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O MMPOJOJIZKEHNN MAXKOPUPYEMBIX OIIEPATOPOB YPBICOHA!

H. M. Abacos, M. A. Ilaunes

Aunexcandpy Edumosuny l'ymmany
K €20 NAMUIECAMUAETIUIO

B pabore u3sygaerca nporesypa IPOJOIKEHIS OPTOTOHAJIBHO AAUTHBHOIO OTOODAXKEHUSI, MAasKOPUpye-
MOTO JIaTe€paJbHO HEIIPEPBIBHBIM OII€PATOPOM, € JIATEPAJIBPHOTO HIeasa Ha Bce MpocTpaHCTBO. llokazaHo,
YTO LIPOJOJI2KEHHBIE OPTOIOHAJIBHO a/IIMTUBHBIN OLIEPATOP HBJILAETCH MAaKOPUPYEMbBIM U COXPaHHAeT jiare-
PaJIbHYIO HELIPEPbIBHOCTD.

KurodeBrbie ciioBa: BeKTOPHAA PELIETKA, PEIIeTOYHO HOPMUPOBAHHOE IIPOCTPAHCTBO, MAaYKOPUPYEMBII
omepaTop Y PBICOHA, JATEPAJLHBIN MIeaJI, JIATePaIbHO HeIIPEPBIBHBIN OIlepaTop.

BBenenue

OpTOFOHa.HbHO AJJAUTUBHBIC OIIEPATOPbI B BEKTOPHbLIX DEIICTKAaX BIIEPBbLIC II0IIAJIN B 110J1€
3peHns uccaenosareneit B zadane 90-x rogos mporwtoro Beka |1, 2|. Ilosxke B paborax [3-5|
KOHIIENIMsT OPTOTOHAJIBHON a/IMTUBHOCTU Oblia 00001eHa Ha 0TOOpasKeHus, 3a/IaHHbIE B Pe-
IETOYHO HOPMUPOBAHHBIX IIPOCTPAHCTBAX. B HACTOsIIEE BpEMs TeOpHsi OPTOrOHAJIBLHO a/1JI1-
THUBHBIX OIEPATOPOB SBJISIETCSA aKTUBHOI 06/IACTHIO (PYHKIMOHATBHOTO aHan3a |6—13].

1. IlpenBapuTesibHbIE CBEAECHUS

3/mech MBI TIPUBEIEM HEKOTOPBbIE TPEIBAPUTENbHBIE CBEIEHUs, HEOOXOINMBbIE i JaJlb-
ueiimiero. ey nacrosiero naparpada — 3adukCcupoBaTh TEPMUHOJIOIHUIO, 0003HAYEHUS U
BBeCTH Tpebyemble MOHATHSA. Bce HEOOXOMMble CBEJIEHHsS O BEKTOPHBIX PEIIeTKAaX U pele-
TOYHO HOPMHUPOBAHHBIX IPOCTPAHCTBAX MOXKHO Haiitu B [14, 15].

Bce BEKTOpHBIE PEIIeTKH, PACCMAaTPUBAEMbIE HUXKE B TEKCTE, ABJISAIOTCI ApPXUMEIOBBIMU, &
PEIIeTOYHO HOPMUPOBAHHBIE TPOCTPAHCTBA, — PA3JIOKUMBIMUA. DJIEMEHT Y PEIIETOYHO HOPMHU-
posauuoro npocrparctsa (V, E) HazbiBaeTcs ockoarom syementa x € V., ecan |y| L | — yl.
Banuck y C = Beipaxkaer ToT (pakT, 9T0 Y — OCKOJIOK T. MHOKECTBO BCEX OCKOJIKOB 3JIEMEHTA
 0603Ha4YAETCSA Yepes F .

Ilycte E u F' — BekropHbie penierku. OPToroHajbHO ajuTuBHbIi oneparop 1T : E — F
Ha3BIBACTCS: NoAodcumesvhvim, ecian T'x > 0 B F s nroboro x € E; nopadkoso oepanusen-
Howm, ecan T orobpazkaeT HMOPsIKOBO OrpaHUYeHHbIE MHOXKeCTBa B F B HOPSIKOBO OIpDAHI-
4eHHble MHOXKeCTBa B F.

© 2016 Abacos H. M., Iliames M. A.
L PaGora soiossena upu dpunancosoii nopuepxke Poccuiickoro dbonsa dyHiaMenTaibHbIX UCCIe10BAHMIA,
mpoexT Ne 14-01-91339 _HHIO-a.
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IlopsaakoBo orpaHWvYeHHBIH, OPTOTOHAJIBLHO AJIUTUBHBIN omepatop 1' : F — F Ha3wl-
BAaeTCs abCmparmmvim onepamopom Ypoicona. BekTopHOe MpPOCTPAHCTBO BCeX abCTPAKTHBIX
orepatopoB Ypoicona u3 E B F o6osnauaerca uepes % (E, F).

Ilycts E — BekTopHas perierka u X — BEKTOpPHOE IpoCTpaHcTBO. OpTOroHasbHO a//Tu-
tusnblit oneparop T : E — X nazwiBaercs uemuoim, ecau T'(x) = T(—x) pnas moboro x € E.
Eciu E, F — BeKTOpHbBIE DEIIETKH, TO MHOYXKECTBO BCEX YETHBIX aOCTPAKTHBIX ONEPATOPOB
Ypoicona uz E B F obo3nauaercs uepes Z°V(E, F). Ormerum, 4ro B C/aydae 1OPsAIKOBOI
HOJIHOTBI BEKTOPHOH pemmerku F npocrpancrso % ¢V (E, F') oriudHo o myna. Cornacro |1,
upeuiozkenne 3.4] jna moboro T' € % (E, F') cymecrsyer gernsiii oneparop T' € USY(E, F'),
3aJ@auublil popmysioii

Tf =sup{|T|g: |g| < |fI}-

Jlemma 1.1 |11, nemma 3.2|. Ilycre E, F' — BekTopHDIE pereTkn u pemierka F' nopsgkoBo
mosnna. Torna %V (E, F) — nopsikoBo mosiHas BeKTopHas mojperierka B % (E, F).

Mycrs (V, E) u (W, F) — pemerouno HopMuposanubie npocrpancrsa. Oueparop T : V' —
W masbIBaercs opmozonasvro addumuenvim, ecan T(u+v) = Tu+ Tv ansa aobbix u,v € V,
u 1 v. OproronajnbHo ajyurtuBHbI omeparop 1 : V. — W Ha3blBaeTCsi MaAACOPUPYEMBIM
onepamopom Ypuicona, ecu cymecrsyer S € %V (E, F) raxoii, aro |Tv| < S|v| ama moboro
v € V. B arom citydae ropopsr, 910 S — maoicopanma st T. MHOXKECTBO BCEX MaXKOPaHT
onepartopa 1" obo3znavaercs depe3z Domin(7"). Eciau B muoxectse Domin(7") cymmectByer Han-
MEHBIIUI 3/1eMeHT OTHOCHTEIBHO MOPsIKa, HHynuposantoro u3 % (E, F), To oH Ha3bIBa-
ercsa Haumervuwed nam moynot maxopauroit T u obosnavdaercsa uepes |T'|. Muoxecrso Beex
MazKOpUPYeMbIX orepaTropos Ypbicona u3 V B W obosnauaercs uepes Py (V, W).

ITpumMEP 1.2. Ilycts X, Y — nHopmupoBanHble npocTpaHcTBa. PaccMoTpum pererovuHo
Hopmuposanuble npocrpancTea (X,R) u (Y,R). Torma orobpaxkenune T : X — Y npunasje-
xkur Zy(X,Y) Torga u Toabko Toraa, Korjaa cymecrsyer yernas gyunkums f 1 R — Ry rakas,
qro f(0) = 0, muoxecrso f(D) orpanundento B R jyist 1106010 0OrpaHUyeHHOIO 110MHOXKECTBA
D C R u pig soboro x € X somosagerca Hepasenctso ||Tx| < f(||z]).

ITpuMEP 1.3. Ilycts E, F' — BekTopHbIE pemieTku u pererka F' nopsakoso mojna. Pac-
CMOTPHM DEIIeTOYHO HOpMupoBaHHbIe npocrpancTsa (F, E) u (F, F), rje BeKropHas HOpMa
coBraaer ¢ MoysaemM. MOKHO noKasaTh, 410 BekTopHble npocrpancrsa Yy (E, F) u % (B, F)
conaaoT. JeiictBuresmsno, eciu T € Yy (E, F), 1o cymectsyer S € %" (E, F') raxoii, 410
|Tz| < S|z| pgna mo6oro x € E. Caenosarensno, oneparop 1 mopsijikoBo orpanuden. Ecju
xe T € % (E,F), to cormacuo |1, npexnoxenne 3.4 cymecrsyer S € % (E, F) Takoii, 4To
Tf1 < S() < S(f)) u T € Du(E, F).

2. IlponosizkeHe Ma>k0pupyemMoro ormneparopa ¥y pbICOHA

Eciu pig jinneiiHOro MakOpupyeMoro orneparopa B PEmeTOvYH0 HOPMUPOBAHHOM IIPOCT-
DaHCTBE €CTeCTBEHHOl 00J1acThio onpejiesienus spjsercs (bo)-umgeas, TO Jyisi OPTOrOHAIBHO
AJJUTUBHOTO OIIEPATOPa TaKO# 00/1aCThIO SABJISIETCS B ODIIEM CJlydae HEJUHENHOE MHOYKECTBO,
obJ1aarornee HEKOTOPOI crrennduaecKoil CTpyKTypoit. Jlagmm TodHOoe ompeeeHue.

IlommuoxkecTBO D perieToyHo HOPMUPOBAHHOI'O MPOCTPAHCTBA V' HA3BIBAETCH AGIMEPAAD-
HOLM UOEANOM, €CJIU BBIIOJHAIOTCS Caeytomme yeaosust: 1) ecim € D, roy € D st 1106010
ye Fp;2)ecmax,ye D, x Ly rox+yeD.
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[IpuBeseM HEKOTODBIE TIPHMEDHI.
I[MpumeP 2.1. Ilycre V' — pemerouno mopmuposannoe npocrpanctso. Kazxpiii (bo)-

naeaJl B V asnsercs JIaT€PAJIbHBIM HJIEaJI0OM.

IIpumMEP 2.2. Ilycrs V — pemerouno mopmupoBanuoe npocrpanctso u x € V. Torpa
Fx — 310 JarepasbHblil uneasn. leiicreurensho, nycrs y =z u z C y. Torpa |z —y| L |y|
ly — z| L |z|. Janee umeem

|z =2l ALzl =z —y+y—zInlzl < (|2 =yl + |y — 2]) Al
Slz—ylAlzl+ 1y =z Azl < |z =yl Ayl + |y — 2zl A |z] = 0.

IIycte Temeps y1 C 2, y2 C o 1 y; L y2. Torma cupaBeqiuBbl COOTHOIIEHNS

|z —y1 — y2l Ayl < (Iz = yal + ly2l) Ayl <o =yl Alyal + ly2l Alyal = 0;
|z — y1 — vl Alyal < (12— g2l + lyal) Alyal <1z — g2l Alyzl + lyal Alyzl = 0;
|z —y1 — vl Ay + 2l =2 —y1 — 32| A (|y1| + |y2|) =l —y1 -yl A (|yl| \/|y2|)
= (lz—y1 — w2l Alyil) V (lz — 1 — y2l Alyal) = 0.

ITpumeP 2.3. Ilycts V, W — pemerouno HOpMupOBaHHBbIE HpocTpancrsa u 1 €
Dy (V,W). Torga R := {x € V : Ta = 0} — narepasbubiii ugean 8 V.,

Jlemma 2.4. Ilycts (V,E) — pemerouno HOpMHpOBaHHOE mpocTpaHcTtBo u D C V.
Eciim D — parepasibubiii wigeag B V', TO JiarepajbHbIM HjeajoM B F 6yner MHOKeCTBO
|D| := {l|z| : « € D}.

< Iycrs e; = |agl, i € {1,2}, tae x1,22 € D n e L ey. Torpa

er +ex = 21|+ |22 = [21 + 22| € | D]

[Iycrs reneps e = |x| € |D|lu f C e. Torma |z| = f + (|Jz] — f), u, Bocnonb3oBaBmucn
Pa3JI0KUMOCTBIO BEKTOPHON HOpMBI B V', HaiijieM Takue 3JeMeHThl X1,To € V, urto |x1| =
fi lx2] = |x|—f. Torpa z1, x2 — OCKOJIKM 3j1€MEHTA, X, ¥ B CUJLY TOTO, 4T0 D — jrarepanbHblii

ujea moaydaeM i, re € D u, caepoarenbuo, f € |D]. >
Cuesryronias TexHuveckas jeMma Oy/1eT ucro/ib30BaHa HUZKe.

JIlemma 2.5. Ilycrs (V, E) — pemierouno HOpMHPOBaAHHOE IPOCTPAHCTBO U D — jtarepaJib-
et maean B V. Torpa mig moboro x € Vo mHOkKecTBO F; N D HanmpapaeHO BBEPX OTHOCH-
Te/IbHO OTHOIIEHHS MOPsIKa L.

< Iycrw x1,20 € F, N D. Torna |x1], | 22| € ﬁ’m N|D|. Dnementsr |x1| u |x2| — (|x2| A
|a;2|) SIBJIAIOTCS B3aUMHO JIU3bIOHKTHBIMU OCKOJIKaMU ||, IpuHa IesKaiuMe JIaTepaJIbHOMY
upeany |D|, B cuy vero |z1| + |z2| — (|z2] Alz2]) € 12| N ID], u naiperca raxoit snement
y € F,ND,uro x; Ty, i€{l,2}. >

Paccmorpum permerouno HopmupoBaruoe npoctpancTo V. IMoamuoxkecrso D C V HasbI-
BAETCH AAMEPAALHO a00UMUESHbIM, €CITA JJid JII00bIX ¢,y € D takux, uyro x L y, ux cymma
T + Yy TakxKe IPUHAIERUT D.

Ilyctp V' — perieTouno HOpMUPOBAHHOE IIPOCTPAHCTBO, [ — jlaTepajbHO aJJIMTUBHOE 10~
MHOkKeCTBO V u X — jieficTBuTe/ibHOE BEKTOPHOE npocrpancTeo. Orobpaxenue T: D — X
HA3BIBACTCH 0pmozonasono addumuenom, ecna T(xz +y) = T(x) + T(y) g n00bIX 1U3b-
IOHKTHBIX 9j1eMeHTOB &,y € D. Ilycrs teneps (W, F) — pemierousHo HOPMUPOBAHHOE I1PO-
CTPAHCTBO HAJI MOPSIIKOBO TOJHON BEKTOPHON pererkoit F' m D — narepaabHO aganTHUBHOE
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noamuoxkectso B (V) E). Oproronasnbuo agaurusaoe orobpaxkenue T: D — W nHasbiBaer-
sl mMadicopupyemvim, e Haigercs ouneparop S € %Y (E, F') rakoit, uro |Tz| < S|z| aus
Jsioboro z € D.

Mycrs (V, E) — pemerouno nHopmuposanuoe npocrpanctso. Cerb (Zg)acp C V' HazbI-
BaeTCA Aamepasvno crodauetica K x € V, ecmn x4 C x5 C 2 1714 JT100BIX HHAEKCOB v < [ 1

bo lat
To — x. B aTOoM cayuae 6ymem mucarb T, — .

Mycrs (W, F) — apyroe pemero4no HOPMUPOBAHHOE MPOCTPAHCTBO. OPTOroHaJbHO aI-
muTuBHBIA omepatop 1’ : V. — W HasbIBaeTCs Aamepasvro HenpepuleHvim (O -aAamepaibHo

lat lat bo
HENPEPLIGHBIM), €CIA W3 COOTHOIIEHus T, — & (r, — ) caexyer, aro Tx, — Tx

(T'zy, bo, Tz).
Cdopmysiupyem renepb OCHOBHOMN pe3yJibral CTaTbu.

Teopema 2.6. Ilycre (V,FE) — pemerouno Hopmupopanuoe npocrpanctso, (W, F) —
npocrparcTBo Banaxa — KaaTopoBmda HaJl IOPsIIKOBO IOJHOH BEKTOPHOH pererkoir F
D — jrarepaspupiii wiean 8V ul : D — W — oproroHa/ibHO aJJHTHUBHOE OTOOpAaXKe-
HHE, MaXKOPUPYEMOE JIATEPAJIbHO HEIIPEPBIBHBIM (0 -/1aT€PAaJIbHO HEIIPEPHIBHBIM) OHEPATOPOM
S € (L, F). Torpa cymecrByer MaxxOpUPyeMblii, JIATEPaIbHO HEIPEPHIBHBLE OLepaTop
YpbIcoHa TD € 9y(V,W) rakoii, uro fDx = Tx grs jgroboro x© € D.

<1 Bajajum 0TobparkeHue Tp:V W dopmyoit

Tpz = bo-lim Ty. (1)
yEFzND
[Mokazkem, uro orobpazxenue (1) 3azano koppekrao. B cusy siemmbl 2.5, muokecTBo %, N D
HAILIPABJIEHO BBEPX M MOXKeT ObITH HPEJCTABICHO KAK (To)acA, I1€ To & 2g, a0 < fu A —
HEKOTOPOe MHJIEKCHOE MHOXKeCTBO. HamoMHuM HEKOTOpbIe mosIe3HbIe (hOPMYJIBL:

(l‘g—l‘a)J_IL‘a; |$B|:|xﬁ_l‘a|+|$a|§ SlIL‘BI:SlIL‘B—l‘aI-{—Sl:L'al.
Tenepb BOCIOJIB3YEMCS CIELYIONUMME OLEHKAMMU:
|Txg — Tao| =T (xg — xa)| < S(lxg - xal) = (SI:L"/jI - Slxal) -5 0.

Taxum 06pazom, cerb (TZq)aca (bo)-dyHmavenranbua u B cuty n0gHOTH npocrpancrea W
CXOZUTCA K eJMHCTBeHHOMY Tipesiety B W. YCTaHOBUM OPTOTOHATBHYIO aJTATHBHOCTD 0TG-
paxenust Tp. Bosbmem npousBosibHble 9j1eMeHTh! U1, V2 € V., v1 L v, mnycts y € Fyy, 44, ND.
Torma moxkem mamucats |y| C (|ug]| + |ve]), u cormacno gexkommosunmonnoit lemme Pucca u
Tomy daxty, uro |D| — narepanbubiii uaean, naitayrcs eq, es € | D| rakue, aro |y| = e + eo.
B cuy pasio:KuMocTi BEKTOPHOI HOpMBI B V' 1 Toro dakra, uro D — jiaTepa/bHblii ujeas
B V, cymiecTByloT 3Jj1eMeHThI Y1,Y2 € D Takue, uro y = y1 + Y2 u y1 L ys. Takum obpaszom,
JI000i1 OCKOIOK Y € Fyy, 4o, N D mpeacraBisgercs B BUJe CyMMBI OCKOJKOB Yy € F, N D,
Yo € Fy, N D. Scro, 910 CyMMa JBYX OCKOJIKOB YKA3aHHOTO Buja OyJeT OCKOJKOM BHJIA
Y € Fyjtv, N D. Tak xak Ty = Tyy + Tya, 10, n€pEXO/a K 1peEJey B NPaBoil u JeBoi
YaCTAX [0 BCEM OCKOJKAM Y € Fy 14, N D, nomyuaem, aro Tp(v; + ve) = Tpvr + Tpue,
YCTaHABJIMBAg TE€M CaMbIM OPTOIOHAJILHYIO aJIMTUBHOCTL onepatopa Tp. Ilycrs Teneps @ —
IPOU3BOJIbHBIA 3steMentT V u y € %, N D. MaxkopupyemocTs onepatopa 1p BbITEKaeT U3 Olle-
nok |Ty| < Sly| < S|z|. Tlepexons x upesesny B eBoit yacTu 110 BeeM OCKOIKaM Y € F, N D,
nonydaeM |Tpz| < S|x| ana nmoboro x € V.

TloKarkeM, HAKOHeIl, UTO 1 sB/ISIeTCS JIATEPA/IbHO HELHPEPBIBHBIM OLEPATOPOM, O-Hell-
PEPBIBHOCTH JOKA3BIBAETCST AHATOTUIHO. BO3bMeEM JIaTepalIbHO CXOMSIIYIOCST CeTh (Vg )aecA C
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lat
V' rakyto, uro v, —> v. Torga moxkeMm HANMUCATH

|Tpv — Tpval = 1T (v — va)| < Slv —val = S(|v] — [val) = (S]v| — Slval) —= 0,

7 JlaTepajbHAs HEMPEPBIBHOCTE omnepaTropa Ip yCTaHOBJIEHA. [>
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ON EXTENSION OF DOMINATED URYSON OPERATORS
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We investigate the procedure of extension of a dominated orthogonally additive map dominated by
a laterally continuous operator from laterally ideal to the whole space. It is established that such operator
admits an extension that is dominated and laterally continuous.
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O CYHECTBOBAHIY BA3UCA B JIOIIOJIHAEMOM IIOANIPOCTPAHCTBE
SAJEPHOT'O ITIPOCTPAHCTBA KETE U3 KJIACCA (d2)

A. K. Ipouos

B pabore mano noxa3aTeabCTBO CyIIeCTBOBAHUSA 0A3MCaA B IIPOU3BOJIBLHOM JOIIOIHSIEMOM IOAIPOCTPAHCTBE
anepuoro upocrpancrsa Kére u3z xiuacca (d2). ITokasano Takzxe, 9ro B 11000M TaKOM HNOAIPOCTPAHCTBE
cymecTByeT 06a3uC, KBA3UIKUBAJICHTHBINA 4acTH 0a31ca OPTOB.

KuroueBsbie ciioBa: runoresa Ilesruunckoro, npocrpancrso Kére, 6a3uc, J1010/1HA€MOe IIOAIIPOCTPAHCTBO,
KOHYC, HHTEPIIOJISITINS.

Beenenune

B 1970 r. A. IlequmnackuM 6bL1a chopMySIupoBaHaA THIIOTE3a O CYIECTBOBAHWN Oa3mca
B JIOLOJIHSIEMOM 1IOJLIPOCTPAHCTBE sijiepHoro npocrpancrea Ppeme ¢ 6asucom [15]. B cu-
sy Teopembl [pmunna — Muraruna o6 abcorornom 6asuce [16| sTa rumoresa SKBUBAJICHTHA
YTBEPXKJIEHUIO O TOM, YTO JONOJHIAEMOE MOAIPOCTPAHCTBO mpocTpaHcTBa Kére Toxe siBjis-
etcs npocrparcTeoM Kéte. [lo cux mop ara mpobieMa oCTaeTcst OTKPBITON, XOTs OHa ObLIa
IOJIOZKUTEJIbHO PEllCHa JAJid MHOTUX YaCTHbIX CJIy4daeB. HpI/I 9TOM IIPUMEHAJICA MHTEPIIOJIA-
monnblit Metox Murarnna — Xenkuna [13] u meron mekomnosurmu Porra [17|. Taxzke mpu
Pa3/IMYHBIX JIONOJHUTE/IBHBIX yCJIOBusgX HA Marpuily Kére, b0 HA JIOMOJTHIEMOE MOIIPO-
CTPAHCTBO, 910 3ajada pemasack B 7] u [8] (cm. rakxe [10] u [9], rue usyvanucs Giuskue
3a/1atn).

B nacrosmeit pabore j1aHo 10Ka3aTEIbCTBO CYIIECTBOBaHUS 0a31Ca B JIOMOJTHAEMOM II0/I-
IPOCTPAHCTBE sijlepHOro mpocrpancrea Kére usz kiacca (dy).  [IokazaTeabCTBO OCHOBa-
HO Ha HUCIIOJIBb30BAHUU HWHTEPIIOJJIAINNMOHHDBIX CBOWCTB TPOEK HOPMUPOBAHHBIX KOHYCOB BHU/lA
(Q N e (ao), e (a1),Q N e (a)), Tme @ — KOHYC B MPOCTPAHCTBE BCEX THCIOBLIX TOCTIE0-
BATEJIbHOCTEN.

B nepBoii wacT paboThl COOOIIAIOTCS HEOOXOMMBIE OIIPE/Ie/ICHNsT M PE3Y/IbTAThI (101po6-
HO IIOCTaHOBKa 3ada491 TE€OPHUU MHTEPIOJIAINN JIMHETHbIX O1IepaTOPOB, OI'PAHUYECHHBIX Ha KO-
Hycax, npejcrasiena B [5]). Bo Bropoit wacTu — mpuBe/IeHBI OCHOBHBIE CBEJICHUS U3 TEOPUH
6azucos B npocrpancrax Ppeiie u J10KA3aTEIBCTBO OCHOBHOIO pe3yJibrara. TexHuka Jloka3a-
TEJIbCTBA OMMUPAETCS HA UCIOIH30BAHNE HHTEPIIOJIATNOHHBIX CBOMICTB OMEPaTOPOB, OTPAHNIEH-
HBIX HA KOHyCaX B 6AHAXOBBIX MPOCTPAHCTBAX UHUCIOBBIX MMOCIEI0BATETHHOCTEHN, CXOIIMXCS
K HYJIIO C BECOM, a TAKXKe Ha METO/]| «TyIMKOBOIr0» npocrpaHcrsa B. C. Mutrsruna.

B crarpe OyayT mcmonp30BaHbI ClIeAyoNHe 0003HAMEHNA: W — JMHEHHOe TPOCTPAHCTBO
BCE€X YUCJIOBBIX HOC.Heﬂ;OBaTe.HbHOCTeI’I, Y — JInHelHoe IPOCTPAHCTBO BCEX (i)I/IHI/ITHbIX HUucCJI10-
BBIX TIOCJIEIOBATEIHLHOCTEH, ¢y — JUHEHHOE TPOCTPAHCTBO BCEX CXOATINXCS K HYJTIO IUCIOBBIX
+ o

nocseoBaTenbHocTel, W, o — KOHYCbl HEOTPHIIATE/IBHBIX IIOC/IEI0BATEIbHOCTENR B W,

© 2016 dpomnos A. K.
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¢, Co COOTBETCTBEHHO, [3(a,) — ruIbOEPTOBO MPOCTPAHCTBO YUCIOBBIX IIOC/IEI0BATETHHOCTEI,
HA/IE€JICHHOE HOPMO

H‘Tle(az) = ||lzllr = Z |lz(n |2a2

co(a,) — 6aHaX0BO MPOCTPAHCTBO YHUCIOBBIX MOC/IE0BATEIBHOCTE, CXOAIIUXCS K HYJIIO C Be-
com (a,(n))Se, C wt, najiesennoe HOpMOi

2] e (ar) = |2]r = sup [z(n)|ar(n).
neN

1. HekoTopnle cBeneHNS U3 TEOPUU WHTEPHIOJISIIINN JIMHENHBIX OIIEPaTOPOB,
AaeficTByomux B 0aHAXOBBIX IIPOCTPAHCTBAX

B mamnoM maparpade nCIoib3yercs TepMUIHOIOTHS TEOPHH HHTEPIOISIII JTHHEHHBIX OIIe-
paTopoB, 10APOOHOE U3JI0KEHUEe KOTOPOil MOxKHO Haditu B [1] u [12].

IlommHOXKeCcTBO () JIMHEHHOTO IPOCTPAHCTBA I HA3BIBAETCS KOHYCOM, €CJU sl JFOOBIX
,y € Q, A= 0umeem: z+y € Q, A € Q. Konyc @ B E Ha3bIBaeTCst 60CNPOUIBOIAULUM,
ecu ero JmHeitnast obosiouka span{@} cosnamaer ¢ E. Konyc ) B juHeiiHOM TO1O/IOrHYE-
CKOM TIPOCTPAHCTBE F Ha3bIBAETCI MOMaAAbHbIM, €CIN €ro JuHeiiHas 000Ji09Ka 1ioTHa B F.
Konyc () B HOpMHPOBAHHOM IPOCTPAHCTBE F HAZBIBAETCA HECTLAIOULEHHDIM, €CJU CYIIECTBY-
er Koucranta ¢ > 0 rakasi, uro jjs jgoboro x € span{Q} maiixyrca y,z € @ Takue, 4To
r=y—z |y <cz], ||z]]| < c|z|. Haumenbmas n3 Takux KOHCTAHT HAZBIBAETCS KOHCIMAH-
mot necnaouennocmu xKonyca Q m obosuadaercsa depes y(Q).

Ilycre E, F' — mopmupoBanuble npocrpancrsa u I' @ F — F — junelinbiit oneparop,
OrpaHUYeHHBIN Ha 3J1€MEHTaX HECILTIOIMIEHHOTO KoHyca () C F :

[Tzllr < Cllzlle, €@

Torma oneparop T orpanuuen Ha nojgnpocrpancrse span{Q}. eiicrBurensno, eciu x = y—z,
e Y,z € Q, To

1Tzl < [Tyllr +TzllF < Clylle + Cllzlle < 2- Cy(Q)]|2] e

Paccmorpum nipuMep HECIIIONIEHHOTO KOHYCA, KOTOPbIN MOHAA00UTCS HAM B JIaJibHENIIIEM.
[lycts B : F — E — 10/10:KUTe/IbHBII ONEPATOp, JeHCTBYOMNN B 0AHAXOBOM IIPOCTPAHCTBE
YKMCJIOBBIX LIOC/IE40BaTe/bHOCTEl ¢ MOHOTOHHON HOpMOit E (1. e. ||z| < [|y| upu |z| < |y,
em. [2]) u ||B|| < &. Bseaem xonyc Q(B) = {z € ET, z > Bx}. B naunouM caydae B cuty
buextuHOCTH B Komyc Q(B) saBigerca socnpomsBoggmmM (1. e. span{Q(B)} = E). [Heii-
CTBUTEJILHO, IIOCKOJIBKY JUlst JII000I0 Y € W CLIPABEIIMBO PA3/IOKEHHEe Y = Yy — Y_, LJie

y+ = max(y(n),0),

y- = max(—y(n),0),
TO
= (I - B)™ (I = B)x)+ — (I - B)"((I - B)x)-
deno, uro (I — B)™Y((I — B)z)x € Q(B). Tlpu arom, nockosbky ||[(I — B)7Y| < 2,
(I = B)| <2, u, 8 cuny monororsoctu HopMsl, ||((I — B)x)+|| < ||(I — B)z||, cupaBeaiusa

OIIeHKA

I( = B)™H(I = B)x)«|| < 2II( - B)z| < 4ljz]l, =€ E.
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CaeznoBaresibo, Kouyc Q(B) sBjsieTcss HECIUIIOIIEHHBIM C KOHCTAHTON HECILTIONIEHHOCTH, He
MIPEBOCXOASIIEN 4.

[lycts &/ m % — orjeuMble BENECTBEHHBIE JTUHEHHBIE TOMOJOIMYECKHE TPOCTPAHCTBA,
E = (Ey, Ey), F = (Fy, F1) — 6anaxossl napsl, B; C o/, F; C % u Q; — KOHYCbl B IIPOCTPaH-
crBax E; (i = 0,1). B stom caygae 6yaem rosoputs, uto Q = (Qo, Q1) — mapa KOHYCOB B
Ganaxosoit nape £. Konyc @) B mpocrpancrse 7/ HasbIBACTCA NPOMENCYMOUHBIM 15t apbl Q,

ecJina

QoNQ1 CQC Qo+ Q1.

IlycTs 6anaxoBbl npocTpancTBa F u F' aB/is0TCS IPOMEKYTOUHBIMU IPOCTPAHCTBAME Oa-
Haxopbix nap E u F, nupuuem 6anaxosa rpoiika (Ey, B, F) NHTEPUO/IAIMOHHA OTHOCUTEILHO
6anaxosoit Tpoiiku (Fy, F1, F). Ilycte T : Ey + Ey — Fy + | — HenpepbIBHbL JIHHEAHDIIH
oneparop. Ecau Tlg, : Qi — F; u ||Tx||p, < M;||z||p, upu z € @Q;, 10 GyieMm roBoputs,
qro T — orpaHmYeHHbIH OEpaTOp W3 Hapbl HOPMHEPOBAHHLIX KoHycoB @ = (Qo, Q1) B Gana-
xoBy napy F = (Fp, F1). Hycrs konyc @ C E u gpigerca IPOMEKyTOUHbIM Jyls Hapbl Q.
Ecu cymecrsyer nocrosunas ¢ = ¢(E, F,Q, E, F,Q) > 0 takas, urto T|g : Q — F u

ITx||F < cmax{My, M;}||z||g uwpu z € Q, (1.1)

10 GyjieM 1oBOpUThH, 4TO TPOoiiKa KOHYCOB (Qp, @1, Q) 00/1a/1a€T MHTEPHOIAMOHHBIM CBOTi-
CTBOM 110 OTHOIIEHUIO K GanaxoBoil Tpoiike (Fy, F1, F).
[Iycth Temepsb 3ajaHO CEMENCTBO TPOEK KOHYCOB

M = {(ng Qtlxv Qa)}a€A7

rae A — HEeKOTOpOe MHOXKECTBO MHJEKCOB. IlycTh cemeiicTBO .# ya0BIE€TBOPSET YCIOBUSM:

1) pust so6oro a € A cupasepusel Bioxkenus QF C Ey, QF C Ey, Q% C E, upuuem
KoHyc (Q% — MpOMeXKyTOuHBI KoHyc a1 mapsl Q% = (QF, Q%);

2) guist sioboro o € A rpoiika (QF, QF, Q) 0b/ajaer MHTEPHOISIIIUOHHBIM CBOCTBOM 110
oTHOLIeHUIO K Ganaxosoii Tpoiike (Fy, F1, F).

B srom cayuae 6ymem roBopurh, 4TO CEMEHCTBO . 00JaJ@aeT WHTEPIOJIAIMOHHBIM
CBOMCTBOM 10 OTHOLIEHWIO K Ganaxosoit Tpoiike (Fp,F1, F'). Ilpu stom mocrosauas {c =
c¢(E,F,Q*E,F,Q“)} B nepasencrse (1.1), BooGiie rosops, 3aBucHT OT BbHIOOPA TPOIKHU
(QF,QF,QY) u3 cemeiicrBa 4. Eciun jist Bcex TPOEK KOHYCOB U3 4 MOXKeT ObITb Bbl-
6paHa OMHAKOBAaA WHTEpPIOJANHOHHasg moctosunasa ¢ = c(E, F, E, F), To 6y1eM TOBOPHUTS,
9TO CeMEHCTBO 4 00/Ia0aeT PABHOMEPHBIM MHTEPIOJIAINOHHBIM CBOMCTBOM 10 OTHOIICHHIO
K GanaxoBoii Tpoiike (Fp, F, F).

st JloKa3aTeIbeTBa OCHOBHOIO YTBEPK/ICHUsS HAM TIOHA00UTCst CJIe/LyOIee XOPOIIO U3-
BectHOe (cM. [1, 14]) yemoBue unTepnonsuonaoctu Tpoitku (co(agp), co(ar), ¢o(a)) mo orHomIe-
Huio K banaxosoii Tpoiike (co(ap), co(al),co(a)):

a=ah <@>, b="0bih (b—()),
aj bl

rjae h: RY — RYT — kpasusoruyras dyHxims.
B wacTHOCTH, /)19 TPOBEPKH UHTEPIIOIAIMOHHOCTH JOCTATOMHO YCTAHOBUTH CIPABE/IH-

bo(m) bi(m) } .

BOCTH HEPABEHCTBAQ

ngax{
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Cureptyioniasi TeopeMa UrpaeT BaXKHYIO POJib [P JIOKA3aTeIbCTBE OCHOBHOIO pe3y/IbTaTa.
VkazkeMm NnpejBapuTeIbHO, 9TO MOAMHOKECTBO A yIopsijioueHHoro npocrpancrsa E Hasbisa-
ercs nuoicHell noaypewemxot, ecnu min(z,y) € A qa mobeix x,y € A.

Teopema 1.1. Ilycts E; = co(a;), F = co(b;) (1 = 0,1), E = co(a), F = co(b), upuuem
Ey, C ECEy, Fy C F C Fy, u 6anaxoBa tpoiika (Ey, E1, F) ob/1agaer HHTePIOIAIHOHHBIM
CBOHCTBOM 110 OTHOIIEHHIO K banaxosoii Tpoiike (Fy, Fy, F). Ilycrs o/ — MHOXKECTBO KOHYCOB
B wT Takoe, uTo a1 Kaxkqoro (Q € &/ BHIIOJHAIOTCS YCJIOBHSL:

1) Q — HuKHSS 1M0OJIypeIeTKa B w;

2) QN Ef — rorampmeri koHyc B co(ay);

3) QN Ef" comepsxur nocienosaresibHOCTh, BCe WieHbl KOTOPOI HOJI0MKHTEbHAI.

Toryia KazKj0e U3 ceMeiicTB TPOEK KOHYCOB

<L ={(Ef,QNEf,QNE"): Qe #},

M={(QNES,Ef,QNE"): Qe o}
0b61a/1aeT pABHOMEPHBIM HHTEPIIOIAIHOHHBIM CBOHCTBOM 110 OTHOLICHHIO K 6aHAXOBOI TPOHKe
(co(bo), co(b1), co(D)).
JloKazaTe bCTBO JaHHONW TEOPEeMbl, a TaKzKe I10APOOHOE M3JI0KEHUE MOCTAHOBKHU 331841
TEOPUM MHTEPIOJISLMNA HA KOHYyCaX MOXKHO Haiitu B [5].

2. OcuoBHuasi Teopema

Hpocmparncmeom Dpewse HA3BIBACTCS MOJHOE METPUIYEMOE JIMHEHHOE JIOKAJbHO BBIITYK-
Jioe mpocTpaHcTBo. Baxkueiimuii kjgacc npocrpancts Pperre — CYETHO-TUIHEOEPTOBBI si/I€P-
Hble mpocrpancTBa Kére umciioBbix nocsemosaresnbuocreit. Ilycrs B = ﬂT>1 H, tne H, =
la(ar(n)) — npocrpancreo Kére, Tonosorus Koroporo 3ajjana C4eTHbIM HaGOPOM rujIb0EepTO-
Bbix HOPM {[| - [|-}72;:

- =

o
Z |zp|2a2(n), r=1,2,...
n=1

Marpuity (ar(n)) Beerga MOXKHO CYATATH MOHOTOHHOM 110 7 : ap41(n) = ar(n). Kak uz-
BeCTHO [3], ycioBue siepHocTu npocrpancrsa B umeer Buj

(¥r) 3s(r) <§: () +oo>.

=1 Qs (r) (n)

Basucom B mpocrpancTBe E Ha3plBAlOT CHCTEMY 9JeMEHTOB (X)) u3 E rtakyro, 4ro
KasKJIpIl 971eMeHT & € F 0JHO3HAYHO TIPEJICTaBUM B BUJIE

rie z) (z) — uucia.
Ecou npu stom pax Y o0 xk (z)z, cxoqurca abCoIOTHO, T. €.

oo
Dl @)zl < 400
n=1

e}

JUIst BCEX T, TO 6asuc (x,)00 | HA3BIBAIOT a0COAOMHBIM.
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o *

Amnasoruano, eciu pag y o~ ) (2)z, cxoauTcsa K x 6€3yCI0BHO, T. €.

x = Z Ty () (T)ZTo(n)
n=1

Jyist 000t nepecranoBku (6uekrusHoro orobpaxkenusi) o : N — N, 1o 6azuc (z,,)02 Hasbl-
BAIOT 6€3YCAOGHBIM.
IMocaepoBarensuocts (25,)7° upocrpancrsa @perie E Ha3bIBACTCH NPAGUALHOT 6 CMBICAE
. .o o0
pazusesa, ecou 11 HEKOTOPOI Onpeessoeil cucreMsl peHopM (|-])$° B E BBIIONHAIOTCS
Hepasercrsa (mosararor 0/0 = 0):

|xn|p |5’3n+1|p

> , n,p=12,...
|Znlp+1 ~ |Znt1lp1

Marpuna Kére (a,(n)) HasbiBaercsa npasuavhoti 6 cmuicae /Ipazusesa, ecin

ar(n
(Vr) (3s=s(r)) ﬁw upun —oo, r=12...
as(r)(n)
Bes orpannyenust o6mHOCTH MOXKHO cuurarh, 410 $(r) = 7 + 1 (91010 BCerjga MOXKHO

JTOOUTBCSI, TIEPEXO0/isd K 9KBUBAJIEHTHOM cucTeme HOpM). IIpocTpancrso ®perire ¢ npaBuIbHBIM
6azucom uzomopduo npocrpancrsy Kére ¢ npaBuibuoit Mmarpuieil.
IIpocrpancreo Kére E ¢ npaBusbHoil MaTpureil orHocutcs K kiaaccy (dp), eciu

(Vr) 3s=s(r) (c=c(r) > 0) (a7(n) < c(r)ai(n)as(r)(n)).
ITpocrpancreo Kére E ¢ npasuibhoil Mmarpuneil ornocurcs K kaaccy (dg), eciu

(Vr) 3s) (Va) Be=c(r,q) > 0) (ar(n)ag(n) < c(r,q)az(n)).

Kuacent (di) u (d2) 6bum Beegenst M. M. Jparusesbiv [4] B cBsi3u ¢ usydenuem Jio-
KAJIbHO BBIIYKJIBIX [IPOCTPAHCTB AHAJUTHYeCKUX QyHKuuil. THOmTHbBIME IpencTaBuTe/sMu
upocTpancTs KiaaccoB (dy) u (da) siBJSIFOTCST HPOCTPAHCTBO 1EJIbIX (QYHKIUI U IPOCTPAHCTBO
byHKIHIT aHATUTHYECKUX B KPyTe C TOIOJIOTHell KOMIAKTHON CXOJMMOCTH COOTBETCTBEHHO.

Mycrs E C (d2) — sapepuoe npocrpancreo Kére u F C E — ero jonojHsemMoe moj-
npocrpanctso. llokazkeMm, 4To B mpocTpancrse F' cymecTByeT abCOTIOTHBI 6a3uc u, cieso-
BaTEJIbHO, OHO M30MOPdHO npocrpancrBy Kére uucsioBbix nocsegoBaresbHocrei. Tak kak
EC (dg), TO

(V) Bs1(r) (Va) Belra) > 0)  (ar(n)ag(n) < clr,q)as, ().
B cuny aneproctu E nveem
> a(n) -
90) @nr) (3220 < voc)

IIycre s(r) = max{si(r),s2(r)}. Torma ycioBus, npuBejeHHBIE BBIIIE, MOKHO 3alHUCAThH
B BHUJIE
ar(n)aq(n) < C(T‘, Q)as(r) (Tl)

iM<+oo.

1 Qs(r) (n)

n=
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Kpowme Toro, 6e3 orpanndenus: 0OIHOCTH MOXKHO CIUTaTh, 910 (1) = r + 1. UTtak, mycrs

(Vr) Belr,q))  (ar(n)ag(n) < c(r,q)alyi(n)) (2.1)
u [e’e) ar(n) N .
nZ::l () <400, r=1,2,... (2.2)

TMETUM TaKZK qT HKIIN MOZKH qUTaTh B T i n TaK KaK
O e a. e, (0] 10 C(T, (@) O C a O3pacCTaroIne or , Ta a
B IIPOTUBHOM CJly4ae MOXKHO nepeiitu B onenke (2.1) k dynkuuu
~ /A
1<r'<r
1<¢'<q
W3 ycnoBus si/lepHOCTH CJIEJIyeT, 9TO CUCTEMBI [p-HOPM U COOTBETCTBYIOIIUE CHCTEMbI

SUP-HODM $BJISAIOTCS 9KBUBAJeHTHbIMU [3]. Ormerum, 4r0o 910 yTBEpXK/EHUE B HAILEM CJly-
4ae JIErKO BBIBOJMTCS HENOCPEJICTBEHHO U3 yCa0Bus (2.2), IpUYeM CIpPaBeIuBbl OLEHKH

|zl <l < N ()2l

e

]l =

oo
> lzal?a2(n), x|, = supay(n)]a(n)|.
n=1

neN

C 1OMOIIBIO JIMArOHAJIBHOIO HPe0Opa30BaHus MOYXKHO J0OUTHCS BBIOJHEHUS] YCJIOBUS
a1(n) = 1. B najbreiinem Gy/em npejnosararb, 9T0 3T0 IPeoOpa30BAHNE BHIIOJIHEHO.

Teopema 2.1. Ilycrs E C (d2) — sueproe npocrpancrso Kére, F C E — jonosnsiemoe
nognpoctpanctso B E. Torna F umeer abcoyrorHblii 6a3uc.

< Beegiem obosnavenus: H, = la(ar(n)), Gy = co(ar(n)). Torna B =5, Hr =, Gr,
npuuem G1 D Gy D Gry1, Hy D Hy D Hpqq.

[Tycte P — menpepsiBHBLT IpoekTop B E Takoii, uro F' = P(F). Tak xkak E — npoctpan-
c1BO ¢ abcostorabiM 6azucom (u3 sipeprocru E u reopembl dpinnana — Mutsiruna [16] cienyer,
4T0 BCAKUil GesycioBublil 6asuc B E gasigerca abcomoTHbiM ), To oneparop |P|: E — F tak-
2Ke HeupepbiBeH. 3jech |P| — mojyuib oneparopa P B CMbIC/Ie T€OPUU BEKTOPHBIX PeIeTok [2].
Ecnu (p;;) — marpuna P B 6asuce (e;):2, 1o (|pij|) — marpuna |P| B sToM xe Gasuce. 3a-
nuIeM yCJoBUe HenpepbiBHOCTH oneparopa |Pl:

(Vr) Bs(r)) (Ci(r) > 0)  [[[Plz]l, < Cr(r)]alsm)- (2:3)
Bamerny, uro u3 (2.3) cuemyer
[Pzl < ei(r)|zlsqy- (2:4)

Oyuxrun C1(r) u s(r) B (2.3) u (2.4) MOXKHO cauTaTH MOHOTOHHBIMHE 110 7. Kpome Toro, 6e3
orpaHuyeHusi OOLIHOCTH MOXKHO UPUHSATH, 410 S(1) =7 + 1.
Ilepexos kK SKBUBaJIEHTHO} CHCTEME HOPM BHIA

2l = a(r)lzly, [zl = o)z,

He MeHgeT ycsoBuii Ha MaTpuily Kére (Tak Kak 910 coorBercTByeT 3ameHe a,(n) — a(r)a,(n)).
Boi6upast nocsegoarensnocts «(r) 1 0o u3 ycaosus

a(r) 1

Cl(T)m < 2’
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MO2KHO JIOOUTHCS BBIIOJTHEHUS HEPABEHCTB
IPI, < glebys, r=1.2
7“\51'7“4-17 r=14...
Byuem cunrars, 9T0 310 IPEoOPA30BAHUE BBIOJIHEHO, T. €.

1
H‘P‘xHT g 5‘.’1,”7“_’_1, r= 1727 ey (25)

1, COOTBETCTBEHHO,
1
|||P|||Co(ar+1)—>lz(ar) < 57 r=12...

OupejieiuM  BECOBOE «TYIMKOBOE» I'MIbOEPTOBO 1POCTPaHCTBO Hyoo M LPOCTPAHCTBO
G0 = cola? o(n)) max, urobbl Geog C He C H, ans oboro r u oneparop |P| nenpe-
pbiBHO geiicTBoBal U3 Goo g B Hoo. IIycTb aoo 0(n) = > o0 | Yrar(n), 1€ n0cie10BaTe/bHOCTL
{7+} Gyzner BriGpana nuxe.

2
Tax xak a,(n)ay(n) < c(r,q)a;(n), o

ar(n) Y vqaq(n) < [ Y v4e(riq) | afsi(n).
q=1 q=1

Bribepem v, Tax, 9T00BI

o
Z’ch(r,q) <400, r=1,2,...

q=1
[ycrs v, = m. Tak Kak zgg% <1 mpu ¢ > 7, TO
, > =1 ¢(rq)
d(r) =D velra) =) 5 oy ST T=L2e
=1 =1 q,q
Takum obpaszom,
ar(n)aceo(n) < ¢(r)ajy(n) (Vn). (2.6)

_ 2
Urax, nycrs Geoo = co(as, o(n))-
Ornpesiesium Teneps ruiboepToBO MpPoCTPaHCTBO Hoy HOpMOI

oo
=% = ll=ll% =Y & |7,
r=1

rie {0, }22, — Hekoropasi uuc/oBas nocjaeoBareabHocTb. Torga Hoo = lo(aeo), 1€

oo

aZ(n) =) da7(n).

r=1

BriGepem 3Ty moc/ie10BaTe/IbHOCTL TaK, 4T06bl oneparop 1 = |P| HenpepbiBHO JeificTBOBA
3 Gooo B Huo.
Tak Kak Goo,0 C H, 114 moboro r, T0

[zl < Di(r)[#llgae: =120,
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CJIEJI0BATE/IBHO,
[[Plzllr < D(r)|[zllceo, =12,

Qyuxuuio D(r) Gygem cunrTarh BO3pacTaionieil, npuHuMaoneil 3Hauenus, He Menbume 1
(B mpoTuBHOM cyyuae MOxKHO nepeiitn K ymxmun D(r') = max {1, D(r)}). [daree, monaras
<r<r

2 2 1
07 = min {'yr, W}’ [OJTY UM

S 00
1Pl2l3, <> S2lllPl]? < (Z 53D2(7")) 202 o < l2llE - (2.7)
r=1 r=1

Beegem enie 010 npoctpanctBo Goo = €o(Gso), OpeeisieMoe HopMoii
[zl Goe = [Z|oo = sup ase(n)|z(n)].

fAcno, uro Goop C Hoo C Goo C Hp u |||[Plz|lg,, < [2]Gy,. 3aMerum Takixke, 4TO
oo (N) < Goop(n) 1t Beex n B cuity Bbibopa 0. CoegoBarensno, yaursisas (2.6),

ar(n)ace(n) < ¢ (r)ay (). (2.8)
Ilokazkem, 4To jJ1s J11060r0 T OTIEPATOP J)p = a;—jl HeIPEePLIBHO JlecTByeT U3 Gog 0 B Goo.
HeficTBUTENBHO,
Ar41
| e < larsazlion = supapss (as(m)le(n)]
(079 Goo neN

(2.9)
< (r+ 1) sup ag (n)|z(n)| < 772 (r+ 1) sup ad o(n)|z(n)] = M(r)||z[law o
neN neN
e M(r) =~ 2 (r + 2).
[Tononuum suseitnoe mMuoroobpasue L = {Px : € Goo} mo mopMaM || - || # || - ||oc-
[Mostyunm runsbeprosol npocrpancrea F,. u Fi, Takue, aro

F, D F. D F}+1:D F.

Iycrs {fr}52, — «obmuit» oproroHabHblil 6asuc npocrpancts F u Fi. s ompese-
Jensoctu OyjeM cuurars ero Hopmuposanubiv B Fp. Jokaxewm, uro {f;}90; — abcosmorubiit
6asuc B F' = [, [y Ilycts € = (&), tie ; € {1} m n € N. Baegem omepatopsi

Poex =Y epfit(Px)fr,
k=1

e fr(x) = (fi, ) m, . 1lo m3BectHOMY KpuTepuio GesycioBHoil 6asucHocTH [4] moc/eroBaTe s-
Hoctb { fi }52, Oymer 6esycaosubiM Oasucom B F', ecim {P, .} — PaBHOCTENEHHO HEIIPEPBIBHOE
ceMeiicTBo omeparopoB B E (Tak Kak pam » ey fi(f)fr cxomurea x f npu f € Foo u Fig
wiotho B F'). Tak kak {f}32,; — oproronampssiii 6asuc u B F1, u B Fi, 10

[Pocrll < |Pelly,  [Paclloo < [[P]co- (2.10)
Tak kak ||Pz||, < D'(r)|z|eo, rae D'(r) — Hekoropas nocrosinnas, To

| Pzl < D'(r)|x]oo mpu = € Goo.
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Hanee, BBosg oneparop |P|, m3 (2.10) nomyunm || Py cz|1 < |||Plz|1, ecm z € ¢, Tak
kak ||Pz||y < || |P|z||y upu x € ¢™.
Qurcupyem 7 € N. Torja u3 ycjaoBus s€pHOCTU CJIELYET, UTO

ar(n)
ari(m <

g sroboro y € E umeem

Wl = llolls < Collglls = Co3_ lu(m)] = Co 3 22 (“"“W \y(n)l)

n=1 n=1 ar“l‘l(n) a‘"‘(n)
= a.(n) ar+1(n)  ~ a ~ . |a
< Cy - -supynL:Cr —rtl = C(r) |=Ly| .
<o} s = O [y = O
Wcnons3yst 970 HEPABEHCTBO, Oy IUM
Ar41
1Paczly < Ca(r) | == |Ple| -, x € o™
a, 1
Tak kak ||z||; > |z|1, TO
Ar+41
|Prc|1 < Ci(r) [—=|Plz| .
r 1

Takum 06pazom, cymecrsyior nocrosiaubie C(r), Co(r) Takue, 4ro

@,p,x
T

|P, )1 < Ci(r) | Puczly < O2(r)|7|oo, x €T

1

Hasnee nam nonauobsres ouenku st oneparopa |Pl. U3 (2.5) umeem

Qryq 1 1 Ar4-2
a | |1‘r | |:E’r+l\ 2|96‘|r+2 5 ; xT
CremoBaresibHO,
1
TP < S lal (2.11)
ap Gri2 |, 2
Bsenem omepaTopsr
(07| a
A= 0PV, Je= T gL =
Qp Qr42

Torma m3 (2.11) cenyer, aro Azl < 12|, T e | Ar]lg,—a, < i. Takmm obpasom, mra
106010 T € T cupaBeIMBbl HEPABEHCTBA

|Pn7£J;x|1 < Ci(r)]Arxlq, ‘Pn@J,{x‘T < Cg(T)‘J,ﬁ@*!oo < Co (1)) oo

IIycTp

(V) _J=x(n), n=12,...,N,
<Q x)(n)_{o, n> N.

ITonoxxum

Sn,a,r = Pn,aJ;a S(N) = Sn,amQ(N)y A7(~N) = AT’Q(N)

n,E,T
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Torma
|S,(1],\Qr:17|1 < Cl(r)|A£N):1:|1 pH BCeX T € wT,
1SCD 2], < Co(r)]]oo upn Beex € wh N Go.

N N
Tak Kak |- |y — MOHOTOHHAs HOpMa, TO [IPU T > A7(n )¢ > 0 cupasemmBa, OIEHKA |A£ )az\l <
|z|1. PaccmoTpum B POCTPAHCTBE W KOHYC

Qn ={zecwt: AN g <z}

Torma
|SS0x], < Co(r)aly  upn z € QN NGy,
1S, 2| < Co(r)|aloe mpm x € GL.

N
Iloxaxkem, 9TO U3 3TUX HEPABEHCTB CJeyeT OTPAHNIYEHHOCTH OIIEPATOPA Sﬁhg?r Ha 3JIeMeH-

Tax konyca Qn N G;F. JleficTBuTesbHO,

‘S(N)x‘ < C3(r)|z|, npu x € QNG .

n,e,r r—1 =

Yrobbl ybenutbcd B unTepnoanuonuoctu Tpoiiku (G, Geo, Gy) OTHOCUTETHHO TPOHKM
(G1,Gr,Gr_1), JOCTATOYHO IIPOBEPUTDH BBIOJIHEHUE HEPABEHCTBA

L_l(m) < C, max {1, ar(m) } .
ar(n) Qoo (1)
IMycrs n > m. U3 ycaoBusi npaBuibHOCTH, yuurbiBasg, 4to ai(n) = 1 mus Beex n, nosy-
qaeM
1 < 1
ar—1(n) = ap_1(m)’
OTKY/1a
ar—1(m) < ar—1(m) <1
ar(n) ar—1(n)
IIycte m > n. Ilokaxkewm, aTo
ar—1(m) ar(m)
—— 2 C . 2.12
ar-(n)  ase(n) (2.12)
JeiicTBUTENIBHO, B CUJTy YCJIOBAS NpaBuabHOCTH, ¢ yaeroM (2.8), monaras C, = d(r — 1),

Oyaem nmernb
ar(n)
Qoo (1)

ar—1(m) _ ap—1(n)
ar(m) S (n)

< Cr

Caenosarenbno, 1poiika  (G1,Go, Gr) MHTEPHOJIANMOHHA OTHOCUTEJBLHO —TPONHKM
(G1,Gr,Gr-1).

Tlokaxkem Temepb, 49TO BBINOJHAIOTCH ycaoBus Teopembl 1.2.  Paccmorpum omeparop
1-4AM ¢, > a,. ITockonbky HAgN)HGT_)GT <i, 10— A™) Guexrusmo neiictByeT u3
G, B G,. Ycnosue x > Aan)a: PaBHOCUJIBHO TOMY, YTO & = (I — Aan))_lh, rae h € G, Slipo

N
oneparopa I — A$» ) G, — G, coCTOUT W3 HYJIEBOTO 3JIEMEHTa. 10TIa siIpo €ro Cy’yKeHust
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N
I—A™) 1 Gy — G taxse cocTonT M3 HyJIeBOro BekTopa. YuurbiBasg (2.9), (2.7), xoned-
nomeprocts oneparopa |PlJIQW) © G g — Goo, a TakKe SKBUBAJICHTHOCTH BCEX HODM B
KOHEYHOMEPHOM [IPOCTPAHCTBE, UMEEM

145allg,, = |15:1P1Q N el < MOIPLEQ M el
< MNOW)||IPLQMNal|, < MC(N)[|Q™ < M)Wl

N
rjae C(N) — mekoropasg 3asucdmias or N korcranta. Oueparop Afn ). Goo — Goo aBIIS-
€TCsl HEIPEPBIBHBIM KOHEYHOMEPHBIM U, CJIEIOBATE/ILHO, KOMIIAKTHBIM. LOrja K Oneparopy

)xHGOO,O

N
I— A$ ) Go — G, mpuMennMa anmbTepHaTnBa OpeprobMa, u MOTOMY €r0 NHHEKTHBHOCTD
BjaedeT OMEeKTUBHOCTH. B mpesbiayiiem naparpade ObLIo MOKa3aHO, Y4TO U3 OMEKTUBHOCTU

)

: Goo — Goo Clleyer BOCHPOM3BOAMMOCTL KoHyca Qn N GL . dcno,
N

910 U3 OMEKTUBHOCTH oreparopa I — A$ ) Goo — Goo TAKXKE CJIeJyeT HaJU9IUe CTPOro

OJIOZKHUTEILHOTO BeKTopa B Qn NGL.

Hakonen, xonyc Qn N GL sapnserca nuxueit nosypermerkoit B w. JlecTBuTeibHo, 1mycThb

)

oneparopa [ — AgN

T,y € QNNGL, . e. y > AﬁN)y, Yy = A&N)y. B cuny nmosiokuTeibHOCTH OmEpaTopa Aan

)50 upu z > 0) uveem z > AN min(z,y), © > AN min(z,y). Orkyga cie-
: (N)

ayer, uro min(z,y) = Ay

{(@n N Gf, G1,Qn NG,)} N BbIIOMHEHB! yeI0BUs TeopeMbl 1.1, U cnpaBeinBa oleHKa

st(lj,\QT$H,«_1 < 03(7')”1'”,«, T € QN N G;J_

N

ITockosbky oneparop A$, )

TO KOHYC (N, KaK ObLIO MOKAa3aHO B HAYaJI€ MPEJbLIyIIero naparpada, HeCIUIIOMEH ¢ KOH-
CTAHTOI HECITIONIEHHOCTH, He IpeBbimatomeii 4. [losTomy

IS8D, 2l < 8- Cs(r)|alr, =€ G,

n,E,T

N
(umeHHO, Al

min(x,y). CienoBarebHo, /i BCEX TPOEK KOHYCOB U3 CeMelicTBa

HOJIOXKUTEIEH, ||A7(nN)||GT_>GT < % u vopma || - ||, MoHOTOHHA,

IIycts C(r) = 8- C3(r). Ilepexons k upegeny npu N — 00, HOIyduM
HS7’L7E,7"‘THT_1 g C(T)HmH7’7 T € GT’?

uim
[Pogially—1 < C)llzllr, = € Gy

Torma
Qr42

= C()|[zllry2,

T

nJjin, IOCKOJIbKY HalllM PACCYy2KJI€HUA HE 3aBUCAT OT B])I60pa T,

[1Pncllr < Cr)l|2]lrrs.

| Ppcx|lr—1 < C(T)HJT’,_lznuT =C(r) x

T

Takum 06pazom, { Py, } — paBHOCTELEHHO HEPEPBIBHOE CeMeCTBO o1eparopos B E, a 3ua-
aurt, {f}72, — Oe3yc0BHEI, a moITOMY 1 abCOTIOTHBI (Tak Kak F' — sepro) 6asuc B F. >

YTBepK/ieHne 0 KBa3MIKBUBAJIEHTHOCTH 4] Kaxkgoro 6asmca B JIOMOJTHIEMOM IIOJIIPO-
cTpaHCcTBe 9acTu abCoIOTHOrO Oasmca mpocrpancTBa Dpere HA3bIBAIOT TUIIOTE30H Beccarn.
B paborax B. II. Konnaxosa (cum. |6, c. 52|) goxasama crnpaBeqmBOCTL runoresnl Beccarn
ais npocrpancts Kére us kiacca (dg). Jlokazannas Teopema no3Bosisier HemeieHHo chop-
MYJIEPOBATh CAEAYIOIMIN Pe3y/IbLTAT.

Teopema 2.2. B jir060M A0M0JHIEMOM IOJAIPOCTPAHCTBE siylepHOro npocrpancrsa Kére
u3 kiacca (dy) cymecrByer 6a3uc, KBa3HIKBUBAJIEHTHBIH 6a3UCy OPTOB.
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ON THE EXISTENCE OF A BASIS IN A COMPLEMENTED SUBSPACE
OF A NUCLEAR KOTHE SPACE OF TYPE d,

Dronov A. K.

The existence of a basis in a complemented subspace of a nuclear Kéthe space of the class da2 is proved.
It is also shown that in each such subspace there is a basis quasiequivalent to the part of the basis of orts.

Key words: Pelczynski hypothesis, Kothe space, basis, complemented subspace, cone, interpolation.
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1. Introduction

The Brezis—Lieb lemma [2, Theorem 2] has numerous applications mainly in calculus
of variations (see, for example [3, 6]). We begin with its statement. Let j : C — C be
a continuous function with j(0) = 0. In addition, let j satisfy the following hypothesis: for
every sufficiently small ¢ > 0, there exist two continuous, nonnegative functions . and .
such that

lj(a+b) —j(a)] < epe(a) + v (b) (1)
for all a,b € C. The following result has been stated and proved by H. Brezis and E. Lieb
in [2].

Theorem 1.1 (Brezis—Lieb lemma [2, Theorem 2]). Let (€2, 3, 1) be a measure space. Let
the mapping j satisfy the above hypothesis, and let f, = f + g, be a sequence of measurable
functions from €2 to C such that:

(i) gn == 0;

(i) jo f € LY;

(iii) [ e 0 gndp < C < oo for some C' independent of € and n;

(iv) [ o fdp < oo for all € > 0.

Then, as n — oo,

/ GO+ g0) — 3(ga) — 3(F))dpt — 0. 2)

Here we reproduce its proof from [2, Theorem 2] with several simple remarks.

< Fix e > 0 and let WEyn:Hjofn_jogn_joﬂ_g(PEogn]—l—- As n — oo, Wa,ngo.
On the other hand,

|j0fn—jogn—j0f|<|j0fn—jogn|+|j0f!<5<peogn—|—w50f+|j0f|.

© 2016 Emelyanov E. Yu., Marabeh M. A. A.
! This research was funded by Middle East Technical University BAP, research project Ne BAP-01-01-
2016-001.
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Therefore, 0 < W, < .o f + |j o f| € L'. By dominated convergence,

)

nl1_>ngo We ndp = 0. (3)

However,
ljofn—Jogn—Jofl<Wen+epeogn (4)

and thus

I, :=/Ijofn—jogn—jof|du</[Ws,wweogn]du-

Consequently, limsup I,, < eC. Now let ¢ — 0. >

REMARK 1.1. (i) The conditions (3) and (4) mean that the sequence |j o f,, — j o g, lies
eventually in the set [—|j o f|,[j o f|] + 2 B1, where By is the unit ball of L. In other
words, the sequence j o f,, — j o g, is almost order bounded.

(ii) The superposition operator J; : L — L% J;(f) := j o f induced by the mapping j in
the proof above can be replaced by a mapping .J : L? — L satisfying some reasonably mild
conditions for keeping the statement of the Brezis—Lieb lemma.

(iii) Theorem 1.1 is equivalent to its partial case when the C-valued functions are replaced
by R-valued ones.

The following proposition is motivated directly by the proof of [2, Theorem 2].

Proposition 1.2 (Brezis-Lieb lemma for mappings on L%). Let (Q,%, 1) be a measure
space, fn = f + gn be a sequence in LY such that g, == 0, and J : LY — L° be a mapping
satisfying J(0) = 0 and such that the sequence J(f)— J(gn) is almost order bounded. Then

lim [ (J(f +ga) ~ (J(ga) + (F))) du = 0. (5)

n—oo

<1 As in the proof of the Brezis-Lieb lemma above, denote I, :== [ |J(f + gn) — (J(f) +
J(gn))| dp. By the conditions, the sequence

J(f + gn) - (J<f) + J(gn)) = (J(fn) - J(gn))) - J(f)

a.e.-converges to 0 and is almost order bounded. Therefore, by the generalized dominated
convergence, lim I, =0. >
n—oo

Since almost order boundedness is equivalent to uniform integrability in finite measure
spaces, the following corollary is immediate.

Proposition 1.3 (Brezis—Lieb lemma for uniform integrable sequence J(f,)—J(gn)). Let
(Q,%, 1) be a finite measure space, f, = f + gn be a sequence in L° such that g, ~=+ 0, and
J : L° — L° be a mapping satisfying J(0) = 0 and such that the sequence J(fy) — J(gn) is
uniformly integrable. Then

lim [ (J(f +gn) = (J(gn) + J(f)))dp = 0. (6)

n—oo
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2. Two variants of the Brezis—Lieb lemma in Riesz spaces

Recall that a sequence z,, in a Riesz space E is order convergent (or o-convergent, for
short) to x € F if there is a sequence z,, in F satisfying z, | 0 and |z, — x| < 2, for alln € N
(we write x,, — ). In a Riesz space E, a sequence x,, is unbounded order convergent (or
uo-convergent, for short) to = € E if |z, — z| Ay = 0 for all y € E, (we write z,, — ).

Here we give two variants of the Brezis—Lieb lemma in Riesz space setting by replacing
a.e.-convergence by wo-convergence, integral functionals by strictly positive functionals and
the continuity of the scalar function j (in Theorem 1.1) by the so called o-unbounded order
continuity of the mapping J : F — F between Riesz spaces F and F'. As standard references
for basic notions on Riesz spaces we adopt the books [1, 7, 8] and on unbounded order
convergence the papers [4, 5].

It is well known that if (Q,%, u) be a o-finite measure space, then in LP (1 < p < 00),
uo-convergence of sequences is the same as the almost everywhere convergence (see, for ex-
ample [5]). Therefore, in order to obtain versions of Brezis-Lieb lemma in Riesz spaces, we
shall replace the a.e.-convergence by the uo-convergence.

A mapping f : E — F between Riesz spaces is said to be og-unbounded order continuous
(in short, cuo-continuous) if z,, = x in E implies f(x,) — f(z) in F. Clearly this definition
is parallel to the well-known notion of o-order continuous mappings between Riesz spaces.

Let F' be a Riesz space and [ be a strictly positive linear functional on F'. Define the
following norm on F:

[ERIERIEE (7)

Recall that a Banach lattice F is said to be order continuous if every order null net is
norm null, and a subset A of E is said to be almost order bounded if for any £ > 0 there
exists u. € F such that A C [—ue,us] +eBg, where B is the closed unit ball in E. We say
that a net x, is almost order bounded if the set of its members is almost order bounded.

The next lemma will be used to prove a version of Brezis—Lieb lemma for arbitrary strictly
positive linear functionals.

Lemma 2.1 (See [5, Proposition 3.7]). Let X be an order continuous Banach lattice.
If a net x, is almost order bounded and uo-convergent to x, then x, converges to x in norm.

Suppose that F' is a Riesz space and [ is a strictly positive linear functional on F', then
the || - [[;-completion (Fy,|| . |l;) of (F,| - ||;) is an AL-space, and so it is order continuous
Banach lattice. The following result is a measure-free version of Proposition 1.2.

Proposition 2.2 (A Brezis—Lieb lemma for strictly positive linear functionals). Let E be
a Riesz space and F; be the AL-space constructed above. Let J : E — F} be cuo-continuous
with J(0) =0, and x,, be a sequence in E such that:
() z, = z in E;
(ii) the sequence (J(zy) — J(x, — x)), is almost order bounded in Fj.
Then
lim || J(zp) — J(zp — ) — J(x) |;=0. (8)

n—oo

< Since x, > z and J is ouo-continuous, then J(z,) ~> J(z) and J(z, — z) >

JO) = 0. Thus, J(z,) — J(z, — ) = J(z). It follows from Lemma 2.1 that
li_)m | J(xy) — J(xp — ) — J(z) ||;=0. >

In the following Brezis—Lieb type lemma, the cuo-continuity of mappings between Riesz
spaces is used.
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Proposition 2.3 (A Brezis—Lieb lemma for cuo-continuous linear functionals). Let E,
F' be Riesz spaces, | a cuo-continuous linear functional on F, J : E — F a cuo-continuous
mapping with J(0) =0, and x,, =% x in E. Then

lim I(J(zp,) — J(xp, — ) — J(x)) =0. 9)

n—o0

Q Since x, ~> « and J is ocuo-continuous, then J(z,) > J(z) and
J(xy —2) %% J(0) = 0. Thus, (J(z,) — J(zn, —2) — J(z)) > 0. But [ is cuo-continuous,
so 1(J(xp) — J(xn — 2) — J(2)) => 0. Since in R the uo-convergence, the o-convergence, and
the standard convergence are all equivalent, then nh_]gr(l)ol(J(:z:n) —J(xyp —2z)— J(x)) =0. >

Note that in opposite to Proposition 2.3, in Proposition 2.2 we do not suppose the func-
tional [ to be cuo-continuous.
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ABA BAPMAHTA JIEMMBI BPE3VUCA — JINBA
BE3 UCIIOJIbSOBAHUA CXOANUMOCTU ITOYTHU BCHOAY

Emenssros 9. FO., Mapabu M. A. A.

Paccmarpusatorca nse Bepcuu sremvbr bpesuca — JIuba s uo-cxopumoctu B npocrpancrsax Pucca.

KuarouesBsbie cioBa: jiemma Bpesuca — Jluba, paBHOMEPHO WMHTErpuUpyeMasi MOC/IEI0BATETHbHOCTD, TIPO-
crpancTBo Pucca, uo-cxomumocTs, 109t HOPAIKOBO OIPAHNYEHHOE MHOMKECTBO, 0UO-CXOAUMOCTb.
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&-JIMEBBL INOOEPEHIIMPOBAHNA HA AJITEBPAX
JIOKAJIbHO U3MEPUMBIX OIIEPATOPOB!

n. M. 2Xypaes

Nsyuatorca &-nuesnt quddepennuposanus na aarebpax JIOKaJIbHO u3Mepumbix oueparopos LS(M), rae
M — anrebpa ¢on Heiimana, e cojepxkaniasi npaMbiX abeJIeBbIX CJIAraeMblX.

KuaroueBsbie cioBa: ajrebpa ¢om Heiimama, JI0KaJIbHO M3MEPUMBIN OmeparTop, anddepeHnmmpoBaHme,
aueBo aud depennupoBanue, £-nueso aud depennupoBanue, HEHTPO3SHAYHBIN Ce/l.

IMycrs A — nekoTopas accoumaruHas aarebpa. Ajaurusnoe (nuneiinoe) orobparkenue
D : A — A naswiBaerca addumushvim (aunetinvm) duddepenyuposaruem, ecin D(zy) =
D(z)y + xD(y) mpu Bcex x,y € A. Kaxpiii ssiemenT a € A onpejie/niser JTuHeHOE accorua-
tusnoe quddepenuuposanue D, B anrebpe A no npasuny Dy(z) = ax — za = [a,z], x € A.
Huddepenruposanus Buga [, HA3BIBAIOTCA 6HYMPEHHUMU.

Ajyrrusnoe (suneiinoe) orobpaxkenue L @ A — A nasbiBaercs addumuervim (aunetitoim)
auesvim dugipepenyuposanuem, ecin L([x,y]) = [L(x),y] + [z, L(y)] mna Beex x,y € A, tae
[,y] — KOMMyTaTOp 371€MEHTOB X, Y, T. €. [x,y] = zy — yx.

A nurusnoe (ymmneiinoe) orobpazkenue L : A — A naspiBaercs addumueroim (aunetinom)
&-auesvim duddepenyuposanuem, ecmun L([x,yle) = [L(x),yle + [z, L(y)]e ans Becex z,y € A,
rre [z,yle = vy — yx, £ € C, C — mosie KOMILIEKCHBIX THCeT.

O6o3nauum vepes Z(A) uenrp A. AjyurusHoe (mueiinoe) orobpaxenue E : A — Z(A)
Ha3pIBaeTC addumuerom (aunetinom) caedom co 3uadennsmu B Z(A), ecmn E(zvy) = E(yx)
It BCex x,y € A.

Xopomo u3BeCcTHO, 9T0 J1000e aueso quddepenmuposanue L na C*-anrebpe A enuncrBen-
HBIM 00pa3oM mpejctasigercs B Buge L = D + E| rne D — (acconmarusuoe) muddepentn-
poBanue u E — nenrposnadnsiii cies va A [6]. Takoe upejcrasienue sesoro juddepeniy-
poBamnug L HazwBaioT cmandapmuoti gopmot nna L. B ciydae, korma A aBngerca aarebpoit
don Heitmana, crapgapraas ¢dopma auesoro auddepenmupopannsa L : A — A umeer Bun
L = D, + E nna mexoroporo a € A [8]. Ilpobiema o mpencTaBieHun BCSIKOTO JIHEBOTO Aud-
dbepennupoBanus B crangapraoii dpopme s caydas S(M)-anrebp n3aMepumbix 0nepaTopoB
Obl1a paccMoTpena B |[3].

Mpebr B gannoit pabore nzydaem 6ojiee 00Ul BOIPOC B 9TOM HAIPABJIEHUU, T. €. U3YIAEM
&-yuesnl quddepennupoBanns Ha ajarebpax JIOKaJIbHO u3MepuMbIx oreparopos LS(M), rue
asirebpa dou Heiimana M He cofiepKuT IpsAMbIX abeJIeBBIX CIAraeMbIX.

Mycrs H — ruib6epToBo NpoCcTpancTBo Hal nojem komiviekcabix aucesa C, B(H) — x-aJ-
rebpa BCceX OrpaHMYEHHbIX JIMHEHHBIX OMEPATOPOB, nelicTByfomux B H, M — noganrebpa dpoun

© 2016 2Kypaes 1. M.
L PaGora seimossena upu dunancosoii noyuepxke Espoueiickoro Coosa B pamkax uporpammbl Erasmus
Mundus, nmpoexT Target IT Ne 2011-2569.
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Heitmana 8 B(H), (M) = {p € M : p*> = p = p*} — pemerka Bcex TpoeKTopos u3 M u
Ptin(M) — ee noppenerka Bcex Konednbix npoekropos uz P (M). Yepes Z(M) obosnaunm
nenTp anaredbper M, a yepe3 1 — ejunuynblil oneparop u3z M.

Jluneitnoe nojpnpocrpancreo 4 B H HazbiBaercs: npucoedunermvim K anzebpe don Hed-
mana M (obosmagenue: P n M), ecin w(P) C P ans a1060ro yHUTAPHOTO OMEPATOpA U U3
kommytanra M' = {y € B(H): zy = yx (Vo € M)} anrebpsl dbon Heitmana M.

Jluneitnoe nopnpocrpanctso 2 8 H HasbiBaercsa cuavho naomuvim 6 H ommuocumenvho
anzebpu, hon Hetimana M, ecim 1 M u cymmecTByeT Takas MOCI€0BATEIHLHOCTD TPOEKTOPOB
{pn}o, C P(M), uro pp t 1, pu(H) C D v pyr := 1 —p, € Pin(M) pana moboro n € N,
ryie N — MHOXKeCTBO BCeX HATypasIbHBIX YUCEI.

Jluneiinpiii oneparop x, gpeficryonmit 8 H, ¢ miorHo#t o61acrbio onpenenenns Z(x)
HA3bIBAETCS npucoedunernvm & anzebpe don Hetimana M, ecru D(x) n M u uz(€) = zu(§)
qist Beex € € P(x) n m060ro ynurapuoro oneparopa u € M.

3aMKHYTBI! JIMHEWHBIN OIIEPATOP &, MPUCOEUHEHHbIN K M, HA3bIBACTCI USMEPUMBIM 011~
nocumeavro aszebpve o Hetmana M, ecin P (x) cuibno wiorno 8 H. Muoxecrso S(M)
BCEX OIEpaTOPOB, M3MEPUMBIX OTHOCUTENbHO M, siBjsiercsd *-ajarebpoii ¢ ejuuuneil 1 Ha
nonem C orHOCHTENIBHO OnEpanuii CUJIBHOIO CJIOXKEHUs, CUJIBHOIO YMHOXKEHHsl M [ePexojia
K COIIPSI?KEHHOMY O1epaTopy (yYMHOKEHHME Ha CKAJISPbI OIPEJIEsieTcs 00bIYHbIM 00Pa30M, 11pU
sToM cumraercd, 9to 0 -z = 0) |10].

SaMKHYTBIl JIMHEHHBIN OLepaTop T, NPUCOeJUHEeHHbIN K M, Ha3bIBAETCH A0KAALHO U3ME-
PUMBLM OTRHOCUNEAHO anzebpo, on Hetimana M, eciu cyiecTByeT Takasi MOCIEI0BATE b
HOCTDb {2y, }0° | HeHTpasbHbIX HPOEKTOPoB U3 M, uro z, T 1 u xz, € S(M) nua Bcex n € N.
MmuoxectBo LS(M) Bcex JIOKaIbHO M3MEPUMBIX OTHOCHTETbHO M OmepaTtopoB Takke obpa-
3yer *-ajaredpy ¢ eamauieit 1 oTHOCUTENBHO OnEpanuil CUILHOIO CJIOXKEHUsI, CUJIbHOTO yMHO-
JKEHHsI U TePeX0/la K COMPSZKEHHOMY ormepaTopy, npu 3toM S(M) u M ectb *-momanre6ps
B LS(M) [7, v 11, §2.3]. Henrp Z(LS(M)) B *-anrebpe LS(M) cosunagaer ¢ x-anre6poii
S(Z(M)), u B cayuae korma M — dakrop, 6o M — xoneunas anrebpa ¢dhou Heiimana,
Bcerga Bepuo pasenctso LS(M) = S(M).

Ecin M — kommyrarusnas aarebpa ¢don Heiimana, To anrebpa LS(M) takzxke kommyTa-
rugHa |7, 1. 11, §2.2], u mosromy st siio6oii nogasredbpel A 8 LS(M) umeem, uro Z(A) = A.
Cuie10BaTE/IBHO, B 9TOM CJlydae, Kaace juesbix auddepennuposannii na A coBnajaer ¢ Kiac-
coMm Z(A)-3HauHBbIX cIeJ0B Ha A.

IMycrs M — anrebpa dhon Heiimana ¢ uenrpom Z = Z(M) u M ne umeer npsimbix abe-
JIEBBIX CjlaraeMbix. B sTom ciydae B M cyimiecrByer Takoil HeHYJeBOil HPOEKTOpP P, 4UTO
z(p) = 2(1 — p), rue z(p) — uenrpauabublii HOcuTeb st p [4, Problem 6.1.9]. Paccmor-
PHUM IPOU3BOJIBHYIO HIeabHyto s-monaaredpy A B LS(M), ana koropoit M C A.

Ionoxum py =p, po =1 —pu Sij =pi Ap; = {pixp; : v € A}, i,j = 1,2. dcuo, uro Sj;
ectb nojasrebpa B A. U3 pasencrsa

r=(p+(1-p)z(p+(1—p))=pixzp1 + p1zp2 + p2p1 + pazp2

caegayer A = Ei,j=172 piAp;. Kpome roro, juist € Sy, y € Sij umeewm, uro xy = 0, ecim k # |
u zy = (pixpr)(Piyp;) € Sij, T e. SipSyy C Sij nna Beex 4, j, k,1 = 1,2. OrmeTnM TaxzKe, 910
u3 souenus M C A cnenyer, uro p;Mp; C S;; sy mo6bix 4,5 = 1,2.

Hna xaxgoro z € A uvepes z(z) 0003HAUYMM LEHTPAJIBHbI HOCUTENb I T, T. €.
z(z) :==1—sup{z € Z(Z(M)) : zz = 0}. Huxe paccmorpum {-nueso muddepeHnupoBanue
Ha ajiredpax JIOKaJbHO M3MEPUMBIX OLEpaTopos, rje & # 1.

Jlemma 1. Cupaseiiubl paBeHCTBA

pL(1)(1 —p) =1 -p)L(1)p=0
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(1—=p)L(p)(1 —p) = pL(1 —p)p =0.
< Tak xax p(1 —p) =0, 1o [L(p),1 — pl¢ + [p, L(1 — p)]¢ = 0). Taxum obpasom,
L(p)(1 = p) = &1 = p)L(p) + pL(1 — p) — {L(1 — p)p =0, (1)
caeposarensio, (1 —p)p =0, [L(1 —p),ple + [1 — p, L(p)]e =0, . e.
L(1 = p)p—&pL(1 —p) + (1 = p)L(p) — ¢L(p)(1 — p) = 0. (2)
Vumosmas pasercrso (1) ciepa u cpasa ma p i 1 — p COOTBETCTBEHHO, HMeeM
pL(p)(1 —p) +pL(1 —p)(1 —p) =0,

u nosromy pL(1)(1 —p) = 0. YmuoKas paBeHCTBO (2) cjieBa u cupasa Ha 1 —p U p COOTBET-
CTBEHHO, nuMeeM

(1-p)L(1-p)p+ (1 —p)L(p)p =0,

u nosromy (1 —p)L(1)p = 0. Ymuoxkas pasencrso (1) ¢ obeux cropon na 1 — p, umeem

(1 -p)L(p)(A —p) = €A = p)L(p)(1 - p) =0,
u nosromy (1 —p)L(p)(1 —p) = 0. Ymuoxkas paenctso (2) ¢ 06eux CTOPOHBI HA P, UMEEM
pL(1 = p)p — EpL(1 —p)p =0,

u nosromy pL(1 —p)p=0. >

Oupepenum orobpaxenue 6 @ LS(M) — LS(M) caepyromum obpasom: 6(z) = L(x) +
ax — xa nng seex © € LS(M), tne a = pL(p)(1 — p) — (1 — p)L(p)p. fcuo, uaro § ssiasgerca
asnTUBHBIM oTobpaxkenneM u [0(x),yle + [z, 0(y)] = 6([z,y]) mua Beex x,y € LS(M), rae
zy = 0. Kpowme Toro, cornacuo jemme 1 umeem pd(1)(1—p) = (1—p)d(1)p = (1 —p)d(p)(1 —
p) =pd(1 —p)p=0.

Takum obpazom,

d(p) = L(p) + bp — pb = pL(p)p = pd(p)p — p(bp — pb)p = pd(p)p, (3)
6(1-p)=L(1—-p)+b1—-p)—(1-pb=(1-p)L1-p)(1-p)
=1-p)1-p)(A—-p)—(1-p)(b1—-p)—(1-pb)(1—p) (4)
=(1-p)o(1 —p)(1 —p).

Jlemma 2. Jlns i = 1,2 copaseabo §(S;;) C Sy

< Iycrs @11 € S11. Tak kax z11(1 —p) =0, 10 [0(z11),1 — ple + [£11,0(1 —p)]e = 0. U3
9TOTO paBeHCTBa U (4) mveem

6(z11)(1 —p) —£(1 — p)d(z11) = 0. (5)
YMHO)Kas1 paBeHCTBO (4) ceBa Ha P, MOJIydaeM

pd(x11)(1 —p) = 0. (6)



&-smeBpl juchbpepeniupoBanust Ha ajaredbpax JIOKaJabHO U3MEPUMbIX OIIEPATOPOB 29

YumHO)kas paBeHcTBO (4) ¢ 0benx cropor Ha 1 — p, nosnydaem (1 —&)(1—p)d(xz11)(1—p) =0,
OTKY/1a CJIe/yer

(1 —p)d(z11)(1 —p) =0, (7)
nockospKy & # 1. C apyroii croponst, (1 — p)z1; = 0, u Mp1 uveem [§(1 — p), z11]e + [1 —
p,0(x11)] = 0. Takum o6pazom, (1 —p)d(x11) — £5(211)(1 — p) = 0. YMHOKAS 9TO PABEHCTBO
HA P, IMeeM

(1 —p)é(z11)p = 0. (8)
N3 paBencTs (6)*(8) 1OJLy YaeM 5(1’11) € S11. Hosromy 5(S11) C S11. Cayuaii 5(522) C So9
pPacCMaTpPUBAETC AHAJIOIMYHO. [>
Jlemma 3. 0(1) € Z(LS(M)) u §(pi)xij = xi;0(p;j) At a00bIx zi; € Sij, i # j = 1,2.
< Ilycrs x12 € S12. Tak kak x19p1 = 0, T0 uMeem
0(—=&x12) = [6(z12), P1le + [212,6(p1)]e = 0(212)p1 — EP1d(w12) + 2120(p1) — E0(p1)T12. (9)

Tak kak poxrio = 0, TO
d(—&w12) = [0(p2), T12)e + [P2,0(212)]e = 6(p2)T12 — EX120(P2) + P2 (212) — £0(212)p2. (10)
13 pasencrs (9) u (10) noayuaem
d(x12)p1 — Ep16(z12)p1 + 2120(p1) — £0(p1) w12
= 0(p2)x12 — £x120(p2) + p2d(x12) — €0(212)p2.  (11)

ITpu & # 0, ymuoxas paserctso (11) ceBa u cipasa Ha p; U p2, COIVIACHO paBeHCTBaM (3)
u (4) nveem §(p1)r12 = p16(p1)p1T12 = T12p20(p2)p2 = 126(p2). Ilpu § = 0, ucnoibsys
paBencTBo (p1 + r12)(r12 — p2) = (12 — p2)(p1 + 212) = 0, nMeem

(0(p1) + 0(x12))(x12 — P2) + (P1 + 12)(0(212) — 6(P2)) =0

(6(z12) — d(p2))(p1 + 12) + (212 — P2)(d(p1) + d(712)) = O,

OTKY/la II0JIydaeM

d(p1)z12 + 6(z12)T12 — d(212)P2 + P1d(X12) + 120(T12) — T120(P2) =0

0(z12)p1 + 6(x12)x12 + T120(T12) — P2d(212) = 0.

U3 nocieauux paseHcrs caepyer d(p1)riz = x120(p2). Hasee, yuurbisas pasencrsa (3) u (4),
umeeM p1(p1)p1212 = x12p20(p2)p2. Takum o6pazom, 3aK/I09aeM, YTO

d(p1)z12 = p1o(p1)p1x12 = T12p20(P2)P2 = T120(P2)

Uit Beex X1y € Sta. 3amerum, urto p1d(p2)pr = p2d(p1)p2 = 0. Orcioga p1d(1)pr1xie =
l‘lgpgé(l)pg, " 1103TOMYy

d(1)z12 = (p16(1)p1 + p206(1)p2)x12 = z12(p20(1)p2 + p16(1)p1) = x126(1) (12)
IUIS BCEX T19 € S12. AHAIOIMYHO MOXKHO IOKA3aTh, YTO
5(]92)1’21 = 1‘215(]91), 5(1)1‘21 = 1'215(1), 21 S 521. (13)

Terneps u3 pasencrs (12), (13) nveem 6(1) € Z(LS(M)). >
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Jlemma 4. /s Bcex x5 € S5 (1 < i # j < 2) coenyromne yTBepK/ieHHs] SKBUBATE€HTHDL:

1) ecom € # —1, 1o §(xy5) € Sij;

2) ecn & = —1, 10 p16(zi5)p1 = p2o(xij)p2 = 0 1 0(z45)xij + x456(xi;) = 0.

< s siioboro x19 € S12 BepHO paBercTBo (11). YMHOXKast 9T0 pABEHCTBO ¢ 06€MX CTOPOH
HA P U Po COOTBETCTBEHHO M NPUHMMAasi BO BHuMaHue, 4to £ # 1, a Takxke u pasencrsa (3),
(4), ;erKo BUAETH, UTO

P16(x12)p1 = p2d(xij)p2 = 0. (14)

[Moanoe pmokaszaTebLCTBO yTBEp2KIeHust 1) caeayer u3 pasencrsa pad(r12)p; = 0. Pacemorpum
JIBa, CJIydas.

Cayyat 1. £ = 0.

st mroboro x1o umeeM x1op1 = 0, mosTomy

6(z12)p1 = 2126(p1) = 0. (15)

Yumuoxast papeHctBo (15) cieBa na py, noayuum pod(r12)py = 0. Takum obpasom, nmes
BBUJIy 9TO PaBEHCTBO U paBeHCTBO (14), umeem 0(z12) = p16(z12)p2 € Sio.

Cayuati 2. € #0,—1.
IMycrs 12,912 € S12. Tax kax (y12 — p2)(p1 + 212) = 0, 10 coracuo pasencrsam (3), (4)
nmMeeM
O(—€x12 + &x12) = 6([y12 — P2, 1 + T12]e) = [0(y12 — P2), p1 + Z12]¢
+[y12 — P2, d(p1 + z12)]e = 0(y12)p1 + 6(Y12)x12 — EP1(Y12) — Ex120(Y12) (16)
+&€w126(p2) + y126(212) — p2d(w12) — £0(P1)y12 — £6(212)y12 + E5(w12) 2.

Yumuoxkas paserctso (16) ¢ obenx cTopoH Ha py U IpuMeHss paBeHcTBO (14), moaydaem

p20(y12)p1z12 = Ep2d(z12)piyie (Y12, y12 € Si2). (17)

YwmuO)kas paBeHCTBO (9) HA P U Py CJIeBa U CIpaBa COOTBETCTBEHHO, MMEEM

p20(z12)p1 = p26(—&x12)p1 (V212 € Si2). (18)

U3 pasencrs (17) n (18) umeem

—p20(y12)p1212 = Pad(Ey12)p1712 = Ep26(712)p1(EY12) = E2p26(w12)P1Y12

JJIs BCEX 12, Y12 € S12. Takmm obpasom, u3 pasenctBa (17) BbITEKaeT, ITO

p2o(z12)p1y12 =0 (V212,912 € S12). (19)

Amnayormano, ymuoxkas pasercTBo (16) Ha p; ¢ 00eumX CTOPOH ¥ HCHOJb3ys paBeHCTBa (14)
u (18), nosyuaem

y12p20(z12)p1 =0 (V12 € Si2). (20)

Taxzke 3amerum, uro p2d(r12)p1y21 = Y21p20(x12)p1 = 0 ana Beex Y12 € Sio. Torpma us
pasencts (19), (20) caexyer, aro pad(x12)p1 € Z(LS(M)), u nosromy p2d(z12)p1 = 0. Takum
o6pa3oM, JI0Ka3aHO yTBepKaeHue 1).

g moxkasarenbcTBa yTBEpK/IeHUS 2) 3aMeTnM, 9T0 upu & = —1 mMeeT MecTo PaBeHCTBO
zy = 0= d(zy+yx) = 6(x)y+xd(y)+(y)r+yd(x). Tak kak x12 € Si2, (p1+z12)(T12—Dp2) =
0, 0 0(p1+r12) (212 —p2)+ (212 —p2)d(P1+212) +0 (212 —D2) (P1+212) +(P1+212)6 (212 —p2) = 0.
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Orciona, ucnosb3ys paserctso (11), 3akmogaem, 9o 0(z12)x12 + 120(212) = 0. YuursiBag
910 u paeHcrso (14), noayvaem (2). >

Jlemma 5. Hmeror MecTo Ciresyronine yTBEPXK ICHUS:

1) ecom & #0,—1, 10 6(Exy) = £6(x)y + Ex0(y) ans Beex x,y € LS(M);

2) ecoin & = 0, 10 cymecrByer ajaurusnoe juggepennuposanue @ rakoe, 4ro 0(xr) =
o(x) + 6(1)z ansa Bcex v € LS(M);

3) ecmn £ = —1, 10 6(2?) = 0(x)x + 26(x) s Bcex x € LS(M), t. e. § ecrs ajurusHOe
ffopaaHOBO auddepeHupoBaHme.

< Cayuat 1. £ # 0, —1.

B srom ciyuae pokaxem, uro 0({xy) = £0(x)y + xd(y) ans Beex x,y € LS(M).

1. 5(51‘“]42]) = fé(m“)yw + 5:1:“5(3/”) JJidA BCEX xii,yij S Sij, 1 < ) 75 ] < 2. Ha camom
nese I BCeX Ty € Sy, Yij € Sij uMeeM ;x5 = 0. Coracno jemme 2 u yTBeprkaeHuio 1)
jgeMmbl 4 nmeem

—0(&ziiyi5) = 0([Yij, Tiile)
= 0(yij)wis — x40 (Yij) + vii0(@is) — £6(xii)yi; = —Exii0(Yij) — £6(T43)Yij»

T. €. 0(Exiiyij) = Ex4i0(yij) +E0(24)Yij 11sl BCeX Tj; € Sy U Y45 € Sij. AHAIOIHYHBIM 00pa3OM
MOZKHO l_IO.HyL:[I/I'I‘])7 qTO

2. 5(§xijyjj) = fxij5(yjj) + fé(a:ij)yjj AJId BCEX Tjj € Sij uyj; <€ Sjj, 1<i#5<2;

3. 0(&xiiyii = E0(4i)Yis) + 246 (Yii) auist Beex Xy, Yis € Sy, 1= 1,2.

IIycrs 4 # j. Jna mro6bIX X4, Yis € Sii, @ = 1,2, 1 s;5 € Sy, cormacuo 1. 1 moryaum

0(Exiyiisiz) = £0(@ii)iisiy + Exiiyiid(sij).

C Jpyroit ¢cTopoHbI,
8(€xiyiisij) = E6(i)Yiisi€xiid (Yiisis) = E0(2ii)yiisij + E2xud (€ i) sij + Exiiviid (sig)-

Comnocrapisis IOCIEIHEE 1B PABEHCTBA, MOJTyIaeM

<5($ii’yii) — 0(@is)yii — fwii5(f_1yii))8ij =0.
CnenosaresibHo,

(5(55Eiiyii) — &6(ii)yii — 5$ii5(yii))8ij =0 (21)
JTd BCeX S;; € S;j. AHAJIOIHYHO JJIF BCEX Sj; € S HMeeM

Sji (5(§l’iiyii) — &0(xii ) yis — f%ﬁ(@h’i)) = 0. (22)
Taxxke coryiacHO JieMMe 2 UMeeM

Sij <5(f$n’yz’z’) — &0(xii)yii — §$ii5(yn’)> = <5(§l’u’yu’) — &0(@ii)yii — Ewiié(yii))sji = 0.

U3 pasercrs (21) u (22) Berrekaer 8(Exiiyii) — £0(4i)yii — Exiid(yii) € Z(LS(M)), orryzna
nostyuaem 6(Exyyii) — £6(2ii)yi — E24i0(yis) = 0.

4. 5(§xijyj,~) = fé(l‘ij)yji +§xij(5(yj,~) AJId BCEX Tjj € Sz'j, Yji € Sji, 1< #] < 2.

Jutst 1r06b1X Tij € Sij, Yji € Sji, 1 75 7, (:L'Z'jyji — Tij — Yji +pj) = 0. Orcooza, corJIacHo
OTIpeJIeJIEHUIO —J, MMeeM

S(wijysi — Exij — Eygizijyji — Eyitig) = 0 ([Tijyji — Tij — Yji + Py i + yjile) = 0.
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Takum 06pazoM, COTIACHO JIeMMe 2 U yTBEepXKIeHuo 1) jleMMbl 4 nveem

6(Exiyji) — 0(Exij) — 0(Eyjimij) = 6(wi5)ysi + 0(yja)pi — 0(p;)yji — £6(2ij)
—&yjid(ij) — i3y (pi) + 256 (yji) + Y50 (pi) — P (yji) — E0(pi)xij — §0(yji)Tis-
YMHO)Kast 9TO PaBeHCTBO ¢ 00eMX CTOpOH Ha pj M LIPUMeHss JeMMbl 2 u 4, 1ojydaem
(&yjimij) = €0(yji)wij + Eyjid(wij)-

Teneps mnist npousBosibHbIX x,y € LS(M) cormacuo mm. 1-4 w agauTuBHOCTH § HMeeM
0(&xy) = &6(x)y + Exd(y) nna Beex z,y € LS(M). Takum obpasom, B uUTOre HOJLYyIUM
yTBepx/aeHue 1) jemMMbl 5.

Caywati 2. Tlycrs § yposaersopsier ycaosuio: ecau xy = 0, To §(z)y + zd(y) = 0.
ITokazkeMm, 9TO

S(zy) = d(x)y + x6(y) — 6(1)zy

s Beex x,y € LS(M). Ilycrs 1 < @ # j < 2. CoriacHo jlemMMe 2 U yTBepK/IeHUiO 1)
aemmbl 4 umeem (x4 + x4Yi5)(pj — yij) = 0. Orcioga

0(xiiyij) = 0(xis)yij + i6(Yij) — Tiivi;0(pj) (23)
JUlst BCeX Xy € Sy u yi; € Syj. V3 pasencrsa (p; — xi5)(y;5 + T4jy5;) = 0 BbITexkaer
6(zi5y;5) = 6(wij)ysj + 2i;6(ys5) — 6(pi) @iy (24)

st Beex Tij € Si; m yj; € Sjj. Torma corsmacuo snemme 3 u pasencrsy (23), paccyzxiast
AHAJIOTUIHO TI. 3 caydad 1, nMmeem

S xiivii) = 6(xii)yii + 0 (Yii) — T4Yiid (pi) (25)
JUISL BCEX Tij, Yii € Si;. Temeps, ucmonp3ys paBeHCTBO (245 + 45Y5:)(pi — yji) = 0, memmy 2 u
yrBepzxienue 1) jemmbl 4, numeem

Mxijysi) = 6(xij)yji + 2i50(yji) — Tijy;:0(0s) (26)

Jd BeeX Ti; € Si; U Yj; € Sji. AHaJOIMYHO I IUTHBHOIO 0, CONOCTABJIAS PaBEHCTBA
(23)-(26), nosnyunm d6(xy) = d(x)y + x0(y) — §(1)xy mna secex x,y € LS(M). Tenepn ¢
ompeenuM ciepyonmm obpasom: ¢(z) = d(x) — §(1)z. Bamernum, uro §(1) € Z(LS(M)).
Taxum obpazom, nmeem

p(zy) = 6(zy) — 6(L)zy = d(x)y + xd(y) — 26(1)zy
= (p(z) +6(1)z)y + z(p(y) +0(1)y) — 20(1)zy = p(z)y + z¢(y)
nuist Beex x,y € LS(M). Ilosromy § siBnisiercst ajyutuBhbiM muddepeniuposanueM u §(x) =
o(x) +6(1)z ana Beex .

Cayyati 3. £ = —1.
B srom caydae § yaoB/eTBOPSIET YCIOBUIO

zy =0=d(yx) = 0(x)y + xd(y) + d(y)z + yd(x).

IMokazkem, uro § — fopganoB roMoMOPGU3M, YIA0BJAETBOPIONUii yca0Buio (3).
IIycrs 1 < 7@ # j < 2. g mobeIX x5 € Sy 1 ;5 € Si; mMeeM y;;x; = 0. CorsacuHo
JleMMe 2 M yTBEPKJIEHUIO 2) jieMMbl 4 nmeem

(xiiyij) = 6(xii)yij + xiid(Yiz) + 6(yij )i (27)
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JUisL BCeX Tjj € Sij U yj; € Sj;, HOCKONBKY Y;i¢i; = 0. CoryiacHo jteMMe 2 U yTBEPXK/eHUIO 2)
JeMMbl 4 nmeeM

6(wijyj5) = 0(@ij)ysj + wi50(y;5) + Y50 (wis) (28)
IS BCEX X, Yii € Sii. Cormacuo semme 3 u pasencrsy (27) anasiorudno n. 3 caydas 1, MOKHO
IOKA3aTh, 9TO

O(@iiyis) = 6(x4)Yii + 46 (Yis)- (29)

st mr006BIX Tij € Sij u Yy € Sji nMeeM (xija:ﬂ + i + T +pj)(pi — Ty — Ty + xjiazij) =0.
CoryiacHo Jiemme 2 1 yrBepx/ieHuio (2) semmbl 4 nosydaem

O(zijryi) = 0(wig)xji + 2ij0(xs0),  O(xjiziy) = 0(xji)2ij + 25i0(2s5). (30)

Teneps, koM6uaupys pasenctsa (27)—(30), moaygaem §(x?) = 6(x)x + xd(x) nna Beex x €
LS(M), 1. e. § — iiopmanoso quddepenuuposanue. >

Jlemma 6. Ecau € # 0,—1, To cymecTByer aaauTuBHOE JuphepeHIupoBaHme p, V0BJIe-
rBopsitoee pasenctBy (1) = £5(1), rakoe, uro 0(x) = @(x) + §(1)x st Beex x; B 4acTHO-
CTH, JIJIsl PAIIHOHA/IBHBIX KOMILJIEKCHDBIX &, O SIBJIS€TCS aJ/IATHBHBIM.

< Cornacno yreepxkzaenuto 1) jemmbr 5 umeem §(Exy) = £(0(x)y + xd(y) ans n106b1x
x,y € LS(M). B wgacraoctu, gna aobbix x, y, tae zy = 0, umeem £(d(z)y + zd(y) =
0(&xy) = 0(0) = 0. Takum obpaszom, 0(x)y + zd(y) = 0 aus ar0bbIX T, Y, Tae vy = 0 TaK,
aT0 0 ynosyerBopsier yeaosuio & = 0. Torga coracHo yTBEpKAEHUIO 2) JIEMMBI 5 CYIIECTBYET
ajymrusHoe Juddepentuposanue ¢ takoe, uro d(x) = ¢(x)+0(1)x mua Beex z. Kpome roro,
0(€1) = &6(1)1 +£16(1), Tak kak 6(§ 1) € Z(LS(M)) u p(€1) = £6(1) cormmacHo Jiemme 3.
[Mockosbky § — aJUTUBHOE Jijist JIIOOOI0 KOMILIEKCHOIO PAMOHAJIBHOIO YUC/A T U JII0DOro
x € LS(M), o mmeem §(rz) = ré(x). Tax kax 0 = —p(1) = ¢(i21) = ¢(i1)il + ilp(il) =
2ip(11), To p(il) = 0, 6(i1) = i6(1), mnsa a06Oro KOMIIEKCHOIO PAIMOHAIBHOIO YUCTIA 1.
Takum 06pazom, eciin & — PaLMOHAIBHOE KOMILIEKCHOE 4uci0, 10 240(1) = §(zil) = 2xid(1).
Otciona 6(1) =0, Tak Kak 0 = @ ABJIAETCd aJIUTUBHBIM jiudepeHnupoBanuem. >

Teopema 1. Ilycre LS(M) — asirebpa JIOKaJbHO H3MEPHUMBIX OIIEpATOpOB, rie M He
conepxKuT mpsMoro abesesoro ciaaraemoro. Ilycrs L : LS(M) — LS(M) — agaurusroe
orobpaxenne u & # 1.

Torna L([z,yle) = [L(z),yle + [z, L(y)]e ama Bcex x,y € LS(M), rae vy = 0 torza u
To/1bKO Torya, korga L(1) € Z(LS(M)) u BbUIOJIHSIOTCS CAEAYIOIIME yCIOBHSI:

1) npu & # 0,—1 cymecrByer ajymurusHoe jucepentuposanne @, e o(E1) = £L(1)
rakoe, uyro L(z) = p(x) + L(1)x aus Bcex x € LS(M); B wacrnocrn, L — ajaurusroe
Juepeniiupopanne, riae & — KOMIIJIEKCHOE DAI[HOHAIbHOE YUCJIO;

2) upu £ = 0 cymecrByer auurusnoe qucdepenuupopanune ¢ raxoe, 4ro L(x) = ¢(x) +
L(1)x pus Beex x € LS(M);

3) upu & = —1 orobpaxenne L sipisiercss HopaaHoBbIM ubPEPEHIUPOBAHUEM, T. €.

L(z?) = L(z)z + xL(x) ana scex x € LS(M).

< Scno, uTo u3 KaxKIOro yreepxKaenus 1)-3) Boirekaer
ry =0= L([x,y]g) = [L(x)vy]ﬁ + ['r7L(y)]§‘
[Tycrs yrBepxenune 1) Boiionnsiercs. Torga pis ai00bix z, y, vy = 0, umeem
L([z,yle) = —L(&yx) = —(p(€yx) + EL(1)yx) = —(p(EDyz + Ep(yz) + EL(1)yz)

(
= —(lp(y)z + Eyp(x) + 26 L(L)yx) = @(x)y + zp(y) + 2L(1)zy
—(€p(y)z + Eyp() + 26 L(1)yx) = [L(x), yle + [z, L(y)]e-
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Bamerum, uro L(z) = d(z) + xs — sz aua scex ¢ € LS(M) u L(1) = §(1). Cornacuo
siemmam 5 u 6 orobparkenune L mmveer tpedbyemyro B Teopeme 1 dpopmy. >

CanencrBue. Ilycrr amrebpa ¢on Heiimana M tuna I, wim tuna 111 Ilycre L
LS(M) — LS(M) — aaaurusnoe orobpazkenme u L([z,yle) = [L(x),yle + [z, L(y)le,
§#0,1,—1, st Beex x,y € LS(M), rue zy = 0.

Torna L = D, mis Bcex © € LS(M), rge D, — BHyTpennee juchgepennupoBanme Ha
arebpe LS(M).

< Cornacao yrBepkaeHnuio 1) Teopembl 1 cymectByer ajguTtuBHOe T bDEPEHITIPOBa-
nue @, e p(€1l) = €EL(1) u L(z) = p(z) + L(1)x pua Beex © € LS(M). B ciyuae anrebpsl
dbon Heiimana M tuna I, mubo Tuna 1], kak nokazano B |2, cieacrsue 3.4|, moboe agiu-
TuBHOe acconmarusHoe auddepennuposanne na LS(M) apasiercs suyrpennum. Orcioga u
u3 pasencrsa ©(€1) = EL(1) nosnyuaem, uro L(1) = 0. Urak, L = ¢ = D, Jyisi HEKOTOPOIo
a€ LS(M). >

IIpu & = 1 nonyunm

Teopema 2 (cp. [12, Teopema 2|). Ecam M — amrebpa ¢oun Heiivana tuma I, mbo
tuna 11, 1o r06oe ajpurusuoe jmeso qupdepennupopanue L na anrebpe LS(M) sapasiercs
JIHHEHHBIM JTHEBBIM aucpepennupopanueM u umeer sua L = D, + E, rme D, — BHyTpeHHEE
auppepennuposanne na amreope LS(M) u E — smneiinbi Z(LS(M))-3naunbiii cien Ha
LS(M).

B cnydgae anrebp ¢ou Heiimana tumna [, Teopema 2 mMmeeT CyIIECTBEHHOE YTOYHEHUE.
B [11] ycranosieno, uro jyuist anredp dhoun Heiimana M, umeronux tun I, Beerja BepHO pa-
serctso [LS(M), LS(M)] = LS(M). Ilosromy st Takux aurebp Jsio6oit Z (LS (M ))-3nadublit

caep va LS(M) TOXKA€CTBEHHO PABEH HyJII0, YTO B CHJLy TEOPEMbI 2 Bjeder

Caencrsue (cp. [12]). Ilycts M — anrebpa ¢pon Heiimana tuma I,. Tora sroboe angn-
tuBHOe JmeBo jupdepennupopanue B LS (M) apasercs sunelinpiv acconuaTuBabiM 1uchpe-
PEHIIUPOBAHUEM.

Bularogapaoctb. ABTOp BbhIpaxkaeT riy0OKyI0 NPU3HATEILHOCTh 33 TOCTENPUUMCTBO TeXHOIO-
rudeckomy yausepcurery Bendopr-Monbenbsp, @panimsi.
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O HACTNYHO KOMITAKTHBIX ITO MEPE HEOI'PAHUYEHHBIX
JIMHENHBIX OIIEPATOPAX B Lo

B. B. KopoTkos

Aunexcandpy Edumosuny Iymmany
6 c6a3u ¢ e20 50-aemuem

B craTpe BBOOATCA 9aCTUYIHO KOMIIAKTHBIE IT0 Mepe HeOrPDAaHUUIEHHBIE JINHEUHBIEe OIIePATOPHl U yCTAHABIIN-
BaeTCd XapaKTepPUCTUIeCKOe CBOMCTBO LIPeJEeJIbHBIX CIIEKTPOB OIIEpaTOPOB, CONPAXKEHHbBIX K IIJIOTHO OIIpe-
neneHubM B Lo(j1) HEOrpaHMHYEHHBIM YACTMHHO KOMIIAKTHBIM 110 Mepe JuHeinbiM oueparopam. Ilpu-
BOZSTCS IIPUJIOXKEHUS ITOT0 Pe3yJIbTaTa K JIMHEHHBIM (DYHKIMOHAJIBHBIM ypaBHEHHSM 1-ro u 2-T0 poma
C HEOI'PDAHUYEHHBIMHU OllePaTOPaMU.

KurodyeBrblie ciioBa: 3aMKHY THIU OLIEPATOD, KOMIIAKTHBIN 110 MEPE OLIEPATOP, IIPEIe/IbHBII CLEKTD, JIHHEH-
HOe (DYHKIMOHAIBHOE ypaBHeHUE 1-10 mim 2-10 PoJa, JuMHENHOe HHTErPAJIbHOE YPAaBHEHHE 1-ro uiau 2-ro
poza.

IMycrs (X, 1) — IPOCTPAHCTBO ¢ 0-KOHEYHOMN MOJI0KUTENLHON MepOit (1. Amomom mepuvi
HA3BIBAETCS MHOXKECTBO MOJIOKHUTETbHON Mephbl u3 X, He MpeJICTaBUMOe B BUJe 00'be/INHEHUsT
ABYX HEIEPECEKAIOINXCA MHO2KECTB C IIOJIO2ZKUTEJ/IbHBIMU MEPAMMU. ByﬂeM rOBOPpUTH, YTO MeE-
pa [t HE HABJISIETCS YUCTO ATOMUYECKOH, eciin B X eCTb MHOYKECTBO IOJIOKUTELHON Mepbl, HE
cojiepzkaiiiee aToMoB Mepbl f. depes Lo(p) := Lo(X, 1) 0603HaYMM OPOCTPAHCTBO BCEX KJIAC-
COB [-9KBUBAJIEHTHBIX i-u3MepuMbIX (pyHKimit Ha X ¢ cymmupyembiM kBaparom. depes ||- ||
u (+,-) 6yaem 0603HAYATH HOPMY U CKaJIIpHOE mpousBejierue B Lo(u).

Ilycts H, Hy — runsbeprosl npocrpancrsa. Omneparop F' : Dp C H — H; nasbiBa-
ercsd  3amKHymoim, ecam u3 f, € Dp, f, — u, Ff, — v cieayer v € Dp u Fu = v.
Omneparop T™, cONpsizKEHHBIIl K [IJIOTHO OIPeJIeJIEHHOMY 3aMKHYTOMY JIMHEHOMY OIEepaTopy
T : Dy C H— Hj, wiorHo oupejeied u 3aMkayT, upu srom 17 =T [1, v III, §5].

Iycrs T : Dp C Lo(p) — Lo(py) := Lo(X7, 1) — numedinbiit oneparop, || - |1 — nopma
B Lo(p1). Hazosem T kommakTHBIM 10 Mepe, ecaut U3 fn, € Dy, |[full < 1, [|Tfuli <1, n =
1,2,..., Borrekaer, uro {71 f,} comepxKuT MOANOCIEA0BATENILHOCTD, CXOJLAULYIOCS 110 Mepe fi]
Ha KayKJIOM MHOXKeCTBe KOHedHOU Mepbl. Eciu Dy = Lo(p) u T — orpanudeHHblil orepaTop,
TO 9TO OIpe/IeJIeHNE COBIAIAET C M3BECTHBIM ompezenenueM u3 |2|. Jluneitnsiii onepatop 1 :
Dy C Lo(p) — Lo(p) HazoBeM 4acmu4mo KOMNAKMHbM NO MEPE, CJU HARJAETC MHOKECTBO
e C X, ue > 0, takoe, uro P, T xommakren 1o mepe; 31ech P.f = X f, f € La(p), Xe —
XapaKTepucTudeckas (PyHKIMS MHOYKECTBA €.

Byaem roBoputrhb, 4TO Hysib NPUHAJIEKUT HPEJeabHOMY crekTpy oq(M) oneparopa M :
Dy € H — H, eciiu B D)y cymecTByer OpTOHOPMUPOBAHHAA MOC/IE0BATEIBHOCTD {hy, }
Takast, aro Mh, — 0.

(© 2016 Koporkos B. B.
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Teopema 1. Ilycte Mepa [i 0-KOHEYHA, HE SBJISAETCI 9UCTO ATOMHIECKOH H MHOMKECTBO e,
0 < pe < oo, He umeer aromos mepbl (, T @ Dy C Lo(p) — La(p) — wi0THO onpese/ieHHbli
smneinbli oneparop, P.T komnakren mo mepe u 3aMkayT. Torga 0 € o (T).

< Omnpegenum oneparop i : Lo(n) — La(e) := Lo(e, u) paBercrsom ich(s) = h(s) aus
Bcex h € Lo(p) u Bcex s € e u paccMoTpuM 3aMKHY bl oneparop 7 = i1 : Dy C La(p) —

Lo(e). Tlonp3ysich mOIFpHBIM pa3jioKeHHWeM 3aMKHyToro omeparopa |1, . VI, §3], upes-

1 .
crapuMm 7 B Buge 7F = VS, e S = (7*7*)2 — camocoupsikennsiii onepatop B La(e),

V @ Lo(e) — Lo(p) — wacruuno msomerpudeckuii oneparop. Mmeem 7% = SV*. Orcio-
ma S =7V =71V =i /TV. Oneparop i.T xKoMmakTen mo Mepe. 3HAYUT, S KOMIAKTEH
no mepe. Ilokaxem, uro 0 € 0.(S). Ilpeanonoxum nporusnoe. Torya pasmepHoCTh 1OJ-
npocrpancTsa ker S koneuna, 3jech kerS = {g : g € La(e), Sg = 0}, u MOXKHO CcUuTaTh,
uro ker S = {0} (B nporusHOM Ciyuae jocrarouHo nepeiitu k oneparopy S + P, rue P —
opronpoekTop Ha ker S). U3 kerS = {0} u 0 ¢ 0.(S) caenyer, uro cymecrByer o6paTHbIit
omeparop S~!: Ly(e) — Dg C Lo(€) m 3T0T omepaTop orpammder. BozbMeM o6y OpTOHOD-
MUPOBAHHYIO) PABHOMEDHO OIDAHMYEHHYIO nocjegoBareabHocrb {@,} C Lo(e). B kauecrse
{¢n} MoxHO BbIOpaTh cucTeMy 0606mennbix dynknuii Pagemaxepa {ry .}, ompererenusix
Ha e [3] (em. rmakwxke [4, c. 11-12]). Herpyano uposepurs, 4ro {@,} He couepkut 1oimnocie-
JIOBATEILHOCTEH, CXOAAIuUXcd 110 Mepe Ha e. PaccmorpuM dyukmun f, = S™1p,. Umeem
1l < 187 lgnll = IS 11SFull = Ionll = 1, 7 = 1,2, .. Ts xounascrmocra o mepe
oreparopa S BBITEKAET, YTO MOCJIeJI0BATENbHOCTD {¢,} = {Sf,} KoMmakTHa mo mepe, uro,
KaK OTMEdYasI0Ch Bbie, HeBo3MOxkHO. Suauut, 0 € 0.(5). Torga cymecrsyer opronopmu-
poBannag cucrema {h,} C Lo(e) takag, aro Sh, — 0. Ilonoxus a = Xehy, momydum
T*hNn =T*P.h, = 7*hy, = VSh, — 0. Takum obpazsowm, 0 € o.(T*). >

IIycrs Lo(p) := Lo(X, ) — IPOCTPAHCTBO BCEX KJIACCOB [-9KBUBAJACHTHBIX [i-U3Me-
PUMBIX f-1I09TU BCIoAy KoHeunbix ¢dbyukrmmit Ha X u Lo(X X X,pu X p) — anajorudnoe
npocrpanctBo. Oneparop K : D C Lo(pu) — Lo(p) HasbiBaercst unmezpasbHbim, €Cau
cymectByer dbyuknusg K € Lo(X x X, p x p) takag, 910 1714 Beex f € Dy

Kﬂ@sz@wmmmw 1)
X

Juig mouTH Beex s € X. Murepsan B (1) nonnMaercsa B jieberooM cmbicae. Pyuknua K (s,t)
HA3BIBACTCH AJPOM UHMeparvrozo onepamopa K. Byaem rosopurs, uro sapo K (s,t) nopox-
JaeT mHTErpaabHbIil oneparop K mo dopmyse (1).

W13 reopembt 1 u B [4, reopembl 1.6.2] BbiTekaer ciejyromiast

Teopema 2. Ilycrs K : Dg C Lo(p) — Lo(p) — miorHo oupejesieHHbiii nuTerpasibHbIi
omeparTop, Mepa ji 0-KOHe€YHa H He SABJsAeTcs ducto arommieckoid. Ecin K nponosxkaercs
J10 sinHeHOro nHarerpaapnoro omneparopa K : La(u) — Lo(p), 10 0 € o.(K*).

BaskHbIM OpUMEPOM MHTErpPaIbHOIO OIepaTopa, Mpo/ioszKaeMoro Ha Bee Lo(u) (co 3naue-
uusivu B Lo(p)), MOXKeT ¢j1y2KuTh UHTErpaJsibHbIi oneparop ¢ gapoM K (s,t), y1oBaeTBopsito-
muM yeaosuio Kapisiemana

/m@w%ww<w
X

JJIst o9t Beex s € X.

He kaxk/iplit mI0THO OIIpe/ie/IeH bl 3aMblKaeMblii uHTerpasbHblil oneparop B La(u) mpo-
noskaeTcst Ha Bee Lo(p) co 3nadenusivu B Lo(p) ¢ coxpanennem unrerpanbaoctu. Coorser-
CTByIOIIHMiT TIpUMeEp ToCTpoeH B [5].
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B [6] mokazano, 4T0 HEOOGXOAUMBIM U JIOCTATOYHBIM YCJIOBHEM MPOJOJIZKUMOCTH UHTEIPA/Tb-
noro oneparopa 1 : Dp C Lo(pu) — Lao(p) ¢ sapom K(s,t) 10 mHTErpajbHOIO Oneparopa
u3 Lo(p) B Lo(p) aBsisieTcs cytiecTBoBaHue 10JI0KUTEIbHON dyHkuu a € Lo(p) Takoii, 4ro

/ 1K (s, 8)|a(s) du(s) € Ln(p).
X

IlpuBesem npusioxkenue Teopembl 1 K JMHEHHBIM (PYHKIINOHAJBHBIM ypDaBHEHUAM 1-T0 U
2-1r0 pOJIOB C HEOI'DAHWYEHHBIMU OleparopaMu. PaccMorpum ypaBHeHue

ax(s) — AXTz(s) = f(s), (2)

e f € La(p), @ u A — auciossle napamerpst, I : Dy C La(u) — Lo(p) — mwiorHO oupeje-
JIEHHBIIl YaCTUYHO KOMIIAKTHBIN 110 Mepe JIMHEHHbIi OlepaTop, pelieHue ¢ uiiercd B Dr.

Huzxe pokasbiaercs Teopema 0 peaykiuu ypasaenusi (2) Kk 60Jsiee mpocToMy 9KBUBAJIEHT-
HOMY WHTErPAJLHOMY YPABHEHUIO, K KOTOPOMY IPUMEHUMbI PA3THIHBIE TOTHBIE UJTH TPUOJIH-
JKEHHBIE METO/IbI pernenus. B dopMympoBKe 9TON TeOpeMbl HaM TOHAIO0ITCS CIeIyIOIIne
OTIpeIe/IEHUS.

OnPEJAENEHUE 1. Ilycrs (Y, v) — npocTpalcTBO € 0-KOHEUHOl [OJI0KUTEIbHOT Mepoii v,
Lo(v) := La(Y,v), |I-ll, (-,-) — Hopma u ckansiproe npoussejenue B Lo(v). Oueparop J :
Ly(v) — Lo(v) HazbiBaeTCH AdEpHbiM, CCIIT

Jh = Z(hvgn>hna h € L2(V)7 (3)
n=1
rae {gn}7 {hn} - L2(V) n -
D llgnll - Al < oo. (4)
n=1

SHoeproti Hopmoti oneparopa J Ha3bIBAETCH YUCJIO

171 = int Y llgalll - I5all,

n=1
rJ1e uHMUMYM GEPETCs 110 BCeBO3MOXKHBIM { gy, }, {hn }, yioBaersopsitomum (4) u y4acTByOnmMM
B (3). dcno, uro ||J|| < ||J]|1, rae [|J|| — oneparopuast nopma J.
S yepHblil onepaTop fAB/IAETCH MHTErPAJILHBIM, ero saapo J(&,7) npuHajeskuT IpoCTpaH-
crBy Lo(Y XY, v X V) u umeer Buj,

J(fﬂ?) = Zhn(f) gn—(77)7 (5)
n=1

e psigt B (5) exonures K J(€,m) B cuiy (4) abeosrorno 1o sopme Lo(Y XY, v X v) u abcosrorHo
(v X v)-noutu Bcrogy BY X Y.

OnpeJEJNEHUE 2. Iycrs {p,} C Lo(v), {€,} — nocsenoBaresbHOCTb 11011APHO Heliepe-
CEKaloImuXxCd MHOXKECTB U3 Y C KOHE€YHBIMHU I10JIO2KUTEC/JIbHBIMU ME€PaMU. @yHKHI/IIO

HEn) =Y Xl S

ve,

n=1

Ha30BEM KGGSUGprOOfcaeHH’bLM KAPAEMAHOBCKUM ﬂ(?pO.M.
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Teopema 3. IIycTs MEPEHI (1, V HE ABAAIOTCA YHCTO ATOMHYECKHMH H O-KOHEYHEI, L
’ ) L2 ’
Lo(v) — cemapabesibabie npocrpaHcrsa, oneparop 1 B ypaBHenunn (2 OBJIETBOPSIET BCEM
7
yeaoBaaM TeopeMbr 1 n 3ambikaem. Torma mns ro60ro € > 0 MOXKHO IIOCTPOUTH HE 3aBUCSIIIHL
or a, A u f ymumrapupiii oneparop U : Lo(p) — Lo(v), upusogsinuii ypasaernune (2) 3amenoii
y= Uz, g = Uf K 3KBHBaJI€HTHOMY HHTErDAJILHOMY YPABHECHHIO

ay(©) = A [ [N(&n) + (& n]un) dvin) = o(6) (6)

Y

e C'(§,7m) — KBa3sHUBBIDOXKIEHHOE KapJIeMaHOBCKOe siipo, ¢pyukims N (€, 1) nopoxjgaer sjiep-
ublit oneparop B Lo(V) ¢ sijepHoii HopMo#i MeHbIeH, 4eM .

< IlpejcraBum ¢ HOMOLIBIO LOJSIPHOTO Pasdsioxkenus 1] 3amkuyTbiit oneparop T B Bue
T* = WL, rne L — camoconpsizkeHHbIH HEOTpUIaTe bHbLi oneparop B Lo(u), W — gactuuno
uzomerpuyeckuii oneparop B Lo(u). Ilo Teopeme 1 0 € o.(T*). Orcioma u uz L = W*T*
caenyer, uro 0 € o.(L).

IIycrs {E)\} — cnekTpajbHOe CeMefiCTBO HEOTPHIATEIHLHOIO CAMOCOIPSZKEHHOTO Olepa-
topa L, Hy = ker L, Hy, = (Ey/, — Ey/pp1)La(p), Gn = (Eny1 — En)La(p). Yaams us
copokymnHocTH nojaupocrpaucts Hy, Hy, Gy, n = 1,2,..., copnagaionme ¢ {0} (eciu ta-
KOBbBI€ I/IMeIOTCH), OJIyYUuM ceMenCcTBO IIPUHAIJICZKAIINX DL IIOIIaPHO OPTOTOHAJIBHBIX IIO/-
IPOCTPAHCTB, OPTOrOHAJbHASL CyMMa KOTOpbIX paBHa Lo(u). IlocTpoum us s1emMeHTOB 3THX
HOJIIPOCTPAHCTB OPTOHOPMUPOBaHHbIH 6azuc {u,} upocrpancrsa Lo(p). Baszuc {u,} npu-
najyiexkur Dy = Dp« u conepxur B cuny 0 € o.(L) nocienosarensuocts {2, }, Kotopyio L
orobpazkaer B cxojsiytocst K 0 mocaepoBareiboctb. Unveem Tz, = WLz, — 0.

Badukcupyem £ > 0 u BbIGEpeM mHOANOCTEN0BATENbHOCTE {v,} C {2z} Tak, 4rT06bHI
Yoo T ol < e Iomoxum {w,} = {un} \ {ven} u oupemenum yuurapueii oneparop
U : La(p) — Lo(v) pasencrsamu

Xe,,

Uw, = , Uvgn:e#, n=12,...,
/ey,

rae {e#} — OPTOHOPMUPOBAHHBIH 6a31C OPTOrOHAIBLHOIO JIOTIOTHEHUS K 3AMKHYTO JINHENRHO!
060J109Ke OPTOHOPMHUPOBAHHOM HocseoBareabHocT {Xe, //Vey }. Baecs {e,} — npoussoiis-
Hag IOCJIeI0BATENLHOCTD MOMAPHO He II€PECEKAIONMXCA MHOKECTB U3 Y ¢ KOHEIHBIMU I10JI0-
kureababiMu Mepamu. O6o3Hauus uepes (-, -) ckansgpHoe npoussejenue B Lo(v) n paznaras
snementsl UTU " h B pas no oproropmuposamuomy 6asucy {eq, X, /\/Vén} TPOCTpaHCTBA
Lo(v), monyamy UTU ! = N + C, rae onepatop N ompeeseTcsa paBeHCTBOM

Nh = Z(UTU thyet Z (h, UT*van ey,
n=1

n=1

oueparop C' HPeJACTaB/IseICs B BUJIE

— = -1 Xen Xen _ . * Xen
C’h-Z<UTU h,m> N —nZ::l<h,UT wn>m

n=1

B cuny > 07 [|[T*von || < € oueparop N sepubiii u ero syiepHast HopMa Menblue, uem €. Tak
KaK MHOXKECTBA €, MOIAapHO He Iepecekarorcs, To C' — MHTerpaJbHbIi OIepaTop ¢ KBa3UBbI-
POXKJICHHBIM KAPJIEMAHOBCKMM $1/IPOM

C,n) = E UT*’wn)( )
1) Z T n
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Cnaenas B (2) 3ameny y = Uz, Oyaem umernb
aU ly = XTU Yy = f.
[Ipumenum x obenm gacrsim dToro ypasuenus orneparop U. Toraa
ay —\NUTU 'y =Uf =y

Otcrona u w3 UTU ! = N + C nonyunv ypasuenne (6). >

Ecmu B (6) a = 0, 1o, ymMHOKHUB 06€ €ro 4actu Ha (DYHKIIUIO

X 9—n
60+Z ||T*w T Xe, s

e eg = Y\ Uzozl €n, IPUJIEM K SKBUBAJEHTHOMY MHTErPabHOMY ypaBaenuio ®penrosibma
1-ro poga ¢ smepubiM omeparopoM. K Takomy ypaBreHHO mpuMeHHMbI Teopema llukapa |7,
c. 102] u peryssipuzanuonsble MeTo/ bl pelenust, Haupumep, meros A. H. Tuxonosa |8, 1. 4,
u. 4.3].

Ilyctre B (6) o # 0. DBreilbepem B Teopeme 3 & < % Bammcas (6) B Buge
a(l — %N)y— ACy =g u cuenas zameny z = Fhy, tne F\ = 1 — %N, HOJIyYUM 3KBUBa-
JIEHTHOE WHTErpaJjibHOe YpaBHEHUE 2-1'0 POJIa C KBA3UBBIPOKIEHHBIM KapPJIEMAHOBCKUM $I/TPOM

o

Kx(&,m) = D on(n),

rae ¢p, = UT*wy,. K sToMy ypaBHEHUIO IPHMEHUMbI IPUO/INZKEHHBIE METO/bI PEIIeHNs, IPe/I-
Joxennsle B |7, ¢. 134-139].

3amevyaHU4:

1. Pesyabrarbl craTbu CIPABEJIMBLL M B CJyvae BEIIECTBEHHbIX HpocTpancTs Lo(u),
LQ(V).

2. YcyoBus TeopeMm 1, 2, 3 oxXBaTbIBAIOT BaXKHBIN cjydail, korjga X, Y — Ipou3BOJIbHbBIE
n3MepuMble 110 Jlebery MHOXKeCTBa €BKJIMJIOBBIX IIPOCTPAHCTB, & (i, ¥ — Mephbl Jlebera.
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1. Introduction

In this paper we consider some properties of bounded linear operators on injective Banach
lattices using a Boolean-valued transfer principle from AL-spaces to injective Banach lattices
stated in Kusraev [1]. In Section 2 we collect some Boolean valued representation results
for Banach lattices and regular operators (Theorems 2.2, 2.4, and 2.5). In Section 3 we
present a Daugavet type equation (Theorem 3.5 and Corollary 3.9) and a Daugavet type
inequality (Theorem 3.8) for operators on injective Banach lattices. Section 4 deals with the
problem when the spaces of regular (Theorem 4.4), cyclically compact (Theorem 4.7), and
cone B-summing (Theorem 4.10) operators are injective Banach lattice.

Recall some basic definitions. A real Banach lattice X is said to be injective if, for
every Banach lattice Y, every closed vector sublattice Yy C Y, and every positive linear
operator 1 : Yy — X there exists a positive linear extension 7" : Y — X of T with
IToll = ||T]|. A Dedekind complete AM-space with unit (Abramovich [2] and Lotz [3]) as
well as an AL-space (Lotz [3]) is an injective Banach lattice, see Meyer—Nieberg [4].

We denote by P(X) the Boolean algebra of all band projections on a vector lattice X.
A crucial role in the structure theory of injective Banach lattice plays the concept of
M-projection. A band projection 7 in a Banach lattice X is called an M-projection if
lz|| = max{||zz|,|r+z||} for all x € X, where 7t := Iy — 7. The set M(X) of all
M-projections in X forms a Boolean subalgebra of P(X). Haydon [5] proved that an in-
jective Banach lattice X is an AL-space if and only if M(X) = {0, Ix}.

In what follows X and Y denote Banach lattices, while Z(X,Y) and .£"(X,Y’) stand
respectively for the spaces of bounded and regular operators from X into Y and ||T||, stands
for the regular norm of 7' € £"(X,Y), i.e., ||T']|; := |||T]||. Throughout the sequel B is

© 2016 Kusraev A. G.
! The study was supported by the grants from Russian Foundation for Basic Research, projects Ne 14-01-
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a complete Boolean algebra with unit 1 and zero O, while A:= A(B) is a Dedekind complete
AM-space with unit such that B ~ P(A); in this event B and P(A) are identified with 1 taken
as the unit both in B and P(A). A partition of unity in B is a family (b¢)¢ez C B such that
Veezbe = 1 and b A by, = O whenever § # 7.

For the theory of Banach lattices and positive operators we refer to the books Meyer—
Nieberg [4] and Aliprantic and Burkinshaw [6]. The needed information on the theory of
Boolean-valued models is briefly presented in Kusraev [7, Chapter 9] and Kusraev and Ku-
tateladze [8, Chapter 1]; details may be found in Bell [9], Kusraev and Kutateladze [10],
Takeuti and Zaring [11]. We let := denote the assignment by definition, while N, @, and R
symbolize the naturals, the rationals, and the reals.

2. Boolean Valued Representation

In this section we present some Boolean valued representation results needed in the sequel.
Assume that X is a Banach lattice and 4 is a complete subalgebra of a complete Boolean
algebra B(X) consisting of projection bands and denote by B the corresponding Boolean
algebra of band projections. We will identify P(A) and B.

DEFINITION 2.1. If (b¢)¢ez is a partition of unity in B and (x¢)¢ez is a family in X, then
there is at most one element x € X with bexe = bex for all { € E. This element z, if existing,
is called the mizing of (z¢) by (b¢). Clearly, z = 0-3 ¢z bewe. A Banach lattice X is said to
be B-cyclic or B-complete if the mixing of every family in the unit ball U(X) of X by each
partition of unity in B (with the same index set) exists in U(X).

A Banach lattice (X, ||-]|) is B-cyclic with respect to a complete Boolean algebra B of band
projections on X if and only if there exists a A(B)-valued norm |-| on X such that (X, [-]) is
a Banach-Kantorovich space, |z| < |y| implies || < |y| for all z,y € X, and ||z|| = |||z]|| o
(x € X), see Kusraev and Kutateladze [8, Theorems 5.8.11 and 5.9.1].

Theorem 2.2. A restricted descent of a Banach lattice from the model V®) is a B-cyclic
Banach lattice. Conversely, if X is a B-cyclic Banach lattice, then in the model V® there
exists up to the isometric isomorphism a unique Banach lattice 2~ whose restricted descent
2| is isometrically B-isomorphic to X. Moreover, B = M(X) if and only if [there is no
M-projection in Z other than 0 and Iy] = 1.

< See Kusraev and Kutateladze [8, Theorem 5.9.1]. >

DEFINITION 2.3. The elements .2~ € V®) in Theorem 2.2 and .7 € V® in Theorem 2.4
below are said to be the Boolean valued representations of X and T, respectively.

Denote by £ (X,Y) the space of all regular B-linear operators from X to Y equipped
with the regular norm ||T|, := inf{||S| : S € L(X,Y), £T < S}. Let 2 and % be
the Boolean valued representations of B-cyclic Banach lattices X and Y, respectively, while
L X, %) stands for the space of all regular operators from 2" to % with the regular norm
within V(). The following result states that .Z7 (2", %) is the Boolean valued representation
of Z5(X,Y).

Theorem 2.4. Assume that X and Y are B-cyclic Banach lattices, while 2~ and % are
their respective Boolean valued representation. The space £ (X,Y') is order B-isometric to
the bounded descent L" (2, %)\ of X" (2 ,%'). The isomorphism is set up by assigning to
any T € £ (X,Y) the element T := T7 of V® is uniquely determined from the formulas
17 Z —>%]=1land [ Tex=Tz]=1 (z € X).

<1 According to Theorem 2.2 we may assume without loss of generality that X and Y
are the bounded descents of some Banach lattices 2" and %. Moreover, Z(X,Y) and
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L(Z,%)| are B-isometric by [7, Theorem 8.3.6]. Since T'(X;)t = TH(X+1) = T(Z24),
it follows that T'(X;) C Y, if and only if [7(2%) C #;] = 1. This means that the
bijection T <+ 7 = T preserves positivity and hence is an order B-isomorphism between
L5 (X,Y) and ZL7(Z, % ). Since for S € ZE(X,Y) and . ;= ST the relations £7° < S
and [£7 < ] = 1 are equivalent, we have [|.7 |, = |T|,] = 1, where |T|, = inf{|S] :
S e Z(X)Y), £T < S} and [S]:= sup{|Sz| : |z| < 1}. Thus, it remains to prove that
Il = 1T, oo (T € ZE(X,Y)).

If £7 < S then |||IT]]|eo < [[IS]loc = |IS]| and hence | T||» = |IT],]lco- To prove the
reverse inequality take an arbitrary 0 < ¢ € R and choose a partition of unity (7¢)ecz in
B and a family (S¢)eez in L5 (X,Y) such that S¢ > £T and m¢|Se| < (1 4 €)|T, for all
¢ € E. Define an operator S € £ (X,Y) by Sx:= mix¢cz m¢Sex (¢ € X), where the mixing
exists in Y, since [S¢x| < (1 + €)|T|,|x| and hence (S¢x) is norm bounded in Y. Moreover,
St = Zg meSew in the sense of A-valued norm on Y. Therefore, S > £7 and |S| < (14¢)|T],.,
whence [T, < 8] = [181lleo < (1+&)[IT], oo- &

Theorem 2.5. Let X be a B-cyclic Banach lattice and let 2" be its Boolean valued
representation in V® . Then the following hold:

(1) V®) = «2° is Dedekind complete” if and only if X is Dedekind complete.
(2) V®) £ 2 is injective” if and only if X is injective.

(3) V®) £ “2 is an AM-space” if and only if X is an AM-space.

(4) V®) = “2" is an AL-space” if and only if X is injective and B ~ M(X).
< See Kusraev and Kutateladze [8, Theorems 5.9.6 (1) and 5.12.1]. >

REMARK 2.6. As was mentioned in the introduction, Boolean valued analysis approach
plays a key role in the proofs below. An alternative approach relies upon Gutman’s theory
of bundle representation of lattice normed spaces developed in [12, 13].

3. The Daugavet Equation in Injective Banach Latices

DEFINITION 3.1. If X is a real Banach space, a bounded linear operator T': X — X is
said to satisfy the Daugavet equation if ||[Ix + T =1+ |T|.

Theorem 3.2. If T is a bounded operator on an AL-space X then either T or —T
satisfies the Daugavet equation.

< The proof and the history of this theorem see in Abramovich and Aliprantis [14, The-
orem 11.23], see also Abramovich [15] and Schmidt [16]. >

DEFINITION 3.3. Fix a complete Boolean algebra B of band projection in X, i.e., B is
a complete subalgebra of P(X). A bounded linear operator 7' : X — X is said to satisfiy
the Daugavet equation B-uniformly if ||w + Tx|| = 1+ ||T'n|| for all nonzero 7 € B. Say that
p € P(X) is nonzero over B, whenever mp # 0 for all nonzero 7 € B.

Lemma 3.4. Let A be a normed lattice with the projection property, X be a decom-
posable lattice normed space over A and ||z||:= |||x]]|c (x € X). Then for 0 < p € R and

1

z,y € X the inequality |z| > (1 + |y|p)% holds if and only if ||rx| > (1 + ||7y||?)? for all
0#meP(A).
< Prove that (Vo € P(A)) ||7z|| = (14 Hﬂ'pr)% implies |z]| > (]l+|y|p)%. If the inequality

1

|z] = (1 4 |y[”)» is not true then there exist a nonzero my € P(A) and 0 < £ € R such that
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(I+e)molz] < mo(1 +|y|p)%. Notice that || is P(A)-homogeneous, i.e., w|z| = |rz| and hence
1 1
(1 + [ylP)» = (71 + |7y|P)? for all x € X and 7 € P(A), see [8, 5.8.3]. It follows that

1 1
Imoxl < (1 + €)l[mozll = [[(1 + e)molz] oo < |[(mol + lmoyl?) ||, = (1 + [lmoyl")?,

a contradiction. The converse implication is immediate from the relations

3=

. D>

= (71 + |mylP) 7 || (14 1) 7 = (1 + Il %)

3=

|72| = 7|z] > 7 (1 +|yl”)

Theorem 3.5. Let X be an injective Banach lattice and an operator T € £ (X) com-
mutes with all M-projections. Then there exist pair-wise disjoint M-projections mq, 71, and
w9 In X such that wy + m1 + mo = Ix and the operators mp o T + mg o1 — my o T and
moT —myoT — mgoT satisfy the Daugavet equation M(X)-uniformly. Moreover, for any
nonzero M-projections py < m (k = 1,2) the operators —py o T and py o T fail to satisfy the
Daugavet equation.

A Let 27,7 € V® be the Boolean valued representations of X and T, respectively. By
Theorem 3.3 [2 is an AL-space and 7 € Z(Z")] = 1. Let the formula ¢(T) formalize the
sentence ‘T satisfies the Daugavet equation’ and put 71 = [(7)], 72 = [¢v(=TF)], o =
1079, and m; = w;—mg. Clearly, g, 1, and 7o are pair-wise disjoint. Boolean valued transfer
principle together with Theorem 3.1 imply that [either 7 or — satisfies the Daugavet
equation] = 1. It follows from the Transfer Principle that 71 V 72 = [¢(7) V(=T )] = 1,
whence m + m9 + m2 = 1. Denote by . the mixing of (7,7 ,—7) by (71,7, m2), i. €.
mo+m <[ =T]and m < [ =—-T]. If S:= .S then S:=moT +mpoT —ma0T.
By applying [7, A.5(6)] we have mo + m1 < [W(T)] A [ = T] < [%(¥)] and 72 <
[W(=N[S = —T] < [#(S)] which imply [#(.)] = 1. Since [||.77|| = |S|] = 1, we have
|I+S] = 1+]S]| and taking into account Lemma 3.4 and the easy relation ||14+\|lc = 1+||A||co
with X\ € A yields |7 + S7|| > 1+ ||S7|| and hence the required equality |7+ S|| = 1+ ||S7||
for all nonzero m € B. The operator my o T — mg o T — w9 o T" is handled similarly. >

We now consider Daugavet type inequalities for regular operators.

For 1 < p € R and arbitrary s,t € R we denote t?:= sgn(t)|t|P and o, (s,t):= (s'/P4+t1/P)P,
where 1/p:= p~!. In a vector lattice X, we introduce new vector operations @ and #, while
the original ordering < remain unchanged:

@Y= op(x,y):= (ml/p+yl/p)p, txz:=t’r (r,y€ X; teR).

Then X ®):= (X, ®, x, <) is again a vector lattice. Moreover, (X®)_||-||,,) with ||z||,:= |lz||*/?
is a Banach lattice called the p-converification of X, see Lindenstrauss and Tzafriri [17, pp. 53,
54]. Observe that P(X®)) = P(X) and M(X®) = M(X). Given a Banach lattice 2" € V(B
and 1 < p € R, we denote by 2 ® := 2°®") the p*-convexification of 2~ within V®).
Moreover, if |-| and |-], are the respective descents (see [8, 1.5.6]) of | - || and || - ||, then
||, = |2|"/? for all = € X.

Theorem 3.6. Let 2" be an AL-space with a weak order unit and 7 be a regular linear
operator on ' P), 1 < p € R. Then T L I, if and only if [|p+ Tp|, = (1 + ||9p]\$)% for
all nonzero band projections p in 2" ).

< This is a reformulation of the main result (Theorem 9) in Schep [18], since in the case
of a function space 2~ we have 2°®) = {f: |fIP€ Z}. >

To perform the Boolean valued interpretation of Theorem 3.6 we need an auxiliary fact.
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Lemma 3.7. Let 2 be a Banach lattice within V® . Then for each 1 < p € R we have

(2P = (2.

< See Kusraev [19, Lemma 4]. >

Theorem 3.8. Let X be an injective Banach lattice with a weak order unit and an
operator T € £"(X (p)) commutes with M-projections on X (). The following are equivalent:

(1) T L Ivq.
(2) ||rp£rTp|, > (1+ H7erH£)% with 0 # m € M(X) and p € P(X) nonzero over M(X).

1

3) lp£Tpllr = (1+ ||Tp||F)? for all nonzero p € P(X).

< Let again 2" € V® stand for the Boolean valued representation of X. Then 2 is
an AL-space with a weak order unit within V®) by Theorem 2.5, while X ® = (Z (p))ll by
Lemma 3.7. According to Theorem 2.4 there exists a regular operator .7 € £ (2 #)) such
that T = 7). By Boolean valued transfer principle, Schep’s result (Theorem 3.6) is valid

AN
within V® i.e., [7 L I,u] = 1 if and only if [||p £ Tpll, = (1 + | TpllF)/?" for all
nonzero band projections p on 2] = 1. Clearly, [p # 0] = 1 if and only if mp # 0 for
all nonzero m € M(X). Observe also that |T'|, = ||T|| and thus |||, = [||T],|lcc, since an
injective Banach lattice is order complete, see [8, Corollary 5.10.7]. It follows that T" L I y(,)
1
if and only if |p+Tp|, > (]l + |Tp|£) » for each p € P(X) nonzero over M(X). By Lemma 3.4
the last inequality is equivalent to ||7p + 7#Tp||, > (1 + H7er||$)% for all nonzero m € M(X)
and p € P(X) nonzero over M(X). Thus, (1) <= (2), while (3) = (2) is trivial. To prove
(2) = (3), take arbitrary nonzero p € P(X) and put 7y := sup{m € M(X) : mp = 0},
p:= p+mo, and 7:= mz-. Then p is nonzero over M(X) and 75 = p. Now, making use of (2),
1 1

we deduce [|p = Tpl, = |75 £ 7Tpl > (1+ [7TIE)? = (1 + |Tpl2)7. o>

The following corollary generalizes Theorem 1 from Shvidkoy [21].

Corollary 3.9. Assume that X is an injective Banach lattice with a weak order unit and
an operator T € £ (X) commutes with all M-projections on X. Then T | Ix if and only
if T satisfy the Daugavet equation P(X )-uniformly.

< This is immediate from Theorem 3.8 and Proposition 2 in Shvidkoy [21]. >

4. Injective Banach Latices of Operators

We consider now under which conditions the space of regular operators between Banach
lattices is an injective Banach lattice. First, we state results obtained by Wickstead in [22].

Theorem 4.1. If 2 and % are Banach lattices, neither of which is the zero space,
with % Dedekind complete then X" (%2 ,%') is an AL-space under the regular norm if and
only if 2" is an AM-space and % is an AL-space.

< See Wickstead [22, Theorem 2.1]. >

Theorem 4.2. If % is a nonzero Dedekind complete Banach lattices then L™ (%, %) is
an AM -space under the regular norm for every AL-space 2 if and only if % is an AM -space
with a Fatou norm.

< See Wickstead [22, Theorem 2.3]. >

Denote by " (2, %) the linear span of positive compact operators from 2" to # en-
dowed with the k-norm defined as ||T'||x:= inf{||S||: £T < S € (2, %)}, see [22].
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Theorem 4.3. If 2" and % are nonzero Banach lattices, then %" (Z , %) is an AL-space
under the k-norm if and only if Z is an AM-space and % is an AL-space.

< See Wickstead [22, Theorem 2.5 (i)]. >

By Boolean valued transfer principle the above three theorems are true within each
Boolean valued model. The proofs below are carried out by externalization of these in-
ternal facts with 2", % and .7 standing for Boolean valued representations of X, Y and T,
respectively.

Theorem 4.4. Let X and Y be B-cyclic Banach lattices with Y Dedekind complete.
Then £ (X,Y) is an injective Banach lattice under the regular norm with B ~ M(.Z§ (X,Y))
if and only if X is an AM-space and Y is an injective Banach lattice with B ~ M(Y").

<1 This a Boolean valued interpretation of Theorem 4.1. According to Theorems 2.4 and
2.5(4) Z4(X,Y) is an injective Banach lattice under the regular norm with B(.Z5(X,Y))
isomorphic to B if and only if Z7 (2", %) is an AL-space under the regular norm within V®).
Theorem 4.1 (applicable by Theorem 2.5 (1)) tells us that the latter is equivalent to saying that
Z is an AM-space and % is an AL-space. It remains to refer again to Theorem 2.5 (3,4). >

Theorem 4.5. Let Y be a nonzero B-cyclic Dedekind complete Banach lattices. Then
L3 (X,Y) is an AM-space under the regular norm with M(Z5 (X,Y')) ~ B for every injective
Banach lattice X with B = M(X) if and only if Y is an AM-space with a Fatou norm.

<1 The proof is similar to that of Theorem 4.4: Theorem 4.2 is true within V® and hence
L(Z, %) is an AM-space under the regular norm for every AL-space 2 if and only if %
is an AM-space with a Fatou norm. Moreover, Y has the Fatou norm if and only if [# has
the Fatou norm] = 1, see [8, Theorem 5.9.6 (2)]. Now, combining Theorems 2.4 and 2.5
completes the proof. >

DEFINITION 4.6. Denote by Prt(B) (respectively, Prt,(B)) the set of all partitions (res-
pectively, countable partitions) of unity in B. A set U in X is said to be mix-complete if, for
all (m¢)ecz € Prt(B) and (ug)eez C U, there is u € U such that u = mix¢ez meug. Suppose
that X is a B-cyclic Banach lattice, (z,)neny C X, and x € X. Say that a sequence (2, )nen B-
approzimates x if, for each k € N, we have inf{sup,,~ [|7n(zn—2)| : (7n)nzk € Prts(B)} = 0.
Call a set K C X mix-compact if K is mix-complete and for every sequence (x,)neny C K
there is € K such that (z,)nen B-approximates z. Observe that if ||z| = |||z]||~ (z € X)
with a A(B)-valued norm |-|, then a sequence (x,),en in X B-approximates z if and only if
inf,,> |z, — 2| for all £ € N. An operator with values in a B-cyclic Banach lattice is called
cyclically compact if (or mix-compact) the image of any bounded subset is contained in a
cyclically compact set.

It is clear that in case £ = R mix-compactness is equivalent to compactness in the norm
topology. Note also that the concept of mix-compactness in Gutman and Lisovskaya [20]
coincides with that of cyclically compactness introduced by Kusraev [7], see [20, Theorem 3.4]
and [8, Proposition 2.12.C.5].

Given B-cyclic Banach lattices X and Y, denote by 3 (X, Y’) the linear span of positive
B-linear cyclically compact operators from X to Y, see [7, 8.5.5]. This is a Banach lattice
under the k-norm defined as

| T|lp:= inf{||S] : £T < S € 5 (X,Y)}.

Note that #7(X,Y):= 5 (X,Y), whenever B = {0, 1}, cp. [22].
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Theorem 4.7. Let X and Y be B-cyclic Banach lattices. Then J#3 (X,Y') is an injective
Banach lattice under the k-norm with M(.Z(X,Y)) ~ B if and only if X is an AM-space
and Y is an injective Banach lattice with M(Y") ~ B.

<1 The proof runs along the lines of the proof of Theorem 4.4. We have only to observe
that an operator T' € £ (X,Y") is mix-compact if and only if [.7 = T'1 is a compact linear
operator from 2" into % ] = 1, see [7, Proposition 8.5.5(1)]. Thus the B-isometry between
LE(X,Y) and £7(Z7,%)| induces a B-isometry between J#5 (X,Y) and #" (2, %)|. >

DEFINITION 4.8. Let X be a Banach lattice and Y be a B-cyclic Banach space. Denote
by Phn(X) the collection of all finite subsets of X. For every T € Z(X,Y) define

<1},

n
DLl
i=1

An operator T' € Z(X,Y) is said to be cone B-summing if o(T) < oco. Thus, T is cone
B-summing if and only if there exists a positive constant C' such that for any finite collection
x1,...,x, € X there is a countable partition of unity (7)ren in B with

n
DLzl
i=1

moreover, in this event o(7T") = inf{C}. Denote by ./5(X,Y) the set of all cone B-summing
operators. The class .#g(X,Y) was introduced in Kusraev [23, Definition 7.1], see also Kus-
racv and Kutateladze [8, 5.13.1]. Observe that if B = {0, [y} then . (X,Y) := (X,Y)
is the space of cone absolutely summing operators, see Schaefer [24, Ch. 4, §3, Proposi-
tion 3.3 (d)] or (which is the same) 1-concave operators, see Diestel, Jarchow, and Tonge
[25, p. 330]. Cone absolutely summing operators were introduced by Levin [26] and later
independently by Schlotterbeck, see [24, Ch. 4].

Theorem 4.9. Let 2" and % be nonzero Banach lattices. The following are equivalent:

(1) A(Z,%) is an AL-space.

(2) Z is an AM-space and % is an AL-space.

< This result was obtained by Schlotterbeck, see Schaefer [24, Ch. 4, Proposition 4.5]. >

Theorem 4.10. Let X be a nonzero Banach lattice and Y be a B-cyclic Banach lattice.
The following are equivalent:

(1) #B(X,Y) is an injective Banach lattice with M(.#5(X,Y")) isomorphic to B.

(2) X is an AM-space and Y is an injective Banach lattice with M(Y") isomorphic to B.

(m1)EPrto

o(T):=su inf su mlx;|| 0 {xy, ..., 20} € Pan(X),
@y s ST ) € Pl

)

n
supz |mTa;|| < C
keN i

<1 Suppose that X is a Banach lattice, 2 is the completion of the metric space X"
within V®)_ and # is the Boolean valued representation of a B-cyclic Banach space Y. Then
[ 2 is a Banach lattice] = 1 and the map = +— " is a lattice isometry from X to 2.
Moreover, for every T' € #g(X,Y’) there exists a unique .7 := T1€ V® determined from the
formulas

[7 € 2( X, )] =1, [Ta"=Tz]=1 (z€X).

The map T+ 7 is an order preserving B-isometry from .3 (X, Y") onto the restricted descent
(X, %), see Kusraev and Kutateladze [7, 8.3.4] and [8, Theorem 5.13.6]. Note also that
X is an AM-space if and only if [ 2" is an AM-space] = 1 by Theorem 2.5 (3). Now, the
proof can be carried out in similar lines by Boolean valued interpretation of Theorem 4.9. >

The author thanks the referee for useful remarks leading to improvement of the article.
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OIIEPATOPBI B MTHBEKTUBHBIX BAHAXOBBIX PEHIETKAX

Kycpaes A. I

M3y9aioTcss HEKOTOPHIE CBOWCTBA OTPAHWYEHHBIX JIMHEHHBIX OMEPATOPOB B MHBbEKTUBHBIX OAHAXOBBIX Pe-
NIeTKaxX, WCTOJb3ys Oy/JeBO3HAYHBIM TMPHUHIIAI TIEPEHOCa ¢ A L-TTPOCTPAHCTE Ha WHHEKTHUBHBIE 0AaHAXOBBI
pewerku, nosLy4eHHbI B pabore asropa [1].

Kurouesbie ciioBa: AM-npoctpanctBo, AL-IpOCTPAHCTBO, WHbEKTHBHAs OaHAXOBa pelleTka, OyJie-
BO3HAYHAA MOJEJIb, Oy/1eBO3HAUHBIN LIPUHIMIL IEPEHOC, ypasuenue layrasera, IUKIMIECKY KOMIAK THBIA
oneparop, B-cymMmupyomuit orepaTop.
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XAPAKTEPUSAIINA U MYJIBTUILJINKATNBHOE INIPEJICTABJIEHUE
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3. A. Kycpaesa

Aunexcandpy Edumosuny lymmany
8 C6A3U C €20 NAMUIECAMUNETIUEM

Iless macTosimet paboThl — MATh XapaKTEPU3AIMI0 OJHODOIHBIX IIOJIMHOMOB B BEKTODHBIX DeEIIeTKAX,
COXPaHAIOINX AU3BIOHKTHOCTD, U J0Ka3aTh JJId HUX TeOpeMy O MYJIbTUILJIMKATUBHOM IPeJCTaBJICHUAN.
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KuarodeBrbie ciioBa: CTemeHb BEKTOPDHOM DPEMIeTKH; OTHOPOIHBIN IIOJIMHOM, COXPAHAIOMHN JU3IBIOHKT-
HOCTB; OPTOrOHAJIbHAA AJUTUBHOCTD; PEIIETOYHBIN I0JIHMOPGDU3M; MYyJIbTUILIHKATHBHOE [IPEICTAB/ICHHE.

1. BBenenne

N3ydenune 1o/imHOMOB B 6ECKOHEYHOMEPHBIX IIPOCTPAHCTBAX B 3HAYUTE/ILHON MEPE CTH-
MYJIIPOBAHO WCC/IEJ0BaHUAMU B 00/1acTH OeckoHeuHoMepHO#t rojjoMopduoctu. B mureparype
JIOCTATOYHO XOPOIIO PEJACTABJIEHDI ajredpandeckKkue CBONCTBA OJIMHOMOB, & TaKYKE B3aUMO-
CB$I3U TIOJIMHOMOB C T€OMETPUYECKUMU U JIMHEWHO-TOMOJIOIMYECKUMU CBOWCTBAMU OAHAXOBBIX
LPOCTPAHCTB, CM., Haupumep, [17].

B 10 ke Bpewms, MOJIMHOMBI B BEKTODPHBIX PeIIeTKAaX 00/1a/1af0T MHTEPECHBIMU ITOPS KO-
BbIMU CBOMCTBAMU U BbI3bIBAIOT PACTYIIMIT MHTEPEC UCC/Iej0BaTe e, cM., Hatpumep, [22, 23].
Kiracep! mojinnoMOB B 6aHAXOBBIX PEIETKAX, OIPe/Ie/sieMble B CMEIIAHHBIX TEPMUHAX HOPMBbI U
TOPSIIKA, UMEIOT GOTATYIO CTPYKTYPY U 3aC/Iy KUBAIOT CAMOCTOSITETLHOTO n3ydenns [14]. Hau-
BOIBIMIT TPOrPece JOCTUTHYT B W3YYEHWN OPTOrOHAIBHO aJIUTUBHBIX MOJIMHOMOB, CM. [6-8,
11, 19, 26]. D1u pesyabraThl AAIOT HOBbIE BO3MOXKHOCTH JIJIsi TIOJIyY€HUsT JeTaibHOi nHdop-
MaIi’ O CTPOEHWN OPTOTOHATBLHO AIIUTUBHBIX TTOJTUHOMOB, C OHOM CTOPOHBI, U JATHHENTITNX
TPUJIOYKEHUI B TEOPUM OMIEPATOPOB B HAHAXOBBIX PEIETKAX, C APYTOIA.

Hens HacTOsEl PAOOTHI — UCCAETOBATH KJIACC TOJUHOMOB B BEKTODHBIX PEIIETKaX, CO-
XPAHAOIINX JU3BIOHKTHOCTh. DTOT KJIACC MOYKHO PACCMATPUBATEH KakK aOCTPAKTHOE ONMCAHHTE
HAMMEHBITIET0 MHOYKECTBA TOJUHOMOB, KOTOPBIE MOXKHO CKOHCTPYUPOBATH, KOMOUHUDYS Ole-
paiuu B3BEIEHHOTO CIBUTA, BO3BEJIECHUS B CTEIEHDH W CYMMUPOBAHUSI.

CrpykTypa paborsl TakoBa. Bo BTOpOoM maparpade BBOAITCS OCHOBHBIE TIOHSITHUSA U (HOp-
MYJIUPYIOTCS HEOOXOIUMBbIE s JAJTHHENIEro M3/I0KeHus TeopeMa 0 (hpakTOpPm3aIuu OPTO-
TOHAJTBLHO AJAUTUBHOTO OTEPATOpPa Uepe3 JMHEWHBIH OmepaTop W KAHOHUYECKWH TMOJTUHOM,
TeopeMa 0 MYJIbTUILINKATUBHOM TPEJICTABICHUN PEIIETOYHBIX MOJNMOP(MU3IMOB U TEOPeMa

© 2016 Kycpaesa 3. A.
! Yccnenopanue Bpiiosneno upu dbuHancosoii noyiepxke Poccuiickoro douga GyHjiaMenTaibHbIX HCCe-
noBauwmii, mpoekT Ne 15-51-53119 T'®EH-a.
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Meiiepa o cTpOoeHUE MOJIMJIMHERHBIX OIEPATOPOB, COXPAHMIONINX I3 bIOHKTHOCTL. B Tperhem
maparpade JaioTcs pa3/inydHble XapaKTEPU3ALUYU [T0JIUHOMA, COXPAHSIONIEr0 U3 bIOHKTHOCTb.
OcCHOBHOI WHCTPYMEHT 3/1eCh — cmenens E°® BekTOpHOH pemerku F u kanonuveckuts noau-
Hom x +— 2= @ - ©x € E%° (r € E). B gacrHoCTH, NOKA3aHO, YTO HOPSIJKOBO Orpa-
HUYEHHBIN [TOJIMHOM, COXPaHSIONINI JU3bIOHKTHOCTE, (DAKTOPU3YETCd Yepe3 JIMHEHHbBIN ore-
paTop, COXpPaHSIONINH U3 bIOHKTHOCTh, 1 KAHOHWYECKNH moanHoOM. B gerBepToM maparpade
[MOKA3aHO, 9TO IOJIy9Y€HHOE OIUCAHUE [MOJMHOMOB, COXPAHMIOMINX JIU3bIOHKTHOCTD, [TO3BOJIUT
pacrpocTpanuTh Ha Hux Teopuio A. E. I'yrmana |2, 18] imHeiHBIX 0IIepaTOpPOB, COXPAHSIIOIIX
AUIBIOHKTHOCTDL, 4YTO IIDUBOJAUT K PE3YyJ/IbTaTaM O MYJ/IbTUIIJIMKATUBHOM 1IPpEJCTABJICHUNA 9TOI'O
KJIacCa MOJIMHOMOB.

O6mmue cpoiicTBa MOMUHOMOB CM. B [17]; HEOOXOIMMBIE CBEJCHUS U3 TEOPHU OMEPATOPOB
B BEKTOPHBIX pemierkax cM. B [10]. Bce paccmarpuBaeMble BEKTOPHBIE DEIIETKH [IPE/IIOIara-
I0TCd BEIIECTBEHHBIMU U aPXUMEIOBbIMMU.

2. BcnomoraTtesibHbIE CBEOEHUS

Bseniem ocHoBHbIE MOHATHS, UCHOJIb3yeMble B jajbHeiiiiem. llpuBenem Takke HEOOXO0-
JIUMBIE CBEJIEHUsI O TOJUINHEHHBIX OIepaTopax B BEKTOPHBIX PeEIIeTKaX, OOJbIIEHl 9acTbio
XOPOIIIO M3BECTHBIX B OmiuHeitHOM ciydae. Hamomuauwm, 910 noauaunetnowm (Wim, TodHee,
s-aunetnvim, S € N — 4uca0 nepeMeHHbIx) Ha3bIBAIOT ONEPATOD, JHMHEHHBIN 110 KaxK10i 11e-
PEMEHHOM.

OnpPeAEJNEHUE 2.1. Ilycte E u F' — BekTopHbIe pemerku u 1 < § — nesioe uucyao. OTob-
paxenne P : E — F Ha3piBaeTCsi 00HOPOOHBIM NOAUHOMOM cmeneny S (W S-00HOopoOdHbiM
NOAUHOMOM), €CJIN CYyNIECTBYeT S-JIMHefiHbIN oneparop ¢ : E* — F rakoii, uro

P(z) =p(x,...,x) (x€E). (2.1)
PasencrBo (2.1) moxmno mepemucats B Buge P = p o Ag, tae Ay : E — E° geiicrByer
no npasuiny Ag : z — (x,...,z) € E*. Jna moboro nomunoma P : E — F cymecrsyer

U NPUTOM €JIMHCTBEHHBI CUMMETPUYHBIN S-jiuHefiHblil onepatop ¢ : E° — F Takoii, 410
BbINOJIHsIETCA P = 0 0 Ay, DTOT Oneparop ¢ Ha3bIBAETCH NOPOAHCOUOULUM It IoJuHOMa, P
u Jacto obo3Hadaerca cuMBoiaoMm P, cum. [17].

ONPEAENEHUE 2.2. Oauoponnbiii nojuaoM P : F — F Ha3bIBAIOT 0pmozonasvho addu-
MUBHVIM, ecyiu Jisi JI00bIX T,y € E BbIIOJIHAETCsI

[Z[Alyl =0 = P(z+y) = P(x) + P(y).
Bosbmem s € N Bekropubie pemerku Ei, ..., Es u dukcuposannbiii nabop (ai,...,as),

e a; € E; (i =1,...,s). O6osnaunm Gy := (a1,...,0k_1,0k+1,---,0s). ag orobpazxenus
¢: Ey x - x By — F onpejesum oneparop ¢g, : B — F dopmyiioit

Pay, * Tk <)O(CL17”‘7ak—17wk7ak+17"'7a8) (‘Tk € Ek) (22)
B sTux oboznavenusax k:= 1,...,s, npudem BO3HHUKaWIMe npu kK = 1 u kK = s CUMBOJIBL ag
" Qgy1 onyckaiorcs. IlosoxurenbHOCT S-JimHEHHOrO oneparopa ¢ : Ep X -+ X Eg o3nadaer,
YTO JINHEHHBI OIlepaTop g, IoJoKUTesleH mpu Beex k:=1,...,su 0 < a; € B, i # k. Kak

06bIUHO, ¢ < 1 o3nadaer, uro P — ¢ > 0. O6oznauum cumsosom L™~ (°E, F') yuopsigouentoe
BEKTOPHOE TTPOCTPAHCTBO CUMMETPUYHBIX S-JTMHEIHBIX onepaTopos n3 E° B F.
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ONPEAEJEHUE 2.3. Oxnunoposubtit ojiuaoM P : E — F Ha3bIBAIOT NOAONHCUMENbHBIM T
nurryT P 2> 0, eciu moJIOKATETbHBIM SIBISETCS TTOPOKIAIOMINN €10 TOMUINHENHBIN 0TIepaTop,
T. €. I:’(ajl,...,:z:s) > 0 mgna mo6bIX x1,...,2s € Ei. llpu stom P < ) o3Hagaer, 9TO
Q—-P=0.

Bcrony fajiee MHOXKECTBO S-OHOPO/IHBIX OPSIKOBO OMPAHUYEHHBIX OPTOIOHAJIBHO aIH-
TUBHBIX N0 MHOMOB 13 F B F' Oyuem obozuavdars cumsoniom 25 (SE,F). Jlerko Bugers, 4ro
(Z5(°E,F),<) — yuopsijiodeHsoe BekTopHoe npocrpascrso. Ilpu s = 1 nosyuaem ynopsi-
JI0OYEHHOE BEKTOPHOE IIPOCTPAHCTBO MOPSJIKOBO OIPDAHUYEHHBIX JIMHEHHBIX OIepaTopoB u3 F
B F', koTopoe npunsito 0603nauars cumposom L™ (E, F).

ONPEJAENEHUE 2.4. [lonununeiinsiii omeparop ¢ : Fy X. .. X E, — F Ha3pIBaIOT pewemou-
HOM NONUMODPHUIMOM WU, TOYHEE, PEULETNOYHBIM S-MOPPHUIMOM, eciiu jiist Jiboro k =
1,...,s u mobeix 0 < a; € By, © # k, onepaTop g, fABJSETCH PEIIeTOYHBIM T'OMOMOPMHU3MOM
u3z F B F. Ilonumuneitnsiit oneparop ¢ : E° — F Ha3bIBAIOT 0PMOCUMMEMPUUHDIM, €CIINA
o(z1,...,2,) = 0, KaK TONBKO T; L x; A1 Kakoii-uuby1b maps! umgekcos ¢ # j us {1,...,n}.

OnPEAEJNEHUE 2.5. Ilycts 2 < s € N u ' — apxumesioBa BekTOpHas pemierka. llapa
(E*®, ®g) nasbiBaercs $-ol cmenensvro E, ecim BbIIOJIHEHbI CJIAYIOIIUe YCAOBUSI:

(1) E%® — apxuMesoBa BEKTOPHasl DEIIeTKa;

(2) @5 : B — E*© — oprocuMMeTrpudHbIil PemeTounblii S-Mopdu3M, HA3bIBAEMbIH KaHO-
HUYECKUM TLOAUMOPPUSMOM WA KAHOHUYECKUM S-MOPPHUIMOMOM PelieTKr F;

(3) s 060# apxumeI0BOi BEKTOPHOH pemerku F u 11060ro 0pTOCMMMETPUYHOIO pe-
LMIETOYHOrO s-MopdusMma @ : B® — F cyiiecTByeT eJIMHCTBEHHBI PEIIETOYHbIN TOMOMOPQU3M
S B%© — F rakoit, uto ¢ = .S o .

D10 onpenenenne BBeneHo B |13, onpenenenue 3.1|. Tam ke ycTaHOBJIEHO, YTO Jisl JIFO-
00lt apxumes0BOIi BEeKTOPHOM pemierku F u jito6oro marypaabuoro 2 < s € N cymecrByer
€JIMHCTBEHHAsI C TOYHOCTHIO JI0 PELIeTOYHOro nzomodusma s-as crenenb (E%©,©g), cm. [13,
Teopema 3.2|. [lna ynobersa momaraior E'© = Eu @1 = Ig. Jlanee 6yaeM nucath ¢ BMECTO
Osu 1O+ O xg BMECTO Og(X1,...,Ts).

Crout paznuyars asa orobpaxkenus (-)°¢, ¢ : E — E°° onpejensiemble (popMyiaMu

() x—a2=r0-- -0z, Liz—zOzO--O|z]. (2.3)
——— N —
S pas s — 1 pa3

IlepBoe u3 HUX — CHEUAJIBHBIE OPTOrOHAJJIBHO AJUTUBHBIN IIOJUHOM, IIOPOXK/IAEMbIN Ka-
HOHUYECKUM S-MOPPU3MOM (O U HA3BIBAEMbIH KaHOHUYECKUM Noaunomom pemtetku F. Omn
UrPaEeT POJib OTCYTCTBYIOIIEN B BEKTOPHON pererke crenennoit pyuknuu. Bropoe spisercs
HEYETHOW OPTOTOHAIBHO 8/ IATUBHON (DYHKIIHEl 1 OCYIIeCTBIAET MOPS/KOBbIil (HeJInHeHHbI)
uzomopdusm u3 F B E°°, npuuem ¢ Oyaer Obuekiueii, eciu F paBHOMEpHO mosiHa. 3amMerum
TaKzKe, YTO ITU 0TOOPAXKEHMs COBIAIAI0T HA KOHYCE IOJIOXKUTEIbHBIX JJIMEHTOB F | .

Jlemma 2.6. /lyis1 npou3BoJibHON BEKTOpHOH pereTku E crpaBeiuBbl yTBEPIK 1€HHS:
(1) aust moboro w € ES© cymecrByer takoii sgaemeHT eg € Ei, 4T0 gt CKOJIb YIOJHO
Mmastoro € > 0 MOxKHO 10Z06pATh i1, ...,Tin € B (i:=1,...,s) 1aK, 410

n
u—E T1; O O | < e’
j=1

(2) ast smroboro w € E5® cymecrByer raxoii saement € € . uro |u| < e59;

(3) mst m00BIX T1,...,2s € E Bpmomnsercs xp @ -+ © xg = 0 B TOM H TOJBKO B TOM
cayuaae, korga |xi| A« A|xg| = 0;
(4) mns kaxxmoro 0 < u € ES® cymecrsyer e € E raxoii, uro 0 < e5© < u.
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< [okazarenscrso yrBepxkaenuii (1), (3) um (4) mpoBogurca 1O TOi ke CXeme, 9TO U
B [15, Teopema 2.1], ucuosb3ysi oupejeineHue GPEMAUHOBCKO20 MENZOPHO20 NPOU3EEIEHU
E; ®...® Es BexropubIx pemerok Fi,...,Fg npu s > 2 u ero csoiictsa (a), (b) u (c) u3
[25, §2|. Ecim Ey = ... = E,, 1o E*® oupejensiercst Kak hakrop-pelierka BeKTOPHO pe-
etk B ® -+ ® Es 10 paBHOMEPHO 3aMKHYTOMY HJIeaJly, IIOPOK/ICHHOMY SJIEMEHTAME BH/A
T1 ® -+ @ T, TJE JJls HeKOTOPOoil napbl unjekcos 1 <4, j < s pbmiosngerca x; L xj. Yrsep-
xkaenne (2) serko Boirekaer u3 (1). B camom sene, ecim x; 5, eg u € — 1e xke, 9ro u B (1),
u nosoxuM e:= sne(eo + iy i [T 4l), 1o Jul < O >

JIJ1s1 0/IHOPOJIHBIX OPTOIOHAJIBHO &/INTUBHBIX [IOJIMHOMOB CLIPABEAJIUBA CJIE/LYIOIAs TMeo-
pema o gakmopusayuu:

Teopema 2.7. Ilycrpo E u F' — BeKTOpHbIE pDeIlIeTKH, IIPHYEM, [0 MEHbBIIEH Mepe, O1Ha
U3 HEX paBHOMEPHO mosiHa. Torna s jir060ro mopsijiKOBO OrpaHHYEHHOI'O OPTOI'OHAJIBHO
ajruBaOro nojumaoma P 1 E — F' cymiecrByer €JuHCTBEHHDIH MTOPs/IKOBO OIDaHUIEHHDI
JiHerabpii oneparop T 1 B°® — F' rakoii, 410 uMeer MeCTO HPeJCTaBICHAE

Plz)=T*®) =Tz ---0x) (rekE). (2.4)

s pa3

Bousee toro, coorsercrsue P <+— T apigerca m3oMop¢hH3MOM YIIOPIA09€HHBIX BEKTOPHBIX
upocrparcrs Py (PE,F) u L™ (E*®, F).
< Jokaszaresbcrso cum. [6, ciuegcrsue 3]. >

Teopema 2.8. IIpejmnonoxum, 910 B yHUBEPCAJIbHOM 1onoHennn F'" BekTOpHOI perrer-
ku F' ¢pukcupoBana ctpykrypa f-ajarebpsl ¢ equHATIEN H yMHOXKEHHE 0003HATEHO CHMBOJIOM .
st nponu3BoJIbHOIO perierodHoro n-mopgusma ¢ : By x ... x B, — F cymecrByror n peruie-
To4HBIX roMoMopgusmoB S; : E; — F* (i:=1,...,n) rakux, 410

o(x1,...,xy) = S1(z1) ... 08, (x,) (1 € Ey,...,z, € Ep).

Ecn, csepx ckazaunoro, F:= E1 = ... = E, u noiumoppu3M @ CHMMETPUYEH, TO B 3TOM
IpPeICTaBJIeHAR MOXKHO B3aTh S:= 51 = ... =S, T. €. HMeeT MecTO MPE/CTABICHHE

o(x1,...,xy) = S(x1)e...08(x,) (21,...,2, € E).

< JloKazaTesbCTBO IPOBOUTCS aHAJIOTUIHO OmiuHeiHOMY caydaro (cM. |5, Teopema 3.2],
a Takxe |21, Teopema 3.12.A.3|). >

Canencrsue 2.9. Ilycres E u F' — Bektopubie perierku. ljist 1pOU3BOJIbHOIO CHMMETDHY-
HOI'O pereToyHoro s-mMmopgusma ¢ : E° — F' cymectByroT BekTopHas pemerka G U pererod-
HbIif roMomMopusm S E — G rakue, uro G*® C F' u umeer MeCcro npejicraBjieHue

o1, .. yxy) =S(1) ©...0S(xy) (x1,...,2, € E).

< Iycers S @ F — F* — pemerounsiii romoMopdusm u3 Teopemsl 2.8 u mojgoxuMm G :=
S(FE). Torpa G — Bextopnas noapemerka pemerku FY) a orobpaxenune ¢ : (ug,...,us) —
Uy ®...® Uy TIPECTABIIET COOON OPTOCUMMETPUYHBIH pereTodnsiit s-mopdusm n3 G° B F.
B cuity ycsioBust (3) oupenesienust 2.5 CymecTByeT eMHCTBEHHbBIN PereToYHblii romomMopdusm
h : G*® — F takoii, 410 ¢ = ho ®s. Ecmu h(u) = 0 u 0 < |u| € G*°, 1o cymecrByer
v € G4 makoit, uro 0 < v @ ... ®v < u (cm. [15, Teopema 2.1(4)]). Caenosaresnbho,
ve...ev=~hve...0v) < h(u]) = |h(u)| = 0 n nonyuaem nporusopeune v = 0. Tewm
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camMbIM ToMoMOpdu3M h WHLEKTHUBEH H, TAaK KAK CTEIEHb BEKTOPHOI PEINeTKN OIpeIesisieTCs
C TOYHOCTBIO JI0 PELIeTOYHOIr0 u3omopdusma, Moxem oroxjecrsurb G*© ¢ nojpererkoi
BEF. >

Canencrsue 2.10. Pemerounprii nojgumMopgu3M OPTOCUMMETPAYEH B TOM H TOJIBKO B TOM
cIydae, Korja OH CHMMETPHIEH.

< U3 crexcrus 2.9 BUAHO, 9TO CHMMeTPUYHBIN mosuMopdu3M oprocummMerpuder. O6-
paTHOe BEPHO st JIFOOOr0 MOJI0KUTEIBHOIO HOJIMIMHEHHOIO OLepaTopa, CM., Haupumep, [12,
Teopema 2| u |16, ciencrsue 2. >

OnpreAE/JEHUE 2.11. Tlonunuueitnsiit oneparop ¢ : Ep X -+ X By — F HazbiBaercs
COTPARAIOUUM OUSBIOHKIMHOCTIL, €CIH JIMHeMHBI omepaTop g, : Ep — F, k = 1,...,s,
COXPAHSIET JIU3BIOHKTHOCTH, KAKOBbI Obl HU ObLiu hukcupoBanubie a; € F;, i # k, 1. e.

(Vm,y € Ek) rly= Soﬁk(x) 1 (pﬁk(y) (k: 17"'75)'

Teopema 2.12 (teopema Meitepa g nonuamHeiHbIx omeparopos). Ilycrs Ey, ..., Es
n F' — Bekropubie pemierku, a ¢ — MOPsJAKOBO OrDAHUYEHHDIH S-JIMHEHHDBIH O1epaTrop u3
Ey x---x Es B F, coxpansromuii Ju3bI0HKTHOCTE. Torma ¢ uMeeT MoJoKHTeIbHYI0 4acTh O™,
OTPHIATE/IBHYIO YaCTh @~ H MOJYJIb |@|, ABJISONHecs pereToYapiMu nojaumMopgusmamu. Bo-
aee toro, et (xy,...,xs) = (p(x1,...,25)" 1o (21,...,25) = (p(x1,...,75))" s1st BCEX
0<x; € Eiulp(xi,...,zs)| = |el(|x1],-- -, |zs]) ans Becex z; € E; (i:=1,...,5).

< Jloka3aTeapCTBO MOBTOpSIET paccyxkieHus u3 |4, Teopema 3.4|, orHOCsAmmMecs K Gum-
HEHOMY CJly4aro. >

3. IlommHOMBI, COXpaHAIOIIE JU3bBIOHKTHOCTh

Bsenem Tenepn ocuoBHOI 00beKT m3yuennd. llycts F u F' — Bektopuble permerku. Ha-
IIOMHHUM, 9TO BC€ BEKTOPHbBIC DEIICTKU IIPEAIIO/Iaral0oTCd BEIIECCTBEHHBIMU U aPXUME/JOBbIMUA.

OnPEAEJNEHUE 3.1. Omuopoaubiit nojmaom P : E — F' crenenu s HA3BIBAIOT COLPAHA-
0WUM QUSBIOHKEMHOCMY (COOTBETCTBEHHO, DEUWEMOYHHIM NOAUMOPHUIMOM), €CJIU TAKOBBIM
ABJIAeTCd MOPOXKJAIOINUN ero CUMMETPUYHDBIN IIOMUIUHEHHBINA ollepaTop P:FE - F , CM.
onpenenennst 2.4 m 2.11.

IIpennoxxenue 3.2 (reopema Meiiepa s nosmuomos). Ilycrs E u F — BexTopHbIe pe-
merku. Ilycrs P @ E — F — HOpsaJKOBO OrpaHHYeHHbIH OPTOrOHAJIBHO aJJ/IUTHBHBIH S-
OﬂHOpOﬂHbIﬁ IIOJIMHOM, COXpaHHIOIHHﬁ JAU3bIOHKTHOCTD. TOFﬂa P umMeeT I0JIO2KUTE/IbHYIO
yacrs PT, orpunarensnyto yacrs P~ u mouyab |P|, ssasronmecs nosmumopgpusmamu. Bosee
toro, PT(x) = (Px)*, P~ (z) = (Px)” u |P|(z) = |P(z)| ana x € E..

< B cuny onpegenennit 2.3, 2.4 u 3.1 P — P ycranaBiuBaer n3oMOpdu3M YIOPSI0UeH-
HBIX BEKTOPHBIX npocrpancrs P, (*E, F) u L~ (°E, F). Tlosromy nepsas 1actb Tpebyemoro
BBITEKAET HEINOCpeICTBEHHO u3 TeopeMbl 2.12. Kpome rtoro, mjsg Jioboro x € FE, umeem
Pt(z) = P*(z,...,x5) = P(x,...,25)T = P(z)*. Ananornuno ans P~ u |P|. >

SAMEYAHUE 3.3. /Ix. Jloan B cBoeit quccepranuu |23] onpetesins mouMopdu3M COOTHO-
wennem |P(x)| = P(|z|) (x € E). Ilpu 310M 01 npuses npumep noamuMopdHoro noaunoma P,
TS KOTOPOTO TIOPOZKTAIONIAT O TIINHEAHBIH oeparop P He sBJISETCS PEeMeTOYHBIM HOJIH-
Mopdusmom B cMmbiciie oupegesenus 3.1 (cm. [23, upejioxkenue 4.22, upumeps: 4.23 u 4.24]).
Mok, Jloam |23, mpennoxkenne 4.27|) mamesn Takxke HeOOXOJUMBbIE H JOCTATOYHBIE YCJIOBHUSI
Ha P, upu KOTOPbIX P SIB/ISIeTCsi PEleTOYHbIM H0JMMOPMU3MOM: JUlst JII060r0 HATYPaslb-
noro n < s semommsiercst |d"P(z)(y)| = d"P(z)(ly|) (¢ € Ey,y € E), tue d"P(x)y —
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n-s OQHOPOJHAs IPOU3BOAHAs P B TOUKe & 10 HANPABICHHUIO Y ompejensercd (HpopMysoi
d"P(z)(y) = () (=", y").

Jlemmva 3.4. Jlis nopstikOBO OrpaHHYEHHOTO OPTOrOHAJIBHO AHTHBHOIO OJHOPOJIHOIO
noysmuoma P : B — F paBHOCH/IDHBI yCJIOBHS:

(1) P — pewerounpiii nogmmopusn;

(2) P(xVy) = P(x)V P(y) mrs Bcex z,y € E;

(3) P(x ANy) = P(x) N\ P(y) aust Bcex x,y € Ey;

(4) x ANy = 0 Breger P(x) A P(y) =0 s Bcex z,y € Ey.

< Ilyctp P — pemieTo4nblii moiuMopdusM, T. €. [0 ONpe/IeeHnio 3.1 pereToYHbIM 0J11-
Mopdusmonm siBisiercst P. Pererounsiit nosumopdusm P Gy/ier oprocuMMerpudHbM, TaK Kak
OH cuMMeTputeH, cM. ciaencTsue 2.10. B To ke BpeMmsd, MOPSIKOBO OIPAHWYIEHHBIN OTHOPOI-
HBIA IOJIMHOM — OPTOI'OHAJIbHO &/JIMTUBEH, €CJAU TOJBKO HNOPOXKJIAIOMNANA €r0 NOJUJINHEHHBII
oueparop oprocuMmmerpudet, cm. [6, semma 4]. CiesroBaresibHo, P OpTOrOHAILHO aJI/[UTUBEH.
B cuny ycnosus (3) onpenesiernst 2.5 CymecTBYeT € IMHCTBEHHBIN PEIIETOTHbI TOMOMOPGhU3M
T : E%© — F qakoit, uro P = T o ®. O1ciosa BbBOAUM

Pleny) =T((xAy)*) =T@™ Ny*) =T(@*) ANT(y™) = P(x) A P(y),

u reM cambiM (1) = (2). Bamenus B s1ux paccyxjaenusx A Ha V, noayqaum (1) = (3). Kpome
Toro, ouesuiHa uMminkaius (3) = (4). Ocraercs jokazars, 4ro (2) = (1) u (4) = (1).
[Ipeanonoxum, aro BeimosaeHo (2). Be3 orpanndenns 06IHOCTH MOXKHO CIATATh, 9T0 F'
pasHomepHo nojua. (B nporuBHOM Ciiydae B Hammx paccyxkjeHusx samenum Fouma F™).
Cornacuo Teopeme 2.7 mmeeT mecTo mpejacTaBienne P = T o ® o Ay 1id €IWHCTBEHHOTO
MOPSIJIKOBO OIPAHMYEHHOIO JIMHEHHOro oneparopa 1 u3z E°© B F. BosbMmem npousBoJibHbIE
u,v € E7° u nokaxeM, uro T'(uVv) = TuV Tv = 0. llycts E™ — paBHOMEpPHOE IIONOJIHEHHE
E B cubiciie [24]. Beupy nonnorsl F' cyliecTByer ejuHCTBEHHOE LIPOJIOJIZKEHIEe P 10 iopsijiko-
BO OIPAHUYEHHOI0 OPTOIOHAIBHO JAUTUBHOIO S-OLHOPOJAHOIO HOJIMHOMA P:E™ — F, cm.
|6, memma 3|. Ilpu srom P(x Vy) = P(x) V P(y) nna Becex x,y € ET". BroBb 1mo Teopeme 2.7
P=To®oA, JUTsl €IMHCTBEHHOTO TOPSIIKOBO OTPAHWYEHHOTO JIMHEHHOTO OIepaTopa T w3
(E™)%© B F. B cuty e IMHCTBEHHOCTH CTENEHN BEKTOPHOI PEMIETKHU ¢ TOYHOCTHIO JI0 PEIIeTOq-
HOro u3oMopdusMa MoxkeM cuutarh £5€ noppermerkoit (E™)%° ) a kanonuueckuit s-mopdusm
pemerku E — coBunajamoommm ¢ orpanundenueM Ha F° kanoHum4ueckoro s-mopdusMa pererku
E™. Teneps Buano, ato T(uVv) = P(zVy) = P(z)VP(y) = T(x)VT(y). Utak, yeranosiena
uminkaius (2) = (1); (4) = (1) 060CHOBBIBAETCS aHAJIOIMYHBIMYU PACCY 2K JCHUAMU. [>
Jlemma 3.5. Ilosmmannetinpiii oneparop ¢ : By X -+ - X Ey — F coxpansier qu3bIOHKTHOCTD
B TOM H TOJILKO TOM CJIy4ae, Koraa |¢(z1, ..., xs)| = [o(|z1], ... |zs|)| Va; € B, i=1,...,s).
< JlokazaresbCrBo aHaIorudHO Ousmneiinomy ciydato (eum. [4, nupejyoxenue 3.2]). >

Jlemma 3.6. Ilycrp ¢ — s-simHEHHBIH HOPSIKOBO OrpaHudeHHbIi oneparop. Torga 3xBu-
BaJIEHTHBI CJIEJIYIOIIUE YCIOBHSI:

(1) ¢ coxpaHsier QU3 bIOHKTHOCTD;

(2) p(x1,...,xs) L o(y1,...,Ys), ecim cymecrsyer j € [1,s] rakoii, aro x; L y;.

< Ilycts omeparop ¢ coxpaHsger JU3bHKTHOCTL. Bosemem z; L y; maa HeKoTOporo
J € [1,s] u nonoxum w; == |z;| + |yi| (¢ # j). Torma, ucuonssys jemmy 3.5 u upejioxe-
Hue 3.3, BbIBOJAUM:

‘(,O(.Il,. e 7:68)’ A |90(y17 s 7y8)‘ = ’90(|x1‘7’ E) ’flfs’)’ A |<p(\y1!, SRR |y8m
< el(ur, .o ui—t, 2], wisn, -, us) Alel(ur, . wi—1, Y5, wist, -, us) = 0.

Tem cambiv, (1) = (2), a cupaseymsocts nmumkannn (2) = (1) oueBnana. >
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Jlemma 3.7. Ilycto E u F — Bekropusie pemerkn. Ecmm T : E*© — F — mopsakoBo
OI'DAHUYEHHbIH JIMHEHHbBIH O11epaTop, TO JAJid OJHODPOAHOI'O OPTOIOHAJ/IbHO 8/ JUTHBHOI'O 110J11-
#aomMa P =T o0 ®z0 Ay : E — F 5KBUBaJIEHTDI CJACIYIONNE YTBEPIK TCHUS:

(1) T coxpansier qu3bIOHKTHOCTS;

(2) P coxpaHsier Ju3bIOHKTHOCTD;

(2) x Ly = Px L Py nus scex x,y € E.

< (1) = (2) oueBnana, a (2) = (3) caenyer uz semmbl 3.6. Wmimkauus (3) = (1)
BBIBOJUTCS TaK XKe, KakK U B jieMMe 3.4. >

Jlemma 3.8. Oxauopognsiii noymuom P E — F creneHn § MeXKj1y BEKTOPHBIMH DEIeT-
KaMH OpPTOrOHAJIBHO aJJATHBEH TOIJa M TOJbKO Toria, korga d"P(x)(y) = 0 mas jrobpix
JU3BIOHKTHBIX T,y € B nw Bcex 1 < n < s.

< Hanomnum, uro d"P(z)(y) = (5)p(z*,y™), tae ¢ := P. Ilycrs P oproronasbio
azguTuseH, a ¢,y € E musvionkrtabl. Torma mia moboro ¢ € R smements: x u ty Taxxke

JU3BIOHKTHBL, 11091oMy P(z + ty) = P(x) +t*P(y). B 10 ke Bpewms,

s—1
Pz +ty) = P(z) +t°P(y) + ) ()e(a*",y")t"

n=1

O1croga BuHO, 410 Jid JiI060ro ¢ € R BbILIOIHSETCS PABEHCTBO

sp(@ Lyt + Q)o@ 2y )+ 4 (L)e(z,y e =0,

Pasjenus na st # 0 u obosnauus a:= |p(z°~2,y?)|(3)/s+ ... +|e(x, y*~1)|(*1)/s, upuxosum
k omnenke |p(z571 y)| < ta, cnpasemuBoil Aa Beex Hemymeswix t € [—1, 1]. B wactmocTw,
nlo(z* 1 y)| < a mus Beex n € N, u BBuy apxumezposocru F nomyuaem (1 y) = 0.
IloBTopsAs TH paccyzKjeHnd, mar 3a maroM BeoguM (572, 9%) = 0, ..., p(z,y*~ 1) = 0.
OOparHOe yTBEPXKJIEHUE OUEBUJIHO. [>

Teopema 3.9. IlIycto E u F' — Bexkropubie pemerku, P : E — F — 1nopsakoBo orpaHu-
YeHHBIH OJHOPOJHBIN TTOJHHOM CTENEHH S. DKBHBAJIEHTHBI CJACIYIOIIAE VTBEPKCHHAI:

(1) P coxpansier Ju3bIOHKTHOCTD;

(2) & Ly Breger d"P(z)(y) = 0 u Px L Py qna secex z,y € Eul<n<s;

(3) P oproronanpno apaurusen u x L y sreuer Px 1 Py must Beex x,y € E;

(4) cymectByror BektopHas pemerka G u pemerodrnsie romomopgusmbl S1,S9 1 E — G
rakue, yro G*© C F, S1(E) L Sa(E) u Pr = (S12)%® — (S22)*® aus Becex x € E;

(5) cymmecrByer coxpaHsromuil U3 bIOHKTHOCTD HOPSIKOBO OIPDAHHYEHHBII JIHHEHHBIH O11e-
parop T : E*® — F rakoii, uro Pr = T(2°%) aus Bcex x € E.

< (1) = (5). B cuiy reopembl Meidiepa jiist noimHomMos P umeer nosiozkureibuyo PT
U OTPULATEIbHYIO 4acTh P~ u Mmoayab |P|, sasasiommecs: nosmmmopdusmamu. B cuy ycio-
Bug (3) m3 ompejesienns 2.5 CyImecTBYIOT pererodnsie romomopdusmer 11, Ty @ B — F
rakue, uro PT(x) = T1(2%°) u P~ (z) = Ta(2*?) aua seex x € E. Oupejesum jinneiinbiii
perynapusiit onepatop 1 : E*© — F pasencrsom T:= T} — To u 3amernmM, ato T’ COXpaHseT
JU3BIOHKTHOTH U umeeT Mecto upejcrasiaenue P(x) = T'(2°°) (x € E).

(5) = (4). Honowum Ty :=T", To:=T~ u Ty:= |T|. Orobpaxenne x — Ti(x1® - O xs)
SIBJISIETCS CUMMETPUYHBIM PemeTodHbiM nojimMmopdusmom u3 B B F. B cuny ciencrsus 2.8
CYIITECTBYIOT BeKTOpHAas pemerka Gy u pemerodnsiit romoMopdusm S @ E — G takme, 910
G}® C F u nmeer mecro npeicrasienne Ty (x1 © - © x5) = Sp(r1) © -+ © S(xy) mns Beex
T1,...,2p € En k =0,1,2. Bonee Toro, G1 UGy C Gg u G1 L Go. Oneparop S:= 51 — 59
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neiicreyer u3 E B G:= G, coxpanger JTU3bIOHKTHOCTb, U JJisd J000ro © € F BBINOJHSETC S
T(:L’SQ) = Tl(l‘se) — TQ(ZL'SQ) = Sl(ZL')S@ — SQ(ZL')S@.

(4) = (3). Eciiu Boinosineno (4), 1o P OproroHajibHO aJIMTUBEH, TAK KaK OPTOIOHAJIBHO
aJUIUTHBEH 1oJimHOM « — 5¢ u3 F B E%©. Kpome T0Oro, Jijis JU3bIOHKTHBIX T U Y JIeMEHTBI
x%® 1 y5° TakxKe AMIBIOHKTHBI, CJIE10BATEIbHO, |25 — @] = |2 + y*©|. Orcioma BbIBOAMM

|P(z) = P(y)| = [T(2*7) = T(y*?)| = [T (2" = y*?)| = |T (|2 — y*])]
= [T(|«>® +y* )| = [T(2* + y*°)| = [P(z) + P(y)l,

9TO U O3HAYAeT au3bloHKTHOCTH P(x) u P(y).
(1) & (2) < (3). D1u SKBUBATIEHTHOCTH CJIeAyIOT u3 jemm 3.7 u 3.8. >

Caencrsue 3.10. Ilycto F u ' — Bekropubie pemerku, P : E — F — oaHopoHblii
IIOJIMHOM CT€lIEHU S. 9KBHBaJIeHTHbI CJIEAYIOLNE YTBEP2K/ICHUS !

(1) P — mosmmmopcpusm;

(2) P oproronampno agmurusen u P(xV y) = P(x)V P(y) ana Becex x,y € Ey;

(3) P oproronasmpuo agaurusen u P(xz ANy) = P(x) A P(y) ana Bcex x,y € Ey;

(4) P oproronaspno agaurusen u x Ay = 0 Breger P(x) A P(y) = 0 g Bcex z,y € E;

(5) cymecrsyer pewerounpiii romomoppuzm T : E*© — F' rakoii, 4T0 ClpaBejmBo 11pe-
crapienne Px = T(x°°) iz Bcex x € E;

(6) cymecrBytor Bekroprasi penterka G u perierodubtii romomopgusm S : E — G rakue,
uro G*© C F u umeer mecro npejcrasienne Px = (Sx)%° jus Becex x € E.

< Cutejtyer HENmOCPeCTBEHHO U3 TeopeMbl 3.9, npeioxkenus 3.2 u jemmbl 3.4 >

4. MynpTUun/JuKaTUBHOE NPEICTaBJIeHUE

Beroay B 3rom naparpade E u F' — dynpaments pacimpennbix K-npocrancrs & u .
B npocrpanctBax & u % 3adukcupyeM MopsjikoBble equHuilbl 1g u 14, a TakKe MYJIbTH-
[JIMKATUBHBIE CTPYKTYPbI, MPEBPAIIAIONINE 9TU TPOCTPAHCTBA B f-ajredpbl ¢ eaunutiamu 1 e
u 1z coorBercrBenHo. HamomuuM, 9TO B JAHHOI cHUTyanuu OpTOMOPMU3MBI IPECTABIIsA-
0T CO00I OLEPATOPHI YMHOXKEHUSI U [OITOMY OyIyT OTOXKIECTBJISATHCH C COOTBETCTBYIOIIUMHU
MYJIBTHILTHKATOPAMH.

ng mpousBosibHOTO f € & CyIIECTBYeT €IMHCTBEHHBIN SJIEMEHT g € &, JJisi KOTOPOTO
fg = [flle u [f]*g = 0, rae [f] — npoexrop ma momocy {f}*+1 . Dror snemenr g Gymem
o603na4uTh cumBosiom 1/f := 1g/f. Ilpoussenenue e(1/f) kopode 0603HAIACTCA CUMBOTIOM
e/f. Upean B K-upocrpancrse &, nopoxjennniii smementom 1 := 1g, obo3navaercsa uepes
&(1).

Bynem obosnadars depes PB(&) OyaeBy aaredpy MOpsIKOBBIX IPOEKTOPOB B BEKTOPHOI
pemerke E. Ilycts h : P(&) — P(F) — OGynes romomopdusm u 0603HAIUMM CUMBOJIOM
&(1,h) h-3ambikanue ujeana &1, NOPOKJIEHHOTO B & exunuieil 1, T. e. MHOXKECTBO BCEX
9IEMEHTOB & € &, NPEACTABUMBIX B BUAE T = 0-p O Tply, A€ (Tp) — LPOM3BOJbHAS
LOCJIeI0BATEBHOCTD B & U T, — cueTHoe pasbuenue equnuipl B P(&) takoe, aro (h(my,)) —
pasbuenue eaununsl B P(.F), cm. npegyiozxkenus 5.6.3 u 5.6.4 B [18]. Ouesunno, uro &(1,h) —
ujean B &.

OnPEAENEHUE 4.1. Tenvio oneparopa P : E — F naseiBaem ortobpaxkenue sh(P) :
PB(&) — P(.F), oupeuenennoe dopmynoii sh(r) = [P(m(E))]. Tem cambim, sh(m) — nopsi-
KOBBIIT TIpoexTop Ha mosocy (Pr(E))*+t.
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Jlemma 4.2. Ilycts E u F' — BekTopHbIe perieTku ¢ npoekiusymu. OpTroroHajabHO a/TH-
TuBHbIH nogmaoM P E — F' coxpaHser qu3blOHKTHOCTb B TOM U TOJIBKO TOM CJLy4ae, KOIJa
sh(P) — 6yseB romomopdusm.

< Ocrarorest B cujie Te Ke paccyxkjenusi, 4ro u B [18, n. 5.4.2] (wm [3, u. 5.2.2(1)])
JUTs cotydast JuHeiHoro omeparopa. llpu srom BmecTo smmeiliHOCTH paboTaeT OPTOrOHAILHAS
AJIUTUBHOCTDL. >

Jlemma 4.3. /List npousBoibHOro Kosbnesoro romomopgusma h : P(&) — P(F) cyure-
CTBYeT eUHCTBEeHHBI peryspHbiii oneparop Sy, : & (1, h) — F rakoii, uro reun Sy, coBnajaer
¢ huSy(lg) = h(1)lg. Boaee toro, &(1,h) asugerca f-moxanrebpoii &, a omeparop Sp
mysbruiinkarused, 1.e. Sp(zy) = Sp(x)Sk(y) aus Beex x,y € &(1, h).

< Cwm. [18, upeyioxkenus 5.6.4 u 5.6.7, reopema 5.6.10]. >

ONPENEJEHUE 4.4. Oneparop S, CyIecTBOBaHNE KOTOPOTO yTBEpXKTaeTcs B jemme 4.3,
Ha3bIBAIOT cd6u20Mm nocpedcmeom h u 06o3nauaior cumposiom Sp. Ilycrs £ — dysgament &
u F' — dyngament #. Oneparop S : E — F HazoBeM onepamopom cdeueza, €CJIu CyIecTBYeT
KOJIb1eBOT romomopdusm h 1 P(&) — P(F) rakoit, wro E C &(1,h) u S = Sy va E.
Ecau h — tens monmmuoma P, To omepatop casura S OyaeM Ha3bIBATh cdéuzom nosuroma P.
3amMeTum, 94TO NOHSTHE CABUTA NOCPEACTBOM rOMOMOPGU3MA U ONEPATOPA, CABUIA 3ABUCAT OT
BeiOopa equnni] 1y u 14 B K-npocrpancrBax & u %, cMm. |18, m. 5.6.8].

Teopema 4.5 (A. E. I'yrman [2]). IIycrs E — Bekropnasi pewterka, F'— K-upocrpancrso,
T : F — F — nopankoBo orpaHHIeHHBIH JTHHEHHBIN ONEpaTop, COXPAHSIOIIHI JU3BIOHKT-
nocrs. Torga cymecrByer pasbuenne eaunuiipl (pg)ecs B Oysepoii anredpe B(F) u cemeiicro
I0JIOZKATEIbHBIX 3JIEMEHTOB (€¢)¢c= B F Takme, 9T0 HMeeT MecTo IIpe/ICTABIEHHE

Tﬂ::o—ZWopgSo(aj/eg) (x € B), (4.1)
£eE

e omeparop S — casur oneparopa T, a opromoppusm W : F — F npencrapiser coboi
onepaTop yMHOMKEHHH Ha 0-) cc= Pel'(eg).

< Cwm. |18, Teopema 5.7.5| u |3, Teopema 5.3.7|. >

Jlemma 4.6. Eciu nosmnom P coxpansier ju3bloHKTHOCT, 10 P u |P| umeror oqun u
ror xke casur. Ecan Pr = (Tx)*® (z € E) j1g HEKOTOPOro pemreToq4Horo roMmoMopgusma
T:FE—>GC%,r0casuru P u T cosnasgaior.

< JlokazarenbCrBO CJIejyeT HenoCPeACTBEHHO 13 onpejenenus 4.1 u KOHCTPpyKIuu ¢aBura
(cm. |18, mpemmoxkenue 5.6.7]), yuurbiBag mpejyioxkenue 3.2 u TOT (HaKT, ITO MHOKECTBA
B C Gu{g®°®: g € G} nopoxJaior 0JjHy U Ty XKe 10J0Cy B F. >

Temepb Bce rOTOBO JIJIst JJOKA3aTe/IbCTBA OCHOBHON TEOPEMbI JIAHHOIO mnaparpada.

Teopema 4.7 (0 mpeCTaB/IeHUN OPTOTOHATIBHO AUTUBHBIX MOJTMHOMOB, COXPAHSIOIINX
JU3bIOHKTHOCTL). ITycts ' — Bekropuas pemerka, F' — K-upocrpancrso, P : E — F —
S-OJHOPOAHDIH TTOPSIKOBO OIPAHHIEHHBIH MOJHHOM, COXPAHSIOIIHI AU3BIOHKTHOCTH. Torma
CyIIeCTBYIOT pa3buenne euHAIbI (p¢ )¢c= B Oymesoii anrebpe 'P(F') 1 cemeiicTBO HOI0KHTETb-
HBIX 9/1eMeHTOB (€¢)ecz B I Takme, 4ro mMeer MeCTO IIpe/CTaBieHHe

P(z) = O—Z WopeS(x/e)®® (x € E), (4.2)
¢ex

e onepatop S — casur nosunoma P, a opromoppusm W : F — F upexacrapasier coboit
o11epaTop yMHOMNKEHHS Ha 0-) ¢cz Peb(€g).
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< Ilpeamosokum cradasa, 9To mojguaoM P monoxurenen. B cuny crexcreus 3.10 (6)
CyIIECTBYIOT BeKTOpHAsi pemierka G u pemierodnsbiii romomopduszm 1 @ E — G rakue, 4to
G*® C F v mMeeT MeCTO TPe/ICTAB/ICHNUE

P(z) = (Tz)*® (z € E). (4.3)

Tak »xe, kak u B Teopeme 2.8 u caencrsuu 2.9, ymHoxkenue B % 0003HAYMM CUMBOJIOM ®.
Torma G*© MOXKHO OTOXKIECTBHTD C MOApemeTKol gy := {ur ... o us: uy,...,us € T(E)}
f-anrebpnl 7, a Takke cuntath u'® = u’® =ue...eu qua u € Ey, cm. [13, Teopema 4.1].

Ing pemerounoro romomopdusma 10 teopema l'yrmana 4.5 mmeeT MecTo mpejcTaBJie-
nue (4.1), B koropom S — cupur T Iycers vi= 0-) = peT(ec) u 1¢ obosznauaer oCkosoK
1.z, coorBercTBytoNmil IpoeKTOPY p¢. Ilomcrasus (4.1) B (4.3), moaydnm

Plo) = (o veteosa/er) =3 0" o Lo Slafee)™

(eE (eE

O6o3nauus 6ykBoii W oneparop yMHOXKeHUs B % Ha 3jieMeHT v°®, mojiyauM Tpebyemoe mpe-
crapyienne. Ecim mommaom P nipou3BojieH, TO B CHILY JOKA3aHHOTO MMEEM TIPE/ICTABICHIE

Pl(2) = oo Wo(peS(a/e)™) (a € E),

{e=

e S — casur [Pl u Wy > 0. Tak kak P = 7|P| — m+|P| i nekoroporo npoexropa , 1o
ocraercs HoaoxuTh W= mWy — Wy u cociaarbcsa Ha aemmy 4.6, >

IIycts Teneps K u () — 9KCTpeMa/ibHO HECBsI3HbIE KOMIIAKTHI, a K u F' — yHaMeHThI
B pacmupenabix K-npocrpanctBax & = Co(K) u F = Cx(Q) coorBerctBenno. Ilycrs
Co(Q, K) 0bo3nauaer MHOKECTBO BCeX HeNpepbiBHbIX (GyHkumit 0 : Qo — K, onpejenenubix
Ha OTKPBITO-3aMKHYTHIX mojMHoKecTBax dom(o):= Qo C Q.

ONPEJENEHUE 4.8. g npoussosibroro o € Co(Q, K) u x € Cso(K) onpenenum GyHK-
nuo x e o : Q — R dopmysoit

z(o(q)), ecau g € dom(o),
(zeo)(q):=
0, ecin g € @ \ dom(o).

SAMEYAHUE 4.9. OyHKIUg T ® 0, KaK OYEBHUJHO, HEIPEPbIBHA, HO HE [PUHAJJIEXKUT,
B0OOGIIE TOBOPsA, NPOCTPAHCTBY Cop (), MOCKOJIBKY OHA MOXKET NPUHUMATh GECKOHEYHbIEe 3HA-
YEeHUsl HA HEKOTOPOM noamuoxkecrse U € @ ¢ memycroit BHyTpeHHOCTBHIO. OJHAKO, ec/u
r oo € Cy(Q) mus Becex x € E, 10 HETPYHO BUIETH, 4TO 0TOOpaxKenue x — r o o (r € F)
SIBJISIETCsI OTIepaTopoM czipura. HecmoTps Ha 910, npoussejerue W (z @ o) KOPPEKTHO Ompeie-
asier dbynknuio u3 Coo(Q), eciin W obpamaercs B voub Ha sayrpennocru U. Vnaue rosops,
paccmaTpuBas pomssesienne fg apyx dbynxmmit f, g € Coo(Q, R), cunraem (fg)(q) = 0, ecm
b0 f, b0 g paABHSAETCH HYJIIO TOXKJIECTBEHHO B OKpecTHOCTH ¢ € @), nogpobuocru cm. [18,
5.8.5]. Mmenno B 3TOM CMbICTe mOHHMaercs mpomssenenue We((wex)® @ o) B cremyromeii
Teopeme.

Teopema 4.9 (0 MyJIBTUILIMKATHBHOM TPEJCTABIEHUN OPTOTOHAJIBHO AJIUTUBHBIX IO
JIMHOMOB, COXPaHSTIOIINX JIN3bIOHKTHOCTE). Ilycth E u F' — yHgaMeHTsl B IPOCTPAHCTBAX
Coo(K) n Coo(Q) coorsercreenno, a P : E — F — n0psiikOBO OrpaHMYeHHbIH OPTOrOHAJIBHO
a/UIMTHBHBIN $-OHOPOIHBIN MOJIMHOM, COXPAHSIONIAN JU3BIOHKTHOCTD. TOrga CyHecTByoT
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orobpazenne 0 € Cy(Q, K), cemeiicto (wg)ecz nonoxurenpupix Gyarnmii B Coo(K) 1 ce-
meticrBo (We)ees nonapuo auswronkrasix Gynnmii n3 Coo(Q) Taxue, uro 1/we € E jis Becex
& € 2, U CHpaBeIMBO IPEJCTABJIEHHE:

P(z) = O—Z We((wex) @ 0)®  (x € E). (4.4)
£eE

<1 Dror dakT cieyer HenocpeacTBeHHo u3 reopeMbl 4.6. HyKHO Jjmib 3aMeTuTh, 4TO
ectn S : E — F — omeparop casura, 1o cymecrsyer dbyuknusg o € Cy(Q, K) Takas, 9ro
Sz =z e0 s Beex x € E, cm. [18, upejioxenue 5.8.7. >

BAMEYAHUE 4.10. Buyrpennuii sec, dburypupyommii B npejacrasiennsx (4.2) n (4.4),
Buepsbie BBel A. E. I'yrman, cm. |2, 18]. Be3 mpusiedenns: BHYTPEHHUX BECOB yKa3aHHbBIE
LIPEJICTABJIEHUs] BO3MOXKHBI JIMIIb HA 4acTu 00J1acTi Olpejieenusi, cp., Haupumep, [1, 9].
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KycPAEBA 3AJIMHA AHATOJIbEBHA

FOxkubiit matematuyeckuit macruryr BHIT PAH,
HAYYHBIH COTPYAHHUK OT/€/1a (PYHKIIMOHAIPHOIO AHAIN3A
POCCH4, 362027, Biuanukaskas, yia. Mapkyca, 22
E-mail: zali1l3@smath.ru

CHARACTERIZATION AND MULTIPLICATIVE REPRESENTATION
OF HOMOGENEOUS DISJOINTNESS PRESERVING POLYNOMIALS

Kusraeva Z. A.

Let E and F be vector lattices and P : E — F an order bounded orthogonally additive (i.e. |z| A |y| =0
implies P(z +y) = P(x) + P(y) for all z,y € E) s-homogeneous polynomial. P is said to be disjointness
preserving if its corresponding symmetric s-linear operator from E° to F' is disjointness preserving in each
variable. The main results of the paper read as follows:

Theorem 3.9. The following are equivalent: (1) P is disjointness preserving; (2) d"P(x)(y) = 0 and
Px 1 Pyforal z,y € E, z L y, and 1 < n < s; (3) P is orthogonally additive and = L y implies
Px 1 Py for all z,y € E; (4) there exist a vector lattice G and lattice homomorphisms 51,5 : E — G
such that G*® C F, S1(E) L S2(E), and Pz = (S12)°® — (S2x)°® for all x € E; (5) there exists an order
bounded disjointness preserving linear operator T : E*® — F such that Pz = T'(z°®) for all z € E.

Theorem 4.7. Let £ and F be Dedekind complete vector lattices. There exists a partition of unity
(pe)ec= in the Boolean algebra of band projections P(F') and a family (e¢)ecz in E4 such that P(z) =
0-3cce WopeS(z/ec)*® (x € E), where S is the shift of P and W : F — 7 is the orthomorphism
multiplication by 0->". = pe P(ec).

Key words: power of a vector lattice, homogeneous polynomial, disjointness preserving polynomial,
orthogonal additivity, lattice polymorphism, multiplicative representation.



BrnannkaBKa3cKnli MaTeMaTHIECKHH Ky pHAJ
2016, Tom 18, Beuryck 1, C. 63-70

VIIK 517.977

O 3AJIAYE OIITUMAJIBHOI'O YIIPABJIEHNS
JIMHEMHOM CUCTEMOI C TIEPEMEHHO CTPYKTYPOI!

P. O. MacraJjues

B zagave onrumMasbHOrO yupasiieHHs C LIE€PEMEHHON JIMHEMHOU CTPYKTYPOH, OIMCHIBAEMOU JIMHEWHBIM
Pa3HOCTHBIM ¥ WHTErpO-aud dhepeHITnaJIbHbBIM YpaBHEHUSAMHI TUIIa BoabTeppa, moIyaeHo HeoOX0InMOe U
JOCTATOYHOE YCJIOBUE OTUMAIbHOCTH B (popme mpuunuma makcumyMma [lonrparuna. B ciy4ae Boirykiio-
cTu (QYHKIIMOHAJIA, KPUTEPHS KaY€CTBA MOJIYI€HO JOCTATOYHOE YC/IOBUE ONMTUMAJILHOCTH.

Kuarodesrbie ciioBa: 33/1a9a ONTUMAJIBHOIO YIIPABJIEHAH, JIUHEUHAd CHCTEMA C IIEPEMEHHON CTPYKTYPOH,
pasHocTHOe ypasHeHue Tuna Bospreppa, maTerpo-muddepennuansuoe ypasHerue tuna Boabreppa.

1. BBengenne

IIpomeccrl ¢ mepemeHHO# CTPYKTYpOIl BCTPEUAIOTCd B 33JavUaX yIPABJIEHNAd XUMUKO-TeX-
HoslorMyecKumu tponeccamu |1, 2|, junamuke mararomero annapara [3-5] u up.

B paborax [6-11| usydensl 3ajadun ONTUMAJBLHOTO YIIPABJICHUS, OMUCHIBAEMBIE COOTBET-
CTBEHHO HeJIMHEMHbIMU UHTEI'PAJIbHBIMUA U PA3HOCTHBIMU yPABHEHUAMMU, JOKA3AHBL HeO6XOrHH—
Mbl€ yCJIOBUA ONITUMAJIbBHOCTH, HaﬁﬂeHbI ycCjioBu4d yIpaBJ/Id€MOCTU U JP.

IIpemiaraemas pabora MOCBLIEHa UCCJIEIOBAHUIO 33129 ONTUMAJIBHOTO YIPABIECHUS JIU-
HEMHbIMM CUCTEMaMu C II€PEMEHHONU CTPYKTYPOH, OINUCBhIBACMBIMU PA3HOCTHBIMU U UHTEIPO-
nuddepentmaipabiMu ypaBueHugymu tuna Bojbreppa. B ogmom ciiyuae jokazano uHeobxo-
JIMMO€ U JIOCTATOYHOE YCJOBUE ONTHUMAIbHOCTH B hopme npuHiung makcumyma [lonrpsarn-
Ha [12-14], a B ApyroM ciaydae MOIy9IE€HO JTOCTATOUHOE YCJIOBHE ONTUMATHHOCTH.

2. IlocranoBka 3amaun

PaCCMOTpI/IM 3a)1aqy O HaXOXKJIECHUN MI/IHI/IMyMa (i)yHKHI/IOHaJ'Ia
I(u,v) = dja(tr) + S y(T) (1)

[IpU OT'PAHUYEHUIX

t+1)= i A(t,m)z(1) + B(t)u(t), t € Ty = {to,to+1,...,t;1 — 1},

T=tg

© 2016 Macranues P. O.
L PaGora BemosHena mpu (uHaHCOBON Tomaepkke Pomma paszsuTHs Haykm Tpm Tpeswmente AzepOaii-
JIPKaHCKOM pecry6mkm, rpant Ne EIF /GAM-2-2013-2(8)-25/06/1.
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3neco to, t1, 1, To 3aj1aHbl, IpUYeM pPa3HOCTh t1 — ty — HATypaJIbHOE YHUCJIO, C1, C3, C3 —
3ajlaHHbIe 110CTOsiHHBIE BeKTOpbl, =(t) € R™, y(t) € R™ — BekTOpbl COCTOSIHUSI CUCTEMBbI,
A(t,T) e R™" B(t) € R™*", C(t,7) € R™*™ D(t) € R™*Y — cOOTBETCTBEHHO JUCKDPETHBIE
U HENPEPbIBHbIE U3BECTHBIE MATPUlbl-byHKIMU, U(t) — r-MepHbI BEKTOD yIPABJISIONMX BO3-
JeficTBUil CO 3HAYEHUSIMU W3 33[AHHOIO HEIyCTOrO0 W OrpaHUYeHHOro MuoxkecTBa U, v(t) —
@-MEPHbIA KyCOYHO-HEIPEPbIBHbIIA BEKTOP YIIPAaBJIAIOIIUX BO3AEUCTBUN CO 3HAYECHUAMU U3 3a-
JIAHHOI'O HEIyCTOI'0 M OI'PDAHMYEHHOI'0 MHOXKecTBa V| T. €.

{u(t) ceUCR’, teT, (3)

v(t) e V.C R teTs.

HItpux o3HaYaeT 3HAK TPAHCIOHUPOBAHUS.
IMapy (u(t),v(t)) ¢ BblIENPUBEJAEHHBIMYU CBOMCTBAME HA30BEM JONYCTMUMBIM YNPAGAEHU-
em, a coorsercrByiomuii npouecc (u(t),v(t), z(t),y(t)) — donycmumvim npoueccom.

3. @opmysia npupalneHns KpUTepus KadecTBa
1 He00X0aMMO€ U JOCTAaTOYHOE yCJIOBHE ONTUMAJIBHOCTU

IMycrs (u(t),v(t), z(t),y(t)) — ournmanbubiii npouecc. OBGO3HAYMM LPOU3BOJIBHBINA J10-
nycrumblii mponece (u(t),v(t),z(t),y(t)), tme a(t) = wu(t) + Au(t), v(t) = v(t) + Av(t),
z(t) = z(t) + Ax(t), y(t) = y(t) + Ay(t), n 3anmmem dopmysy s npupamenus QyHK-
[IOHAJIA

Al(u,v) = | Ax(ty) + HAyY(T). (4)

C apyroii ctoponsl sicHO, uro npupamienue (Ax(t), Ay(t)) rpaekropun (x(t),y(t)) Gyzmer ymo-
BJIETBOPATH ypasHenusaM (5) u (6)

Az(t+1) = Zt: A(t,7) Ax(T) + B(t) Au(t), te T, )
Al‘(to) = 0,

Aj(t) fC (t,7) Ay(T)dr + D(t) Auv(t), te Ty, (6)
Ay(t1) = g Ax(ty).

ITockospky (5) u (6) ABAAIOTCS COOTBETCTBEHHO JIMHEHHBIM HEOJHOPOJHBIM PA3HOCTHBIM
u unrerpo-auddepennnanbabM ypaBaenusMu tuna Boswreppa ornocurensuo Ax(t), Ay(t),
TO WX PEIIeHus MOXKHO IpeacTaButh [15-18| B Buze

t—1
= Z R(t —1,s) B(s) Au(s), (7)

s=top

- / Q(1,€) D(€) Av(€) de + ¢y Q(t.11) Ax(ty), (8)

riae R(t,7) u Q(t,&) — marpudnble QYHKIMU COOTBETCTBYOMIUX PA3MEPHOCTEH, SIBJISIIOIIUECs
pelLleHUsMU 3a1a4
t
R(t7 s — 1) = Z R(t7T) A(Ta 8)7
= (9)
R(t7 t) = E17
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{Qgtf tha (o, &) da 10)
Q(t,1) E27
e F1 n Ey — e MHUYHbBIE MATPUILI COOTBETCTBYIOIIUX PA3MEPHOCTEN.
Hasee, mpeacrasienne (8) ¢ yuerom mpencrasienns (7) 3aluCbIBACTCS B BHUJIE
i t1—1
— [@t.€) D& Aul) de + 3 Fit.s) Bs) Bus), (1)
s=to
rae F(t,s) = R(t1 — 1,5) 4Q(t, t1).
U3 (7) u (11) scuo, uro
t1—1
)= 3" Riti — 1,5) B(s) Au(s), (12)
s=to
T t1—1
8y(T) = [ QT D) Bo(©)de + 3 F(T,5) Bls) Aufs). (13)
th s=to
[Mosromy u3 (4) nosydaem, 4ro
Al(u,v) = ¢ Az(t1) + cy Ay(T Z Rty — 1,8) B(s) Au(s)
s=to
T
+ [4emoDe©) (€t + 3 FT,5) Bls) Aas) (14)
t s=top
T
=S (R — 1,9) + ) B(s) Au(s) + [ Q7€) D) Av(e)dg
s=to t
ITonaras
U(s) = — [R(t1 — 1,5) + HF(T,5)] (15)
p(§) = =, Q(T,§), (16)
BBeJIeM 0003HAUEHUS:
H(s,u(s),9(s)) = ¢'(s) B(s) u(s),
M(&,v(€),p(€)) = p'(€) D(&) v(&),
rie dbyaxmun H () u M(-) — ananorn dyuknuu lamunsrona — [loarpsaruna.
Torpa dopmysa npupamenus (14) 3anucbiBaercs B Buje
t1—1
AI(“? U) == Z [H(57 ’L_L(S), ¢(5)) - H(Sv U(S), w(s))]
s=to
(17)

T
—/W@M&M@—M@M&M@M@
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Ucnonb3ys seipaxkenus ¢ (t) u p(t), HaiijeM ypaBHeHHEe, KOTOPDOMY YJOBJIETBOPSAIOT STU
dyukuun. To oupegpenenuto dbyukuuu )(t)

Yt —1)=—[{R(t1 —1,t — 1)+ HF(T,t — 1)] .
Orcroma ¢ yaerom ypasrenus (9) Oymem mMeThb
Yt —1)=—[lR(t1 — 1,t = 1) + H Q(T,t1) ¢z R(ty — 1,¢ — 1)]

=—[R(t1 —1,t—1)[e1 + 4 Q(T, t1)]]
o t1—1

Z A(r,t) [lR(t1 — 1,7) + &4 R(t1 — 1,7) 5 Q(T', t1)] Z Al(r,t)y

Haiigem navyasbuoe yciaoBue yist 310t pyukiuu. [lo onpenenenuio
Yt —1) =— [ R(t1 — 1,8y — 1) + GF(T,t, — 1)]

= [Cl + CéQ(T,tl)Cé R(tl - 1,t1 — 1)] = — [Cl — Cép(tl)] .

Cornacuo omnpezesieruto Gyuknuu p(t) umeem
P(t) = —c4Qu(T ', 1).
Otcrona ¢ yaerom ypasuenus (10) Oymem mveTsb

T T
- [gamecEnd = [ clenme,
t t
p(T) = _6,2 Q(T7 T) - -
Caenosarensno, sBekrop-dbyunkuus ((t), p(t)) siBasgerca pemenuem 3ajaqau

t1—1

Wt —1) ZA’Tt ), ¥t —1)=—[e1 — hp(t1)],

T
p(t) = / C'(,0) ple) de,  p(T) = —en.

Ucnonesysa dhopmysry npuparmnienus (17), 10KaxkeM Caeayomiee yTBEpK ICHIe.

Teopema 1. /Lisi ourumasibaocru goiycrumoro yupassienus (u(t), v(t)) B 3azaue (1)—(3)
HEO6XOIUMO U JIocTaTo49HO, 4T00b! jyist Beex A(t) € U, t € Ty, p(t) € V, t € Ty BbimoHsLIHCH
COOTBETCTBEHHO COOTHOIIIEHUS

t1—1

D HEA®), () — Ht,ul(t), (1)) <0, (18)

t=to

T
/[M(t’u(t),p(t)) — M(t,v(t),p(t))] dt <O0. (19)
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< Heobzodumocmo. ouyctum, uro ypasaenue (u(t),v(t)) ontumansuo. lokaxkem, 4ro
BbIIOHAIOTCsE cooTHOenus (18) u (19). B cuny ontumanbuoctu ynpasnenus (u(t),v(t)) us
dbopmyssr npuparenus (17) cremyer, uro juist so0bix (w(t), U(t)) BBIIOIHAETCA CJIe/IyIOLIee
COOTHOILIEHUE:

T

= D HEa), v(1) - H(tult), ()] - /[M(t’@(t),p(t)) — M(t,v(t),p(t))] dt = 0. (20)

t=to th

Ucnonbsys npoussosbnocts (4(t), v(t)), onpegenum ero ciaegyomum 00pazom:

C yuerom (21) u3 dopmyast (20) caexyer, aTo

t1—1

DO HEAR) © (1) — H(tu(t), ¥(1))] < 0.

t=to

Ecan xe nosmoxurs

u3 dopmyset (20) caegyer, 9ToO
T
[, 0),p(0) ~ Mt 00, D)) e <

t1

HeobxomuMoCTh JOKa3aHa.
Jlocmamounocmo. TIpeauonoxkum, 4ro Boiiosssiiorcs yeaosus (18) u (19), u pokaxem,
9T0 B 9TOM ciydae yupasienue (u(t),v(t)) ABisercs ONTHMAJBHBIM i PACCMATPUBAEMON

33/1a4H.
fcno, aTo

t1—1
Al(u,v) = I(u,v) = I(u,v) = — [ > [H(s,a(s),9(s)) — H(s, uls), 4(s))]

s=to
T

+ / (€, 5(€),p(€)) — M(E.v(E), p(©)))de | >0,

t1
T e. I(u,v) > I(u,v) naa seex (u(t),v(t)). Cuenosarenvro, uro ynpassienue (u(t),v(t))

ABJIAETCA OIITHMAaAJIbHBIM. TeopeMa IIOJIHOCTBIO JI0OKa3aHa. >

4. JlocTaTo4vHOE YyCJ/I0BHE ONTUMAJIBbHOCTHU

B srom nynkTe paccmarpuBaercsd ciy4ail menuneitnoro gpynknuonasa. Ilycrs tpebyercs
HaifiTu MEUHUMYM (QYHKIMOHAIA

I(u,v) = @(z(t1)) + ¢(y(T)) (22)
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upu orpanundenusx (2), (3). 3uecs p(z), ¢(y) — 3amannble HenpepbiBHO Tuddepeniupyembie
BbIIIYKJIbIE CKaJIAPDHbIC (i)yHKI_[I/H/I

Torma, ucnosib3ys dopmyny Teitnopa, npuparenne dbyHKImonama (22), COOTBETCTBYOIIEE
yupasjenusm (u(t),v(t)) n (u(t),v(t)), 3anuceiBaercs B Buje

Al(u,v) = (x(tr)) Ax(ty) + ¢y (y(T) Ay(T) + or([[Az(t)[]) + o2 (| Ay(T)I))-

Orcroga, ucnonbsys upejcrasienus (12) u (13), 6yjaem uvers

t1—1
AI(u,v) = > [pa(@(t)R(tr = 1,5) + &y (y(T)) F (T, 5)] B(s) Au(s)

s=to
T

+/%@@Dmﬂ®D®AM®%

t1

Ilonraras
P(s) = — [z (x(t1))R(t — 1,8) + ¢y (y(T))F (T, 5)] ,

p(s) = =y (y(T)) Q(T, ),
H{(t,u(t),yp(t) = ¢'(t) B(t) u(t),

M(t,v(t), p(t)) = p'(t) D(t) v(t),
dbopmyny npupamenus dynknunonasa (22) 3amumeM B BUje

t1—1

Al(u,v) = = Y [H(t,a(t), (1) — H(t,u(t), (1))

T (23)
- / [M(#,0(t), p(t)) — M(t,0(t), p(t)] dt + o1 ([[Az(ts)]| + o2 (|Ay(T)) -

t1

AnasoruuHo MOXKHO 1OKa3aTh, 4T0 BekTOp-pyHukums (1(t), p(t)) apiasercs pemenuem 3a-
Jadu

t1—1
bt —1) = 3 A 0)6(r),

Pty — 1) = —pu(z(t1)) + s p(t1),
T
M0=/UﬁﬁMﬂW,Mﬂ=—%@@»

ITo mpeanonoxkenuto (), ¢(y) — Boinykibie muddepeniupyembie GyHKIUU. JTO O3HA-
4aer, 4To

{OKHAx@ﬂH>(L
o1([|Ay(T)|]) = 0.
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[losTomy u3 (23) ciemyer HEPABEHCTBO

t1

W3 nocaeanero nepaBeHCTBa, CJeLyeT

Teopema 2. Ecin pyuxumun o(x), ¢(y) BBULYKJIbI, TO /18 ONTHMAJIbHOCTH JIOILyCTHMOIO
yupasrernns (u(t),v(t)) B 3agaqe (22), (2), (3) gocrarouno, arobsl g1 Becex N(t) € U, t € Ty,
wu(t) € V, t € Ty BbUIONHSAINCD COOTBETCTBEHHO COOTHOINEHUS

t1—1

D HE A, (1) — H(t ult), $(t)] <0, (24)

t=to

T
/[M(t,u(t),p(t)) — M(t, v(t),p(t))] dt <O. (25)

t1

3AMEYAHUE. llosydeHnnble yc/iOBHSI ONTHMAJIBLHOCTH SIBJISIIOTCS QHAJIOTAMHU PE3YJIbTa-
TOB, HOJIyYE€HHBIX I 33/a9 yIIPABJIEHUS, OIUCHIBAEMbIX JUHENHbIMU JuddepeHInajbHbIMA
U PA3HOCTHBIMU ypaBHeHUsIMU Tulla Bosibreppa. OHu MOryT HAlWTH NPUIOKEHUS B PABJIUIHBIX
00/1aCTSIX COBPEMEHHOI Teopuy ONTUMAJILHOTO YIIPABJIEHHS, /I 3a0a4 yIPABICHAN ypaBHe-
aussMu BoJibreppa.
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ON AN OPTIMAL CONTROL PROBLEM
FOR A LINEAR SYSTEM WITH VARIABLE STRUCTURE

Mastaliyev R. O.

The necessary and sufficient condition for optimality in the form of the Pontryagin maximum principle
in optimal control problem with variable linear structure, described by linear difference and integral-
differential equations of Volterra type, is obtained. Under some additional assumptions sufficient
optimality conditions are also derived.

Key words: optimal control problem, linear system with variable structure, differential Volterra type
equation, integro-differential Volterra type equation.
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REMARKS ON FIRST ZAGREB INDICES!

1. Z. Milovanovié, E. I. Milovanovié

Let G be an undirected connected graph with n > 2 vertices and m edges. In this paper we are
concerned with inequalities that reveal connections between graph invariants called first Zagreb index
and reformulated first Zagreb index. Some of the obtained results represent generalization of the known
inequalities.

Key words: vertex degree, edge degree, first Zagreb index.

1. Introduction

Let G = (V,E), V = {1,2,...,n}, be undirected connected graph, where V =
{1,2,...,n} is set of vertices and E = {ej,ea,...,e,} set of edges. Further, denote
with di > dy > ... > dy, d; = d(i), i = 1,2,...,n, a sequence of vertex degrees of G.
Ife={i,j} € E, then d(e) = d; +dj —2. The first Zagreb index M; and reformulated Zagreb
index EM; are, respectively, defined by [8, 9]

M, = Zj;d? and EM; = id(ei)z.

If G is a graph and L(G) is a corresponding line graph, then the following equality is valid
EM,(G) = My(L(G)). Invariants M; and EM; play an important role in algebraic graph
theory, as well as in other sciences especially in molecular chemistry (see [2, 5, 6, 8, 9, 12]).
Since these invariants can be calculated for a few classes of graphs in a closed form, it is of
interest to find out inequalities that determine upper and lower bounds of these invariants in
terms of some graph parameters or their mutual relationship. This is the topic of this paper.

We first give two inequalities that establish a connection between M; and EM; proved
in [5].

Theorem 1.1. Let G = (V,E), V ={1,2,...,n}, be undirected connected graph with

n vertices and m edges. Then
My — 2m)?
EM; > M, (1)
m
with equality if and only if G is a regular graph.
Theorem 1.2. Let G = (V,E), V = {1,2,...,n}, be undirected connected graph with

n vertices and m edges. Then

(My —2m)?(dy +d,, — 2)?

EM; < :
! Am(dy — 1)(d, — 1)

(2)

© 2016 Milovanovi¢ I. Z., Milovanovi¢ E. 1.
! This work was supported by the Serbian Ministry of Education and Science, project Ne TR32012.



72 Milovanovié I. Z., Milovanovié E. I.

where d,, > 2, with equality if and only if G is a regular graph or there are exactly m{dn—1)

ditdn—2
edges of degree 2(d; —1) and g"b(f;l 1% edges of degree 2(d,, — 1) such that (dy +d,, —2) divides

m(d, — 1).

2. Main Result

The following theorem establishes a connection between invariants £ M, and M in terms
of parameters m, d; and d,,.

Theorem 2.1. Let G = (V, E),V ={1,2,...,n}, E ={e1,ea,...,en}, be an undirected
connected graph. Then

M, — 2m)? M, — 2m)?
4 = 2m)° +2(dy — dyn)? < EM, (M, = 2m)”
m m

oo 431~ 151) -5 (- ),

Equality holds if and only if L(G) is a regular graph.

N

+ 4m(dy — dn)2a(m), (3)

where

< The following inequality was proved in [1] for positive real numbers pi,pa,...,pn,
ai,a9,...,a, and by, bs,...,b, with the properties 0 < 71 < a; < R1 < +o0 and 0 < 19 <
b; < Ry < +00

sz szazb - szaz sz i

< (B —11)(Ra — 1) sz (sz sz>, (4)

1€S i=1 €S
where S is a subset of I,, = {1,2,...,n} for which the expression
1
iezspi 3 ;pi (5)

reaches a minimal value.

For n =m and S = {1,2,...,k} C I, = {1,2,...m} from (5) we obtain that k = [ % |.
Now, for n =m, p; =1, S = {1,2,..., [ %]}, a; = b; = d(e;), i = 1,2,...,m, Ry = Ry =
2(dy — 1), 71 = ro = 2(d,, — 1) the inequality (4) becomes

wSier - () <uo-ar 3 (-5 w

Since Y d(e;) = Y% d? —2m = M; — 2m, from (6) immediately follows right side of
inequality (3).

Since the equality in (6) holds if and only if d(e1) = d(e2) = ... = d(e;,), therefore
equality on the right side of (3) holds if and only if L(G) is a regular graph.
For the real numbers a1, as,...,a,, with the property r < a; < R, i = 1,2,...,m, the

following inequality was proved in [10] (see also [11])
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For a; = d(e;), i = 1,2,...,m, r = 2(d,, — 1) and R = 2(d; — 1) the above inequality

transforms into
m

m 2
<d(€i) - %Zd(eﬁ) > 2(di — dn)?, (7)

i=1 i=1

NE

m 2
d(e;)? — % (Z d(ei)> > 2(dy — dy)?,
i=1

where from the left side of inequality (3) is obtained.
Equality in (7) holds if and only if d(eq) = d(e2) = ... = d(en,), so the equality in the left
part of (3) holds if and only if L(G) is a regular graph. >

i=1

REMARK 2.1. Since (d; — d,,)? > 0, left inequality in (3) is stronger than inequality (1).

Corollary 2.1. Let G = (V, E), V ={1,2,...,n}, E={e1,ea,...,en} be an undirected
connected graph. Then

%(M1 —2m)(d; — d,) < EM; < M +m(dy — dyn)% (8)

Equality on the right side holds if and only if L(G) is a regular graph. Equality on the left
side holds if and only if G = K.

< Inequality on the left side in (8) is obtained from the left side of inequality (3) and
inequality between arithmetic and geometric mean for real numbers. The right side of in-
equality (8) is obtained from the right part of inequality (3) and inequality a(m) < 3. >

Corollary 2.2. Let G = (V,E),V ={1,2,...,n}, E = {e1,ea,...,en} be an undirected
connected graph. Then

dm(dy, — 1)% 4 2(dy — dp)? < EMy < 4m(dy — 1)? 4+ 4m(dy — dp)?a(m). (9)

Equalities hold if and only if G is a regular graph.
< Inequalities (9) are obtained according to the inequality (3) and inequality

2m(d, — 1) < My —2m < 2m(d; — 1). >

Corollary 2.3. Let G = (V, E),V ={1,2,...,n}, E = {e1,ea,...,en}, be an undirected
connected graph. Then

(2m+(n—1)(n— 4))2 +4m(dy — dy,,)a(m).

92 2
4m, <—m -~ 1) +2(dy —dp)? < EM; <

n

m
(n—1)?
Equality on the left side holds if and only if G is a regular graph. Equality on the right side
holds if and only if G is a complete graph, i. e. G = K.

< The result immediately follows from inequality (3) and inequalities M; > %, proved
in [7], and My < m(Z2 + (n—2)), proved in [4]. &>

Theorem 2.2. Let G = (V,E),V ={1,2,...,n}, E={e1,ea,...,en}, be an undirected
connected graph. Then

EM; < (Ml — 2m)(d1 +d, — 2) — 4m(d1 — 1)(dn — 1). (10)
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Equality holds if and only if G is a regular graph or a graph with the property that for

some k, 1 < k < n, sequence of vertex degrees is of the form dy = dy = ... = di > dg11 =
dk+2:--‘:dn~
< For the real numbers aq,as,...,a, with the property r < a; < R,i=1,2,...,m, the

following inequality was proved in [3] (see also [11])

m m 2 m m
1 1 1 1

= (d@—%Zd(ei)) < <2<d1—1>—%zd<ei>> (%Zd<ei>—2<dn—1>>,

i=1 =1 =1
1. €.
1 m m
— 2 d(e;)? < 2(dy + dn — 2) 261(62-) —4(dy — 1)(dn — 1),

where from the assertion of the theorem is obtained. >

REMARK 2.2. According to (10) the following inequality is valid
EM; + 4m(dy — 1)(dn — 1) < 2(My — 2m)(dy + dp — 2). (11)

Based on the inequality between arithmetic and geometric means for real numbers and ap-
plying it on the left part of inequality (11), the inequality

2v/4m(dy — 1)(d, — 1) EM; < 2(M; — 2m)(dy + dp, — 2), dp > 1,

is obtained, i. e.
(My —2m)?(dy + d,, — 2)?
dm(dy — 1)(d,, — 1)

This means that inequality (10) is stronger than inequality (2).

EM; <
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SAMETKA O IIEPBBIX SATPEBCKUX NMHIEKCAX

Munosarnosu4a U. 2K., Munosarnosuu E. I1.

JloxazaHb! HEPABEHCTBA, CBA3BIBAIOIINE IIEPBHIN U MOAM(DUINPOBAHHBII ePBHI 3arpeOCKUe MHIEKCHI IPa-
da. g srux naBapuanTos rpada JoKa3aHbl HEPABEHCTBA, KOTOPbIE OLPEAEISIOT UX HUZKHUE U BEPXHUE
rpaHuipl. DTU HEPABEHCTBA yJIy4UIAl0T HEKOTOPbIE U3BECTHBIE PE3Y/IBTATHL.

KuarodyeBrble ciioBa: CreneHb BepIINH, CTELEHb I'PAHU, 1I€PBBIM 3arpeOCKuil MHIEKC.



Buumanuro aBTopos

Biajiukaskasckuii maremaruueckuii xkypuan (BM2K) — nayunoe nepuopmueckoe usja-
HUe, BBIXO/IdIee deThipe pa3a B roj. 2Kypuas nzgaercd HOKHBIM MaTeMaTudeCKUM WHCTH-
TyroMm Biagmkaskaszckoro nayaroro meatpa PAH.

K ny6nukanuun 8 BM2K npunumaiorcs cratbu, CO/epKalliie HOBbIe pe3y/ibTaThl B 00J1a-
CTU MaTEMATUKU U CTaTbk 0030pHOro xapakrepa. Crarbu, paHee OmyOJMKOBAHHBIE, & TAKIKE
[pPUHATHIE K OIyOJMKOBAHWIO B JIPYIUX KypHAJIaX, PEJKOJIIerueil ue paccmarpusatorcs. [lo-
crynusiiue B pegakiuio BM2K crarbu npoxonar obg3aresibHOE HAYYHOE PEleH3UPOBAHUE.

TeKCT CTaTbu J1OJIZ2KEH 6bITb HalluCaH Ha PYCCKOM HWJIA AHIVIMMCKOM 43blKe U THIATE/JIbHO
BoiBepeH. B mawase crarbu ykaseiaerca uugekc Y/IK, @.11.0. asropa(os), anroTanus (He
coaepxkaiias hopmyi) u karouesbie ciosa. Haspanue crarbu, @.1.0. aBropa(os), aHHOTAIIUIO
U KJII0YEBbIE C/IOBA HEOOXOMMO JIaTh Ha AHIVIMWCKOM U PYCCKOM S3BIKAX.

CHI/ICOK JIATEPATYPbI 1I€49aTaCTCd B KOHIC TEKCTa CTATbU. B HEeM J10JI2KHbI 6])IT]) YKa3aHbI:
JIJIsl CTaTheil — aBTOp, TOJIHOE HA3BaHUE CTATHH, JKYPHAJI, TOJ M3/aHUsI, TOM, HOMED (BBIIIYCK ),
CTPaHUIlbl HayaJla U KOHLA CTaTbU; JIJId KHUI — aBTOP, [IOJIHOE HAa3BaHUE, IOPOJ, U3jarelb-
CTBO, TOj, u3ianusd, obiee KojindecTBo crpannt. CChbLIKA HA JUTEPATYPY B TEKCTE JAI0TCH B
KBa/JIPATHBIX CKOOKaX.

CraTbs MOANUCHIBAETCA aBTOPOM (KOJIEKTUBOM aBTOPOB) € yKazaHueM (haMUInu, HMEHH
U OTYECTBA, IOJIHOTO IIOYTOBOIO AJIpeca, MecTa PabOThl, JIOJKHOCTU, IIOJHOIO CJIyKeOHOro
aJipeca, afpeca 3JIeKTPOHHOM MOYThl U HOMepa TejedoHa.

O6bem Marepuasia goszkeH ObiTh He 6ostee 1,4 yeir. med. jmctoB (& 12 crp. dopmara A4).
Crarbu 00JibIero 00bemMa MOryT ObITh HPUHSATHI K IIyOJIMKALIMN 110 PEIIEHUIO PEJIKOJLIEIMU B
UCKJIIOYNTEIbHBIX CIy4asiX.

Crarbio HEOOX0IUMO MMOJANOTOBUTH ¢ MUCIOJb30BaHueM Makporakera LaTeX u odopmurs
COIJIACHO CTAHIAPTHBIM TPEDOBAHUAM, IIPEIbABIIEMbIM K aBTOPCKUM opurunaaam. llpu mos-
roroBke daiijia 0coboe BHUMAHUE CJieyeT 00PaTUTh HA HEXKEIATEIbHOCTh UCIOJIH30BAHUS HO-
BBIX (BBOJMMBIX aBTOPOM IIpU HAOOpPE) KOMAH/IHBIX MOCIEA0BATEILHOCTEH, 0COOEHHO C mapa-
Merpamu. Ciiejlyer UCIOJIb30BATh B OCHOBHOM CTaHJIAPTHBIE CPEJICTBA MakKpolakera. Takxke
KpaiiHe HeXKeJlaTe/IbHO UCI0JIb30BaTh 6e3 HeobxonuMocTu 3HaKu npobesia. B pejgaknuio cra-
ThY HALPAB/IAThH 110 3JIEKTPOHHOI 1ouyre B Buje ps- uiau pdf-daitia u tex-cdaitia, aubo 1o
[oYTe ¢ NPUJIOKEHUEM HJIEKTPOHHOM BEPCHUH.

Crarbu, cojepKaline PUCYHKHU, PACCMATPUBAIOTCH TOJIBKO IIOCJIE COIJIACOBAHUS C PEJIaK-
I_[I/Iefl TEXHUYECCKUX BOIIPOCOB IIOJAI'OTOBKU PDUCYHKOB.

IIpungareie k nybsukanuu 8 BM2K cratbu npoxodar pejakIiMOHHYIO IIOJATOTOBKY, IIOC/IE
HEero TEKCT CTaTbU HAIIPDABJ/IAETCA aBTOPY Ha KOPPEKTYDY. H.HaTa 3a Hy6ﬂI/IKaHI/IIO HE€ B3bIMa-
€TCH.

ApBTOpCKME NpaBa Ha KypHaJ B 1ejoM npuHajexar H)KHOMY MareMaTudecKoMy WH-
crutyty BHIL PAH u Penkosnernn xypHasa, KOTOpble 00I13ai0T NCKIIOUATETEHBIM TPABOM
[OJIyYaTh U PACHPEIEATh JIIO0bIE [LJIATEXKM, CBA3aHHbIE ¢ IePEyCTYIKOM aBTOPCKUX MPAaB HA
JKYPHA.

AJPEC PEOAKIINN: 362027, Biagnkaska3s, Mapkyca, 22
TEIE®OH: (8672) 53-84-62;
E-MAIL: rio@smath.ru

3AB. PEJAKIUEN: Kubuzora B. B.



BJIAJINKABKA3CKUI MATEMATUYECKUI YKYPHAJI
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3aB. pemakmmeit B. B. Kubuzosa

Saperucrpuposan B PenepaspHoil cirykbe 110 HAA30py B cdepe cBaA3wM,
uHOOPMANUOHHBIX TEXHOJIOIUNA M MACCOBBIX KOMMYHUKAIIHA.
CeugerenbctBo 0 peructparuu 1111 Ne 77-50223 ot 15 wmioms 2012 1.

Ilogmmcano B meuars 15.03.2016. [darta Beixoma B cset 25.03.2016.
®opmar 6ymaru 60x84's. Tapu. wpudra Computer modern.
Vea. m. o 8,72, Tupax 100 sx3. Ilena cBobogmasi.

Yupenurenab U U3/1aTENb:
FOxxubiil MaTeMaTu9YeCKuil HHCTUTYT
Buajgukaskasckoro nayunoro uenrpa PAH
362027, r. Biragukaska3s, ya. Mapkyca, 22.

Oruneuarano UII Monanosoit A. FO.
362000, r. Bmagukaska3z, nep. llasmosckmit, 3.



