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Abstract. We introduce a general class of weighted spaces J#(3) of holomorphic functions in the unit
disk D, which contains several classical spaces, such as Hardy space, Bergman space, Dirichlet space.
We characterize boundedness of composition operators C, induced by affine and monomial symbols ¢
on these spaces (). We also establish a sufficient condition under which the operator C, induced by
the symbol ¢ with relatively compact image ¢(D) in D is bounded on 5#(3). Note that in the setting
of J(B), the characterizations of boundedness of composition operators C,, depend closely not only on
functional properties of the symbols ¢ but also on the behavior of the weight sequence 3.

Key words: composition operator, weighted space, weight sequence, holomorphic function, unit disk.
Mathematical Subject Classification (2010): 30D15, 47B37.

For citation: Hua, S., Khoi, L. H. and Tien, P. T. Bounded Composition Operators on Weighted Function
Spaces in the Unit Disk, Viadikavkaz Math. J., 2020, vol. 22, no. 3, pp. 112-123. DOI: 10.46698/p4238-
0191-2122-t.

1. Introduction

Let 22 be a space of holomorphic functions on some domain G of the complex plane C.

For a holomorphic self-map ¢ of G, the composition operator C, is defined as

Cof =fop, fe.

Researchers are interested in the relation between the operator properties of Cy, and the

functional properties of the symbol . Questions about boundedness, compactness, compact
difference, essential norm, cyclicity, complex symmetry and so on, have been considered.
These topics are interesting and have received great attention during the past several decades.
We refer the reader to the excellent monographs [1-3| and references therein for more detailed
information.
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Many studies have been done on composition operators on various different spaces of
holomorphic functions on the unit disk or the unit ball, such as Hardy spaces, Bergman spaces,
Dirichlet spaces, spaces of bounded holomorphic function and weighted Banach spaces with
sup-norm (see, e.g., [4-9]).

Recently, in [10] a general class of weighted Hardy spaces of entire functions, which contains
the Fock and Fock-type spaces as well as several other well-known spaces, has been considered
and bounded composition operators on these spaces have been studied. It is interesting that
the characterization for boundedness of such operators depends closely on the behavior of the
weight sequence.

The aim of this paper is to introduce a general class of weighted spaces of holomorphic
functions in the unit disk and study two special forms of bounded composition operators on
these spaces. This newly introduced class of spaces includes classical Hardy, Bergman and
Dirichlet spaces.

So far as we know, this class of spaces has not been treated before. We hope that our
approach may inspire the reader to investigate further properties and obtain more general
results in the future.

The structure of the paper is as follows. In section 2, the class of weighted spaces .7 (53)
of holomorphic functions in the unit disk is performed and a short but essential comparison
with the case (8, F) of entire functions is discussed. Section 3 deals with boundedness
of composition operators U, induced by affine symbols ¢, while in Section 4, the monomial
symbols are of our interest.

2. Preliminaries

In 1974 Shields [11] introduced the following weighted spaces. Let a domain G contain
the origin and 8 = {3, }72, be a sequence of positive numbers. The weighted space () is
defined as follows:

00 00 1/2
H(B) = f(2) =) anz" € 0(G): ||f] = <Z !%\2@3) <00,
n=0 n=0

where €(G) is the space of all holomorphic functions on G. This space J(f) is an inner
product space with

<f7 g> = Z anaﬁrzw
n=0

for every f(z) = Y .2 ,a,2" and g(z) = > 7 by2". Note that J(3) is not necessarily
a complete normed space.

Denote by r the radius of the smallest open disk centered at the origin which contains G.
It is well known that () is a Hilbert space if and only if lim inf,, ﬁ,ll/ " > r. In particular,
in case lim,, ﬁ}l/ " = 00, we have a Hilbert space of entire functions .# (3, E). It is, however,
worth to note that since the case of entire functions (3, E) is essentially different from the
one of holomorphic functions (/) and moreover, it is already considered in [10], we eliminate

those weights for which lim,, .., ,8,1/ "= 0
So throughout this paper, we pay our attention to a model case when G is the open unit
disk D ={z € C: |z| < 1} and so the condition

1 <liminf 8/™ < o0 (1)
n—oo

is supposed to hold.



114 Hua, S., Khoi, L. H. and Tien, P. T.

We note that for 8, =1, 5, = (n + 1)7%, and B, = (n + 1)%, the space J#(/3) becomes
respectively the classical Hardy space H?(D), Bergman space A%(ID), and Dirichlet space
2?%(D) in the unit disk.

Note also that h,(z) = 8, 2" (n =0,1,2,...) form an orthonormal basis for the Hilbert
space S (3).

We can easily verify that J#(3) is a functional Hilbert space, and hence C, is bounded
on #(p) if and only if it maps J#(3) into itself.

It is important to have a remark that in the case of weighted spaces of entire functions
J€(B, E), bounded composition operators Cy, can be induced only by affine functions ¢p(z) =
az + b. However, in the case of weighted spaces .#() in the unit disk, the situation is much
more complicated. It is not true anymore, as we can see in some examples below.

EXAMPLE 2.1. For the symbol ¢(z) = 22, the composition operator C, is bounded on
each of the classical Hardy, Bergman, and Dirichlet spaces; however C,, is unbounded in ()
in the case 8, = A" with A > 1.

< When ¢(z) = 22, for every f(2) = > oo janz" € H(8), we have

1Ce f N2y = Z |anl? = 1 f 32y

2 2
ICof ey = Z| PPy \D P = 1Py

IC f 1152y :Z!an! (2n+1) < QZ!an! (n+1) = 2[5 p)-
n=0

For 8, = A" with A > 1, we take a function f(z) = > o0 s+-2" € €(D). Then

1A = D lanPBR = > 5™ = 2 7 < o
n=0 n=1

which shows that f(z) € 5(3). However,

0o 00 1 0 )\271
HC@f”Q = Z ’an‘QIBan = Z )\anQ )\4n = Z Fv
n=0 n=1 n=1

which diverges since A > 1. >

REMARK 2.2. Replacing ¢(z) = 22 by monomials ¢(z) = 2™ with some integer number
m > 1, by the same techniques, we can obtain similar results.

3. The Case when ¢(z) is Affine

In this section, we study boundedness of composition operators on weighted spaces .7 (3)
induced by affine symbols. This study is inspired by the case of entire functions [10].

Let the symbol ¢(2) = az + b (a,b € C). For C, to be well-defined, ¢(z) needs to be
a self-map of D.

We have the following simple result.

Lemma 3.1. An affine function ¢(z) = az +b (a,b € C) is a self-map of D if and only
if either of the following conditions holds:

(i) a=0 and |b| < 1,

(i) 0 < |a|] <1 and |b| < 1 —|al.
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< Suppose that ¢(z) = az+ b is a self-map of D. If a = 0, then |¢(z)| = |b| < 1 and hence
we get (1). If a # 0, then (D) is an open disk centered at the point b of radius |a|. Since ¢ is
a self map of D, (D) C D. In order for the image disk to be fully contained in the unit disk,
we have |a| < 1 and 1 — |b| > |a|, which gives (ii).

Conversely, suppose p(z) satisfies (i) or (ii). If (i) holds, then |¢(2)| = |b| < 1. In case (ii)
holds, |¢(2)| = |az + b] < |az| + |b] < |a] + [b] < 1 for all z € D. In both cases ¢ is a self-map
of D. >

From Lemma 3.1, we notice that there are two trivial cases of affine symbols which always
induce bounded composition operators. The first case is ¢(z) = b with [b| < 1. The second
case is ¢(z) = az with 0 < |a| < 1. In particular, when |a| = 1, this is a unitary operator.

As a result, throughout this section, we are interested only in the symbol ¢(z) = az + b
satisfying

0<la|<1—b <1. (2)

With h,(z) = 22", we get

Bn
Cyohn(z) = i(az +b0)" = i <n> akb”_kz—k
G » 2\ B

Thus,
2 " n k nfkﬁk 2
IC o = . ) lal™10] 5 ) (3)
k=0 "
and
(Z)akb”_kg—:, n > k;
0, k> n.

In the sequel, we consider separately necessary conditions and sufficient conditions for
boundedness of C, on J(f). As it will be seen, several of necessary conditions are “very
close” to sufficient ones. We note that some proofs are similar to those of the case of entire
functions in [10].

3.1. Necessary conditions. We have following necessary conditions for boundedness
of C, on (), which are similar to those appearing in [10] and proved analogously.

Proposition 3.2. Let p(z) = az + b satisfy (2). Consider three statements:

(i) Cy, is a bounded composition operator on J([3).

(ii) {|Cphn||}n=0 is a bounded sequence.

(iii) The following two inequalities hold:

1
&
|a|lim sup | sup { <k + m) |b]™ B } <1, (5)
k—o0 m=0 k /8k+m
and L
k m
|b| lim sup sup{( +m>]a\k L } < L (6)
m—o0 k>0 k /8k+m

Then the implications (i) = (ii) = (iii) hold.
< (i) = (ii). Obviously,

|Cohnll <||Copllop for all n >0,

where ||Cy||op is the operator norm of C,,.
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(i) = (iii). By (4) and the Cauchy—Schwarz inequality,

k+m m
(5 Yl 5 = ot ] < e

for all k,m > 0. From this inequality and boundedness of {||Cyhy|}n=0, both (5) and (6)
follow. >

3.2. Sufficient Conditions. The following lemma is adapted from |10, Lemmas 12 and 13|
for the case of entire functions. We sketch the proof for the sake of completeness.

Lemma 3.3. Let p(2) = az + b satisfy (2). Suppose that the sequence {||Cyhyl }n>0 Is
bounded by some M > 0. Then there exists an integer s € N such that

Z Z {C phu, hi)|? < 0.

k=0n=(s+1)k

< First, let n > k > 0. By (3) and (4), we have

n—k

=0

k+€ 6 n n—ti—t Br+e
=Z ool 5= Jaf R
= E+1 Bn

n—k
ICo i ell| Cohnll < (0 — K + 1) M7
=0

K‘

This implies that

(n—k+1)M?
(1 + [a))*~*|al*

(Coohp, hi)| < forall n >k > 0.

Next, let s € N satisfy (14 |a|)®|a] > 1. Then putting £ = n — (s+ 1)k and using the above
inequality, we get

(sk+¢+1
Z Z (Cophn, hi) | M4ZZ 1+S‘a’ 2(sk+€)’a‘2k

k=0 n=(s+1)k im0 (

(e o]

skj—f—l E-i—l
< M*
Z{ 1+ [a]) |a|}2k Z (1 + [a])2’

where the first series converges by the choice of s, while the convergence of the second series
is obvious. >
Now we are ready to state and prove sufficient conditions for boundedness of Cy, on J(/3).

Proposition 3.4. Let ¢(z) = az + b satisfy (2). Suppose the following condition holds

sup (Zk‘| (Cphn, hy)| > < 0. (7)

n>1 =1

Then C,, is bounded on J(}3).
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< By (7), there is a number M > 0 such that
ik!(thn,thQ < M?  for every n > 1.
Then the sequence {||Cyhy||}n>0 is also bounded by M, because
Cohall? = 32 1(C b )

Hence, by Lemma 3.3, there exists a number s € N such that

A= Z Z {Cph, hi)|* < o0,

k=0n=(s+1)k

Take and fix an arbitrary function f(z) = > >7  cphn(z) in J(B). First we compute
(Cof, hy) in two cases with respect to k.
If k£ > 1, then, by (4),

(s+1)k—1 00
f hk ch C hnahk Z Cn<C<phn7hk> + Z Cn<Cgohn7hk>7
n=~k n=(s+1)k
which implies that
1 (s+1)k—1 2 - 2
SOl )P < D0 Jen(Cohahi)| | + | D2 len(Cohn, b
n=~k n=(s+1)k
(s+1)k—1 o0 oo
<ok S el )P4 [ de] [ D0 HChuhP
n=~k n=(s+1)k n=(s+1)k
(s+1)k—1 00
<sk Y [enlCohu i) P+ 1P D [(Cohns b
n==k n=(s+1)k

If k=0, then (C,f,ho) = > 0" cn(Cyphn, hy) = Z;:O:(sﬂ)k cn(Cphn, hy), which implies
that

1 [e.9]
SHCF )P <IFIP | Y (Cohm, i)l
n=(s+1)k

Next taking summation over k£ > 0 and using the calculations above, we obtain

_HCsofH2 sy k Z len (Colm, hie)* + |1 £1I? Z > [Cohu, i)
k=1 =k k=0 \n=(s+1)k

Cn| > El(Chns ki) P+ Al FIP < sMP|f1? + AL FI.
k=1

||M8

From this we conclude that C is bounded on J2(53). >
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We can modify sufficient condition (7) by a slightly stronger condition.

Corollary 3.5. In Proposition 3.4, condition (7) can be replaced by the following: There
exists a function h: {0,1,2,...} — R such that

o 12 k+m\ poim Bk
l;kh (k) < oo and ;112%{< . )ya\ 1b] %}gh(lﬂ), 8)

for every k > 0

< For any n > 1, by (4), we have

Zk! (Cphmy b |2 Zk(( >\ay 16|~ kﬁ’“) ZkhQ

which implies (7). Thus, by Proposition 3.4, C, is bounded on J2(5). >
We can further develop condition (8).
Corollary 3.6. In Corollary 3.5, condition (8) can be further replaced by the following

inequality
1
k %
|a|lim sup | sup { < + m) |b"™ } <1, 9)
k—o0 m=0 k /Bker

which is very closed to necessary condition (5) in Proposition 3.2.

< Suppose condition (9) is satisfied. Then there exists r € (0,1) such that

1
%
|a]limsup | sup { <k * m) |b"™ } <r<L
k—o0 m=0 k ,Bker

For this r, by the properties of limsup, we can find a constant M > 0 (depending only on r)

so that
k
sup {( + m) ]a\k\b\mﬂ} < Mr* forall k>0
m=0 k /Bk—l—m

Taking h(k) = Mr*, we can easily verify that "7 | kh%(k) < co. Thus we obtain condition (8)
and so C,, is bounded on J#(f). >

Corollary 3.6 shows that the strict version of (5) is a sufficient condition for boundedness
of C, on J(f3). Using some ideas in the proof of [10, Lemma 18], we prove that the same
result is true for the strict version of (6).

Proposition 3.7. Let p(z) = az + b satisfy (2) such that

1
k ™
|b| lim sup sup{( —|—m>| K B } <1 (10)
m— 00 k>0 k /Bk—l—m

Then C,, is bounded on J(f3).
< Similarly to the proof of Corollary 3.6, there exist M > 0 and r € (0,1) such that

Sup{<k+m)|a|k|b|mﬂ} < Mr™ for all m > 0.
>0 k 6k+m
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From this and (4), it follows that

k+m m
r<c@hk+m,hk>r:( )r i L

Take and fix an arbitrary polynomial f(z) = > 2 cyhn(2) € H(8), where only finite
many ¢, are nonzero. By (4), we get

™ for all m,k > 0. (11)

C(pf = Z<C¢f, hk>hk = Ck+m<c<phk+m, hk;>hk; = Z ch+m<0¢hk+ma hk>hk
k=0 k=0m=0 m=0 k=0
This and (11) imply that
ICFII < DD ehim(Cooliim, b
m=0 || k=0

NI

o o0 o0 . M
=3 (Sl ot ) <113 o = M
m=0

m=0

From this and the density of the set of all polynomials in J#(3), the assertion follows. >
Combining Proposition 3.2, Corollary 3.6 and Proposition 3.7, we have the following
important summary for boundedness of C, on J2(f3).
Theorem 3.8. Let p(z) = az + b satisty (2).
(1) If the operator C,, is bounded on J€(f3), then the following two inequalities hold:
1
(i) |a|lim sup (TS,Lu}% {(k+m) ‘b‘mﬂmm } k) <1,

k—o0
1
(i) ofTimsup (iup{(“m)\ar'fﬁ%}m) <1
(2) Conversely, if one of the following conditions hold:

1
iii) |a|limsup ( su {l‘”m bmﬂ—’“}k> <1,
i) ol timsup (sup { (17)l01 52

— 00

1
(iv) |b|lim sup (iup{(k—zm)mwﬁfﬁ}m) <1,

m—0o0

then the operator C, is bounded on J(f3).

4. The Case when ¢(z) are Monomials

4.1. Monomial symbols. Let the symbol ¢(z) = ¢z™ (c € C\ {0}, m € N\ {1}). As in
the previous section, to define well C, the symbol should be a self-map of ). We can easily
check that it is so if and only if 0 < |c| < 1, i.e. ¢ € D\ {0}. Thus throughout this section,
such a symbol ¢ is supposed to consider.

We can easily prove the following criterion for boundedness of Cy, on ().

Theorem 4.1. Let ¢ € D\ {0} and m € N\ {1}. The operator C,, induced by the symbol
©(z) = ¢z™ is bounded on () if and only if

sup ———— < o0.
neN IBTL
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Moreover, in this case, the above supremum is equal to ||Cy | op-
< Suppose that C is bounded on (). Then for every n € N,

1 m\n CnIBTTLTl
1Collop = [Cioltnll = — ez = LA Bomn

Bn

which gives

|e|™ Bmn
sup
neN n

Conversely, suppose that (12) holds. Then for every function f(z) = 07 a,2" € J(f),
we have

< [Cellop-

00 o0 n 2
ICo I =l Fez™) 2 = 3 lanllel? B2 = S laa 262 (’C’ﬁimn)

n 2 o0 n 2
< (sup T2 ) 7 252 = (sup L2 )y

neN n—0

This shows that Cy, is bounded on J#(3) and also

CTL
1€, llop < sup -5mn.

neN ﬁn

From both necessity and sufficiency it follows that

|c|™ Brmn
sup

neN n

= ||C<pHop- >

The following is a consequence of Theorem 4.1.
Corollary 4.2. Let c € D\ {0} and m € N\ {1}. If

1
n 1
lim sup (%’Ln) > —,

n—00 n ‘C‘

then C.,m is unbounded on (). In particular, if
1
lim sup <ﬁmn) = 00,

then C,m is unbounded on () for every 0 < |c| < 1.
< By the hypothesis, there exist a sequence (ny) 1 oo and a number « > 0 such that

1
ng 1
(ﬁmnk> "Sa>— for every k € N.

Bru ]
Hence,
1™ B, > (ale))™ — o0 as k — 0.
By

From this and Theorem 4.1 the assertion follows. >

4.2. Some Notes on a General Symbol. In view of Corollary 4.2, we see that the
situation for composition operators C, on general weighted spaces J#(f) is much more
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complicated than on classical Hardy space H?(D) and Bergman space A%(ID). More precisely,
it is well-known that every holomorphic self-map of D with relatively compact image in I
induces a bounded composition operator on these spaces. However, by Corollary 4.2, this is
not valid for general weighted spaces J(/3).

We end this section with the following sufficient conditions for boundedness of the
operators C, induced by such holomorphic self-maps of ID.

Theorem 4.3. Let ¢ be a holomorphic self-map of D such that (D) is compact in D. If
[e.9]
> B < o, (13)
n=0

then C,, is bounded on J€([3).

< Take a number r € (0,1) so that ¢(D) C rD. Then, for every f(z) = > 7 janz" €
(), we have

1

e’} e’} 2m % 0 2
1601 <Y ot < (S50 ) (L) =
n=0 """

|z|<r

where .
X p2n\ 2 r2
C, = Z —5 | < oo, since, by (1), limsup — < r? < 1.
n—0 ﬁn n—oo BT?

Now writing Cy, f(z) = >~ b,2™ and using the Cauchy integral formula, for every § €
(0,1), we get

1 C
DN | [ 2L 5 sup 1£(2)] < SE,

|2[=4

o = GO L) [ Cel), ) 1

which implies that |b,| < Cy||f]] for every n € N.
Consequently,
o0 3 o0 3
1CfIl = (Z’bn‘2@2¢> <GSl (Zﬁi)
n=0 n=0
From this the assertion follows. >

REMARK 4.4. Condition (13) is essential but not sharp for Theorem 4.3. Indeed, for

1, n=0,
Bpn=1¢1, n=1,23 mod4,
n", n=0 mod4, n+#Q0,

(13) does not hold and, by Corollary 4.2, C,,m is unbounded on J#(3) for every ¢ € D\ {0}
and m € N\ {1}.

On the other hand, for 5, = 1, (13) also does not hold, however in this case (/) is
Hardy space H?(D) and hence C, is bounded on () for every holomorphic function ¢
with (D) C D.
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Annoranms. Beesen obumii kiacc BecoBbix npocTpancTs 2 () rosoMopdHbIX DYHKIMN B €INHIIHOM
kpyre D, conepskamuii B KadecTBe YaCTHBIX CJIydaeB KJIacCHIecKue MpocTpancTsa Xapau, Beprmana n Jupu-
xJ1a. [T0JIHOCTBIO OXapaKTepU30BaHa OIPAHMIEHHOCTh HA 9TUX IPOCTPAHCTBax 7 () KOMIIOZUIIMOHHBIX ONepa-
T0poB C\,, nOpoxkaeHHBIX abdUHHBIMI U MOHOMHUAJIBHBIMUA CUMBOJIAMU . YCTAHOBJIEHO TAKXKe JOCTATOYHOE
YCJIOBHE, IIPH BBILOJIIHEHUH KOTOPOro oneparop Cy,, IOPOXKIAEHHBIH CHMBOJIOM (9 ¢ OTHOCUTEIBHO KOMIAKTHBIM
obpasom p(D) B D, saBasercsa orpanndensbiM Ha S (3). OTMennmM, 9uTo B npocTpancTsax 2 () onucanue orpa-
HUYEHHOCTH KOMIIO3UITMOHHBIX 011epaTopoB C, 3aBHCAT HE TOJBKO OT (DYHKITMOHAJILHBIX CBONCTB CUMBOJIOB 0,
HO M OT TIOBEJICHUsI BECOBOH TIOCJICJI0BATEILHOCTH [3.

Karo4deBble cj10Ba: KOMIIO3UIMOHHBIN ONEPaTOP, BECOBOE IIPOCTPAHCTBO, BECOBAsI IOCJIEI0BATEILHOCTD,
rosioMopdHble OYHKIHHA, €IUHIIHBIA KPYT.
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