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G�Ê#Ë�Ì�Í�Î�Ï�ÐÑËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒSÖ9Ï�×�ÌÙØ~Ì�Ì�ÊÛÚÜÊ#ËIÎ�Ô�Ý'Þ2ß�Ì�ÝàÏ�Ê2ÝáÓ�ÔpÞ	Ê2ÝâËIÖ2Ì�ÚÜÎ?Ï�ã	ã	ÐÜÚhß�Ï�ËIÚhÔpÊ2ÒäÚÜÊåÏ�ã	ã	ÐÜÚhÌ�Ý

ÕæÏ�ËIÖ2Ì�ÕæÏ�ËIÚhß�Ò�Ï�Ê2ÝçÝ'ÚÜ×�Ì�Î�Ò�Ì�è9Ì�ÐhÝ	ÒBÔ�Ó~Ò�ß�ÚhÌ�Ê2ß�Ì�é�J7Ö2Ì1RAÏ�ÎIËIÐhÌ�ê¢ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ?ÚhÒ�Ï�Ê�ÚÜÊ#Ë�Ì�Í�Î�Ï�Ð9ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕæÏ�ËIÚhÔpÊ
ËIÖ9Ï�Ë�ÕæÏ�ã2Ò�ÏWÎ�Ì�Ï�Ð�ëv×�Ï�ÐÜÞ2Ì�ÝkË�Ì�Õçã~ÔpÎ�Ï�Ð~ÔpÎ�ÒIã9Ïpß�Ú�Ï�Ð2Ó�Þ	Ê2ß�ËIÚhÔpÊæÚÜÊ#Ë�Ô�ÏAÎ�Ì�Ï�Ð�ëv×�Ï�ÐÜÞ2Ì�ÝkÓ�Î�Ì�ì#Þ2Ì�Ê2ß�ê!Ó�Þ	Ê2ß�ËIÚhÔpÊæ×�Ú�Ï
ËIÖ2Ì�í�Ì�ÎIÊ2Ì�Ð2ß�ÏpÒ

(·) = cos(·)+sin(·) é�D1Ý'×�Ï�Ê#Ë�Ï�Í�Ì�ÒBÔ�Ó~RAÏ�ÎIËIÐhÌ�ê¢ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒ,ß�ÔpÕkÌ�Ò,Ô�×�Ì�Î,ËIÖ9Ï�ËBÔ�Ó~K2ÔpÞ	ÎIÚhÌ�ÎËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒ�ÒIÚÜÊ2ß�ÌWËIÖ2Ì�êîÏ�×�ÔpÚhÝîËIÖ2ÌWÞ2Ò�ÌWÔ�Ó,ß�ÔpÕçã	ÐhÌ�ï\Ï�ÎIÚÜËIÖ	ÕkÌ�ËIÚhßñð1Ö	Úhß�ÖòÎ�Ì�ÒIÞ	ÐÜË�Ò1ÚÜÊîÓvÏpÒIË�Ì�ÎEÏ�ÐÜÍ�ÔpÎIÚÜËIÖ	ÕkÒ�é
RAÏ�ÎIËIÐhÌ�êkËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒ1ß�Ï�ÊfÓ�Þ	ÎIËIÖ2Ì�Î�Ø~ÌAÏ�Ê9Ï�ÐÜê�ËIÚhß�Ï�ÐÜÐÜêcß�ÔpÊ#ËIÚÜÊ#Þ2Ì�ÝcÚÜÊ#Ë�Ô�ËIÖ2Ì=ß�ÔpÕçã	ÐhÌ�ïcã	Ð�Ï�Ê2Ì�ó	Ï�Ê2ÝkÓ�ÔpÎ7Î�Ì�Ï�Ð
Ó�Þ	Ê2ß�ËIÚhÔpÊ2Ò5ËIÖ2Ì�ê!Ï�Î�Ì7R=Ì�ÎIÕçÚÜËIÚ�Ï�ÊkÒIê�ÕçÕkÌ�ËIÎIê¢ÔpÎ5Î�Ì�ô9Ì�ß�ËIÚhÔpÊçÚÜÊ!ËIÖ2Ì�Î�Ì�Ï�Ð2Ï�ï'ÚhÒ�é�G�Ê!ËIÖ	ÚhÒBÏ�ÎIËIÚhß�ÐhÌ�ð�Ì7ß�ÔpÊ2ÒIÚhÝ	Ì�Î
Ï�Ê�ÚÜÊ#Ë�Ì�Í�Î�Ï�Ð5ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕõÎ�Ì�Ð�Ï�Ë�Ì�Ý\Ë�ÔfRAÏ�ÎIËIÐhÌ�ê�Ï�Ê2ÝaK2ÔpÞ	ÎIÚhÌ�ÎAËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒAÝ	Ì�è2Ê2Ì�ÝòÓ�ÔpÎEÓ�Þ	Ê2ß�ËIÚhÔpÊ2ÒAÔ�Ó�Ë�ð�Ô
×�Ï�ÎIÚ�Ï�Ø	ÐhÌ�Ò=ÏpÒ

Hρ,η
α,βf(ζ, ξ) =

1

2π

∫

R

∫

R

f(x, y)(α cos ζx+ β sin ζx)(ρ cos ξy + η sin ξy) dx dy, ö�÷�ø
ð1Ö2Ì�Î�Ì

(ζ, ξ) ∈ R2 ó R2 = R × R
Ï�Î�ÌòËIÖ2Ì\ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕù×�Ï�ÎIÚ�Ï�Ø	ÐhÌ�ÒîÏ�Ê2Ý

α
ó
β
ó
ρ
ó
η
Ï�Î�Ì�Ï�ÎIØ	ÚÜËIÎ�Ï�ÎIê

ß�ÔpÊ2ÒIË�Ï�Ê#Ë�Ò�é
DPÚÜÊ#×�Ì�Î�ÒIÚhÔpÊòÓ�ÔpÎIÕ¢Þ	Ð�ÏçÔ�Ó5ËIÖ2Ìñß�ÚÜË�Ì�ÝîÚÜÊ#Ë�Ì�Í�Î�Ï�Ð�Ø~ÌWß�Ï�ÊòÌ�ÏpÒIÚÜÐÜêcÎ�Ì�ß�Ô�×�Ì�Î�Ì�ÝîÓ�Î�ÔpÕ

(1)
Í�ÚÜ×�ÚÜÊ	Í

f(x, y) =
1

2π

∫

R

∫

R

Hρ,η
α,β(ζ, ξ)(α cos ζx+ β sin ζx)(ρ cos ξy + η sin ξy) dζ dξ. ö�ú�ø

G�ÊaÏæÒIã~Ì�ß�Ú�Ï�ÐMß�ÏpÒ�Ì�ó2Ó�ÔpÎ
α = β = 1

ó
ρ = η = 1,

ËIÖ2Ì¢ÚÜÊ#Ë�Ì�Í�Î�Ï�Ð5ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ
(1)

Ï�Ê2Ý\ËIÖ2Ì¢ÚÜÊ#×�Ì�Î�ÒIÚhÔpÊ
Ó�ÔpÎIÕ¢Þ	Ð�Ï

(2)
Ï�Î�ÌAÎ�Ì�ÒIã~Ì�ß�ËIÚÜ×�Ì�ÐÜêcÎ�Ì�Ý'Þ2ß�Ì�ÝîË�ÔçËIÖ2ÌñÝ	ÔpÞ	Ø	ÐhÌñRAÏ�ÎIËIÐhÌ�êfËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ

Ad
ã9Ï�ÚÜÎ ö Ò�Ì�Ì [10])

Ad(ζ, ξ) =
1

2π

∫

R

∫

R

f(x, y)(cos ζx+ sin ζx)(cos ξy + sin ξy) dx dy ö�û�ø
�
©
¹�ü�µI·���� ��ýM��z�|vw#þ���ÿ7�����
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Ï�Ê2Ý

f(x, y) =
1

2π

∫

R

∫

R

Ad(ζ, ξ)(cos ζx+ sin ζx)(cos ξy + sin ξy) dζ dξ. ö � ø
K	Þ	ÎIËIÖ2Ì�Î�ó2ð1ÚÜËIÖ\ÒIÚÜÕçã	ÐhÌñß�ÔpÕçã	Þ	Ë�Ï�ËIÚhÔpÊ2Ò�ó2ËIÖ2ÌWí�Ì�ÎIÊ2Ì�Ð�Ó�Þ	Ê2ß�ËIÚhÔpÊ

(cos ζx+ sin ζx)(cos ξy + sin ξy) = cas ζx cas ξy ö���ø
ÚÜÊ2ÒIÚhÝ	ÌWËIÖ2ÌWÚÜÊ#Ë�Ì�Í�Î�Ï�ÐMÒIÚÜÍ�Ê2Ò�ß�Ï�ÊîØ~ÌAð1ÎIÚÜËIË�Ì�ÊaÏpÒ

cas ζx cas vy = cos(ζx− ξy) + sin(ζx+ ξy). ö���ø
R=Ì�Ê2ß�Ì�ó	ËIÖ2ÌWÚÜÊ#Ë�Ì�Í�Î�Ï�ÐM@Bì#Þ9Ï�ËIÚhÔpÊ2Ò

(3)
Ï�Ê2Ý

(4)
ß�Ï�Ê�Ï�ÐhÒ�Ô�Ø~ÌAÎ�Ì�Ï�ÎIÎ�Ï�Ê	Í�Ì�ÝòÚÜÊòË�Ì�ÎIÕkÒ�Ô�Ó

(6)
ÏpÒ

Ad(ζ, ξ) =
1

2π

∫

R

∫

R

f(x, y)(cos(ζx− ξy) + sin(ζx+ ξy)) dx dy ö���ø
Ï�Ê2Ý

f(x, y) =
1

2π

∫

R

∫

R

Ad(ζ, ξ)(cos(ζx− ξy) + sin(ζx+ ξy)) dζ dξ, ö���ø
Î�Ì�ÒIã~Ì�ß�ËIÚÜ×�Ì�ÐÜê�é

� êcÒ�Ì�ËIËIÚÜÊ	Í
α = 1, β = i, ρ = 1

Ï�Ê2Ý
η = i,

ð�ÌñÝ	Ì�ÎIÚÜ×�ÌWËIÖ2ÌWÝ	ÔpÞ	Ø	ÐhÌñK2ÔpÞ	ÎIÚhÌ�Î�ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ
F d ã9Ï�ÚÜÎ�ó

F d(ζ, ξ) =
1

2π

∫

R

∫

R

f(x, y)(cos ζx+ i sin ξx)(cos ζy + i sin ξy) dx dy ö���ø
Ï�Ê2Ý

f(x, y) =
1

2π

∫

R

∫

R

F d(ζ, ξ)(cos ζx+ i sin ξx)(cos ζy + i sin ξy) dζ dξ. ö�÷���ø
� êæÓvÏpß�Ë�ÔpÎIÚÜÊ	Í

Ad(ζ, ξ)
ÚÜÊ#Ë�ÔkÌ�×�Ì�Ê�Ï�Ê2ÝòÔ�Ý	Ýîß�ÔpÕçã~ÔpÊ2Ì�Ê#Ë�Ò�ó

Ad(ζ, ξ) = Ed(ζ, ξ) +Od(ζ, ξ)
ó	ð1Ö2Ì�Î�Ì

Ed(ζ, ξ) =
1

2π

∫

R

∫

R

f(x, y) cos(ζx− ξy) dx dy ö�÷�÷�ø
Ï�Ê2Ý

Od(ζ, ξ) =
1

2π

∫

R

∫

R

f(x, y) sin(ζx− ξy) dx dy ö�÷�ú�ø
ð�ÌWÍ�Ì�Ë

F d(ζ, ξ) = Ed(ζ, ξ)− iOd(ζ, ξ)
Ï�Ê2Ý

Ad(ζ, ξ) = ReF d(ζ, ξ) + ImF d(ζ, ξ). ö�÷�û�ø
QAÌ�Ê2ÔpË�Ì�Ø#ê

L 2 ËIÖ2Ì�F�Ì�Ø~Ì�ÒIÍ�Þ2ÌçÒIã9Ïpß�Ì�Ô�Ó�ÚÜÊ#Ë�Ì�Í�Î�Ï�Ø	ÐhÌ�Ó�Þ	Ê2ß�ËIÚhÔpÊ2ÒñÔ�×�Ì�Î R2;
ËIÖ2Ì�Ê�ËIÖ2Ì�ß�ÔpÊ#×�ÔpÐÜÞ	ËIÚhÔpÊ

ã	Î�Ô�Ý'Þ2ß�ËEÔ�Ó
f(x, y)

Ï�Ê2Ý
g(x, y)

ÚÜÊ
L 2 ÚhÒ�Ý	Ì�è2Ê2Ì�ÝîØ#ê

(f ∗2 g)(x, y) =
∫

R

∫

R

f(t, w)g(x − t, y − w) dt dw.

 ÌñÒIË�Ï�Ë�ÌñÏ�Ê2Ýîã	Î�Ô�×�ÌñËIÖ2ÌAÓ�ÔpÐÜÐhÔ�ð1ÚÜÊ	ÍkËIÖ2Ì�ÔpÎ�Ì�Õòé
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f(x, y), g(x, y) ∈ L 2.
�'*
�	�,+-��* 
/.0�

Hρ,η
α,β(f ∗2 g)(ζ, ξ) = J(ζ, ξ)G(ζ, ξ),

+�*
���1�
J(ζ, ξ)


��
�
G(ζ, ξ)



�1�32 �4.0�	��56��
�*
�����7
8� 2 � 

�9�

J(ζ, ξ) =

∫

R

∫

R

f(t, w) cos(tζ) cos(wξ) dt dw


��
�

G(ζ, ξ) =

∫

R

∫

R

4βη sin(ζz) sin(rξ)g(z, r) dz dr.

C
F�Ì�Ë

f(x, y), g(x, y) ∈ L 2.
J7Ö2Ì�ÊòØ#êfÞ2ÒIÚÜÊ	ÍkËIÖ2Ìñß�ÔpÊ#×�ÔpÐÜÞ	ËIÚhÔpÊ\ã	Î�Ô�Ý'Þ2ß�Ë1Ó�ÔpÎIÕ¢Þ	Ð�Ïçð�ÌWÖ9Ï�×�Ì

Hρ,η
α,β

(
f ∗2 g

)
(ζ, ξ) =

∫

R

∫

R

(
f ∗2 g

)
(x, y)(α cos(xζ) + β sin(xζ))

×(ρ cos(yξ) + η sin(yξ)) dx dy

=

∫

R

∫

R

(∫

R

∫

R

f(t, w)g(x − t, y − w) dt dw

)

×(α cos(xζ) + β sin(xζ))(ρ cos(yξ) + η sin(yξ)) dx dy.

[�Ö9Ï�Ê	Í�ÌñÔ�Ó5×�Ï�ÎIÚ�Ï�Ø	ÐhÌ�Ò
x− t = z

Ï�Ê2Ý
y − w = r

ÚÜÕçã	ÐÜê
dx = dz

Ï�Ê2Ý
dy = dr

Ï�Ê2ÝcÖ2Ì�Ê2ß�Ì

Hρ,η
α,β

(
f ∗2 g

)
(ζ, ξ) =

∫

R

∫

R

f(t, w)

∫

R

∫

R

g(z, r)(α cos ζ(z + t) + β sin ζ(z + t))

×(ρ cos ζ(r + w) + η sin(r + w)ξ) dz dr dt dw.

� ê¢Ï�ÚhÝ!Ô�Ó9ËIÖ2ÌBÓvÏpß�Ë�Ò
cos(α+β) = cosα cos β−sinα sinβ

Ï�Ê2Ý
sin(α+β) = sinα cos β−sinβ cosαÏ�Ê2ÝîÞ2ÒIÚÜÊ	ÍkÒIÚÜÕçã	ÐhÌñß�ÔpÕçã	Þ	Ë�Ï�ËIÚhÔpÊ2ÒEð�ÌWÍ�Ì�Ë

Hρ,η
α,β

(
f ∗2 g

)
(ζ, ξ) =

∫

R

∫

R

f(t, w)σ(t, w) dw dt, ö�÷ � ø
ð1Ö2Ì�Î�Ì

σ(t, w) = cos(tζ) cos(wv)

∫

R

∫

R

g(z, r)(α cos(zζ) + β sin(zζ))× (ρ cos(rξ) + η sin(rξ)) dz dr

− cos(tζ) sin(wξ)

∫

R

∫

R

g(z, r)(α cos(zζ) + β sin(zζ))× (ρ sin(rξ)− η cos(rξ)) dz dr

− sin(tζ) cos(wξ)

∫

R

∫

R

g(z, r)(α sin(zζ)− β cos(zζ)) (ρ cos(rξ) + η sin(rξ)) dz dr

+ sin(tζ) sin(wξ)

∫

R

∫

R

g(z, r)(α sin(zζ)− β cos(zζ))× (ρ sin(rξ)− η cos(rξ)) dz dr.
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R=Ì�Ê2ß�Ì�ó	ÚÜÊî×�ÚhÌ�ðPÔ�Ó

(15)
ó2ð�ÌWÍ�Ì�Ë

Hρ,η
α,β

(
f ∗2 g

)
(ζ, ξ) =

∫

R

∫

R

f(t, w)




cos(tζ) cos(wξ)
(
Hρ,η
α,βg(ζ, ξ)

)
−

cos(tζ) sin(wξ)
(
Hρ,−η
α,β g(ζ, ξ)

)
−

sin(tζ) cos(wξ)
(
Hρ,η
α,−βg(ζ, ξ)

)
+

sin(tζ) sin(wξ)
(
Hρ,−η
α,−βg(ζ, ξ)

)



dt dw

=
((
Hρ,η
α,β −Hρ,−η

α,β −Hρ,η
α,−β +Hρ,−η

α,−β

)
g
)
(ζ, ξ)

∫

R

∫

R

f (t, w) cos(tζ) cos(wξ) dt dw.

J7Ö	ÚhÒEß�Ï�ÊîØ~ÌAã	Þ	Ë�ÚÜÊ#Ë�ÔçËIÖ2ÌAÓ�ÔpÎIÕ
Hρ,η
α,β

(
f ∗2 g

)
(ζ, ξ) = Ψ(g)(ζ, ξ) × J(ζ, ξ), ö�÷���ø

ð1Ö2Ì�Î�Ì
Ψ = Hρ,η

α,β − Hρ,−η
α,β − Hρ,η

α,−β + Hρ,−η
α,−β.

J�Ô ß�ÔpÕçã	ÐhÌ�Ë�Ì�ËIÖ2Ì\ã	Î�Ô�Ô�Ó!Ô�ÓñËIÖ2Ì�ËIÖ2Ì�ÔpÎ�Ì�Õòó�ÚÜËfÚhÒ
ÒIÞ��æß�ÚhÌ�Ê#ËIÐÜêòÌ�Ê2ÔpÞ	Í�Öòð�ÌñÒIÖ2Ô�ð ËIÖ9Ï�Ë

Ψ(g)(ζ, ξ) = J(ζ, ξ).� êîÏ�ÚhÝòÔ�Ó
(15)

ð�ÌñÝ	Ì�ÎIÚÜ×�Ì

Ψ(g)(ζ, ξ) =
((
Hρ,η
α,β −Hρ,−η

α,β −Hρ,η
α,−β +Hρ,−η

α,−β

)
g
)
(ζ, ξ)

=

∫

R

∫

R

(α cos(zζ) + β sin(zζ))2η sin(rξ) g(z, r) dz dr

−
∫

R

∫

R

(α cos(zζ)− β sin(zζ))2η sin(rξ) g(z, r) dz dr.

R=Ì�Ê2ß�Ì�ó	ÚÜË7Ó�ÔpÐÜÐhÔ�ð�Ò�ËIÖ9Ï�Ë

Ψ(g)(ζ, ξ) =

∫

R

∫

R

4βη sin(zζ) sin(rξ) g(z, r) dz dr = J(ζ, ξ).

R=Ì�Ê2ß�ÌWËIÖ2ÌWËIÖ2Ì�ÔpÎ�Ì�Õ ÚhÒ�ß�ÔpÕçã	ÐhÌ�Ë�Ì�ÐÜêîã	Î�Ô�×�Ì�Ý�é
B

� _��òo���Å�npo��5È�Å�osÆ�Ä�l2e
Hρ,η
α,β

Å�n�l2Ä��
	�Æ9npj��

QAÌ�Ê2ÔpË�ÌWØ#ê
T 2 ËIÖ2ÌñÒIã9Ïpß�ÌWÔ�Ó,ÒIÕkÔ�ÔpËIÖîÓ�Þ	Ê2ß�ËIÚhÔpÊ2Ò�Ô�×�Ì�Î ϕ Ý	Ì�è2Ê2Ì�Ý\ÔpÊ R2 ÒIÞ2ß�ÖòËIÖ9Ï�Ë

℘k,K(ϕ) = sup
x∈K

∣∣Dkϕ(x)
∣∣ <∞,

ð1Ö2Ì�Î�ÌæËIÖ2ÌæÒIÞ	ã	Î�Ì�Õ¢Þ	ÕÛËIÎ�Ï�×�Ì�Î�Ò�Ì�ÒçÏ�ÐÜÐ�ß�ÔpÕçã9Ïpß�Ë�ÒIÞ	Ø2Ò�Ì�Ë�Ò
K
Ô�Ó

R2 é�QAÌ�Ê2ÔpË�ÌkØ#ê T
′

2 ËIÖ2Ìæß�ÔpÊ
��Þ	Í#Ï�Ë�ÌÒIã9Ïpß�Ì
T 2 Ô�Ó�Ý'ÚhÒIËIÎIÚÜØ	Þ	ËIÚhÔpÊ2Ò1Ô�Ó�ß�ÔpÕçã9Ïpß�Ë7ÒIÞ	ã	ã~ÔpÎIË�Ò�Ô�×�Ì�Î R2.

J7Ö2Ì�Ê�ó�Ý'Þ2Ì�Ë�Ô��5Ï�ËIÖ9Ï�í
[13], T 2 Ý	Ì�è2Ê2Ì�ÒÏæÊ2ÔpÎIÕ Ï�Ê2Ý�ËIÖ2Ì�ß�ÔpÐÜÐhÌ�ß�ËIÚhÔpÊ

℘k,K
ÚhÒAÒ�Ì�ã9Ï�Î�Ï�ËIÚÜÊ	Í2é�R=Ì�Ê2ß�Ì!ÚÜËWÝ	Ì�è2Ê2Ì�ÒñÏæRAÏ�Þ2Ò�Ý��ÔpÎ��ÑË�Ôpã~ÔpÐhÔpÍ�ê�ÔpÊ

T 2.G�Ë1ÚhÒ�Ì�ÏpÒIêfË�Ô�Ê2ÔpËIÚhß�ÌñËIÖ9Ï�Ë�ËIÖ2ÌAí�Ì�ÎIÊ2Ì�Ð�Ó�Þ	Ê2ß�ËIÚhÔpÊ
K(ζ, ξ, x, y) = (α cos(ζx) + β sin(ζx))(ρ cos(ξy) + η sin(ξy)) ö�÷���ø

Ô�Ó
(1)

ÚhÒEÏ�ÕkÌ�Õ¢Ø~Ì�ÎEÔ�Ó
T 2 Ï�Ê2ÝîÖ2Ì�Ê2ß�Ì�ó	ÐhÌ�ÏpÝ	Ò�Ë�Ô�ËIÖ2ÌWÍ�Ì�Ê2Ì�Î�Ï�ÐÜÚ���Ì�Ý\Ý	Ì�è2Ê	ÚÜËIÚhÔpÊ

Ĥρ,η
α,βf(ζ, ξ) = 〈f(x, y),K(ζ, ξ, x, y)〉 , ö�÷
��ø

ð1Ö2Ì�Î�Ì
f
ÚhÒEÏ�Ê\Ï�ÎIØ	ÚÜËIÎ�Ï�ÎIêîÝ'ÚhÒIËIÎIÚÜØ	Þ	ËIÚhÔpÊ\ÚÜÊ

T
′

2.
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K	Þ	ÎIËIÖ2Ì�Î=ÒIÚÜÕçã	ÐhÌAã	Î�Ôpã~Ì�ÎIËIÚhÌ�ÒEÔ�Ó

Ĥρ,η
α,β

ß�Ï�ÊòØ~ÌWÝ	Ì�ÎIÚÜ×�Ì�ÝcÓ�Î�ÔpÕ
(17)

ÏpÒ7Ó�ÔpÐÜÐhÔ�ð�Ò��
#%$'& Æ9n & j � _�( ��


f(x, y) ∈ T
′

2 * 
�*
�	�,+-��* 
/.0�
(i) Ĥρ,η

α,β

�9� +-��� ���!� ��� �
� ���

(ii) Ĥρ,η
α,β

�9� � ���
� 

���

(iii) Ĥρ,η
α,β

�9� ���
� 
8�"���
���

(iv) Ĥρ,η
α,β

�9� 
�� 

� � 
 �	� 
��
�

∂Ĥρ,η
α,β

∂ζ
f(ζ, ξ) =

〈
f(x, y),

∂

∂ζ
K(ζ, ξ, x, y)

〉


��
�

∂Ĥρ,η
α,β

∂ξ
f(ζ, ξ) =

〈
f(x, y),

∂

∂ξ
K(ζ, ξ, x, y)

〉
.

C
�,Î�Ô�Ô�ÓBÔ�Ó �5Ï�ÎIË

(i)
Ó�ÔpÐÜÐhÔ�ð�Ò�Ó�Î�ÔpÕ

(16).
J�Ôkã	Î�Ô�×�Ì��5Ï�ÎIË

(ii)
F�Ì�Ë

α ∈ R
Ï�Ê2Ý

Ĥρ,η
α,βf

ó
Ĥρ,η
α,βg

Ø~Ì
ËIÖ2Ì

Ĥρ,η
α,β

ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒEÔ�Ó
f
Ï�Ê2Ý

g ∈ T
′

2,
Î�Ì�ÒIã~Ì�ß�ËIÚÜ×�Ì�ÐÜê�é9J7Ö2Ì�Êòð�ÌWÖ9Ï�×�Ì

α∗
(
Ĥρ,η
α,βf + Ĥρ,η

α,βg
)
= 〈α∗(g(x, y) + f(x, y)),K(ζ, ξ, x, y)〉 .

� êfËIÖ2ÌWß�ÔpÊ2ß�Ì�ã	Ë=Ô�ÓBÏpÝ	Ý'ÚÜËIÚhÔpÊ\Ô�Ó,Ý'ÚhÒIËIÎIÚÜØ	Þ	ËIÚhÔpÊ2ÒEð�ÌWÍ�Ì�Ë
α∗
(
Ĥρ,η
α,βf + Ĥρ,η

α,βg
)
(ζ, ξ) = 〈α∗f(x, y),K(ζ, ξ, x, y)〉 + 〈α∗g(x, y),K(ζ, ξ, x, y)〉 .

R=Ì�Ê2ß�Ì�ó2Ò�ß�Ï�Ð�Ï�Î1Õ¢Þ	ÐÜËIÚÜã	ÐÜÚhß�Ï�ËIÚhÔpÊ�ÚÜÊòËIÖ2ÌñÒIã9Ïpß�Ì
T

′

2 ÚÜÕçã	ÐÜÚhÌ�Ò
α∗
(
Ĥρ,η
α,βf + Ĥρ,η

α,βg
)
(ζ, ξ) = α∗Ĥρ,η

α,βf + α∗Ĥρ,η
α,βg.

J7Ö	ÚhÒ�ß�ÔpÕçã	ÐhÌ�Ë�Ì�ÒEËIÖ2ÌAã	Î�Ô�Ô�Ó,Ô�Ó5ËIÖ2ÌWÐÜÚÜÊ2Ì�Ï�ÎIÚÜË�ê\Ï�ï'ÚhÔpÕ Ô�Ó
Ĥρ,η
α,β

é
J�Ôâã	Î�Ô�×�Ì ËIÖ9Ï�Ë

Ĥρ,η
α,β

ÚhÒ ÔpÊ2Ì�ëvË�Ô�ë�ÔpÊ2Ì�ó ð�ÌõÏpÒ�ÒIÞ	ÕkÌ
Ĥρ,η
α,βf = Ĥρ,η

α,βg.
J7Ö2Ì�Êùð�Ì Ö9Ï�×�Ì

〈f(x, y),K(ζ, ξ, x, y)〉 = 〈g(x, y),K(ζ, ξ, x, y)〉 . R=Ì�Ê2ß�Ì
〈f(x, y)− g(x, y),K(ζ, ξ, x, y)〉 = 0

ÚÜÊîËIÖ2ÌñÝ'ÚhÒIËIÎIÚÜØ	Þ	ËIÚhÔpÊ9Ï�ÐMÒ�Ì�Ê2Ò�Ì�é2J7Ö2Ì�Î�Ì�Ó�ÔpÎ�Ì�ó	ÚÜË1Ó�ÔpÐÜÐhÔ�ð�Ò�ËIÖ9Ï�Ë
f(x, y) = g(x, y).

J7Ö	ÚhÒ�ã	Î�Ô�×�Ì�Ò �5Ï�ÎIË
(iii)

é
J�Ôçã	Î�Ô�×�Ì �5Ï�ÎIË

(iv)
ð�ÌWÎ�Ì�Ó�Ì�Î�Ë�Ô

[13]
é9R=Ì�Ê2ß�ÌWËIÖ2ÌAã	Î�Ô�Ô�Ó5ÚhÒ�ß�ÔpÕçã	ÐhÌ�Ë�Ì�Ý�é

BJ7Ö2ÌñÔpã~Ì�Î�Ï�ËIÚhÔpÊ ∗2 ß�Ï�ÊòØ~ÌWÌ�ï'Ë�Ì�Ê2Ý	Ì�ÝîË�Ô T
′2 ÏpÒ

〈
f(x, y) ∗2 g(x, y), ϕ(x, y)

〉
= 〈f(x, y), 〈g(t, w), ϕ(t + x, y + w)〉〉 .

 ÌñÒIË�Ï�Ë�ÌAð1ÚÜËIÖ2ÔpÞ	ËEã	Î�Ô�Ô�Ó5ËIÖ2Ì=Ó�ÔpÐÜÐhÔ�ð1ÚÜÊ	ÍæËIÖ2Ì�ÔpÎ�Ì�Õòé
#%$'& Æ9n & j�
�_�( ��


f(x, y), g(x, y) ∈ T
′2.

�'*
�	�,+-��* 
/.0�

Ĥρ,η
α,β

(
f(x, y) ∗2 g(x, y)

)
(ζ, ξ) = J(ζ, ξ)G(ζ, ξ),

+�*
���1�

G(ζ, ξ) = 4βη 〈g(t, w), sin(tζ) sin(wξ)〉 , J(ζ, ξ) = 〈f(t, w), cos(tζ) cos(wξ)〉 .
K2ÔpÎEÒIÚÜÕçÚÜÐ�Ï�Î�ã	Î�Ô�Ô�Ó,Ò�Ì�ÌWJ7Ö2Ì�ÔpÎ�Ì�Õ ÷ é	R=Ì�Ê2ß�ÌWð�ÌñÝ	Ì�ÐhÌ�Ë�ÌWËIÖ2ÌñÝ	Ì�Ë�Ï�ÚÜÐhÒ�é
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�_ #%$'&�� È�Æ2Å�o & Ä�Å ���Ml	É & Æ 	���Æ &�$ j osl2Ä��

J7Ö2ÌWÚhÝ	Ì�ÏkÔ�Ó,ß�ÔpÊ2ÒIËIÎIÞ2ß�ËIÚhÔpÊ�Ô�Ó � Ô�Ì�Ö	ÕçÚ�Ï�Ê2Ò�ð7ÏpÒ�ÚÜÊ	ÚÜËIÚ�Ï�Ë�Ì�ÝòØ#êcËIÖ2Ìñß�ÔpÊ2ß�Ì�ã	Ë=Ô�Ó5Î�Ì�Í�Þ	Ð�Ï�Î=Ôpã~Ì�Î�Ï�Ë�ÔpÎ�Ò�é
[�ÔpÊ2ÒIËIÎIÞ2ß�ËIÚhÔpÊaÔ�Ó � Ô�Ì�Ö	ÕçÚ�Ï�Ê2ÒEÚhÒEÒIÚÜÕçÚÜÐ�Ï�ÎEË�ÔkËIÖ9Ï�ËAÔ�Ó5è9Ì�ÐhÝ\Ô�Ó�ì#Þ2ÔpËIÚhÌ�Ê#Ë�ÒAÏ�Ê2ÝòÚÜÊ�Ò�ÔpÕkÌ¢ß�ÏpÒ�Ì�Ò�ó	ÚÜËEÍ�ÚÜ×�Ì�Ò
��Þ2ÒIË1ËIÖ2ÌAè9Ì�ÐhÝòÔ�Ó,ì#Þ2ÔpËIÚhÌ�Ê#Ë�Ò�é2J7Ö2Ìñß�ÔpÊ2ÒIËIÎIÞ2ß�ËIÚhÔpÊ�Ô�Ó � Ô�Ì�Ö	ÕçÚ�Ï�Ê2Ò�ß�ÔpÊ2ÒIÚhÒIË�Ò�Ô�Ó5ËIÖ2ÌAÓ�ÔpÐÜÐhÔ�ð1ÚÜÊ	ÍfÌ�ÐhÌ�ÕkÌ�Ê#Ë�Ò��

(i)
DSÒ�Ì�Ë

A;

(ii)
DSß�ÔpÕçÕ¢Þ	Ë�Ï�ËIÚÜ×�Ì¢Ò�Ì�ÕçÚÜÍ�Î�ÔpÞ	ã

(B, ∗) ;
(iii)

DEÊòÔpã~Ì�Î�Ï�ËIÚhÔpÊ � : A×B → A
ÒIÞ2ß�ÖòËIÖ9Ï�Ë7Ó�ÔpÎEÌ�Ïpß�Ö

x ∈ A
Ï�Ê2Ý

υ1, υ2,∈ B,

x� (υ1 ∗ υ2) = (x� υ1)� υ2;

(iv)
DSÒ�Ì�Ë

∆ ⊂ BN Ò�Ï�ËIÚhÒ�Ó�ê�ÚÜÊ	Í �
(a)

GvÓ
x, y ∈ A

ó
(υn) ∈ ∆

ó
x� υn = y � υn

Ó�ÔpÎEÏ�ÐÜÐ
n,
ËIÖ2Ì�Ê

x = y;

(b)
GvÓ
(υn), (σn) ∈ ∆,

ËIÖ2Ì�Ê
(υn ∗ σn) ∈ ∆ ö ∆ ÚhÒ1ËIÖ2ÌWÒ�Ì�Ë�Ô�ÓBÏ�ÐÜÐ�Ý	Ì�ÐÜË�ÏçÒ�Ì�ì#Þ2Ì�Ê2ß�Ì�Ò ø é[�ÔpÊ2ÒIÚhÝ	Ì�Î

A = {(xn, υn) : xn ∈ A, (υn) ∈ ∆, xn � υm = xm � υn,∀m,n ∈ N} .
GvÓ
(xn, υn), (yn, σn) ∈ A

ó
xn�σm = ym�υn

ó ∀m,n ∈ N,
ËIÖ2Ì�Êkð�ÌEÒ�Ï�ê

(xn, υn) ∼ (yn, σn).
J7Ö2Ì

Î�Ì�Ð�Ï�ËIÚhÔpÊ ∼ ÚhÒAÏ�Ê�Ì�ì#Þ	ÚÜ×�Ï�ÐhÌ�Ê2ß�ÌñÎ�Ì�Ð�Ï�ËIÚhÔpÊ�ÚÜÊ
A .

J7Ö2Ì!ÒIã9Ïpß�Ì¢Ô�ÓBÌ�ì#Þ	ÚÜ×�Ï�ÐhÌ�Ê2ß�Ì!ß�Ð�ÏpÒ�Ò�Ì�Ò�ÚÜÊ
A
ÚhÒEÝ	Ì�Ê2ÔpË�Ì�Ý

Ø#ê
κ(A, (B, ∗),�,∆).

@,ÐhÌ�ÕkÌ�Ê#Ë�Ò=Ô�Ó
κ(A, (B,∗),�,∆)

Ï�Î�ÌWß�Ï�ÐÜÐhÌ�Ý � Ô�Ì�Ö	ÕçÚ�Ï�Ê2Ò�é
� Ì�Ë�ð�Ì�Ì�Ê

A
Ï�Ê2Ý

κ (A, (B,∗) ,�,∆)
ËIÖ2Ì�Î�ÌWÚhÒEÏ�ß�Ï�Ê2ÔpÊ	Úhß�Ï�ÐMÌ�Õ¢Ø~Ì�Ý	Ý'ÚÜÊ	ÍfÌ�ï'ã	Î�Ì�Ò�Ò�Ì�ÝòÏpÒ

x→ x� sn
sn

ÏpÒ
n→ ∞.

J7Ö2ÌñÔpã~Ì�Î�Ï�ËIÚhÔpÊ � ß�Ï�ÊòØ~ÌWÌ�ï'Ë�Ì�Ê2Ý	Ì�ÝîË�Ô
κ (A, (B,∗) ,�,∆)×A

Ø#ê
xn
υn

� t =
xn � t

υn
.

G�Ê
κ (A, (B, ∗) ,�,∆)

ó	Ë�ð�ÔçË�ê�ã~Ì�ÒEÔ�Ó,ß�ÔpÊ#×�Ì�ÎIÍ�Ì�Ê2ß�Ì �
Â�� D Ò�Ì�ì#Þ2Ì�Ê2ß�Ì

(hn) ∈ κ(A, (B, ∗),�,∆)
ÚhÒ7Ò�Ï�ÚhÝfË�Ô¢Ø~Ì

δ
ß�ÔpÊ#×�Ì�ÎIÍ�Ì�Ê#Ë�Ë�Ô

h ∈ κ(A, (B,∗),�,∆),Ý	Ì�Ê2ÔpË�Ì�ÝfØ#ê
hn

δ→ h
ÏpÒ
n→ ∞,

Ú�Ó�ËIÖ2Ì�Î�Ì=Ì�ï'ÚhÒIË�Ò7Ï¢Ý	Ì�ÐÜË�Ï¢Ò�Ì�ì#Þ2Ì�Ê2ß�Ì
(υn)

ÒIÞ2ß�ÖcËIÖ9Ï�Ë
(hn� υn),

(h� υn) ∈ A, ∀ k, n ∈ N,
Ï�Ê2Ý

(hn � υk) → (h� υk)
ÏpÒ
n→ ∞,

ÚÜÊ
A,

Ó�ÔpÎ�Ì�×�Ì�ÎIê
k ∈ N

é
��� DSÒ�Ì�ì#Þ2Ì�Ê2ß�Ì

(hn) ∈ κ(A, (B,∗),�,∆)
ÚhÒEÒ�Ï�ÚhÝcË�Ô�Ø~Ì

∆
ß�ÔpÊ#×�Ì�ÎIÍ�Ì�Ê#Ë=Ë�Ô

h ∈ κ(A, (B,∗),�,∆),Ý	Ì�Ê2ÔpË�Ì�ÝmØ#ê
hn

∆→ h
ÏpÒ
n → ∞,

Ú�Ó7ËIÖ2Ì�Î�ÌkÌ�ï'ÚhÒIË�Ò¢Ï
(υn) ∈ ∆

ÒIÞ2ß�ÖmËIÖ9Ï�Ë
(hn − h) � υn ∈

A,∀n ∈ N,
Ï�Ê2Ý

(hn − h)� υn → 0
ÏpÒ
n→ ∞ ÚÜÊ

A.

K2ÔpÎ1Ó�Þ	ÎIËIÖ2Ì�ÎEÝ	Ì�Ë�Ï�ÚÜÐhÒ�ð�ÌWÎ�Ì�Ó�Ì�Î1Ë�Ô
	 ÷�� ��
 Ï�Ê2Ý�	 ÷�÷���÷ � 
 éF�Ì�Ë
D2 Ø~Ì!ËIÖ2ÌçV�ß�Ö#ð7Ï�ÎIË �fÒIã9Ïpß�Ì�Ô�Ó�Ë�Ì�ÒIËEÓ�Þ	Ê2ß�ËIÚhÔpÊ2ÒWÔ�Ó�Ø~ÔpÞ	Ê2Ý	Ì�Ý�ÒIÞ	ã	ã~ÔpÎIË�ÒAÔ�×�Ì�Î R2 Ï�Ê2Ý ∆2 Ø~ÌËIÖ2ÌñÒIÞ	Ø2Ò�Ì�Ë�Ô�Ó

D2 Ô�Ó,Ò�Ì�ì#Þ2Ì�Ê2ß�Ì�Ò (θn(x, y)) ÒIÞ2ß�ÖòËIÖ9Ï�Ë
(i)
∫
R

∫
R

θn(x, y) dx dy = 1;

(ii)
∫
R

∫
R

|θn(x, y)| dx dy 6M,M
ÚhÒ1ã~Ô�ÒIÚÜËIÚÜ×�ÌAÎ�Ì�Ï�Ð�Ê#Þ	Õ¢Ø~Ì�Î��

(iii) supp
(x,y)∈R2

θn(x, y) → (0, 0)
ÏpÒ
n→ ∞.
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J7Ö2Ì�Ê

∆2 ÚhÒñÏfÒ�Ì�ËWÔ�Ó�Ý	Ì�ÐÜË�ÏcÒ�Ì�ì#Þ2Ì�Ê2ß�Ì�ÒAð1Ö	Úhß�Ö ß�ÔpÎIÎ�Ì�ÒIã~ÔpÊ2ÝaË�ÔfËIÖ2ÌçÝ	Ì�ÐÜË�ÏfÝ'ÚhÒIËIÎIÚÜØ	Þ	ËIÚhÔpÊ δ(x, y) é�G�Ë=ÚhÒí�Ê2Ô�ðPÓ�Î�ÔpÕ ÐÜÚÜË�Ì�Î�Ï�ËIÞ	Î�Ì!ËIÖ9Ï�Ë
δ(x, y) = 0

ó
x 6= 0

ó
y 6= 0

Ï�Ê2Ý ∫
R

∫
R
δ(x, y) dx dy = 1 (⇒ δ(x, y) =

δ(x)δ(y)).
G�Ë�Ï�ÐhÒ�Ôç×�Ì�ÎIÚ�è9Ì�ÝîËIÖ9Ï�Ë

∫

R

∫

R

δ(x− α, y − β) f(x, y) dx dy = f(α, β),

ð1Ö2Ì�Î�Ì
α
Ï�Ê2Ý

β
Ï�Î�ÌWß�ÔpÊ2ÒIË�Ï�Ê#Ë�Ò�é

F�Ì�Ë
(δn(x, y)) ∈ ∆2.

J7Ö2Ì�ÊòÚÜË1ÚhÒ�Ì�ÏpÒIêfË�ÔçÒ�Ì�ÌWËIÖ9Ï�Ë
(
Hρ,η
α,βδn(x, y)

)
(ζ, ξ) → αρ

2π

ÏpÒ
n→ ∞.

F�Ì�Ë
B
(
T 2,D2,∆2, ∗2

) Ø~ÌAËIÖ2Ì � Ô�Ì�Ö	ÕçÚ�Ï�Ê\ÒIã9Ïpß�ÌAÖ9Ï�×�ÚÜÊ	Í
T 2 ÏpÒEÏ�Í�Î�ÔpÞ	ã�ó D2 ÏpÒEÏ�ÒIÞ	Ø	Í�Î�ÔpÞ	ãÔ�Ó

T 2 ó D2 ÏpÒ7ËIÖ2ÌAÒ�Ì�Ë1Ô�Ó5Ý	Ì�ÐÜË�Ï�Ò�Ì�ì#Þ2Ì�Ê2ß�Ì�Ò�Ï�Ê2Ý ∗2 Ø~Ì�ÚÜÊ	Í�ËIÖ2ÌWÔpã~Ì�Î�Ï�ËIÚhÔpÊòÔpÊ T 2 ËIÖ2Ì�Êîð�ÌAÚÜÊ#ËIÎ�Ô�Ý'Þ2ß�ÌËIÖ2ÌAÓ�ÔpÐÜÐhÔ�ð1ÚÜÊ	ÍæÝ	Ì�è2Ê	ÚÜËIÚhÔpÊ2Ò�é
F�Ì�Ë

f(t, w) ∈ T 2 ó θ(t, w) ∈ D2 Ï�Ê2Ý (θn(t, w)) ∈ ∆2.
 ÌEð1ÚÜÐÜÐ�Þ2ÒIÞ9Ï�ÐÜÐÜêkß�Ö2Ô�Ô�Ò�Ì

h(ζ, ξ)
ó
g(ζ, ξ)Ï�Ê2Ý

en(ζ, ξ)
Ë�ÔçÝ	Ì�Ê2ÔpË�Ì

h(ζ, ξ) = 4βη

∫

R

∫

R

f(t, w) sin(tζ) sin(wξ) dt dw, ö�÷���ø

g(ζ, ξ) =

∫

R

∫

R

θ(t, w) cos(tζ) cos(wξ) dt dw, ö�÷���ø

en(ζ, ξ) =

∫

R

∫

R

θn(t, w) cos(tζ) cos(wξ) dt dw ö�ú ��ø
ã	Î�Ô�×�ÚhÝ	Ì�ÝòËIÖ2ÌAÚÜÊ#Ë�Ì�Í�Î�Ï�ÐhÒ=Ì�ï'ÚhÒIË�é

F�Ì�Ë
H 2

1 (ζ, ξ)
ÔpÎ

H 2
1

Ø~ÌAËIÖ2ÌWÒIã9Ïpß�ÌWÔ�ÓBÏ�ÐÜÐ
Hρ,η
α,β

ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒ�Ô�Ó5ÒIÕkÔ�ÔpËIÖcÓ�Þ	Ê2ß�ËIÚhÔpÊ2Ò
h(ζ, ξ)

ÒIÞ2ß�Ö
ËIÖ9Ï�Ë�Ó�ÔpÎ7Ò�ÔpÕkÌ

f(t, w) ∈ T 2 (18)
Ò�Ï�ËIÚhÒ�è9Ì�Ò�é � ê

H 2
2 (ζ, ξ)

ÔpÎ
H 2

2

Ý	Ì�Ê2ÔpË�Ì=ËIÖ2ÌAÒ�Ì�Ë1Ô�Ó�ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕkÒ7Ô�Ó
g(ζ, ξ)

ÒIÞ2ß�Ö\ËIÖ9Ï�Ë
θ(t, w) ∈ D2 Ï�Ê2Ý (19)

Ò�Ï�ËIÚhÒ�è9Ì�Ò=Ï�Ê2Ý�ó9ÒIÚÜÕçÚÜÐ�Ï�ÎIÐÜê�ó
∆2

3(ζ, ξ)
ÔpÎ

∆2
3

Ý	Ì�Ê2ÔpË�Ì¢ËIÖ2ÌñÒ�Ì�Ë
Ô�ÓBÏ�ÐÜÐ�Ò�Ì�ì#Þ2Ì�Ê2ß�Ì�Ò

en(ζ, ξ)
ÒIÞ2ß�ÖòËIÖ9Ï�Ë1Ó�ÔpÎ�Ò�ÔpÕkÌ

(θn(t, w)) ∈ ∆2 ð1Ö2Ì�Î�Ì (20) Ö2ÔpÐhÝ	Ò�é
���������
	���
 F�Ì�Ë

(θn(t, w)) ∈ ∆2.
J7Ö2Ì�Êòð�ÌñÖ9Ï�×�Ì

en(ζ, ξ) =

∫

R

∫

R

θn(t, w) cos(tζ) cos(wξ) dt dw → 1
ÏpÒ
n→ ∞. ö�ú'÷�ø

J7Ö	ÚhÒ5Î�Ì�ÕæÏ�ÎIí¢ÚhÒ,ÏEÒIËIÎ�Ï�ÚÜÍ�Ö#Ë�Ó�ÔpÎIð7Ï�Î�ÝçÎ�Ì�ÒIÞ	ÐÜË,Ô�Ó
(20)

é�<=Ô�ð ð�Ì�Ï�Î�Ì�Í�Ì�Ê2Ì�Î�Ï�ËIÚÜÊ	ÍWËIÖ2Ì � Ô�Ì�Ö	ÕçÚ�Ï�ÊçÒIã9Ïpß�Ì
B
(
H 2

1 ,H
2
2 ,∆

2
3,×2

)
.J�ÔçËIÖ	ÚhÒEÏ�ÚÜÕòó	ð�ÌñÝ	Ì�è2Ê2Ì!Ï�ÊòÔpã~Ì�Î�Ï�ËIÚhÔpÊòØ~Ì�Ë�ð�Ì�Ì�Ê

H 2
1

Ï�Ê2Ý
H 2

2

ÏpÒ
h(ζ, ξ)×2 g(ζ, ξ) = h(ζ, ξ)g(ζ, ξ). ö�ú�ú�ø

 ÌWã	Î�Ô�ß�Ì�Ì�ÝcË�ÔkÌ�ÒIË�Ï�Ø	ÐÜÚhÒIÖòËIÖ2ÌñÏ�ï'ÚhÔpÕkÒEÔ�Ó5ËIÖ2Ì=è2Î�ÒIËEß�ÔpÊ2ÒIËIÎIÞ2ß�ËIÚhÔpÊ�é
#%$'& Æ9n & j���_ ( ��


h(ζ, ξ) ∈ H 2
1 (ζ, ξ)


��
�
g(ζ, ξ) ∈ H 2

2 (ζ, ξ).
�'*
�	� +-�"* 
/.0�

h(ζ, ξ) ×2

g(ζ, ξ) ∈ H 2
1 (ζ, ξ).

C
F�Ì�Ë

h(ζ, ξ) ∈ H 2
1 (ζ, ξ)

ó
g(ζ, ξ) ∈ H 2

2 (ζ, ξ).
J7Ö2Ì�Ê

h(ζ, ξ)g(ζ, ξ) = Hρ,η
α,β

(
f ∗2 θ

)
(ζ, ξ)

Ó�ÔpÎ
Ì�×�Ì�ÎIê

f(t, w) ∈ T 2 Ï�Ê2Ý θ(t, w) ∈ D2.
� Þ	Ë7ÒIÚÜÊ2ß�Ì

f ∗2 θ ∈ T 2 ÚÜËBÓ�ÔpÐÜÐhÔ�ð�Ò�ËIÖ9Ï�Ë h(ζ, ξ)×2 g(ζ, ξ) ∈
H 2

1 .
J7Ö	ÚhÒ�ß�ÔpÕçã	ÐhÌ�Ë�Ì�ÒEËIÖ2ÌAã	Î�Ô�Ô�Ó,Ô�Ó5ËIÖ2ÌWËIÖ2Ì�ÔpÎ�Ì�Õòé

B
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h1(ζ, ξ), h2(ζ, ξ) ∈ H 2
1 (ζ, ξ)

6 �'*
�	� �!��� 

� �
g(ζ, ξ) ∈ H 2

2 (ζ, ξ)
+-� * 
/.0�

(h1(ζ, ξ) + h2(ζ, ξ))×2 g(ζ, ξ) = h1(ζ, ξ)×2 g(ζ, ξ) + h2(ζ, ξ)×2 g(ζ, ξ)
6

C
F�Ì�Ë

f1(t, w), f2(t, w) ∈ T 2 Ï�Ê2Ý θ(ζ, ξ) ∈ D2 Ø~ÌWÒIÞ2ß�ÖîËIÖ9Ï�Ë

h1(ζ, ξ) = 4βη

∫

R

∫

R

f1(t, w) sin(tζ) sin(wξ) dt dw,

h2(ζ, ξ) = 4βη

∫

R

∫

R

f2(t, w) sin(tζ) sin(wξ) dt dw

Ï�Ê2Ý
g(ζ, ξ) =

∫

R

∫

R

θ(t, w) cos(tζ) cos(wξ) dt dw;

ËIÖ2Ì�ÊòÞ2ÒIÚÜÊ	ÍkËIÖ2ÌWÝ	Ì�è2Ê	ÚÜËIÚhÔpÊ�Ô�Ó ×2

(h1(ζ, ξ) + h2(ζ, ξ))×2 g(ζ, ξ) = (h1(ζ, ξ) + h2(ζ, ξ)) g(ζ, ξ)

= h1(ζ, ξ)g(ζ, ξ) + h2(ζ, ξ)g(ζ, ξ) = h1(ζ, ξ)×2 g(ζ, ξ) + h2(ζ, ξ)×2 g(ζ, ξ).

J7Ö	ÚhÒEß�ÔpÕçã	ÐhÌ�Ë�Ì�Ò�ËIÖ2ÌWã	Î�Ô�Ô�ÓIé
B

#%$'& Æ9n & j���_ ( ��

h1(ζ, ξ), h2(ζ, ξ) ∈ H 2

1 (ζ, ξ).
�'*
�	� �!����

� �

g(ζ, ξ) ∈ H 2
2 (ζ, ξ)

+-�"* 
/.0�
(α∗h1(ζ, ξ))×2 g(ζ, ξ) = α∗

(
h1(ζ, ξ)×2 g(ζ, ξ)

) 6
C

�,Î�Ô�Ô�ÓBÔ�ÓMËIÖ	ÚhÒ�ËIÖ2Ì�ÔpÎ�Ì�Õ ÚhÒEÏ�Ê9Ï�ÐhÔpÍ�ÔpÞ2ÒEË�Ô�ËIÖ2ÌWã	Î�Ì�×�ÚhÔpÞ2Ò1ã	Î�Ô�Ô�ÓIé2QAÌ�Ë�Ï�ÚÜÐhÒEÏ�Î�ÌñÔpÕçÚÜËIË�Ì�Ý�é
B

#%$'& Æ9n & j���_)( ��

hn(ζ, ξ) → h(ζ, ξ)

���
H 2

1 (ζ, ξ)

��
�

g(ζ, ξ) ∈ H 2
2 (ζ, ξ);


�*
�	�
hn(ζ, ξ)×2

g(ζ, ξ) → h(ζ, ξ)×2 g(ζ, ξ).

C
F�Ì�Ë

hn(ζ, ξ), h(ζ, ξ) ∈ H 2
1 (ζ, ξ)

Ï�Ê2Ý
g(ζ, ξ) ∈ H 2

2 (ζ, ξ)
Ò�Ï�ËIÚhÒ�Ó�êkÓ�ÔpÎ�Ò�ÔpÕkÌ

fn, f ∈ T 2 Ï�Ê2Ý
θ ∈ D2 é	J7Ö2Ì�Ê\Ô�Ó�ß�ÔpÞ	Î�Ò�Ì fn → f

ÏpÒ
n→ ∞ é	J7Ö2Ì�Î�Ì�Ó�ÔpÎ�Ì�ó

(hn − h)(ζ, ξ)×2 g(ζ, ξ) = (hn − h)(ζ, ξ)g(ζ, ξ)

= g(ζ, ξ)

∫

R

∫

R

(fn − f)(t, w) sin(tζ) sin(wξ) dt dw → 0
ÏpÒ

n→ ∞.

R=Ì�Ê2ß�Ì�ó
(hn − h)(ζ, ξ)×2 g(ζ, ξ) → 0

ÏpÒ
n→ ∞.K	Î�ÔpÕ ð1Ö	Úhß�Öòð�ÌWð1ÎIÚÜË�Ì�ó

(hn − h)(ζ, ξ)g(ζ, ξ) = hn(ζ, ξ)g(ζ, ξ)− h(ζ, ξ)g(ζ, ξ) → 0
ÏpÒ

n→ ∞.

J7Ö#Þ2Ò
hn(ζ, ξ)×2 g(ζ, ξ) → h(ζ, ξ)×2 g(ζ, ξ)

ÏpÒ
n→ ∞.J7Ö	ÚhÒEß�ÔpÕçã	ÐhÌ�Ë�Ì�Ò�ËIÖ2ÌWã	Î�Ô�Ô�Ó,Ô�Ó5ËIÖ2ÌAËIÖ2Ì�ÔpÎ�Ì�Õòé

B
#%$'& Æ9n & j���_�( ��


hn(ζ, ξ) → h(ζ, ξ)

��
�

(en(ζ, ξ)) ∈ ∆2
3.

�'*
�	�
hn(ζ, ξ)×2en(ζ, ξ) → h(ζ, ξ)

6
C
F�Ì�Ë

hn(ζ, ξ), h(ζ, ξ) ∈ H 2
1 (ζ, ξ)

Ï�Ê2Ý
en(ζ, ξ) ∈ ∆2

3

Ò�Ï�ËIÚhÒ�Ó�ê Ó�ÔpÎæÒ�ÔpÕkÌ
fn, f ∈ T 2 Ï�Ê2Ý

(θn) ∈ ∆2.
J7Ö2Ì�Ê\Ì�Õçã	ÐhÔ�ê�ÚÜÊ	ÍfCEÌ�ÕæÏ�ÎIí ÷ Í�ÚÜ×�Ì�Ò
hn(ζ, ξ)×2 en(ζ, ξ) = hn(ζ, ξ)en(ζ, ξ) → hn(ζ, ξ) → h(ζ, ξ)

ÏpÒ
n→ ∞.

J7Ö	ÚhÒEß�ÔpÕçã	ÐhÌ�Ë�Ì�Ò�ËIÖ2ÌWã	Î�Ô�Ô�Ó,Ô�Ó5ËIÖ2ÌWJ7Ö2Ì�ÔpÎ�Ì�Õòé
B

#%$'& Æ9n & j	��_�( ��

(en(ζ, ξ)), (rn(ζ, ξ)) ∈ ∆2

3

6 �'*
�	�
en(ζ, ξ)×2 rn(ζ, ξ) ∈ ∆2

3.
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C

� ê
(22)

ð�ÌñÖ9Ï�×�Ì

en(ζ, ξ)×2 rn(ζ, ξ) = en(ζ, ξ)rn(ζ, ξ) = jρ,ηα,β
(
θn ∗2 εn

)
.

R=Ì�Ê2ß�ÌîØ#ê ËIÖ2ÌcÓvÏpß�ËkËIÖ9Ï�Ë
θn ∗2 εn ∈ ∆2 ÚÜËçÓ�ÔpÐÜÐhÔ�ð�ÒkËIÖ9Ï�Ë Hρ,η

α,β

(
θn ∗2 εn

)
∈ ∆2

3.
R=Ì�Ê2ß�ÌîËIÖ2Ì

J7Ö2Ì�ÔpÎ�Ì�Õ � ÚhÒ1ã	Î�Ô�×�Ì�Ý�é BJ7Ö2Ì � Ô�Ì�Ö	ÕçÚ�Ï�Ê\ÒIã9Ïpß�Ì
B
(
H 2

1 ,H
2
2 ,∆

2
3,×2

) ÚhÒ1ËIÖ2Ì�Î�Ì�Ó�ÔpÎ�Ìñß�ÔpÊ2ÒIËIÎIÞ2ß�Ë�Ì�Ý�é
D Ë�ê�ã	Úhß�Ï�Ð�Ì�ÐhÌ�ÕkÌ�Ê#Ë�ÚÜÊ

B
(
H 2

1 ,H
2
2 ,∆

2
3,×2

) ÚhÒ�Ô�Ó�ËIÖ2Ì7Ó�ÔpÎIÕ [hn
en

]
.
D1Ý	Ý'ÚÜËIÚhÔpÊ�ó�Õ¢Þ	ÐÜËIÚÜã	ÐÜÚhß�Ï�ËIÚhÔpÊcØ#ê

Ï�Ò�ß�Ï�Ð�Ï�Î�ó2ß�ÔpÊ#×�ÔpÐÜÞ	ËIÚhÔpÊ�Ï�Ê2ÝîÝ'Ú ��Ì�Î�Ì�Ê#Ë�Ï�ËIÚhÔpÊ�ÚÜÊîËIÖ2ÌñÒIã9Ïpß�Ì
B
(
H 2

1 ,H
2
2 ,∆

2
3,×2

) Ï�Î�ÌñÝ	Ì�è2Ê2Ì�Ý\ÏpÒ
[
hn

en

]
+

[
dn

rn

]
=

[
hn ×2 rn + dn ×2 en

en ×2 rn

]

κ

[
hn

en

]
=

[
κhn
en

]
, κ

Ø~Ì�ÚÜÊ	Íæß�ÔpÕçã	ÐhÌ�ïîÊ#Þ	Õ¢Ø~Ì�Î
.

[
hn

en

]
×2

[
dn

rn

]
=

[
hn ×2 dn

en ×2 rn

] Ï�Ê2Ý
D
α

[
hn

en

]
=

[
Dαhn

en

]
.

∆
Ï�Ê2Ý

δ
ë�ß�ÔpÊ#×�Ì�ÎIÍ�Ì�Ê2ß�Ì�Ï�Î�ÌñÝ	Ì�è2Ê2Ì�Ý\ÏpÒ1Þ2ÒIÞ9Ï�Ð�Ó�ÔpÎ � Ô�Ì�Ö	ÕçÚ�Ï�Ê\ÒIã9Ïpß�Ì�Ò�é

��_
Hρ,η
α,β

Æ 	�� & Ä & n�l2e�o�� & Ç ��Æ &�$ j osl2Ä��
K	Î�ÔpÕ ã	Î�Ì�×�ÚhÔpÞ2Ò=Ï�Ê9Ï�ÐÜê'ÒIÚhÒ1Í�ÚÜ×�Ì�ÊòÚÜÊîËIÖ	ÚhÒ=Ï�ÎIËIÚhß�ÐhÌWð�ÌñÝ	Ì�è2Ê2ÌWËIÖ2Ì

Hρ,η
α,β

ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ Ô�Ó [fn
θn

] ÏpÒ
︷ ︸︸ ︷
Hρ,η
α,β

[
fn
θn

]
=

[
hn

en

]
, ö�ú�û�ø

ð1Ö2Ì�Î�Ì
hn
ó
en
Ö9ÏpÒ1ËIÖ2ÌWÎ�Ì�ã	Î�Ì�Ò�Ì�Ê#Ë�Ï�ËIÚhÔpÊaÔ�Ó

(18)
Ï�Ê2Ý

(20).G�ËEÚhÒ=ß�ÐhÌ�Ï�Î=ËIÖ9Ï�Ë [hn
en

]
∈ B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

)
.
F�Ì�Ë [fn

θn

]
=
[gn
εn

]
,
ËIÖ2Ì�Ê

fn ∗2 εm = gm ∗2 θn.DEã	ã	ÐÜê�ÚÜÊ	Í
Hρ,η
α,β

ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ Ï�Ê2ÝîÞ2ÒIÚÜÊ	ÍkËIÖ2ÌWß�ÔpÊ#×�ÔpÐÜÞ	ËIÚhÔpÊ�ËIÖ2Ì�ÔpÎ�Ì�Õ ê�ÚhÌ�ÐhÝ

hn ×2 rm = dm ×2 en,

ð1Ö2Ì�Î�Ì
hn
ó
rm
ó
dm
ó
en
Ö9Ï�×�ÌcÒIÚÜÕçÚÜÐ�Ï�Î!Î�Ì�ã	Î�Ì�Ò�Ì�Ê#Ë�Ï�ËIÚhÔpÊ2ÒæÏpÒ¢ÚÜÊ

(18)
Ï�Ê2Ý

(20).
J7Ö2Ì�Î�Ì�Ó�ÔpÎ�Ì hn

en
∼ dn

rn
.

R=Ì�Ê2ß�Ì [hn
en

]
=
[
dn
rn

]
.
J7Ö2Ì�Î�Ì�Ó�ÔpÎ�Ì�ó'ð�ÌAÖ9Ï�×�Ì ︷ ︸︸ ︷

Hρ,η
α,β

[fn
θn

]
=
︷ ︸︸ ︷
Hρ,η
α,β

[gn
εn

]
.
J7Ö2Ì�Î�Ì�Ó�ÔpÎ�Ì

(23)
ÚhÒ7ð�Ì�ÐÜÐ�ë�Ý	Ì�è2Ê2Ì�Ý�é

K2ÔpÐÜÐhÔ�ð1ÚÜÊ	ÍfË�ð�ÔçËIÖ2Ì�ÔpÎ�Ì�ÕõÏ�Î�ÌñÒIËIÎ�Ï�ÚÜÍ�Ö#Ë�Ó�ÔpÎIð7Ï�Î�Ýòã	Î�Ô�Ô�Ó�Ò�é  ÌWã	Î�Ì�Ó�Ì�Î1ð�Ì¢ÔpÕçÚÜË�Ý	Ì�Ë�Ï�ÚÜÐhÒ�é
#%$'& Æ9n & j Â�� _ ︷ ︸︸ ︷

Hρ,η
α,β : B

(
T 2,D2,∆2, ∗2

)
→ B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

) �9� � ���
� 

� 6
#%$'& Æ9n & j Â9Â _ ︷ ︸︸ ︷

Hρ,η
α,β : B

(
T 2,D2,∆2, ∗2

)
→ B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

) �9� ���
� �!���
� 6
#%$'& Æ9n & j Â � _ ︷ ︸︸ ︷

Hρ,η
α,β : B

(
T 2,D2,∆2, ∗2

)
→ B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

) �9� � ���7
 ���7�����/�,+��4
�*
�1� ���-����
3
8�

δ
� ���7.0����2 �	� � � 6

C
F�Ì�Ë

βn → β
ÚÜÊ

B
(
T 2,D2,∆2, ∗2

) ÏpÒ
n → ∞.

 ÌmÒIÖ2Ô�ð ËIÖ9Ï�Ë ︷ ︸︸ ︷
Hρ,η
α,β βn →

︷ ︸︸ ︷
Hρ,η
α,β βÚÜÊ

B
(
H 2

1 ,H
2
2 ,∆

2
3,×2

) ÏpÒ
n → ∞.

F�Ì�Ë
βn, β ∈ B

(
T 2,D2,∆2, ∗2

) ó=ËIÖ2Ì�Ê?ð�ÌLß�Ï�Êäè2Ê2Ý
fn,k, fk ∈ T 2 ÒIÞ2ß�Ö]ËIÖ9Ï�Ë βn =

[fn,k

θk

] Ï�Ê2Ý
β =

[fk
θk

] Ï�Ê2Ý
fn,k → fk

ÏpÒ
n → ∞, ∀ k ∈ N .
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J7Ö2Ì�Î�Ì�Ó�ÔpÎ�Ì ︷ ︸︸ ︷

Hρ,η
α,β

[fn,k

θk

]
=
[hn,k

ek

] ð1Ö2Ì�Î�Ì
hn,k

Ï�Ê2Ý
ek
Ï�Î�ÌEËIÖ2ÌEËIÖ2Ì=ß�ÔpÎIÎ�Ì�ÒIã~ÔpÊ2Ý'ÚÜÊ	ÍçÚÜÊ#Ë�Ì�Í�Î�Ï�Ð�Ì�ì#Þ9Ï�ËIÚhÔpÊ2Ò

Ô�Ó
fn,k

Ï�Ê2Ý
θk
ó	Ò�Ì�Ì

(18)
Ï�Ê2Ý

(20)
é9R=Ì�Ê2ß�Ì�ó	ð�ÌWÖ9Ï�×�Ì

︷ ︸︸ ︷
Hρ,η
α,β

[
fn,k
θk

]
=

[
hn,k

ek

]
→
[
hk

ek

]
= β.

J7Ö2ÌWã	Î�Ô�Ô�Ó5ÚhÒ�ß�ÔpÕçã	ÐhÌ�Ë�Ì�Ý�é
B

#%$'& Æ9n & j Â 
�_ ︷ ︸︸ ︷
Hρ,η
α,β : B

(
T 2,D2,∆2, ∗2

)
→ B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

) �9� � ���7
 ���7�����/�,+��4
�*
�1� ���-����
 
8�

∆
� ���7.0����2 �	� � � 6

C
F�Ì�Ë

βn
∆→ β

ÚÜÊ
B
(
T 2,D2,∆2, ∗2

)
,
ÏpÒ
n→ ∞.

J7Ö2Ì�ÊòËIÖ2Ì�Î�ÌWÚhÒ
fn ∈ T 2 Ï�Ê2Ý (θk(ζ, ξ)) ∈

∆2 ÒIÞ2ß�ÖîËIÖ9Ï�Ë
(βn − β)×2 θn =

[
fn ×2 θk

θk

]

Ï�Ê2Ý
fn → 0

ÏpÒ
n→ ∞.

R=Ì�Ê2ß�Ì
︷ ︸︸ ︷
Hρ,η
α,β((βn − β)×2 θk) =

︷ ︸︸ ︷
Hρ,η
α,β

[
fn ×2 θk

θk

]
=

[
hn ×2 ek

ek

]
' hn → 0

ÏpÒ
n→ ∞.

R=Ì�Ê2ß�ÌWËIÖ2ÌWËIÖ2Ì�ÔpÎ�Ì�Õ ÚhÒ�ß�ÔpÕçã	ÐhÌ�Ë�Ì�ÐÜêîã	Î�Ô�×�Ì�Ý�é
B

�~_ #%$'& o�Ä�� & n � & �Mn�Æ �5e & j

F�Ì�Ë [hn
ek

]
∈ B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

) é#J7Ö2Ì�ÊfËIÖ2ÌEÚÜÊ#×�Ì�Î�Ò�ÌEËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ −1︷ ︸︸ ︷
Hρ,η
α,β

Ô�Ó ︷ ︸︸ ︷
Hρ,η
α,β

ß�Ï�ÊfØ~Ì�Ý	Ì�è2Ê2Ì�Ý
Ø#ê

−1︷ ︸︸ ︷
Hρ,η
α,β

[
hn

ek

]
=

[
fn
θn

]

ÚÜÊòËIÖ2ÌWÒIã9Ïpß�Ì
B
(
T 2,D2,∆2, ∗2

)
.

#%$'& Æ9n & j Â ��_ −1︷ ︸︸ ︷
Hρ,η
α,β : B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

)
→ B

(
T 2,D2,∆2, ∗2

) �9� 
 +-��� ���!� ��� �
� � 
��
�
� ���
� 

� 6

C
F�Ì�Ë [hn

en

]
=
[
dn
rn

]
∈ B

(
H 2

1 ,H
2
2 ,∆

2
3,×2

)
.
J7Ö2Ì�ÊÑÚÜËWÓ�ÔpÐÜÐhÔ�ð�Ò!ËIÖ9Ï�Ë

hn(ζ, ξ) ×2 rm(ζ, ξ) =

dm(ζ, ξ)×2 en(ζ, ξ)
ó'ð1Ö2Ì�Î�Ì

hn(ζ, ξ) = 4βη

∫

R

∫

R

fn(t, w) sin(tζ) sin(wξ) dt dw,

en(ζ, ξ) =

∫

R

∫

R

θn(t, w) cos(tζ) cos(wξ) dt dw,

dm(ζ, ξ) = 4βη

∫

R

∫

R

gm(t, w) sin(tζ) sin(wξ) dt dw,

Ï�Ê2Ý
rn(ζ, ξ) =

∫

R

∫

R

εn(t, w) cos(tζ) cos(wξ) dt dw, εn, θn ∈ ∆2, fn, gn ∈ T
2.
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J7Ö2ÌWÕkÌ�Ï�Ê	ÚÜÊ	ÍæÔ�Ó ×2 ËIÖ2Ì�ÊòÐhÌ�ÏpÝ	Ò1Ë�Ô

hn(ζ, ξ)rm(ζ, ξ) = dm(ζ, ξ)en(ζ, ξ).

J7Ö2Ì�Î�Ì�Ó�ÔpÎ�Ì�ó
(22)

Í�ÚÜ×�Ì�Ò
Hρ,η
α,β

(
fn ∗2 θm

)
(ζ, ξ) = Hρ,η

α,β

(
gm ∗2 εn

)
(ζ, ξ). ö�ú � ø

V#ÚÜÊ2ß�Ì
Hρ,η
α,β

ÚhÒ�ÔpÊ2Ì�ëvË�Ô�ë�ÔpÊ2Ì�ó
(24)

ê�ÚhÌ�ÐhÝ	Ò
fn ∗2 θm = gm ∗2 εn.

J7Ö#Þ2Ò fn
θn

∼ gn
εn
,
ð1Ö	Úhß�ÖòËIÖ2Ì�Êòß�ÔpÊ'è2ÎIÕkÒ

[fn
θn

]
=
[gn
εn

]
.
J7Ö	ÚhÒEÌ�ÒIË�Ï�Ø	ÐÜÚhÒIÖ2Ì�Ò1ËIÖ9Ï�ËEÔpÞ	Î�ËIÎ�Ï�Ê2Ò�Ó�ÔpÎIÕ ÚhÒ1ð�Ì�ÐÜÐ�ë�Ý	Ì�è2Ê2Ì�Ý�é

J�ÔäÌ�ÒIË�Ï�Ø	ÐÜÚhÒIÖ ÐÜÚÜÊ2Ì�Ï�ÎIÚÜË�ê�ó�ð�Ì ÏpÒ�ÒIÞ	ÕkÌ ËIÖ2Ì�Î�Ì Ï�Î�Ì
α∗
1, α

∗
2 ∈ C,

è9Ì�ÐhÝ Ô�Óaß�ÔpÕçã	ÐhÌ�ï Ê#Þ	Õ¢Ø~Ì�Î�Ò�ó
[fn
θn

]
,
[gn
εn

]
∈ B

(
T 2,D2,∆2, ∗2

) ó	ËIÖ2Ì�Ê
−1︷ ︸︸ ︷
Hρ,η
α,β

([
α∗
1fn
θn

]
+

[
α∗
2gn
εn

])
=

−1︷ ︸︸ ︷
Hρ,η
α,β

([
α∗
1fn ∗2 εn + α∗

2gn ∗2 θn
θn ∗2 εn

])

=

[
α∗
1hn ×2 rn + α∗

2dn ×2 en

en ×2 rn

]
=

[
α∗
1hn

en

]
+

[
α∗
2dn

rn

]
= α∗

1

[
hn

en

]
+ α∗

2

[
dn

rn

]
.

J7Ö	ÚhÒ�ß�ÔpÕçã	ÐhÌ�Ë�Ì�ÒEËIÖ2ÌAã	Î�Ô�Ô�Ó,Ô�Ó5ËIÖ2ÌWËIÖ2Ì�ÔpÎ�Ì�Õòé
Be��PKLRU]�X��PGJQ�� GJ]PTp_FT V �JKlXYG#K��	�PQYK!gYgDIjRUCHd#X��`RUC
��gDXYG0X��PKjRUCPGJCHdHILGJ]`g QYK8ZiKOQYKOKlZiGJQ��PVpg��
�PKOQ   GJQYQYK   XYV GJC`gRUC`_   GJILILKOCmXSg=GJC#X��PVpg=IjRUCH]`g   QYV ��X �

� & 	 & n & Ä�É & �
µ������ �������������
������ �� !�"$#%#�&('*)��,+�� !�-.��&
)�� /��102����� !��3��� � �4�
��"5��¸�����|vw {O|=x�w r�{76Ü����x�w r�{�81t�|�z�r�x�����|v�U����|A��� �t�|�z���w x�t�|vw ����tvw ��r�x�z�rp�¢tvu�{�w |�{�9�tv{�r�x�w ��r�xBtv�=tv{��1y�{O|v{I�!z�rp�!��� t�|�z�����{�u��1w z�r�x�ypz���{�x�:;:Aqsr�tv{���|I�'�#|�z�r�x��s�2þ�y�{����¸���r��OtI� <1¹�ü�ü>=�� <�?9���Ü��µ�@��(AZ·�� <�B'��´�¶DC�E�´�·�¹��¹������ �����������1�
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G�E�S�X����
?�:�?�=><U^`;�:4]�S��\^q:4;*�H<KR>S��

[−1; 1]
é

�
©
¹�ü�µI·5�>�G�¢�"�����Jw'����� ��¸8«��	�G­ �	�Tx �)y��
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� _
	���5�,�
`��&�,��s�����

`��4=>=�~�:4;*���A~uW
G�E�S�X���@
f
ór:4M��H<UP�<	|�<KE�E�G�@ E��d:4;*�H<KR>S�<

[−1, 1]
�LM�����E��A~[��@AajG�@ P�<KVH=K;)?*�'ë

;�<	|A})E�IJ<]|A�H9):cS�:*~�M�|�<KS�=KE�IJ<jR>E��>]H<KE���B�é�^c�H<UPHMH:H|�:Oey�A~1ó�]�;�:cE���b>;�:*~n:4;*�H<KR>S�<h<><o~�:OecEH:1����R�ë
|�:Oey��;*} ? ��B�PDMH: ~�EH:4FO:4]�|�<KE���~ �
<>94IgZ�<K?(�QMH<���?�:4FO: �H:>P>�'ó2;�é�<�é�=KG�a�<>=K;)?)G�@A;mMH:)=K;�:OB-E�E�IJ<
a0, a1, . . .

;���S��H<�óH]�;�:

f(x) =

∞∑

l=0

′al Tl(x). (1)

\[R>?�<>=K;)EH:	ó-]�;�: ~�EH:4FO:4]�|�<KE�I
�
<>94IgZ�<K?(�
Tl(x) = cos(

Ð�Ï�Î�ß�ß�Ô�Ò�ï
) (l = 0, 1, . . .)

:���;�:4FO:4E���|A})E�IDE��
:4;*�H<KR>S�<

[−1, 1]
=[?�<>=>:*~

(1− x2)−
1
2
�

1∫

−1

(
1− x2

)− 1
2 T 2

k (x) dx =

{
π, k = 0,
π
2 , k > 0.

hc~�EH:Oe ��Bn:)9)<d]��4=K;*� ����?�<KEH=K;)?(� ö�÷�ø E�� (1 − x2)−
1
2Tk(x)

� ��E�;�<KF�������G)B MH:L:4;*�H<KR>S�G
[−1, 1]

ó
MH:H|HG�]��4<�~N=	|�<UPHG�@Aat�H<
W�:��A~�G�|HI P�|HB`S�:4bOW�W]��X��H<KE�;�:4?

ak
��B�P>�

(1)
�

ak =
2

π

1∫

−1

(
1− x2

)− 1
2 f(x)Tk(x) dx, k = 0, 1, . . .

St;�=K@�P>�c=AMH:*~�:4at})@ MH:>P�=K;���EH:4?)S��
x = cos t

MH:H|HG�]��4<�~ ����?)EH:)=���|A})E�G�@�ó��_]��4=K;�:c9):H|�<><[?)IgFO:>P	ë
E�G�@ W�:��A~�G�|HG

ak[f ] =
2

π

π∫

0

f(cos t) cos kt dt, k = 0, 1, . . .

d�<	|A��]���E�G
ak[f ]

E���RO:4?�<�~
k
ë������������
�������! �"#���%$&�!')(
*��,+)-dW
G�E�S�X����

f
ó�� ��B�P

∞∑

k=0

′

ak[f ]Tk(x)

.�/10�2 ���%$&�!')(
*��,+)-dW
G�E�S�X����
f
é�b�P�<>=�}%=��A~�?�:H| ∑′ :4M��H<UP�<	|HB�<K;�=CBTW�:��A~�G�|�:4V

m∑

j=l

′

aj =
1

2
al + al+1 + . . . + am, m > l.


�_���,�3878�54�78*-�64
7�68�8�n�:9r�8;A�T5<4=�?>8�@�s��687��
��786=A4$84=�&>86=B�A6BL7868*-�@A6>8�84
7�6=B�A6Bs$�>8����68��687��

`��4=>=�~�:4;*���A~Y=���E�F>G�|HB���EH:)<o��E�;�<KF�����|A})EH:)<�G;����?)EH<KE��H<�?*�-P>�

1

π

1∫

−1

ϕ0(t)

t− x
dt+

1

π

1∫

−1

k(x, t)ϕ0(t) dt = f(x), (2)



��"������	�	�k��$	$ - ��"����æ��$	�~�ñ���	$��� �����"�$ - � - �	$~������"�������$ - � -  #"���
�$~��$	���æ"��������5�����,��/	�æ��
�� ÷
�
FCP�<

k(x, t), f(x) ∈ Hr(α) ö r > 1
ó
0 < α 6 1 ø . R��\P>��E�E�IJ<�W
G�E�S�X���� ö Hr(α) .

S�|>�4=>=2W
G�E�S�X���V�ó
�A~�<K@Aat�-^_EH<KM��H<���Ig?)E�IJ<
M��H:���R>?�:>PHE�IJ<�P�:�MH:���B�PHS��

r − 1
óA�jM��H:���R>?�:>PHE���BqMH:���B�PHS��

r
G\P�:4?�|�<�ë

;)?�:���B�<K;�G�=	|�:4?*��@qu �<	|A}4P�<�����=tMH:4S���R���;�<	|�<�~
α ø é;\[E-P�<KS�=KG κ = 1

G;����?)EH<KE���B ö�ú�ø =>:):4;)?�<K;�=K;)?)G�<K;�H<KZ�<KE��H<
?*�-P>�

ϕ0(t) =
ϕ(t)√
1− t2

, (30)

FCP�<
ϕ(t)

B-?�|HB�<K;�=CBfP�:)=K;���;�:4]�EH:_F�|>�\PHS�:4VsW
G�E�S�X��H<KVTE��%:4;*�H<KR>S�<
[−1, 1]

é&m :4FCP>�%G;����?)EH<KE��H< ö�ú�øM����A~�<K;%=	|�<UPHG�@Aat��Vq?*�-P �

Kϕ ≡ 1

π

1∫

−1

1√
1− t2

· ϕ(t)
t− x

dt+
1

π

1∫

−1

1√
1− t2

· k(x, t)ϕ(t) dt = f(x). (3)

b&��~�<KE��A~nEH<���R>?�<>=K;)E�G�@ W
G�E�S�X���@
ϕ(t)

<><c����R�|�:Oej<KE��H<�~Y?y��B�PT�
<>94IgZ�<K?(� �

ϕ(t) =

∞∑

k=1

Ck Tk−1(t), (4)

FCP�<
Ck . EH<>:4M��H<UP�<	|�<KE�E�IJ<
S�:4bOW�W]��X��H<KE�;)Iñé©^
:>P�=K;���?�|HB-B MH:H|HG�]H<KE�EH:)< ����R�|�:Oej<KE��H<

ϕ(t)?cG;����?)EH<KE��H< ö�û�ø ó-MH:H|HG�]��4<�~N=	|�<UPHG�@Aa�<><[G;����?)EH<KE��H< �

1

π

1∫

−1

1√
1− t2

· 1

t− x
·
( ∞∑

k=1

Ck Tk−1(t)

)
dt

+
1

π

1∫

−1

k(x, t)√
1− t2

( ∞∑

k=1

CkTk−1(t)

)
dt = f(x)

��|A�
∞∑

k=1

Ck ·
1

π

1∫

−1

1√
1− t2

· Tk−1(t)

t− x
dt+

∞∑

k=1

Ck
1

π

1∫

−1

k(x, t)√
1− t2

Tk−1(t) dt = f(x). (5)

\
=KMH:H|A})R>G)BfW�:��A~�G�|HGd:)9�����a�<KE���B ö =�~1é 	 û ó2ß�é û ��
�ø
1

π

1∫

−1

1√
1− t2

· Tk−1(t)

t− x
dt =

{
0, k = 1,

Uk−2(x), k 6= 1
(6)

�`S�?(�\PA����;)G;��E�G�@ W�:��A~�G�|HG_	T<	|�<���� ö =�~1é 	 � ó	ß�é ÷�û�ú�
�ø
1

π

1∫

−1

1√
1− t2

f(t) dt ≈ 1

m

m∑

k=1

f

(
cos

2k − 1

2m
π

)
, (7)

FCP�<
Uk−2(x) .

~�EH:4FO:4]�|�<KET�
<>94IgZ�<K?(� ú ë FO:y�H:>P>�

Uk−2(x) =
sin((k − 1) arccos x)√

1− x2
,
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MH:H|HG�]��4<�~

∞∑

k=2

Ck Uk−2(x) +
∞∑

k=1

Ck ·
1

m

m∑

j=1

k(x, xj)Tk−1(xj) = f(x), (8)

FCP�<

xj = cos
2j − 1

2m
π, j = 1, 2, . . . ,m.

hU����?)EH<KE��H< ö���ø �A~�<><K;�EH<A<UPA��EH=K;)?�<KE�EH:)<c�H<KZ�<KE��H< 	 ú ó�ß�é ÷�� � ó ú � ��
 ó�b>;�:t�H<KZ�<KE��H<tR���?*�H=���;c:4;M��H:���R>?�:H|A})EH:4FO:dM��H����~�<K;*��� ö =�~1é 	 û ó9ß�é �pû�
 ó 	 � ó9ß�é û � ú�
�ø é��[;�:)94I E���V�;*�L<UPA��EH=K;)?�<KE�EH:)<t�H<KZ�<KE��H<G;����?)EH<KE���B ö���ø ?)?�:>PA��;�=CBfG�=	|�:4?*�H< ö =�~1é 	 ú ó2ß�é �pû�
 ó 	 � ó	ß�é û � ú�
 ó 	 � ó	ß�é ÷�� � 
�ø
1

π

1∫

−1

ϕ(t)√
1− t2

dt = C0, (9)

FCP�<
C0

. M��H:���R>?�:H|A})E���BmMH:)=K;�:OB-E�E���B�ó�:4M��H<UP�<	|HB-@Aay��B
ϕ(t)

é7m7��S��A~ :)9�����RO:*~1ó8<UPA��EH=K;)?�<KE�EH:)<
�H<KZ�<KE��H<

ϕ(t)
R���?*�H=���;_:4;

C0
é�^
:>P�=K;���?�|HB-BT? ö���ø ?-~�<>=K;�: ϕ(x) <KFO:%M��H<UP�=K;���?�|�<KE��H< ö � ø ó�94G\P�<�~�A~�<K;*}

∞∑

k=1

Ck
1

π

1∫

−1

Tk−1(t)√
1− t2

dt = C0. (10)

hU����?)EH<KE���B ö���ø � ö�÷���ø 94G\P�<�~ ���4=>=�~[��;*����?(��;*}fS���Sm=��H=K;�<�~�G�é p ��|�<><c? ö���ø M����-P>��?(��B x R>E��>]H<�ëE���B
xi = −1 + ih

ó
h = 2

n+1

ó
i = 1, . . . , n − 1,

M����
m = n

ó�MH:H|HG�]��A~ =��H=K;�<�~�G |A��EH<KV�E�I�^
��|HFO<>9����H��]H<>=KS��-^fG;����?)EH<KE���Vf:4;)EH:)=���;�<	|A})EH:%EH<���R>?�<>=K;)E�I�^

C1, C2, . . . , Cn, . . .





∞∑
k=2

Ck Uk−2(xi) +
∞∑
k=1

Ck · 1
n

n∑
j=1

k(xi, xj)Tk−1(xj) = f(xi), i = 1, 2, . . . , n− 1,

∞∑
k=1

Ck
1
n

n∑
j=1

Tk−1(xj) = C0.
(11)

dNP>��|A})EH<KV�Z�<�~N94G\P�<�~ ���4=>=�~[��;*����?(��;*}dM����H9H|A��ej<KE�EH:)<hR>E��>]H<KE��H<hW
G�E�S�X����
ϕ(t)

?c?*�-P�<

ϕ(t) ≈
n∑

k=1

Ck Tk−1(t).

m :4FCP>�l?-~�<>=K;�: ö�÷�÷�ø 94G\P�<�~Y�A~�<K;*}m=��H=K;�<�~�G |A��EH<KV�E�I�^ ��|HFO<>9����H��]H<>=KS��-^YG;����?)EH<KE���VNMH:���B�PHS��

n× n
�





n∑
k=2

CkUk−2(xi) +
n∑
k=1

Ck · 1
n

n∑
j=1

k(xi, xj)Tk−1(xj) = f(xi), i = 1, 2, . . . , n− 1,

n∑
k=1

Ck
1
n

n∑
j=1

Tk−1(xj) = C0.
(12)

`8<KZ�<KE��H<A=��H=K;�<�~�I ö�÷�ú�ø :4;)EH:)=���;�<	|A})EH:hEH<���R>?�<>=K;)E�I�^ C1, C2, . . . , Cn
P>�4<K;hE���~lM����H9H|A��ej<KE'ë

EH:)<]�H<KZ�<KE��H<
G;����?)EH<KE���B ö�ú�ø ?c?*�-P�<

ϕ0(t) ≈
1√

1− t2
·
n∑

k=1

Ck Tk−1(t).



��"������	�	�k��$	$ - ��"����æ��$	�~�ñ���	$��� �����"�$ - � - �	$~������"�������$ - � -  #"���
�$~��$	���æ"��������5�����,��/	�æ��
�� ÷��
��_��c&�B���6=B�����6878�q��,�3878�54�78*-�64
7�6=B��n�:9r�8;A, 7 B��8��6��o���=B�A6>8�@�s6=B���*-7

^[G�=K;*}
X . M��H:)=K;*����EH=K;)?�:dW
G�E�S�X���V

ϕ(t) ∈ Hr(α).
Z
:��A~[�c?cM��H:)=K;*����EH=K;)?�<

X
:4M��H<UP�<	|HB�ë

<K;�=CBqW�:��A~�G�|�:4V

‖ϕ‖ = ‖ϕ(t)‖C[−1;1] + sup
t1 6=t2;
0<β<α

|ϕ(t1)− ϕ(t2)|
|t1 − t2|β

.

�
<��H<KR
Xn

:)9):4R>E��>]��A~NM��H:)=K;*����EH=K;)?�:%W
G�E�S�X���V ~�EH:4FO:4]�|�<KEH:4?
ϕn(t) =

n∑
k=0

αkt
k =[EH:��A~�:4V

‖ϕn(t)‖ = ‖ϕn(t)‖C[−1;1]
+ sup

t1 6=t2;
0<β<α

|ϕn(t1)− ϕn(t2)|
|t1 − t2|β

.

T2G\P�<�~l=K]���;���;*}2ó�]�;�:�:4MH<�����;�:��
K
P�<KVH=K;)?)G�<K;t��RJM��H:)=K;*����EH=K;)?(�

X
?
X
�1�A~�<><K;j:4F�����E���]H<KE�E�IgV

:)9�����;)E�IgV�:4MH<�����;�:��
K−1 é*SA9):4R>E��>]��A~s]H<��H<KR Pn :4MH<�����;�:���ó4M��H:)<KS�;*����G�@Aat��V�M��H:)=K;*����EH=K;)?�: XE��jM��H:)=K;*����EH=K;)?�:

Xn
MH:�W�:��A~�G�|�<

Pn[ϕ(t)] =

n∑

k=1

Tn(x)

(t− xk)T ′
n(xk)

ϕ(xk).

\[R>?�<>=K;)EH: 	 � óBß�é û � ú�
 ó�]�;�:TP�|HB+S�:4EH=K;���E�;)I n�<>9)<KF��s=KM�����?�<UP�|A��?(�l:4XH<KE�S�� ‖Pn‖ 6 C lnn.^c���H9H|A��ej<KE�EH:)<r�H<KZ�<KE��H<
G;����?)EH<KE���B ö�û�ø 94G\P�<�~ �H=KS���;*}%?c?*�-P�<�W
G�E�S�X����

ϕn(t) =

n∑

k=1

Ck Tk−1(t).

v
:4bOW�W]��X��H<KE�;)I
Ck

:4M��H<UP�<	|HB-@A;�=CB ��Rd=��H=K;�<�~�I_|A��EH<KV�E�I�^ ��|HFO<>9����H��]H<>=KS��-^mG;����?)EH<KE���V�ó
M��H<UP�=K;���?�|�<KE�EH:4VT?%:4MH<�����;�:���EH:4VTW�:��A~�<[G;����?)EH<KE��H<�~

Pn

[
1

π

1∫

−1

ϕn(t)√
1− t2(t− x)

dt+
1

π

1∫

−1

1√
1− t2

· P tn
[
k(x, t)ϕn(t)

]
dt

]
= Pn[f(x)], (13)

FCP�<
Pn[ψ(t)] .

:4MH<�����;�:�� M��H:)<KS�;*���H:4?(��E���BYE�� ~�EH:Oej<>=K;)?�<���E�;�<���MH:H|HB-X��H:4E�E�I�^YMH:H|A��EH:*~�:4?
=K;�<KMH<KE��

n
MH:`G�R�|>��~DE�G�|�<KVQMH:H|A��EH:*~�:4?T�
<>94IgZ�<K?(�`MH<���?�:4FO: �H:>P>�'é8d�:)=KMH:H|A})RO:4?(��?)Zt�H=�}LW�:��'ë

~�G�|>��~�� ö���ø � ö���ø G;����?)EH<KE��H< ö�÷�û�ø ~�:OecEH:�MH<��H<KM��H=���;*}%?c?*�-P�<

`
nϕn ≡ 1

π

1∫

−1

1√
1− t2

· ϕn(t)
t− x

dt+ P xn

( 1∫

−1

1√
1− t2

· P tn[k(x, t)]ϕn(t) dt
)

= Pn[f(x)]. (14)

^c���A~�<KE��A~j~�<K;�:>PTS�:H|�|�:4S���X����TS`G;����?)EH<KE���@ ö�û�ø éAd :4MH<�����;�:���EH:4VLW�:��A~�<
:4E �A~�<><K;%?*�-P

`
nϕn ≡

1∫

−1

1√
1− t2

· ϕn(t)
t− x

dt+ P xn

[
1

π

1∫

−1

1√
1− t2

k(x, t)ϕn(t) dt

]
= P xn [f(x)]. (15)
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StXH<KE��A~nEH:��A~�G ����R>EH:)=K;*�

∥∥ ` ϕn − `
nϕn

∥∥ =

∥∥∥∥∥
1

π

1∫

−1

1√
1− t2

k(x, t)ϕn(t) dt− P xn

[
1

π

1∫

−1

1√
1− t2

k(x, t)ϕn(t) dt

]∥∥∥∥∥

6

∥∥∥∥∥
1

π

1∫

−1

1√
1− t2

(
k(x, t) − kxn(x, t)

)
ϕn(t) dt

∥∥∥∥∥

+

∥∥∥∥∥P
x
n

[
1

π

1∫

−1

1√
1− t2

(
k(x, t)− kxn(x, t)

)
ϕn(t) dt

]∥∥∥∥∥ = I1 + I2,

FCP�<
kxn(x, t)

. MH:H|A��EH:*~
E��H��|HG�]�Z�<KFO: ����?)EH:*~�<���EH:4FO:TM����H9H|A��ej<KE���Bm=K;�<KMH<KE��
n − 1

MH:qMH<��H<�ë
~�<KE�EH:4V

x
SqW
G�E�S�X����

k(x, t)
é�Z
<K;*��G\PHEH:c?*�-P�<K;*}2ó�]�;�:

I1 6 CnβE
x
n−1(k(x, t))‖ϕn‖,

I2 6 Cnβ‖Pn‖Ex
n−1(k(x, t))‖ϕn‖.\çóH=	|�<UP�:4?(��;�<	|A})EH:	ó

∥∥ ` ϕn − `
nϕn

∥∥ 6 Cnβ‖Pn‖Exn−1(k(x, t))‖ϕn‖,
FCP�<

E
x
n(k(x, t)) = max

−16t61
Exn(k(x, t)).\[R�MH:)=	|�<UPHEH<KFO:fEH<�����?�<KEH=K;)?(� �l:)94a�<KVQ;�<>:������lM����H9H|A��ej<KE�E�I�^ ~�<K;�:>P�:4?qP�|HBl:)9�����;*�A~�I�^

:4MH<�����;�:��H:4? 	 ÷�� ó4=�é �'÷
��
 =	|�<UPHG�<K;�ó4]�;�:AM���� n ;���S��-^�ó4]�;�: q = Cnβ‖K−1‖‖Pn‖Ex
n−1(k(x, t)) < 1

ó
=KG�a�<>=K;)?)G�<K;%:)9�����;)E�IgVT:4MH<�����;�:��

K
−1
n

é�StXH<KE��A~nEH:��A~�G ����R>EH:)=K;*� ‖Kn −Kn‖
é�St]H<K?*�-PHEH:	ó

∥∥ `
nϕn −

`
nϕn

∥∥ =

∥∥∥∥∥P
x
n

[
1

π

1∫

−1

1√
1− t2

(
k(x, t) − P tn[k(x, t)]

)
ϕn(t) dt

]∥∥∥∥∥

6 Cnβ‖Pn‖Et
n(k(x, t))‖ϕn‖,

FCP�<
E
t
n = max

−16x61
Etn[k(x, t)].

^[G�=K;*}m=KG�a�<>=K;)?)G�<K;l;���S�:)<
n0
ó�]�;�:sM����

n > n0
?)IgMH:H|HE�B�<K;�=CB

EH<�����?�<KEH=K;)?�:

Cnβ
(
‖Pn‖Ex

n(k(x, t)) + ‖Pn‖Et
n(k(x, t))

)
< 1.

\[R�;�<>:��H<�~�IqT���E��\^;� 	 ÷�� ó	ß�é ú'÷�÷ 
 =	|�<UPHG�<K;�óH]�;�:
‖ϕ∗ − ϕ∗

n‖ 6 Cnβ
(
‖Pn‖Ex

n(k(x, t)) + ‖Pn‖Etn(k(x, t))
)
,

FCP�<
ϕ∗ � ϕ∗

n
. �H<KZ�<KE���B�G;����?)EH<KE���V ö�û�ø � ö�÷ � ø =>:):4;)?�<K;�=K;)?�<KE�EH:	é*m7��S��A~T:)9�����RO:*~1ó>P�:4S���R���E�� ö =�~1é;���S�ej< 	 ��
�ø

� �@B�>8�8;A�~_ �E 2��� � - 0~�O"���� - "��?�2������� - ��"�����$	/1� *��  	$	���	�	�
k(x, t), f(t) ∈ Hr(α)

�
n
����� - � *

��� -
Cnβ

∥∥K−1
∥∥
(
E
x
n(k(x, t)) +E

t
n(k(x, t))

)
lnn < 1.

+�- �����f���~���������
(13)

�2�������k�O���	$~����
'��$	$ - �1"����æ��$	�~�E�

‖ϕ∗ − ϕ∗
n‖ 6 O

(
lnn

nr+α−β

)
.



��"������	�	�k��$	$ - ��"����æ��$	�~�ñ���	$��� �����"�$ - � - �	$~������"�������$ - � -  #"���
�$~��$	���æ"��������5�����,��/	�æ��
�� ú'÷
�~_�� >87<;A�@>8,

^c����?�<UP�<�~+EH<>=KS�:H|A})S�:�M��H:)=K;)I�^_M����A~�<��H:4?2ó���|�|H@[=K;*������G�@Aat�-^¬��R�|�:Oej<KE�E�IgVq?)IgZ�<]~�<K;�:>P�é
�������
	�� ��
 `��4=>=�~�:4;*���A~NG;����?)EH<KE��H<

1

π

1∫

−1

1√
1− t2

· ϕ(t)
t− x

dt+
1

π

1∫

−1

1√
1− t2

· (x+ t)ϕ(t) dt = x

=AP�:4MH:H|HE���;�<	|A})E�I5~NG�=	|�:4?*�H<�~

1

π

1∫

−1

1√
1− t2

· ϕ(t) dt = 1,

;�é�<�é
C0 = 1.

m :4]�E�I5~_�H<KZ�<KE��H<�~ b>;�:4FO:sG;����?)EH<KE���BnB-?�|HB�<K;�=CBNW
G�E�S�X���B
ϕ(t) = 1.

d b>;�:*~
=	|HG�]��4< �H<KZy��Bn=��H=K;�<�~�G ö�÷�ú�ø M���� n = 3

MH:H|HG�]��4<�~ �
C1 = 1

ó
C2 = 1, 324547 · 10−8 ó C3 =

−3, 973643 · 10−8 �qM����H9H|A��ej<KE�E�I5~j�H<KZ�<KE��H<�~n94G\P�<K;%W
G�E�S�X���B

ϕ3(t) = C1T0(t)+C2T1(t)+C3T2(t) = 1+(1, 324547 ·10−8)t− (3, 973643 ·10−8)(2t2−1) ≈ 1.

�������
	���� 
 `��4=>=�~�:4;*���A~NG;����?)EH<KE��H<

1

π

1∫

−1

1√
1− t2

· ϕ(t)
t− x

dt+
1

π

1∫

−1

1√
1− t2

· (x+ t)ϕ(t) dt =
3

2

=AP�:4MH:H|HE���;�<	|A})E�I5~NG�=	|�:4?*�H<�~

1

π

1∫

−1

1√
1− t2

ϕ(t) dt = 0,

;�éH<�é
C0 = 0

éAm :4]�EH:)<]�H<KZ�<KE��H<
ϕ(t) = t

é�^c���
n = 3

MH:H|HG�]��4<�~ �
C1 = 0

ó
C2 = 1

ó
C3 = 0,

;�éH<�é
ϕ3(t) = T0(t) · 0 + T1(t) · 1 + T2(t) · 0 = t.

�������
	���


 `��4=>=�~�:4;*���A~NG;����?)EH<KE��H<

1

π

1∫

−1

1√
1− t2

· ϕ(t)
t− x

dt+
1

π

1∫

−1

1√
1− t2

· (x+ t)ϕ(t) dt =
3

2
x

=AP�:4MH:H|HE���;�<	|A})E�I5~NG�=	|�:4?*�H<�~

1

π

1∫

−1

1√
1− t2

· ϕ(t) dt = 1

2
,

;�é�<�é
C0 = 1

2 .
m :4]�EH:)< �H<KZ�<KE��H<

ϕ(t) = t2.
^c���

n = 3
MH:H|HG�]��4<�~ �

C1 = 0, 4999999
ó
C2 =

6, 698393 · 10−8 ó C3 = 0, 5000001
ó�;�é�<�é

ϕ3(t) = C1 · 1 + C2 t+ C3(2t
2 − 1)

= 0, 4999999 + (6, 698393 · 10−8) t+ 0, 5000001(2t2 − 1) ≈ t2.
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E���@ =qP�<KS�:>PA���H:4?(��E��H<�~ ej<>=K;)S��-^ �H<KZ�<KE���V �2bOW�W�<KS�;*��?)EH:)=K;*} pj	 ` :)=KEH:4?(��E��mE��l;�:*~1ó2]�;�:
?�:4;�=KG�;�=K;)?*���_P�<�~�:>PHG�|HB-;�:�����EH<tE���S���M�|A��?(��@A;�=CBq:4Zt�H94S��_S�?(��E�;�:4?(��E���B�é>SA94Ig]�EH:rpj	 `+:)9H|>��ë
P>��@A;`9):H|A})Z�<KVl=	|�:OecEH:)=K;*})@ 	 ú ó~ß�é û � ��
 é v P�<KS�:>P�<�����~
;���S�:4FO:`;*��M��d:4;)EH:)=���;�=CBl:)9H|>�\P>��@Aat��V
R>E��>]���;�<	|A})EH:4V S�:����H<KS�;*����G�@Aa�<KV =KMH:)=>:)94EH:)=K;*})@ P�<KS�:>P�<��mPH?�:���]�E�I�^mS�:>P�:4? `z�-P>� . 	���|�|�<�ë
���Q?);�:��H:4FO: MH:���B�PHS�� =T?�<Ka�<>=K;)?�<KE�E�I5~v?4^�:>P�:*~1ógM��H<UP�|�:Oej<KE�E�IgV dAé�	Ñé5x
�-P�<	|A})E���S�:4?)I5~g�
a!éwx=é�^
<���Zy��S�:4?)I5~ 	 û�
 ó�S�:4;�:���IgVV�H=>=	|�<UP�:4?(��|�=CBu? ���49):4;��\^ 	 � ó ��
 é5d 	 � 
 MH:)=K;*�H:)<KE
EH:4?)IgVpj	 `Y=�?4^�:>PHE�I5~��TP>��E�E�I5~�� ��RjMH:H|HBqS�:*~�M�|�<KS�=KE�I�^L]��H=><	|�óA���4=KM��H:)=K;*����E�B-@Aat��V ��|HFO:�����;-~�I
P�<KS�:>PA���H:4?(��E���B ��R 	 û ó � 
 E��f=	|HG�]���VmS�:>P�:4? `z�-P>� . 	���|�|�<����f?);�:��H:4FO:TMH:���B�PHS��TE��\P+MH:H|�<�~
u���|HG(�

F3
é

d E��4=K;�:OB-a�<KV ���49):4;�<r�H=>=	|�<UPHG�@A;�=CBfG�=	|�:4?*��BqS�:����H<KS�;)EH:)=K;*� ���49):4;)I
P�<KS�:>P�<����©��R 	 ��
 é�	���ë;�<�~[��;*��]H<>=KS���Bl=KG�;*}db>;�:4FO:%P�<KS�:>P�<����`=>:)=K;�:���;_?_;�:*~1ó�]�;�:%P�|HBTMH:��H=KS��%?�<���EH:4FO:_S�:>P�:4?�:4FO:q=	|�:�ë
?(�
c̄
ó�=>:):4;)?�<K;�=K;)?)G�@Aa�<KFO:t��EHW�:��A~[��X��H:4E�EH:*~�GdMH:H|A��EH:*~�G%EH<>=KS�:H|A})S��-^_MH<��H<�~�<KE�E�I�^

f
ó)P�<KS�:>P�<��

MH:cMH:H|HG�]H<KE�EH:*~�G ��R�S���E���|>��R���ZjG�~7|�<KE�EH:*~�Gq=	|�:4?)G
z̄
=K;*�H:���;dR���ZjG�~7|�<KE�E�IJ<�?�<��H=����fS�:>P�:4?)I�^

=	|�:4?fP�|HBQ?�=><U^QM��H:���R>?�:>PHE�I�^+MH:H|A��EH:*~[�
f
ó7�qR���;�<�~uP�<KS�:>PA����G�<K; �-^Q?

L1
ë�~�<K;*����S�<�ó�M��H:4MH:��'ë

X��H:4E���|A})EH:4V ~�<K;*����S�< k[<�~z~���E�F��'ó
�NE��l:)=KEH:4?�<fMH:H|HG�]H<KE�E�I�^j�H<KR>G�|A}\;���;�:4? ?�:)=>=K;���E���?�|A��?(�4<K;
=	|�:4?�:

c̄
ézm7��S��A~ :)9�����RO:*~1ó�MH:��H=KSNMH:l=	|�:4?)G

z̄
9H|A��e ��V�Z�<KFO:QMH: ~�<K;*����S�< k[<�~z~���E�F��Q=	|�:4?(�

c̄
�
©
¹�ü�µI·��
��«����*���w���0+¢� �9+U�"¡G�H�������G���"�P,7�)y��
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M��H:��H=i^�:>PA��;s?fEH<KS�:4;�:��H:*~ =�~�IJ=	|�<�E��q:)=KEH:4?�<%M����A~�<KEH<KE���B ��E���|�:4F��f=>:)9):H|�<K?�=KS�:4V+EH:��A~�I 	 ��
 épo|HB�PA�H=KS��H<K;)EH:4FO:hS���E���|>�
MH<��H<UP>�>]��%P>��E�E�I�^�?)I�P�<	|�<KEH:�G�=	|�:4?*�H<JF�|>�\PHS�:)=K;*��ó�M�����?)IgMH:H|HEH<KE����
S�:4;�:��H:4FO:`=>W�:��A~�G�|A���H:4?(��E�� �TP�:4S���R���E��d;�<>:��H<�~[�d:dS�:����H<KS�;)EH:)=K;*� ���49):4;)I b>;�:4FO:dP�<KS�:>P�<����d?
=���;)G(��X�����órS�:4FCP>��]��H=	|�:d:4Zt�H9):4ST?�S�:>P�:4?�:*~D=	|�:4?�<�EH<�M��H<K?�:)=i^�:>PA��;`MH:H|�:4?*��E�G ~���E��A~[��|A})EH:4FO:
S�:>P�:4?�:4FO:©���4=>=K;�:OB-E���B�é

St;-~�<K;*�A~1ó8:>PHE���S�:	ó8]�;�:qb>;�:4;qP�<KS�:>P�<�� ~�:Oej<K;��H=KM�����?�|HB-;*}T]��4=K;*}T:4Zt�H9):4S �lR��`F�����E���XH<KV
MH:H|�:4?*��E�I ~���E��A~[��|A})EH:4FO:TS�:>P�:4?�:4FO:����4=>=K;�:OB-E���B�ó8]�;�:qMH:>PH;)?�<���e�P>�4<K;�=CB M��H:4?�<UP�<KE�E�I5~��+b>S�=�ë
MH<����A~�<KE�;���~���	 ��
 é(m7��S��A~m:)9�����RO:*~1ó�<>=K;�<>=K;)?�<KE�EH:4V`:)9H|>�4=K;*})@
M����A~�<KEH<KE���B©����R����49):4;���E�EH:4FO:jP�<�ëS�:>P�<����lB-?�|HB-@A;�=CB S���E���|HI =K?)B-R��nE���R>S�:4FO:QS��>]H<>=K;)?(�'ó
�H=KMH:H|A})R>G�<�~�IJ<qP�|HB+MH<��H<UP>�>]��YXH<KE�E�I�^
=>:):)94a�<KE���V�óHS���S��A~��fB-?�|HB-@A;�=CB�ó�E���M����A~�<���ó�:4;)?�:>PHE�IJ<�S���E���|HIuG�;�<K]�S�� ��EHW�:��A~[��X���� 	 ����÷�÷ 
 é

Â _�� B�5�,
RM3(2,m)

7 >8����6=B���*-68,c� B��8�@>8��* B�>8,

Zo�\P`MH:H|�<�~ u���|HG(�
F3
���4=>=�~�:4;*���A~j��|HFO<>9���G%MH:H|A��EH:*~�:4?�:4;

m
MH<��H<�~�<KE�E�I�^

F3[x1, . . . , xm]
ó

M����Qb>;�:*~1ó EH<c;�<���B-Bm:)94ajEH:)=K;*��ó894G\P�<�~DMH:H|>��F���;*}2ó8]�;�:q?�=><©~�:4EH:*~�I �A~�<K@A;f?*�-P
axγ11 . . . xγmm

ó
0 6 γj 6 2

é7po|HBnM��H:���R>?�:H|A})EH:4FO:
ᾱ = (α1, . . . , αm)

��R |A��EH<KV�EH:4FO:QM��H:)=K;*����EH=K;)?(�
Fm3

]H<��H<KR

ρ(ᾱ)
:)9):4R>E��>]��A~ =KG�~z~�GNS�:):���PA��E���;NS���Su=KG�~z~�GNE���;)G;����|A})E�I�^ ]��H=><	|�é5d M��H:)=K;*����EH=K;)?�<

Fm3~�:4ajEH:)=K;*�
n = 3m

R��4W]��S�=�����G�<�~ |A��EH<KV�EH:)<
G�MH:���B�P�:4]H<KE��H<

{ᾱ1; . . . ; ᾱn} (ᾱj = (αj1 , αj2 , . . . , αjm)), ö�÷�ø
MH:
M��H����~�<K;*��G

ρ(ᾱ)
:4;o~�<KE�})Z�<KFO:�S�9):H|A})Z�<�~�G�ó;�AM����%:>PA��E���S�:4?)I�^%R>E��>]H<KE���B�^

ρ(ᾱ)
M��H<UPHMH:H|>��ë

F��4<K;�=CB¬|�<KS�=���S�:4F����4W]��]H<>=KS���VTMH:���B�P�:4Sf=	|�<K?(�jE���M�����?�:c:4;�9):H|A})Z�<KFO:�S ~�<KE�})Z�<�~�G�éA^
:H|A��EH:*~�I
��R

F3[x1, . . . , xm]
94G\P�<�~ R���M��H=KIg?(��;*}%?�S���EH:4E���]H<>=KS�:*~N?*�-P�<

f(x̄) =
∑

ᾱ∈Fm
3

fᾱ x̄
ᾱ,

FCP�<
ᾱ = (α1, . . . , αm)

ó
x̄ = (x1, . . . , xm)

ó
x̄ᾱ = xα1

1 . . . xαm
m

ó
�LMH:���B�P�:4S =	|>��F��4<�~�I�^n?Q=KG�~Më
~�<%=>:):4;)?�<K;�=K;)?)G�<K;TG�MH:���B�P�:4]H<KE���@ ö�÷�ø é>po|HBlEH<KE�G�|�<K?�:4FO: ~�:4EH:*~[� ax̄ᾱ =K;�<KMH<KE�}T:4M��H<UP�<	|HB�<K;�=CBS���S

ρ(ᾱ)
ó*�[=K;�<KMH<KE�}

deg(f)
MH:H|A��EH:*~[�

f
:4M��H<UP�<	|HB�<K;�=CBcS���S©~[��S�=��A~[��|A})E���B%=K;�<KMH<KE�}h=>:)=K;���?�|HB�ë

@Aat�-^j<KFO:[EH<KE�G�|�<K?)I�^ ~�:4EH:*~�:4?2é�	fEH:Oej<>=K;)?�:
MH:H|A��EH:*~�:4?]��R
F3[x1, . . . , xm]

=K;�<KMH<KE��cEH<2?)IgZ�<
r

:)9):4R>E��>]��A~L]H<��H<KR
F
(r)
3 [x1, . . . , xm]

é�^
:c��E���|�:4F�����=!:4M��H<UP�<	|�<KE��H<�~LM��H:���R>?�:>PHEH:4V�?[94G�|�<K?�:*~f=	|HG#ë
]��4< ö =�~1é 	 ÷�ú óH=�é � ��
�ø :4M��H<UP�<	|A�A~N:4MH<�����;�:��qPA�HW�W�<��H<KE�X����H:4?(��E���B`MH:cE���M�����?�|�<KE���@ b̄ (∈ Fm3 )

Db̄ : F
(r)
3 [x1, . . . , xm] → F

(r−1)
3 [x1, . . . , xm]

M�����?*��|�:*~

(Db̄f)(x̄) = fb̄(x̄)− f(x̄), fb̄(x̄) = f(x̄+ b̄). ö�ú�ø
n�<KF>S�:�?*�-P�<K;*}2ó�]�;�:cb>;�:4;%:4MH<�����;�:��T:4M��H<UP�<	|�<KEfS�:����H<KS�;)EH:1�qB-?�|HB�<K;�=CB¬|A��EH<KV�E�I5~1é

^c����?�<UP�<�~nEH<>:)9>^�:>PA�A~�IJ<�=K?�<UP�<KE���Bq:�S�:>P>�\^ `z�-P>� . 	���|�|�<����cE��\PqMH:H|�<�~
F3

�

RM3(r,m) =
{
(f(ᾱ1), . . . , f(ᾱn)) : f ∈ F

(r)
3 [x1, . . . , xm]

}

ö =�~1éÜó�E���M����A~�<���ó 	 ÷�û�
�ø é�^o�H����~�<K;*� r (6 m)
E���R>Ig?(�4<K;�=CB`MH:���B�PHS�:*~ S�:>P>�

RM 3(r,m)
é�`��4=>=�~�:4;pë

���A~n:4MH<�����;�:��fS�:>PA���H:4?(��E���B
C : F

(r)
3 [x1, . . . , xm] → Fn3 ,

:4M��H<UP�<	|HB�<�~�IgV ����?�<KEH=K;)?�:*~

C(f) = (f(ᾱ1), . . . , f(ᾱn)), f ∈ F
(r)
3 [x1, . . . , xm]. ö�û�ø
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 ú �
^
:H|A��EH:*~�IV��R

F
(r)
3 [x1, . . . , xm]

E���RO:4?�<�~��� ��
� / � -5�����) � �(&� �9ó��j?�<KS�;�:���óH=>:)=K;���?�|�<KE�E�IgV ��R
S�:�ë
bOW�W]��X��H<KE�;�:4? ��EHW�:��A~[��X��H:4E�EH:4FO:fMH:H|A��EH:*~[�

f
óo94G\P�<�~ E���R>Ig?(��;*} �� ��
� / � -5�����) � �(&� +5�!��"#���

/ ���l�`:)9):4R>E��>]���;*}�]H<��H<KR
f̄
é-p ��|�<><
94G\P�<�~ ���4=>=�~[��;*����?(��;*}�S�:>PHIV`z�-P>� . 	���|�|�<����jMH:���B�PHS�� ÷� ú é;StM���Z�<�~sM��H����~�<K;*��IYS�:>P>� RM3(1,m)

�)P�|A��E��
S�:>P>�
n = 3m

ó�����R�~�<���EH:)=K;*}
k = 1+m

ó*~��'ë
E��A~[��|A})EH:)<JS�:>P�:4?�:)<5���4=>=K;�:OB-E��H<

d = 2 ·3m−1 ó4]��H=	|�:
F��H����E�;*���H:4?(��E�EH:t�H=KM�����?�|HB�<�~�I�^�:4Zt�H9):4S
t = 3m−1 − 1

ó���EHW�:��A~[��X��H:4E�E�IJ<�MH:H|A��EH:*~�IuS�:>P>�y�A~�<K@A;�?*�-P

a(x̄) = a0̄ +
∑

ρ(ᾱ)=1

aᾱx̄
ᾱ.

StM���Z�<�~ M��H����~�<K;*��IuS�:>P>�
RM3(2,m)

�

n = 3m, k = 1 +m+ C2
m+1, d = 3m−1, t =

3m−1 − 1

2
,

��EHW�:��A~[��X��H:4E�E�IJ<�MH:H|A��EH:*~�IuS�:>P>�y�A~�<K@A;�?*�-P

f(x̄) = a0̄ +
∑

ρ(ᾱ)=1

aᾱ x̄
ᾱ +

∑

ρ(ᾱ)=2

aᾱ x̄
ᾱ.

d
b>;�:*~ ����?�<KEH=K;)?�<�MH:H|A��EH:*~
f(x̄)

B-?�|HB�<K;�=CBL=KG�~z~�:4Vs=KS���|HB����'ó>|A��EH<KV�EH:4VlW�:��A~�Iq�TS�?(�\P	ë
����;*��]�EH:4VTW�:��A~�Iñó-MH:4b>;�:*~�GdP>��|�<><�94G\P�<�~n<KFO:cR���M��H=���;*}%=	|�<UPHG�@Aat�A~n:)9�����RO:*~ �

f(x̄) = a0̄ + 〈x̄, ā〉+ x̄Ax̄T , ö � ø
FCP�<

ā = (f10...00, f01...00, . . . , f00...01)
ó 〈·, ·〉 . R>E���Sf=KS���|HB���EH:4FO:%M��H:���R>?�<UP�<KE���Bq?

Fm3
�

A =




f200..00 2f110...00 2f101...00
2f110...00 f020..00 2f011...00
2f101...00 2f011...00 f002..00

· · ·
2f100...10 2f100...01
2f010...10 2f010...01
2f001...10 2f001...01ééé é é é ééé

2f100...10 2f010...10 2f001...10
2f100...01 2f010...01 2f001...01

· · · f000..20 2f000...11
2f000...11 f000..02




.

St;-~�<K;*�A~1óH]�;�:�?�MH:H|�<
F3
?)IgMH:H|HE�B�<K;�=CB ����?�<KEH=K;)?�:

2−1 = 2
é

^c��B�~�I5~�� ?)IgS�|>�\PHS���~��nM��H:4?�<���B�<K;�=CB�ó�]�;�:fP�|HBmM��H:���R>?�:H|A})EH:4FO:sMH:H|A��EH:*~[�
f
?*�-P>� ö � ø �M��H:���R>?�:H|A})EH:4FO:%?�<KS�;�:����

b̄ (∈ Fm3 )

(Db̄f)(x̄) = 2x̄Ab̄T + f(b̄)− f00...00. ö���ø
�[;�:)94IQ?)?�<>=K;*�h?JM��H:)=K;*����EH=K;)?�<

Fn3
��E���|�:4F2:4MH<�����;�:����

Db̄

ó����4=>=�~�:4;*���A~f=KE��>]���|>�gP�|HB
b̄ ∈ Fm3:4MH<�����;�:��T=iPH?*��F��

τ b̄ : F
n
3 → Fn3

ó�:4M��H<UP�<	|HB�<�~�IgV ����?�<KEH=K;)?�:*~
τ b̄(ā) = (aᾱ1+b̄, . . . , aᾱn+b̄), ö���ø

FCP�<
ā = (aᾱ1 , . . . , aᾱn) ∈ Fn3 ö =�~1é ö�÷�øIø é�St;-~�<K;*�A~1ó�]�;�: τ b̄ B-?�|HB�<K;�=CBTMH<��H<�~�<KZt��?(��@Aat�A~D9��H<KS'ë;*��?)E�I5~n:4;�:)9�����ej<KE��H<�~1é `���R>EH:)=K;)E�IgVL:4MH<�����;�:��

∆b̄ : F
n
3 → Fn3

:4M��H<UP�<	|A�A~NW�:��A~�G�|�:4V

∆ b̄(ā) = τ b̄(ā)− ā. ö���ø
p ��|�<><

∆b̄(ā)
94G\P�<�~ E���R>Ig?(��;*}�� / �)��	5+)� 2  �(&� +5�!��"#� / ��� ?�<KS�;�:����

ā
MH:�E���M�����?�|�<KE���@

b̄
é

h�=K;���EH:4?*�A~Y=K?)B-R�}1~�<Ke�PHG_?)?�<UP�<KE�E�I5~��f?)IgZ�<�:4MH<�����;�:�����~���é
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f ∈ F2
3[x1, . . . ,xm]

*
b̄ ∈ Fm3

6�+�- �����
τb̄(C(f)) = C(fb̄), C(Db̄f) = ∆b̄(C(f)).

C
po|HB�M��H:4?�<���S��dMH<���?�:4FO:r����?�<KEH=K;)?(�j=	|�<UPHG�<K;t�H=KMH:H|A})RO:4?(��;*} ö�û�ø � ö���ø ó;�
?);�:��H:)<t?)Ig;�<KS��4<K;��R]|A��EH<KV�EH:)=K;*�T:4MH<�����;�:����cS�:>PA���H:4?(��E���B

C
� ����?�<KEH=K;)? ö�ú�ø ó ö���ø é B

� _ � B ;A��9 BH$r��* B��=3878��, � �o��68�84D68��� B�5�� 9
RM3(2,m)

_
� 4���5 � B���* 7 �o��68�84��
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c̄ ∈ RM3(2,m) (⊂ Fn3 )
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C3 =
{
ei

2π
3
j
}
j=0,1,2

(⊂ C)
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µ−1(j) = ei

2
3
πj ó j ∈ F3,
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µn : Cn3 → Fn3 . ö���ø
^
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c̄ ∈ RM3(2,m) (⊂ Fn3 )
M��H<>:)9�����R>G�<K;�?

z̄ = µn(c̄) ∈ Cn3
é
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z̄′ ∈ Cn
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z̄′ = (z′1, . . . , z
′
n)
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E��l?4^�:>P M����H<�~�E���S��'ó2S�:4;�:���IgV ?QR���?*�H=��A~�:)=K;*�
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dD=	|HG�]��4<o~�B-F>S��-^ �H<KZ�<KE���VfM����H<�~�E���SfM��H<>:)9�����R>G�<K;dR>E��>]H<KE��H<�S���e�P�:4FO:d=���F>E���|>�
z′s ∈ C \

{0} =[MH:*~�:4at})@ W]��|A}\;*��G�@Aa�<KVqW
G�E�S�X����

ζ : C\{0} → Ξε =
{
ξ ∈ C : ε 6 |ξ| 6 ε−1

}
, ö���ø

ß�M��H����~�<K;*�H:*~
ε ∈ (0; 1]

ó\S�:4;�:�����Bh:4M��H<UP�<	|HB�<K;�=CBhMH:J=	|�<UPHG�@Aa�<�~�G[M�����?*��|HG �O<>=	|A�
ε 6 |ξ| 6 ε−1 ó

;�:
ζ(ξ) = ξ

��<>=	|A�
0 < |ξ| < ε

ó-;�:
ζ(ξ) = ξ|ξ|−1ε

�H<>=	|A�
ε−1 < |ξ| ó�;�: ζ(ξ) = ξ|ξ|−1ε−1 é

d =	|HG�]��4<�ej<>=K;)S��-^ �H<KZ�<KE���VsM����H<�~�E���SQM��H<>:)9�����R>G�<K;q?�<KS�;�:��
z̄′ ∈ Cn ?`?�<KS�;�:�� Y ∈ Cn3

ó
�H=KMH:H|A})R>G)B�ó�E���M����A~�<���ó�P�|HBqS���e�P�:4VfS�:):���PA��E���;)I M�����E�X���M �H<KZy��@Aat�-^q:)9H|>�4=K;�<KV 	 ú�
 éAd b>;�:*~=	|HG�]��4<
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Y
;���S�ej<�M�����E��\P�|�<Key��;

Ξnε
ó-;���SfS���S

Cn3 ⊂ Ξnε
é
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Y ∈ Ξnε
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n
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MH<��H<UP>��;)]���S��'ó�|A��E����
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MH:H|HG�EH<KM��H<���Ig?)EH:4FO:%S���E���|>�'óHS�:4;�:���IgVT:)9):4R>E��>]��A~

chn : Fn3 → Ξnε .
dY=	|HG�]��4<[ej<>=K;)S��-^ �H<KZ�<KE���V`M����H<�~�E���S��cE��j?4^�:>P ^rxNMH:*~�<U^�:4G�=K;�:4V�]���?�:4FO:%S���E���|>��MH:)=K;)G#ë

M���@A;�b�|�<�~�<KE�;)Iq��R�M��H:)=K;*����EH=K;)?(�
Cn3
é>x2:):4;)?�<K;�=K;)?)G�@Aat��VT:4MH<�����;�:��T?)E�G�;*�H<KE�EH<KFO:%EH<KMH:*~�<U^�:�ë
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chnd : Fn3 → Cn3 .
StMH<�����;�:��

chnd
�fMH:��H:>PA��?)Zt��Vs<KFO:�PA�H=KS��H<K;)E�IgVLMH:*~�<U^�:4G�=K;�:4V�]���?)IgVsS���E���|l94G\P�<�~nE���R>I7ë

?(��;*}�����- 2 ���8� �9ó!<>=	|A�NR���ZjG�~7|�<KE��H<q?�<KS�;�:���� C(f) (∈ RM3(2,m))
?QS���E���|�<f;�<>=KEH:Q=K?)B-R���EH:

=[R���ZjG�~7|�<KE��H<�~n?�<KS�;�:��H:4?
C(Db̄f) (∈ RM3(1,m))

P�|HB_?�=><U^
b̄ ∈ Fm3

óA�t�A~�<KE�EH:	ó�<>=	|A�
∆b̄(µn(chnd(C(f)))) = µn(chnd(C(Db̄f))). ö�÷���ø

`���R>EH:)=K;)E�IgV :4MH<�����;�:��
∆b̄

B-?�|HB�<K;�=CB PA�H=KS��H<K;)EH:4V ?�<��H=��H<KV :4MH<�����;�:���� PA�HW�W�<��H<KE�X����H:4?(��ë
E���B

Db̄

ó8MH:4b>;�:*~�GmG�=	|�:4?*�H< ö�÷���ø . b>;�:LEH<KS�:4;�:���IgV ��E���|�:4Fq=K?�:4VH=K;)?(�LM��H<>:)9�����RO:4?(��E���BnS��4=���ë
;�<	|A})E�I�^ ���4=>=	|�:)<KE���V�ó*��E-PHG�X����H:4?(��E�E�I�^cF�|>�\PHS��A~l:4;�:)9�����ej<KE��H<�~ ~�EH:4FO:):)9�����R���V ö =�~1éÜó4E���M����'ë~�<���ó 	 ÷ � óH=�é ú ��
�ø é

� �8;�;A� � _�� ������� - ��"��2� ���������	�	�]���~���#"�����$	/1� 0 - ��� � -  2��� - ���p�	
�/1� �	��$���� 6 �E 2��� �
f ∈

F
(2)
3 [x1, . . . , xm]

*
b̄ ∈ Fm3 ,

ē = µn(chnd(C(f)))− C(f), ε̄ = µn(chnd(C(Db̄f)))− C(Db̄f).+�- ����� * �����	�m
'��� � ���,�5�	$���� - �!�����	�
ē
$~�ñ0#"���
 - � � - ���~�m�p�~��� -ò- �!��� - � * ����"���$~���#" - 
���$	$ - �~� �

0#"���
��������5/��î� - � - �
RM3(2,m)

* � 6 � 6

wth(ē) 6 tRM3(2,m) =
1

2

(
3m−1 − 1

)
,

� - 
'��� � ���,�5�	$���� - �!�����	�
ε̄
$~��0#"���
 - � � - ���~�k�p�~��� -!- �!��� - � * ����"���$~���#" - 
���$	$ - �~��0#"���
��������5/��

� - � - �
RM3(1,m)

* � 6 � 6
wth(ε̄) 6 tRM3(1,m) = 3m−1.

C
St;-~�<K;*�A~1ó�]�;�:cR>E��>]H<KE���B

tRM3(2,m)
�
tRM3(1,m)

M��H<UP��oB-?�|�<KE�Iu? ����RKP�<	|�< Â é�\
=KMH:H|A})R>G)B
G�=	|�:4?*�H< ö�÷���ø ó;|A��EH<KV�EH:)=K;*}_:4MH<�����;�:���� ∆b̄

�¬|�<�~z~�G ÷ MH:H|HG�]��4<�~
µn(chnd(C(Db̄f))) = ∆b̄(µn(chnd(C(f)))) = ∆b̄(C(f) + ē)

= ∆b̄(C(f)) + ∆b̄(ē) = C(Db̄f) + τb̄(ē)− ē.
m7��S��A~N:)9�����RO:*~1ó

ε̄ = chnd(C(Db̄f))− C(Db̄f) = τb̄(ē)− ē.
^
:�G�=	|�:4?*��@ |�<�~z~�I

wth(τb̄(ē)) = wth(ē) 6
1

2

(
3m−1 − 1

)
.

x[|�<UP�:4?(��;�<	|A})EH:	ó
wth(ε̄) = wth(τb̄(ē)− ē) 6 wth(τb̄(ē)) + wth(ē) 6

(
3m−1 − 1

)
. B
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RM3(2,m)

StM���Z�<�~ ?QG�=>:4?�<���Z�<KEH=K;)?�:4?(��E�EH:*~ ?*�-P�<qS�:4EH=K;*��G�S�X���@ pj	 ` P�|HB S�:>P�:4?
RM3(2,m)

��R
���49):4;)I 	 ��
 é(po|HB`b>;�:4FO:c?cM��H:)=K;*����EH=K;)?�< Ξnε MH:1��E���|�:4F����T= ö�ú�ø ó ö���ø ?)?�<UP�<�~n:4MH<�����;�:���I

ξb̄ : Ξ
n
ε → Ξnε , ∇b̄ : Ξnε → Ξnε ,

S�:4;�:���IJ<
P�<KVH=K;)?)G�@A;�MH:cM�����?*��|>��~

ξb̄(Y ) =
(
yb̄+ᾱ1

, . . . ,yb̄+ᾱn

)
, ∇b̄(Y ) =

(
ζ
(
yb̄+ᾱ1

y−1
ᾱ1

)
, . . . , ζ

(
yb̄+ᾱn

y−1
ᾱn

)) ö�÷�÷�ø
=>:):4;)?�<K;�=K;)?�<KE�EH:	ó�FCP�<

Y = (yα1 , . . . , yαn) ∈ Ξnε
ó
ζ . W]��|A}\;*��G�@Aay��B`W
G�E�S�X���B ö���ø é

��4
A6B�>878*1;¢_���� � 2�� [n, k, d]3 ë S�:>P RM3(2,m)
órMH:H|HG�]H<KE�E�IgV���R�S���E���|>�%R���ZjG�~7|�<KE�E�IgVsS�:�ë

P�:4?)IgVq?�<KS�;�:��
Y = (Yᾱ1 , . . . , Yᾱn) ∈ Ξnε (⊂ Cn)

é
� ( � � 2�� ?�:)=>=K;���EH:4?�|�<KE�E�IgV���EHW�:��A~[��X��H:4E�E�IgVf?�<KS�;�:�� f̄ é�_��F ÷ éA^
:)=K;*�H:��A~nG�MH:���B�P�:4]H<KE�E�IgVf?%=>:):4;)?�<K;�=K;)?*���T= ö�÷�ø E��49):��q?�<KS�;�:��H:4?©��R Ξnε �

{
∇γ̄(Y ) =

(
ζ
(
Yγ̄+ᾱ1

Y −1
ᾱ1

)
, . . . , ζ

(
Yγ̄+ᾱn

Y −1
ᾱn

))}
γ̄∈Fm

3 , γ̄ 6=0̄
,

FCP�<
ζ . W]��|A}\;*��G�@Aay��B`W
G�E�S�X���B ö���ø ó Y −1

ᾱs
. ]��H=	|�:	óH=>:4M���B-ej<KE�EH:)<hS

Yᾱs

é
�_��F ú é�`��4=>=�~�:4;*���A~ ?%=>:):4;)?�<K;�=K;)?*���s= ö�÷�ø ?�=>< γ̄ ∈ Fm3

ó
γ̄ 6= 0̄

óA�`P�|HBfW]��S�=����H:4?(��E�EH:4FO:
γ̄:4M��H<UP�<	|A�A~

P = (Pᾱ1 , Pᾱ2 , . . . , Pᾱn) = ∇γ̄(Y ).

x
�H<UPA�s?�=><U^
β(x̄) = β0 + β1x1 + . . . + βmxm

��R
F
(1)
3 [x1, . . . , xm]

E���V-P�<�~ MH:H|A��EH:*~1ó�S�:4;�:���IgV
~���E��A~���R�����G�<K;_W
G�E�S�X��H:4E���| �

Ψ(P , β̄) =

n∑

s=1

∣∣∣Pᾱs − ei
2
3
πβ(ᾱs)

∣∣∣(∈ R).

	 ��E��A~[��|A})EH:)<jR>E��>]H<KE��H<�W
G�E�S�X��H:4E���|>��P�|HBq;�<KS�G�a�<KFO:�R>E��>]H<KE���B
γ̄
:)9):4R>E��>]��A~Y]H<��H<KR

Ψγ̄
ó

��?�<KS�;�:���ó�E���S�:4;�:��H:*~ P�:)=K;*��F��4<K;�=CB ~���E��A~�G�~ . ]H<��H<KR
Bγ̄ = (βγ̄1 , . . . , β

γ̄
m)
é

Zo��V-P�<�~NR>E��>]H<KE���B
Ψγ̄

�
Bγ̄

P�|HB`S���e�P�:4FO:
γ ∈ Fm3

ó
γ̄ 6= 0̄

é x2W�:��A~�����G�<�~nG�MH:���B�P�:4]H<KE�E�IgV
?%=>:):4;)?�<K;�=K;)?*���T= ö�÷�ø E��49):�� Ψ = (Ψᾱ1 = 0̄,Ψᾱ2 ,Ψᾱ3 , . . . ,Ψᾱn)

�`PH?)G�~�<���E�IgV ~[�4=>=���?

B =




Bᾱ1

Bᾱ2

. . .
Bᾱn


 =




0 . . . 0
βᾱ2
1 . . . βᾱ2

m

. . . . . . . . .
βᾱn
1 . . . βᾱn

m


 .

�_��F û éA^[G�=K;*} Θ = B
�

Θ =




Θᾱ1

. . .
Θᾱn


 =




θ11 · · · θm1ééé é é é ééé
θ1n · · · θmn


 .

^c���nEH<>:)9>^�:>PA�A~�:)=K;*�
j
ë VN=K;�:H|�9)<KXnMH:H|HG�]H<KE�EH:4FO: ~[�4=>=���?(�l94G\P�<�~ :)9):4R>E��>]���;*}m]H<��H<KR

Θj ó j =
1, . . . ,m

é&^[G�=K;*}
Maj {X} . W
G�E�S�X���B�ó�?�:4R>?*����ay��@Aay��BLb�|�<�~�<KE�;�óo?�=K;*�H<K]���@Aat��VH=CBsE��H�H9):H|A}pë

Z�<><
]��H=	|�:y����R
?©~�EH:Oej<>=K;)?�<
X
é�SA94EH:4?*�A~N=K;*�H:4S�� ~[�4=>=���?(�

Θ
�

Θᾱs = Maj
{
Θᾱs+β̄j

−Θβ̄j

}
β̄j∈Fm

3 , β̄j 6=ᾱs

.
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 ú �
�_��F � é-d�:)=>=K;���EH:4?*�A~QS�?(�\PA����;*��]�E�G�@
]��4=K;*}

ψ(x̄)
�H=KS�:*~�:4FO:r��EHW�:��A~[��X��H:4E�EH:4FO:hMH:H|A��EH:*~[�

f(x̄)
ó�MH:)=K;*�H:���? ~[��;*����X�G a ö =�~1é ö � øIø é�_��F � é ÷ é*po|HB%S���e�P�:4FO: j ∈ {1, . . . ,m} E��r~�EH:Oej<>=K;)?�<[?�=><U^y|A��EH<KV�E�I�^d:>PHEH:��H:>PHE�I�^_MH:H|A�'ëEH:*~�:4?�?*�-P>�

δ(x̄) =

m∑

q=1

δqxq, δq ∈ F3, ö�÷�ú�ø
E��\^�:>PA�A~j~���E��A~�G�~nW
G�E�S�X��H:4E���|>�'óH:4M��H<UP�<	|�<KE�EH:4FO:%?�=>:):4;)?�<K;�=K;)?*���L=[?�<>=>:4?�:4V

L1
ë EH:��A~�:4V �

Tj(δ) =

n∑

s=1

(Ψᾱs + 1)
∣∣∣ei

2π
3
(2δ(ᾱs)−θjs) − 1

∣∣∣ (∈ R). ö�÷�û�ø
	 ��E��A~[��|A})EH:)<hR>E��>]H<KE��H<jW
G�E�S�X��H:4E���|>��P�|HBq;�<KS�G�a�<KFO:%W]��S�=����H:4?(��E�EH:4FO:%R>E��>]H<KE���B

j
:)9):4R>E���ë

]��A~ ]H<��H<KR
dj
óA�jMH:H|A��EH:*~1óHE���S�:4;�:��H:*~ P�:)=K;*��F��4<K;�=CB ~���E��A~�G�~ . ]H<��H<KR

ω(j)(x̄) =

m∑

q=1

ω(j)
q xq.

�_��F � é ú é>x
�A~z~�<K;*����]H<>=KS�G�@Y~[��;*����X�G auMH:)=K;*�H:��A~n?c?*�-P�<

A = (aqj)q,j∈[1,...,m],

FCP�<

aqj =

{
ω
(q)
j , dq<dj ,

ω
(j)
q , dq> dj.

x2W�:��A~�����G�<�~ S�?(�\PA����;*��]�E�G�@ ]��4=K;*}
ψ(x̄)

�H=KS�:*~�:4FO:%MH:H|A��EH:*~[�cMH:cW�:��A~�G�|�<

ψ(x̄) =
∑

q6j

ε aqj xq xj, x̄ = (x1, x2, . . . , xm) ∈ Fm3 , aqj ∈ F3, q, j ∈ [1, . . . ,m] ,

FCP�<
ε = 1

ó�<>=	|A�
q = j

ó��
ε = 2

óH<>=	|A�
q 6= j

é
�_��F � é x
�H<UPA�j~�EH:Oej<>=K;)?(�l?�=><U^ MH:H|A��EH:*~�:4? ζ(x̄)(∈ F

(1)
3 [x1, . . . , xm])

E���V-P�<�~ MH:H|A��EH:*~1ó
S�:4;�:���IgV ~���E��A~���R�����G�<K;dR>E��>]H<KE��H<hW
G�E�S�X��H:4E���|>�

Φ(Y, ζ) =
n∑

s=1

∣∣∣Yᾱs − ei
2
3π(ζ(ᾱs)+ψ(ᾱs))

∣∣∣ (∈ R),

S�:4;�:���IgV`:)9):4R>E��>]��A~m]H<��H<KR
φ(x̄) = c0+

∑m
j=1 cjxj

é(`8<KR>G�|A}\;���;jP�<KS�:>PA���H:4?(��E���Bq=K;*�H:��A~Q?�?*�-P�<
MH:H|A��EH:*~[�

f(x̄) = ψ(x̄) + φ(x̄)
ó-S�:4;�:���IgVT:4M��H<UP�<	|HB�<K;©�H=KS�:*~�IgV ��EHW�:��A~[��X��H:4E�E�IgVT?�<KS�;�:��

f̄
é

��_�� B���*���* B�386=B��q$r�54
B���78� � B�>=>8� �8*-6=B���*-7 >8��&�B�*-, � � 	

d =	|�<UPHG�@Aa�<KVl;�<>:��H<�~�<�MH:4S���R���EH:	ó']�;�: ��|HFO:�����;-~V~�B-F>S�:4FO:`P�<KS�:>PA���H:4?(��E���B ��Ry����RKP�<	|>�
3S�:����H<KS�;�<KEj?A=	|HG�]��4<�M����A~�<KEH<KE���Bj<KFO:J?JF�|>�\PHS�:*~fPA�H=KS��H<K;)EH:*~fS���E���|�<!?A=���;)G(��X�����ó\S�:4FCP>�J]��H=	|�:

:4Zt�H9):4SqEH<[M��H<K?)IgZy�4<K;�MH:H|�:4?*��E�IuS�:>P�:4?�:4FO:©���4=>=K;�:OB-E���BqE���:>PHEH:cS�:>P�:4?�:)<j=	|�:4?�:	éAZ
:	ó-M��H:4?�<�ë
P�<KE�E�IJ<�? 	 ��
 b>S�=KMH<����A~�<KE�;)I MH:4S���R���|A��ór]�;�:�?cP�<KVH=K;)?*��;�<	|A})EH:)=K;*� pj	 `j�H=KM�����?�|HB�<K;d;���S�ej<r�
]��4=K;*}�:4Zt�H9):4S`R��jM��H<UP�<	|>��~��qMH:H|�:4?*��E�I
S�:>P�:4?�:4FO:1���4=>=K;�:OB-E���B�éAm7��S��A~n:)9�����RO:*~1ó�?�XH<	|�:*~1ó�MH:
S�:����H<KS�;*����G�@Aa�<KV�=KMH:)=>:)94EH:)=K;*� ����R����49):4;���E�E�IgVjP�<KS�:>P�<���M��H<K?�:)=i^�:>PA��;AP�<KS�:>P�<���MH:5~���E��A~[��|A}pë
EH:*~�G ���4=>=K;�:OB-E���@ k[<�~z~���E�F��'é�\[Rdb>;�:4FO:L=	|�<UPHG�<K;�ó8]�;�:T<>=K;�<>=K;)?�<KE�EH:4Vn:)9H|>�4=K;*})@ M����A~�<KEH<KE���B



û � �c�� 	$#� �'�\� 6�� 6 *��m- ���	�~��
'���	� ��� 6�476
����R����49):4;���E�EH:4FO:[P�<KS�:>P�<����AB-?�|HB-@A;�=CBjS���E���|HI =K?)B-R���E���R>S�:4FO:AS��>]H<>=K;)?(�'ó)S�:4;�:���IJ<2;�<�~TEH< ~�<KEH<><
M����-^�:>PA��;�=CB¬�H=KMH:H|A})RO:4?(��;*}cE���M�����S�;*��S�<AP�|HBy|�<KF���|A})EH:4V ��|A�dEH<	|�<KF���|A})EH:4V`MH<��H<UP>�>]��`?(��ecE�I�^
=>:):)94a�<KE���V�é

� �@B�>8�8;A�~_ � ������� - ��"��2�����������	�	�î���~���#"�����$	/1��0 - ��� � -  2��� - ���p�	
�/1�a�	��$����\0~�O"��O�����p�î����$ �
$	/�� * 0 - ����" - ��$	$	/1� $��f� - ��� � � �#����� � ���	�~�O"��

RM3(2,m)
6 �E 2��� �

f̄ ∈ Fk3
� �	$ �ñ- "~��� �	� �

- $	$	/1�c
'���~� - " * �
f ∈ F

(2)
3 [x1, . . . , xm]

�Ù� -�- ��
'��������
� ��� �	������ æ�	$ �ñ- "~��� �	� - $	$	/1�î0 - �	�	$ - � 6
��"��O��0 - � - �ç�2� * ��� - 0 - �	��$����� �0~�O"��O����$ - � - � - 
 - ����� - 
 -

C(f) ∈ RM 3(2,m)
* ��0#"��~���5$	�	� - �

�2
W�	��$�������0 - �� �����$ò
'���~� - "
Y = chnd(C(f)) ∈ Cn3

* 0#"��������

wth(C(f)− µn(Y )) 6
1

2

(
3m−1 − 1

)
.

+�- �����ñ"���
� ���������� - � "���� - ��/?����� - "��~�����ñ����� - ���#" - 
���$	��� �'
���������� �
f̄
6

C
`��4=>=�~�:4;*���A~j���49):4;)G ��|HFO:�����;-~[��P�<KS�:>PA���H:4?(��E���BTMH:�Zy��F���~1é

� - ��� / +)��� *#- ���%MH:`MH:H|HG�]H<KE�EH:*~�G���RcPA�H=KS��H<K;)EH:4FO:fS���E���|>�`?�<KS�;�:���G
Y = chnd(C(f)) ∈

C
n
3 (⊂ Ξnε )

P�|HB`S���e�P�:4FO:
γ̄ ∈ Fm3

ó
γ̄ 6= 0̄

ó�=K;*�H:���;�=CB ∇γ̄(Y ) = ∇γ̄(chnd(C(f))) ∈ Ξnε
é

po|HB`M��H:���R>?�:H|A})EH:4FO:
b̄ ∈ Fm3

:)9):4R>E��>]��A~N]H<��H<KR

ξ̃b̄ : C
n
3 → Cn3 , ∇̃b̄ : C

n
3 → Cn3

:4F�����E���]H<KE���B E��
Cn3

:4;�:)9�����ej<KE���V
ξb̄
ó ∇b̄

=>:):4;)?�<K;�=K;)?�<KE�EH:	é[Z
<KMH:)=��H<UP�=K;)?�<KE�EH:lM��H:4?�<���B�<K;�=CB�ó
]�;�: ö =�~1é ö���ø �~ö���ø ó ö�÷�÷�øIø

τb̄ · µn = µn·ξ̃ b̄, ∆b̄ · µn = µn·∇̃b̄. ö�÷ � ø
^c���q:4M��H<UP�<	|�<KE����`PA�H=KS��H<K;)EH:4FO:cS���E���|>�jM��H:)=K;*����EH=K;)?�:

Cn3
:4;�:Oe�P�<>=K;)?�|HB;|�:)=�}d=U��RO:*~�:��HW
E�I5~

<�~�GDM��H:)=K;*����EH=K;)?�:*~
Fn3
óJMH:4b>;�:*~�GDP�|HBuMH:)=K;*�H:)<KE�EH:4FO:YE�� MH<���?�:*~ Zy��FO< ��|HFO:�����;-~[�N?�<KS�;�:�ë

��� ∇γ̄(Y )
MH:H|HG�]��4<�~1ó��H=KMH:H|A})R>G)B ö�÷ � ø �`G�=	|�:4?*�H<�F�|>�\PHS�:)=K;*� ö�÷���ø ó�]�;�:

µn(∇γ̄(Y )) = µn(∇̃γ̄(Y )) = µn(∇̃γ̄(chnd(C(f))))

= ∆γ̄(µn(chnd(C(f)))) = µn(chnd(C(Dγ̄f))).

m7��S��A~Q:)9�����RO:*~1ó�E��[MH<���?�:*~lZy��FO<gMH:
MH:H|HG�]H<KE�EH:*~�Gy��RJS���E���|>�
?�<KS�;�:���G
Y = chnd(C(f)) ∈

Cn3
Wr��S�;*��]H<>=KS��
MH:)=K;*�H:)<KEH:j~�EH:Oej<>=K;)?�:N?�<KS�;�:��H:4?

chnd(C(Dγ̄f)) ∈ Cn3
ó
γ̄ ∈ Fm3

ó
γ̄ 6= 0̄

é
x2:4F�|>�4=KEH:1|�<�~z~�< ÷ C(Dγ̄f) ∈ RM3(1,m)

é>d =���|HG |�<�~z~�I ú ��R�G�=	|�:4?*��Bq;�<>:��H<�~�IuMH:H|HG�]��4<�~1ó]�;�:

wth(C(Dγ̄f)− chnd(C(Dγ̄f)) 6 3m−1 − 1,
;�éH<�é�?cMH:)=K;*�H:)<KE�E�I�^q?�<KS�;�:����\^

chnd(C(Dγ̄ f))
S�:>P

RM3(1,m)
�H=KM�����?�|HB�<K;%?�=><�:4Zt�H94S���é

� - +)"#� / ��� *#- ��� P�|HB S���e�P�:4FO:l��RD?�<KS�;�:��H:4? ∇γ̄(Y ) = chnd(C(Dγ̄f))
ó
γ̄ ∈ Fm3

ó
γ̄ 6= 0̄

ót= �H=KMH:H|A})RO:4?(��E��H<�~ W
G�E�S�X��H:4E���|>�
Ψ(P , β̄)

:4;)IJ=KS���?(�4<K;�=CB ;���S�:4Vq|A��EH<KV�E�IgV MH:H|A�'ë
EH:*~

βγ̄(x̄) = β0 + β1x1 + . . . + βmxm
ó[S�:4;�:���IgV ?DR���S�:>PA���H:4?(��E�EH:*~ ?*�-P�<

C(βγ̄(x̄)) =(
ei

2
3
πβγ̄1 (ᾱs), . . . , ei

2
3
πβγ̄1 (ᾱs)

)
(∈ Cn3 )

9H|A��RO:4SuS ∇γ̄(Y )
MH: ~�<K;*����S�<

L1
é5vo��Su94I�|�:n:4;-~�<K]H<�ë

EH:L?)IgZ�<�ó�S�:>P
RM3(1,m)

MH:4R>?�:H|HB�<K;lF��H����E�;*���H:4?(��E�EH: �H=KM�����?*��;*}l?�=><`:4Zt�H94S�� ? ∇γ̄(Y ) =
chnd(C(Dγ̄f))

é�	T<K;*����S��
L1
M��H:4MH:���X��H:4E���|A})E��t~�<K;*����S�<wk[<�~z~���E�F��'ó�MH:4b>;�:*~�GcE��
Zy��FO< ú M��H:�ë�H=i^�:>PA��;�P�<KS�:>PA���H:4?(��E��H<tM��H:���R>?�:>PHE�I�^�MH:]~���E��A~�G�~�G ���4=>=K;�:OB-E���Byk[<�~z~���E�F��c��ó)=	|�<UP�:4?(��;�<	|A}pë

EH:	ó
βγ̄(x̄) = β0 + βγ̄1x1 + . . . + β γ̄mxm = Dγ̄f(x̄). ö�÷���ø

d =���|HG ö���ø
βγ̄(x̄) = 2x̄Aγ̄T + f(γ̄)− f00...00,
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 û'÷
MH:4b>;�:*~�G

Bγ̄ =
(
βγ̄1 , . . . , β

γ̄
m

)
=
(
2Aγ̄T

)T
= 2γ̄A. ö�÷���ø

m7��S��A~ :)9�����RO:*~1ó�?Q=K;*�H:4S��\^j~[��;*����X�I
B
E��\^�:>PHB-;�=CBN?�<���E�IJ<qR>E��>]H<KE���BnS�:4bOW�W]��X��H<KE�;�:4?

:>PHEH:��H:>PHEH:4VT]��4=K;*�
Lγ̄f

M��H:���R>?�:>PHEH:4V
Dγ̄f

ó
γ̄ ∈ Fm3

éA\[E��>]H<
FO:4?�:���B�ó

Bγ̄ = Lγ̄f. ö�÷
��ø
{[|�<�~�<KE�;)I

Ψγ̄
E��49):����

Ψ
~�:OecEH:qE���R>?(��;*}qS�:4bOW�W]��X��H<KE�;���~��QEH<UP�:4?�<�����BsSsE���V-P�<KE�EH:*~�GsR>E���ë

]H<KE���@
Bγ̄

� ]H<�~ ;�:4]�EH<><dE���V-P�<KEH:
Bγ̄
ó ;�<�~ ~�<KE�})Z�<dM��H����~�<K;*�

Ψγ̄
é7^c��� :4;�=KG�;�=K;)?*��� :4Zt�H9):4S

?�P�<KS�:>PA����G�<�~�:*~YS�:>P�:4?�:*~N=	|�:4?�<�b�|�<�~�<KE�;)I
Ψγ̄

M�����E��A~[��@A;�E�G�|�<K?)IJ<
R>E��>]H<KE���B�é
� / �!"#��� *#- �
E���M�����?�|�<KEfE��hG�;�:4]�EH<KE��H<
R>E��>]H<KE���Vqb�|�<�~�<KE�;�:4? B é�^
:4S���ej<�~1óH]�;�:�M����q:4M��'ë=���E�E�I�^�?�W�:��A~�G�|A���H:4?)S�<g;�<>:��H<�~�I G�=	|�:4?*��B�^cE��tS���E���|d=K?)B-R��cR>E��>]H<KE���B�b�|�<�~�<KE�;�:4?

B
E��tb>;�:*~

Zy��FO<�EH< ��R�~�<KE�B-@A;�=CB�é8\]~�<KE�EH:	óo?q:)=KEH:4?�<cG�;�:4]�E�B-@Aat�-^LM��H<>:)9�����RO:4?(��E���V |�<Ke ��;T=	|�<UPHG�@Aat�H<
=>:):)9�����ej<KE���B �-��R ö�÷���ø ?)Ig;�<KS��4<K;�ó�]�;�:AP�|HB�M��H:���R>?�:H|A})E�I�^ ᾱs ó β̄j ∈ Fm3

�A~�<><K;r~�<>=K;�:]����?�<KEH=K;)?�:

2ᾱsA+ 2β̄jA = 2(ᾱs + β̄j)A,

=	|�<UP�:4?(��;�<	|A})EH:	ór<>=K;�<>=K;)?�<KE�EH:�;*�H<>9):4?(��;*}%?)IgMH:H|HEH<KE��H<�G�=	|�:4?*��B

Bᾱs +Bβ̄j = Bᾱs+β̄j
.

SJPHE���S�:�?)IgZ�<A94I�|�:jMH:4S���R���EH:	ó-]�;�:h?�<KS�;�:���I
Bγ̄

E���V-P�<KE�I ?�<���EH:	ó-=	|�<UP�:4?(��;�<	|A})EH:	ó�MH:)=	|�<AM��H:�ë
XH<>=>=��c:)94EH:4?�|�<KE���Bf=K;*�H:4S ~[��;*����X�I

Θ = B
ó�b>;��1~[��;*����X���EH<]��R�~�<KE�B�<K;�=CB�é

� - + � � 2�� �!"�+5� / "#� � � *#- � -�MH:)=K;)G�M��4<K;r~[��;*����X�� Θ = B
ó4=K;*�H:4S���S�:4;�:��H:4V©�A~�<K@A;
?*�-P ö�÷
��ø éd�:)=KMH:H|A})R>G�<�~�=CB ����?�<KEH=K;)?�:*~

Lᾱsf = Dᾱs(S(f)), ö�÷���ø
FCP�<

S(f) . :>PHEH:��H:>PHE���BsS�?(�\PA����;*��]�E���BL]��4=K;*}
f ö =�~1é ö � øIø ó>�T:4;-~�<K;*�A~1ó�]�;�: ~[��;*����X�� Θ = B?`S��>]H<>=K;)?�<d=K;*�H:4SQ=>:>P�<���ey��;TS�:4bOW�W]��X��H<KE�;)I M�����?*��|A})EH:qE���V-P�<KE�E�I�^sM��H:���R>?�:>PHE�I�^QS�?(�\PA����ë

;*��]�EH:4V+]��4=K;*� ��EHW�:��A~[��X��H:4E�EH:4FO:LMH:H|A��EH:*~[�'éB[!;*�H:4S�� ~[��;*����X�I
Θ = B

ó8=>:):4;)?�<K;�=K;)?)G�@Aat�H<
M��H:���R>?�:>PHE�I5~NMH:c9-��R��H=KE�I5~nE���M�����?�|�<KE���B�~

ν̄1 = (1, 0, 0, . . . , 0, 0), ν̄2 = (0, 1, 0, . . . , 0, 0), . . . , ν̄m = (0, 0, 0, . . . , 0, 1),

W�:��A~�����G�@A;Q=��A~z~�<K;*����]H<>=KS�G�@ ~[��;*����X�G
2A ö =�~1é ö � øIø ézpj<KVH=K;)?*��;�<	|A})EH:	ó2?�:)=KMH:H|A})RO:4?(��?)Zt�H=�}����?�<KEH=K;)?�:*~ ö�÷���ø ó-MH:H|HG�]��4<�~

(
BT
ν̄1 | . . . | BT

ν̄m

)
=
(
2Aν̄T1 | . . . |2A ν̄Tm

)
= 2A

(
ν̄T1 | . . . | ν̄Tm

)
= 2A.

\[;���S�ó�?l=	|HG�]��4<`F�|>�\PHS�:4FO:sPA�H=KS��H<K;)EH:4FO:lMH:*~�<U^�:4G�=K;�:4V�]���?�:4FO:mS���E���|>�LMH<��H<UP>�>]��nP>��E�E�I�^�ó
?
S�:4;�:��H:*~lS�:H|A��]H<>=K;)?�:j:4Zt�H9):4S�EH<�M��H<K?�:)=i^�:>PA��;�MH:H|�:4?*��E�INS�:>P�:4?�:4FO:o���4=>=K;�:OB-E���B�ó(~[��;*����X��

AG�ej<gMH:)=K;*�H:)<KE��'ó�EH:[P�<KS�:>P�<���ó�=KM��H:)<KS�;*���H:4?(��E�E�IgVdP�|HB�9):H|�<><J=	|�:OecEH:4V_=���;)G(��X�����ó�M��H:>P�:H|He �4<K;
���49):4;���;*} ��E��qZy��FO< � é ÷ :4E =K;*�H:���;L?�=KMH:*~�:4F���;�<	|A})E�IJ<qMH:H|A��EH:*~�I δj(x̄)

ó��qE��fZy��FO< � é ú W�:��'ë~�����G�<K; ~[��;*����X�G
A
��RcS�:4bOW�W]��X��H<KE�;�:4?`MH:H|A��EH:*~�:4?

δj(x̄)
ó�M��H:���R>?�:>PHBsM����sb>;�:*~ <><c=��A~z~�<K;pë

����R���X���@�ó�S�:4;�:�����B ~�:Oej<K;%MH:4;*�H<>9):4?(��;*}�=CBf?%=	|HG�]��4<�9):H|A})Z�:4FO:�S�:H|A��]H<>=K;)?(�%:4Zt�H9):4Sq?�S���E���|�<
=K?)B-R���é7d R���S�|H@A]H<KE��H<db>;�:4FO:TZy��F��qMH: ~[��;*����XH<

A
:4M��H<UP�<	|HB�<K;�=CB+S�?(�\PA����;*��]�E���B+]��4=K;*}

π(x̄)�H=KS�:*~�:4FO:y��EHW�:��A~[��X��H:4E�EH:4FO:�MH:H|A��EH:*~[�
f(x̄)

é�m <KMH<���}1���4=>=�~�:4;*���A~n?�=KMH:*~�:4F���;�<	|A})E�IJ<hG�;)?�<��'ë
e�P�<KE���B �nMH:4S���ej<�~1ó!]�;�:sE��nMH:H|A��EH:*~�I

δj(x̄)
ó�E���V-P�<KE�E�IJ<fE��LZy��FO< � é ÷ ó�E�� MH:)=	|�<UPHG�@Aat��VM��H:4XH<>=>=�=��A~z~�<K;*����R���X����TE���Zy��FO< � é ú EH<[MH:���;\B-; ~[��;*����X�G A é
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δ(x̄)
�S�	�	$~���	$	/1� - ��$ - " - ��$	/1�ò0 - �	�	$ - � 
��#��� ö�÷�ú�ø 6 �ç���æ�	��� �

� - � -
j ∈ {1, . . . ,m} �  	$	���	� - $���� Tj(δ) 0#"��	$	�2�������!$� ��~��
 - �=
�$�������$	�~�A0#"��

2δ(x̄) = (Lν̄jf)(x̄).

C
\[R ö�÷
��ø =	|�<UPHG�<K;�óH]�;�:�b�|�<�~�<KE�;)I θjs

~[��;*����X�I
Θ = B

?)Ig]��H=	|HB-@A;�=CBqMH:�W�:��A~�G�|�<
θjs =

Lᾱsfν
T
j

é�m :4FCP>�

2δ(ᾱs) = (Lν̄jf)(ᾱs) = ᾱs(Lν̄jf)
T
= ᾱs(B

T
νj ) = ᾱs2Aν̄

T
j

= 2 ᾱsAν̄
T
j = Bᾱs ν̄

T
j = Lᾱsfν

T
j = θjs.

d =���|HG`:4M��H<UP�<	|�<KE���BfW
G�E�S�X��H:4E���|>�
Tj(δ) ö =�~1é ö�÷�û�ø�ø b>;�:cR���?�<���Zy�4<K;cP�:4S���R���;�<	|A}�=K;)?�:	é B

� *-���@>r(l5���6878� � _ � ������� - ��"��2� �p��
��~��$	/A�W
'���~� - "�/
ν̄j
*
j = 1, . . . ,m,

0#" - ����"���$~����
��
Fm3

6
�ç���a��� - ��� ���

Θj ������"����	/ Θ
��0#"���
'�O���	�	
 -

(Θj)T = C(Lν̄jf) = C(Dν̄j (S(f))),

�����
C
� - 0~�O"���� - "�� - ���#" - 
���$	��� ö�û�ø 6

C
x!E��>]���|>�cMH:4S���ej<�~1ó�]�;�: ö =�~1é ö�÷�øIø

Dᾱs(S(f))(ν̄j) = Dν̄j (S(f))(ᾱs). ö�÷���ø
\
=KMH:H|A})R>G)B ö�÷���ø ó ö�÷���ø ó-M��H<>:)9�����R>G�<�~N:)9)<
]��4=K;*� ����?�<KEH=K;)?(� �

Dᾱs(S(f))(ν̄j) = (Lᾱsf)(ν̄j) = 〈Bᾱs , ν̄j〉 = Bᾱs ν̄
T
j = 2ᾱsAν̄

T
j ,

Dν̄j (S(f))(ᾱs) = (Lν̄jf)(ᾱs) = 2ν̄jAᾱ
T
s .

d =���|HG`=��A~z~�<K;*����]�EH:)=K;*��~[��;*����X�I
A
MH:H|HG�]��4<�~ ö�÷���ø é\[R ö�÷���ø ?)Ig;�<KS��4<K;�óJ]�;�: βγ̄j = Dγ̄(S(f))(ν̄j),

FCP�<
γ ∈ Fm3 ö =�~1é ö�÷�øIø é�^
: :4M��H<UP�<	|�<KE���@~[��;*����X��

Θ
ó�S�:4;�:�����BN?QG�=	|�:4?*��B�^N;�<>:��H<�~�I =>:4?)M��\P>�4<K; = ~[��;*����XH<KV

B
ó!W�:��A~�����G�<K;�=CBj��R

n=K;*�H:4Ss?*�-P>�
Bγ̄ = (βγ̄1 , . . . , β

γ̄
m)
é&d�:)=KMH:H|A})R>G�<�~�=CB ö�÷���ø ór;�:4FCP>� j ë Vl=K;�:H|�9)<KX ~[��;*����X�I Θ

�A~�<><K;
?*�-P

(Θj)T =
(
βᾱ1
j , . . . , βᾱn

j

)T
= (Dν̄j (S(f))(ᾱ1), . . . , Dν̄j (S(f))(ᾱn))

T = C(Dν̄j (S(f))). B

m7��S��A~ :)9�����RO:*~1ó�=%G�]H<K;�:*~ G�=	|�:4?*��V ;�<>:��H<�~�Iñó
�q;���S�ej<q=>W�:��A~�G�|A���H:4?(��E�E�I�^+G�;)?�<���e�P�<�ë
E���V�ó�E��LZy��FO< � é ÷ E���V-P�<KE�I MH:H|A��EH:*~�I

δj(x̄) = 2Dν̄j (S(f))
ó
j = 1, . . . ,m

ó�S�:4;�:���IJ<fMH:)=	|�<
S�:>PA���H:4?(��E���B W�:��A~�����G�@A;T=K;�:H|�94X�I G�ej<�E���V-P�<KE�EH:4V ~[��;*����X�I

Θ = B
é7x[|�<UP�:4?(��;�<	|A})EH:	ó�E��

?)I�^�:>P�<`Zy��F�� � é ú ��R`S�:4bOW�W]��X��H<KE�;�:4?sb>;*�-^+MH:H|A��EH:*~�:4?QW�:��A~�����G�<K;�=CB �H=KS�:*~[��Bj~[��;*����X�� AS�?(�\PA����;*��]�EH:4VLW�:��A~�I ö =�~1é ö � øIø ó-P�|HB`S�:4;�:��H:4V A = 2(BT
ν1 | . . . |BT

νm)
é

\[;���S�ó-E��hZy��FO< � é ú MH:jM�����?*��|A})EH:�E���V-P�<KE�EH:4V ~[��;*����XH< A ?�:)=>=K;���E���?�|A��?(�4<K;�=CBfS�?(�\PA����;*��]'ë
E���B`]��4=K;*}

ψ
�H=KS�:*~�:4FO:©��EHW�:��A~[��X��H:4E�EH:4FO:�MH:H|A��EH:*~[�

f
S�:>P>�

RM3(2,m)
é

� - + � � 2 � 0 "#� � � *#- � -1��|HFO:�����;-~[�jMH:>P>�4<K;�=CBdMH:H|A��EH:*~ ψ é�d+^�:>P�<A?)IgMH:H|HEH<KE���Bdb>;�:4FO:jZy��F��MH<��H<>9):��H:*~ :4;)IJ=KS���?(�4<K;�=CB |A��EH<KV�E���BQ]��4=K;*}
φ
MH:H|A��EH:*~[�

f = φ + ψ
;���S��A~ :)9�����RO:*~1ó ]�;�:)94I

?�<KS�;�:��
C(f)

MH:
L1
ë�~�<K;*����S�<�ó�M��H:4MH:���X��H:4E���|A})EH:4V ~�<K;*����S�< k[<�~z~���E�F��'ó�94I�|n9H|A��e ��V�Zt�A~ S

MH:H|HG�]H<KE�EH:*~�G ��RqS���E���|>�s?�<KS�;�:���G
Y
é[d =���|HG+G�=	|�:4?*��Bn;�<>:��H<�~�Iñó!:4F�����E���]���?(��@Aa�<KFO:Q]��H=	|�:

:4Zt�H9):4ST?dR���ZjG�~7|�<KE�EH:*~NS�:>P�:4?�:*~ ?�<KS�;�:��H<
Y
MH:H|�:4?*��EH:4V ~���E��A~[��|A})EH:4FO:_S�:>P�:4?�:4FO:¬���4=>=K;�:OB�ë

E���BfS�:>P>� `z�-P>� . 	���|�|�<����
RM3(2,m)

ór;���S�:4VLMH:H|A��EH:*~
φ
ó>�'ór=	|�<UP�:4?(��;�<	|A})EH:	ó>�TMH:H|A��EH:*~

fE��\^�:>PHB-;�=CB���|HFO:�����;-~�:*~n?�<���EH:	é
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D0,g0

ó(�4=>=>:4X������H:4?(��E�E�I5~+=gEH<KS�:4;�:��H:4V_W
G�E�S'ë
X��H<KV

g0 ∈ E
é[^[G�=K;*}

E′ . ;�:4MH:H|�:4F���]H<>=KS�:)<L=>:4M���B-ej<KE�EH:)<TS
E
é[vo��SNMH:4S���R���EH:Q? 	 ú�
 ó�S�:*~Më~�G�;���E�;

K (D0,g0)
:4MH<�����;�:����

D0,g0

?lS�:H|A})XH<
L (E)

?�=><U^ |A��EH<KV�E�I�^nEH<KM��H<���Ig?)E�I�^N:4MH<�����ë
;�:��H:4?+?

E
��RO:*~�:��HW�<KE ��|HFO<>9��H<
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(E′,⊗)
é!	fI P�:4S���R>Ig?(�4<�~1ó2]�;�: ��|HFO<>9���I

(E′,⊗)
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K (D0,g0);���S�ej<t�q;�:4MH:H|�:4F���]H<>=KS�����RO:*~�:��HW
E�Iñó�<>=	|A�
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Dg0,0
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 é[d 	 ��
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^c����?�<UP�<�~ EH<KS�:4;�:���IJ<_=K?�<UP�<KE���B ��R 	 ÷ ó ú 
 ó'EH<>:)9>^�:>PA�A~�IJ<dP�|HBlP>��|A})EH<KV�Z�<KFO:	é�po|HBlEH<KM��H<�ë��Ig?)EH:4VfW
G�E�S�X����
v : C → R

�fW
G�E�S�X����
f : C → C

MH:H|>��F��4<�~

pv(f) := sup
z∈C

|f(z)|
exp v(z)

.

p ��|�<><
vn,k : C → R

ó
n, k ∈ N

ó . EH<KM��H<���Ig?)E�IJ<jW
G�E�S�X����`;���S��H<�óH]�;�:�E��
C

vn,k+1 6 vn,k 6 vn+1,k, n, k ∈ N.

^
:H|�:Oey�A~
pn,k := pvn,k

ó
n, k ∈ N

éAvo��ST:)94Ig]�EH:	ó
A(C)

:)9):4R>E��>]��4<K;_M��H:)=K;*����EH=K;)?�:d?�=><U^qXH<	|HI�^

ö ? C ø W
G�E�S�X���V�é;po|HB n ∈ N
?)?�<UP�<�~ ?�<>=>:4?)IJ<�M��H:)=K;*����EH=K;)?(�

En :=
{
f ∈ A(C) : pn,k(f) < +∞ (∀ k ∈ N)

}
.

vo��e�P�:)<jM��H:)=K;*����EH=K;)?�:
En .

M��H:)=K;*����EH=K;)?�: fr�H<KZ�<�=jW
G�E-P>��~�<KE�;���|A})EH:4VsMH:)=	|�<UP�:4?(��;�<	|A})EH:�ë
=K;*})@+EH<KM��H<���Ig?)E�I�^hM��H<UPHEH:��A~

(pn,k)k∈N
�
En

EH<KM��H<���Ig?)EH:t?�|�:Oej<KEH:t?
En+1

P�|HBc|H@[9):4FO:
n ∈ N

é
dYM��H:)=K;*����EH=K;)?�<

E :=
⋃
n∈N En

?)?�<UP�<�~n;�:4MH:H|�:4F���@l��E-PHG�S�;*��?)EH:4FO:�M��H<UP�<	|>�cM��H:)=K;*����EH=K;)?
En:4;)EH:)=���;�<	|A})EH:%:4;�:)9�����ej<KE���VT?�|�:Oej<KE���B

En
?
E
ó-;�éH<�é

E = indn→En
é

p ��|�<><�ór94G\P�<�~NM��H<UPHMH:H|>��F���;*}2ó�]�;�:dW
G�E�S�X����
vn,k

ó
n, k ∈ N

óHG\P�:4?�|�<K;)?�:���B-@A;`=	|�<UPHG�@Aa�<�~�G
G�=	|�:4?*��@ �

(∀n)(∃m)(∀ k)(∃ s)(∃C > 0) :

sup
|t−z|61

vn,s(t) + ln(1 + |z|) 6 inf
|t−z|61

vm,k(t) + C (z ∈ C). ö�÷�ø
h�=	|�:4?*�H< ö�÷�ø :)9)<>=KMH<K]���?(�4<K; ��E�?(�H������E�;)EH:)=K;*} E :4;)EH:)=���;�<	|A})EH:`PA�HW�W�<��H<KE�X����H:4?(��E���B�ó =iPH?*��F��
�fG�~�EH:Oej<KE���BTE��cEH<KR���?*�H=��A~�G�@ MH<��H<�~�<KE�E�G�@�é�^
:�	 ÷ óHR���~�<K]���E��H< ÷ 
 P�|HB |H@[9):4FO: n ∈ N

=KG�a�<�ë
=K;)?)G�<K;

m ∈ N
;���S�:)<�ó�]�;�:d?�=CB-S�:)<c:4F�����E���]H<KE�EH:)<c?

En
~�EH:Oej<>=K;)?�:q:4;)EH:)=���;�<	|A})EH:`S�:*~�M���S�;)EH:
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Em

é
x!]���;��4<�~fP>��|�<><�ó\]�;�:JM��H:)=K;*����EH=K;)?�:

E
=>:>P�<���ey��;
W
G�E�S�X���@�ó\:4;�|A��]�E�G�@N:4;t;�:Oe�P�<>=K;)?�<KE�EH:4FO:

E�G�|HB�é�m :4FCP>�
E
=>:>P�<���ey��;_W
G�E�S�X���@

g0 ∈ E ;���S�G�@�ó�]�;�:
g0(0) = 1

é
b&�4W]��S�=�����G�<�~QW
G�E�S�X���@

g0 ∈ E
ó4P�|HB�S�:4;�:��H:4V

g0(0) = 1
é;StMH<�����;�:��©^
:*~z~�}�<

D0,g0

ó
z ∈ C

ó
�4=>=>:4X������H:4?(��E�E�IgVL=

g0
óH:4M��H<UP�<	|A�A~ ����?�<KEH=K;)?(��~��

D0,g0(f)(t) :=

{
f(t)−g0(t)f(0)

t , t 6= 0,

f ′(0)− g′0(0)f(0), t = 0,

f ∈ E
é>StMH<�����;�:��

D0,g0

|A��EH<KV�EH:1�`EH<KM��H<���Ig?)EH:d:4;�:)9�����e �4<K;
E
?
E
é

�
<��H<KR
L (E)

:)9):4R>E��>]��A~uM��H:)=K;*����EH=K;)?�:f?�=><U^�|A��EH<KV�E�I�^lEH<KM��H<���Ig?)E�I�^Q:4MH<�����;�:��H:4?T?
E
ó

]H<��H<KR
E′ . ;�:4MH:H|�:4F���]H<>=KS�:)<j=>:4M���B-ej<KE�EH:)<hS

E
M��H:)=K;*����EH=K;)?�:	é

StMH<�����;�:��n=iPH?*��F��
Tz
ó
z ∈ C

ó'P�|HB+:4MH<�����;�:�����^
:*~z~�}�<
D0,g0

:4M��H<UP�<	|HB�<K;�=CBn=	|�<UPHG�@Aat�A~
:)9�����RO:*~ ö =�~1é 	 ú ó�� ú�
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Tz(f)(t) :=

{
tf(t)g0(z)−zf(z)g0(t)

t−z , t 6= z,

zg0(z)f
′(z) − zf(z)g′0(z) + f(z)g0(z), t = z,

f ∈ E
é

x[|�<UPHG)B�	 ú�
 ó�?)?�<UP�<�~ ? E′ 9���E��H��E�G�@ :4MH<�����X���@ ⊗ é(po|HB ϕ ó ψ ∈ E′ ó f ∈ E
MH:H|�:Oey�A~

(ϕ ⊗ ψ)(f) := ϕz
(
ψ(Tz(f))

)
.
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S�:*~z~�G�;���;*��?)E��'é

SA9):4R>E��>]��A~T]H<��H<KR
K (D0,g0)

S�:*~z~�G�;���E�;
:4MH<�����;�:����
D0,g0

?JS�:H|A})XH<
L (E)

óO;�é�<�é�~�EH:Oej<>=K;)?�:
?�=><U^q:4MH<�����;�:��H:4?

B ∈ L (E)
;���S��-^�óH]�;�:

BD0,g0 = D0,g0B
?
E
é

po|HB
ϕ ∈ E′ MH:H|�:Oey�A~

κ(ϕ)(f)(z) := ϕ(Tz(f)), f ∈ E, z ∈ C.

p ��|�<><
δλ
ó
λ ∈ C

ó . P�<	|A}\;���ë W
G�E�S�X���� �
δλ(f) := f(λ)

ó
f ∈ E

ézs[=KEH:	ó�]�;�:
δλ ∈ E′ P�|HB

|H@[9):4FO:
λ ∈ C

é
St;-~�<K;*�A~1óJ]�;�:

ϕ = δ0(κ(ϕ))
ó
ϕ ∈ E ′ éwx2:4F�|>�4=KEH: 	 ú óg=	|�<UP�=K;)?*�H< ÷���
 :4;�:)9�����ej<KE��H< κ :

(E′,⊗) → K (D0,g0)
. ��RO:*~�:��HW]��R�~ ��|HFO<>9���é ^c���Tb>;�:*~YG�~�EH:Oej<KE��H<�~D?

K (D0,g0)
B-?�|HB�<K;�=CB

=KG�MH<���MH:4R���X���Bf:4MH<�����;�:��H:4?2é

�_ � B��=B14
B�A)7=38��� �87��n7 �@B ; B�>��q7 �8; �84
A)��&�>

(E′,⊗)
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K (D0,g0)

^
:4S���ej<�~ P>��|�<><�ó�]�;�: ��|HFO<>9����H��]H<>=KS���V ��RO:*~�:��HW]��R�~
κ : (E′,⊗) → K (D0,g0)

B-?�|HB�<K;�=CB
;���S�ej<o�_;�:4MH:H|�:4F���]H<>=KS��A~1ór<>=	|A�

E′ � K (D0,g0)
E��\P�<	|A��;*}%=���~�I5~��f=	|>�494I5~��f<>=K;�<>=K;)?�<KE�E�I5~��

|�:4S���|A})EH:m?)IgM�G�S�|HI5~�� ;�:4MH:H|�:4F���B�~���é5SA9):4R>E��>]��A~ =��A~�?�:H|�:*~
E′
σ

M��H:)=K;*����EH=K;)?�:
E′ =>:Q=	|>��ë

9):4VL;�:4MH:H|�:4F��H<KV
σ(E′, E)

órR��\P>��E�EH:4Vl<>=K;�<>=K;)?�<KE�EH:4VLPH?�:4VH=K;)?�<KE�EH:)=K;*})@ ~�<Ke�PHG
E
�
E′ ér�
<��H<KR

Kσ(D0,g0)
:)9):4R>E��>]��A~DM��H:)=K;*����EH=K;)?�:

K (D0,g0)
=h;�:4MH:H|�:4F��H<KVlMH:4;�:4]H<K]�EH:4V ö M��H:)=K;�:4V ø =i^�:>PA�'ë~�:)=K;*��ó\<>=	|A�h?

E
?)?�<UP�<KE��J=	|>�49-��B�;�:4MH:H|�:4F���B

σ(E,E′) ö =�~1é 	 � ó>F�|�é�G�G�G�ó � û ó\=�é ÷�� � óOM����A~�<�� � ö � ø 
�ø ém7��S���BT;�:4MH:H|�:4F���B ö :4E��cE���R>Ig?(�4<K;�=CB�� ��-5')��� ����� / -5"#� /  �� � ø ]��4=K;�:1�H=KMH:H|A})R>G�<K;�=CBT?%;�<>:������L:4MH<�ë����;�:���E�I�^ ��|HFO<>9���óo?`=KMH<KS�;*����|A})EH:4Vl;�<>:������ ö =�~1éÜó�E���M����A~�<���ó 	 � órF�|�é � ó � � ÷ ó ��� ��
�ø é8St;-~�<K;*�A~1ó]�;�:d?�=	|�<UP�=K;)?*�H<c9):4]H<K]�EH:)=K;*�
E
M��H:)=K;*����EH=K;)?�:

L (E)
��|HFO<>9����H��]H<>=KS��l=>:4?)M��\P>�4<K;q=hM��H:)=K;*����E'ë

=K;)?�:*~�|A��EH<KV�E�I�^c=	|>�49):
EH<KM��H<���Ig?)E�I�^c?
E
:4MH<�����;�:��H:4? 	 ÷�� ó�F�|�é � ó � � é � ó�=�é � ��û ó);�<>:��H<�~[� � é � é ÷ 
 éd

E′
σ

;�:4MH:H|�:4F���BqR��\P>�4<K;�=CBf=><�~�<KVH=K;)?�:*~nM��H<UPHEH:��A~

q∆(ϕ) := sup
f∈∆

|ϕ(f)|, ϕ ∈ E ′,

FCP�<
∆ . M��H:���R>?�:H|A})EH:)<[S�:4EH<K]�EH:)<
MH:>P�~�EH:Oej<>=K;)?�:

E
é�d

Kσ(D0,g0)
|�:4S���|A})EH:�?)IgM�G�S�|>��B_;�:4MH:�ë

|�:4F���B`R��\P>�4<K;�=CBf=><�~�<KVH=K;)?�:*~nM��H<UPHEH:��A~

q∆,Ω(B) := sup
f∈∆, ϕ∈Ω

|ϕ(B(f))|, B ∈ K (D0,g0),

FCP�<
∆
�
Ω . M��H:���R>?�:H|A})E�IJ<hS�:4EH<K]�E�IJ<�MH:>P�~�EH:Oej<>=K;)?(�

E
�
E′ =>:):4;)?�<K;�=K;)?�<KE�EH:	é

� �@B�>8�8;A� Â _ � � - ��"����k��$	�~�
κ : E′

σ → Kσ(D0,g0)
�'
���������� ��� - 0 - � - �����������	�2� �2
 - � - " � �2
��

� - ����$��
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C
^
:4S���ej<�~1ó�]�;�:

κ : E′
σ → Kσ(D0,g0)

EH<KM��H<���Ig?)EH:	éApj<KVH=K;)?*��;�<	|A})EH:	órP�|HB |H@[94I�^qS�:4EH<K]'ë
E�I�^ ~�EH:Oej<>=K;)?

∆ ⊂ E
ó
Ω ⊂ E′ ó�|H@[9):4FO: ϕ ∈ E′

q∆,Ω(κ(ϕ)) = sup
f∈∆,ψ∈Ω

|ψ(κ(ϕ)(f))|

= sup
f∈∆,ψ∈Ω

|ψz(ϕ(Tz(f)))| = sup
f∈∆,ψ∈Ω

|(ψ ⊗ ϕ)(f)| = sup
f∈∆,ψ∈Ω

|(ϕ ⊗ ψ)(f)|

= sup
f∈∆,ψ∈Ω

|ϕz(ψ(Tz(f)))| = sup
f∈∆,ψ∈Ω

|ϕ(hf )| = q∆̃(ϕ),

FCP�<
∆̃ := {hf := ψ(T·(f)) : ψ ∈ Ω} . S�:4EH<K]�EH:)<�MH:>P�~�EH:Oej<>=K;)?�:

E
é



� �������p�,��"��ñ��$����	�~�����������	��� �  	$	���	� - $���� - 
 * ��
 �	
���$	$ - ��� - 0~�O"���� - " - � � - �,� �'� û �
^
:)=KS�:H|A})S�G

T0 . ;�:Oe�P�<>=K;)?�<KE�E�IgV :4MH<�����;�:���ó�;�: P�|HB_|H@[9):4FO: S�:4EH<K]�EH:4FO:Y~�EH:Oej<>=K;)?(�

∆ ⊂ E
ó�P�|HB¬|H@[9):4FO:

ϕ ∈ E′ ó-?�=	|�<UP�=K;)?*�H< ϕ = δ0(κ(ϕ))
ó

q∆(ϕ) = sup
f∈∆

|ϕ(f)| = sup
f∈∆

|δ0(κ(ϕ)(f))| = q∆,Ω0(κ(ϕ)),

FCP�<
Ω0 := {δ0} ⊂ E′ é�x[|�<UP�:4?(��;�<	|A})EH:	ó�:)9�����;)EH:)<%S κ :4;�:)9�����ej<KE��H< κ−1 : Kσ(D0,g0) → E′

σEH<KM��H<���Ig?)EH:	é
B

^c���A~�<KE��A~vMH:H|HG�]H<KE�E�IgVD;�:4MH:H|�:4F���]H<>=KS���VV�H<KR>G�|A}\;���;nS R��\P>�>]H<l:Q^;�H����S�;�<��H< ��M�M��H:4S�=��'ë
~[��X����q:4MH<�����;�:��H:4?1��R

K (D0,g0)
~�EH:4FO:4]�|�<KE���~��T:4;

D0,g0

é�d 	 ú ó-=	|�<UP�=K;)?*�H< ú ��
 MH:4S���R���EH:	óH]�;�:~�EH:Oej<>=K;)?�:
K (D0,g0)

=>:4?)M��\P>�4<K;�=!R���~�IgS���E��H<�~ ~�EH:Oej<>=K;)?(�o~�EH:4FO:4]�|�<KEH:4?�:4;
:4MH<�����;�:����
D0,g0?

L (E)
=f;�:4MH:H|�:4F��H<KVDM��H:)=K;�:4V ö MH:4;�:4]H<K]�EH:4V ø =i^�:>PA�A~�:)=K;*��óJ<>=	|A� E

E��\P�<	|�<KEH: =K?�:)<KV <>=K;�<�ë
=K;)?�<KE�EH:4V`;�:4MH:H|�:4F��H<KV ö F�K ø ë M��H:)=K;*����EH=K;)?(�'é�Zc��ej<[MH:4V-P�<K; �H<K]�}c:jM��H<UP�=K;���?�|�<KE����f:4MH<�����;�:��H:4?��R

K (D0,g0)
?�?*�-P�<o��B�P�:4?%MH:%:4MH<�����;�:�����~

Dn
0,g0

ó
n > 0

óH=
MH:)=K;�:OB-E�E�I5~��LS�:4bOW�W]��X��H<KE�;���~���ó
;�é8<�é ?f?*�-P�<

D0,g0

ë :4MH<�����;�:��H:4?s9)<>=KS�:4EH<K]�EH:4FO:LMH:���B�PHS�� ö =%MH:)=K;�:OB-E�E�I5~�� S�:4bOW�W]��X��H<KE�;���~�� ø éx!G�a�<>=K;)?�<KE�E�I5~nM����`b>;�:*~ B-?�|HB�<K;�=CBf=	|�<UPHG�@Aat��V �H<KR>G�|A}\;���;�é
� �8;�;A� � 	 ú ó�|�<�~z~[� ��
 _ �ç��� n ∈ N

�� � ������
� � �W�p�~����� ck,n ∈ C
*
0 6 k 6 n−1

* �����	�~� * ��� -
����� �  	$	���	� - $���� - 


ϕ0 := δ0
*
ϕn(f) := f (n)(0)/n! +

∑n−1
k=0 ck,nf

(k)(0)
*
f ∈ E

* 
�/10 - �	$�� � ��� �"���
'��$~����
��
Dn

0,g0
= κ(ϕn)

*
n > 0

6
��� �
	�� ��� � 	 


 ö Ï ø X�=	|A� g0 ≡ 1

ó�;�:
ϕn(f) = f (n)(0)/n!

ó
f ∈ E ó n > 0

é
ö Ø ø Z
<K;*��G\PHEH:c?*�-P�<K;*}2ó�]�;�:cB�PA�H:*~n:4MH<�����;�:���� Dn

0,g0

ó
n > 1

ó-?
E
B-?�|HB�<K;�=CB ~�EH:Oej<>=K;)?�:

Ker(Dn
0,g0) = {Pg0 : P . ~�EH:4FO:4]�|�<KE �

deg(P ) 6 n− 1}.
d2?�<UP�<�~DW
G�E�S�X����

hn(z) := zng0(z)
ó
z ∈ C

ó
n > 0

é&m :4FCP>�
hn ∈ E

�
Dn

0,g0(hn) = g0
P�|HB

|H@[9):4FO:cXH<	|�:4FO:
n > 0

�
Dn

0,g0(hk) = 0
óH<>=	|A�

0 6 k < n
é

ö ß ø \[R ö Ø ø ?)Ig;�<KS��4<K;d=	|�<UPHG�@Aa�<><�=K?�:4VH=K;)?�:�<UPA��EH=K;)?�<KE�EH:)=K;*�L=i^�:>PHB-at�-^�=CBf? Kσ(D0,g0)
��B�ë

P�:4?�MH:c=��H=K;�<�~�< {Dn
0,g0 : n > 0} �

�7���	�î"���� ∑∞
n=0 anD

n
0,g0 (an ∈ C)

� � - ���~��� �a

Kσ(D0,g0)

�\$� �� � * � - an = 0
�����\� � � - � -

n > 0
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m7��S��A~+:)9�����RO:*~1ó�M��H:)9H|�<�~[�hM��H<UP�=K;���?�|�<KE���Bq:4MH<�����;�:��H:4? ��R
K (D0,g0)

?j?*�-P�<
D0,g0

ë :4MH<�����ë
;�:��H:4?_9)<>=KS�:4EH<K]�EH:4FO:_MH:���B�PHS�� . b>;�:�M��H:)9H|�<�~[�d9-��R��H=KEH:)=K;*�l=��H=K;�<�~�I (

Dn
0,g0

)
n>0

?
K (D0,g0)ö =[EH<KS�:4;�:��H:4V |�:4S���|A})EH:�?)IgM�G�S�|�:4Vq;�:4MH:H|�:4F��H<KV ø ép ��|�<><_94G\P�<�~uMH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*}

(xn)n∈N
b�|�<�~�<KE�;�:4?�|�:4S���|A})EH:T?)IgM�G�S�|�:4FO:LM��H:)=K;*����E'ë

=K;)?(�
F
E���R>Ig?(��;*}?-5' �,� ��� "# �(&��'�- 	)� �,��� ?

F
ó8<>=	|A�mP�|HB |H@[9):4FO:

x ∈ F
=KG�a�<>=K;)?)G�<K;s<UPA��E'ë

=K;)?�<KE�E���Bl]��H=	|�:4?(��BQMH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*}
(an)n∈N

;���S���B�ó ]�;�:
x =

∑∞
n=1 anxn

óoM�����]H<�~ ��B�P
�49)=>:H|H@A;)EH:�=i^�:>PA��;�=CBfS

x
?
F
éAaA9)=>:H|H@A;)E���B`=i^�:>PA�A~�:)=K;*}d?

F
��B�P>� ∑∞

n=1 anxn
:4R>E��>]��4<K;�ó�]�;�:

∑∞
n=1 |an|q(xn) < +∞ P�|HB¬|H@[9):4V`EH<KM��H<���Ig?)EH:4VTE�� M��H<UPHEH:��A~�I

q
éAb&��~�<K;*�A~1óH]�;�:cb>;�:c:4M��H<�ë

P�<	|�<KE��H<r�49)=>:H|H@A;)EH:4FO:%9-��R��H=���:4;�|A��]��4<K;�=CBf:4;�M�����?�<UP�<KE�EH:4FO:%?cS�E���FO<oa!é�^c��]�� 	 � ó � ÷�� é ÷ 
 é\[R�;�<>:��H<�~�I ÷ �¬|�<�~z~�I ú ?)Ig;�<KS��4<K;
" 4��45���*-��78� ��_ 4 �~�O�2 ��� �~�1 ~��
'�O"	�¢����$	���f"���
�$ - ���	����$	/
	
ö Ú ø (ϕn)n>0

�'
���������� ������� - � � ��$	/�� �p��
��~� - �]

E′
σ

�

ö ÚÜÚ ø (Dn
0,g0

)n>0
�'
���������� ������� - � � ��$	/�� �p��
��~� - �]


Kσ(D0,g0)
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 `8<KR>G�|A}\;���;)I :sM��H<UP�=K;���?�|�<KE���� ?Q?*�-P�<
D0,g0

ë :4MH<�����;�:��H:4?+9)<>=KS�:4EH<K]�EH:4FO:
MH:���B�PHS��%:4MH<�����;�:��H:4?2ó�MH<��H<>=K;���EH:4?�:4]�E�I�^L=h:)94Ig]�E�I5~N:4MH<�����;�:��H:*~ ^
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G�E�S�X���V�ó*��E���|A��;*��]H<>=KS��-^c?
:4;)S���Ig;�:*~sS���G�FO<�óH����EH<><g94I�|A�cMH:H|HG�]H<KE�I
Zçé�\çéAZo��F>E��H9��-P�:4V 	 ��
 óAZçé�X�é�n]��E�]�G�S 	 � 
 é
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^[G�=K;*}c?)IgMH:H|HE�B�<K;�=CB_G�=	|�:4?*�H< ö ÚÜÚ ø é�m :4FCP>�hP�|HB©|H@[9):4FO: ϕ ∈ E′ =KG�a�<>=K;)?)G�<K;�MH:)=	|�<UP�:4?(��;�<	|A}pë

EH:)=K;*}
(an)n>0

S�:*~�M�|�<KS�=KE�I�^ ]��H=><	| ;���S���B�ó�]�;�:
κ(ϕ) =

∑∞
n=0 anD

n
0,g0

ó8FCP�< ��B�Pn=i^�:>PA��;�=CB+S
κ(ϕ)

?`=	|�<UPHG�@Aa�<�~ =�~�IJ=	|�< �rP�|HB |H@[94I�^
f ∈ E

ó
ψ ∈ E ′ ]��H=	|�:4?�:4V ��B�P ∑∞

n=0 anψ(D
n
0,g0(f))=i^�:>PA��;�=CB �49)=>:H|H@A;)EH:QS

ψ(κ(ϕ))(f)
ó�;�é2<�é�P�|HB |H@[9):4FO:

f ∈ E
��B�P ∑∞

n=0 anD
n
0,g0(f)

=	|>�49):
=i^�:>PA��;�=CBs?

E
S
κ(ϕ)(f)

é du9):H|A})Z�:*~Y]��H=	|�<�=	|HG�]��4<K?`:4;-~�<K]H<KE�E���Bs=i^�:>PA�A~�:)=K;*}q?�|�<K]H<K;`9):H|�<><
=���|A})E�G�@ <>=K;�<>=K;)?�<KE�E�G�@�é

{!;�:q;���S�ó'E���M����A~�<���ó <>=	|A�QM��H:)=K;*����EH=K;)?�:
E
B-?�|HB�<K;�=CBlB�P�<���E�I5~ ö =�~1é 	 � óoF�|�é � 
 ó 	 � óoF�|�é � ó

� ÷���
 ó 	 ÷�ú ó-F�|�é û ó � ú ��
�ø é^c����?�<UP�<�~N:>PHEH:cP�:)=K;���;�:4]�EH:)<�G�=	|�:4?*�H<�óHM����qS�:4;�:��H:*~
E
B�P�<���EH:	é

� �8;�;A� ��_ ��"��O��0 - � - �ç�2� * ��� - 
�/10 - �	$�������� �����~�O�2 ��� ���1 2��� - 
��~� 	

(∀n)(∀ k)(∃ s)(∃C > 0) :

sup
|t−z|61

vn,s(t) + ln(1 + |z|) 6 inf
|t−z|61

vn,k(t) + C (z ∈ C). ö�ú�ø
+�- ������0#" - ����"���$~����
 -

E
�����O"�$ -�6

C
St;-~�<K;*�A~1ó�]�;�:w��R!G�=	|�:4?*��B ö�ú�ø ?)Ig;�<KS��4<K;
G�=	|�:4?*�H< ö�÷�ø éHd�=	|�<UP�=K;)?*�H< 	 ÷�÷ ó\M��H<UP�|�:Oej<KE��H< ú é ÷ 
S���e�P�:)<[M��H:)=K;*����EH=K;)?�:©fr�H<KZ�<

En
B�P�<���EH:	é�m7��S_S���S`=K]H<K;)E�IgV¬��E-PHG�S�;*��?)E�IgV_M��H<UP�<	|`B�P�<���E�I�^

M��H:)=K;*����EH=K;)? . ;�:Oej<�B�P�<���EH:)<
M��H:)=K;*����EH=K;)?�:�	 � ó � é ú é � 
 ó�;�: E B�P�<���EH:	é
B

x
�A~�?�:H|�:*~
Kp(D0,g0)

:)9):4R>E��>]��A~QM��H:)=K;*����EH=K;)?�:
K (D0,g0)

=�;�:4MH:H|�:4F��H<KVdMH:4;�:4]H<K]�EH:4Vd=i^�:�ë
PA�A~�:)=K;*��ó�<>=	|A�

E
E��\P�<	|�<KEH:%<KFO:�<>=K;�<>=K;)?�<KE�EH:4Vf;�:4MH:H|�:4F��H<KV ö F�K ø ë M��H:)=K;*����EH=K;)?(�'é

" 4��45���*-��78� ��_ �E 2��� �=0#" - ����"���$~����
 -
E
�����O"�$ -�6'4 �~�O�2 ��� �~�� ~��
'�O"	�¢����$	���W"���
�$ - ���	����$	/
	

ö Ú ø (ϕn)n>0
�'
���������� �a����� - � � ��$	/�� �p��
��~� - �]


E′
σ

�

ö ÚÜÚ ø (Dn
0,g0)n>0

�'
���������� �a����� - � � ��$	/�� �p��
��~� - �L

Kp(D0,g0)
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C
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ϕ,ψ ∈ E′
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∂Nu
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∂xn
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ϕ(u) = buγ
ó�;�é�<�é8G;����?)EH<KE��H< ö�÷�ø =>:>P�<���ey��;QEH<	|A��EH<KV�EH:)=K;*�Y=K;�<KMH<KE�EH:4FO:;*��M��sS���SYMH:lEH<���R>?�<>=K;)EH:4V W
G�E�S�X�����ó�;���S �nMH:Q<><qMH<���?)I5~ M��H:���R>?�:>PHE�I5~1ó2M�����]H<�~

γ ∈ R
ó

βn ∈ R
é�m7��S�ej<
P�:H|HecE�I
?)IgMH:H|HE�B-;*}�=CBT=	|�<UPHG�@Aat�H<
:4F�����E���]H<KE���B �

÷�ø <>=	|A� γ ∈ R \ Z ö ;�éH<�é�?�<Ka�<>=K;)?�<KE�EH:)<�]��H=	|�:c=[EH<KE�G�|�<K?�:4V_PA�H:)94EH:4Vq]��4=K;*})@ ø ó�;�: �H<KZ�<KE��H<G;����?)EH<KE���B ö�÷�ø u > 0
�

ú�ø M�����;�<U^
R>E��>]H<KE���B�^ n óKM�����S�:4;�:���I�^ βn ∈ R\Z óUM��H:���R>?�:>PHE���Bj:4;5�H<KZ�<KE���B�G;����?)EH<KE���B ö�÷�ø
∂u
∂xn

> 0
é

po|HB �H<KZ�<KE���B_G;����?)EH<KE���B ö�÷�ø 94G\P�<�~ �H=KMH:H|A})RO:4?(��;*}©~�<K;�:>PfW
G�E�S�X��H:4E���|A})EH:4FO: ����RKP�<	|�<KE���BMH<��H<�~�<KE�E�I�^ 	 � ó ��
 é�d =>:):4;)?�<K;�=K;)?*���N=dG�S���R���E�E�I5~Y~�<K;�:>P�:*~l�H<KZ�<KE��H<_G;����?)EH<KE���B ö�÷�ø ��a�<�~?�?*�-P�< �

u(x1, x2, . . . , xN ) = U(y), y =
N∑

n=1

yn(xn). ö�ú�ø
d ö�ú�ø ?4^�:>PHB-;jEH<���R>?�<>=K;)E�IJ<[W
G�E�S�X���� U(y)

ó
yn(xn)

ó�S�:4;�:���IJ<tMH:>P�|�<Ke ��;c:4M��H<UP�<	|�<KE���@
?�P>��|A}pë
EH<KV�Z�<�~1éA^
:>P�=K;���?�|HB-Bf?)I�����ej<KE��H< ö�ú�ø ?�G;����?)EH<KE��H< ö�÷�ø ó�M����-^�:>PA�A~nSf=>:):4;)EH:4Z�<KE���@ �

Φ(y) =

N∏

n=1

[y′n(xn)]
βn−1, ö�û�ø

FCP�<

Φ(y) ≡ U (N)(y)

b[U ′(y)]βΣ [U(y)]γ
. ö � ø

b�P�<>=�} �%P>��|�<><[94G\P�<�~ �H=KMH:H|A})RO:4?(��;*}�:)9):4R>E��>]H<KE���B �
βΣ =

∑N
n=1 βn

ó
I = {1, . . . , N} ó . ~�EH:Oej<�ë

=K;)?�:hR>E��>]H<KE���V ��E-P�<KS�=��
n
ó�E�G�~�<���G�@Aa�<KFO:�EH<KR���?*�H=��A~�IJ<[MH<��H<�~�<KE�E�IJ<�ó

Ω . ~�EH:Oej<>=K;)?�:�R>E��>]H<�ë
E���V

n ∈ I
ó�P�|HB`S�:4;�:���I�^

βn 6= 1
�
Ω = I \ Ω é^[G�=K;*}

Ω 6= ∅
é�m :4FCP>�%=KG�a�<>=K;)?)G�<K;c^�:4;\Bf94Iu:>PHEH:�R>E��>]H<KE��H<

n = n1
ó�M����qS�:4;�:��H:*~

βn1 6= 1
é

^c�H:>PA�HW�W�<��H<KE�X�����G�<�~ =>:):4;)EH:4Z�<KE��H< ö�û�ø MH: xn1

é&m :4FCP>�q? �H<KR>G�|A}\;���;�<%b�|�<�~�<KE�;��H��E�I�^QM��H<>:)9�ë
����RO:4?(��E���VT=[G�]H<K;�:*~ ?);�:��H:4V ��R�W�:��A~�G�| ö�ú�ø ó�E��\^�:>PA�A~

Φ′(y)

Φ(y)
=Wn1(xn1) ≡ (βn1 − 1)

y′′n1
(xn1)

[y′n1
(xn1)]

2
. ö���ø

^c����?(��B ]��4=K;*}Q=>:):4;)EH:4Z�<KE���B ö���ø R���?*�H=���;l;�:H|A})S�:Q:4;sMH<��H<�~�<KE�EH:4V xn1

éz^
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n2 6= n1
�%M��H:>PA�HW�W�<��H<KE�X����H:4?(��? ö���ø MH: xn2

ó�MH:H|HG�]��4<�~ �
∂

∂xn2

(
Φ′(y)

Φ(y)

)
= 0. ö���ø

T2G\P�<�~mM��H<UPHMH:H|>��F���;*}2ó�]�;�:r�H=KS�:*~�:)<c�H<KZ�<KE��H<[=KG�a�<>=K;)?�<KE�EH:�R���?*�H=���;c:4;�?�=><U^%MH<��H<�~�<KE�E�I�^�ó
;�éH<�é

yn(xn) 6= const
P�|HB |H@[9):4FO:

n
é�m :4FCP>�'óA��R ö���ø =
G�]H<K;�:*~ ö�ú�ø =	|�<UPHG�<K; �

d

dy

(
Φ′(y)

Φ(y)

)
= 0. ö���ø

`8<KZy��B`G;����?)EH<KE��H< ö���ø :4;)EH:)=���;�<	|A})EH: Φ(y)
ó�E��\^�:>PA�A~ �

Φ(y) = Φ0 exp(αy), ö���ø
FCP�<

Φ0
ó
α . M��H:���R>?�:H|A})E�IJ<hMH:)=K;�:OB-E�E�IJ<�é�\[R ö���ø � ö � ø =	|�<UPHG�<K;d:)94IgS�EH:4?�<KE�EH:)<
PA�HW�W�<��H<KE�X��'ë��|A})EH:)<�G;����?)EH<KE��H< ö S
prh ø :4;)EH:)=���;�<	|A})EH:dW
G�E�S�X���� U(y)

�

U (N)(y)−B0[U
′(y)]βΣ [U(y)]γ exp(αy) = 0, ö���ø
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?)?�<UP�<KE��cEH:4?(��B_MH:)=K;�:OB-E�E���B

B0 = bΦ0. ö�÷���ø
po|HB_E��\^�:Oe�P�<KE���BTW
G�E�S�X���V

yn(xn)
�H=KMH:H|A})R>G�<�~Y=>:):4;)EH:4Z�<KE��H< ö�û�ø é�`��4=>=�~�:4;*���A~nPH?(�c=	|HG�]���B�é

� ���
�
- � ÷ é α = 0.

m :4FCP>�y��R ö�û�ø =[G�]H<K;�:*~ ö���ø � ö�÷���ø óH=	|�<UPHG�<K;
N∏

n=1

[y′n(xn)]
βn−1 =

B0

b
, ö�÷�÷�ø

:4;)S�G\P>��E��\^�:>PA�A~

yn(xn) = cnxn + yn0, n ∈ Ω, ö�÷�ú�ø
FCP�<

yn(xn) .
M��H:���R>?�:H|A})E���BTW
G�E�S�X���B_M����

n ∈ Ω
é

^c����?�<UP�<�~ EH<KS�:4;�:���IJ<c]��4=K;)E�IJ< �H<KZ�<KE���BTG;����?)EH<KE���B ö���ø P�|HBTM��H:���R>?�:H|A})EH:4FO: N ó>�L=>:):4;pë?�<K;�=K;)?)G�@Aat�H<]�A~ �H<KZ�<KE���B`G;����?)EH<KE���B ö�÷�ø é� ø x!;�<KMH<KE�EH:)<]�H<KZ�<KE��H<
U(y) = U0y

σ. ö�÷�û�ø
^
:>P�=K;���EH:4?)S�� �H<KZ�<KE���B ö�÷�û�ø ?jG;����?)EH<KE��H< ö���ø MH:4R>?�:H|HB�<K;�MH:H|HG�]���;*}�?)I�����ej<KE���BdP�|HB%MH:)=K;�:OB-E'ëE�I�^

U0
ó
σ
�

σ =
βΣ −N

βΣ + γ − 1
, U0 =

(
QN (σ)

B0σβΣ

) 1
βΣ+γ−1

, QN (σ) = σ(σ − 1) . . . (σ −N + 1). ö�÷ � ø
m :4FCP>�'óHMH:>P�=K;���?�|HB-B ö�÷�ú�ø ? ö�÷�û�ø ó�MH:H|HG�]��4<�~ �H<KZ�<KE��H<�G;����?)EH<KE���B ö�÷�ø �

u(x1, x2, . . . , xN ) = U0

(∑

n∈Ω

cnxn +
∑

n∈Ω

yn(xn) + y0

)σ
, ö�÷���ø

FCP�<
yn(xn) .

M��H:���R>?�:H|A})E�IJ<[W
G�E�S�X�����ó
y0
ó
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cnP�:H|HecE�I
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n∈Ω

cβn−1
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B0
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� M���� βΣ + γ = 1

�H<KZ�<KE��H< ö�÷���ø EH<
=KG�a�<>=K;)?)G�<K;��
� <>=	|A� σ = n

M����`EH<KS�:4;�:��H:*~
1 6 n 6 N − 1

ó-;�:
U0 = 0

M����
βΣ + γ > 1

ó�� �H<KZ�<KE��H< ö�÷���ø?)I��H:Oe�P>�4<K;�=CB ?l;*����?*����|A})EH:)<
u(x1, x2, . . . , xN ) ≡ 0

ó �sM����
βΣ + γ 6 1

�H<KZ�<KE��H< ö�÷���ø EH<=KG�a�<>=K;)?)G�<K;��
� <>=	|A� σ = 0 ö ;�é\<�é βΣ = N ø óO;�:JM���� γ < 1−N �H<KZ�<KE��H< ö�÷���ø ?)I��H:Oe�P>�4<K;�=CB�?t;*����?*����|A})EH:)<�ó�jM����
γ > 1−N

b>;�:y�H<KZ�<KE��H<
EH<
=KG�a�<>=K;)?)G�<K;�é
9 ø n�:4F��H���HWo~���]H<>=KS�:)<r�H<KZ�<KE��H<

U(y) = U0 ln(y). ö�÷
��ø
^
:>P�=K;���?�|HB-B �H<KZ�<KE��H< ö�÷
��ø ?+G;����?)EH<KE��H< ö���ø ó�E��\^�:>PA�A~1óg]�;�:+MH:)=K;�:OB-E�E���B U0

:4M��H<UP�<	|HB�<K;�=CB
?)I�����ej<KE��H<�~

U0 =

(
(−1)N−1(N − 1)!

B0

) 1
N−1

. ö�÷���ø
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��ø ó�MH:H|HG�]��4<�~ �H<KZ�<KE��H<�G;����?)EH<KE���B ö�÷�ø

u(x1, x2, . . . , xN ) = U0 ln

(
∑

n∈Ω

cnxn +
∑

n∈Ω

yn(xn) + y0

)
. ö�÷���ø

b�P�<>=�}2ó4;���Scej<�S���Sy��? ö�÷���ø ó yn(xn) . M��H:���R>?�:H|A})E�IJ<JW
G�E�S�X�����ó
cn .

M��H:���R>?�:H|A})E�IJ<JMH:)=K;�:OB-E'ë
E�IJ<�ó-G\P�:4?�|�<K;)?�:���B-@Aat�H<�G�=	|�:4?*��@ ö�÷���ø é�`8<KZ�<KE��H< ö�÷���ø =KG�a�<>=K;)?)G�<K;�M����`?)IgMH:H|HEH<KE����qG�=	|�:4?*��V
α = 0

ó
γ = 0

ó
βΣ = N

é
? ø {!S�=KMH:4EH<KE�X�����|A})EH:)<t�H<KZ�<KE��H<

U(y) = U0 exp(σy). ö�ú ��ø
b�P�<>=�}

U0
. M��H:���R>?�:H|A})EH:)<�ó �

σ
:4M��H<UP�<	|HB�<K;�=CBTW�:��A~�G�|�:4V �

σ = B
1

N−βΣ
0 . ö�ú'÷�ø

x2:):4;)?�<K;�=K;)?)G�@Aa�<><o�H<KZ�<KE��H<
G;����?)EH<KE���B ö�÷�ø �A~�<><K;�?*�-P

u(x1, x2, . . . , xN ) = U0 exp

{
σ

(
∑

n∈Ω

cnxn +
∑

n∈Ω

yn(xn) + y0

)}
. ö�ú�ú�ø

d ���4=>=�~[��;*����?(�4<�~�:*~ =	|HG�]��4<c�H<KZ�<KE��H< ö�ú�ú�ø =KG�a�<>=K;)?)G�<K;%M����`?)IgMH:H|HEH<KE����TG�=	|�:4?*��V α = 0
ó

βΣ + γ = 1
ó
βΣ 6= N

é
d2IgZ�<t94I�|�:h=iP�<	|>��EH:jM��H<UPHMH:H|�:Oej<KE��H<�ó-]�;�:

Ω 6= ∅
é-X�=	|A�dej<5�A~�<><K; ~�<>=K;�:�M��H:4;*��?�:4MH:H|�:Oe�ë

E�IgVQ=	|HG�]���V
Ω = ∅

ó�;�é'<�é
βn = 1

M����l?�=><U^
n ∈ I

ó�;�: ��R ö�û�ø =	|�<UPHG�<K;�ó']�;�:qW
G�E�S�X���� yn(xn)B-?�|HB-@A;�=CB`M��H:���R>?�:H|A})E�I5~��TM����q?�=><U^
n ∈ I

óA��G;����?)EH<KE��H<[P�|HBqW
G�E�S�X����
U(y)

�A~�<><K;�?*�-P ö���ø ó?�S�:4;�:��H:*~nEH<>:)9>^�:>PA�A~�:%MH:H|�:Oey��;*}
α = 0

é
� ���

�
- � ú é α 6= 0

éAm :4FCP>� ö�û�ø =[G�]H<K;�:*~ ö���ø � ö�÷���ø ~�:OecEH:�R���M��H=���;*}�?�?*�-P�<
N∏

n=1

[y′n(xn)]
βn−1 =

B0

b

N∏

n=1

exp[αyn(xn)]. ö�ú�û�ø
St]H<K?*�-PHEH:	ó2]�;�:QM����

α 6= 0
=>:):4;)EH:4Z�<KE��H< ö�ú�û�ø ~�:Oej<K; 94Ig;*}mG\P�:4?�|�<K;)?�:��H<KEH:m;�:H|A})S�:m?Q;�:*~=	|HG�]��4<�ó�<>=	|A�

Ω = I
ó�;�é�<�é

βn 6= 1
M����f?�=><U^

n ∈ I
éA\[R ö�ú�û�ø =	|�<UPHG�<K;%G;����?)EH<KE��H<�P�|HBfW
G�E�S�X���V

yn(xn)
�

[y′n(xn)]
βn−1 exp[−αyn(xn)] = µn, ö�ú � ø

FCP�<
µn .

M��H:���R>?�:H|A})E�IJ<hMH:)=K;�:OB-E�E�IJ<�óHG\P�:4?�|�<K;)?�:���B-@Aat�H<hG�=	|�:4?*��@
N∏

n=1

µn =
B0

b
. ö�ú ��ø

`8<KZ�<KE��H<�G;����?)EH<KE���B ö�ú � ø �A~�<><K;�?*�-P

yn(xn) =
1− βn
α

ln

{
α

1− βn
µ1/(βn−1)
n (xn − xn0)

}
. ö�ú ��ø

^c���
α 6= 0

;���S�ej<�S���Sy��?[M��H<UPHI�PHG�a�<�~s=	|HG�]��4<�ó4G;����?)EH<KE��H< ö���ø �A~�<><K;
]��4=K;)EH:)<��H<KZ�<KE��H< ö�ú ��ø é^
:)=K;�:OB-E�E�IJ<
U0
ó
σ
:4M��H<UP�<	|HB-@A;�=CBq?)I�����ej<KE���B�~�� �

σ =
α

1− (βΣ + γ)
, U0 =

(
σN−βΣ

B0

) 1
βΣ+γ−1

.



� "����æ��$	�����ò�5$ - � - ���O"�$ - � - ��� � � �O"���$��	��������$ - � -  #"���
�$~��$	���ò0#" - �2
�
 - ����$ - � - 0 - "������	� � �
\
=KMH:H|A})R>G)Bn?)I�����ej<KE���B ö�ú�ø ó ö�ú ��ø ó ö�ú ��ø � G�=	|�:4?*�H< ö�ú ��ø ó�MH:)=	|�<`EH<KS�:4;�:���I�^nM��H<>:)9�����RO:4?(��E���VMH:H|HG�]��4<�~n=>:):4;)?�<K;�=K;)?)G�@Aa�<><o�H<KZ�<KE��H<
G;����?)EH<KE���B ö�÷�ø �

u(x1, x2, . . . , xN ) = Ũ0

N∏

n=1

(xn − xn0)
ρn , ö�ú ��ø

FCP�<
ρn
ó
Ũ0

:4M��H<UP�<	|HB-@A;�=CBq?)I�����ej<KE���B�~��

ρn =
βn − 1

βΣ + γ − 1
, Ũ0 = b

1
1−(βΣ+γ)

N∏

n=1

ρ−ρnn . ö�ú ��ø
`8<KZ�<KE��H< ö�ú ��ø EH<
=KG�a�<>=K;)?)G�<K;�?%=	|HG�]��4< βΣ + γ = 1

é
m7��S��A~ :)9�����RO:*~1ó'G;����?)EH<KE��H< ö�÷�ø �A~�<><K; �H<KZ�<KE���B�ó :4M��H<UP�<	|HB�<�~�IJ<dW�:��A~�G�|>��~�� ö�÷���ø ó ö�÷���ø ó

ö�ú�ú�ø ó ö�ú ��ø ó �s?4^�:>PHB-at�H<f?lE��-^ P�:4MH:H|HE���;�<	|A})E�IJ<TM��H����~�<K;*��I :4M��H<UP�<	|HB-@A;�=CBY?)I�����ej<KE���B�~��

ö�÷ � ø ó ö�÷���ø ó ö�ú'÷�ø ó ö�ú ��ø é ^c��� Ω = I ö βn 6= 1
M����Y?�=><U^

n ∈ I ø W�:��A~�G�|HI ö�÷���ø ó ö�÷���ø � ö�ú�ú�ø:4M��H=KIg?(��@A;1�H<KZ�<KE���B`G;����?)EH<KE���B ö�÷�ø ;*��M��c9)<KF>G�a�<KVq?�:H|HE�Iñé
� _�� B�687'(l��6878� �=B�> ��5 �o�T$�>8����68��687��

d P>��E�EH:*~NM��H����F����4W�<o���4=>=�~[��;*����?(��@A;�=CBL;�<>:��H<�~�Iñó�S�:4;�:���IJ<jMH:4R>?�:H|HB-@A;dMH:4E���R���;*}dMH:���B�ë
P�:4S � ����R�~�<���EH:)=K;*} ö ]��H=	|�:�EH<KR���?*�H=��A~�I�^qMH<��H<�~�<KE�E�I�^ ø G;����?)EH<KE���B ö�÷�ø é^[G�=K;*}c~�EH:Oej<>=K;)?�:

I
óO?)?�<UP�<KE�EH:)<!?)IgZ�<�ó�����RO9���;�:tE��

K
EH<KMH<��H<>=><KS���@Aat�-^�=CBjMH:>P�~�EH:Oej<>=K;)?

Ik
(k = 1, . . . ,K)

��ó�=>:):4;)?�<K;�=K;)?�<KE�EH:	ó�~�EH:Oej<>=K;)?�:cMH<��H<�~�<KE�E�I�^
X = {x1, . . . , xN}

����RO9���;�:jE��
KEH<KMH<��H<>=><KS���@Aat�-^�=CBNMH:>P�~�EH:Oej<>=K;)?

Xk = {xn}n∈Ik
é[b�P�<>=�} �+P>��|�<><

Nk
. ]��H=	|�:Lb�|�<�~�<KE�;�:4?

?cMH:>P�~�EH:Oej<>=K;)?(�\^
Ik
ó
Xk

�
βΣk

=
∑

n∈Ik
βn
éAm :4FCP>�y�A~�<><K;©~�<>=K;�:�=	|�<UPHG�@Aay��B

� �@B�>8�8;A� Â _ �E 2��� � �  	$	���	�	�
uk(Xk)

0#"�� 
'��� �
k = 1, . . . ,K

�'
���� � ��� � "����æ��$	���	�5� #"���
�$~��$	�	�
∂Nkuk∏
n∈Ik

∂xn
= bk[uk(Xk)]

βΣ+γ−βΣk
∏

n∈Ik

(
∂uk
∂xn

)βn
, ö�ú ��ø

�����
bk
�?$~��� - � - "�/A�=0 - ��� - �'$	$	/A� *  �� - 
��~����
 - "�� ��� �~�� 2��� - 
����	� 	

K∏

k=1

bk = b. ö�û ��ø
+�- ����� �  	$	���	���

u(X) =

K∏

k=1

uk(Xk) ö�û'÷�ø
�'
���������� �æ"����æ��$	�~���  #"���
�$~��$	���

(1)
6

C
`��4=>=�~�:4;*���A~N?)I�����ej<KE��H<

Ψ(u(X)) ≡ ∂Nu

∂x1 . . . ∂xN
u−γ

N∏

n=1

(
∂u

∂xn

)−βn

. ö�û�ú�ø
^
:>P�=K;���?*�A~N? ö�û�ú�ø ?)I�����ej<KE��H< ö�û'÷�ø éAm :4FCP>� Ψ(u(X))

~�:OecEH:cM��H<UP�=K;���?*��;*}d?�?*�-P�<

Ψ(u(X)) =

K∏

k=1

Ψk(uk(Xk)), ö�û�û�ø



� � � � �	�����~��
���� � 6 � 6
FCP�<

Ψk(uk(Xk)) =
∂Nkuk∏
n∈Ik

∂xn
[uk(Xk)]

−(βΣ+γ−βΣk)
∏

n∈Ik

(
∂uk
∂xn

)−βn

. ö�û � ø
^
:cG�=	|�:4?*��@ ;�<>:��H<�~�IñóHW
G�E�S�X����

uk(Xk)
G\P�:4?�|�<K;)?�:���B-@A;�G;����?)EH<KE���B�~ ö�ú ��ø ó�MH:4b>;�:*~�G¬��R ö�û � øMH:H|HG�]��4<�~1óo]�;�:

Ψk(uk(Xk)) = bk
é m :4FCP>�'ó���R ö�û�û�ø =�G�]H<K;�:*~ ö�û ��ø =	|�<UPHG�<K;�óo]�;�: Ψ(u(X)) = b

é
St;�=K@�P>�'ó�G�]���;)Ig?(��B ö�û�ú�ø ó\MH:H|HG�]��4<�~1ó\]�;�:AW
G�E�S�X���B ö�û'÷�ø B-?�|HB�<K;�=CBr�H<KZ�<KE��H<�~TG;����?)EH<KE���B ö�÷�ø é B

pj:4S���R���E�E���BT?)IgZ�<
;�<>:��H<�~[� ÷ MH:4R>?�:H|HB�<K;%MH:H|HG�]���;*} ~�EH:Oej<>=K;)?�: �H<KZ�<KE���VfG;����?)EH<KE���B ö�÷�ø óS�:4;�:���IJ<U~�:4F>G�;j94Ig;*}hM��H<UP�=K;���?�|�<KE�I ?�?*�-P�<JM��H:���R>?�<UP�<KE���B �H<KZ�<KE���V%G;����?)EH<KE���V¬��E���|�:4F���]�EH:�ë
FO:c?*�-P>�'ó��A~�<K@Aat�-^`9):H|�<><
E���R>S���VfMH:���B�P�:4S�é

m <>:��H<�~�I ú � û ó�S�:4;�:���IJ<cM�����?�:>PHB-;�=CBlE���ej<�óo:4M��H<UP�<	|HB-@A;q?�:4R�~�:OecEH:)=K;*}fMH:4E���ej<KE���BsMH:�ë��B�PHS��`G;����?)EH<KE���B ö�÷�ø P�|HBL]��4=K;)E�I�^l=	|HG�]��4<K?2óoS�:4FCP>�qM��H����~�<K;*��I G;����?)EH<KE���BsG\P�:4?�|�<K;)?�:���B-@A;
EH<KS�:4;�:���I5~mP�:4MH:H|HE���;�<	|A})E�I5~ G�=	|�:4?*��B�~1é�dnb>;*�-^%;�<>:��H<�~[�\^%M��H<UPHMH:H|>��F��4<K;�=CB�óH]�;�:

K = 2
ó�;�é�<�é

~�EH:Oej<>=K;)?�:
I
����RO9���;�:jE��
EH<KMH<��H<>=><KS���@Aat�H<>=CB_MH:>P�~�EH:Oej<>=K;)?(�

I1
ó
I2
ó�S�:4;�:���I5~+=>:):4;)?�<K;�=K;)?)G�@A;

MH:>P�~�EH:Oej<>=K;)?(�%MH<��H<�~�<KE�E�I�^
X1
ó
X2
é

� �@B�>8�8;A� � _ �E 2��� �k0���"���������"�/ * 
 � - � � � �~�E
� #"���
�$~��$	�~� (1),  �� - 
��~����
 - "�� � �ñ 2��� - 
����	� 	
γ = 0, βn = 0, ö�û ��ø

0#"��������]
'� - " - �E�2
��������f 2��� - 
��	�ò
�/10 - �	$�������� �c�����c
'��� �
n ∈ I1

6�+�- �����¢ #"���
�$~��$	�~�
(1)

�2�������
"����æ��$	�~�E
��#���

u(X) = u1(X1)u2(X2) + u0(X1). ö�û ��ø
�#�������

u0(X1)
� 0#" - �2
�
 - ����$�� � �  	$	���	��� * � �  	$	���	�	�

u1(X1)
*
u2(X2)

 �� - 
��~����
 - "�� � �\���~� ��2 ��� �2�  #"���
�$~��$	���	� 	
∂N1u1∏
n∈I1

∂xn
= b1[u1(X1)]

βΣ2 , ö�û ��ø

∂N2u2∏
n∈I2

∂xn
= b2

∏

n∈I2

(
∂u2
∂xn

)βn
. ö�û ��ø

��" - �2
�
 - ����$	/A�A0 - ��� - �'$	$	/A�
b1
*
b2
* 
 � - � � � �~�E
 (37), (38),

 �� - 
��~����
 - "�� � �ñ 2��� - 
�� �
b1b2 = b. ö�û ��ø

C
^
:>P�=K;���?*�A~
?)I�����ej<KE��H< ö�û ��ø ?dG;����?)EH<KE��H< ö�÷�ø ó�:4;)S�G\P>�%MH:)=	|�<jb�|�<�~�<KE�;��H��E�I�^sM��H<>:)9�����ëRO:4?(��E���VfMH:H|HG�]��4<�~ �

[u1(X1)]
−βΣ2

∂N1u1∏
n∈I1

∂xn

∏

n∈I2

(
∂u2
∂xn

)−βn ∂N2u2∏
n∈I2

∂xn

= b
[
u1(X1)u2(X2) + u0(X1)

]γ ∏

n∈I1

(
u2
∂u1
∂xn

+
∂u0
∂xn

)βn
. ö � ��ø

d
=���|HG`G�=	|�:4?*��V ö�û ��ø ó�?);�:��H:4V �f;*�H<K;*��VT=>:*~�EH:Oey��;�<	|A�s?%M�����?�:4VT]��4=K;*�TG;����?)EH<KE���B ö � ��ø ����?pëE�I ÷ é�m :4FCP>�cb>;�:cG;����?)EH<KE��H<h=K?�:>PA��;�=CBqSq=	|�<UPHG�@Aa�<�~�G �
{
[u1(X1)]

−βΣ2
∂N1u1∏
n∈I1

∂xn

}
·
{
∏

n∈I2

(
∂u2
∂xn

)−βn ∂N2u2∏
n∈I2

∂xn

}
= b. ö � ÷�ø



� "����æ��$	�����ò�5$ - � - ���O"�$ - � - ��� � � �O"���$��	��������$ - � -  #"���
�$~��$	���ò0#" - �2
�
 - ����$ - � - 0 - "������	� � �
m7��SDS���SDMH<���?)IgV � ?);�:��H:4Vu=>:*~�EH:Oey��;�<	|A�u? |�<K?�:4VD]��4=K;*� ö � ÷�ø R���?*�H=CB-;N:4; ����R>E�I�^ F���G�M�MMH<��H<�~�<KE�E�I�^�ór� �-^ M��H:���R>?�<UP�<KE��H< ����?)EH: MH:)=K;�:OB-E�EH:4V�ó�;�:D:4;�=K@�P>�D=	|�<UPHG�<K;�ó�]�;�:DW
G�E�S�X����
u1(X1), u2(X2)

P�:H|HecE�I G\P�:4?�|�<K;)?�:���B-;*}lG;����?)EH<KE���B�~ ö�û ��ø ó ö�û ��ø óz�f?4^�:>PHB-at�H<_?LE��-^QMH:)=K;�:�ëB-E�E�IJ< � G�=	|�:4?*��@ ö�û ��ø é B
� �@B�>8�8;A� 
�_ �E 2��� �k0���"���������"�/ * 
 � - � � � �~�=
! #"���
�$~��$	�~� (1) *  �� - 
��~����
 - "�� � �ñ 2��� - 
����	� 	

γ = 0, βΣ1 = 0 ö � ú�ø
�����c$~��� - � - " - � - 0 - �~�5$ - �k������
��

I1
6�+�- �����¢ #"���
�$~��$	�~�

(1)
�2�������A"����æ��$	�~�E
��#��� 	

u(X) = u1(z1)u2(X2) + u0(z1). ö � û�ø
�!�O"�������$	$�� �

z1
* 
 � - � � � � �î
 (43)

*�- 0#"��O������������� �\
�/�"����k��$	�~��� 	
z1 =

∑

n∈Ω1

cnxn +
∑

n∈Ω1

ζn(xn). ö � � ø
�#�������

Ω1 ⊂ I1
*
Ω1 ⊂ I1

� �5$ - �k������
��ò
�$�������$	�	� �	$#�����2���
n
* �����a� - � - "�/��

βn 6= 1
*
βn = 1� -�- ��
'��������
'��$	$ - �

cn
� 0#" - �2
�
 - ����$	/A�f0 - ��� - �'$	$	/A� *

u0(z1)
*
ζn(xn)

� 0#" - �2
�
 - ����$	/A� �  	$	� �
�	�	� � �  	$	���	���

u2(X2)
 �� - 
��~����
 - "������\ #"���
�$~��$	� � (38)

* � �  	$	���	���
u1(z1)

 �� - 
��~����
 - "������
���~�O�2 ��� ���� � �s��	

dN1u1

dzN1
1

= b1[u1(z1)]
βΣ2 . ö � ��ø

� - ��� - �'$	$	/A�
b1
*
b2
*
cn
� - �	�ç$	/  �� - 
��~����
 - "���� �ò���~�O�2 ��� ���� f� - 0 - �	$	�~��������$ - �� î 2��� - 
�� � 	

b1b2 = b
∏

n∈Ω1

cβn−1
n . ö � ��ø

C
^
:>P�=K;���?*�A~ ?)I�����ej<KE���B ö � û�ø ó ö � � ø ?QG;����?)EH<KE��H< ö�÷�ø é m :4FCP>� |�<K?(��BN]��4=K;*}mG;����?)EH<KE���BMH:)=	|�<
b�|�<�~�<KE�;��H��E�I�^fM��H<>:)9�����RO:4?(��E���VTM�����?�:>PA��;�=CBfS`?*�-PHG �

∂Nu

∂x1 . . . ∂xN
=
dN1u1

dzN1
1

· ∂N2u2∏
n∈I2

∂xn
·
∏

n∈Ω1

cn ·
∏

n∈Ω1

ζ ′n(xn). ö � ��ø
^c�H<>:)9�����R>G�<�~n;���S�ej<�M�����?)G�@ ]��4=K;*}�G;����?)EH<KE���B ö�÷�ø =[G�]H<K;�:*~ MH<���?�:4FO:1��R
G�=	|�:4?*��V ö � ú�ø

ϕ(u)
N∏

n=1

(
∂u

∂xn

)βn
= b

∏

n∈I1

(
u2(X2)

∂u1
∂xn

+
∂u0
∂xn

)βn
·
∏

n∈I2

(
u1(z1)

∂u2
∂xn

)βn
. ö � ��ø

d =K?�:4@ :4]H<��H<UPA}2ó�MH<���?�:)<
M��H:���R>?�<UP�<KE��H<h?cM�����?�:4Vf]��4=K;*� ö � ��ø ~�:Oej<K;d94Ig;*}�R���M��H=���EH:�?c?*�-P�<
∏

n∈I1

(
u2(X2)

∂u1
∂xn

+
∂u0
∂xn

)βn
=

(
u2(X2)

du1
dz1

+
du0
dz1

)βΣ1

·
∏

n∈Ω1

cβnn ·
∏

n∈Ω1

ζ ′n(xn). ö � ��ø
d =���|HGT?);�:��H:4FO: ��RcG�=	|�:4?*��V ö � ú�ø óoMH<���?)IgVQ=>:*~�EH:Oey��;�<	|A}f?`M�����?�:4Vl]��4=K;*� ö � ��ø ����?�<KE ÷ é&m :�ëFCP>�'ó��H=KMH:H|A})R>G)Bh=>:):4;)EH:4Z�<KE���B ö � ��ø �~ö � ��ø óOMH:)=	|�<�b�|�<�~�<KE�;��H��E�I�^hM��H<>:)9�����RO:4?(��E���V�G;����?)EH<KE��H< ö�÷�ø~�:OecEH:�M��H<UP�=K;���?*��;*}%?�?*�-P�<

{
dN1u1

dzN1
1

[u1(z1)]
−βΣ2

}
·
{

∂N2u2∏
n∈I2

∂xn

∏

n∈I2

(
∂u2
∂xn

)−βn
}

= b
∏

n∈Ω1

cβn−1
n . ö�� ��ø
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dN1u1

dzN1
1

[u1(z1)]
−βΣ2 = b1,

∂N2u2∏
n∈I2

∂xn

∏

n∈I2

(
∂u2
∂xn

)−βn

= b2, ö��'÷�ø

FCP�<
b1
ó
b2 .
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x = (x1, x2) ∈ R2 PH?*��ej<KE��H<d?)B-R>S�:4VmEH<>=Cey�A~[�4<�~�:4V ey�-P	ë
S�:)=K;*�NMH:>PnP�<KVH=K;)?*�H<�~ MH:H|HB ?)EH<KZjE��-^ =���|

F (x, t)
ó�MH<����H:>PA��]H<>=KS�:4FO:mMH:LM��H:)=K;*����EH=K;)?�<KE�E�I5~

MH<��H<�~�<KE�E�I5~
x1
ó
x2

=qMH<����H:>P>��~��
`1 = 2π

�
`2 = 2π/α

=>:):4;)?�<K;�=K;)?�<KE�EH:	ó�?QM��H<UPHMH:H|�:Oej<�ë
E�����ó�]�;�:L?�:H|HEH:4?�:)<`]��H=	|�:

α → 0
ézZ
<���R>?�<>=K;)E�IJ<qMH:H|�<`=KS�:��H:)=K;*�

v(x, t)
�+P>��?�|�<KE��H<

p(x, t)G\P�:4?�|�<K;)?�:���B-@A;d=��H=K;�<�~�<�G;����?)EH<KE���V Zo��?*}�< . x!;�:4S�=�� �

∂v

∂t
+ (v,∇)v − ν∆v = −∇p+ F (x, t), div v = 0,

FCP�<
ν . 9)<KR�����R�~�<���E���B�?)B-R>S�:)=K;*}2é��
<��H<KR 〈f〉 94G\P�<�~l:)9):4R>E��>]���;*}�=��H<UPHEH<><JMH: x1 ó-�[]H<��H<KR 〈〈f〉〉 .=��H<UPHEH<><�MH:�M���B�~�:4G�FO:H|A})E���S�GqMH<����H:>P�:4?

Ω = [0, `1]× [0, `2]
�

〈f〉 = 1

`1

`1∫

0

f(x, t) dx1, 〈〈f〉〉(t) = 1

|Ω|

∫

Ω

f(x, t) dx1 dx2.

^c�H<UPHMH:H|>��F��4<K;�=CB�ó)]�;�:JMH:H|�<2=KS�:��H:)=K;*��MH<����H:>PA��]�EH:[MH:JM��H:)=K;*����EH=K;)?�<KE�E�I5~LMH<��H<�~�<KE�E�I5~s=�;�<�~��
ej<
MH<����H:>P>��~���ó�]�;�:y�`MH:H|�<
?)EH<KZjE��-^q=���|�ó��q=��H<UPHEH<><
MH:H|HBq=KS�:��H:)=K;*�fR��\P>��EH:��

〈〈v〉〉 = q.

�
©
¹�ü�µI·�R����	�H�*�gy������
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T2G\P�<�~���E�;�<��H<>=>:4?(��;*}�=CBdMH:4;�<��H<KV�G�=K;�:4V�]���?�:)=K;*�_:)=KEH:4?)EH:4FO: ö EH<K?�:4R�~�G�a�<KE�EH:4FO: ø =K;���X��H:4E��H��EH:4FO:;�<K]H<KE���Bq:)94a�<KFO:c?*�-P>�

V = (0, V (x1)), 〈V 〉 6= 0, ö�÷�ø
S�:4;�:��H:)<�E���R>Ig?(�4<K;�=CB � 2 +)� � �5+)(&� ö ��|A� ��- / - � �������� �(&� ø "�� � �! ���� �ñé\[R>?�<>=K;)EH:	ó!]�;�:sM����nP�:)=K;���;�:4]�EH:+9):H|A})Zt�-^ R>E��>]H<KE���B�^N?)B-R>S�:)=K;*�

ν ö ~[��|HI�^n]��H=	|>�\^j`8<KV'ëEH:H|A}4P�=�� ø :)=KEH:4?)EH:)<��H<KZ�<KE��H<TG�=K;�:4V�]���?�:	é�� / ��"#� � � �,���8� E���R>Ig?(�4<K;�=CBDR>E��>]H<KE��H<LM��H����~�<K;*���

ν = νc
ó�M����LS�:4;�:��H:*~D:>PHEH: ��|A�LEH<>=KS�:H|A})S�:`=>:)9)=K;)?�<KE�E�I�^LR>E��>]H<KE���V�|A��EH<KV�EH:4Vl=KMH<KS�;*����|A})EH:4V

R��\P>�>]��L?)I�^�:>PHB-;_E��©~�E��A~�G�@ :)=�}2é>^[G�=K;*}
S2 .

R���~�IgS���E��H<�?
L2(Ω)

~�EH:Oej<>=K;)?(�_F�|>�\PHS��-^L=>:�ë
|�<KEH:��-P>��|A})E�I�^�?�<KS�;�:��'ë W
G�E�S�X���V�ó)MH<����H:>PA��]H<>=KS��-^%MH:[M��H:)=K;*����EH=K;)?�<KE�E�I5~QMH<��H<�~�<KE�E�I5~

x1
ó
x2=�MH<����H:>P>��~��

`1
�
`2
=>:):4;)?�<K;�=K;)?�<KE�EH:	ó

Π . :���;�:4FO:4E���|A})E�IgV M��H:)<KS�;�:��+?
L2(Ω)

E��`MH:>PHM��H:�ë
=K;*����EH=K;)?�:

S2 ö F��-PA�H:>PA��E���~���]H<>=KS���VqM��H:)<KS�;�:�� ø é�n]��EH<��H����R>G)BdG;����?)EH<KE���B Zo��?*}�< . x!;�:4S�=��hE��
:)=KEH:4?)EH:*~n;�<K]H<KE���� ö�÷�ø ó-MH:H|HG�]��A~ |A��EH<KV�E�G�@ =KMH<KS�;*����|A})E�G�@ R��\P>�>]�G_?

S2
�

Aϕ+ iω0ϕ = 0, Aϕ = −νcΠ∆ϕ+Π

[
ϕ1V

′(x1)e2 + V (x1)
∂ϕ

∂x2

]
, ö�ú�ø

FCP�<
e1
ó
e2 .

S�:):���PA��E���;)E�IJ<�:���;)Iñé�po|HB �H=>=	|�<UP�:4?(��E���BL9��HW
G;��S���X���VTEH<K?�:4R�~�G�a�<KE�EH:4FO:d;�<K]H<�ë
E���BTM����A~�<KE��A~
=i^�<�~�G�~�<K;�:>P>�¬n
B-M�G�EH:4?(� . �Y~��-PH;��'ó'M��H<UP�|�:Oej<KE�E�G�@ dAé \çé�� P�:4?*��]H<�~ 	 ÷ 
 éx!E��>]���|>� ���4=>=�~[��;*����?(�4<K;�=CB |A��EH<KV�E���B`=KMH<KS�;*����|A})E���BqR��\P>�>]�� ö�ú�ø ó�E��j?);�:��H:*~+Zy��FO<[E��\^�:>PHB-;�=CB=>:)9)=K;)?�<KE�E�IJ<�?�<KS�;�:���I |A��EH<KV�EH:4VT=>:4M���B-ej<KE�EH:4VTR��\P>�>]��

A∗
Φ− iω0Φ = 0, A∗

Φ = −νcΠ∆Φ−Π

[
V (x1)

2∑

j=1

(
∂Φj
∂x2

+
∂Φ2

∂xj

)
ej

]
, ö�û�ø

FCP�<
A∗ . F���|A}�9)<���;�:4?�:�ë =>:4M���B-ej<KE�E�IgV`S�:4MH<�����;�:���G

A
?
S2
é-^c���y�H=>=	|�<UP�:4?(��E����dG�=K;�:4V�]���?�:)=K;*�

:4;)EH:)=���;�<	|A})EH:JP�|A��E�EH:4?�:H|HEH:4?)I�^j?�:4R�~�G�a�<KE���VhE���S���e�P�:*~fZy��FO<
~�<K;�:>P>��n
B-M�G�EH:4?(� . �Y~��-PH;��
M����A~�<KE�B-@A;�=CB ����R�|�:Oej<KE���Bf?y��B�PHI
MH:1~[��|�:*~�G_M��H����~�<K;*��G

α
é

d2MH<���?)IJ<hP�|A��E�EH:4?�:H|HEH:4?(��B �4=��A~�M�;�:4;*��S�� ö α → 0 ø R��\P>�>]��sG�=K;�:4V�]���?�:)=K;*�LPH?)G�~�<���E�I�^TM���ë����|�|�<	|A})E�I�^sM��H:)=K;*����EH=K;)?�<KE�EH:�ë MH<����H:>PA��]H<>=KS��-^+;�<K]H<KE���VQ:)94a�<KFO:`?*�-P>�dMH:)=K;*�H:)<KE��`? 	 ú 
 é&^c���b>;�:*~ MH:H|�<d=KS�:��H:)=K;*� ?)I�����e ��|�:)=�}l]H<��H<KR_W
G�E�S�X���@ ;�:4S��'ó P�|HBQS�:4;�:��H:4V MH:H|HG�]���|>�4=�}sR��\P>�>]��
Sw����� . b�:*~z~�<��HW�<	|A}4P>�'é
d 	 û�
 P�|HB+MH:)=K;*�H:)<KE���BnMH<���?)I�^ ]�|�<KEH:4? �4=��A~�M�;�:4;*��S��N?);�:�����]�E�I�^��?);�:4S�:H|�<>9-��E���V ���4=>=�~[��;*����?(��|A�H=�}%EH<KMH:)=��H<UP�=K;)?�<KE�EH:cG;����?)EH<KE���B Zo��?*}�< . x!;�:4S�=��'é�d 	 � 
 =AMH:�ë~�:4at})@ EH<KS�:4;�:��H:4VcW�:��A~[��|A��R���X���� ö M����A~�<KEH<KE���Br��E�;�<KF�����|A})E�I�^�:4MH<�����;�:��H:4?[;*��M��5d�:H|A}\;�<�������f?*�H:4EH=KS�����EH:4? ø MH:H|HG�]H<KE�Iq�H<KS�G;���H<KE�;)E�IJ<�W�:��A~�G�|HI

k
ë FO:�]�|�<KE��cP�|A��E�EH:4?�:H|HEH:4?�:4V �4=��A~�M�;�:�ë

;*��S��hR��\P>�>]���G�=K;�:4V�]���?�:)=K;*� ö�ú�ø =K;���X��H:4E��H��E�I�^�=iPH?*��FO:4?)I�^j;�<K]H<KE���V�=�EH<KE�G�|�<K?)I5~L=��H<UPHE��A~ ö�÷�ø éZo�4=K;�:OB-ay��B©���49):4;���MH:)=K?)B-a�<KE���?)Ig?�:>PHG1�H<KS�G;���H<KE�;)E�I�^dW�:��A~�G�|
k
ë FO:h]�|�<KE��[P�|A��E�EH:4?�:H|HEH:4?�:4V

�4=��A~�M�;�:4;*��S�� |A��EH<KV�EH:4Vs=>:4M���B-ej<KE�EH:4VsR��\P>�>]�� ö�û�ø é>^
:>PA�H:)94E�IgVL?)Ig?�:>P ��R�|�:Oej<KEL? 	 ��
 é SA9):)=�ëEH:4?(��E��H<1�4=��A~�M�;�:4;*��S��Q?dP>��E�EH:4V ���49):4;�<�EH<�M��H:4?�:>PA��;�=CB�ó'EH:_<KFO: ~�:OecEH:`M��H:4?�<>=K;*��óo?�:)=KMH:H|A}pë
RO:4?(��?)Zt�H=�}%;�<>:��H<�~�:4VL:cEH<KB-?)EH:4VTW
G�E�S�X����_P�|HB ��E���|A��;*��]H<>=KS��-^T:4MH<�����;�:��'ë W
G�E�S�X���VfMH:>P�:)94EH:
;�:*~�G�ó�S���Sqb>;�:cM��H:>P�<	|>��EH:�?�	 ú�
 é

� _��`�@>8��,c� 3�4���68, ����7<; �8* B�*-7��87
�
<��H<KR

H
:)9):4R>E��>]��A~NMH:>PHM��H:)=K;*����EH=K;)?�:dW
G�E�S�X���V ��R

L2(0, `1)
óH:���;�:4FO:4E���|A})E�I�^f<UPA��E���XH< �

H =
{
f ∈ L2(0, `1) : 〈f〉 = 0

}
.

StM��H<UP�<	|A�A~ ��E�;�<KF�����|A})E�IgVL:4MH<�����;�:��
I : H → H

MH:�M�����?*��|HG

If =

x∫

0

f(s) ds−
〈 x∫

0

f(s) ds

〉
.
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StMH<�����;�:��

I . :)9�����;)E�IgVfSq:4MH<�����;�:���G_PA�HW�W�<��H<KE�X����H:4?(��E���B �q?)MH:H|HEH<
EH<KM��H<���Ig?)E�IgV�é
�
<��H<KR

W (f, g)
:)9):4R>E��>]��A~N?*�H:4EH=KS�����ETW
G�E�S�X���V

f
�
g
�

W (f, g) = f
dg

dx
− g

df

dx
.

fr��F>G;��E�I5~��j=KS�:)94S���~���94G\P�<�~`:)9):4R>E��>]���;*}[:4;)S�|�:4EH<KE��H<�MH<����H:>PA��]H<>=KS�:4VcW
G�E�S�X�����:4;t<><�=��H<UPHEH<�ë
FO:AR>E��>]H<KE���B�MH:tMH<����H:>PHG {F} = F (x)−〈F 〉 é(fhG�E�S�X���B θ ^;�H����S�;�<�����R>G�<K;�:4;)S�|�:4EH<KE��H<J=KS�:��H:)=K;*�:4;%<><
=��H<UPHEH<KFO:�R>E��>]H<KE���B �

θ′′ = V − 〈V 〉, 〈θ〉 = 0.

b&��M���Z�<�~+G;����?)EH<KE��H< ö�û�ø ?j?*�-P�<[=��H=K;�<�~�I
=KS���|HB���E�I�^_G;����?)EH<KE���V ö RKP�<>=�}y�d?jP>��|A})EH<KV�Z�<�~M����A~�<KE�B-@A;�=CBf:)9):4R>E��>]H<KE���B
σ = iω

�
x = x1

ó
z = αx2 ø

σΦ1 + νc

(
∂2Φ1

∂x2
+ α2 ∂

2Φ1

∂z2

)
+ αV

∂Φ1

∂z
+ V (x)

∂Φ2

∂x
= −∂P

∂x
, ö � ø

σΦ2 + νc

(
∂2Φ2

∂x2
+ α2 ∂

2Φ2

∂z2

)
+ 2αV

∂Φ2

∂z
= −α ∂P

∂z
, ö���ø

∂Φ1

∂x
+ α

∂Φ2

∂z
= 0, 〈Φ2〉 = 0,

2π∫

0

Φ1 dz = 0. ö���ø
Z
<���R>?�<>=K;)E�IJ<fMH:H|�<q=KS�:��H:)=K;*�

Φ
�+P>��?�|�<KE��H<

P (x, z)
94G\P�<�~l����R>IJ=KS���?(��;*}Q?l?*�-P�< ��B�P�:4?lMH:

=K;�<KMH<KE�B�~nM��H����~�<K;*���
α
�

Φ =
∞∑

k=0

Φ
kαk, P =

∞∑

k=0

P kαk. ö���ø
x2:)9)=K;)?�<KE�E�IJ<�R>E��>]H<KE���B

σ
�LS�����;*��]H<>=KS�:)<�R>E��>]H<KE��H<�?)B-R>S�:)=K;*�

νc
;���S�ej<cM��H<UP�=K;���?*�A~
?`?*�-P�<

��B�P�:4?

σ(α) =

∞∑

k=0

σkα
k, νc = ν∗ +

∞∑

k=1

νkα
k. ö���ø

d =	|HG�]��4< |A��EH<��H����RO:4?(��E�EH:4FO: :4MH<�����;�:���� Zo��?*}�< . x!;�:4S�=�� |A��EH<KV�E���BY=>:4M���B-ej<KE�E���BYR���ë
P>�>]�� ö�û�ø B-?�|HB�<K;�=CB
9):H|�<><s?)I��H:Oe�P�<KE�EH:4V MH: =�����?)EH<KE���@ = |A��EH<KV�EH:4V =KMH<KS�;*����|A})EH:4V ö�ú�ø .EH<>=KS�:H|A})S�: MH<���?)I�^ ]�|�<KEH:4? �4=��A~�M�;�:4;*��S�� :)9�����ay��@A;�=CB ? E�G�|A}2é©^
:>P�=K;���?*��? ����R�|�:Oej<KE���B

ö���ø ��ö���ø ?h=��H=K;�<�~�G ö � ø ��ö���ø �1���4=>=�~�:4;*�H<K?hG;����?)EH<KE���B�M���� k = 0
�
k = 1

ó)EH<>=	|�:OecEH:hG-9)<UPA��;*}�=CB�ó
]�;�:c?)IgMH:H|HE�B-@A;�=CB ����?�<KEH=K;)?(�

P0 = Φ0
2 = Φ1

2 = 0, Φ0
1 = e−im z, Φ1

1 = Φ1
1(z), σ0 = 0, σ1 = im 〈V 〉.

po|HB_P>��?�|�<KE���B
P 1 MH:H|HG�]��4<�~ ?)I�����ej<KE��H<

P 1 = q∗1(x)
dΦ0

1

dz
+
〈
P 1
〉
, q∗1 = −a0(θ), a0(θ) =

dθ

dx
. ö���ø

d�=K@�PHG�?[P>��|A})EH<KV�Z�<�~s]H<��H<KR
a∗k
�
q∗k
:)9):4R>E��>]���@A;�=CB%W
G�E�S�X�����ó4]H<��H<KRJS�:4;�:���IJ<J?)I�����e ��@A;pë

=CBcS�:4bOW�W]��X��H<KE�;)IN=KS�:��H:)=K;*�
Φ
k ��P>��?�|�<KE���B P k |A��EH<KV�EH:4Vd=>:4M���B-ej<KE�EH:4VdR��\P>�>]���ó;� ak � qk .b>;�:
=>:):4;)?�<K;�=K;)?)G�@Aat�H<JS�:4bOW�W]��X��H<KE�;)In=KS�:��H:)=K;*�

ϕk
��P>��?�|�<KE���B

Qk
|A��EH<KV�EH:4V%=KMH<KS�;*����|A})EH:4V

R��\P>�>]���óHE���V-P�<KE�E�IJ<�?�	 � 
 é
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 MH:4S���R���EH:	ó�]�;�:cS�:4bOW�W]��X��H<KE�;)I ����R�|�:Oej<KE���VTMH:c=K;�<KMH<KE�B�~ α =>:)9)=K;)?�<KE�E�I�^qW
G�E�S�X���V|A��EH<KV�EH:4VT=KMH<KS�;*����|A})EH:4VfR��\P>�>]�� �A~�<K@A;%=	|�<UPHG�@AajG�@ =K;*��G�S�;)G;��G �

ϕk1 = − 1

νk∗

dkϕ0
1

dzk
I(ak−1(θ))−

νk−1

ν∗
ϕ1
1,

Qk =
1

νk−1
∗

dkϕ0
1

dzk
qk(θ)−

νk−2

ν∗

{
Q2
}
,

ϕk2 =
1

νk+1
∗

dkϕ0
1

dzk
ak(θ)−

νk
ν∗
ϕ0
2,

FCP�<
ak
ó
qk
?)I�����e ��@A;�=CBs]H<��H<KR

aj
ó
qj
M����

j 6 k − 1
é�x[|>��F��4<�~�:)<�ó'=>:>P�<���e ��a�<><

νk−2
?d?)I�����ë

ej<KE����fS�:4bOW�W]��X��H<KE�;�:4?cP>��?�|�<KE���B
Qk
ó-MH:OB-?�|HB�<K;�=CBfM����q]H<K;)E�I�^

k > 4
é

v
:4bOW�W]��X��H<KE�;)I ����R�|�:Oej<KE���BL=>:)9)=K;)?�<KE�E�I�^qR>E��>]H<KE���V |A��EH<KV�EH:4VL=KMH<KS�;*����|A})EH:4VTR��\P>�>]�� �
S�����;*��]H<>=KS�:4FO:%R>E��>]H<KE���Bq?)B-R>S�:)=K;*�fM����q]H<K;)E�I�^

k
�A~�<K@A;�?*�-P 	 � 


σk = 0, νk−2 =
(im)k−2

2νk−1
∗

〈
θ′ak−2(θ)

〉
, ö�÷���ø

�jM����qEH<K]H<K;)E�I�^
k

σk = −(−im)k

νk−1
∗

〈
θ′ak−2

〉
, νk−2 = 0. ö�÷�÷�ø

b�P�<>=�}
m 6= 0 . ?�:H|HEH:4?�:)<
]��H=	|�:	é

^
:)=	|�<2MH:>P�=K;���EH:4?)S��©����R�|�:Oej<KE���V ö���ø �~ö���ø ?[G;����?)EH<KE���B ö � ø �~ö���ø ��M���������?)E���?(��E���B�S�:4bOW�W]�'ëX��H<KE�;�:4?dM����
αk

M����-^�:>PA�A~YST=��H=K;�<�~�<�P�|HBqE��\^�:Oe�P�<KE���B
k
ë FO:%]�|�<KE�� �4=��A~�M�;�:4;*��S�� |A��EH<KV�EH:4V

=>:4M���B-ej<KE�EH:4VTR��\P>�>]��fM����
k > 2

�

ν∗
∂2Φk1
∂x2

= −∂P
k

∂x
− σ1Φ

k−1
1 − V (x)

∂Φk−1
1

∂z
− σkΦ

0
1(z)− V (x)

∂Φk2
∂x

− ν∗
∂2Φk−2

1

∂z2
− νk−2

d2Φ0
1

dz2
−

k−3∑

j=2

νj
∂2Φk−j1

∂x2
−

k−3∑

j=3

σjΦ
k−j
1 −

k−5∑

j=2

νj
∂2Φk−j−2

1

∂z2
,

ö�÷�ú�ø

ν∗
∂2Φk2
∂x2

= −∂P
k−1

∂z
− σ1Φ

k−1
2 − 2V (x)

∂Φk−1
2

∂z
− ν∗

∂2Φk−2
2

∂z2

−
k−2∑

j=2

νj
∂2Φk−j2

∂x2
−

k−2∑

j=3

σjΦ
k−j
2 −

k−4∑

j=2

νj
∂2Φk−2−j

2

∂z2
,

ö�÷�û�ø

∂Φk1
∂x

+
∂Φk−1

2

∂z
= 0,

〈
Φk2
〉
= 0,

2π∫

0

Φk1 dz = 0. ö�÷ � ø
^c�H<UPHMH:H|>��F��4<K;�=CB�ó)]�;�:t=KG�~z~����H:4?(��E��H<2M��H:��H=i^�:>PA��;
MH:t;�<�~qR>E��>]H<KE���B�~

j
ó>P�|HBhS�:4;�:���I�^h?�<���^-E�B-B

F�����E���X��c=KG�~z~�I
EH<o~�<KE�})Z�<
E���ecEH<KV�é
T2G\P�<�~ ����R>IJ=KS���?(��;*} �H<KZ�<KE���BL=��H=K;�<�~�I ö�÷�ú�ø �~ö�÷ � ø óoMH<����H:>PA��]H<>=KS��H<�MH: x �LMH: z =jMH<����H:�ëP�:*~
2π
éHh�=	|�:4?*�H<�~�����R��H<KZt�A~�:)=K;*��G;����?)EH<KE���V ö�÷�ú�ø � ö�÷�û�ø B-?�|HB�<K;�=CB ����?�<KEH=K;)?�:[E�G�|H@Y=��H<UPHEH<KFO:M�����?�:4Vq]��4=K;*�qMH:cMH<��H<�~�<KE�EH:4V

x
é�SA=��H<UPHEH<KE�EH:)<hG;����?)EH<KE��H< ö�÷�ú�ø �A~�<><K;�?*�-P

k∑

j=1

σj
〈
Φk−j1

〉
+ 〈V 〉 d

〈
Φk−1
1

〉

dz
+

〈
θ′′
(
∂Φk−1

1

∂z
+
∂Φk2
∂x

)〉
−

k−2∑

j=0

νj
d2

dz2
〈
Φk−2−j
1

〉
= 0. ö�÷���ø
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x
�H<UPHEH<><
P>��?�|�<KE���B`E��\^�:>PA�A~ ��R�G�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*�fG;����?)EH<KE���B ö�÷�û�ø �

d

dz

〈
P k−1

〉
= −2

〈
V (x)

∂Φk−1
2

∂z

〉
. ö�÷���ø

^c����?�<UP�<�~ =i^�<�~�G%E��\^�:Oe�P�<KE���B
k
ë FO:h]�|�<KE�� �4=��A~�M�;�:4;*��S���é�^[G�=K;*}

Φk−1
2

��R>?�<>=K;)EH:	é�m :4FCP>�t��R
G;����?)EH<KE���B`EH<�����R���Ig?)EH:)=K;*� ö�÷ � ø E��\^�:>PA�A~ Φk1 �

Φk1 = −I
(
∂Φk−1

2

∂z

)
+
〈
Φk1
〉
. ö�÷
��ø

b&��;�<�~j��RhG�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*�LG;����?)EH<KE���B ö�÷�û�ø E��\^�:>PA�A~Y=��H<UPHEH<><hP>��?�|�<KE���B 〈P k−1〉 ó>�y��RG;����?)EH<KE���B ö�÷�û�ø . Φk2
é�p ��|�<><t��RhG�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*�sG;����?)EH<KE���B ö�÷�ú�ø E��\^�:>PA�A~ σk+2

ó
νk� 〈Φk−1

1 〉 éAZo��S�:4EH<KX�óA��R�G;����?)EH<KE���B ö�÷�ú�ø E��\^�:>PA�A~ P k é(p ��|�<><
M��H:4XH<>=>=�MH:4?);�:���B�<K;�=CB�é^c�H:>P�:H|Hey�A~
E��\^�:Oe�P�<KE��H<cMH<���?)I�^L]�|�<KEH:4? �4=��A~�M�;�:4;*��S���é�^[G�=K;*}
k = 2

é&m7��SsS���S
Φ1
2 = 0

ó
;�: ��RfG;����?)EH<KE���BYEH<�����R���Ig?)EH:)=K;*� ö�÷ � ø =	|�<UPHG�<K;�ó�]�;�: Φ2

1 = Φ2
1(z)

é�\[R ö�÷���ø MH:H|HG�]��4<�~1ó!]�;�:
d
dz 〈P 1〉 = 0

é�m :4FCP>�'óHMH:>P�=K;���?*��?d? ö�÷�û�ø ��R>?�<>=K;)EH:)<�?)I�����ej<KE��H< P 1 ��R ö���ø ó-M����-^�:>PA�A~nSqG;����?)EH<�ëE���@ P�|HB_E��\^�:Oe�P�<KE���B
Φ2
2

�

ν∗
∂2Φ2

2

∂x2
=
d2Φ0

1

dz2
θ′(x).

St;�=K@�P>�

Φ2
2 =

1

ν∗

d2Φ0
1

dz2
a∗2(θ), a∗2(θ) = I2(a0) = Iθ. ö�÷���ø

\[R�G�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*�sG;����?)EH<KE���B ö�÷�ú�ø E��\^�:>PA�A~ σ2 = 0
ó
ν2∗ = 〈(θ′)2〉 ó Φ1

1(z) = 0
é>^
:>P	ë

=K;���?*��?%E���V-P�<KE�E�IJ<�?)I�����ej<KE���B
Φ1
1

ó
Φ2
1

ó
Φ2
2

? ö�÷�ú�ø M���� k = 2
ó-MH:H|HG�]��A~

P 2 �

P 2 =
1

ν∗

d2Φ0
1

dz2
q∗2(x) +

〈
P 2
〉
, q∗2 = −I

{
θ′′
∂a∗2
∂x

}
− 〈V 〉a∗2 ≡ q̃∗2 − 〈V 〉a∗2, ö�÷���ø

a∗2(θ)
:4M��H<UP�<	|�<KEH:�? ö�÷���ø é;p ��|�<><�94G\P�<�~ MH:H|A})RO:4?(��;*}�=CBT:)9):4R>E��>]H<KE��H<�~ q̃∗n = q∗n + 〈V 〉a∗n

é
`��4=>=�~�:4;*���A~ =��H=K;�<�~�G ö�÷�ú�ø �~ö�÷ � ø M���� k = 3

é7brE���B
Φ2
2

ó&��R%G;����?)EH<KE���BlEH<�����R���Ig?)EH:)=K;*�mMH:
W�:��A~�G�|�< ö�÷
��ø E��\^�:>PA�A~ Φ3

1

ézx G�]H<K;�:*~uG�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*�+G;����?)EH<KE��H< ö�÷�û�ø M�����E��A~[�4<K;?*�-P

ν∗
∂2Φ3

2

∂x2
= −σ1Φ2

2 − 2

{
V (x)

∂Φ2
2

∂z

}
− ∂{P 2}

∂z
− ν1

∂2Φ2
2

∂x2
. ö�ú ��ø

^
:)=	|�<!MH:>P�=K;���EH:4?)S��
P 2 ��R ö�÷���ø � Φ2

2

��R ö�÷���ø ? ö�ú ��ø �hM����A~�<KEH<KE���Bt��E�;�<KF�����|A})EH:4FO:
:4MH<�����;�:���� IPH?(��e�PHIñóH?)I�P�<	|A�A~N=K;��H��Zt�H<
]�|�<KE�Iu:4;)EH:)=���;�<	|A})EH:%M��H:���R>?�:>PHE�I�^qMH:
z
W
G�E�S�X����

Φ0
1

�

Φ3
2 =

1

ν2∗

d3Φ0
1

dz3
b∗3(θ)−

σ1
ν∗
I2Φ2

2 −
ν1
ν∗
Φ2
2, b∗3 = −I2

[
2V (x)I2(a0) + q∗2(θ)

]
. ö�ú'÷�ø

Zo��~ MH:4E��\P�:)9���;�=CBf;���S�ej<hW�:��A~[�jM��H<UP�=K;���?�|�<KE���B
Φ3
2

ó-?�S�:4;�:��H:4VfG�]�;�<KEH:c?)I�����ej<KE��H<
σ1
�

Φ3
2 =

1

ν2∗

d3Φ0
1

dz3
a∗3(θ)−

ν1
ν∗
Φ2
2, a∗3(θ) = −I2

[
2θ′′a∗2 − I

{
θ′′
da∗2
dx

}]
. ö�ú�ú�ø

d2IgM���Z�<�~ G�=	|�:4?*�H<y����R��H<KZt�A~�:)=K;*�lG;����?)EH<KE���B ö�÷�ú�ø é&^
:>P�=K;���?*��?f? ö�÷���ø M���� k = 3
?)I�����ë

ej<KE��H<
Φ3
2 ö�ú�ú�ø ó�M����-^�:>PA�A~nS ����?�<KEH=K;)?)G

〈V 〉
(
Φ2
1(z) +

dΦ2
1

dz

)
= −σ3Φ0

1(z) +
1

ν2∗

d3Φ0
1

dz3
〈
θ′(a∗3)

′′
〉
− 2ν1

d2Φ0
1

dz2
. ö�ú�û�ø



�?
����������� 2��� - ���p�	
 - ����� ����
���� - 
�/�����������$	�	� � �
\[R
G�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*�fG;����?)EH<KE���B ö�ú�û�ø E��\^�:>PA�A~

σ3 =
im3

ν2∗

〈
θ′(a∗3)

′′
〉
, ν1 = 0. ö�ú � ø

h[9)<UPA�A~�=CB�óH]�;�:
σ3
��R ö�÷�÷�ø � ö�ú � ø =>:4?)M��\P>��@A;�ó�;�é�<�é�?)IgMH:H|HE�B�<K;�=CB ����?�<KEH=K;)?�:

−
〈
a0(a

∗
3)

′′
〉
=
〈
a1(a

∗
2)

′′
〉
, ö�ú ��ø

FCP�<
a1 = −I{W (θ, θ′)} éAZo��~ MH:4E��\P�:)9���;�=CBT=	|�<UPHG�@Aa�<><[G�;)?�<���e�P�<KE��H<�é
� �8;�;A� ö :Y?*�H:4EH=KS�����EH< ø _ �ç���S� � ��/��S$~��0#"��O"�/1
�$ - ��� � � �O"���$��	�#"2 2���5/��

`1
�s0~�O"�� - ��� �

�������	���î0 -
x
�  	$	���	�	�

f(x)
*
g(x)

*
h(x)

��0#"���
'�O���	�	
�� �ñ- "~�� ����

−2〈fgh〉+
〈
fI

{
g
∂h

∂x

}〉
=
〈
W (I{f}, g)h

〉
.

n�<�~z~�G |�<KF>S�:�P�:4S���R���;*}2óHPH?(��e�PHI
M����A~�<KE���?©��E�;�<KF������H:4?(��E��H<hMH:c]��4=K;\B�~1é
po|HB�M��H:4?�<���S��`=>:):4;)EH:4Z�<KE���B ö�ú ��ø ?�:)=KMH:H|A})R>G�<�~�=CBd?)I�����ej<KE��H<�~ a∗3 ö�ú�ú�ø �dM����A~�<KE��A~ |�<�~Më~�G_:�?*�H:4EH=KS�����EH< �

−
〈
a0(a

∗
3)

′′
〉
= 2
〈
θ′θ′′a∗2

〉
−
〈
θ′I

{
θ′′
∂a∗2
∂x

}〉
= −

〈
W (θ, θ′′)a∗2

〉
.

^
:c=K?�:4VH=K;)?)G`?*�H:4EH=KS�����E��
W (θ, θ′′) = d

dxW (θ, θ′)
éAm :4FCP>�

−
〈
d

dx
W (θ, θ′)a∗2

〉
= −

〈
I
{
W (θ, θ′)

} d2a∗2
dx2

〉
=

〈
a1
d2a∗2
dx2

〉
,

� ����?�<KEH=K;)?�: ö�ú ��ø P�:4S���R���EH:	é-\[R ö�ú � ø =	|�<UPHG�<K;�ó4]�;�:[M�����?(��Bj]��4=K;*} ö�ú�û�ø ����?)E��AE�G�|H@j� Φ2
1(z)

G\P�:�ë
?�|�<K;)?�:���B�<K;d:>PHEH:��H:>PHEH:*~�GqG;����?)EH<KE���@�éH�[;�:)94I �H=KS�|H@A]���;*}%;*����?*����|A})E�G�@ EH<><UPA��EH=K;)?�<KE�EH:)=K;*}2ó
MH:H|�:Oey�A~

Φ2
1(z) = 0

é
Zo��V-P�<�~

P 3 ��RqG;����?)EH<KE���B ö�÷�ú�ø M���� k = 3
é[d�:)=KMH:H|A})RO:4?(��?)Zt�H=�}QG�=	|�:4?*�H<�~Y����R��H<KZt�A~�:�ë

=K;*� ö�÷���ø ó�M�����?�<UP�<�~+P>��E�EH:)<�G;����?)EH<KE��H<
Sq?*�-PHG

−∂P
3

∂x
=

{
V (x)

∂Φ3
2

∂x

}
+ ν∗

∂2Φ3
1

∂x2
. ö�ú ��ø

^
:>P�=K;���?*��?d? ö�ú ��ø ��R>?�<>=K;)E�IJ< Φ3
2

�
Φ3
1

ó-E��\^�:>PA�A~n;*�H<K;*��Vq]�|�<KE �4=��A~�M�;�:4;*��S��fP>��?�|�<KE���B

P 3 =
1

ν2∗

d3Φ0
1

dz3
q∗3(x) +

〈
P 3
〉
, q∗3 = −I

{
θ′′
∂a∗3
∂x

}
+ ν2∗a

∗
2 − 〈V 〉a∗3. ö�ú ��ø

`��4=>=�~�:4;*���A~ =��H=K;�<�~�G ö�÷�ú�ø �~ö�÷ � ø M���� k = 4
é8brE���B

Φ3
2

ó&��R�G;����?)EH<KE���BlEH<�����R���Ig?)EH:)=K;*�+MH:
W�:��A~�G�|�< ö�÷
��ø E��\^�:>PA�A~ Φ4

1

é�d�:)=KMH:H|A})RO:4?(��?)Zt�H=�}lG�=	|�:4?*�H<�~l����R��H<KZt�A~�:)=K;*� ö�÷���ø M���� k = 4
ó

G;����?)EH<KE��H< ö�÷�û�ø MH<��H<KM���Z�<�~n?c?*�-P�<

ν∗
∂2Φ4

2

∂x2
= −σ1Φ3

2 − 2

{
V (x)

∂Φ3
2

∂z

}
− ∂{P 3}

∂z
− ν∗

∂2Φ2
2

∂z2
− ν2

∂2Φ2
2

∂x2
. ö�ú ��ø

hA]���;)Ig?(��B`E���V-P�<KE�E�IJ<o����EH<><
?)I�����ej<KE���B
Φ2
2

ó
Φ3
2

ó
P 3 ó-MH:H|HG�]��4<�~

Φ4
2 =

1

ν3∗

d4Φ0
1

dz4
a∗4 −

ν2
ν∗
Φ2
2, a∗4(θ) = −I2

[
2{θ′′a∗3}+ q̃∗3 + ν2∗a

∗
2

]
. ö�ú ��ø



� � � ��
��	$�� 476 � 6
^
:>P�=K;���?*��?d? ö�÷���ø M���� k = 4

?)I�����ej<KE��H<
Φ4
2 ö�ú ��ø ó�M����-^�:>PA�A~nS ����?�<KEH=K;)?)G

〈V 〉
(
Φ3
1(z) +

dΦ3
1

dz

)
= −σ4Φ0

1(z) +
1

ν3∗

d4Φ0
1

dz4
〈
θ′
(
(a∗4)

′′ − ν2∗a
∗
2

)〉
− 2ν2

d2Φ0
1

dz2
. ö�û ��ø

\[R�G�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*�fG;����?)EH<KE���B ö�û ��ø E��\^�:>PA�A~

σ4 = 0, ν2 = −m2

2ν3∗

〈
θ′
(
(a∗4)

′′ − ν2∗a
∗
2

)〉
. ö�û'÷�ø

h[9)<UPA�A~�=CB�óH]�;�:
ν2
��R ö�÷���ø � ö�û'÷�ø =>:4?)M��\P>��@A;�óH;�éH<�é-?)IgMH:H|HE�B�<K;�=CB ����?�<KEH=K;)?�:

〈
a0(a

∗
4)

′′
〉
− ν2∗

〈
a0a

∗
2

〉
=
〈
a2(a

∗
2)

′′
〉
, ö�û�ú�ø

FCP�<
a2 = −I2{W (Ia1, θ

′′)} − 3ν2∗Iθ
	 � 
 épo|HBjM��H:4?�<���S�� ����?�<KEH=K;)?(� ö�û�ú�ø M����A~�<KE��A~ |�<�~z~�Gj:t?*�H:4EH=KS�����EH<!PH?(��e�PHIñé*^
:>P�=K;���?*�A~L?w|�<�ë?)G�@ ]��4=K;*} ö�û�ú�ø ?)I�����ej<KE��H< a∗4 ��R ö�ú ��ø �`?�:)=KMH:H|A})R>G�<�~�=CB |�<�~z~�:4V �

〈
a0
(
(a∗4)

′′ − ν2∗a
∗
2

)〉
= −2

〈
θ′{θ′′a∗3}

〉
+
〈
θ′I{θ′′(a∗3)′}

〉
− 3ν2∗

〈
θ′a∗2

〉

=
〈
W (θ, θ′′)a∗3

〉
− 3ν2∗

〈
θ′a∗2

〉
= −

〈
a1(a

∗
3)

′′
〉
− 3ν2∗

〈
θ′a∗2

〉
.

ö�û�û�ø
Zo��?);�:��H:*~ Zy��FO<
?�:)=KMH:H|A})R>G�<�~�=CBf?)I�����ej<KE��H<�~

a∗3
��R ö�ú�ú�ø �`?)EH:4?*}�M����A~�<KE��A~ |�<�~z~�G �

−
〈
a1(a

∗
3)

′′
〉
− 3ν2∗

〈
θ′a∗2

〉
= 2
〈
a1θ

′′a∗2
〉
−
〈
a1I{θ′′(a∗2)′}

〉
− 3ν2∗

〈
θ′a∗2

〉

= −
〈
W (Ia1, θ

′′)a∗2
〉
− 3ν2∗

〈
θ′a∗2

〉
=
〈
(a2)

′′a∗2
〉
,

]�;�:]�c;*�H<>9):4?(��|�:)=�}
P�:4S���R���;*}2é;b&��~�<K;*�A~1ó�]�;�:c��R ö�û�û�ø ?)Ig;�<KS��4<K;j<Ka�<�:>PHEH:�=>:):4;)EH:4Z�<KE��H<w~�<Ke�PHGS�:4bOW�W]��X��H<KE�;���~�� |A��EH<KV�EH:4V � |A��EH<KV�EH:4Vf=>:4M���B-ej<KE�EH:4VLR��\P>�>]�� �

〈
a0(a

∗
4)

′′
〉
+
〈
a1(a

∗
3)

′′
〉
+ 2ν2∗

〈
a0a

∗
2

〉
= 0. ö�û � ø

hA]���;)Ig?(��B ö�û'÷�ø ó&��R ö�û ��ø MH:H|HG�]��4<�~1ó']�;�: Φ3
1(z) = 0

é po|HBL]H<K;)E�I�^ �sEH<K]H<K;)E�I�^
k
=>:):4;)EH:�ë

Z�<KE���B�ó7��E���|�:4F���]�E�IJ< ö�û � ø ó�����R�|A��]�E�I 	 ��
 é8^c���A~�<KE���? |�<�~z~�Gl:`?*�H:4EH=KS�����EH<�ó M���� k = 3, 5, 7M����-^�:>PA�A~NS ����?�<KEH=K;)?(��~

k−2∑

j=0

〈
aj(a

∗
k−j)

′′
〉
+ 2ν2∗

k−4∑

j=0

〈
aja

∗
k−2−j

〉
+ ν4∗

k−6∑

j=0

〈
I2aja

∗
k−4−j

〉

+
〈θ′a2〉
2ν2∗

k−6∑

j=0

〈
aj+1(a

∗
k−3−j)

′′
〉
= 0,

ö�û ��ø

��M����
k = 4, 6

�A~�<><�~

k−3∑

j=0

〈
aj(a

∗
k−j)

′′
〉
+ 2ν2∗

k−4∑

j=0

〈
aja

∗
k−2−j

〉
+ ν4∗

k−6∑

j=0

〈
I2aja

∗
k−4−j

〉

+
〈θ′a2〉
2ν2∗

k−5∑

j=0

〈
aj(a

∗
k−2−j)

′′
〉
=

〈θ′a2〉2
4ν4∗

k−6∑

j=0

〈
aj(a

∗
k−4−j)

′′
〉
.

ö�û ��ø
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��R>?�<>=K;)EH: 	 � 
 ó�]�;�:lS�:4bOW�W]��X��H<KE�;)I ����R�|�:Oej<KE���V
=>:)9)=K;)?�<KE�E�I�^fW
G�E�S�X���V¬|A��EH<KV�EH:4VT=>:4M���B-ej<KE�EH:4VTR��\P>�>]�� �A~�<K@A;%=	|�<UPHG�@AajG�@ =K;*��G�S�;)G;��G �

Φk1 = − 1

νk−2
∗

dkΦ0
1

dzk
I(a∗k−1)−

νk−3

ν∗
Φ3
1, ö�û ��ø

Φk2 =
1

νk−1
∗

dkΦ0
1

dzk
a∗k −

νk−2

ν∗
Φ2
2, ö�û ��ø

P k =
1

νk−1
∗

dkΦ0
1

dzk
q∗k −

νk−2

ν∗

{
P 2
}
+
〈
P k
〉
, ö�û ��ø

FCP�<
a∗k
ó
q∗k
?)I�����e ��@A;�=CBd]H<��H<KR

a∗j
ó
q∗j
M����

j 6 k−1
é�x[|>��F��4<�~�:)<�ó-=>:>P�<���e ��a�<><

νk−2
?�?)I�����ej<�ë

E����qS�:4bOW�W]��X��H<KE�;�:4?cP>��?�|�<KE���B
P k
ó-MH:OB-?�|HB�<K;�=CBqM����q]H<K;)E�I�^

k
ó-G\P�:4?�|�<K;)?�:���B-@Aat�-^`G�=	|�:4?*��@

k > 4
é

T�:H|�<><
MH:>PA�H:)94E�IJ<�?)I�����ej<KE���BT=>:)9)=K;)?�<KE�E�I�^fW
G�E�S�X���V �A~�<K@A;�?*�-P

Φk1 = − 1

νk−2
∗

dkΦ0
1

dzk
I(b∗k−1)−

νk−4

ν∗
Φ4
1

−
k−3∑

j=3

σj
ν∗
I2
(
Φk−j1

)
−

k−3∑

j=2

νj
ν∗
Φk−j1 −

k−6∑

j=2

νj
ν∗
I2

(
∂2Φk−2−j

1

∂z2

)
,

ö � ��ø

Φk2 =
1

νk−1
∗

dkΦ0
1

dzk
b∗k −

νk−3

ν∗
Φ3
2

−
k−2∑

j=2

νj
ν∗
Φk−j2 −

k−2∑

j=3

σj
ν∗
I2
(
Φk−j2

)
−

k−5∑

j=2

νj
ν∗
I2

(
∂2Φk−2−j

2

∂z2

)
,

ö � ÷�ø

FCP�<

b∗k = −I2
[
2{θ′′a∗k−1}+ q̃∗k−1 + ν2∗a

∗
k−2

]
, q∗k = q̃∗k − 〈V 〉a∗k, ö � ú�ø

q̃∗k = −I
{
θ′′
(
da∗k
dx

− ν2∗I(a
∗
k−2)

)}
+ ν4∗I

2(a∗k−3) + ν2∗b
∗
k−1 −

〈θ′ak−4〉
2

(
I{θ′′Ia∗2}+ a∗3

)
. ö � û�ø

^
:)=	|�<UPHEH<><h=	|>��F��4<�~�:)<�? ö � û�ø M����H=KG�;�=K;)?)G�<K;%;�:H|A})S�:�M����q]H<K;)E�I�^ k ém7��S�S���S�M����
k 6 7

��R>?�<>=K;)EH:	ó�]�;�: 〈Φ1
1〉 = . . . = 〈Φk−2

1 〉 = 0
ó4;�:[G;����?)EH<KE��H< ö�÷���ø M�����E��A~[�4<K;?*�-P

〈V 〉
(〈
Φk−1
1

〉
+

d

dz

〈
Φk−1
1

〉)
= −σkΦ0

1(z)−
〈
θ′′(x)

(
∂Φk2
∂x

+
∂Φk−1

1

∂z

)〉
− νk−2

d2Φ0
1

dz2
. ö � � ø

h�=	|�:4?*�H<�~ ����R��H<KZt�A~�:)=K;*�mG;����?)EH<KE���B ö � � ø B-?�|HB�<K;�=CBQ:���;�:4FO:4E���|A})EH:)=K;*}LM�����?�:4VQ]��4=K;*� �H<KZ�<�ëE���@ :>PHEH:��H:>PHEH:4FO:_=>:4M���B-ej<KE�EH:4FO:%G;����?)EH<KE���B�é
^[G�=K;*}

k
]H<K;)EH:)<�é8m :4FCP>� ��R�G�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*��ó8:4;OP�<	|HB-BQ?�<Ka�<>=K;)?�<KE�E�G�@ � ~�E��A~�G�@

]��4=K;*��ó�E��\^�:>PA�A~

σk = 0, νk−2 =
(im)k−2

νk−1
∗

[〈
θ′(a∗k)

′′
〉
− ν2∗

〈
θ′a∗k−2

〉
+

1

2

〈
θ′ak−4

〉〈
θ′a∗2

〉]
. ö � ��ø
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=>:4?)M��\P>��@A;�ó-MH:H|HG�]��A~
=K?)B-R�}1~�<Ke�PHG%S�:4bOW�W]��X��H<KE�;���~�� |A��EH<KV�EH:4V � |A��EH<KV�EH:4Vq=>:4M���B-ej<KE�EH:4VfR��\P>�>]��`M����`]H<K;)E�I�^

k
�

〈
θ′(a∗k)

′′
〉
− ν2∗

〈
θ′a∗k−2

〉
+

1

2

〈
θ′ak−4

〉〈
θ′a∗2

〉
=
〈
θ′ak−2

〉
. ö � ��ø

^c���qEH<K]H<K;)E�I�^
k
?-~�<>=K;�: ö � ��ø M����-^�:>PA�A~nS ����?�<KEH=K;)?(��~

νk−2 = 0, σk =
(−im)k

νk−1
∗

[〈
θ′(a∗k)

′′
〉
− ν2∗

〈
θ′a∗k−2

〉]
, ö � ��ø

� ��R ö�÷�÷�ø � ö � ��ø ?-~�<>=K;�: ö � ��ø MH:H|HG�]��A~n=>:):4;)EH:4Z�<KE���B
〈
θ′(a∗k)

′′
〉
− ν2∗

〈
θ′a∗k−2

〉
= −

〈
θ′ak−2

〉
. ö � ��ø

m7��SfS���SqM�����?(��B`]��4=K;*} ö � � ø ����?)E���E�G�|H@�ó-;�: 〈Φk−1
1 〉 = 0

é
b&��~�<K;*�A~1ór]�;�:y|�<K?)IJ<�]��4=K;*� ����?�<KEH=K;)? ö � ��ø � ö � ��ø ~�:OecEH:%M��H<>:)9�����RO:4?(��;*}_?%M�����?)IJ<�ór<>=	|A�M����A~�<KE���;*}c|�<�~z~�Gh:t?*�H:4EH=KS�����EH<

k−2
����R��'é�^c���jb>;�:*~T?AS��>]H<>=K;)?�<�M��H:*~�<KecG�;�:4]�E�I�^t�H<KR>G�|A}\;���ë

;�:4?�M����
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M����-^�:>PA�A~NSf=>:):4;)EH:4Z�<KE���B�~j~�<Ke�PHG_S�:4bOW�W]��X��H<KE�;���~�� |A��EH<KV�EH:4V � |A��EH<KV�EH:4V
=>:4M���B-ej<KE�EH:4VTR��\P>�>]�� ö�û ��ø � ö�û ��ø é^c�H<UPHMH:H|�:Oey�A~1óo]�;�:_W�:��A~�G�|HI ö�û ��ø �~ö � û�ø ó ö � ��ø ó ö � ��ø =KM�����?�<UP�|A��?)I M����

n = k
é�pj:4S���ej<�~1ó

]�;�:A:4E���?)IgMH:H|HE�B-@A;�=CBhP�|HB
n = k+1

é�po|HBhE��\^�:Oe�P�<KE���B
Φk+1
1

?�:)=KMH:H|A})R>G�<�~�=CB ö�÷
��ø é*St]H<K?*�-PHEH:	ó
Φk+1
1

E��\^�:>PA��;�=CBqMH:�W�:��A~�G�|>��~ ö � ��ø ó ö � ú�ø �~ö � û�ø ó�<>=	|A�q?�E��-^ k R���~�<KE���;*}%E�� k + 1
é

po|HB E��\^�:Oe�P�<KE���B
Φk+1
2

=KF���G�M�M�����G�<�~ =	|>��F��4<�~�IJ<s?+M�����?�:4V
]��4=K;*� ö�÷�û�ø ó2R���~�<KE���? k E��
k + 1

ó��fM��H<>:)9�����R>G�<�~j�-^`MH:�:4;OP�<	|A})EH:)=K;*��é�x G�]H<K;�:*~ ?)I�����ej<KE���BL=��H<UPHEH<KFO:cP>��?�|�<KE���B ö�÷���ø �G;����?)EH<KE���B ö�ú ��ø P�|HB`E��\^�:Oe�P�<KE���B Φ3
2

MH:H|HG�]��A~

σ1Φ
k−1
2 + 2V (x)

∂Φk−1
2

∂z
+
∂P k−1

∂z
= 2

{
θ′′
∂Φk−1

2

∂z

}
+ 〈V 〉 ∂Φ

k−1
2

∂z
+
∂{P k−1}

∂z

=
1

νk−2
∗

dkΦ0
1

dzk
[
2{θ′′a∗k−1}+ q̃∗k−1

]
+ νk−2

∂2Φ3
2

∂x2
.

ö � ��ø

d�:)=KMH:H|A})RO:4?(��?)Zt�H=�}d?)I�����ej<KE��H<�~
Φk−1
2

ó���R ö�÷�û�ø � ö � ��ø ?)Ig?�:>PA�A~
∂2Φk+1

2

∂x2
=

1

νk∗

dk+1Φ0
1

dzk+1

[
− 2{θ′′a∗k} − q̃∗k − ν2∗a

∗
k−1

]
− νk−2

ν∗

∂2Φ3
2

∂x2

−
k−1∑

j=2

νj
ν∗

∂2Φk+1−j
2

∂x2
−

k−1∑

j=3

σj
ν∗
Φk+1−j
2 −

k−4∑

j=2

νj
ν∗

∂2Φk−1−j
2

∂z2
,

ö�� ��ø

:4;�=K@�P>�cE��\^�:>PA�A~
Φk+1
2

MH:�W�:��A~�G�|>��~ ö � ÷�ø �~ö � û�øWö R���~�<KEH:4V k E�� k + 1 ø éSA=��H<UPHEH<KE�EH:)<�G;����?)EH<KE��H< ö�÷�û�ø M���� αk+1 �A~�<><K;q?*�-P ö � � ø óo<>=	|A� k R���~�<KE���;*}qE�� k + 1
é&\[R

G�=	|�:4?*��B ����R��H<KZt�A~�:)=K;*� b>;�:4FO:fG;����?)EH<KE���BmE��\^�:>PA�A~
νk−1

�
σk+1

é8^
:H|HG�]��A~ W�:��A~�G�|HI ö � ��ø ó
ö � ��ø =[G�]H<K;�:*~ G�S���R���E�EH:4VfR���~�<KE�Iñé�m :4FCP>� 〈Φk1〉 = 0

é
x G�]H<K;�:*~uE���V-P�<KE�E�I�^

νk−1
�
σk+1

ó7�`;���S�ej<
Φk−1
1

�
Φk+1
1

ó'R���~�<KE���?T? ö�÷�ú�ø k E�� k + 1
ó

M����-^�:>PA�A~NS`G;����?)EH<KE���@ P�|HB`E��\^�:Oe�P�<KE���B`P>��?�|�<KE���B �

−∂P
k+1

∂x
=

{
θ′′
(
∂Φk+1

2

∂x
+
∂Φk1
∂z

)}
+ 〈V 〉∂Φ

k+1
2

∂x

− 1

νk−4
∗

dk+1Φ0
1

dzk+1
I(a∗k−2)−

1

νk−2
∗

dk+1Φ0
1

dzk+1

db∗k
dx

− νk−3
∂2Φ4

1

∂x2
.

ö��'÷�ø
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Φk1
ó
Φk+1
2

ó��j;���S�ej<�G;����?)EH<KE��H<�~+P�|HB_E��\^�:Oe�ë
P�<KE���B

P 2 ó-M��H<>:)9�����R>G�<�~ ö��'÷�ø S`?*�-PHG

−∂P
k+1

∂x
=

1

νk∗

dk+1Φ0
1

dzk+1

[{
θ′′
(
da∗k+1

dx
− ν2∗I(a

∗
k−1)

)}
+ 〈V 〉

da∗k+1

dx

− ν4∗I(a
∗
k−2)− ν2∗

db∗k
dx

]
+
νk−1

ν∗

∂P 2

∂x
− νk−3

ν∗

[
ν∗
∂2Φ4

1

∂x2
+

{
θ′′
∂Φ3

1

∂z

}]
,

ö���ú�ø

M�����]H<�~
=	|>��F��4<�~�IJ<�? ö���ú�ø óo=>:>P�<���e ��at�H< νk−1
�
νk−3

óo:4;�|A��]�E�I :4;`E�G�|HBL;�:H|A})S�:_P�|HBLEH<K]H<K;pë
E�I�^

k
é>^
:>P�=K;���?*��?`? ö���ú�ø ��R>?�<>=K;)E�IJ<j?)I�����ej<KE���B Φ3

1

�
Φ4
1

ó>��;���S�ej<
νk−3

ó�E��\^�:>PA�A~
P k+1 MH:

W�:��A~�G�|>��~ ö�û ��ø ó ö � û�ø ó�?�S�:4;�:���I�^ k E�G�ecEH:�R���~�<KE���;*}�E�� k+ 1
ó-]�;�: �_;*�H<>9):4?(��|�:)=�}cP�:4S���R���;*}2é

��� ��4�� 38��6878�2_ d E��4=K;�:OB-a�<KV ���49):4;�<�?)Ig?�<UP�<KE�I �H<KS�G;���H<KE�;)E�IJ<jW�:��A~�G�|HIDP�|HBqE��\^�:Oe�P�<�ë
E���B

k
ë FO:A]�|�<KE��JP�|A��E�EH:4?�:H|HEH:4?�:4V¬�4=��A~�M�;�:4;*��S��y|A��EH<KV�EH:4V�=>:4M���B-ej<KE�EH:4V�S�R��\P>�>]H<�G�=K;�:4V�]���?�:�ë

=K;*��=K;���X��H:4E��H��E�I�^�PH?)G�~�<���E�I�^�=iPH?*��FO:4?)I�^�;�<K]H<KE���V�?)B-R>S�:4V%ey�-PHS�:)=K;*�d=�EH<KE�G�|�<K?)I5~Q=��H<UPHE��A~

〈V 〉 6= 0
éA^
:H|HG�]H<KE�I =>:):4;)EH:4Z�<KE���B ~�<Ke�PHG_S�:4bOW�W]��X��H<KE�;���~����4=��A~�M�;�:4;*��]H<>=KS��-^ ����R�|�:Oej<KE���V

|A��EH<KV�EH:4VT=KMH<KS�;*����|A})EH:4V � |A��EH<KV�EH:4Vf=>:4M���B-ej<KE�EH:4VLR��\P>�>]���é
^[G�=K;*}A:4;)S�|�:4EH<KE��H<2=KS�:��H:)=K;*�j:4;A<><�=��H<UPHEH<KFO:JR>E��>]H<KE���B {V } B-?�|HB�<K;�=CBhEH<K]H<K;)EH:4VjW
G�E�S�X��H<KV�ó;�:4FCP>�
θ(x) . EH<K]H<K;)E���BmW
G�E�S�X���B�é�d b>;�:*~u=	|HG�]��4<©��R©�H<KS�G;���H<KE�;)E�I�^mW�:��A~�G�|m=	|�<UPHG�<K;�ó8]�;�:

S�:4bOW�W]��X��H<KE�;)I ����R�|�:Oej<KE���BT=>:)9)=K;)?�<KE�E�I�^fW
G�E�S�X���Vq=>:4M���B-ej<KE�EH:4VTR��\P>�>]��

a∗k(θ), b∗k(θ), Φkj (θ)

]H<K;)E�IJ<tM����
k
]H<K;)EH:*~ �%EH<K]H<K;)E�IJ<AM����

k
EH<K]H<K;)EH:*~1é�atE���|�:4F���]�EH:)<A=K?�:4VH=K;)?�:jS�:4bOW�W]��X��H<KE�;�:4?
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P>�>]H<
M����qEH<K]H<K;)EH:4V
θ(x)

S�:4bOW�W]��X��H<KE�;)I

q̃∗k = q∗k + 〈V 〉a∗k
EH<K]H<K;)E�IJ<%M����

k
]H<K;)EH:*~V�m]H<K;)E�IJ<%M����

k
EH<K]H<K;)EH:*~1é7d ;�:fej<%?*�H<�~�B�óoP�|HB |A��EH<KV�EH:4V+=KMH<KS'ë
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�����H£	���t���H�	�G���������G�	�����H����� ���G���������Hª��G�G���H�t���	§G��«�¨[���H�H� :;:j1����������H�H���c�A�G���G���j�H�0/[���H��� §¢�¢�-�Gª ���"���
º ��§�������� <�+¢� ]#,[�G«������#µ�@�·�·�� <gy��#¹�´�¹WE�¹�´
@��

C����@��$9��!&/����I�&?�� !�������%#
9�J7��#Dd���>�	§��H�������"�����H���z�������	���"���G�����H�H�w�����w���	���G�H�8«��G���"�HªH�H���	�G�	�����H�	�G���������G���
�����H����� ���G���������Hª��G�G���H�[���	«��A�G���H�&������ª����H�H������§G���"�w­
���*���	�G�	�5�	�	���	���������H£	�������H�H�H���"���"�H���"�	�&� ���	§G��«��
¨[���H�H� :;:f�z§���� R9�A,7� +T~ ��� <1¹�ü�ü>=�� <IAS¹�� <gy���´�µGE�¶�·��´���������%#
9�P7��&Dd�#R��G��«��H�H�����	�H��� º �	�H��«"�H� ���H�H�H���"���"�H���"���"�c�"�����������	�	�����w§¢�¢�-�GªH�U«��G���"�HªH�H���	�G�	�w�����	�H¡¢���
�	�&�U����ª����H�H�K:;:�~ «��������	�&ªH�������H���"�����]���"��� º ��§�� <1¹�ü�µ�C�� <�����¶DC��(AV=�� <gy���µ�C>=
NWEpµ�´�ü�µ��¶���������%#
9�F7��HDd��U��H�����H�*�"�
�G�"������­[���H�*�"�
� §¢�¢�-�Gª�� «��G���"�HªH�H���	�G�	�[���	«��A�G���H�&�
�����	�H¡¢�"�	�&������ª����H�H�
����§G���"�
­
���*���	�G�	�c�������H«"�����	���1�G�H�����H����� <�+¢� ��¹�ü�µ�´�� <�´%N���� < �
�������5�Q��,����C�Ñµ�µ�� ü>=�� µ�´��	A ¹�¹D=��C��¹�ü�µ�´��
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CEÌ�×�ÚÜÊ9ÏkV�éM��é
���A�prp�¢x�{�����rp��z�|�À��p�I} ��|�z�r���u�w r��=tv�Atvu�{1x�tv{Iz���À��p�I}Ñw t�w x�r�{���{�x�xvz�|�À!tv�A����r�x�w ��{O|�� w r�{Iz�|�x�y�{��Ot�|�z���y�|v����� {��z�rp�ñ� w r�{Iz�|Bz���a���w r�t,y�|v����� {��A�Xb#��r����h}�zI��{�z�x�À��1y�tv��tvw ��x5����� w r�{Iz�|�z���a���w r�t,y�|v����� {�� w rñts}~���s��w �1{�r�x�w ��rpz��'�Iz�x�{7w x��rp��{O|,����r�x�w ��{O|�z�tvw ��r#����{7z�x�x����1{�tvu�{�y�{O|vw ����w ��w tsÀW}�w tvu!x�ypz�tvw z��2��z�|vw z���� {�x5}�u�{�r¢��r�{�����tvu�{�y�{O|vw ����x5tv{�rp��x�tv�w r��pr�w tsÀ��"6�{�����|�|v{�r���{~����|v����� z�x�z�|v{�����t�z�w r�{I������|9tvu�{

k
tvu�tv{O|v������tvu�{~��{�� ����w tsÀ1z�rp��y�|v{�x�x���|v{�z�x�À��1y�tv��tvw ��x���q��ptvu�{��{���w z�tvw ��rW���	tvu�{,��{�� ����w tsÀE� |v���]w tvx�y�{O|vw �����szI��{O|�z���{B��z�� ��{,w xMz�rA�����E����r��Otvw ��rA���2x�ypz�tvw z��'��z�|vw z���� {���tvu�{,��{�� ����w tsÀ����{`�1��w {�r�tvx1z�|v{E����������|7�����

k
z�rp�ç{���{�r�����|7{���{�r

k
�2�~u�{�|v{�� z�tvw ��r�x7��{Ots}~{�{�rç����{`�1��w {�r�tvx7���M� w r�{Iz�|1z���a���w r�ty�|v����� {��]z�rp�E� w r�{Iz�|Mx�y�{��Ot�|�z��#y�|v����� {��]z�|v{,����t�z�w r�{I���

º= �»k¼�­p½�¾'¥>]�x�t�z���w � w tsÀ=���	ts}~���s��w �1{�r�x�w ��rpz�����w x�������x��p�I}�x��p� ��r����h}�zI��{Bz�x�À��1y�tv��tvw ��x���� w r�{Iz�|Mz���a���w r�t�y�|v����� {��A�
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\]Z]m�X[`[^rSwnrs �]\os fchcZ]v��]\]e x
h[	T	 aA	 \ hc\]m�m�X[v]X[`>al\Y\ck
	 S
pt\rft\]v]a �]\os[	 \ ��hUx
ntSUd�\osY`>aUd�ZrSA	 X[`[ZrSUe x
kUS
pt\
	 S]x m�\ 1

�ò_��a_ � ;A� 9r��6=B��'� �a_ �a_� �1>8� � $�5�786=B��

,[�����*���H� �*�	�G�	�"���"ªH�H��� «������"�	���]�����	���	�A�G�����"� � ���G�����A�	�G�	�r�*�5�	���H�G§G���
[0, π]

x�w r��O� �������"�H��­[���H�H�Y< §��*���
ª����H�H�w�H�����G�����"����¦H���"�H�H�H�&���"���G���"���	�H�"��¤8�������G���G���z�U���G���	���	���&�w�A�G��� º �H¦H���H�"�����H�H�&�w�"���G���"���	�H�"���
®w¯�°5±�²�³�´�²©µ"¯�¶�³�·#³9x�w r��O� º «�����¦H�����-�"���G���"���	�t¤8�������G���G�����*�����	���	�A�G���*�"�t� ���G�����A�	�G�	£��-«������"�	��� �[�H�H� <
U��H�4/z�H¦*���&�"�	�G�"��¥7�	�*�"�©�������H�G���&�	���	�G�	£�� �"¡¢�����H�Hª����H�*�"�©���"���*��¦H����� ��«��A��� Uz�����"�H�H¦*�������H�G�	�	���"§G�"�����H���
�8�	�������

Â _������45���6878�
V#ÚÜÊ2ß�ë W
G�E�S�X���B ��|A�qS��H��PA��E���|A})E�IgVL=���E�G�=�:4M��H<UP�<	|HB�<K;�=CBTW�:��A~�G�|�:4V

sincx =

{
sinx
x , x 6= 0,

1, x = 0
ö�÷�ø

� B-?�|HB�<K;�=CBnXH<	|�:4VNW
G�E�S�X��H<KV�éz^c��� P�<KVH=K;)?*��;�<	|A})E�I�^NR>E��>]H<KE���B�^
x 6= 0

ó�?)?*�-PHG ��R>?�<>=K;)EH:4FO:
EH<�����?�<KEH=K;)?(� | sinx| < |x| ó�=KM�����?�<UP�|A��?(��:4XH<KE�S�� | sincx| < 1

é�b&�4W]��S�=�����G�<�~+E���;)G;����|A})EH:)<
n
�

���4=>=�~�:4;*���A~N=KG�~z~�G

Ln(f, x) =
n∑

k=0

f

(
kπ

n

)
sincn

(
x− kπ

n

)
, ö�ú�ø

S�:4;�:�����BD=>:4MH:)=K;���?�|HB�<K;nS���e�P�:4VuW
G�E�S�X����
f(x)

ó2:4M��H<UP�<	|�<KE�EH:4VuE��
[0, π]

ó�XH<	|HG�@ W
G�E�S�X���@

Ln(f, x)
ó4=>:4?)M��\P>��@AajG�@ =

f(x)
?[G�R�|�:4?)I�^�;�:4]�S��\^

xk = xk,n = kπ
n

ó
k = 0, 1, . . . , n

é-{!;��
=KG�~z~[�
E���R>Ig?(�4<K;�=CB

n
ë � � �� �"�� / ��� � 0 �����) � �� � � �)� � � � ��|A� n ë (&� �� �"�� / ��� � 0 �����) � �(&� ����� / -5"#� / ���

� ��"#"��!�@� / -�é�x���~�:4FO:1{=é�m�é;hU��;);�<KS�<���� 	 ÷ 
 ��E�;�<��H<>=>:4?(��|q?�:4M��H:)=
:h?�:4R�~�:OecEH:)=K;*�f?�:)=>=K;���EH:4?�|�<�ëE���B%W
G�E�S�X����%E���?�=><KV%]��H=	|�:4?�:4V_M���B�~�:4VdMH:j<><JR>E��>]H<KE���B�~mE��
EH<KS�:4;�:��H:4V ����?)EH:*~�<���EH:4V`=><K;)S�<

{kh}∞k=−∞

ó
h > 0

ó4P�|HB�]H<KFO:h:4E�?)?�<	|%?o���4=>=�~�:4;*�H<KE��H<J;���S%E���R>Ig?(�4<�~�G�@DS��H��PA��E���|A})E�G�@uW
G�E�S'ë
X���@ ö ��|A�lS��H��PA��E���|A})E�IgV ��B�P ø ó'=KG�ej<KE��H<�S�:4;�:��H:4VQE��_:4;*�H<KRO:4S [0, π]

?q=	|HG�]��4<
h = π

n

�A~�<><K;
?*�-P ö�ú�ø é�Z
<KR���?*�H=��A~�: ��E���|�:4F���]�E�IJ<¬��B�PHI MH:aÒIÚÜÊ2ß�ë W
G�E�S�X���B�~uM����A~�<KE�B;|A� dAé7a!é8v
:4;�<	|A})E��'ë
S�:4?
	 ú�
 � vçéA{=é�� <KE�EH:4E�	 û�
 P�|HB_:>PHEH:4R>E��>]�EH:4FO:�?�:)=>=K;���EH:4?�|�<KE���Bf=���F>E���|>�jMH:�<KFO:hPA�H=KS��H<K;)E�I5~:4;�=K]H<K;���~1ó��D=>:):4;)?�<K;�=K;)?)G�@Aay��BY;�<>:��H<�~[�m?m;�<>:������ ��EHW�:��A~[��X���� EH:)=���; �A~�<KE�� hU��;);�<KS�<����'ó
v
:4;�<	|A})E���S�:4?(��� � <KE�EH:4E��'ézd2MH:)=	|�<UP�=K;)?*��� S��H��PA��E���|A})E�IJ< ��B�PHI hU��;);�<KS�<����TE���Zr|A�+Zt���H:�ë
S�:)<�M����A~�<KEH<KE��H<h?�]��H=	|�<KE�E�I�^ ~�<K;�:>P>�\^�óH;�<>:������TM����H9H|A��ej<KE���B � ��E�;�<���MH:H|HB-X���� ����R�|A��]�E�I�^
S�|>�4=>=>:4?jW
G�E�S�X���V�ó��H<KZ�<KE�����PA�HW�W�<��H<KE�X�����|A})E�I�^y�1��E�;�<KF�����|A})E�I�^�G;����?)EH<KE���V�ó�?�;�<>:������©��E'ë
W�:��A~[��X�����éAdY]��4=K;)EH:)=K;*��óHb>;*�A~ ?�:4M��H:)=���~nMH:)=K?)B-a�<KE�I ���49):4;)I 	 � ��÷�û�
 é

�
©
¹�ü�µI·�¤7�����������"�J�B�#>�� �4x �"�����H«����H���"���7�#�7�

1 R��"�	�	�	���	�&���"�H�����*�������cª*�"�G�	�HªH���"�]���G�H�*�G��­ ���z¡¢�������	�JR��	�G���H���G���"¡¢� º �"���-� º «����-�"�A�����	���H£	�H�&�U���G�����O�
�*�"�����H�H�������H�	�G�H�IASµI·��sü�µO�sü�ü�´
=�·��
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b�P�<>=�}`E��4= ��E�;�<��H<>=KG�<K;q?�:4M��H:)=c=i^�:>PA�A~�:)=K;*� {Ln(f, x)}

E��d:4;*�H<KR>S�<
[0, π]

é�^
<���?)IJ<�R��\P>�>]��
MH:>P�:)94EH:4FO: �H:>P>�`P�|HB ��E���|A��;*��]H<>=KS��-^+W
G�E�S�X���Vm94I�|A� ���4=>=�~�:4;*�H<KE�I ? 	 ÷ � ��÷���
 é7d 	 ÷���
 � 	 ú ��
MH:H|HG�]H<KE`S�����;�<�����V ����?)EH:*~�<���EH:4VT=i^�:>PA�A~�:)=K;*�T=KG�~z~ ö�ú�ø ?)E�G�;*��� ��E�;�<���?(��|>� (0, π) ó���E���|�:4F���]'ëE�IgVLS�����;�<�����@ a!é>a!é�^c����?(��|�:4?(� ����?)EH:*~�<���EH:4Vl=i^�:>PA�A~�:)=K;*� ��E�;�<���MH:H|HB-X��H:4E�E�I�^sM��H:4XH<>=>=>:4?
nr��F�����E�e � 	 ú'÷ 
 é�d ]��4=K;)EH:)=K;*��ó�=	|�<UP�=K;)?*�H< ��R_;�<>:��H<�~�I � ? 	 ú ��
 G�;)?�<���e�P>�4<K;�ó�]�;�:TE�� |H@[9):*~:4;*�H<KR>S�<

[a, b]
ó
0 < a < b < π

ó {Ln(f, x)} ����?)EH:*~�<���EH:q=i^�:>PHB-;�=CBQS f(x) óo<>=	|A�sb>;��`W
G�E�S�X���BG\P�:4?�|�<K;)?�:���B�<K;dG�=	|�:4?*��@Vpr��E�� . n]��M�at��X�� �

lim
t→+0

ω(f, t) ln t = 0, ö�û�ø
FCP�<

ω(f, t) = sup
|x2−x1|6t,
06x1,x26π

|f(x2)− f(x1)|

. ~�:>PHG�|A}�EH<KM��H<���Ig?)EH:)=K;*�
f(x)

E���:4;*�H<KR>S�<
[0, π]

é�Z
: ����?)EH:*~�<���EH:4VL=i^�:>PA�A~�:)=K;*�TE��j?�=><�~n:4;pë
�H<KR>S�<

[0, π]
EH<K;_P>��ej<jP�|HBsW
G�E�S�X����

f(x) ≡ 1
é&duE��4=K;�:OB-a�<KVQ=K;���;*}�<cE���V-P�<KE�I P�:)=K;���;�:4]�E�IJ<

G�=	|�:4?*��BjE��AW
G�E�S�X���@
f(x)

ó\M����c=>:)9H|H@�P�<KE����cS�:4;�:���I�^ {Ln(f, x)} =i^�:>PA��;�=CB�S f(x) ����?)EH:*~�<��'ëEH:cE��
[0, π]

é�vc�H:*~�<
;�:4FO:	óH=KS�:4EH=K;*��G;���H:4?(��E�I ~�:>PA�HW]��S���X����L:4MH<�����;�:��H:4?©hU��;);�<KS�<����'ó�:)9H|>�\P>��ë
@Aat�H<2=K?�:4VH=K;)?�:*~�����?)EH:*~�<���EH:4V%=i^�:>PA�A~�:)=K;*��E��

[0, π]
M�����EH<>=KS�:H|A})S�:o~�<KEH<><�:4F�����E���]���;�<	|A})E�I�^

G�=	|�:4?*��B�^`E��
f(x)

é

� _ � �54
B���7�� >8����6=B ;A�@>86=B��N�:9 B�5�7<; B���*-7 ��o�Ä�Épg �=>878&14�7'(l��687��
d2MH<���?)IJ<[R��\P>�>]���:t����?)EH:*~�<���EH:4Vf=i^�:>PA�A~�:)=K;*�\ÒIÚÜÊ2ß�ë M����H9H|A��ej<KE���VqP�|HB_W
G�E�S�X���V�ó-:)9�����ay��ë

@Aat�-^�=CBn?lE�G�|A}QE��sS�:4E�X��\^N:4;*�H<KR>S��
[0, π]

ó294I�|>� ���4=>=�~�:4;*�H<KE��Q? 	 ú�ú�
 é
d ]��4=K;)EH:)=K;*��ó2? 	 ú�ú�
P�:4S���R���EH:	ó�]�;�: |H@[9-��B �H=K]H<KR���@Aay��BmE��fS�:4E�X��\^+:4;*�H<KR>S��
[0, π]

W
G�E�S�X���B ��RdS�|>�4=>=�� pr��E�� .
n]��M�Zt��X�� ~�:Oej<K;s94Ig;*}LM����H9H|A��ej<KE��L:4MH<�����;�:�����~�� ö�ú�ø ����?)EH:*~�<���EH:LE��q?�=><�~ :4;*�H<KR>S�< [0, π]

é
	fI+M�����?�<UP�<�~LRKP�<>=�}[P�:4S���R���;�<	|A}�=K;)?�:
b>;�:4FO:[G�;)?�<���e�P�<KE���B�ó�:4;�|A��]�EH:)<g:4;[M��H<UP�|�:Oej<KE�EH:4FO:�?c����ë
9):4;�< 	 ú�ú�
 ó�M����DP�:4MH:H|HE���;�<	|A})EH:*~ ;*�H<>9):4?(��E����u:)9j�49)=>:H|H@A;)EH:4V
EH<KM��H<���Ig?)EH:)=K;*� W
G�E�S�X����

fE��
[0, π]

éAaV�A~�<KE�EH:	ó�=KM�����?�<UP�|A��?�:
� >8�45<4
B�(l��6878� Â _ �E 2��� � �  	$	���	���

f(x)
����� - � � ��$ - $~��0#"��O"�/1
�$��A�! �� - 
��~����
 - "������� 2��� - �
�� � �ç�	$	� ���A�	0 � �����A$�� [0, π] �k0� 2��� � f(0) = f(π) = 0.

+�- �����W0 - ���~�O� - 
�����������$ - ��� � �  	$	� �
�	�	� {Ln(f, x)}∞n=1

*�- 0#"��O�����~��$	/�� �ñ- "~�� �� - �
(2)
* "���
�$ - ���O"�$ - � � - ���~��� �\�

f(x)
$��

[0, π]
6

po|HB�P�:4S���R���;�<	|A}�=K;)?(�[b>;�:4FO:AM��H<UP�|�:Oej<KE���BcE���~fMH:4E��\P�:)9OB-;�=CB�EH<KS�:4;�:���IJ<�?�=KMH:*~�:4F���;�<	|A})E�IJ<
G�;)?�<���e�P�<KE���B�é

� �8;�;A� Â _ �E 2��� � {ak}nk=1

�P� - $ - � - $	$�� �k0 - ���~�O� - 
�����������$ - ��� ��$~� - ��"���������������$	/��
(
$~��0 - �

� - �ç�~��������$	/��
)
�p�~����� 6�+�- �����

∣∣∣∣
n∑

k=0

(−1)kak

∣∣∣∣ 6 max{|a0|, |an|}. ö � ø

C
^
: ��E���|�:4F����`=5��B�P>��~��¬n�<KVH94E���X��h;���S��H<[=KG�~z~�I 94G\P�<�~QE���R>Ig?(��;*}�=KG�~z~[��~��¬n�<KVH94E���X��'é

^
:)=KS�:H|A})S�G
∣∣∣∣
n∑

k=0

(−1)k(−ak)
∣∣∣∣ =

∣∣∣∣−
n∑

k=0

(−1)kak

∣∣∣∣ =
∣∣∣∣
n∑

k=0

(−1)kak

∣∣∣∣,



� $~���O"�0 - ��� �	��� �  	$	���	�	�a�� 2�,�����5�n�M�~�������2�O"�� ��û
;�:¬~�:OecEH:`=K]���;���;*}2ó�]�;�:

ak > 0
ó
k = 0, 1, . . . , n

é ^c�H<UPHMH:H|�:Oey�A~D;���S�ej<�óo]�;�:dMH:)=	|�<UP�:4?(��;�<	|A}pë
EH:)=K;*} {ak}nk=0

EH<K?�:4R����4=K;���@Aay��B�é�X�=	|A�
n = 2m

ó�;�:

0 6 (a0 − a1) + (a2 − a3) + · · ·+ (a2m−2 − a2m−1) + a2m =

2m∑

k=0

(−1)kak

= a0 − (a1 − a2)− (a3 − a4)− · · · − (a2m−1 − a2m) 6 a0.

X�=	|A�qej<
n = 2m− 1

ó�;�:

0 6 (a0 − a1) + (a2 − a3) + · · ·+ (a2m−2 − a2m−1) =

2m−1∑

k=0

(−1)kak

= a0 − (a1 − a2)− (a3 − a4)− · · · − (a2m−3 − a2m−2)− a2m−1 6 a0.

d =	|HG�]��4<TEH<KG-94Ig?(��@Aa�<KV MH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*� EH<>:4;*����X���;�<	|A})E�I�^D]��H=><	|q��E���|�:4F���]�E�IJ<s?)I7ë
S�|>�\PHS��qM�����?�:>PHB-;%SqEH<�����?�<KEH=K;)?)G ∣∣∑n

k=0(−1)kak
∣∣ 6 an

é
B

� �8;�;A� � _ ��"��
n > 1

*
0 6 m 6 n

�
x ∈ (−∞,+∞)


'�O"�$ - $~�O"���
'��$~����
 -
∣∣∣∣
m∑

k=0

sincn

(
x− kπ

n

) ∣∣∣∣ < 2. ö���ø

C
X�=	|A�

x
=>:4?)M��\P>�4<K;Q=_:>PHE��A~ ��R_G�R�|�:4?

xk = kπ
n

ó
k = 0, 1, . . . ,m

ó8;�: |�<K?(��B+]��4=K;*} ö���ø
����?)E�� ÷ �_EH<�����?�<KEH=K;)?�:�?�<���EH:	é�^[G�=K;*} sπ

n < x < (s+1)π
n

P�|HB_EH<KS�:4;�:��H:4FO:cXH<	|�:4FO:
s
ó
0 < s < m

é
^c�H<>:)9�����R>G�<�~N:4XH<KE���?(�4<�~�G�@ =KG�~z~�GdS`?*�-PHG

m∑

k=0

sincn

(
x− kπ

n

)
=

m∑

k=0

sin(nx− kπ)

nx− kπ
= sinnx

m∑

k=0

(−1)k

nx− kπ

� ����RO:)9�}�<�~N<><[E��jPH?�<
]��4=K;*�

S1 = sinnx

s∑

k=0

(−1)k

nx− kπ
, S2 = sinnx

m∑

k=s+1

(−1)k

nx− kπ
.

x2:4F�|>�4=KEH:f?)IJ9):���G
s
ó {nx − kπ}sk=0

� {nx − kπ}mk=s+1
. G-94Ig?(��@Aat�H<�MH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*�

=>:):4;)?�<K;�=K;)?�<KE�EH:_MH:H|�:Oey��;�<	|A})E�I�^ �L:4;*����X���;�<	|A})E�I�^L]��H=><	|�é�x[|�<UP�:4?(��;�<	|A})EH:	óo:)9)<hMH:)=	|�<UP�:4?(��ë
;�<	|A})EH:)=K;*� {(nx − kπ)−1}sk=0

� {(nx − kπ)−1}mk=s+1

B-?�|HB-@A;�=CBf?�:4R����4=K;���@Aat�A~��LMH:)=	|�<UP�:4?(��ë
;�<	|A})EH:)=K;\B�~��_]��H=><	|`:>PHEH:4FO:hR>E���S��'é;m7��S��A~+:)9�����RO:*~1ó�:)9)<t=KG�~z~�IYB-?�|HB-@A;�=CB%=KG�~z~[��~�� n�<KVH94E��'ë
X��'ó�� ��R
EH<�����?�<KEH=K;)?(� ö � ø |�<�~z~�I ÷ MH:H|HG�]��4<�~n:4XH<KE�S��

|S1| 6
|sinnx|
|nx− sπ| =

∣∣∣∣
sin(nx− sπ)

nx− sπ

∣∣∣∣ = |sinc(nx− sπ)| < 1,

|S2| 6
|sinnx|

|nx− (s+ 1)π| =
∣∣∣∣
sin(nx− (s+ 1)π)

nx− (s+ 1)π

∣∣∣∣ = |sinc(nx− (s+ 1)π)| < 1.

ö���ø

x!S�|>�\PHIg?(��BjMH:)=	|�<UPHE��H<2EH<�����?�<KEH=K;)?(�'ó�MH:H|HG�]��4<�~TEH<�����?�<KEH=K;)?�: ö���ø éHX�=	|A�jej< x < 0
��|A�

x > mπ
n

ó
;�:[?�=CB�=KG�~z~[� ∑m

k=0 sincn(x− kπ
n )

B-?�|HB�<K;�=CB�=KG�~z~�:4V1n�<KVH94E���X��]�cMH:U|�<�~z~�< ÷ EH<�M��H<K?�:)=i^�:>PA��;
max{|sincnx| , |sinc(nx− sπ)|} 6 1

ó�;���Sq]�;�:cEH<�����?�<KEH=K;)?�: ö���ø ?�<���EH:y�q?cb>;�:*~n=	|HG�]��4<�é B
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��� �
	�� ��� � 	 ��
 StXH<KE�S�G ö���ø ~�:OecEH:QG�;�:4]�E���;*}2é ^c��� 0 < s < m

� sπ
n < x < (s+1)π

n

ó
=>:4F�|>�4=KEH:�EH<�����?�<KEH=K;)?(��~ ö���ø ó

|S1|+ |S2| 6 | sinnx|
(

1

|nx− sπ| +
1

|nx− (s+ 1)π|

)

= |sinnx|
(

1

nx− sπ
− 1

nx− (s+ 1)π

)

= sin(nx− sπ)

(
1

nx− sπ
+

1

π − (nx− sπ)

)

= sin t

(
1

t
+

1

π − t

)
=

π sin t

t(π − t)

�����

= ϕ(t),

FCP�<
t = nx− sπ

ó
0 < t < π

é�m7��SqS���S
ϕ(t) = sinc t+ sinc(π− t)

ó-;�:jb>;��cW
G�E�S�X���B_:4M��H<UP�<	|�<KE��
E��

(−∞,+∞)
é�d ]��4=K;)EH:)=K;*��ó

ϕ(0) = ϕ(π) = 1
éA^c�H:���R>?�:>PHE���B

ϕ(t)
�A~�<><K;%?*�-P

ϕ′(t) =
πp(t)

t2(π − t)2
,

FCP�<
p(t) = (πt− t2) cos t− (π − 2t) sin t

é�n�<KF>S�:%?*�-P�<K;*}2ó�]�;�:
p(0) = p(π2 ) = p(π) = 0

é;p ��|�<><�ó
p′(t) = (t2−πt+2) sin t = 0

M����
t = 0

ó
t = π

ó
t1 =

π
2 −

√
π2

4 − 2
�
t2 =

π
2 +

√
π2

4 − 2
ó)M�����]H<�~

0 < t1 <
π
2 < t2 < π

é
St]H<K?*�-PHEH:	ó!]�;�:

p′(t) > 0
M����

0 < t < t1
�
p′(t) < 0

M����
t1 < t < π

2

é {!;�:s?-~�<>=K;�<
=y����?�<KEH=K;)?(��~��

p(0) = p(π2 ) = 0
?�|�<K]H<K;�ó ]�;�:

p(t) > 0
E��

(0, π2 )
é7x[|�<UP�:4?(��;�<	|A})EH:	ó

ϕ′(t) > 0E��
(0, π2 )

óO;�é�<�é
ϕ(t)

?�:4R����4=K;��4<K;[E��
(0, π2 )

é*St;�=K@�P>�5�r��R�=>:):4;)EH:4Z�<KE���B
ϕ(t) = ϕ(π−t) ?)Ig;�<KS��4<K;�ó]�;�:

ϕ(t)
G-94Ig?(�4<K;cE��

(π2 , π)
é�m7��S��A~n:)9�����RO:*~1ó�?�;�:4]�S�<

t = π
2

W
G�E�S�X���B
ϕ(t)

P�:)=K;*��F��4<K;d=K?�:)<KFO:
E��H�H9):H|A})Z�<KFO:�R>E��>]H<KE���B

ϕ(π2 ) =
4
π

�

∣∣∣∣
m∑

k=0

sincn

(
x− kπ

n

) ∣∣∣∣ 6
4

π
. ö���ø

^
:)=	|�<UPHE�B-Bf:4XH<KE�S��cEH<[G�|HG�]�Zy�4<�~[�'é�brE���S ����?�<KEH=K;)?(��P�:)=K;*��F��4<K;�=CBfM����
n = m = 1

�
x = π

2

é
��� �
	�� ��� � 	 � 
 Z
<�����?�<KEH=K;)?(� ö���ø � ö���ø :)=K;���@A;�=CBq?�<���E�I5~�� �`P�|HB`=KG�~z~

m∑

k=m1

sincn

(
x− kπ

n

)
,

;���SqS���S
m∑

k=m1

sincn

(
x− kπ

n

)
=

m−m1∑

k=0

sincn

(
y − kπ

n

)
,

FCP�<
y = x− m1π

n

ó
0 6 m1 6 m 6 n

ó
n > 1

é
� �8;�;A� 
�_ �E 2��� �

δ > 0
�
ψmnδ(x) =

∑m
k=0

′

sincn
(
x− kπ

n

) * ����� �æ��"����æ c
�$����	�æ�� 2�,�5� �
" - 
���$	��� - 
�$����#�����î�� 2�,�5�#" - 
���$	�~�ñ0 - 
�$�������$	���	�

k
*
0 6 k 6 m

* ������� - � - "�/�� ∣∣x− kπ
n

∣∣ > δ
6

+�- �����
|ψmnδ(x)| 6

2

nδ
ö���ø

0#"��
0 6 m 6 n, n > 1

�
x ∈ (−∞,+∞)

6



� $~���O"�0 - ��� �	��� �  	$	���	�	�a�� 2�,�����5�n�M�~�������2�O"�� � �
C
SA9):4R>E��>]��A~u]H<��H<KR

s1
E��H�H9):H|A})Z�<><�XH<	|�:)<cR>E��>]H<KE��H<

k
órP�|HBsS�:4;�:��H:4FO:

k 6
n(x−δ)
π

ó��_]H<�ë
�H<KR

s2 .
E��H�A~�<KE�})Z�<><
XH<	|�:)<
R>E��>]H<KE��H<

k
ó�P�|HB_S�:4;�:��H:4FO:

k >
n(x+δ)
π

é�^c�H<UPHMH:H|�:Oey�A~N=KE��>]���|>�'ó
]�;�:

0 6 s1 < s2 6 m.
m :4FCP>�

ψmnδ(x) = σ1 + σ2
ó-FCP�<

σ1 = sinnx

s1∑

k=0

(−1)k

n
(
x− kπ

n

) , σ2 = sinnx
m∑

k=s2

(−1)k

n
(
x− kπ

n

) .

vo��Sr��M�����P�:4S���R���;�<	|A}�=K;)?�< |�<�~z~�I ú G-9)<Ke�P>�4<�~�=CB�ó�]�;�:t:)9)<�=KG�~z~�I σ1 � σ2 B-?�|HB-@A;�=CBh=KG�~z~[��~��n�<KVH94E���X��y�q=>:4F�|>�4=KEH:%:4XH<KE�S�< ö � ø |�<�~z~�I ÷ G\P�:4?�|�<K;)?�:���B-@A;%EH<�����?�<KEH=K;)?(��~

|σ1| 6 |sinnx| · 1

n
∣∣x− s1π

n

∣∣ 6
1

nδ
, |σ2| 6 |sinnx| · 1

n
∣∣x− s2π

n

∣∣ 6
1

nδ
,

:4;)S�G\P>�¬�l=	|�<UPHG�<K; ö���ø é�X�=	|A�Qej< s1 < 0
��|A�

s2 > m
ó�;�:`?�=CBl=KG�~z~[�

ψmnδ(x)
94G\P�<K;q=KG�~z~�:4V

n�<KVH94E���X��y��ó�=	|�<UP�:4?(��;�<	|A})EH:	ór:4XH<KE���?(�4<K;�=CBfS���Sf:>PHE�� ��Rh=KG�~z~
σ1
��|A�

σ2
� |ψmnδ(x)| 6 1

nδ

é
B

C
����� ��� ��� 		��

� ��� ��� ��		������� 	 � ��� � é8^
:)=KS�:H|A})S�G

f(x)
�49)=>:H|H@A;)EH:TEH<KM��H<���Ig?)E��fE��

M��H:*~�<KecG�;)S�<
[0, π]

ó�;�:TP�|HBQP>��E�EH:4FO:
ε > 0

E���V-P�<K;�=CB ;���S�:)<
δ > 0

ó�]�;�:fP�|HB |H@[9):4V S�:4EH<K]'ë
EH:4VN=��H=K;�<�~�I MH:4M��H��EH:lEH<KMH<��H<>=><KS���@Aat�-^�=CB ��E�;�<���?(��|�:4?

(aj , bj) ⊂ [0, π]
ó
j = 0, 1, . . . , l

óz��R
G�=	|�:4?*��B ∑l

j=1(bj − aj) < 2δ
94G\P�<K;f=	|�<UP�:4?(��;*}2ó ]�;�: ∑l

j=1 |f(bj)− f(aj)| < ε
é�vc�H:*~�<�;�:4FO:	ó

�49)=>:H|H@A;)EH:AEH<KM��H<���Ig?)E���BcW
G�E�S�X���Br�A~�<><K;
:4F�����E���]H<KE�E�G�@Y?(�H������X���@�é-SA9):4R>E��>]��A~LMH:H|HE�G�@N?(��ë
������X���@

f(x)
E��

[0, π]
]H<��H<KR

V ö V =
π
V
0
(f) ø é ^[G�=K;*} 0 6 x < 2δ

é&d2IJ9)<��H<�~ XH<	|�:)<
m = m(δ)

;���S�ó�]�;�:)94I 94I�|�: mπ
n < 2δ 6

(m+1)π
n

�qM��H<UP�=K;���?*�A~ :4MH<�����;�:��
Ln(f, x)

ó�:4M��H<UP�<	|�<KE�E�IgVsW�:��'ë
~�G�|�:4V ö�ú�ø ó-?�?*�-P�<�=KG�~z~�I

Ln(f, x) = Ln,1(x) + Ln,2(x),
FCP�<

Ln,1(x) =

m∑

k=0

f(xk) sincn(x− xk), Ln,2(x) =

n∑

k=m+1

f(xk) sincn(x− xk),

xk =
kπ

n
, k = 0, 1, . . . , n.

^c���A~�<KE���?%M��H<>:)9�����RO:4?(��E��H<taA9)<	|HB_Sf=KG�~z~�<
Ln,1(x)

ó�MH:H|HG�]��A~

Ln,1(x) =

m−1∑

k=0

(f(xk)− f(xk+1)

k∑

j=0

sincn(x− xj) + f(xm)

m∑

j=0

sincn(x− xj).

x2:4F�|>�4=KEH:�EH<�����?�<KEH=K;)?)G ö���ø ��Rc|�<�~z~�I ú MH:H|HG�]��A~

|Ln,1(x)| 6
m−1∑

k=0

|f(xk)− f(xk+1)|
∣∣∣∣

k∑

j=0

sincn(x− xj)

∣∣∣∣

+ |f(xm)|
∣∣∣∣
m∑

j=0

sincn(x− xj)

∣∣∣∣ 6 2

m−1∑

k=0

|f(xk)− f(xk+1)|+ 2 |f(xm)|

= 2

(m−1∑

k=0

|f(xk)− f(xk+1)|+ |f(xm)− f(x0)|
)
.

m7��SqS���S
m−1∑

k=0

(xk+1 − xk) =
mπ

n
< 2δ

�
0 < xm − x0 =

mπ

n
< 2δ,
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;�: ��RLG�=	|�:4?*��B ?)IJ9):����

δ
P�|HB �49)=>:H|H@A;)EH:+EH<KM��H<���Ig?)EH:4VuW
G�E�S�X����

f(x)
=	|�<UPHG�<K;�óg]�;�:+M����

0 6 x < 2δ
|Ln,1(x)| < 2(ε+ ε) = 4ε. ö���ø

m <KMH<���}%M����A~�<KE��A~nM��H<>:)9�����RO:4?(��E��H<taA9)<	|HB_S�:c?);�:��H:4VT=KG�~z~�<
Ln,2(x)

�

Ln,2(x) =
n−1∑

k=m+1

(f(xk)− f(xk+1))
k∑

j=m+1

sincn(x− xj) + f(xn)
n∑

j=m+1

sincn(x− xj).

hA]���;)Ig?(��B�ó�]�;�:
f(xn) = f(π) = 0

ó�=>:4F�|>�4=KEH:%R���~�<K]���E���@ ú S |�<�~z~�< ú MH:H|HG�]��A~

|Ln,2(x)| 6
n−1∑

k=m+1

|f(xk)− f(xk+1)|
∣∣∣∣

k∑

j=m+1

sincn(x− xj)

∣∣∣∣

6
2

nδ

n−1∑

k=m+1

|f(xk)− f(xk+1)| 6
2V

nδ
< ε

M����
n > n0 =

[
2V
εδ

] é�\[R�MH:)=	|�<UPHEH<KFO:�EH<�����?�<KEH=K;)?(�y�`EH<�����?�<KEH=K;)?(� ö���ø ?)Ig;�<KS��4<K;�ó�]�;�:

|Ln(f, x)| 6 |Ln,1(x)|+ |Ln,2(x)| < 4ε+
2V

nδ
< 4ε+ ε = 5ε

��óH=	|�<UP�:4?(��;�<	|A})EH:	ó�M����
n > n0

�
0 6 x < 2δ

|Ln(f, x)− f(x)| 6 |Ln(f, x)|+ |f(x)− f(0)| < 5ε+ ε = 6ε. ö�÷���ø
`��4=>=KG�e�P�<KE���B�ó ��E���|�:4F���]�E�IJ<�M�����?�<UP�<KE�E�I5~n?)IgZ�<�ó-MH:4S���R>Ig?(��@A;�ó�]�;�:cEH<�����?�<KEH=K;)?�: ö�÷���ø :)=K;���ë<K;�=CBf?�<���E�I5~ �fM����

n > n0
�
π − 2δ < x 6 π

é x PA��G�FO:4VL=K;�:��H:4E�Iñór=>:4F�|>�4=KEH:_M�����?�<UP�<KE�EH:*~�G
?�:�?)?�<UP�<KE����_=	|�<UP�=K;)?*��@
;�<>:��H<�~�I � ��R 	 ú ��
 ó)P�|HBcP>��E�EH:4FO: ε > 0

E���V-P�<K;�=CBdEH:*~�<��
n1 = n1(ε, δ);���S�:4V�ó�]�;�:LM����

n > n1
�
δ 6 x 6 π − δ

94G\P�<K; |Ln(f, x)− f(x)| < ε
é[St;�=K@�P>��� ��R ö�÷���ø=	|�<UPHG�<K;�óo]�;�:%M����

n > max{n1, n0}
�
0 6 x 6 π

?�<���EH:dEH<�����?�<KEH=K;)?�: |Ln(f, x)− f(x)| < 6ε,]�;�:
:4R>E��>]��4<K;r����?)EH:*~�<���E�G�@D=i^�:>PA�A~�:)=K;*}hMH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*�_W
G�E�S�X���V {Ln(f, x)}
S
f(x)

E��
?�=><�~ M��H:*~�<KecG�;)S�<

[0, π]
é
B

" 4��45���*-��78� Â _ �7���	� �  	$	���	���
f(x) ∈ Lip1[0, π]

�
f(0) = f(π) = 0

* � - 0 - ���~�O� - 
���������� �
$ - ��� � �  	$	���	�	� {Ln(f, x)}

"���
�$ - ���O"�$ - � � - ���~��� �\�
f(x)

$��
[0, π]

6
C
Zo�q=���~�:*~
P�<	|�<�ó���R

f(x) ∈ F�ÚÜã
1[0, π]

=	|�<UPHG�<K;�ó8]�;�:fW
G�E�S�X���B
f(x)

�49)=>:H|H@A;)EH:fEH<KM��H<�ë
��Ig?)E���E��

[0, π]
�`G\P�:4?�|�<K;)?�:���B�<K;%;���~nG�=	|�:4?*��@Vpr��E�� . n]��M�at��X��'é

B
��� �
	�� ��� � 	 


 \[Rc�49)=>:H|H@A;)EH:4VdEH<KM��H<���Ig?)EH:)=K;*�_W
G�E�S�X����

f(x)
EH<J=	|�<UPHG�<K;�ó�]�;�:h:4E��[G\P�:�ë

?�|�<K;)?�:���B�<K;dG�=	|�:4?*��@Vpr��E�� . n]��M�at��X��'éAZo��M����A~�<���ó�W
G�E�S�X���B

f(x) =





1
ln( 2π

x )
, x 6= 0,

0, x = 0

B-?�|HB�<K;�=CB �49)=>:H|H@A;)EH:QEH<KM��H<���Ig?)EH:4VYE��
[0, π]

ó�MH:)=KS�:H|A})S�GN<><`M��H:���R>?�:>PHE���B
f ′(x) = 1

x ln2( 2π
x
)=KG�a�<>=K;)?)G�<K;`M����

0 < x 6 π
órB-?�|HB�<K;�=CBs=KG�~z~�����G�<�~�:4VsE��

[0, π]
�
f(x) =

∫ x
0

1
t ln2( 2π

t )
dt
é du;�:

ej<
?*�H<�~�B ~�:>PHG�|A}%EH<KM��H<���Ig?)EH:)=K;*�fb>;�:4VfW
G�E�S�X����
ω(f, t) = 1

ln( 2π
t
)

óA�

lim
t→o+

ω(f, t) ln t = lim
t→o+

ln t

ln(2π)− ln t
= −1 6= 0,

;�éH<�é
f(x)

EH<[G\P�:4?�|�<K;)?�:���B�<K;dG�=	|�:4?*��@ ö�û�ø pr��E�� . n]��M�at��X��'é



� $~���O"�0 - ��� �	��� �  	$	���	�	�a�� 2�,�����5�n�M�~�������2�O"�� � �

�_�� B�5�7��q7��87=>=B�����6868,c� B��8�@>8��* B�>8,

d =	|HG�]��4<�ó'<>=	|A�
f(0) 6= 0

��|A�
f(π) 6= 0

óoR>E��>]H<KE���Bl:4MH<�����;�:��H:4? ö�ú�ø óoS���SQ94I�|�:q:4;-~�<K]H<KEH:?)IgZ�<�ó>EH<�=i^�:>PHB-;�=CBr����?)EH:*~�<���EH:tS
f(x)

E���?�=><�~f:4;*�H<KR>S�<
[0, π]

é�po|HB�:)9)<>=KMH<K]H<KE���Br����?)EH:*~�<���EH:4V
=i^�:>PA�A~�:)=K;*�TM����-^�:>PA��;�=CBfEH<>=KS�:H|A})S�:%?*�-P�:���R�~�<KE���;*}d:4MH<�����;�:���IqhU��;);�<KS�<����'é

� �@B�>8�8;A� Â _ �E 2��� � �  	$	���	���
f(x)

����� - � � ��$ - $~��0#"��O"�/1
�$��\�m �� - 
��~����
 - "������c 2��� - 
�� �
�ç�	$	� � �A�	0 � �����!$�� [0, π] 6�+�- �����ç0 - ���~�O� - 
�����������$ - ��� � �  	$	���	�	�

L̂n(f, x) = Ln(F, x) + L1(f, x), ö�÷�÷�ø
�����

L1(f, x) = f(0) sincx + f(π) sinc(x − π)
*
F (x) = f(x) − L1(f, x)

* �
Ln(·, x)


�������$ �ñ- " �
�� �� - �

(2)
* "���
�$ - ���O"�$ - � � - ���~��� �\�

f(x)
$��

[0, π]
6

C
Zo��=���~�:*~ P�<	|�<�ó

F (0) = f(0)− L1(f, 0) = f(0)− f(0) = 0
ó

F (π) = f(π)− L1(f, π) = f(π)− f(π) = 0.

m7��S+S���S W
G�E�S�X���B
f(x)

�49)=>:H|H@A;)EH:LEH<KM��H<���Ig?)E�� �mG\P�:4?�|�<K;)?�:���B�<K;lG�=	|�:4?*��@ pr��E�� . n]��M'ë
at��X���E��

[0, π]
ór;�:

F (x)
;���S�ej<1�49)=>:H|H@A;)EH:dEH<KM��H<���Ig?)E�� �TG\P�:4?�|�<K;)?�:���B�<K;qG�=	|�:4?*��@lpr��E�� .

n]��M�at��X���E��
[0, π]

é;m :4FCP>�hMH:hM��H<UP�|�:Oej<KE���@ MH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*} {Ln(F, x)}
����?)EH:*~�<���EH:jE��

[0, π]
=i^�:>PA��;�=CBnS

F (x) = f(x) − L1(f, x)
é[x[|�<UP�:4?(��;�<	|A})EH:	ó

L̂n(f, x) = Ln(F, x) + L1(f, x)����?)EH:*~�<���EH:�E��
[0, π]

=i^�:>PA��;�=CBfS
F (x) + L1(f, x) = f(x)− L1(f, x) + L1(f, x) = f(x). B

��� �
	�� ��� � 	�� 
 StMH<�����;�:�� ö�÷�÷�ø ?cB-?)EH:*~ ?*�-P�<
?)IgF�|HB�PA��;%;���S

L̂n(f, x) =
n∑

k=0

Ak(f) sincn

(
x− kπ

n

)
,

FCP�<

A0(f) = f(0), An(f) = f(π),

Ak(f) = f

(
kπ

n

)
− f(0) sinc

(
kπ

n

)
− f(π) sinc

(
π − kπ

n

)
, k = 1, 2, . . . , n− 1.

^[G�=K;*}m;�<KMH<���}
f(x)

EH<KM��H<���Ig?)E��QE��
[0, π]

�nPA�HW�W�<��H<KE�X�����G�<�~[�QE��lS�:4E�X��\^Nb>;�:4FO:mM��H:�ë
~�<KecG�;)S��'óg;�ég<�ég=KG�a�<>=K;)?)G�@A; :>PHEH:)=K;�:��H:4E�E��H<QM��H:���R>?�:>PHE�IJ<

f ′(0)
�
f ′(π)

é�m :4FCP>� W
G�E�S�X���B
G(x) = f(x)−L1(f,x)

sinx

EH<KM��H<���Ig?)E��cE��
(0, π)

�`M����
x→ +0

G(x) =
f(x)− f(0) sinc x− f(π) sinc(x− π)

sinx
=
f(x)− f(0)(1 + o(x)) − f(π) sin xπ−x )

sinx

=
f(x)− f(0)

x− 0

x

sinx
− f(0)o(1)

x

sin x
− f(π)

π − x
→ f ′(0)− f(π)

π
.

atE���|�:4F���]�EH:�M����
x→ π − 0

G(x) → −f ′(π)− f(0)

π
.

brE��>]���;�óHMH:)=	|�<[P�:):4M��H<UP�<	|�<KE���B
G(0) = f ′(0) − f(π)

π

�
G(π) = −f ′(π)− f(0)

π

W
G�E�S�X���B

G(x) =





f ′(0)− f(π)
π , x = 0,

f(x)−L1(f,x)
sinx , 0 < x < π,

−f ′(π)− f(0)
π , x = π

ö�÷�ú�ø

=K;���EH:4?*��;�=CBfEH<KM��H<���Ig?)EH:4VfE���?�=><�~n:4;*�H<KR>S�<
[0, π]

é



� � �5��� �'��$ - 
 ��6��ç6 * � ��"���0� ����	$ - 
 � 6 � 6
� �@B�>8�8;A� � _ �E 2��� �

f(x)
$~��0#"��O"�/1
�$���$��

[0, π]
� ��� � � �O"���$��	�#"2 2������$��ò� - $���� � ��� - � -

0#" - �����! ~���	� * � �  	$	���	���
G(x)

*5- 0#"��O�����~��$	$�� � �ñ- "~�� �� - �
(12)

* �2������� - ��"���$	������$	$� � 
���"�� �
� �	� � $��

[0, π]
�L �� - 
��~����
 - "������� 2��� - 
�� � �ç�	$	� � �A�	0 � ����� 6A+�- ������0 - ���~�O� - 
�����������$ - ��� �

�  	$	���	�	�
L̃n(f, x) = sinxLn(G, x) + L1(f, x), ö�÷�û�ø

�����
Ln(·, x)

� - 0~�O"���� - " * 
�������$	$	/1� �ñ- "~�� �� - �
(2)
* "���
�$ - ���O"�$ - � � - ���~��� �\�

f(x)
$��

[0, π]
6

pj:4S���ej<�~Y=KE��>]���|>��=	|�<UPHG�@AajG�@V|�<�~z~�G�é
� �8;�;A� ��_ �1 	$	���	���

sincx
* 
�������$	$�� � �ñ- "~�� �� - �

(1)
* 0#"��

x 6= 0
 �� - 
��~����
 - "������î$~�O"�� �


'��$~����
����
0 < 1− sincx <

x2

6
. ö�÷ � ø

C
\[RsM�����?�<UP�<KE�EH:4FO:n?�: ?)?�<UP�<KE����
EH<�����?�<KEH=K;)?(� |sincx| < 1

M����
x 6= 0

=	|�<UPHG�<K;�óJ]�;�:
0 < 1− sinc x < 2

é1x[|�<UP�:4?(��;�<	|A})EH:	ó�M�����?�:)< EH<�����?�<KEH=K;)?�: ö�÷ � ø P�:)=K;���;�:4]�EH: P�:4S���R���;*} M����

0 < x2

6 < 2
��|A�

0 < x2 < 12
é5\[R�����R�|�:Oej<KE���BuW
G�E�S�X����

sinx =
∑∞

k=0
(−1)kx2k+1

(2k+1)!

? ��B�P
m <KV�|�:����cMH:H|HG�]��A~

1− sinc x =
∞∑

k=1

(−1)k−1x2k

(2k + 1)!
.

	T:>PHG�|A}f:)94a�<KFO:_]�|�<KE��¬��B�P>�
ak(x) = x2k

(2k+1)! → 0
M����

k → ∞ P�|HB |H@[9):4FO:
x
é&vc�H:*~�<c;�:4FO:	ó

ak(x) > ak+1(x)
����?)EH:)=���|A})EH:

0 < x2 < (2k + 2)(2k + 3)
é&^c����?(��BL]��4=K;*}qMH:)=	|�<UPHEH<KFO:`EH<�����ë

?�<KEH=K;)?(�
P�:)=K;*��F��4<K;jE��H�A~�<KE�})Z�<KFO:jR>E��>]H<KE���B%M����
k = 1

é�x[|�<UP�:4?(��;�<	|A})EH:	ó�MH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*}
{ak(x)}∞k=1

B-?�|HB�<K;�=CBTG-94Ig?(��@Aa�<KVLM����
0 < x2 < 20

��ór?d]��4=K;)EH:)=K;*��ó�M����
0 < x2 < 12

é&brE���ë
]���;�ó)MH:)=	|�<UPHE���V1��B�P%B-?�|HB�<K;�=CBy��B�P�:*~�n�<KVH94E���X��]�c<KFO:�=KG�~z~[�c~�<KE�})Z�<�~�:>PHG�|HBcMH<���?�:4FO:[]�|�<KE��'ó
;�éH<�é

1− sincx < x2

6

é
B

C
����� ��� ��� 		��

� ��� � � 	
� ��	 ��� � 
 SA9):4R>E��>]��A~

M := sup
06x6π

|G(x)|, V :=
π
V
0
(G).

^c���A~�<KE���?%M��H<>:)9�����RO:4?(��E��H<taA9)<	|HB¬�qEH<�����?�<KEH=K;)?�: ö���ø ó���Rc|�<�~z~�I ú MH:H|HG�]��A~

|Ln(G, x)| 6
n−1∑

k=0

|G(xk)−G(xk+1)|
∣∣∣∣

k∑

j=0

sincn(x− xj)

∣∣∣∣+ |G(xn)|
∣∣∣∣
n∑

j=0

sincn(x− xj)

∣∣∣∣

6 2

n−1∑

k=0

|G(xk)−G(xk+1)|+ 2 |G(xn)| 6 2(V +M),

ö�÷���ø

FCP�<
xk =

kπ
n

ó
k = 0, 1, . . . , n.

^
:)=KS�:H|A})S�G
f(x)

����?)EH:*~�<���EH:[EH<KM��H<���Ig?)E��AE��JM��H:*~�<KecG�;)S�<
[0, π]

ó
;�:fP�|HBlP>��E�EH:4FO:

ε > 0
E���V-P�<K;�=CB+;���S�:)<

δ, 0 < δ < min{1, ε
V+2M } ó8]�;�:qP�|HB |H@[94I�^ x1, x2��RTb>;�:4FO:mM��H:*~�<KecG�;)S�� |f(x2)− f(x1)| < ε

M���� |x2 − x1| < δ
é�^[G�=K;*}

0 6 x < δ
é�m :4FCP>�

��R ö�÷�ú�ø �~ö�÷���ø =	|�<UPHG�<K;
∣∣L̃n(f, x)− f(x)

∣∣ 6
∣∣L̃n(f, x)− f(0)

∣∣+ |f(x)− f(0)|

6 sin δ |Ln(G, x)| + |f(0)| (1− sinc)x+ |f(π)| sin δ

π − δ
+ ε

6 δ(V +M) +M
δ2

6
+M

δ

π − δ
+ ε 6 δ(V + 2M) + ε 6 ε+ ε = 2ε.

ö�÷���ø



� $~���O"�0 - ��� �	��� �  	$	���	�	�a�� 2�,�����5�n�M�~�������2�O"�� � �
^
:)=	|�<UPHE�B-Bs:4XH<KE�S��_=KM�����?�<UP�|A��?(� �LM����

π − δ < x 6 π
é&xDPA��G�FO:4Vs=K;�:��H:4E�Iñóo=>:4F�|>�4=KEH:`=	|�<UP	ë

=K;)?*��@ ;�<>:��H<�~�I � ��R 	 ú ��
 ó�P�|HB`P>��E�EH:4FO: ε > 0
E���V-P�<K;�=CBfEH:*~�<��

n0 = n0(ε, δ)
;���S�:4V�ó�]�;�:�M����

n > n0
�
δ 6 x 6 π − δ

94G\P�<K; |Ln(G, x) −G(x)| < ε
��óH=	|�<UP�:4?(��;�<	|A})EH:	ó

∣∣L̃n(f, x)− f(x)
∣∣ = |sinxLn(G, x) + L1(f, x)− f(x)|

=

∣∣∣∣sinx
(
Ln(G, x) −

f(x)− L1(f, x)

sinx

)∣∣∣∣ = |sinx(Ln(G, x) −G(x))|

6 |Ln(G, x) −G(x)| < ε.

ö�÷
��ø

Zo��S�:4EH<KX�ó���R ö�÷���ø ó ö�÷
��ø MH:H|HG�]��4<�~1óH]�;�:�M���� 0 6 x 6 π
�
n > n0

?)IgMH:H|HEH<KEH:%EH<�����?�<KEH=K;)?�:

|L̃n(f, x)− f(x)| < 2ε
é
B

dNR���S�|H@A]H<KE��H<�:4;-~�<K;*�A~1ó�]�;�:c:)=KEH:4?)E�IJ<]�H<KR>G�|A}\;���;)IuE��4=K;�:OB-a�<KV ���49):4;)I
94I�|A� ��EH:4EH=����H:�ë
?(��E�I
?
	 ú�û�
 é
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�������G�H���H�	������§���:;:7�>�G�G�G�	¥7§��H�&�
�����G��¡¢�G�	�Hª��G�G���H�o���	�A�������G���
+c�"���G���*���H� �ñq7�>�G�G�G�	¥7§����	��«o���(�G§���«]���5���"���H�	�¢�"� �H�G���"���G����«���¦H�H�w�*���*�
������§��]�o���"§��	���	���U���*�"�	�	���"ªH���"�]���H�	���'/z�����H���	�G�	���4.z�����¢�����	�G�G��¦H�H��� <�+ ]�¤8�������	�����H���z������§���RH3�3��B�µ�@>C>C�� <gy��'µGEpµ�@��

C��n�Pg	��&(&	#�&	���
�R�2� ��z�tvu�{���z�tvw �Iz��9tvu�{���|�À����M�����1����r�w �Iz�tvw ��r4:;:ñ��{�� ��þ�À�x�tv{��P��{���u#�tU�� <Eµ�@�´
=�� <�?9���Ü�~¹>N�� <
B'�[C
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Zj;�<KV�E�� . d�:H|A}\;�<������ �

fi(x) =
n∑

j=1

∞∫

x

vij(t− x)Ωij(t, fj(t)) dt, x ∈ R+ ≡ [0,+∞), i = 1, 2, . . . , n, ö�÷�ø
:4;)EH:)=���;�<	|A})EH:c�H=KS�:*~�:4V ��R�~�<����A~�:4Vc?�<KS�;�:��'ë W
G�E�S�X����

f(x) = (f1(x), f2(x), . . . , fn(x))
T ,
:4M��H<�ë

P�<	|�<KE�EH:4VfE��
R+ ö T . R>E���Sq;*����EH=KMH:4E����H:4?(��E���B ø é{[|�<�~�<KE�;)Iq~[��;*����X'ë W
G�E�S�X���V

v ≡ (vij)
n×n
i,j=1

G\P�:4?�|�<K;)?�:���B-@A;d=	|�<UPHG�@Aat�A~ G�=	|�:4?*��B�~ �
G ø vij(τ) > 0, τ ∈ R+ ó vij ∈ L1(R

+) ∩ L∞(R+)
ó
i, j = 1, 2, . . . , n

�
G�G ø m1(vij) ≡

∞∫
0

τvij(τ)dτ < +∞ ó
i, j = 1, 2, . . . , n

�
G�G�G øEö � � ���5+)��� � / ��"#� �  �� �,"#� øx!MH<KS�;*����|A})E�IgV ���\PA��G�=o~[��;*����X�I

A
����?�<KEf<UPA��E���XH<

A ≡
( ∞∫

0

vij(τ) dτ

)n×n

i,j=1

, r(A) = 1 ö�ú�ø

ö ;�éH<�é�~�:>PHG�|A} ~[��S�=��A~[��|A})EH:4FO:%MH:1~�:>PHG�|H@ =>:)9)=K;)?�<KE�EH:4FO:�R>E��>]H<KE���B ����?�<KEf<UPA��E���XH< ø éfhG�E�S�X���� {Ωij(t, y)}n×ni,j=1

:4M��H<UP�<	|�<KE�I+E��5~�EH:Oej<>=K;)?�<
R+×R+,

M�����E��A~[��@A;A?�<Ka�<>=K;)?�<KE�E�IJ<
R>E��>]H<KE���B �`G\P�:4?�|�<K;)?�:���B-@A;%G�=	|�:4?*��@ S�����;*��]�EH:)=K;*� �

Ωij(t, 0) = 0, i, j = 1, 2, . . . , n, t ∈ R+, ö�û�ø
�`EH<KS�:4;�:���I5~nPA��G�F��A~+P�:4MH:H|HE���;�<	|A})E�I5~NG�=	|�:4?*��B�~ ö =�~1éHW�:��A~�G�|A���H:4?)S�G_;�<>:��H<�~�I ø é

�
©
¹�ü�µI·�¸����*�"�������w¸�� �B� � ���G���*­ ���P�7����� �*�>�H�����@+¢�*¹��
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����� º �H�*�����G�"���"�]���G�H�*�G��­ �������	��«��-�"�H�G�	�����H���"¡¢� ���	�������G�	�z��� �*�G«�����+w�H�H���G���G�H�G�	���
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x
�H=K;�<�~[� ö�÷�ø ó'S��H:*~�<%=���~�:)=K;�:OB-;�<	|A})EH:4FO:�~[��;�<�~[��;*��]H<>=KS�:4FO:���E�;�<��H<>=��'ó��A~�<><K;TM����A~�<KEH<KE��H<? ����R�|A��]�E�I�^s:)9H|>�4=K;\B�^ ~[��;�<�~[��;*��]H<>=KS�:4VmW]��R���S�� ö =�~1é 	 ÷ ó ú�
�ø é8x2:):4;)?�<K;�=K;)?)G�@Aay��B |A��EH<KV�E���B=��H=K;�<�~[�'ó4M����cG�=	|�:4?*���

r(A) 6 1,
�H=>=	|�<UP�:4?(��|>�4=�}h?U���49):4;��\^
	 û ó � 
 é�dm=KS���|HB���EH:*~l=	|HG�]��4<�ó4S�:4FCP>�

r(A) > 1,
=>:):4;)?�<K;�=K;)?)G�@Aa�<><�|A��EH<KV�EH:)<gG;����?)EH<KE��H<��H=>=	|�<UP�:4?(��|>�4=�}h?]���49):4;�< 	 � 
 é*dQ;�:*~l=	|HG�]��4<�óS�:4FCP>�

n = 1,
��B�PA�H:r�A~�<><K;jS�:*~�M���S�;)E�IgVqEH:)=���;�<	|A}2ó;�H=>=	|�<UP�:4?(��E���@uG;����?)EH<KE���B ö�÷�ø ó�M����_:4M��H<�ëP�<	|�<KE�E�I�^`:4F�����E���]H<KE���B�^_E���EH<	|A��EH<KV�EH:)=K;*}2ó�MH:)=K?)B-a�<KE�I ���49):4;)I 	 ��� ��
 é�dN=KS���|HB���EH:*~n=	|HG�]��4<�óS�:4FCP>�`P�|HBsB�PA��� ~���EH:�����EH:4;�:4V+=	|HG�ey��;T=KG�~z~�����G�<�~[��BlE��

R+ W
G�E�S�X���B�óoR���?*�H=CB-ay��BQ:4; ����R�ë
EH:)=K;*�T=K?�:��-^ �H��F>G�~�<KE�;�:4?%M����f:4M��H<UP�<	|�<KE�EH:*~Y:4F�����E���]H<KE����fE���EH<	|A��EH<KV�EH:)=K;*}2ó�G;����?)EH<KE��H< ö�÷�ø�H=>=	|�<UP�:4?(��|�:)=�}d?y���49):4;�< 	 ��
 éd
E��4=K;�:OB-a�<KV ���49):4;�<�ó�M����TEH<KS�:4;�:���I�^LG�=	|�:4?*��B�^TE��dW
G�E�S�X����

Ωij(t, y), i, j = 1, 2, . . . , n,MH:)=K;*�H:)<KEH:fMH:4S�:*~�MH:4EH<KE�;)EH:LMH:H|�:Oey��;�<	|A})EH:)< �H<KZ�<KE��H<%=��H=K;�<�~�I ö�÷�ø ?fM��H:)=K;*����EH=K;)?�<d:4F�����E��'ë]H<KE�E�I�^q=KG�~z~�����G�<�~�I�^fW
G�E�S�X���Vq=[E�G�|�<K?)I5~ M��H<UP�<	|�:*~n?
+∞.

� _��`� � B�* B�>8,c� B�&�B ��68���8��687��n7N��� �=B ; B�A\��*-�64
7�68,c� �q� �8*-,
^[G�=K;*} ~[��;*����X��

A = (aij)
n×n
i,j=1,

R��\P>��?(�4<�~[��Bf=>:4F�|>�4=KEH:dW�:��A~�G�|�< ö�ú�ø ó�B-?�|HB�<K;�=CBqM����A~���;*��?pëEH:4V�ó�;�éH<�é
ö Ú ø aij > 0

ó
i, j = 1, 2, . . . , n

�
ö ÚÜÚ ø =KG�a�<>=K;)?)G�<K;�]��H=	|�: p ∈ N

;���S�:)<�óH]�;�:c?�=><
b�|�<�~�<KE�;)Iq~[��;*����X�I
Ap

MH:H|�:Oey��;�<	|A})E�Iñé
m :4FCP>��?�=���|HG%;�<>:��H<�~�IV^
<����H:4E�� 	 ÷�� 
 =KG�a�<>=K;)?)G�<K;c?�<KS�;�:�� η = (η1, η2, . . . , ηn)

T =[MH:H|�:Oey�'ë
;�<	|A})E�I5~��fS�:):���PA��E���;���~��

ηi (i = 1, 2, . . . , n)
;���S�:4V�óH]�;�:

Aη = η
��|A� n∑

j=1

aijηj = ηi, i = 1, 2, . . . , n. ö � ø
dnP>��|A})EH<KV�Z�<�~n94G\P�<�~+M��H<UPHMH:H|>��F���;*}2óH]�;�:�W
G�E�S�X����

Ωij(t, y) (i, j = 1, 2, . . . , n),
P�:4M�G�=KS���ë

@A;�=	|�<UPHG�@Aa�<><
M��H<UP�=K;���?�|�<KE��H< �

Ωij(t, y) = Gij(t, y) + ωij(t, λi − y), i, j = 1, 2, . . . , n. ö���ø
b�P�<>=�}

λi .
]��H=	|�:4?)IJ<cM��H����~�<K;*��Iñó8�

ωij(t, y) .
:4M��H<UP�<	|�<KE�E�IJ<�E�� ~�EH:Oej<>=K;)?�<

R+ × R+
��R�~�<����A~�IJ<o�q?�<Ka�<>=K;)?�<KE�E�IJ<hW
G�E�S�X�����ó�:)9H|>�\P>��@Aat�H<�=	|�<UPHG�@Aat�A~��f=K?�:4VH=K;)?(��~�� �

Ï ø =KG�a�<>=K;)?)G�<K;h]��H=	|�: δ > 0
;���S�:)<�ó�]�;�:�W
G�E�S�X����

ωij(t, y) > 0
ó
(t, y) ∈ R+× [δ,+∞) ≡ Ωδ,

i, j = 1, 2, . . . , n
�

Ø ø M����NS���e�P�:*~ W]��S�=����H:4?(��E�EH:*~
t ∈ R+ W
G�E�S�X����

ωij(t, y) ↓ MH: y E�� [δ,+∞), i, j =
1, 2, . . . , n

�
ß ø W
G�E�S�X���� ωij(t, y)

ó
i, j = 1, 2, . . . , n,

G\P�:4?�|�<K;)?�:���B-@A;+G�=	|�:4?*��@ vo�H����;�<>:>P�:����DMH: �H�'ë
F>G�~�<KE�;)G

y
E�� ~�EH:Oej<>=K;)?�<

Ωδ
ó2;�éJ<�é�M����DS���e�P�:*~ W]��S�=����H:4?(��E�EH:*~

y ∈ [δ,+∞)
W
G�E�S�X����

ωij(t, y), i, j = 1, 2, . . . , n,
��R�~�<����A~�IDMH:

t ∈ R+ �_MH:4]�;*�_M����_?�=><U^
t ∈ R+ W
G�E�S�X���� ωij(t, y),

i, j = 1, 2, . . . , n,
EH<KM��H<���Ig?)E�IuMH:

y
E��

[δ,+∞).{!;�:cG�=	|�:4?*�H<�?�P>��|A})EH<KV�Z�<�~j~�ID?)S�����;)XH<�R���M���Z�<�~n=	|�<UPHG�@Aat�A~n:)9�����RO:*~ �

ωij ∈ Cary(Ωδ), i, j = 1, 2, . . . , n.

Ý ø =KG�a�<>=K;)?)G�@A; sup
y>δ

ωij(t, y) ≡ βij(t), t ∈ R+ ó βij ∈ L1(R
+) ∩ L∞(R+)

ó
m1(βij) < +∞ ó

i, j = 1, 2, . . . , n.St;)EH:)=���;�<	|A})EH:dW
G�E�S�X���V
Gij(t, y)

M��H<UPHMH:H|�:Oey�A~N?)IgMH:H|HEH<KE��H<h=	|�<UPHG�@Aat�-^`G�=	|�:4?*��V �

÷�ø Gij(t, y) > y, (t, y) ∈ R+ × R+ ó i, j = 1, 2, . . . , n;
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�$~��$	�	� �pû
ú�ø M����mS���e�P�:*~ W]��S�=����H:4?(��E�EH:*~

t ∈ R+ W
G�E�S�X����
Gij(t, y) ↑ MH: y E�� y ∈ R+, i, j =

1, 2, . . . , n;
û�ø =KG�a�<>=K;)?)G�@A; γij(t) = sup

y>0
(Gij(t, y) − y)

ó
γij ∈ L1(R

+) ∩ L∞(R+)
ó
m1(γij) < +∞ ó

i, j = 1, 2, . . . , n;� ø Gij(t, y) ∈ Cary(R
+ × R+)

ó
i, j = 1, 2, . . . , n.^c���A~�<�����~��TW
G�E�S�X���V

Gij(t, y)
�
ωij(t, y)

B-?�|HB-@A;�=CBq=	|�<UPHG�@Aat�H<
W
G�E�S�X���� �

Gij(t, y) = y + e−yγij(t),

Gij(t, y) = y +
γij(t)

y + 1
,

Gij(t, y) = y + γij(t) cos
y

y + 1
,

Gij(t, y) = y +
γij(t)

γij(t)y + 1
,

Gij(t, y) = y +
2γij(t)

π
arctg

π

y2 + 4
,

ωij(t, y) = βij(t)e
−y2 ,

ωij(t, y) = βij(t) sin
π

β2ij(t)y
2 + 2

,

FCP�<�W
G�E�S�X����
γij(t)

�
βij(t)

R��\P>��@A;�=CBq=>:4F�|>�4=KEH:
3)
�
d).^c����?�<UP�<�~n;���S�ej<�M����A~�<���I W
G�E�S�X���V

γij(t)
�
βij(t)

é
A1) γij(t) = εije

−t, εij > 0, i, j = 1, 2, . . . , n,

A2) γij(t) = εije
−t2t, εij > 0, i, j = 1, 2, . . . , n,

B1) βij(t) = qij
1

t2 + 1
, qij > 0, i, j = 1, 2, . . . , n,

B2) βij(t) = qij

(
e−tt+

1

t3 + 1

)
, qij > 0, i, j = 1, 2, . . . , n.

x!E��>]���|>�LE��H��B�PHG+= ö�÷�ø ���4=>=�~�:4;*���A~ =	|�<UPHG�@AajG�@ ?�=KMH:*~�:4F���;�<	|A})E�G�@ =��H=K;�<�~�G |A��EH<KV�E�I�^
EH<>:>PHEH:��H:>PHE�I�^ ��E�;�<KF�����|A})E�I�^qG;����?)EH<KE���Vf;*��M��yd�:H|A}\;�<������

ψi(x) = gi(x) +
n∑

j=1

∞∫

x

vij(t− x)ψj(t)dt, i = 1, 2, . . . , n, x ∈ R+, ö���ø
:4;)EH:)=���;�<	|A})EH:©�H=KS�:*~�:4Vf?�<KS�;�:��'ë W
G�E�S�X����

ψ(x) = (ψ1(x), ψ2(x), . . . , ψn(x))
T .
^c�H<UPHMH:H|>��F��4<K;pë

=CB�ó�]�;�:c? ö���ø =K?�:)9):>PHE�IJ<�]�|�<KE�I {gi(x)}ni=1

�A~�<K@A;%=	|�<UPHG�@AajG�@ =KMH<KX�����|A})E�G�@ =K;*��G�S�;)G;��G �

gi(x) =

n∑

j=1

∞∫

x

vij(t− x)βij(t) dt+

n∑

j=1

∞∫

x

vij(t− x)γij(t) dt

= g̃i(x) +
n∑

j=1

∞∫

x

vij(t− x)γij(t) dt, i = 1, 2, . . . , n, x ∈ R+,

ö���ø

FCP�<

g̃i(x) =
n∑

j=1

∞∫

x

vij(t− x)βij(t) dt, i = 1, 2, . . . , n, x ∈ R+. ö���ø
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Z
<K;*��G\PHEH:�G-9)<UPA��;*}�=CB�ó�]�;�:

gi ∈ L1(R
+) ∩ L∞(R+), m1(gi) < +∞, i = 1, 2, . . . , n. ö���ø

x[|�<UP�:4?(��;�<	|A})EH:	ó(��R5�H<KR>G�|A}\;���;�:4?t���49):4;)I 	 � 
 =	|�<UPHG�<K;�ó�]�;�:�=��H=K;�<�~[� ö���ø �A~�<><K;o�H<KZ�<KE��H< ψ(x) =
(ψ1(x), ψ2(x), . . . , ψn(x))

T ,
M�����]H<�~

ψi(x) > 0, ψi ∈ L1(R
+) ∩ L∞(R+), i = 1, 2, . . . , n, ö�÷���ø

lim
x→+∞

ψi(x) = 0, i = 1, 2, . . . , n. ö�÷�÷�ø
SA9):4R>E��>]��A~N]H<��H<KR

κ := max
16i6n

sup
x>0

ψi(x), i = 1, 2, . . . , n. ö�÷�ú�ø
m <KMH<���} ���4=>=�~�:4;*���A~ =	|�<UPHG�@AajG�@ ?�=KMH:*~�:4F���;�<	|A})E�G�@ =��H=K;�<�~�GuEH<	|A��EH<KV�E�I�^l��E�;�<KF�����|A})E�I�^
G;����?)EH<KE���Vf;*��M��yu���~z~�<���Zj;�<KV�E�� . d�:H|A}\;�<������

ϕi(x) =

n∑

j=1

∞∫

x

vij(t− x)
(
ϕj(t)− ωij(t, ϕj(t))

)
dt, i = 1, 2, . . . , n, x ∈ R+, ö�÷�û�ø

�`P�|HB_b>;�:4Vf=��H=K;�<�~�Iu?)?�<UP�<�~ ?y���4=>=�~�:4;*�H<KE��H<j=	|�<UPHG�@Aat�H<
=KMH<KX�����|A})E�IJ<hM����H9H|A��ej<KE���B �

ϕ
(p+1)
i,γ (x) =

n∑

j=1

∞∫

x

vij(t− x)
(
ϕ
(p)
j,γ(t)− ωij(t, ϕ

(p)
j,γ (t))

)
dt,

ϕ
(0)
i,γ (x) = γηi, i = 1, 2, . . . , n; p = 0, 1, 2, . . . ; x ∈ R+, γ ∈ Π,

ö�÷ � ø

FCP�<o~�EH:Oej<>=K;)?�:%M��H����~�<K;*�H:4?
Π
R��\P>�4<K;�=CBf=>:4F�|>�4=KEH:%=	|�<UPHG�@Aa�<KVfW�:��A~�G�|�< �

Π:=

[
δ + 2κ

min
16i6n

ηi
,+∞

)
. ö�÷���ø

\[E-PHG�S�X��H<KVfMH:
p
P�:4S���ej<�~1ó�]�;�:

ϕ
(p)
i,γ (x) ↓ MH:

p (∀ γ ∈ Π, ∀x ∈ R+, i = 1, 2, . . . , n), ö�÷���ø
ϕ
(p)
i,γ (x) > γηi − ψi(x) (∀ γ ∈ Π, ∀x ∈ R+, i = 1, 2, . . . , n, ∀ p = 0, 1, 2, . . .). ö�÷
��ø

x!E��>]���|>��P�:4S���ej<�~ ö�÷���ø é�xNG�]H<K;�:*~ ö�ú�ø ó ö � ø ó2Ï ø �\G ø ��R ö�÷ � ø 94G\P�<�~ �A~�<K;*}

ϕ
(1)
i,γ (x) =

n∑

j=1

∞∫

x

vij(t− x)(ηjγ − ωij(t, ηjγ)) dt

6 γ
n∑

j=1

ηj

∞∫

x

vij(t− x) dt = γ
n∑

j=1

aijηj = γηi = ϕ
(0)
i,γ (x).

d =���|HG ~�:4EH:4;�:4E�EH:)=K;*�+W
G�E�S�X���V
ωij(t, y), i, j = 1, 2, . . . , n,

MH:
y
E��

[δ,+∞),
M��H<UPHMH:H|>��F���B�ó

]�;�:

ϕ
(p)
i,γ (x) 6 ϕ

(p−1)
i,γ (x), x ∈ R+, i = 1, 2, . . . , n,
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p ∈ N
��R ö�÷ � ø 94G\P�<�~ �A~�<K;*}

ϕ
(p+1)
i,γ (x) =

n∑

j=1

∞∫

x

vij(t− x)
(
ϕ
(p)
j,γ(t)− ωij(t, ϕ

(p)
j,γ(t))

)
dt

6

n∑

j=1

∞∫

x

vij(t− x)
(
ϕ
(p−1)
j,γ (t)− ωij(t, ϕ

(p−1)
j,γ (t))

)
dt = ϕ

(p)
i,γ (x).

m <KMH<���}`P�:4S���ej<�~
EH<�����?�<KEH=K;)?(� ö�÷
��ø é ^c��� p = 0
b>;*�sEH<�����?�<KEH=K;)?(�`:4]H<K?*�-PHE�Iñé�^c�H<UPHMH:H|�:�ë

ey�A~1ó�]�;�: ö�÷
��ø ?)IgMH:H|HE�B-@A;�=CB_M����`EH<KS�:4;�:��H:*~ p ∈ N.
m :4FCP>�t��R ö � ø ó ö���ø ó ö���ø ó ö�÷ � ø ó-=AG�]H<K;�:*~ b)P�|HB`W
G�E�S�X���V

ωij(t, y), i, j = 1, 2, . . . , n,
�A~�<><�~

ϕ
(p+1)
i,γ (x) >

n∑

j=1

∞∫

x

vij(t− x)
(
γηj − ψj(t)− ωij(t, γηj − ψj(t))

)
dt

= γηi −
n∑

j=1

∞∫

x

vij(t− x)ψj(t) dt−
n∑

j=1

∞∫

x

vij(t− x)ωij
(
t, γηj − ψj(t)

)
dt

> γηi −
n∑

j=1

∞∫

x

vij(t− x)ψj(t) dt− gi(x) = γηi − ψi(x).

\[R ö�÷���ø � ö�÷
��ø =	|�<UPHG�<K;�óH]�;�:cMH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*}d?�<KS�;�:��'ë W
G�E�S�X���V

{ϕ(p)
γ (x)}∞p=0, (ϕ(p)

γ (x) = (ϕ
(p)
1,γ(x), ϕ

(p)
2,γ(x), . . . , ϕ

(p)
n,γ(x))

T ),

�A~�<><K;�MH:4;�:4]H<K]�E�IgVfM��H<UP�<	|�óHS�:4FCP>�
p→ +∞ :

lim
p→+∞

ϕ(p)
γ (x) = ϕγ(x), ϕγ(x) = (ϕ1,γ(x), ϕ2,γ(x), . . . , ϕn,γ(x))

T ,

M�����]H<�~lM��H<UP�<	|A})E���B%?�<KS�;�:��'ë W
G�E�S�X���B
ϕγ(x)

ó
γ ∈ Π,

?h=���|HG�G�=	|�:4?*��B vo�H����;�<>:>P�:�����ó�=JG�]H<K;�:*~
M��H<UP�<	|A})E�I�^+;�<>:��H<�~ 	Ñé�vc���4=KEH:)=><	|A}�=KS�:4FO: � TAé7n�<K?*� ö =�~1é 	 ÷�÷ ó ÷�ú 
�ø ó8G\P�:4?�|�<K;)?�:���B�<K;Q=��H=K;�<�ë~�< ö�÷�û�ø é\[;���S�ó�=��H=K;�<�~[� ö�÷�û�ø :)9H|>�\P>�4<K;Q:>PHEH:4M��H����~�<K;*����]H<>=KS��A~ =><�~�<KVH=K;)?�:*~ MH:H|�:Oey��;�<	|A})E�I�^j�H<�ë
Z�<KE���V�ó�M�����]H<�~ �A~�<K@A;©~�<>=K;�:�=	|�<UPHG�@Aat�H<�=>:):4;)EH:4Z�<KE���B �

γηi − ψi(x) 6 ϕi,γ(x) 6 γηi, i = 1, 2, . . . , n, γ ∈ Π, x ∈ R+, lim
x→+∞

ϕi,γ(x) = γηi. ö�÷���ø


�_ �c��6=B���6=B�� >8� ��$84
7-*���*

m <KMH<���}%R���VA~�<�~�=CB �H<KZ�<KE��H<�~n:)=KEH:4?)EH:4VT=��H=K;�<�~�I ö�÷�ø é�x!M�����?�<UP�|A��?(�%=	|�<UPHG�@Aay��B
� �@B�>8�8;A�~_ �E 2��� �î
 ö�÷�ø ���	"�� vij(x), i, j = 1, 2, . . . , n

*  �� - 
��~����
 - "�� � �� 2��� - 
����	� G ø : G�G�G ø *�  	$	���	�	�
Ωij(t, y)

*
i, j = 1, . . . , n,

- ��������� � ����
 - �~����
����5� ö���ø * Ï ø : Ý ø � ÷�ø : � ø 6�+�- �����A�����f�	��� �
� - � -

λi > ηi
δ+2κ
min

16i6n
ηi

���~��������� ö�÷�ø �2�������A0 - � - �ç�~��������$ - �ñ�� 2�,�5�#"2 2��� - �1� - ��"���$	������$	$ - ��"����æ� �
$	�~�

f(x) = (f1(x), f2(x), . . . , fn(x))
T ,
0#"��������

lim
x→+∞

fi(x) = 0.



� � � ���#����"��'$ �ç6���6 *5+ �O"#��� �'$�� 6���6 * � " - �'$ � 6 � 6
C
^[G�=K;*}

γ∗ . EH<KS�:4;�:��H:)<QW]��S�=����H:4?(��E�EH:)<l]��H=	|�: ��R ~�EH:Oej<>=K;)?(� M��H����~�<K;*�H:4?
Π.

po|HB
=��H=K;�<�~�I ö�÷�ø ?)?�<UP�<�~N=	|�<UPHG�@Aat�H<
=KMH<KX�����|A})E�IJ<hMH:)=	|�<UP�:4?(��;�<	|A})E�IJ<hM����H9H|A��ej<KE���B �

f
(p+1)
i (x) =

n∑

j=1

∞∫

x

vij(t− x)
(
Gij(t, f

(p)
j (t)) + ωij(t, λj − f

(p)
j (t))

)
dt,

f
(0)
i (x) = γ∗ηi − ϕi,γ∗(x); x ∈ R+; λi = γ∗ηi; i = 1, 2, . . . , n; p = 0, 1, 2 . . . ; γ∗ ∈ Π.

ö�÷���ø

\[E-PHG�S�X��H<KVfMH:
p
P�:4S���ej<�~1ó�]�;�:

f
(p)
i (x) ↑ MH:

p (∀x ∈ R+, i = 1, 2, . . . , n, p = 0, 1, 2, . . .), ö�ú ��ø

f
(p)
i (x) 6 γ∗ηi − ϕi,γ∗(x) + ψi(x) (∀x ∈ R+, i = 1, 2, . . . , n, p = 0, 1, 2, . . .). ö�ú'÷�ø

x!E��>]���|>��P�:4S���ej<�~ ö�ú ��ø é�dD=���|HG ~�:4EH:4;�:4E�EH:)=K;*�sW
G�E�S�X���V ωij(t, y), i, j = 1, 2, . . . , n
ó�MH:

y
E��

[δ,+∞)
=gG�]H<K;�:*~ ö � ø ��G�=	|�:4?*��B 1)

P�|HB�W
G�E�S�X���V
Gij(t, y), i, j = 1, 2, . . . , n,

��R ö�÷���ø MH:H|HG�]��A~

f
(1)
i (x) >

n∑

j=1

∞∫

x

vij(t− x)(γ∗ηj − ϕj,γ∗(t) + ωij
(
t, λj − γ∗ηj + ϕj,γ∗(t)

)
dt

> γ∗ηi −
n∑

j=1

∞∫

x

vij(t− x)(ϕj,γ∗(t)− ωij(t, ϕj,γ∗(t)))dt = γ∗ηi − ϕi,γ∗(x) = f
(0)
i (x).

^c�H<UPHMH:H|>��F���B�óg]�;�:
f
(p)
i (x) > f

(p−1)
i (x)

ó
i = 1, 2, . . . , n

ó
x ∈ R+,

M���� EH<KS�:4;�:��H:*~
p ∈ N,��R ö�÷���ø óHG�]���;)Ig?(��B ~�:4EH:4;�:4E�EH:)=K;*}`W
G�E�S�X���V ωij(t, y), i, j = 1, 2, . . . , n

ó�MH:
y
E��

[δ,+∞),
M����

G�=	|�:4?*���
2)
MH:H|HG�]��A~

f
(p+1)
i (x) >

n∑

j=1

∞∫

x

vij(t− x)

(
Gij

(
t, f

(p−1)
j (t)

)
+ ωij

(
t, λj − f

(p−1)
j (t)

))
dt = f

(p)
i (x),

i = 1, 2, . . . , n, x ∈ R+.

m <KMH<���}�P�:4S���ej<�~NEH<�����?�<KEH=K;)?(� ö�ú'÷�ø é�^c��� p = 0,
b>;*�qEH<�����?�<KEH=K;)?(��:4]H<K?*�-PHE�IñóA�H9):

f
(0)
i (x) = γ∗ηi − ϕi,γ∗(x) 6 γ∗ηi − ϕi,γ∗(x) + ψi(x), i = 1, 2, . . . , n.

^c�H<UPHMH:H|�:Oey�A~1ó�]�;�: ö�ú'÷�ø �A~�<K@A;©~�<>=K;�:cM����qEH<KS�:4;�:��H:*~ p ∈ N.
SA9):4R>E��>]��A~N]H<��H<KR

χi(x) := γ∗ηi − ϕi,γ∗(x) + ψi(x).

hA]���;)Ig?(��B1~�:4EH:4;�:4E�EH:)=K;*}hW
G�E�S�X���V
ωij(t, y), i, j = 1, 2, . . . , n

ó�MH:
y
E��

[δ,+∞)
��G�=	|�:4?*��B ö � ø ó



� "���
�"����!�2� - ����� - ��$ - �m���~�������5/P$~���	�	$~���	$	/��ò�	$~������"�������$	/��c #"���
�$~��$	�	� � �
÷�ø � � ø ó9Ï ø � Ý ø ó���R ö�÷���ø 94G\P�<�~ �A~�<K;*}

f
(p+1)
i (x) 6

n∑

j=1

∞∫

x

vij(t− x)(Gij(t, χj(t)) + ωij(t, λj − χj(t))) dt

=
n∑

j=1

∞∫

x

vij(t− x)(Gij(t, χj(t))− χj(t))dt+
n∑

j=1

∞∫

x

vij(t− x)(χj(t) + ωij(t, λj − χj(t))) dt

6

n∑

j=1

∞∫

x

vij(t− x)γij(t)dt+

n∑

j=1

∞∫

x

vij(t− x)(χj(t) + ωij(t, λj − χj(t))) dt

=

n∑

j=1

∞∫

x

vij(t− x)γij(t)dt+

n∑

j=1

∞∫

x

vij(t− x)(γ∗ηj − ϕj,γ∗(t) + ψj(t)

+ωij(t, λj − γ∗ηj + ϕj,γ∗(t)− ψj(t)))dt =
n∑

j=1

∞∫

x

vij(t− x)γij(t)dt+ γ∗ηi

−
n∑

j=1

∞∫

x

vij(t− x)(ϕj,γ∗(t)− ωij(t, λj − γ∗ηj + ϕj,γ∗(t)− ψj(t))) dt

+

n∑

j=1

∞∫

x

vij(t− x)ψj(t)dt 6 γ∗ηi − ϕi,γ∗(x) + gi(x) +

n∑

j=1

∞∫

x

vij(t− x)ψj(t) dt

= γ∗ηi − ϕi,γ∗(x) + ψi(x).

\[R ö�ú ��ø � ö�ú'÷�ø =	|�<UPHG�<K;�ó ]�;�:`MH:)=	|�<UP�:4?(��;�<	|A})EH:)=K;*}L?�<KS�;�:��'ë W
G�E�S�X���V {f (p)(x)}∞p=0

ó
f (p)(x) =

(f
(p)
1 (x), f

(p)
2 (x), . . . , f

(p)
n (x))T

�A~�<><K;�M��H<UP�<	|�ó�S�:4FCP>�
p→ +∞ :

lim
x→+∞

f
(p)
i (x) = fi(x), f(x) = (f1(x), f2(x), . . . , fn(x))

T ,

M�����]H<�~ M��H<UP�<	|A})E���B W
G�E�S�X���B
f(x),

?L=���|HGQG�=	|�:4?*��B vo�H����;�<>:>P�:�����ó�=dG�]H<K;�:*~ M��H<UP�<	|A})E�I�^
;�<>:��H<�~n	Ñé�vc���4=KEH:)=><	|A}�=KS�:4FO: � TAé�n�<K?*� ö =�~1é 	 ÷�÷ ó ÷�ú 
�ø G\P�:4?�|�<K;)?�:���B�<K;d=��H=K;�<�~�< ö�÷�ø é\[R ö�ú ��ø � ö�ú'÷�ø =	|�<UPHG�<K;%;���S�ej<�óH]�;�:y�A~�<K@A;1~�<>=K;�:�=	|�<UPHG�@Aat�H<
EH<�����?�<KEH=K;)?(� �

γ∗ηi − ϕi,γ∗(x) 6 fi(x) 6 γ∗ηi − ϕi,γ∗(x) + ψi(x), x ∈ R+, i = 1, 2, . . . , n.

St;)S�G\P>�'ó�G�]���;)Ig?(��B ö�÷�÷�ø � ö�÷���ø ó�94G\P�<�~ �A~�<K;*} �

lim
x→∞

fi(x) = 0.

m7��S��A~T:)9�����RO:*~1ó\=KG�a�<>=K;)?�:4?(��E��H<
�H<KZ�<KE���B
f ∈ L1(R

+)∩L0
∞(R+)

=��H=K;�<�~�I ö�÷�ø G�=K;���EH:4?�|�<KEH:	é B
dmS�:4E�XH<5���49):4;)InMH:OB�=KE��A~Q=KG�a�<>=K;)?�<KE�EH:)=K;*}hE���S�|>�\PHIg?(�4<�~�I�^�G�=	|�:4?*��VfG � G�G�G�ópÏ ø � Ý ø � ÷�ø � � ø é
��� �
	�� ��� � 	 ��
 h�=	|�:4?*��B�óoE���S�|>�\PHIg?(�4<�~�IJ<%E��dB�P�<���E�IJ<�W
G�E�S�X����

vij(t), i, j = 1, . . . , n,�A~�<K@A;%:>PHEH:4?*�H<�~�<KE�EH:©�`;�<U^-E���]H<>=KS���V�óA�q<>=K;�<>=K;)?�<KE�E�IgVf^;�H����S�;�<���é
m7��S�óoE���M����A~�<���óoP>��ej<c?¬|A��EH<KV�EH:*~
=	|HG�]��4<�ó'<>=	|A�lB�PA���dEH<c:)9H|>�\P>��@A;f=K?�:4VH=K;)?�:*~
EH<>:4;*���'ë

X���;�<	|A})EH:)=K;*��ó�;�:h=>:):4;)?�<K;�=K;)?)G�@Aay��Bd=��H=K;�<�~[�
?�:r~�EH:4F��-^%=	|HG�]���B�^�EH<��A~�<><K;jEH<>:4;*����X���;�<	|A})E�I�^
�H<KZ�<KE���V�é



� � � ���#����"��'$ �ç6���6 *5+ �O"#��� �'$�� 6���6 * � " - �'$ � 6 � 6
h�=	|�:4?*�H<çG�G ø �A~�<><K;`;�<U^-E���]H<>=KS���VL^;�H����S�;�<�� �LMH:4S��%E���~YEH<jG\P>��|�:)=�}¬��RO9-��?*��;*}�=CBl:4;_b>;�:4FO:G�=	|�:4?*��B�é&h�=	|�:4?*�H<kG�G�G ø =K?)B-R���EH:`=�M�����|�:Oej<KE���B�~�� ���4=>=�~[��;*����?(�4<�~�:4VQR��\P>�>]��lSsR��\P>�>]���~
W]�'ëR���]H<>=KS�:4VdS���EH<K;*��S���é;d b>;*�-^cR��\P>�>]��\^�ó�S���S%M�����?*��|�:	ó�B�P�<���E�IJ<tW
G�E�S�X����%:)9H|>�\P>��@A;�=K?�:4VH=K;)?�:*~

S�����;*��]�EH:)=K;*��é
��� �
	�� ��� � 	 � 
 SA=KEH:4?)E�IJ<uG�=	|�:4?*��B�ó�E���S�|>�\PHIg?(�4<�~�IJ< E�� W
G�E�S�X����

Ωij(t, y), i, j =
1, 2, . . . , n

ó�B-?�|HB-@A;�=CB_<>=K;�<>=K;)?�<KE�E�I5~��`P�|HBdMH:H|HG�]H<KE���B_=KG�~z~�����G�<�~�I�^¬�H<KZ�<KE���V_?c=	|�<UPHG�@Aat�-^
�4=KMH<KS�;��\^ �

÷�ø ;���S E���M����A~�<���ó�? =	|HG�]��4<�ójS�:4FCP>� E��H��G�Zy�4<K;�=CB G�=	|�:4?*�H< û�ø ö E�� W
G�E�S�X���� Gij(t, y),
i, j = 1, 2, . . . , n ø � Gij

R���?*�H=CB-; |A��Zt}l:4;
y,
;�:���R �H<KR>G�|A}\;���;�:4? ���49):4;)I 	 ÷�û�
 =	|�<UPHG�<K;�ó�]�;�:=>:):4;)?�<K;�=K;)?)G�@Aay��BQ=��H=K;�<�~[�`:)9H|>�\P>�4<K; ~�:4EH:4;�:4E�EH:q?�:4R����4=K;���@Aat�A~u:4F�����E���]H<KE�E�I5~ �H<KZ�<KE��H<�~

ö �H<KZ�<KE��H<
EH<
M�����E��\P�|�<Key��;dM��H:)=K;*����EH=K;)?)G L1(R
+) ø �

ú�ø �A~�<KE�EH:lG�=	|�:4?*�H< ~�:4EH:4;�:4E�EH:)=K;*� E��sW
G�E�S�X���V Gij(t, y), i, j = 1, 2, . . . , n
óz�

ωij(t, y),
i, j = 1, 2, . . . , n

ó�:)9)<>=KMH<K]���?(�4<K;�MH:H|HG�]H<KE��H<AEH<>:4;*����X���;�<	|A})E�I�^dEH<K;*����?*����|A})E�I�^ ö W]��R���]H<>=KS��-^ ø�H<KZ�<KE���V �
û�ø 9)<KRtG�=	|�:4?*��BæÝ ø E��
W
G�E�S�X���� ωij(t, y), i, j = 1, 2, . . . , n

ó4P>��ej<t=>:):4;)?�<K;�=K;)?)G�@Aay��By|A��EH<KV'ë
E���Bq=��H=K;�<�~[��EH<o~�:Oej<K;d:)9H|>�\P>��;*}d=KG�~z~�����G�<�~�I5~ �H<KZ�<KE��H<�~ �

� ø G�=	|�:4?*�H<©vo�H����;�<>:>P�:����QB-?�|HB�<K;�=CBs?`EH<KS�:4;�:��H:*~u=�~�IJ=	|�<c;�<U^-E���]H<>=KS��A~
G�=	|�:4?*�H<�~1óoS�:4;�:�ë�H:)<c:)9)<>=KMH<K]���?(�4<K;f?_P>��|A})EH<KV�Z�<�~
M��H<UP�<	|A})E�IgVlMH<��H<U^�:>PmMH:>PQR>E���S�:*~ ��E�;�<KF�����|>�'é8Zo��M����A~�<���ó
<>=	|A�LW
G�E�S�X����

Ωij(t, y)
ó
i, j = 1, 2, . . . , n

óHEH<KM��H<���Ig?)E�I MH:%=>:4?�:4S�G�M�EH:)=K;*�s=K?�:��-^��H��F>G�~�<KE�;�:4?
?cP>��E�EH:*~ ~�EH:Oej<>=K;)?�<�ó�;�:cb>;*�qW
G�E�S�X����f94G\PHG�;cG\P�:4?�|�<K;)?�:���B-;*}%G�=	|�:4?*��@lvo�H����;�<>:>P�:�����é

at?);�:���I
?)I�����e ��@A;d9H|>��FO:>P>�H��EH:)=K;*}¬�H<KXH<KE�RO<KE�;)G_R���MH:H|�<KR>E�IJ<
R���~�<K]���E���B�é

� 78*-�@>8��*�$�>8�

µ����A|QG��=� 1�� | ��
)Dd�#�I�&,[�G«��H�H��������«����,�&����µ�� <��A�H�������`] �z§��p� �����A,7� �8�H�ryoy�R'� <Eµ�@�·�ü�� <�´
C�µ
���¹����M
 �`%9G��=�#��
)(��#-d�0�7� �G�����"�]§¢�¢�-�����������H�H�����H���"¡¢�
���G�H�����	�¢�[��§��H«������H���,:;:��8�G���H� º ��§�������� <�����¹��*AZ´�� <µ�@�·�·�� <nx��XC�µGEPC�·��
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Ω,
:4F�����E���]H<KE�EH:4V :4;*�H<KR>S���~��

AA0, BB0, A0B0
M���B�~�I�^

x = 0,
x = l, y = h > 0

=>:):4;)?�<K;�=K;)?�<KE�EH:+M����
y > 0,

�N^;�H����S�;�<����H=K;*��S���~��
?�:H|HEH:4?�:4FO:+G;����?)EH<KE���B

AC : x+ y = 0, BC : x− y = l
M����

y < 0,
^;�H����S�;�<����H=K;*��]H<>=KS��LE���F���G�ej<KE�EH:)<�G;����?)EH<KE��H< 	 ÷ 


0 =

{
L1u ≡ uxx − uy + a1ux + c1u+ d1u(x, 0), y > 0,

L2u ≡ uxx − uyy + a2ux + b2uy + c2u+ d2u(x+ y, 0) + e2u(x− y, 0), y < 0,
ö�÷�ø

FCP�<
u = u(x, y) . EH<���R>?�<>=K;)E���BsW
G�E�S�X���B �

ai = ai(x, y), ci = ci(x, y), di = di(x, y), i = 1, 2
ó

b2 = b2(x, y)
ó
e2 = e2(x, y) .
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d1 = d2 = e2 ≡ 0
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d2 = e2 ≡ 0
MH:H|HG�]H<KE�E�IgVNM�����E�X���MNb>S�=K;*�H<�~�G�~[�LP�|HB E���F���G�ej<KE�EH:4FO:

F���MH<��H9):H|A��]H<>=KS�:4FO:AG;����?)EH<KE���Bh=>:4?)M��\P>�4<K;[=�M�����E�X���MH:*~fb>S�=K;*�H<�~�G�~[�watF�~�:4E�� . Zc���H<KEH9)<���F�� .
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E���B_?

Ω− é
hU����?)EH<KE��H< ö�÷�ø ? Ω− ?�^;�H����S�;�<����H=K;*��]H<>=KS��'ïdS�:):���PA��E���;���ï ξ = x+y

ó
η = x−y �A~�<><K;j?*�-P

vξη + pvξ + qvη + rv + λv(ξ, ξ) + µv(η, η) = 0, ö�ú�ø
FCP�<

4p = a2 + b2, 4q = a2 − b2, 4r = c2, 4λ = d2, 4µ = e2, v = v(ξ, η) = u(x, y),
�
Ω− ∪ ABMH<��H<KV-P�<K;%?�:)9H|>�4=K;*}

D = {(ξ, η) : 0 < ξ < η < l}.
� �8;�;A� Â _ �E 2��� �

v(ξ, η)
�ä"����� �����"�$ - �A
 - �����������

D
"����æ��$	�~�E #"���
�$~��$	���

(2)
�2


C(D)
*

 �� - 
��~����
 - "�� ��� ���� 2��� - 
����	�

vη ∈ C (0 6 ξ < η 6 l), vη(0, η) + p(0, η)v(0, η) 6 0. ö�û�ø
+�- ����� * �����	�

p
*
pξ
*
q
*
r
*
λ
�
µ
0#"��	$������~���ç���

C (0 6 ξ < η 6 l),

r1(ξ, η) 6 0, λ(ξ, η) 6 0, µ(ξ, η) 6 0, ö � ø

p1(ξ, η) +

ξ∫

0

[
r(ξ1, η) + λ(ξ1, η) + µ(ξ1, η)

]
q1(ξ1, η) dξ1 > 0, ö���ø

�����
r1 = rq1 − p1ξ, p1 = pq1, q1 = exp

∫ ξ
δ q(t, η) dt,

� - 0 - � - �ç�~��������$	/1�m�����2���2�� 2� �  	$	���	�	�
v(ξ, η)



D
� - ��������������� �m� - ����� - $�� - ��"���
��2�

0 6 ξ = η 6 l.

C
pj:4S���R���;�<	|A}�=K;)?�:©|�<�~z~�I ÷ M��H:4?�<UP�<�~ ~�<K;�:>P�:*~1ó�M��H<UP�|�:Oej<KE�E�I5~ ?�	 � ó�=�é ú�ú ��
 é�pj<KVH=K;)?*�'ë;�<	|A})EH:	ó)M�G�=K;*}

(ε, δ) . M��H:���R>?�:H|A})E�I5~m:)9�����RO:*~lW]��S�=����H:4?(��E�E���B�;�:4]�S��]��RJ:)9H|>�4=K;*�
D.

X�=	|A�
p?�:)9H|>�4=K;*�

D
�A~�<><K;�EH<KM��H<���Ig?)E�G�@ M��H:���R>?�:>PHE�G�@ MH:

ξ,
�
q
EH<KM��H<���Ig?)E��[?

D,
;�:[G;����?)EH<KE��H< ö�ú�ø?dS�|>�4=>=><�W
G�E�S�X���V

v = v(ξ, η),
�A~�<K@Aat�-^f?

D
MH<���?)IJ< �T?);�:���IJ<�=�~�<KZy��E�E�IJ<jM��H:���R>?�:>PHE�IJ<�ó

b>S�?*��?(��|�<KE�;)EH:�G;����?)EH<KE���@

(q1vη + p1v)ξ + r1v + λ1v(ξ, ξ) + µ1v(η, η) = 0

��|A�qE���F���G�ej<KE�EH:*~�G`G;����?)EH<KE���@ MH<���?�:4FO:cMH:���B�PHS��

q1(ξ, η)vη(ξ, η) + p1(ξ, η)v(ξ, η) +

ξ∫

ε

r1(ξ1, η)v(ξ1, η) dξ1

= q1(ε, η)vη(ε, η) + p1(ε, η)v(ε, η) −
ξ∫

ε

λ1(ξ1, η)v(ξ1, ξ1) dξ1 −
ξ∫

ε

µ1(ξ1, η)v(η, η) dξ1 ,

ö���ø

FCP�<
λ1 = λq1

ó
µ1 = µq1

ó
0 < ξ < η < l

é



��ú �  ����~��
%� 6 � 6
^
<��H<KM���Z�<�~ ö���ø ?�=	|�<UPHG�@Aa�<�~ ?*�-P�< �

q1(ξ, η)vη(ξ, η) =

ξ∫

ε

[
v(ξ, η) − v(ξ1, η)

]
r1(ξ1, η) dξ1 + q1(ε, η)

[
vη(ε, η) + p(ε, η)v(ε, η)

]

+

ξ∫

ε

[
v(ξ, η) − v(ξ1, ξ1)

]
λ1(ξ1, η) dξ1 +

ξ∫

ε

[
v(ξ, η) − v(η, η)

]
µ1(ξ1, η) dξ1

− v(ξ, η)

[
p1(ξ, η) +

ξ∫

ε

[
r(ξ1, η)q1(ξ1, η) + λ1(ξ1, η) + µ1(ξ1, η)

]
dξ1

]

=

ξ∫

ε

[
v(ξ, η) − v(ξ1, η)

]
r1(ξ1, η) dξ1 + q1(ε, η)

[
vη(ε, η) + p(ε, η)v(ε, η)

]

+

ξ∫

ε

[
v(ξ, η) − v(ξ1, ξ1)

]
λ1(ξ1, η) dξ1 +

ξ∫

ε

[
v(ξ, η) − v(η, η)

]
µ1(ξ1, η) dξ1

− v(ξ, η)

[
p1(ε, η) +

ξ∫

ε

[
r(ξ1, η) + λ(ξ1, η) + µ(ξ1, η)

]
q1(ξ1, η) dξ1

]
.

ö���ø

pj:4M�G�=K;*�A~n;�<KMH<���}2ó�]�;�:cMH:H|�:Oey��;�<	|A})E�IgV�~[��S�=��A~�G�~NW
G�E�S�X����
v(ξ, η)

óHB-?�|HB-@Aa�<KVH=CB �H<KF>G#ë
|HB���E�I5~ �H<KZ�<KE��H<�~QG;����?)EH<KE���B ö�ú�ø ó�? D P�:)=K;*��F��4<K;�=CB_?j;�:4]�S�<

(ξ0, η0), 0 < ξ0 < η0 6 l.
\[R ö���øM����

ξ = ξ0
ó
η = η0, ε→ 0,

�A~�<><�~

q1(ξ0, η0)vη(ξ0, η0) =

ξ0∫

0

[
v(ξ0, η0)− v(ξ1, η0)

]
r1(ξ1, η0) dξ1

+

ξ0∫

0

[
v(ξ0, η0)− v(ξ1, ξ1)

]
λ1(ξ1, η0) dξ1 +

ξ0∫

0

[
v(ξ0, η0)− v(η0, η0)

]
µ1(ξ1, η0) dξ1

− v(ξ0, η0)

[
p1(ξ0, η0) +

ξ∫

0

[
r(ξ1, η0) + λ(ξ1, η0) + µ(ξ1, η0)

]
q1(ξ1, η0) dξ1

]

+ q1(0, η)
[
vη(0, η) + p(0, η)v(0, η)

]
.

ö���ø

\[R ö���ø ó G�]���;)Ig?(��B�ó�]�;�: q1(ξ, η) > 0
ó7�mG�=	|�:4?*��B ö�û�ø �~ö���ø ó�MH:H|HG�]��4<�~1ó8]�;�: vη(ξ0, η0) < 0.

Z
:
b>;�:�M��H:4;*��?�:��H<K]���;d=iP�<	|>��E�EH:*~�G_P�:4M�G�a�<KE���@�ó-;���SqS���Sq?�;�:4]�S�<

(ξ0, η0)
MH:H|�:Oey��;�<	|A})EH:4FO: ~[��S'ë

=��A~�G�~[�
vη(ξ0, η0) > 0.

x[|�<UP�:4?(��;�<	|A})EH:	ó�MH:H|�:Oey��;�<	|A})E�IgV ~[��S�=��A~�G�~ W
G�E�S�X����
v(ξ, η)

?
DP�:)=K;*��F��4<K;�=CBf;�:H|A})S�:�E��c:4;*�H<KR>S�<

0 6 ξ = η 6 l. BatE���|�:4F���]�EH:cP�:4S���R>Ig?(�4<K;�=CB�ór]�;�:�M����qR���~�<KEH<
G�=	|�:4?*��B ö�û�ø |�<�~z~�I ÷ E���G�=	|�:4?*�H<
vη ∈ C(0 6 ξ < η 6 l), vη(0, η) + p(0, η)v(0, η) > 0,

:4;*����X���;�<	|A})E�IgV ~���E��A~�G�~ W
G�E�S�X����
v(ξ, η)

?
D

P�:)=K;*��F��4<K;�=CB ;�:H|A})S�: E�� :4;*�H<KR>S�<

0 6 ξ = η 6 l.dYM��H���49):H|A��]H<>=KS�:4VL]��4=K;*�
Ω+ =�~�<KZy��E�EH:4VT:)9H|>�4=K;*�

Ω
=KM�����?�<UP�|A��?(��=	|�<UPHG�@Aay��B¬|�<�~z~[�'é



��"��	$��	�	0������2���2�� 2���ñ�����c$�� ��"2 	�k��$	$ - � -  #"���
�$~��$	��� ���	0~�O"&� - � - �s0���"���� - �	��������� - � - ���	0�� ��û
� �8;�;A� � _ �E 2��� �

u(x, y)
� "����� �����"�$ - �!


Ω+ "����æ��$	�~�W #"���
�$~��$	���
(1)

�2

C(Ω̄+)

*  �� - �

��~����
 - "�� ��� ���� 2��� - 
�� � L1u > 0 (6 0)

*
a1(x, y), c1(x, y), d1(x, y) ∈ Ω

+ �
c1(x, y) + d1(x, y) < 0, d1(x, y) > 0. ö���ø

+�- �����E0 - � - �ç�~��������$	/1�æ�����2���2�� 2�
(
- ��"���������������$	/1�æ�5�	$	�2�� 2�

)
�  	$	���	�	�

u(x, y)


Ω

+ � - �k���� - ��������������� �m� - ����� - $��
AA0, AB, BB0.

C
pj:4S���R���;�<	|A}�=K;)?�:c|�<�~z~�I

2
M��H:4?�<UP�<�~ ��E���|�:4F���]�EH: 	 � ó�=�é ú ��û�
 é�pj:)=K;���;�:4]�EH:AP�:4S���R���;*}c|�<�~Më~�G ú P�|HB_=	|HG�]���BdMH:H|�:Oey��;�<	|A})EH:4FO:1~[��S�=��A~�G�~[�'ó-;���S`S���S`=	|HG�]���V`:4;*����X���;�<	|A})EH:4FO:1~���E��A~�G�~[�=K?�:>PA��;�=CB�ShEH<�~�G�R���~�<KEH:4V

u
E�� −u é�^[G�=K;*}U�H<KZ�<KE��H< u G;����?)EH<KE���B L1u = 0

P�:)=K;*��F��4<K;[MH:H|�:Oey�'ë
;�<	|A})EH:4FO:o~[��S�=��A~�G�~[�
?�;�:4]�S�<

(x0, y0) ∈ Ω+ é*Z
<>:)9>^�:>PA�A~�:)<AG�=	|�:4?*�H<5~[��S�=��A~�G�~[��W
G�E�S�X���� u ?;�:4]�S�<
(x0, y0)

�A~�<><K;�=	|�<UPHG�@Aat��V_?*�-P �
ux = 0

ó
uy = 0

ó
uxx 6 0

é;^c����E��A~[��B_b>;�:h?�:h?)E��A~[��E��H<�ó
��R ö�÷�ø E��\^�:>PA�A~

c1(x0, y0)u(x0, y0) + d1(x0, y0)u(x0, 0) = −uxx(x0, y0) > 0.

xnPA��G�FO:4Vf=K;�:��H:4E�Iñó�=[G�]H<K;�:*~ ö���ø ó�MH:H|HG�]��A~
c1(x0, y0)u(x0, y0) + d1(x0, y0)u(x0, 0) = c1(x0, y0)u(x0, y0) + d1(x0, y0)u(x0, 0)

+ d1(x0, y0)u(x0, y0)− d1(x0, y0)u(x0, y0)

= [c1(x0, y0) + d1(x0, y0)]u(x0, y0)− d1(x0, y0)[u(x0, y0)− u(x0, 0)] < 0.

^
:H|HG�]H<KE�EH:)<
M��H:4;*��?�:��H<K]��H< . �H<KR>G�|A}\;���;�EH<K?�<���EH:4FO:�P�:4M�G�a�<KE���B�ó��
(x0, y0) 6∈ Ω+ é�hA;)?�<��'ë

e�P�<KE��H<�ó[]�;�: ;�:4]�S�� ~[��S�=��A~�G�~[� EH<+M�����E��\P�|�<Key��;
A0B0

ótP�:4S���R>Ig?(�4<K;�=CB ;���S�ej<�ó
S���Sl� ?
=	|HG�]��4<�ó!S�:4FCP>�

y0 < h,
EH:m=f;�:4V |A��Zt} ����R>E���XH<KV�ó2]�;�:QEH<>:)9>^�:>PA�A~�:)<sG�=	|�:4?*�H<Tb>S�=K;*�H<�~�G�~[�

uy(x0, y0) = 0
M����

y0 < h
R���~�<KE�B�<K;�=CBqG�=	|�:4?*�H<�~

uy(x0, y0) > 0
M����

y0 = h.St;-~�<K;*�A~1ó�]�;�:TR���~�<KE��
u = v exp(αy),

FCP�<_MH:)=K;�:OB-E�E���B
α > 0,

M�����?�:>PA��;sSmG;����?)EH<KE���@
?*�-P>�

L1v = 0
=tS�:4bOW�W]��X��H<KE�;�:*~QM����

v
ó-����?)E�I5~

c1 −α
ó-�dS�:4bOW�W]��X��H<KE�;�:*~mM����

v(x, 0)
ó�����?pë

E�I5~
d1 exp(−αy)

éAX�=	|A�fW
G�E�S�X����
c1
�
d1
EH<KM��H<���Ig?)E�I
?cR���~�IgS���E����

Ω
ó�;�:�M����`P�:)=K;���;�:4]�EH:

9):H|A})Zt�-^
α
b>;�:4;�S�:4bOW�W]��X��H<KE�;hM����

v
=K;*�H:4FO:h:4;*����X���;�<	|�<KE�ó�S��H:*~�<J;�:4FO:	ó(~�:OecEH:hMH:>P�:)9�����;*}

α;���S��A~N:)9�����RO:*~1ó�]�;�:)94I
?)IgMH:H|HE�B;|�:)=�}
c1(x, y) − α+ d1(x, y) exp(−αy) < 0. B

po|HB`G;����?)EH<KE���B ö�÷�ø �A~�<><K; ~�<>=K;�:�=	|�<UPHG�@Aat��V`M�����E�X���M ~[��S�=��A~�G�~[�'é
� �@B�>8�8;A� Â _ �E 2��� �
1) u(x, y) ∈ C(Ω̄)∩C1(Ω)∩C2(Ω−)∩C2

x(Ω
+)
*
u(x, y)

 �� - 
��~����
 - "������1$~�O"���
'��$~����
� 
L1u > 0


Ω+,
�
L2u 6 0



Ω− * �#" - ���ñ� - � -�* �  	$	���	��� u(x, y)|AC = 0

� - �������������k��
 - �~����
 - �
(
∂

∂y
− ∂

∂x

)
u ∈ C

(
Ω
− \ AB

)
;

2)


Ω
− � - � � � ���	�~��$~��/

a2, b2 ∈ C1(Ω
−
), c2, d2, e2 ∈ C(Ω

−
),
�ç �� - 
��~����
 - "�� � �E 2��� - 
����	��~���,�5/

1;
3)


Ω
+ � - � � � ���	�~��$~��/

a1, c1, d1
$~��0#"��O"�/1
�$	/S�f �� - 
��~����
 - "�� � �ñ 2��� - 
����	�]�~���,�5/ 2

6
+�- ����� �  	$	���	���

u(x, y)
��
 - �L0 - � - �ç�~��������$	/1� �����2���2�� 2�?


Ω
0#"��	$	�2�������\$�� - ��"���
��	� �

AA0
�
BB0

6
C
\[R |�<�~z~�I ÷ =	|�<UPHG�<K;�ó2]�;�:lW
G�E�S�X���B u(x, y) =K?�:4VNMH:H|�:Oey��;�<	|A})E�IgV ~[��S�=��A~�G�~ ?

Ω
−

M�����E��A~[�4<K;%?c;�:4]�S�<
(x0, 0)

:4;*�H<KR>S��
AB

ó-M�����]H<�~ ?�;�:4]�S�<
MH:H|�:Oey��;�<	|A})EH:4FO:¬~[��S�=��A~�G�~[�
ν(x0) > 0, ö�÷���ø

FCP�<
ν(x) = uy(x, 0)

é



� � �  ����~��
%� 6 � 6
d

Ω
��R |�<�~z~�I ÷ �j|�<�~z~�I ú M���� ?)IgMH:H|HEH<KE����DG�=	|�:4?*��V ;�<>:��H<�~�I ÷ =	|�<UPHG�<K;�ó�]�;�:mMH:�ë|�:Oey��;�<	|A})E�IgV ~[��S�=��A~�G�~ W
G�E�S�X����

u(x, y)
~�:Oej<K;lP�:)=K;*��F���;*}�=CBY;�:H|A})S�:lE��s:4;*�H<KR>S��\^

AA0
ó

BB0
ó
AB

é ^
:4S���ej<�~ ;�<KMH<���}2ó�]�;�:lP�|HBYW
G�E�S�X����
u(x, y)

|H@[9-��BN?)E�G�;*�H<KE�E�B-BY;�:4]�S��
(x0, 0):4;*�H<KR>S��

AB
EH<¬~�:Oej<K;l94Ig;*}L;�:4]�S�:4V MH:H|�:Oey��;�<	|A})EH:4FO: ~[��S�=��A~�G�~[�'é[d =���~�:*~uP�<	|�<�ó8?L=���|HG

EH<KM��H<���Ig?)EH:)=K;*�nM��H:���R>?�:>PHE�I�^
ux, uy, uxx

��RdEH<�����?�<KEH=K;)?(�
L1u > 0

~�I ~�:Oej<�~ MH<��H<KV�;*�+S
M��H<UP�<	|HG_M����

y → +0

τ ′′(x) + a1(x, 0)τ
′(x) + [c1(x, 0) + d1(x, 0)]τ(x) − ν(x) > 0, ö�÷�÷�ø

FCP�<
τ(x) = u(x, 0)

éH\[R ö�÷�÷�ø ?A=���|HG
G�=	|�:4?*��V ö���ø |�<�~z~�I ú ?t;�:4]�S�<!MH:H|�:Oey��;�<	|A})EH:4FO:]~[��S�=��A~�G�~[��A~�<><�~
ν(x0) < 0,

]�;�:AM��H:4;*��?�:��H<K]���;
EH<�����?�<KEH=K;)?)G ö�÷���ø ó4:4;)S�G\P>�A=	|�<UPHG�<K;�ó)]�;�:[W
G�E�S�X���B u(x, y)EH<5~�:Oej<K;hP�:)=K;*��F���;*}jMH:H|�:Oey��;�<	|A})EH:4FO: ~[��S�=��A~�G�~[�
?�:
?)E�G�;*�H<KE�EH<KVd;�:4]�S�<
(x0, 0)

:4;*�H<KR>S��
AB

é
m7��S��A~ :)9�����RO:*~1ó�M���� ?)IgMH:H|HEH<KE����NG�=	|�:4?*��Vn;�<>:��H<�~�I ÷ MH:H|�:Oey��;�<	|A})E�IgV ~[��S�=��A~�G�~ W
G�E�S'ë
X����

u(x, y)
~�:Oej<K;dP�:)=K;*��F���;*}�=CBL;�:H|A})S�:dE��%:4;*�H<KR>S��\^

AA0
�
BB0

óH]�;�:©�T;*�H<>9):4?(��|�:)=�}dP�:4S���ë
R���;*}2é

B\[R�;�<>:��H<�~�I ÷ |�<KF>S�:�MH:H|HG�]���;*}
" 4��45���*-��78� Â _ �E 2��� �
1)

�/10 - �	$~��$	/  2��� - 
����

1)
��� - "����5/

1;

2)


Ω
+ � - � � � ���	�~��$~��/

a1
*
c1
*
d1
$~��0#"��O"�/1
�$	/S�î
�/10 - �	$�� � ��� �c 2��� - 
���� (9);

3)


Ω
− � - � � � ���	�~��$~��/

a2, b2 ∈ C1(Ω
−
), c2, d2, e2 ∈ C(Ω
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