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Abstract. In this paper we continue a study of relationships between the lateral partial order C in a
vector lattice (the relation x C y means that x is a fragment of y) and the theory of orthogonally additive
operators on vector lattices. It was shown in [1] that the concepts of lateral ideal and lateral band play
the same important role in the theory of orthogonally additive operators as ideals and bands play in the
theory for linear operators in vector lattices. We show that, for a vector lattice £ and a lateral band G
of E, there exists a vector lattice ' and a positive, disjointness preserving orthogonally additive operator
T: E — F such that kerT = G. As a consequence, we partially resolve the following open problem
suggested in [1]: Are there a vector lattice E and a lateral ideal in E' which is not equal to the kernel of
any positive orthogonally additive operator T': E — F' for any vector lattice F'?
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1. Introduction and Preliminaries

The lateral order introduced in [1] shows its importance for the theory of orthogonally
additive operators (OAOs) [1-3]. In this paper we continue investigation of order properties of
OAOs connected with the lateral order. For all unexplained notions concerning vector lattices
and orthogonally additive operators we refer the reader to [1, 4, 5].

We shall write x = yUz if x = y+2z and y L z. We say that y is a fragment (a component)
of x € E, and use the notation y C z, if y L (z —y).

DEFINITION 1.1. Let F be a vector lattice. A subset .# of E is said to be a lateral ideal
if the following hold:

(1) x Uy € & for every disjoint x,y € 7,

(2)ifx € S theny € J for all y € §,.

It is clear that every order ideal of E is a lateral ideal of E. The set §, of all fragments of an
element & € E provides the example of a lateral ideal that is not a linear subspace of E.

The importance of lateral ideals for orthogonally additive operators is demonstrated in

the following statement.

Proposition 1.1 [1, Proposition 6.4]. Let E, F' be vector lattices and T': E — F a positive
orthogonally additive operator. Then ker T := {x € E: Tx = 0} is a lateral ideal in E.
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The following problem was stated in [1].

PROBLEM 1.2 [1, Problem 6.7]: Are there a vector lattice E' and a lateral ideal in E which
is not equal to the kernel of any positive orthogonally additive operator T: E — F for any
vector lattice F'?

Below we resolve this problem for lateral bands. That is the special subclass of lateral
ideals.

DEFINITION 1.2. We recall that a net (x))xep in a vector lattice E is called order
fundamental if the net (zx — 2x)x x)eaxa order converges to zero. An order fundamental
net (x))xepa in E is called laterally fundamental if xy T xy for all A, N € A with A < X
A subset D of the vector lattice E is called laterally closed, if every laterally fundamental net
(x)xea in D order converges to some x € D. A laterally closed lateral ideal # in F is called
a lateral band.

ExAMPLE 1.1. Every band # of a Dedekind complete vector lattice E is a lateral band
of E.

2. Main Result

The next theorem is the main result of these notes.

Theorem 2.1. Let E be a vector lattice and G a lateral band in E. Then there exist
a vector lattice F' and a positive, disjointness preserving orthogonally additive operator
T: E— F withkerT = G.

We need some auxiliary constructions to prove Theorem 2.1.

DEFINITION 2.1. Let E be a vector lattice and x,y € E. We say that x and y are laterally
disjoint and write zty if {z € F, N .%#,} = 0. We say that two subsets H and D of E are
laterally disjoint and use the notation H{D if z{y for every x € H and y € D.

Let E be a vector lattice and G be a lateral ideal in E. Put

(1) Gt :={z € E: a2ty forall yc G};

(2) Gt = (G

Lemma 2.1. G' is a lateral band in E.

< Take z € G' and y € §,. Since Sy C §z we have that y € G'. Fix z,y € GT with = L v.
We note that

oy ={ulv: ueF,, veFyl
Suppose that 2 Uy ¢ Gt. Then there exists 0 # w € Szuy N G and consequently w = u v
for some u € §, and v € §y. It follows that u,v € G and we come to the contradiction. Thus
G' is a lateral ideal in E. Now we show that GT is laterally closed. Suppose that (z3)xea is a
laterally convergent net in G that converges to 2 € E. We claim that z € GT. Indeed, assume
that 2 ¢ G'. Then there exists 0 # y € §, NG and since all fragments of y belong to G we
have that (z))xepa does not laterally converges to x. >

Lemma 2.2 |2, Proposition 5.6]. Let E be a vector lattice, x,y € F and x L y. Then xty.

The following example shows that the converse assertion, in general, is not true.

EXAMPLE 2.1. Let (2,X,v) be a finite measure spaces, £ = Lo(r). We denote the
characteristic function of a set D € ¥ by 1p. Suppose that z = 1g and y = klg, for some
0 <k < 1. Then |z| Aly| =2 Ay =1y > 0. On the other hand we have that

S:={lp: DeX} and §, ={klp: D € X}

Hence, §, N§y = 0 and therefore z{y.
The next lemma clarifies the relation between the lateral and the traditional disjointness.
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Lemma 2.3 |2, Proposition 5.7|. Let E be a vector lattice, x,y € F, xty and x,y € F,
for somewv € E. Then z | y.

Lemma 2.4. Let E be a vector lattice and G be a lateral ideal in E. Then G C G'1 and
G = G if G is a lateral band.

< Take x € G. Then §, NFy = 0 for all y € G' and therefore z € G'T. Suppose that G
is a lateral band and assume that the inclusion G C GTT is strict. Then there is € G'T such
that there exists 0 # y € §, with §, N G = 0. It follows that y € G and we come to the
contradiction. >

Lemma 2.5 [6, Lemma 3|. Let E be a Dedekind complete vector lattice and G be a
lateral band in E. Then, for every x € E, the set G(x) = §, NG contains a maximal element
xq with respect to the lateral order.

Lemma 2.6. Let E be a Dedekind complete vector lattice and G be a lateral band in
E. Then for every x € E there exists the unique decomposition x = zg U xzgt, with zg €
G and v € G

< Fix z € E. By Lemma 2.5 there is the unique decomposition z = zg Ul (x — z¢g). We
claim that (z — zg) € G'. Indeed, assuming the contrary we can find y € Sz—ax such that
y € G. Then z¢ C ¢ Uy and it contradicts to the maximality of zqg. >

REMARK 2.1. We note that orthogonally additive projections pg and pgi onto lateral
bands G and GT are defined by the setting pgz = z¢, Pai® = Tgt, © € E and the identity
operator Idg on E has the representation Idg = pgLUpgi. We observe that different properties
of projections onto lateral bands were investigated in [1]. In particular, an orthogonally
additive projection pg onto a lateral band G in E preserves disjointness |1, Theorem 6.9].

Lemma 2.7. Suppose that E is a Dedekind complete vector lattice and G is a band in E.
Then the disjoint complement G coincides with Gt and orthogonally additive projections
pe and pgi onto G and G coincide with linear order projections g and g1 onto projection
bands G and G respectively.

< Tt is enough to prove that G = G*. The relation G+ C G' is obvious. Assume that
there exists € F with z € GT and z ¢ G*. Then |z| Ay = u > 0 for some 0 < y € G. Let 7,
is a band projection onto the projection band {u}Ll. Then v := myx € G and §F; N Ty = So-
Thus z ¢ G and GT = G*. >

We provide an example of a decomposition of a vector lattice into the disjoint sum of
“nonlinear” bands.

EXAMPLE 2.2. Let (£2,%,v) be a finite measure spaces, £ = Ly(v), z € E and G = §,.
Take y € E and define v-measurable sets:

D¢ :={teQ: yt)=x(t)}, Dl :={teQ: ylt)#z)}
Then for every and y € E there is the disjoint decomposition y = ygUyqgt, where yg := yl DY,
and Yagt = leg;T .
Now we are ready to present a positive orthogonally additive operator that is vanished on
a lateral band G.

<1 PROOF OF THEOREM 2.1. Suppose that F' is the Dedekind completion of E. Then by
Lemma 2.6 pgi: F — Fis a well defined orthogonally additive operator. By ps+|g we denote
the restriction of pg+ on E. Clearly, ker psi|p = G. Put

Tz = |pgt|ex|, =€ E.

Since pgi|r preserves disjointness we have that 7: E — F is a well defined positive,
disjointness preserving orthogonally additive operator and ker T = G. >
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Awnnoranus. B gannoii craTbe Mbl IPOJIOJIKAM M3y Y€HUE TPUJIOXKEHUH JIaTepabHOrO nopsijka C B Bek-
TOPHBIX penrerkax (3ammch © T y 03HAYAET, 9TO T — STO OCKOJIOK Y) K TEOPUU OPTOTOHAIHHO AJJIUTUBHBIX
oneparopos. B pa6ore [1] 6bLI0 yCTAHOBIIEHO, UTO IIOHSATHUSI JIATEPAJIBHOIO HJeajla U JATePAJIbHOM I0JIOCHL
UTPAIOT TAKYIO YKe BaXKHYIO POJIb B TEOPUU OPTOrOHAJILHO aJ[JIATUBHBIX OIEPATOPOB, KAK U IMOHATHUS TOPSIKO-
BOI'O WJeajia U MOJIOChl — B TEOPUU JIMHEHHBIX OIEPATOPOB B BEKTOPHBIX peIleTKax. B 3aMeTKe yCTAHOBJIEHO,
9TO JJIsi IPOU3BOJILHON BEKTOPHOU pererku E u jarepasnbHoit osiocel G B E Haiijercss BEeKTOpHAs peIler-
Ka F' U MOJIOXKUTENIbHBINM OPTOrOHAJIBLHO A INTUBHLIA oneparop T: E — F| cOXpaHdOmMuUil JU3bIOHKTHOCTD,
Takoif, ¥uto kerT' = G. JlaHHBI! Pe3yJIbTAT YACTUYUHO PEIIAeT CJIEAYIONLyI0 OTKPLITYIO IPOOJIeMy, yKa3aHHYIO
B pabore [1]. BepHo sn, uro juist sr060it BekTOpHO# pemerkn E u snarepasnsHoro upeana G B E cymiecrsy-
IOT BEKTOPHAasl pelreTka F' U MOoJoKUTeIbHbI OPTOrOHAJIBHO aJuTUBHLBIA oneparop 1': E — F rtakwue, 4ro
kerT = G?

KutroueBble cjioBa: OPTOrOHAJILHO aJIUTUBHBINA OIEPATOD, JIaT€PAJIbHBIN HJeall, JaTepajbHasl I0JI0ca,
JlaTepajibHas N3 bIOHKTHOCTH, OPTONOHAJIBHO aJ[JINTUBHbBINA ITPOEKTOP, BEKTOPHAS PEIIeTKa.
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