - 1))Sh(at(\/§+ 1))] sup |p(z)]
zeRl zeR!

[\Sh(at |+ ‘Sh(20¢t\/_) V2sh(2at) } sup [¢(z)|, teRL

rERL

\f
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SAMEYAHUE 1. Xord u3HaYaabHO CTAaBU/IACH LEIb HAiTH penienue u(x,t) JIMHENHOTO
OTHOPOTHOT'O YPAaBHEHNS M3TUOHBIX KOIeOaHUil Ha moIyoch ¢ € R#, dbopmyna (18) ompenessier
u(w,t) ma Beeit umcoroit mpamoit ¢t € R, 4To ecTecTBeHHO BBHITEKAET M M3 CaMOTO 3aaHWs
YPpaBHEHUd, TaK KaK OHO HE MEHAEeTCd Nph 3aMeHe t — —t.

BAMEYAHUE 2. Tak kak kJiaccudeckoe pemtenue V(t) aberpakraoit 3agaun Komm (16),
(17) npunazexur C'2) (Ei; C[RY]) u pist mero GV (t) € C’(@i_; C[RY]), To 3magenus penrenns
u(z,t) = (I — d2/dm2)71V(t) ypasuenus (3) npumasrexar C'D[RY] ana Beex t € ﬁi.

3. JlokanbHoe penienune 3agaun Komn
JJisl HeJIMHEIHOro ypaBHEHUS M3TUOHBIX BOJIH

[Tpumenus K obenm wyacTsam ypaBHenusi (1) JUHEHHBII OrpaHUYEHHBI OmIEPATOD

—1 .
(I —d?/d2*)"", monyamv skeuBanenTHoe (1) Hemmeiinoe mrTerpo-anddepenmaibHoe ypas-
HeHUWe — HeJoKaabHOoe ypaBHeHne Kieitna — [opmona:

Uy — PUgy = a?u — Bud + hx (Bud — o?u). (19)

Vpasnernue (19) B npocrpancree C[R!] moxkHo 3ammucats B Bije aGCTPAKTHOTO TIOJTYTH-
HENHOTO ypaBHEHUI

Vie =GV + F(V), teRl, (20)

rye oneparop G Takoii ke, kak u B ypasHenun (16), a F(V') — 3azanubiii HesmHeHHBIN Orle-
parop, aeiicteyiomuii 8 mpoctpanctee C[RY): F(g) = B[(I — dz/de)_1 —I1Q(g), 31ecs Q —
oneparop cyneprozurmm: Q(g) = f(g(x)), g(x) € C[RY], f(s) = s>.

OrmeTnM, UTO U3 HENIPEPBIBHOM M depeHITnpyeMOCTH OMEPATOpa CyIepro3utiuu () B Mpo-
crpaHcTBe HenpepbiBHbIX (yHKIWA [8, c. 406] w orpanuueHHOCTH JIMHEHHOIO olepaTopa
(I — d? /dacQ)_1 — I cnenyer menpepwiBHasg auddepeHmupyeMocTs mo Dperre HETHHEHHOTO
oneparopa F(V) B npocrpancree C[RY].

W3 nenpepsisroit puddepeniupyemoctu orobpaxkenus F (V') caeayer, uro F(V) ynosie-
TBOpsieT JIOKaIbHOMY yCaoBuio Jlummumna. [lostomy cymecrsyer mpomexyTok [0, t*[, B KoTO-
pom 3aada Komm (20), (17) umeer [9, c. 87| exuncreennoe 0606uientoe pererne V = V (t),
T. €. eIMHCTBEHHOE HEeMpepBIBHO muddepenimpyemMoe perenne nHTerpajtbHOr0 ypaBHEeHNS

V) =Ct:G)d+St;) 0 + | S(t—7m;G)F(V(r))dr, teR., (21)

o

aist mobbix @ € 2(G) u ¥ € C1[RY).
[Tpumensig onenku (13), (15) mopm omeparop-dyukrmit (12), (14), 3anucanuble, UCIOJIb-
3ys1 aaemenTaprble Hepaserctsa sh(t)sh(r) < ch(t +7)/2, [sh(t)| < ch(t), t,7 € R, B Buze

IC(t;G)| < 2‘;‘(;{10h(2at\f) = pla,t), |19t G| < ’;(Lj%, U yUUTBIBAS, ITO IS SJI€MEHTOB

npocrpanctsa C[R!] cnpasemmso coornomenue || PV, < || @[] ?| o, B cuny wero, ¢ num
MOXKHO paborarh Kak ¢ aarebpoit [10, ¢. 120], u3 nnrerpasbHoro ypasHenust (21), yanroiBast

orenky ch(t — 7) < ch(t)ch(7), BEIBogMM mMHTETpanbHOE HEPABEHCTBO

g

VBl < plest) | Qe, @, T) —/ h(2arV2)|[V(7)|edr|, teRY (22)
0

7
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rae Qa, @, 0) = || Do + 1/(20v/2)|| ¥|| . U3 nepasencrsa (22) caeayer [11, c. 13] onenxa
HOPMBI 000OIIIEHHOTO PeIeHnsT

IV®)lle < Qa, @, 9)p(e, 1) (1~ gla, B)2% (o, @, V)b (v 1)) 2,

=

e 6(a,t) = 3aty/2 + sh(4aty/2) + sh(8aty/2) /8, na spemennom orpeske t € [0,t,], pmmna
KOTOPOTO OTPAHMYHBAETCA BEMMIHHOM t, = sup{t € [0,t*[: §(a,t) < 1/(q(a, B)Q%(ar, @, ¥))}.
Baecn g(a, ) = [8(20° +1)°/(640%).

Urak, ma orpeske [0,t,| cymectByer obobriennoe perrenne abcTpakTHON 3amaun Ko-

u (20), (17), mus KOTOPOro CrpaBeInBa OlEHKa HOPMbI (22). D10 0606IIeHHOe pereHne

V(t), t € [0,ts], Oymer xmaccmaeckum permerneM 3agadn Komm (20), (17), ecam omo nBa-
JK/Ibl HenpepbIBHO uddepeHtmpyemo 110 ¢, u4to sipjsiercst ciaegcrsuem [9, c. 91] nHenpepsiHoOit
muddepentmpyemoctu mo @Pperrte menmHeitnoro oneparopa F(V), npu yenosuun ¢ € Z(G)
n Vel [Rl].

Takum o6paszom, IMeeT MeCTO

Teopema 2. Ilycrs nauganpnsie yaxnun ¢(z), ¥(z) 3azaun Kommn (1), (2) npunas-

jgexar npocrtparcTy C [Rl] BMeCTe CO CBOUMH HIPOHU3BOJHBIMH JI0 Y€TBEPTOI'O IOPAIKA
BKJIIOYUTEILHO’ , TOT/ia 1IpH t € [0,t.], e

t, = sup {t D 0(ant) < 64§8 } ;
181(202 4 1)°Q2(c, @, )
1
Qo @, 1p) = ES@ lo(w)] + av3 ;;1]15 ()],

CYIMECTBYeT eMACTBeHHoe Kaaccimdeckoe pemmenne u = u(x,t), (z,t) € R x[0,t,], sToit 3amaxwm
B npocrpanctse C[RY], ans koroporo cnpaseammsa onenka

=

sup |u(z,t)| < (1 + %) Q(a, p,¥)ch (2at\/§) ( 6408

zeR!

| 1Bl20% + 1’02 (@, 0,9) Mt)) N

4. CymiecTBOBaHUE TJIO0AJTLHOTO peEIlleHns YPABHEHUS M3TMOHBIX BOJIH
U pa3pyllleHue ero pelleHnus Ha KOHEYHOM OTPE3Ke

Kax ussectno [12], ecmu dbynxuus g(x), mpunamteskamas npocrpanctsy C[R1]) Takske
npuHasiexxuT npoctpanctey Cobomesa Wi (RY), 1. e. g(x),d (x) € La(R'), To cpasenmmsa
OIleHKa

+o0
l9lle = sup lg(z)| < llgllw; = / [(9(93))2 +(¢'(2))?| da,
z€RL s

npmaen, ecmm K Tomy ke g(z) € CP[RY], To mpener mpr x — Foo dbyuxmmit g(z), ¢'(z)
paBeH HyJIIO.

7 311ech HAJI0 yUHTHIBATE, YTO KIaccudeckoe permenne ypasrerws (1) u3 C[RY], Torma kak kmaccudeckoe
pemrenue ypasuenus (19) uz C? [R'].
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TMonaras, aro st Beex t > 0 kuaccuueckoe pemienne u = u(x,t) ypasuenus (1) npunas-
JexxuT mepecedenmio mpoctpancts C[RY) N WH(RY), ncerenyem Tak maspiBaeMblit HHTerpat

SHEPruu
—+00

2 2, 2
o)) = lullyy = [ () do.
—00
B KoTOpOoM u = u(x,t) — perenue ypasaerus (1).
Ipumensist k pasencrsy y' (t) = 2(u, uy) +2(uy, g ) HEpasencTeo Komm — Bynsikosckoro
1 WCTIONB3YS 3/IeMeHTapHoe HepaeHcTBO 2ab < a? + b% BhIBOSIM OTeHKY

8

2 2 2 2
Y () < Null + lluallz + luelly + w3,

u3 KOTOPOii, 0603Hauas z(t) = HutHI%VQl = Jluell3 + l|uat||3, meen

y'(t) <y(t) + 2(t). (23)

Ananormuno u3 pasencrsa [y ()% = 4[(w, ug)? + 2(u, uy) (g, Uat) + (Ug, tgy)?] mOTYIAEM
OTICHKY
2
' (D] < 4y(t)=(t). (24)

Ucnomp3ys ypasuenune (1), mpeacTaBieHne UgUzy = (Ulgtt), — Ullggy ¥ UHTETPUPYS 110
YACTAM, U3 COOTHOIICHUS

+oo +oo +o0o
1
§y”(t):/utdx+/umdx—ﬂ/u dx — /uixdx
— 0o —0o0 —0o0
BBIBOJIUM TIEPBOE SHEPIeTHYECKOE PABEHCTBO
1 2 2
59" (0) = 2(t) = Blluzll, — * ||zl (25)

AHasoruvHo, MCHOB3YS MPEICTABICHUE Ugilgy = (Utlgtt), — UtUggrt W THTETPUPYS 10
YaCTAM, U3 TpeJICTABIeHns TPOn3BoaHoit 2’ (t):

d +o0 +oo
1 1 4 1, 9
§zl(t) == _Zﬁ / Uy, dr — e / usr, dx |,
—00 —00
CJIEJlyeT BTOPOE SHEPIreTUIECKOEe PABEHCTBO
£) = So— 2 Bl62]12 — 0 tzal 26
2(t) = So = 5Blluzlly — a”flusally, (26)

2 2 22
rae So = [l +a2lle” 5+ S1@)? .
ITycrs B ypasuenun (1) mapamerp > 0. Torma u3 coorromennit (23) u (26) caemnyer, aro
y' (1) < y(1) + So, 7 = 0, m, 3Haunt, no semme I'poryosna

y(t) < [y(0) +tSole’, t=0. (27)

(e, V)Ll NPl tre (v, eroo (x)dz u |||y, = \/f+°° | dr — COOTBETCTBEHHO CKa-

JISPHOE TIPOM3BEJIEHNE U HOPMa B FI/Iﬂb6epTOBOM npocrpanctse Lo(R%).
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13 nepapencrsa (27) csiejyer, 4To pH BBINOJIHEHUN Hada g bHbIMU DyHKImMsMu o (z), (x)
yCJI0BUU

p(z),9(x) € Wa(RY);  (¢'(2))% ¢ (2) € La(RY), (28)

kJjlaccuueckoe pemenve u = u(x,t) ypasnenus (1) npunajyexur npocrpancrey Cobosesa
W}(RY) m, 3HaumT, CIpaBeTBa OIEHKa

+oo
Sélﬂgl lu(z,t)] < / [(u(yv,t))2 + (ux(x,t))z} dx < +/y(0) + tSy e%, t>0, (29)

obecrieunBaomas CynecTBOBaHne r100aibHOro pemenns ypasaenus (1).
Takum o6paszom, IMeeT MeCTO

Teopema 3. Ilycrs B ypapaennu (1) mapamerp > 0, a Havasiapuable pyukmm o(z), 1 (x)
yaosserBopsitor yeaopmto (28). Torma cyrecTByer eJUHCTBEHHOE TIODATBHOE KJIACCHIECKOEe
pemrenne 3agaun Komm (1), (2), ars koroporo crnpasegmusa onenka (29) mam B moapo6HOL
3anmucH

2 2 2 212\ &
sup (1) < \/ lelitvg + ¢ (lelg + el + 51(e)I5) €3, ¢ 0.
re

Hckmouas n3 smeprernueckux pasencts (25), (26) caaraemoe ¢ mapamerpom [3, mmeem
y"(t) — 62(t) +4Sy = 202||ugs||3, orryIa, B crty onenxm (24), Bhrrexaer aucdepentmansoe
HEPABEHCTBO JIISl HHTErPAaJia SHePIHi

YOy (@) = S/ O + 150y(t) > . (30)

Cpasumbast (30) ¢ 0CHOBHBIM JiuchpepEHIIATEHBIM HEDABEHCTBOM /IS HHTEIPAJIa SHEPTHH
u3 [13], 3akmogaem, 4o ecm HOTPeOGOBATH BBIITOJIHEHHE YCIOBUIL

lellwy >0, M=(p,¥)+ (¥, ¢) >0, Sp< M2H90||;V221, (31)

2Ny
wi , M OI[EHKA CBEPXY

Bpemenn T* cymecTBoBanus Kaaccuaeckoro pemenunst ypasuenans (1):

TO HMeeT MecTo onenKa cansy narerpaa sueprun: y(t) = (|¢||

_1
T < N7l (32)

—-3/2 2
rae N = [lolly* /M2 = Sollelliyy-
Takum o6pazom, umeer MecTo

Teopewma 4. Ilycrs napamerpsi o,  n Hadasbabie pyakmnn o(x), ¥(x) 3azaan Komm (1),
(2) mogunnensr ycrosusm (31). Torma He cymecTByer ro6aIbHOIO 110 BpEMEHH KJIACCHIECKO-
ro pereHnusi ypaBHEHUs HM3IMOHbBIX KOJIEOAHHI HEJIMHEHHO-YIIPYTOro CTEPXKHS, T. €. DeIllleHHe
paspyiaercs 3a KoHedHoe BpeMms T, npmaeMm mMeer Mecto oreHka (32) a1 BpeMeHH cyire-
CTBOBaHHUA PEIICHUA.

BAMEYAHUE 3. Oterky (29) MOXKHO CYIIECTBEHHO YJIYUIIUTE, €CH BOCIOIB30BATHCS TTPH
[ > 0 mepaBeHCTBAMH, BHITEKAOIIMMY U3 SHEPreTHIecKnx paseHcTs (25) m (26): 1/2y"(t) <
2(t) < Sp, orxyma narerpupys, mmeem y(t) < y(0) + ' (0)t + Sot?.
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THE CAUCHY PROBLEM FOR THE EQUATION
OF BENDING VIBRATIONS OF A NONLINEAR-ELASTIC
ROD OF INFINITE LENGTH

Umarov Kh. G.

For the differential equation mentioned in the title of the article, the solvability of the Cauchy problem
in the space of continuous functions on the whole real axis by reducing to an abstract Cauchy problem
in a Banach space is studied. An explicit form of the solution of the corresponding linear equation is
found. The time interval for the existence of the classical solution of the Cauchy problem for a nonlinear
equation is established and an estimate of the norm of this local solution is obtained. The conditions for
the existence of a global solution and the destruction of the solution on a finite interval are considered.

Keywords: bending vibrations of a rod, Klein—-Gordon equation, strongly continuous semigroups of ope-
rators.
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OIHOCTOPOHHUE MHTEI'PAJIBHBIE OITEPATOPHI C OJIHOPO/JIHBIMNI
AAPAMU B I'PAH/I-TTIPOCTPAHCTBAX JIEBETA

C. M. Ymapxamakunes

Hocsauaemea 80-aemuto co OHa
poorcdernua npopeccopa A. B. Illabama

Tlosnyaenst mocraTounble m HEOOXOAUMBIE YC/IOBUS HA sIIPO W TPAHAU3ATOD JJIsi OTPAHUYEHHOCTU OIHO-
CTOPOHHUX WHTErPAJIHHBIX OTIEPATOPOB C OJHOPOJIHBIMY SI[PAMU B TPAaHI-TIPOCTPAHCTBAX Jlebera ma R4
u R"™, a Takke 1oJy4YeHbl JBYCTOPOHHUE OIEHKU I'PAH/-HOPM TaKuX orepatopoB. Kpome Toro, B ciaydae
PaguaIbHOTO dAApa IIOJIyYeHbl ABYCTOPOHHWE OIEHKH I HOPM MHOTOMEDHBIX OIIepaTOPOB B TePMHHAX

cdepuyecKuxX CpeJHNX U MMOKA3aHO, 9TO 3TOT Pe3yJIbTaT CUIbHEe, YeM HEPABEHCTBA JJIsl HOPM OTIEPaTOpOB
C HEPAIUAJILHBIM SIPOM.

KuaroueBsblie cjioBa: OJTHOCTOPOHHUN HHTETPAIBHBIIN OTIEPATOP, OMEPATOP C OTHOPOIHBIMHY SIIPAMU, TPAH]I-
mpocTpancTBo Jlebera, AByCTOpOHHUE OTEHKY, CHEPUTECKUE CPETHUE.

1. BBenenue

Mpr paccmaTpruBaeM MHOTOMEPHBIE WHTETPAJIBHBIE OIIEPATOPbI

K f@i= [ # @iy, K@= [ A @ofe)dn cer n>2

ly|<|=| ly[>|z|

¢ sapavu " (x,y) u T (x,y) oaHOPOMHBIMU CTENeHn —n, a IpU N = 1 — UX BepCUu Jist
HOJTYOCH:

K~ f(x) = / A () ) dy, K f(x) = / A,y f(y)dy, xRy,
0 T

B rpam-npocTpancTEax LY (R™) u 72 (R4) coorBercrBeHHO.

I'pang-tipocrpancTsa Jlebera Lp)(Q), 1 < p < 0o, o orpanudeHHoMy MHOXKecTBY () C R"
seesin T. Iwaniec u C. Sbordone [6] B cBsizu ¢ npuinoxkennsivu B uddepeHiuaibHbIX ypas-
Herusx. OmepaTopbl TapMOHMYECKOTO aHAIN3a WHTEHCHBHO MCCJIEIOBAIUCH B TAKUX IIPOCT-
PaHCTBAaX W OHU NPOJOKAIOT MPUBIEKATH BHUMAHUE MCCIEI0BATENEH B CBA3U C PA3JINIHBIMU
UX TPUIOKeHusIMUA. HeKoTopble U3 3TuX pe3yJabTaToB OTpazKeHbl B KHurax [8] u [9].

B crarbsx [3, 11, 12] npe/yioxKeH 10x0/1, NO3BOJISIONMI BBECTH I'PaH/I-IPOCTPAaHCTBA Jle-

bera Lg)(Q), 1 < p < oo, na muOokKectBax {2 C R"™ He 00s13aTe/IbHO KOHEYHOW MEpHI. DTOT

© 2017 Ymapxamxues C. M.
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NOAXO0J, OCHOBAH HAa BBEJICHUU B HOPMY I'DAHJ-IIPOCTPAHCTBA MAJIONH CTENeHUW HEOTPUIATEeb-
noit dynkumu a(x) (cm. (1)). D1y dbyHKIUIO, ONPEmeNSIONy0 TPAHI-IPOCTPAHCTBO L{?(Q),
Ha3bIBaEM 2pandusamopom. Takue rpang-mpoCcTpaHCcTBa, Lg)(Q) 7 JIEHCTBUS B HUX HEKOTOPBIX
OIEepPATOPOB FAPMOHIYECKOTO aHAJIN3a MCCIeI0BAINCh B paboTax (2, 4, 5, 15]. IIpeaiokennbie
B 9THUX paboTax TMOAXOIRI TIO3BOJININ PACCMATPHUBATH B TPAHI-TTPOCTPAHCTBAX TaKWe OTepaTo-
PBI, Kak moTenmman Pucca, oneparopsl Xapan u ap. B pa6ore [13]| 6bi1u HallIeHB! yCIOBUS HA
rpangmzaTop a(x), obecnednsaiomme crpaseaIuBoCcTh Teopembl CobosieBa /I TIOTEHIHAIA
Pucca B rpama-mpocTpancTBax Lg) (R™), u muccae10BaHO WX B3aMMOJICHCTBYE C TUTIEPCUHTY-
asgpabiMu nHTerpasiamu (cM. [10] oTHOCHTEILHO TMIEPCHHTYJISIPHBIX MHTEIPAJIOR).

WaTepec K MHTErpaIbHBIM OMEPATOPAM C OJHOPOJHBIMU SITPAMU CBA3AH C TEM, UTO KJIacC
TaKUX OMEPATOPOB COJAEPYKUT OIPOMHOE KOJUIECTBO PA3HOOOPABHBIX KJIACCUIECKUX OMEPATO-
POB, BO3HUKAOIMNX B MPUIOKEHUSIX, HATPUMED, OMEepaTopbl Xapau, orneparop l'mianbeprta,
BeCOBbIE TIOTEHIHAJbI Prcca, MakKopaHThl KOMMYTAHTOB CHHTYJISPHBIX omnepaTopoB Kabie-
POHaA — BI/IFMyH,Z[a CO CTETIEHHBbIMU BECaMU W MHOTUE ApPpYyrue.

B mammoit craThe MOyUeHBI JOCTATOYHBIE YCAOBUS HA TPAHIN3ATOP G, 0OECTIEUMBAO-
mue OTrPaHNYEeHHOCTH OJHOCTOPOHHUX MHTETPAJIHBIX OII€epaTOPOB OJHOMEPHBIX C OJHOPOIHBI-
MU /IpaMU CTeleHn —1 U MHOTOMEPHBIX C PaJUaIbHBIMUI OTHOPOTHBIMY sITPAMU CTEIIEHU —7
B rpas-npocTpaHcTBax Jlebera, a TakyKe MOJIyYeHbI OIEHKU CBepXy ux HOpM. OCHOBHBIE pe-
3YJIBTATHI COepKaTcd B TeopeMme 3.1 B ogHOMEpHOM Ciaydae, B TeopeMme 4.4 B ciaydae paam-
aJIbHOTO T'PaHIM3aTopa 1 B Teopeme 4.5 B ciydae HEPAIUaILHOIO TPAHIA3ATOPA.

O603nauenusa. R" — n-MepHOe eBKJIHI0BO mpocTpancTBo, Ry = (0,00); S"~! — ean-
mmanas cdepa B R™ ¢ mertpoM B Hauase xkoopaunat, [S™ | — ee mromaan; S7 = {r € R™ :

p

x| =1}, |S"7 = &ys B(xo,r) — map 5 R" paguyca r ¢ nenrpom B totke zo; p' = Py
2

2. IlpenBapuTtesbHbIE CBEIEHUS

2.1. I'pang-npocrpancrsa JleGera. O6osnaunmy LP(Q,w) = {f: ||f]lr(quw) < o0},
e
1
p

1 oo = / (@) Pu(z) de
Q

B cayuae w = 1 6yzem nucars LP(Q, w) = LP(Q).
Crnenyst pabore [3], onpejensiem rpan-mpocTpancTBa Jlebera Ha MHOXKeCTBaxX ) MpOmM3-
BOJIbHOTH (He 00s13aTe/IbHO KOHEYHOT) MEPBI PABEHCTBOM

@ = {7 Wl =, 50 N gy <0 L<p<oe ()
a 0<e<p—1 (Q,aP)

rje a(r) — Tpou3BOJIbHAST U3MepHUMasi HeoTpuraTeabHas QyHKius #Ha (), KOTOPYIO MBI HA3bI-
BaeM 2panduzamopom. Beibop rpanamzaTopa s OmpeneseHns TPAHI-TTPOCTPAHCTBA MOYKeT
JIUKTOBATHCS 3a[a9aMU JIJIsl UCCIEIOBAHNS TAKWX MPOCTpaHCcTB. B paborax [3, 11, 12| mpen-
nosaranock, ato a € L1(§)), uto rapantupyer Broxenme LP()) — LZ)(Q). B nannoit crarne
MBI umeeM fesio ¢ 2 = Ry wim Q = R™ u ipw paccMOTpeHnn onepaTopoB ¢ OTHOPOTHBIMH
SIIpAMU MBI HaXOIUM yIOOHBIM He 00s3aTe/bHO MPENoaraTb WHTErPUPYEMOCTh TDaH/IM3a-
TOpa B Hadase KOODJAWHAT W Ha OECKOHETHOCTH, HO BCETMA TIPE/MOJIATAEM €ro JIOKATLHYTO
WHTErpUPYEMOCTh BHE HAYAJIA KOODIAUHAT:

a(z) € LY(Bsy) mns mobrix 0 < < N < 00,
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e Bsy = {x : § < |z|] < N}, ¢ 3amenoit ciost Bsy na unrepsasn (0, N) B 0jHOMEPHOM
crydae.

Onpegenennoe TakuM 00pa3oM TPaHI-ITPOCTPAHCTBO 3aBUCHUT, BOOOIIE TOBOPS, OT BHIOOPa,
IPaHIM3aTOPa, XOTs PAa3HBIA BBHIOOP TPAHAM3ATOPOB MOXKET IPUBECTH K OJHOMY M TOMY 2Ke
rpan-tipocrpascTy (cm. [14]).

Ipu a € LY(Q) mveer MecTo Menodka BIOKeHHMit

LP(Q) — LP(Q) < [P1(Q,a7 ) < LP=22(Qa7), O<ej<es<p—1 (2

SAMEYAHUE 2.1. [Tpu 00bI9HO WCIIOIB3YEMOM OTIPEIEIEHUN IPaH I-IPOCTPAHCTRA Jlebera
Ha OTPAHMYEHHBIX MHOXKeCTBax ¢ a(x) = 1 Bceryia cnpaBeynBo Bioxkenune LP(Q)) — Lg)(Q),
T. €. B 9TOM CMBICJIE TPAH-TTPOCTPAHCTBO SBJSETCS PACITHPEHNeM KJIACCHIeCKOTO MPOCTPaH-
crea Jlebera. Cormacuo (2), aHATOTWYIHOE BJIOKEHHE HA MHOXKECTBAX OECKOHETHOIl Mephl ra-
parTupyercst yciosuem a € L1(Q). DTo ycmosme gacto mpejmonaraeTcs mpH PaCCMOTDEHHUH
IPAH/-TPOCTPAHCTB HA HEOTPAHWYEHHBIX MHOXKeCTBax (cM., Hampumep, |3, 13]), xors rpami-
OPOCTPAHCTBA Ha TAKNX MHOXKECTBaAX MOT'YyT PaCCMAaTPUBATHCA U 663 9TOr'0 yCJIOBUAI.

IMycts a(x) — momoxkuTeNbHAS BCIOMY KOHEUHas Ha noayocu Ry dyuxmnus. OyHKIUIO

- a(xt)
a(t) = z>% a(z)

(3)

Ha3bIBAIOT pacmasicenuem Pynkuyuu a (em. [1, c. 75]). Ormernm ciezyroime CBORCTBA pacTsi-
JKEHUN:

(aop) Ecin dynxnus z7a(z), v € R, He Bospactaer na Ry, T0 a,(t) < & st > 1,

(bo) Ecmu dyukmums xVa(z), v € R, me yopiBaer na Ry, 10 a.(t) < t% mas t < 1.

IIPUMEP 2.1. Ina bysknmn a(z) = 2~ M1+ 2)*7, A\, v € R, 2 € R, umeen

1 +m>A7

a.(t) =t sup ( T2

x>0 ¢~ min{A} t>1.

{t—max{M}, 0<t<l,

2.2. 06 onepaTopax € OJHOPOJHBIMU siAPaMHU. Bynem paccMaTpuBaTh OJHOMEPHBIE
oniepatopbl K B IPEINOIOKEHNN OJHOPOAHOCTH siapa # (z,y) crenern —1 u MHOrOMepHbIe
onepatopbl K B CJEIYIONUX MPEINOIOKEHUAX Ha 41p0 A (X, y):

(a1) # (z,y) OZHOPOTHO CTEHEHH —N;

(b1) S (x,y) waBapuanTHO OTHOCHTENLHO Bpamennii A (w(z),w(y)) = H# (z,y), rue w —
TIPOM3BOJILHOE Bparienne B R"™.

B kuwure |7, c¢. 69] mokazano, 9TO WHTErPAJIBI

[ 1@l dy. e s,
Rn
[ o F . s o<psw,
Rn
mpu yenousax (ap) u (by) me 3apucar ot o € S"! u § € S"! coorercTBERHO T

5 -z p
[l = [l woll 7w v = -
R™ R"
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JIerko Bu/ieTh, 9TO B PACCMaTPUBAEM CJIydae

/|%<a,y>\|y|?dy= / |, 0)| 1y dy. (4)

ly[=[x] ly|<]a] !

Mps1 Oy/iemM 110/1b30BATHCH 0003HAYEHUAMI

1

- Z/\Ji/_(l,yﬂy_;dy, P :Z/\%Jr(y,l)\y_
1 0

Y dy, n=1.

st ymobcTBa M3I0KEHUST MATEPUIA CTATHU B CAydae PAJUAIBHBIX SIEP:
H(x,y) =k (2], [y, A (2.y) = k(| |y),

¥ B OJHOMEPHOM CJIydae BBeJEM JBe (DyHKIINU

1
v (a) ;:/yk(t,l)yt“?/ dt, wt(a) ::/W(t,l)ytnlﬁ' dt, ack.

n

0

Ormernm, ato Ky (1) =%~ u Kf(l) = »t.

3. OgHOMepHBIi ciry4uaii

O603HaUUM

¢ (a):= sup /L}i’ z,1)| 2" T = mdi?,

O<e<p—1

1
ct(a) := sup /{%+ (2,1)] x,(p;),a*(x) 269 do.

O<e<p—1
0

Teopema 3.1. IIycts 1 < p < oo, pyuknun X~ (x,y) u K T (x,y) oaHOPOAHBI cTErEHNH
—1 n a — rpanau3arop Ha Ry.
1. Ecotn BemosHens! yeiaopus ¢ (a) < oo u ¢t (a) < 0o, To oneparopet K~ u KT coorset-

CTBEHHO OrpaHmIeHsl B rpanj-npoctpanctse Jlebera LY (R ), npu sTom

N ),y < €7 (@), KT ) < c(a). (5)

LP) LP) (R

I1. Ecin 27 a(x) me Bospacraer na R, jg1a mekoroporo v € R rakoro, uro k] (min{l,~}) <
< k] (min{1,~}). Ecmm 2*a(z) me y6pisaer ma Ry ans mekotoporo A € R
i,y < (max{1,A)).

II1. Iycrs a € L'(Ry). Ecim # ~(x,y) > 0 B cygae omeparopa K~ w 4+ (z,y) > 0B
caydaae oneparopa K+, 1o ycaosus s~ < 00 m T < 00 HEOOXOAMMBI IS OTPAHHIEHHOCTH

00, 10 || K~ HLP) ) S

TaKoro, 4To mf(max{l, A}) < oo, To || K|

oneparopos K~ u KT cooTBeTcTBeHHO B IpaH-IPOCTPAHCTBE Lg) (Ry) u npu srom

< 157 <IE N o m, (6)

LP(Ry)



74 Vmapxamxues C. M.

IV. B ciyuae rpanansaropa a(z) = x~ 1+ )27, A,y € R, yeaosus k] (min{1, \,7}) <

oo m ki (max{1,\,v}) < oo gocraroums:, mpu H ~(z,y) = 0 u X " (z,y) > 0 ycropus

+

k1 (max{1,\}) < oo m k] (min{1,~v}) < 0o HEOOXOAMMBI 15T OrpaHHYeHHOCTH 011epATOPOB K~

n Kt coorBercTBeHHO B rpaHI-mIpOCTPAHCTBE Lg) (Ry) m 11pm 9TOM CIIPDABEINBBI OIEHKH

ry (max{1,A}) < [[K7] < wp (min{1, A, 7}), (7)

LP (Ry)

o (min{1,7}) < [K*],p 5 < A7 (max{1,A,7). ®)

LY Ry)
B wacrnoctn, nipu A = v =1, X (z,y) = 0 u & " (x,y) > 0 oneparopsr K~ u K+ orpa-

HIU9eHsl B TpaHI-mpocTpancTse L ) (Ry) Torma m TospKO Torja, Korja x~ < 00 H xT < 00

coorBercrBeHHO, 1pH 31oM || K~ || = u|KT| =",

LP) ) LP)

< 1. JTokaxkem mepBoe HepaseHCTBO B (5), BTOPOE JOKA3BIBAETCA AHAIOTHIHO. Tak Kak
1., _
= [y & ~(1,t)f(xt)dt, To cuny mepasencra Munkosckoro B LP~ moyamm

1
p—e

1
1K ALy, oy < [ 1010 / PP )i dy bt
0

:/y 1tytps/\f )=<a ( —>% dt
:O/y;gf(u)ytp—la Zo\f(x)\psa(m)% [‘;EE;] dz - dt

1 —
_ 1 p(p €) ?
</1Jif—(1,t)yt < a, (—) /\f P~Ca(x)r do
0

[Tocne wHBEpCHN B IEPBOM MHTETPAJIE MOXKHO TIOJY9IATH JTOKA3BIBAEMOE HEPABEHCTBO.
I1. Jokaxkem onenky st || K~ ||

™

LD () B cuy cpoiicrsa pacrsikenust (ag) umeeM ay(t) <

t~7 mpu t > 1. [Tosromy
_ ,%, ey
K o) <0<r§12;<1/|<%/ (t,1)] ¢~ G 39 dt,

mocJie 4ero TpebyeMasi OlleHKa TOTydaeTcs MPIMBIM BBIUUCIEHNEM UHTETPaIa 1 HAX0XK IeHUEM
MaKCUMyMa.

Omnenka ms || K| HOJTy9aeTCsl aHAJIOTHIHO.

)
II1. JTokazkem oueﬂi}(ﬂigmy HOpMHBI omepaTopa K~ . BozbMeM MUHUMUBUPYIOIIee ceMeii-
cTBO (DyHKIINIT B BUIE
x_%H, 0<z<1,
0, > 1.

fs(z) =

Tak kax f5 € LP(Ry) mw a € LY(R,), 10 f5 € LZ)(R+) B cuty (2). U3 orpanmuennocTn
oneparopa K~ B IpaHI-IIPOCTPAHCTBE LZ) (R4) cienyer, uro oH onpejieneH Ha DyHKIMA f5.
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IIpn z < 1 numeem
1
K~ fs(z) = / A (L) fs(at) dt > rp(8) f(a),
0

rae kp(o fo ~(1,t) fs(t) dt. CnemoBaresbHo,

||K_f6HLZ)(R+)

K|l 0@ =
) 1550 1) .,

2> £p(6).

Ocraercst nepeiitit K nipegesty npu 6 — 0 M0 3HAKOM WHTErPATIa, OMPeEIISIONIEro Ky(d), 9To
000CHOBBIBAETCsT TeopeMoit JIeBu.

Onenka Hopmbl oneparopa K1 fokasbiBaercst aHaIoruaHo.

IV. Ilpaesie onenkn B (7) u B (8) nosyvaercs uz (5) HENOCPEICTBEHHBIMU BbIYUCIEHUSIMU
C Y9IeTOM TOrO, 9TO B 9TOM CJIydae CIPABEINBO PABEHCTBO (cM. mpumep 2.1)

= maX{A77}’ 0<t< 17
a(x) = 4~ min{A7} t> 1.

IMomyunm orenky cuusy HOpMBI || K || Bo3zpMeM MUHMMH3EPYIONIEE CEMEHCTBO

Lp) Ry)

x VT, 0<x<1,
fs(z) = {O

, x> 1,

dbyHKIWMI B BUIE

meé>0,uz1—%.HMeeM

1

sl 7 a

= p—¢

ML (ry) 0<§:2571 © gy A —op—e)
0

OTciofa IpOCTBIMI PaCCyKACHUIMA IOIYy9IaeM, 9To f5 € Lg) (Ry). Onennm K~ f5 morouedno
cauzy. meem npn 0 < x < 1

1

x

1
K~ fs(x (L) fs(xt)dt = =770 [ (1,0t dt
- /

0
1

1
= f(g(x)/Ji/ (1,0t dt > fs(x /% (1,8)t77 0 dt.
0 0

Otcroma moyaaem

_ HK flSHLP)(R
1= 7]
) Lg)(R

1
—v+6
Dy > / H (1,0t dt.
0

Y106l MOJYIUTH OTEHKY CHU3Y s || K || ocraerca Tepeiitn K mpejeny mpu § — 0.

LY (Ry)
[pemenbHBIil IEPexo] MO/ 3HAKOM MHTErpasia BO3MOXKEH B CHJIy T€OPeMbl JIern.
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Onenka cuuzy s |[KT|| [OJIyYaeTCsl AaHAJOTUYHO MTOCPEJICTBOM (DYHKIMN

L (Ry)

fé(x):{o, 0<z<1,

x 0 x> 1,
Fﬂ65>0,u:1—w.l>

4. MHOTOMEpHBIN ciaydait

4.1. Cayyaii paguaabHoro sjapa. OneHku yepe3 cdepudeckue cpeauue. B stom
MyHKTe MBI PACCMOTpUM Cry4ait paguabubix anep k- (|z|, [y|) u k1 (|z, |y|). B aTom cayuae mbt
HOJIy UM yTBEp2K/IeHIe 60/1ee CUILHOE, YeM IPOCTO OrPaHUYeHHOCTH onepatopos K~ u KT B

rpaHg-npocTpancTie. IMenno, Mbl MOJIydnM OIeHKH I HOPM HK’fHLg) (&) B HK*fHLg) &)

qepe3 chepuIecKue CpegHne

F(p) = gy [ Tloode
Sn—l

dyukmun f (cMm. Teopemy 4.1).
Mg OyaeM 10/Ib30BaATHC TaKKe CPepUIecKrM CPeIHUM IPAHIA3ATOPA A

1
A(p) = g / a(po)do, p€R;.
s

n—1

Muoromepnsie oneparop K~ u Kt crogsires k omnomepusiv oneparopam K~ u K1 ¢ s
pamu k~ u kT 1o dbopmytam

K™ f(x) = K F(|z]), K'f(z)=K"F(|), (9)

e k(p,7) = [S" Y p" k™ (p,r) u kT (p,r) = |S" L |p" kT (p,7), aT0 MOZBOMMT BOCTIONE-
30BATHCS PE3YAbTATAME JJI OJHOMEPHOTO CJIyYasl HA OCHOBAHUU JTOKA3LIBAEMON HUXKE JIeM-
Mol 4.1. OT™mernmM cieayroInue CIeJCTBrAsI U3 HepaBeHCTBa, Vecena:

[ alon) o <157AGP, 0<a <1, (10)
Snfl
q 1 q
|F'(p)] <W |f(po)|?do, q=>1. (11)
Sn—l

Jlemma 4.1. CrnpaseninBbl HEPABEHCTBA

Y HKJFfHLg)(Rn) < HK—’—FHL?(RJF)’ (]‘2)

HK_fHLg)(Rn) < HK_FHLP)(R+

~—

e
K F(p) = [F(pn)F0)dn. KYF() = [ (@)
0 0

1 n—1

F(p)=|S""rp 7 F(p), Alp)=[5"""p"""A(p),
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n—1

k™ (p,r) = [S"7Y (pprﬂ (o), Frpr) = Bk 1\(ppri’> k*(p,r).

< Cornacuo (9) nmeem
[ 1@ 0@ o= [ R FP [ atee)F dedp
R" 0
Torma B cuty (10)

[ 15 P Sat)f ar < |57 1</ K F A b

Rn
Orcrona mpsaMbIME TIPeOOPA30BAHUAMEI TPUXOJAUM K TepBOMYy HepasencTBy B (12). Bropoe
HEPaBEHCTBO JOKA3bBIBACTCA aHAJIOTUIHO. >

Jlemma 4.2. JLns paguanpaoii ¢pyHKIUA f COPABEIHBO COOTHOIIIEHUE
171 gy < 171 gy

1
e of (x) == GT] fSnfl a(|z|o) do.
< J1st I0Ka3aTeIbCTBA JOCTATOIHO B JIEBOI YaCTH IPUMEHUTH HepaseHcTBo (10), mepeiis
K TIOJISIPHBIM KOOD/IMHATAM. [>
Ciepyromasi ieMMa JIOKa3bIBACTCS aHAJIOTUYHO C TIOMOIBI0 HepasercTsa (11).
Jlemma 4.3. Ilycrs o (x) = A(|z|). Torpa

12 ) gy < 10 ey (13)

e F(x) == B l‘fSn 1 f(lzlo) do.

B cnemytomeit Teopeme MBI paccMaTpUBaeM HepaBeHCTBA BUIA

Al g ey < CNZ M ) geny» I £l ) gy C+||«?||Lp (R7)’ (14)

rie .7 (z) = F(|z|), a — npousBosibHbIil rpanu3aTop Ha R™, cdepudeckas cpejHsisi KOTOPOIro
pasua dyukuun & (x) = A(|z|), a Takke maeM OIEHKH CHU3Y W CBEPXY /I HAWIYUIINAX
koucranr C; u CfF 5 (14).

O6ozua M

d-(4) = |$"Y] sup. /!k (1) 75 AL ()7 dt,

0<e<p

a*(A) = 5" sup /|k+t1|tpsl V7T dt,

0<e<p

1

<, Z/\k_(l,yﬂy;’ldy, s r:/|k+(y,1)\y%1dy-
1 0
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Teopema 4.1. Ilycrs 1 < p < oo, A(|z|) — rpangusarop na R", ¢pynxunn k™ (|z|, |y|)
u kT (|z], |y|) onmoponmsr cremenn —n.

I. Ecim d(A) < oo, dt(A) < oo, 1o mepasencrsa (14) Bomonnsorca ¢ C~ = d~(A)
u CT = d*(A) coorsercrpenHo.

I1. Econ t7 A(t) He Bospacraer Ha R st Hekoroporo v € R rakoro, 4ro k,, (min{n,~v}) <
o0, o O~ < |S" Yk, (min{n,~}). Ecmu t*A(t) me y6wiBaer ma Ry mna mexoroporo A € R
takoro, uto K, (max{n,\}) < oo, To O+ < |S" Lk} (max{n, \}).

1. Ecmm o € LYR™) w k=(Jz|,ly|]) = 0, k¥ (|z|,|y|) = 0, To ycnosus s, < oo,
37 < 00 HEOOXOIHUMBI JIJIT OTPAHHIEHHOCTH 01nepaTopoB K~ u K~ COOTBETCTBeHHO B IpaHl-

NPOCTPAHCTBRE Lg) (Ry). IIpu srom it Hanay4ninx KoHctanT B HepaseHcrBax (14) cupases-
JIUBBI OI[€HKH
15" s, < CFy o |SMT st < CF (15)

IV. Ipw a(z) = |z|~ M1 + |2))}7, A,y € R, u HeoTpHIATETBHBIX f1€p HAILTYIIHE KOH-
crantol B (14) yg0BIE€TBOPSIIOT HEPABEHCTBAM

5"y (max{n,A}) < €y < |S"" | (min{n, A, 7}), (16)
‘S”_l‘m:(min{n,’y}) <Cf |S”_1‘f<c:{(max{n, A (17)
B gacrHOCTH, IDH \ = Y = N HMEIOT MECTO PABEHCTBA

Cy ="M, CF=]5""" 5}

<
<

< MokazaTeabCTBO TeopeMbl moaroToBieno jgemmoit 4.1. Ilpumensas Teopemy 3.1 B mpa-
BBIX JacTsx HepaBeHCTB (12), mocsie psifia TpOCTHIX Tpeobpa3oBaHuii OyIaeM yTBEPK/IeHIe
TEOPEMBI B JJOCTATOYHON YaCTH.

Hng mosyuenns oreHok HOpM cHu3y B mynkTax III m IV mepasencrsa (12) mempmmvenu-
mbl. Ho MBI BOCHOsb3yemest TeM, 9To Ha pajuaabHbix (yHknmsx mepasencrsa (10) n (11),
a CJIeJI0BaTeIbHO, M HepaBeHCTBa (12), npeBpamaioTcst B PABEHCTBA.

[Moayunm mepsyto onenky u3 (15). Pacemorpum MuHUMA3YIONTY 0 (DYHKITHIO

_ﬂ+6
PR (I
0, |z| > 1,

rme & > 0. OueBnmno fs € LP(R™) m, ciemoBaTensno, B cuty BKmouenns o/ € L'(R7),
fs € L’;) (R™). Beuuy paauanbHocTH f5 MMeem

1 ol oy = I Fsll )

~ ~ 1 n-1
rae A(p) = [S" " A(p), Fs(p) = gamry fgn-1 fs(po) do = |S" e p v f5(p).
Bocnonb3oBaBmucsy nepsbiM 13 HepaseHCTB (6), MOC/Ie HECTOKHBIX MPeodpa3oBaHmil Mmo-
JIY9IAM

HK7f5HLi‘)(Rn) > %;||F5HL12(R+) = ‘Snil‘%;HfJHLi)(Rn)'

Tem cambiv niepBoe u3 HepaseHCcTB (15) mokasano. Bropoe mosyuaercss aHagoruaHO mOCPeI-

cTBOM (byHKITHIHI
0, 0<|z| <1,
xXr) = n
fote) {rmw‘i ol > 1,
rae d > 0.

Jokazarensctso mepasencts (16) m (17) amasorm<Ho 10Ka3aTeNbCTBY HepaBeHCTB (7)
u (8). >
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4.2. O6mmit caydqaii. ObozHauMM

_ _ 1
Ky = A (e1,x) — dx,
ol ||

(p—e)
(" (a):= sup / {e/"i/ x, ey { IGA () ]M
O0<e<p—1

|z|>1 o] - T

i1
Bamernm, aro £~ (a) < flz|>1 | £~ (x,e1)| max {[a* |z|)] ¥’ W} dx, 9TO NOJyYaeTcs Bbl-

T

[as (Jz])] P(P—2)
YHCTIEHUEM SUD) ocp 1
|| (P—2)

Teopema 4.2. Ilycres 1 < p < oo, a = a(|z|), sapo # ~(x,y) oaHopoxHo crenenn —n
M HHBADHAHTHO OTHOCHTEJIbHO Bpamennii. Ecin ¢~ (a) < oo, To omeparop K~ orpanmden

B IPAHJ-IIPOCTPAHCTEE Lg) (R™) u

[l < (a). (18)

LB (Rr)

Ecmn 4~ (z,y) = 0 ma € LY(R"), To ycioBue K, < 00 HEOOXOJHMO LI TAKOIl OrpaHHYeH-
HOCTH H

< 157 (19)

L) (Rn)’

< Omnennm | K~ f]] cepxy. s sToro mpencrasuv K~ f(z) B BUzE

o)\ ;(auyn )‘ ;
<a<|y|>?> @ i) TP

[Ipumensas mepasencTBo ['énpaepa, moryanm
1
q/
W)l dy o

q
) dy. 3aMeHVB ¢ B BhIpaKeHun it A HA p — € U

Lr—<(Rn,a7)

Q|
ESRICY ISR

K f(x) = / " (2, )

ly|<|x|

Q|

B e| ¥ln

@iy [ \yyﬁy;gf(m,y),(izg’lil‘;

ly[<]z]

SIS

0 & = a1 (o] (2o

caenaB 3aMeHy nojaobust y — |x|y, nosydnm

ly|<1
B mocsieaem uHTErpasie cieaeM 3aMeHy Bparienus y = w(z), mpu KOTopoM w(eq) = ﬁ, rue

e1 = (1,0,...,0), u BOCTIOJIb3YEMCsI HEPABEHCTBOM

sup a(t)
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Hna nokazarenbcrsa onenkn caudy B (19) BO3bMEM MUHUMM3BMDYIOIIEE CeMeHCTBO (DyHK-
it B BUgie fs(x) = |x|7%+5(1 + |z|)~%. Tak xax fs € LP(R™) ma € L'(R"), 10 f5 € Lg)(R”)
B cuty (2). I3 orparudennocTu omnepatopa K~ B IpaH/I-MIPOCTPAHCTBE Lg) (R™) cnemyer, aro
oH omnpejeneH Ha yHKIUN fg5. MMmeem

K~ fs(x) = / A (er,y) f(|2ly) dy.

lyl<1

Jlerko mposeputsh, uto f5(xy) = fs(x)fs(y). Torma
K~ fs(z) > Ky (9) fs(z),
e k, (0) = f\y|<1 A (e1,y) f5(y) dy. CnenoBarensHo,

HK_f(SHLZ)(Rn)

K]
||f(5||Lg)(Rn)

Lg)(Rn) 2 2 K/; (5)

Ocraercs mepeiiTn K mpejaeny mpu 6 — 0 mMoJT 3HAKOM WHTErpaJsia, Ope e IAroNIero Ky (6), aro
obocHoBBIBaeTCa Teopemoii Jlepu. >

Amanorndnoe yTBeprKIeHNe CIPaBeIINBO U s onepaTopa K ¢ 3aMenoit K, m L~ (a) Ha

COOTBETCTBEHHO.

Asrop Boipaxkaer 6aarogapraocts npodeccopy C. I'. Camko 3a mosie3noe 06Cy K I€HNe Pe3yIbTATOR
paboThl ¥ AHOHUMHOMY PEIEH3EHTY 34 IEHHBIE 3aMEUAHUS.
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ONE-SIDED INTEGRAL OPERATORS WITH HOMOGENEOUS
KERNELS IN GRAND LEBESGUE SPACES

Umarkhadzhiev S. M.

Sufficient conditions and necessary conditions for the kernel and the grandiser are obtained under which
one-sided integral operators with homogeneous kernels are bounded in the grand Lebesgue spaces on R
and R". Two-sided estimates for grand norms of these operators are also obtained. In addition, in the case
of a radial kernel, we obtain two-sided estimates for the norms of multidimensional operators in terms of
spherical means and show that this result is stronger than the inequalities for norms of operators with
a nonradial kernel.

Key words: one-sided integral operators, operators with homogeneous kernels, the grand Lebesgue spaces,
two-sided estimates, spherical means.
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MATEMATUNYECKA{A 2KN3Hb

AJIEKCE1 BOPMCOBUY IITABAT

(k 80-y1eTHIO CO JHS POK/IEHMS)

Ncnomamnock 80 jer co OHSA POXKIEHUS BbITa-
FOIIEroCs MaTeMAaTuKa, Jaypeara TOCyIapCTBEHHOMN
npemun Poccutickoit @eneparinu B 0071aCTH HAYKU U
TeXHUKHU, TJIABHOTO HAYYHOrO COTpyaHuKa VHCTHTY-
Ta Teopernueckoi ¢uzuku um. JI. . Jlanmay PAH,
IOKTOpa (PUBNKO-MATEMATHIECKUX HAYK, TPOdecco-
pa Illabara Anekcess Bopucosuua.

Atekceit Bopucosuu [Mlabar poamics 8 aBrycra
1937 r. 8 MockBe B ceMbe Hay4IHBIX pabOTHUKOB. Bes
cosHaTebHas XKu3Hb ero poaureseit u A. B. Illa-
bara cea3ana ¢ MockoBckuM yHuBepcuteroMm. Oerr,
Bopunc Bragnvuposuu I11abat, 6611 n3BECTHBIM Ma-
TemaTukoM, ripodeccopom MI'Y mo kadeape hyHK-
[IMOHAJILHOTO aHAIN3d, ABTOPOM M3BECTHBIX yIeOHU-
koB «MeTonbl Teopun GyHKINI KOMILIEKCHOTO TIepe-
MEHHOTO» U «BBeeHne B KOMILUIEKCHBIN ana 3y, MaTh, Makaposa Ejnena Asekcannposra, —
CTaPIUM HayIHBIM cOTPyAHUKOM [ocymapcrBennoro acrponomudeckoro nacturyTta nm. [1. K.
[MIrepu6epra MI'Y. Bo Bpems BOiHBI BCsI €r0 ceMbsl, BMeCTe ¢ MoJjiofiexkbio MI'Y, mobsiBaia B
Amxabazne n Ceepmiioscke, B sBakyaruu. B 60-e rr. Ajtekceit BopucoBuda BozBpalmaics B 9Tu
MECTa B CBSI3U CO IMIKOJBHBIMU OJUMIINAATAMA, HO CJI€IbI SBAKYAIUU TOTEPSIUCH.

C 1954 o 1959 rr. yumjics Ha MeXaHUKO-MaTeMaTudeckKoMm ¢akyibrere MOCKOBCKOrO ro-
cynapctBennoro yamBepcutera nMm. M. B. JlomomocoBa. Pe3yabrarol, momydeHnble Ha 3 Kypce
Ha kadeape muddepeHuaababIX ypaBHEHUN 1m0 pykoBoacTBoM mpodeccopa M. U. Bumm-
Ka, OBLIN OMyOJIMKOBAHBI B JKypHAJIE «YCIEXyu MaTeMaTudeckKux Hayk» B 1962 r. Ero mepsbie
pabOoThI MOCBSIIEHBI KPAEBBIM 33a49aM JjIsi OOBIKHOBEHHBIX Iu((EepeHInaIbHbIX YPABHEHUN
C MaJIBIM [ApaMeTPOM IPHU CTApPIIeil MPOU3BOIHOM, TEOPUN SJIIUINTUIECKUX YPABHEHUN U pe-
MIEHUI0 Psifia 33129 KJIACCHIeCKoi rumpognuamuku. B 1963 1. 3amuTua KaHIUIATCKYIO JIIC-

cepTanuio <<O CKJIEMBAHUU TTOTEHIINAJIBHOTO U BUXPEBOTO Te4YeHUN HeCKMMaeMOt KUJIKOCTH»
B Uncruryre maremaruku CO AH CCCP (r. HoBocubupck) mos pyKOBOJICTBOM aKaIeMU-
ka M. A. JlaBperrheBa. B 1974 1. ycmemnrso 3amuTii JOKTOPCKYIO auccepramnuio «Omeparo-
pbI TTpeobpa30oBaHus U HEJUHEHHbIE YPABHEHUs» HA MEXaHHKO-MaTeMaTudecKoM (baxysapTere
MIY.

[Tocme oxomuamnums MIY mepeexan B HoBocmbupckuit AkamgeMropomok, tme paboTas
B Uncruryre rugpogunavukn Cubupckoro ormenenuss AH CCCP B TeopermyeckoMm OTie-
qe JI. B. Oscannukosa u B HoBocubupckom rocymapcrsernom yuusepcurere (1959-1973 rr.)
Ha Kadeape muddepennmanpabix ypasaeruii C. JI. Cobonesa. B Akagemroponke B KOHIE
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60-x Tr. OmpeaenaoCh, BO B3aumojeiicteun ¢ B. E. 3axapoBeiM, HayduHOE HalpaBJIeHHE pa-
60T, OpUEHTUPOBAHHBIX HA TMPUIOKEHUS MeTO/1a 00paTHOM 3a/1aun pacCessHus B COBPEMEHHOI
Maremarudeckoit ¢uzuke. B Ve, kyna A. B. [labar nepeexan B koure 1973 r., mporwin
15 jer mambosiee MpOAyKTUBHON HayuHOU yku3uu. CHauama oH paboras B Barmkupckom rocy-
napcreernom yausepcutere (Yda, 1974-1990 rr.) na xkadeape npodeccopa M. 1. Pamazano-
Ba, a 3arem B OTmesnie Gm3mkym u MaTeMaTwKu Bamkupcekoro duanana AkageMun HAyK MO
pykoBojcTBoM mpodeccopa B. U. XBocrenko. B Yde yaanock cozgars pabodyro TpyIimy, Ha-
nejeHHyo Ha npojsuxkenue uiaeii Codyca JIlu B Teoputo comuronos. [losryueHHbie pe3yibTaThl
obecrieunin 3TOW TPYIIE yUIeHBIX B Hauase 80-X IT. MEXKIyHAPOIHOE TPU3HAHUE U CHIIPAJIN
CBOIO POJIb B OypHOM O(OPMJ/ICHUN MATEMATAYECKAX ACIEKTOB TEOPUU COJUTOHOB U CaMOTO
moustust waTerpupyemoctu. C 1990 r. u mo nacrosiee Bpems [1la6ar A. B. paboraer B Unctu-
ryte Teopernueckoii dusukm wm. JI. 1. JTannay PAH (Yeproronoska) n ¢ 2007 r. mposoguT
muoro BpeMenu B KapaduaeBo-UepkecckoMm TOCyIapcTBEHHOM yHUBepcuTeTe uM. Y. JI. Anmesa,
re pykKoBoauT paboToil acimupaHToB HA (DUBUKO-MATEMATHIECKOM (DaKy/IbTETE.

MupoBy0 U3BECTHOCTH W MIPU3HAHWE HE TOJBKO MATEMATHKOB, HO U (DU3UKOB-TEOPETUKOB
MPUHECTH €My OCHOBOIIO/IATAOIINE PE3YIbTAThl B COBPEMEHHOW TEOPUU WHTETPUPYEMBIX CH-
CTeM, CBI3aHHBIE C PA3BUTHEM METO/a 00PATHON 33/1a9m PACCETHUS] — JKEMIYKUHbI MATEMa~
Taeckoit pusukn XX croserus.

A. B. [lTabar BHec dyHIaAMEHTAJBHBIN BKJIAJ B PA3BUTHE TEOPUU COJUTOHOB — HOBOTO
METO/Ia COBPEMEHHOI MaTeMaTHIeCKO (pU3NKH.

B 1970-1979 rr. um B coaBTopcTBe ¢ B. E. 3axaposbim 6bL1a co3/1ana u pa3paboTana obias
cxXeMa MHTErPUPOBAHUSI HEJIMHEHHBIX qudbdepeHnaabHbIX yPaBHEHN METOI0M 00paTHOI 3a-
Jlaqu pacCestHusl, M3BECTHAT BO BCEM MUPE KaK «METOJI OJ€BAHUA», WU METO]] 3aXapoBa —
[Ta6ara. Vmenno, nocsie 3uamenuroii paborsl [3axapoe B. E., IITadar A. B. Tounas Teopust
JIBYMEPHOI caMO(OKYCHPOBKHU U OJHOMEPHOIT ABTOMOJIY/ISIIIUY BOJTH B HEJTMHEHHBIX cpeax //
ZKITD. 1971. T.61, Ne1. C.118-134] «meros oOpaTHOl 3a/a4n PACCESHUsI> CTAJT METOJIOM.
B stu rompr [Tabar A. B. Takke omybaInKOBaI psjl MTHOHEPCKUX pabOT, PA3BUBAIOIMINX Me-
TOZ O0paTHO 3a/7a9n PacCedHWsl, W BIEPBbIE MCIIOIB30BAJ 3329y COIpsiKeHus Pumana —
I'mnwbepra mist perennst 00pPaTHOM 33a9W PACCESTHUS.

B xomre 70-x IT. OH NPUCTYNIWI K PEIIEHUIO 33429 KJIACCUPUKAIINA THTEIPUPYEMBIX yPaB-
Henuii. EMy npuHajiekuT TpUOPUTET UCIOJIB30BAHUS MATPUYIHON 3ajaun Pumana — ['uib-
Oepra JjisT TOCTPOEHWS PEITeHn yPABHEHUN, WHTETPUPYEMBIX METOI0M OOPATHON 3aatu.
s paborsr Haj 3TUM MpoekToM B Yde Oblia co3mana pabodast Tpymma, B KOTOPOil, KpoMme
yuennkos A. B. [Tabara (A. B. ZKubep, B. B. Cokonos, 1. T. Xabubymmuu, C. . Ceuno-
aymos, P. 1. dvunos, A. B. Amep), npuanmanu yaactue B pasubie rogst H. X. U6parnmos,
A. H. Jlesuos, A. B. Muxaiiios. B pesysbrare pabot 310it rpymibl 66110 ¢hOPMYIUPOBAHBI
npoctbie u 3 PEeKTUBHBIE KDUTEPUH HHTEIPUPYEMOCTH, SIBJIAIONINECT HEOOXOIUMBIMU YCIOBU-
SIMU CYIIIECTBOBAHUSI BBICITAX CUMMETPHUIl U 3aKOHOB COXPAHEHUSI.

A. B. [lITabarom B COTPYIHUUECTBE C YIEHUKAME MMOJTHOCTHIO OMUCAHBI W TTPOKJIACCHQDUITHI-
POBAHBI MHTErPUPYEMbIE CUCTEMBI YpaBHEHUIT Tua HejuHeiHOro ypaBuenus: [lIpeaunrepa u
JIArPAHKEBLI HEJINHEHHbBIE TIEITOYKN C B3AMMOIeHCTBAEM OJIMKANIIIX coce e,

B 1974 r. A. B. IllabaT oprannzyer MuUpOKO W3BECTHYIO, TEPBYIO B Poccun KoHbeEpeHInio
[0 TeOpUM COJTUTOHOB M METOIy 00paTHO# 3aaum paccesaus. Ha et cobpaiach Kak mesaa
BBIJTAIOIIUXCS YIEHBIX, TAK U MOJIOJIOE TIOKOJIEHUE.

B 80-e rr. ma ocrose mokasanuoit A. B. [IlabaToM TeopeMbl 0 CyIIECTBOBAHUY 000OIIIEHHOM
JIAKCOBOI TIAPBI JjIsT 9BOJIIOIUOHHBIX YPABHEHW, 001 IaI0IIX BBICIITUMU CUMMETPUSIMU, OB
PA3BUT CUMMETPHUNHBIA MONX0J K TpobJjieMe WHTErpupyeMocTu. B coTpyiHuYecTBe ¢ yUYeHu-
Kamu ObLu pazpaboranbl 3PEKTUBHBIE KPUTEPUN WHTEIPUPYEMOCTH, TaHO MCIEPITHIBAOIIEE
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ommMcanue n KjIacCuUKAINg WHTEIPUPYEMBIX HEJUHEWHBIX YPaBHEHUH, 0000IAIOINX aHU30-
TpomHyto Mozenb Jlangay — JIudmuma. Ormernm eme muka pador A. B. Ilabara (1987—
2000 rr.), BBIOJIHEHHBIX B COABTOPCTBE ¢ ero yaenankamu P. V. fvunoseiv u B. A. A atepowm,
B KOTOPOM 3aBepIlieHa KJACCU(pUKAIMS JATPAHXKEBBIX HEJUHEHHBIX IENOYeK € B3amMOeli-
CTBUEM OJIMKANIINX COCeIeit.

Paborer, Bemosaennbie A. B. Ila6atom B 90-e TT., TOCBAIMIEHB B OCHOBHOM Pa3BUTHIO
TEOPHUH TUCKPETHBIX cuMMeTpuii. VM paspaboTana JTOCTATOYHO 00IIas cXeMa JUCKPETU3AInn
CHHEKTPAJIBHBIX 3a/a9 U UCCJIEJOBAHBI PEIMETOYHBIC YDPABHEHNA JIJ1e1 OCHOBHBIX CIEKTPAJIbHBIX
zajad. B kauectse mpumoxkennit 3toit Teopun A. B. [IlabaToM ykazambl HOBBIE, TOUHO PeIria-
eMble 33291 OJHOMEPHOIW KBAHTOBOW MEXAHUKW C «apUPMETHIeCKUMU» CIIEKTPAMU U yCTa-
HOBJIEH psiJi MHTEPECHBIX (PAKTOB Jid ypaBHenuii Tumna llensese.

B 1996-1999 rr. A. B. Illabar (cosmectno ¢ B. E. 3axaposbiM) mojaydaer TpaHT Kak
PYKOBOJIUTE/IH HampasieHus: «MaTtemarndeckasi TeOpusi TOUYHO UWHTEIPUPYEMBIX HEJTUHEHHBIX
Mozeseity BemyIeit HayIHOHN TTKOIbI « Teopus HEJTUHEHHBIX BOJTHS.

Haunmas ¢ 1969 r. wnrepecst A. B. I1labara KOHIIEHTPUPYIOTCS HA PA3IUIHBIX BOMPO-
cax, CBA3AHHBIX C OTKPBITHIM B 1967 1. rpymnmoit amMepukanckux (Pu3NKOB-TEOPETUKOB HOBOTO
[O/IX0/1a K TEOPUHU HEJTUHENHBIX BOJIH. MaTeMaTnvyeckas CTOpOHA ITOM 3a/1a4Uu, N3BECTHAS 10T
HazBauueM «VHTerpupoBanue HEJTUHEHHBIX YPABHEHUN MATEMATHIECKON (DU3UKYI METOIOM 00-
paTHOI 3a/1a91 pacCesiHUsT», CI0KUIACH Oaromapst coBMecTHbIM paboram ¢ B. E. 3axaposbim,
HamncaHHeIM B Hadase 70-x rr. B HoBocubupceke. B macrosiimee Bpemst narepecs A. B. I11a6a-
Ta, KOHIIEHTPUPYIOTCA BOKPYT KJIACCHYIECKON 3a1a91 0 KOMMYTUPYIONUX J1uddepeHImaIbHbIX
orepaTopax B MHOT'OMEDHUHN.

A. B. [lTabar 6611 KOOpAUHATOPOM KOHCOPIMyMa Kinstein, KOTOpPBIH OPraHW30BaJ U TTPO-
Best ceputo coBMecTHBIX KoH(pepennuit NEEDS B Utanuu u Poccun. B 2001 . on monydaer
npurianienne B8 Maremarndecknit Unctnryr um. 1. Hetorona B Kembpuix kak Rothschild
Visiting Professor. B pasubie rogsr A. B. [llabar paGoran B yauepcuterax Puma, Magapuna,
Muwumamecorsr, Jladoopo, JIuaca, Mormense n ap.

A. B. [llabar — wien peakosiernii KypHajaos « Teopernueckas u MareMaTndecKas (HPU3H-
ka» (Mocksa), «¥Ydumcknii maremarnaeckuii Kypraay» (Yda), «BragnkaBkasckuii Marema-
ruaeckuii Kypraa» (Bragmkaskas), sxcnept Poccniickoro dhonma dbyHmaMeHTaIbHBIX UCCTE-
JIOBaHMit, WIeH TOKTOpcKoro guccepraruonaoro Cosera WucTuTyTa Teopetnydeckoit (hbuzmku
nwm. JI. JI. Jlammay PAH.

Cpemu ero yuenukos 6ostee 10 kammaumaToB u 6 TOKTOpOB HayK. B Hacrosinee BpeMst Ajex-
ceit Bopucosuu ycrertao pykosoauT paboroii rpynmsl acnupanToB Ha CesepHoMm Kaskase 1o
remaTuke «HTErpupyeMbie CUCTEMBI».

A. B. ITabar umeer 11 pazpsig mo anbmuamsMy. EMy MOKOPUINCHE MHOTHE BEPIIIWHBI MUPA.

[Mozmpasnstem Anekcess Bopucosnua ¢ 80-eTHrM 1o0mIeeM, KegaeM eMy KPErmKOTro 3710-
POBbA, CEMEMNHOTO 6HaFOHOﬂy‘II/IH " HOBBIX TBOPYECKUX YCIIEXOB.

A. B. Abanun, C. H. Acrabos, A. B. Bopucos, P. A. Bocmanos,

A. B. XKubep, B. E. Bazxapos, C. B. Kaumenmos, F). @. Kopobeiinu,
A. I Kycpaes, C. C. Kymamenadse, A. B. Muzxaiinos,

A. II. Condamos, X. I'. Ymapos, C. M. Ymapzadocues



BaumMmanuio aBTOpOB

Biagukaskazckuii Mmaremaruaeckuii xkypuan (BM2K) — mayunoe mepmommdeckoe m3ja-
HUE, BBIXOIsIIee YeThipe pa3a B roi. 2Kypuaua uzgaercs HOKHBIM MaTeMaTuaeCKuM WHCTUTY-
ToM — uanagom Biagukaskazckoro HaydHoro mentpa PAH.

K nybsmkanmuun 8 BM2K npunnmarorcs cratbu, comeprkaline HOBbIE PE3yJIbTaThl B 00/1a-
CTH MaTEMATUKU U CTaThu 0030pHOTO XapakTepa. CTaTbu, paHnee omybJUKOBAHHBIE, & TaK¥Ke
NpUHSTHIE K OMyOJNKOBAHUIO B JPYTHUX YKypPHAIAX, PeIKojerneii He paccmarpusatorcs. [1o-
crynuBiiue B pepakiuio BM2?K cratbu mpoxogar 06s3aTeibHOE HAYIHOE PerieH3uPOBAHME.

Tekcr craTbu J0/IKeH OBITH HAMKMCAH HA PYCCKOM WJIM AHTJIMICKOM SI3bIKE W TIATETHHO
BbiBepeH. B mauase cratbu ykasbisaercs ungexkc YK, @.I1.0. asropa(os), annoraius (He
comepkarmas popmys) u Kiodesbie cioBa. Hassarue craten, @.11.0. aBropa(oB), aHHOTAIINIO
U KJIIOUYEBBIE CJIOBA HEOOXOAUMO JIaTh HA QHTJIMHCKOM U PYCCKOM SI3BIKAX.

Cnucok JinTepaTyphbl evYaTaeTCs B KOHIIE TEKCTa CTAThU B MOPSIKE TTUTUPOBAHUS WU TI0
asipaBuTy. B HEM JOJKHBI OBITH yKa3aHBI: JJIsI CTATheil — aBTOP, MOJHOE HA3BAHUE CTATHH,
JKyPHAJI, TOJT U3/IaHWsI, TOM, HOMeD (BBIIMYCK ), CTDAHUIIBI HAYAIA U KOHI[A CTATHW; JJIsT KHUT —
aBTOP, TOJIHOE HA3BaHWE, TOPOJ, M3JATEJhCTBO, TOJ W3JaHUsl, 00IIee KOJUIECTBO CTPAHUIIL.
CcplIKn HA JIUTEPATYPY B TEKCTE JAIOTCA B KBAJPATHBIX CKOOKAX.

CraTbst MOAMUCHIBAETCA aBTOPOM (KOJJIEKTUBOM aBTOPOB) € yKazauueMm (haMuinu, nMeHu
M OTYECTBA, MOJHOTO TOYTOBOTO AJpeca, MeCTa PabOTHI, JOJTKHOCTH, TOJTHOTO CJIYKEOHOTO
aJipeca, aJipeca dJeKTPOHHON MOUThl U HOMepa TejedoHa.

O6mem mMarepuana goxken ObTh He 6otee 1,4 yemr. mew. smcros (& 12 crp. dopmara A4).
Crarbu 6oJibiiero o6bemMa MOTYT OBITH MPUHATHI K MYOJUKAIUU 110 PEIIEHUI0 PEJIKOJLIerun
B MCKJIIOUUTE/IBHBIX CJIydasiX.

Crarbio HEOOXOIUMO IMOJITOTOBUTH C UCHOJb30BaHmeM Makpomnakera LaTeX u odopmuth
COTVIACHO CTaHJAPTHBIM TPEOOBAHUSIM, MPEIbIBISIEMbIM K aBTOPCKUM opuruHaaiaMm. [Ipu mos-
roroBke aiijyia ocoboe BHUMAHUE CJie/iyeT OOpATUTh HA HEXKEeIATeJTHHOCTh HMCIOJTb30BAHUS
HOBBIX (BBOJMMBIX aBTOPOM TIpU HAOOPE) KOMAHIHBIX MOCIEI0BATENILHOCTEH, 0COOEHHO ¢ ma-
pamerpamvu. CjieryeT UCIOIB30BATh B OCHOBHOM CTaH/IAPTHBIE CPEJICTBA MaKponakeTa. Takxke
KpaiifHe HeXXeJIaTeabHO WMCIOoIB30BAThH 0e3 HeoOXoaAnMOCTH 3HaKM Tpobena. B pemaximio cra-
ThU HAMPABJATH 10 3JIEKTPOHHON modTe B Buje ps- wiau pdf-daiina u tex-daiina, gubo mo
[OYTe C MPUIOYKEHNEM 3JIEKTPOHHON BEpCHUMN.

CraTbu, comeprkalime PUCYHKH, PACCMATPUBAIOTCS TOJBKO TIOCTIE COTJIACOBAHUS C PEJIaK-
el TEXHUIECKUX BOTPOCOB TOITOTOBKU PUCYHKOB.

[Ipuaarsie k nmybaukanun B BMZK crarsbu mpoxomadaT pegakIimoOHHYIO MOATOTOBKY, TTOCTIE
Y€ro TeKCT CTAThbU HAMPABJAETCS aBTOPY Ha KOPPeKTypy. llaara 3a mybsukanuio He B3bIMa-
ercst.

ABropckre mpaBa Ha XKypHAJ B TeoM npuHatexRaT KKHOMY MaTeMaTHdeCKOMY WHCTH-
ryry — unnany BHII PAH u Pegkosiernn »)yprasa, KOTOpbie 061a1al0T UCKIIOIATETHHBIM
MPABOM TIOIyYaTh U PACIPEIETATh JIFOObIE TIaTeXK!, CBA3AHHBIE C TIEPEYCTYIKON aBTOPCKUX
paB Ha KypHAJ.

AJIPEC PEOAKIINN: 362027, Baamgukaska3, Mapkyca, 22
TENE®OH: (8672) 53-84-62;
E-MAIL: rio@smath.ru

3AB. PEIAKIUEN: Kubu3osa B. B.
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Tom 19

Beimyck 3

3aB. pemaknnmeii B. B. Kubusopa

Baperucrpuposan B PesepabHoii ciiyxkbe 0 HaA30py B cdepe cB#A3m,
WHMOPMAIMOHHBIX TEXHOJIOTHUH U MACCOBBIX KOMMYHUKAITAIA.
CaugerenscrBo o peructpamuu [TV Ne 77-50223 ot 15 urons 2012 1.

ITomnucamo B meuars 14.09.2017. Jara Beixoma B cser 18.09.2017.
®opwmar 6ymaru 60x841;. I'apu. mpudra Computer modern.
Vea. m.o . 10,00. Tupax 100 5x3. Ilena cBobomamHast.

Vupeauresp u u31aTENbD:
FOxmbrit maTemarudeckmit macTuTyT — duanan GPTBYH OHIT
«BnagukaBska3ckuit HaydHBIN 1IeHTD Poccuiickoil akameMun HayK»
362027, r. Bragukaska3, yi1. Mapkyca, 22.

Orneuarano UII IMonawnosoit A. FO.
362000, r. Bragukaska3, nep. IlaBmoBckmuit, 3.



