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Abstra
t. The Randi
 type additive 
onne
tivity matrix of the graph G of order n and size m is de�ned

as RA(G) = (Rij), where Rij =
√
di +

√

dj if the verti
es vi and vj are adja
ent, and Rij = 0 if vi and vj

are not adja
ent, where di and dj be the degrees of verti
es vi and vj respe
tively. The purpose of this

paper is to introdu
e and investigate the Randi
 type additive 
onne
tivity energy of a graph. In this

paper, we obtain new inequalities involving the Randi
 type additive 
onne
tivity energy and presented

upper and lower bounds for the Randi
 type additive 
onne
tivity energy of a graph. We also report results

on Randi
 type additive 
onne
tivity energy of generalized 
omplements of a graph.
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1. Introdu
tion

Let G be a simple, �nite, undire
ted graph. The energy E(G) is de�ned as the sum of

the absolute values of the eigenvalues of its adja
en
y matrix. Basi
ally energy of graph is

originated from 
hemistry. In For more details on energy of graphs (see [1, 2℄).

In 
hemistry, we 
an represent the 
onjugated hydro
arbos by a mole
ular graph. Ea
h

edge between the 
arbon-
arbon atoms 
an be represented by an edge. Here we will negle
t

the hydrogen atoms. Now a days energy of graph attra
ting more and more resear
hers due

its signi�
ant appli
ations. The Randi
 type additive 
onne
tivity matrix RA(G) = (Rij)n×n

is given by

RAij =

{√
di +

√

dj , vi ∼ vj,

0, otherwise.

The 
hara
teristi
 polynomial of RA(G) is denoted by φRA(G,λ) = det(λI − RA(G)).
Sin
e the Randi
 type additive 
onne
tivity matrix is real and symmetri
, its eigenvalues are
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real numbers and we label them in non-in
reasing order λ1 > λ2 > · · · > λn. The minimum

dominating Randi
 energy is given by

RAE(G) =

n
∑

i=1

|λi|. (1)

Definition 1.1. The spe
trum of a graph G is the list of distin
t eigenvalues λ1 > λ2 >

· · · > λr, with their multipli
ities m1,m2, . . . ,mr, and we write it as

Spe
(G) =

(

λ1 λ2 · · · λr

m1 m2 · · · mr

)

.

In [3, 4℄, the authors de�ned the minimum 
overing Randi
 energy of a graph and minimum

dominating Randi
 energy of a graph and presented the upper and lower bounds on these

new energies.

This paper is organized as follows. In the Se
tion 3, we get some basi
 properties of

Randi
 type additive 
onne
tivity energy of a graph. In the Se
tion 4, Randi
 type additive


onne
tivity energy of some standard graphs are obtained.

2. Some basi
 properties of Randi
 type

additive 
onne
tivity energy of a graph

Let us de�ne the number K as

K =
∑

i<j

(
√

di +
√

dj
)2
.

Then we have

Proposition 2.1. The �rst three 
oe�
ients of the polynomial φRA(G,λ) are as follows:

(i) a0 = 1,

(ii) a1 = 0,

(iii) a2 = −K.

⊳ (i) By the de�nition of ΦRA(G,λ) = det[λI −RA(G)], we get a0 = 1.

(ii) The sum of determinants of all 1 × 1 prin
ipal submatri
es of RA(G) is equal to the

tra
e of RA(G) implying that

a1 = (−1)1 × the tra
e of RA(G) = 0.

(iii) By the de�nition, we have

(−1)2a2 =
∑

16i<j6n

∣

∣

∣

∣

aii aij
aji ajj

∣

∣

∣

∣

=
∑

16i<j6n

aiiajj − ajiaij =
∑

16i<j6n

aiiajj −
∑

16i<j6n

ajiaij = −K. ✄

Proposition 2.2. If λ1, λ2, . . . , λn are the Randi
 type additive 
onne
tivity eigenvalues

of RA(G), then
n
∑

i=1

λi
2 = 2K.
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⊳ It follows as

n
∑

i=1

λ2
i =

n
∑

i=1

n
∑

j=1

aijaji = 2
∑

i<j

(aij)
2 +

n
∑

i=1

(aii)
2 = 2

∑

i<j

(aij)
2 = 2P. ✄

Using this result, we now obtain lower and upper bounds for the Randi
 type additive


onne
tivity energy of a graph:

Theorem 2.1. Let G be a graph with n verti
es. Then

RA(G) 6
√
2nK.

⊳ Let λ1, λ2, . . . , λn be the eigenvalues of RA(G). By the Cau
hy�S
hwartz inequality we
have

(

n
∑

i=1

aibi

)2

6

(

n
∑

i=1

ai
2

)(

n
∑

i=1

bi
2

)

.

Let ai = 1, bi =| λi |. Then
(

n
∑

i=1

|λi|
)2

6

(

n
∑

i=1

1

)(

n
∑

i=1

|λi|2
)

implying that

[RAE]2 6 n · 2K
and hen
e we get

[RAE] 6
√
2nK

as an upper bound. ⊲

Theorem 2.2. Let G be a graph with n verti
es. If R= det RA(G), then

RAE(G) >

√

2K + n(n− 1)R
2
n .

⊳ By de�nition, we have

(RAE(G))2 =

(

n
∑

i=1

| λi |
)2

=

n
∑

i=1

| λi |
n
∑

j=1

| λj |=
(

n
∑

i=1

| λi |2
)

+
∑

i 6=j

| λi || λj | .

Using arithmeti
-geometri
 mean inequality, we have

1

n(n− 1)

∑

i 6=j

| λi || λj | >





∏

i 6=j

| λi || λj |





1
n(n−1)

.

Therefore,

[RA(G)]2 >

n
∑

i=1

| λi |2 +n(n− 1)





∏

i 6=j

| λi || λj |





1
n(n−1)

>

n
∑

i=1

| λi |2 +n(n− 1)

(

n
∏

i=1

| λi |2(n−1)

) 1
n(n−1)

=
n
∑

i=1

| λi |2 +n(n− 1)R
2
n = 2K + n(n− 1)R

2
n .
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Thus,

RAE(G) >

√

2K + n(n− 1)R
2
n . ✄

Let λn and λ1 are the minimum and maximum values of all λ′
is. Then the following results


an easily be proven by means of the above results:

Theorem 2.3. For a graph G of order n,

RAE(G) >

√

2Kn− n2

4
(λ1 − λn)2.

Theorem 2.4. For a graph G of order n with non-zero eigenvalues, we have

RAE(G) >
2
√
λ1λn

√
2Kn

(λ1 + λn)2
.

Theorem 2.5. Let G be a graph of order n. Let λ1 > λ2 > λ3 > . . . > λn be the

eigenvalues in in
reasing order. Then

RAE(G) >
|λ1||λn|n+ 2K

|λ1|+ |λn|
.

3. Randi
 type additive 
onne
tivity energy of Some Standard Graphs

Theorem 3.1. The Randi
 type additive 
onne
tivity energy of a 
omplete graph Kn is

RED(Kn) = 4(n − 1)
3
2 .

⊳ Let Kn be the 
omplete graph with vertex set V = {v1, v2, . . . , vn}. The Randi
 type
additive 
onne
tivity matrix is

RA(Kn) =



















1 2
√
n− 1 2

√
n− 1 . . . 2

√
n− 1 2

√
n− 1

2
√
n− 1 0 2

√
n− 1 . . . 2

√
n− 1 2

√
n− 1

2
√
n− 1 2

√
n− 1 0 . . . 2

√
n− 1 2

√
n− 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

2
√
n− 1 2

√
n− 1 . . . 2

√
n− 1 0 2

√
n− 1

2
√
n− 1 2

√
n− 1 . . . 2

√
n− 1 2

√
n− 1 0



















.

Hen
e, the 
hara
teristi
 equation is

(

λ+ 2
√
n− 1

)n−1(
λ− 2(n− 1)

3
2
)

= 0

and the spe
trum is

SpecDR (Kn) =

(

2(n − 1)
3
2 −2

√
n− 1

1 n− 1

)

.

Therefore, we get RAE(Kn) = 4(n − 1)
3
2 . ⊲

Theorem 3.2. The Randi
 type additive 
onne
tivity energy of star graph K1,n−1 is

RAE(K1,n−1) = 2
[√

n− 1 + (n − 1)
]

.
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⊳ Let K1,n−1 be the star graph with vertex set V = {v0, v1, . . . , vn−1}. Here v0 be the


enter. Randi
 type additive 
onne
tivity matrix is

RA(K1,n−1) =



















1
√
n− 1 + 1

√
n− 1 + 1 . . .

√
n− 1 + 1

√
n− 1 + 1√

n− 1 + 1 0 0 . . . 0 0√
n− 1 + 1 0 0 . . . 0 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.√
n− 1 + 1 0 0 . . . 0 0√
n− 1 + 1 0 0 . . . 0 0



















.

The 
hara
teristi
 equation is

λn−2
(

λ+
√
n− 1 + (n − 1)

)(

λ−
(√

n− 1 + (n − 1)
))

= 0

and the spe
trum would be

SpecDR (K1,n−1) =

( √
n− 1 + (n− 1) 0 −

√
n− 1 + (n− 1)

1 n− 2 1

)

.

Therefore, RAE(K1,n−1) = 2[
√
n− 1 + (n− 1)]. ⊲

Theorem 3.3. The Randi
 type additive 
onne
tivity energy of Crown graph S0
n is

RAE(S0
n) = 8(n− 1)

3
2 .

⊳ Let S0
n be a 
rown graph of order 2n with vertex set {u1, u2, · · · , un, v1, v2, · · · , vn}.

The Randi
 type additive 
onne
tivity matrix is

RAE(S0
n) =





































0 0 . . . 0 0 2
√
n− 1 . . . 2

√
n− 1

0 0 . . . 0 2
√
n− 1 0 . . . 2

√
n− 1

0 0 . . . 0 2
√
n− 1 . . . 2

√
n− 1 2

√
n− 1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 . . . 0 2
√
n− 1 . . . 2

√
n− 1 0

0 2
√
n− 1 . . . 2

√
n− 1 1 0 . . . 0

2
√
n− 1 0 . . . 2

√
n− 1 0 0 . . . 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

2
√
n− 1 2

√
n− 1 . . . 2

√
n− 1 0 0 . . . 0

2
√
n− 1 2

√
n− 1 . . . 0 0 0 . . . 0





































.

Hen
e, the 
hara
teristi
 equation is

(

λ+ 2
√
n− 1

)n−1 (
λ− 2

√
n− 1

)n−1
(

λ− 2(n − 1)
3
2

)(

λ+ 2(n− 1)
3
2

)

= 0

and spe
trum is

SpecRA (S0
n) =

(

2(n− 1)
3
2 −2(n− 1)

3
2 2

√
n− 1 −2

√
n− 1

1 1 n− 1 n− 1

)

.

Therefore, RAE(S0
n) = 8(n− 1)

3
2 . ⊲
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Theorem 3.4. The Randi
 type additive 
onne
tivity energy of 
omplete bipartite graph

Kn,nof order 2n with vertex set {u1, u2, · · · , un, v1, v2, · · · , vn} is

RAE(Km,n) = 2(
√
mn)(

√
m+

√
n).

⊳ Let Km,n be the 
omplete bipartite graph of order 2n with vertex set

{u1, u2, · · · , un, v1, v2, · · · , vn}. The Randi
 type additive 
onne
tivity matrix is

RD(Km,n) =



























0 0 0 . . .
√
m+

√
n

√
m+

√
n

√
m+

√
n

0 0 0 . . .
√
m+

√
n

√
m+

√
n

√
m+

√
n

0 0 0 . . .
√
m+

√
n

√
m+

√
n

√
m+

√
n

0 0 0 . . .
√
m+

√
n

√
m+

√
n

√
m+

√
n

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.√
m+

√
n

√
m+

√
n

√
m+

√
n . . . 0 0 0√

m+
√
n

√
m+

√
n

√
m+

√
n . . . 0 0 0√

m+
√
n

√
m+

√
n

√
m+

√
n . . . 0 0 0



























.

Hen
e, the 
hara
teristi
 equation is

λn−2[λ− (
√
mn)(

√
m+

√
n)][λ+ (

√
mn)(

√
m+

√
n)] = 0.

Hen
e, spe
trum is

SpecRA (Km,n) =

(

(
√
mn)(

√
m+

√
n) 0 −(

√
mn)(

√
m+

√
n)]

1 m+ n− 2 1

)

.

Therefore, RAE(Km,n) = 2(
√
mn)(

√
m+

√
n). ⊲

Theorem 3.5. The Randi
 type additive 
onne
tivity energy of Co
ktail party graph

Kn×2 is

RAE(Kn×2) =
4n− 6

n− 1
.

⊳ Let Kn×2 be a Co
ktail party graph of order 2n with vertex set

{u1, u2, . . . , un, v1, v2, . . . , vn}. The Randi
 type additive 
onne
tivity matrix is

RA(Kn×2) =





























0 2
√
2n− 2 2

√
2n− 2 . . . 0 2

√
2n− 2 2

√
2n− 2 2

√
2n− 2

2
√
2n− 2 0 2

√
2n− 2 . . . 2

√
2n− 2 0 2

√
2n− 2 2

√
2n− 2

2
√
2n− 2 2

√
2n− 2 0 . . . 2

√
2n− 2 2

√
2n− 2 0 2

√
2n− 2

2
√
2n− 2 2

√
2n− 2 2

√
2n− 2 . . . 2

√
2n− 2 2

√
2n− 2 2

√
2n− 2 0

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 2
√
2n− 2 2

√
2n− 2 . . . 0 2

√
2n− 2 2

√
2n− 2 2

√
2n− 2

2
√
2n− 2 0 2

√
2n− 2 . . . 2

√
2n− 2 0 2

√
2n− 2 2

√
2n− 2

2
√
2n− 2 2

√
2n− 2 0 . . . 2

√
2n− 2 2

√
2n− 2 0 2

√
2n− 2

2
√
2n− 2 2

√
2n− 2 2

√
2n− 2 . . . 2

√
2n− 2 2

√
2n− 2 2

√
2n− 2 0





























.

Hen
e, the 
hara
teristi
 equation is

λn
(

λ+ 4
√
2n − 2

)n−1(
λ− 4(n− 1)

√
2n− 2

)

= 0

and the spe
trum is

SpecRA (Kn×2) =

(

4(n − 1)
√
2n− 2 0 −4

√
2n − 2

1 n n− 1

)

.

Therefore, RAE(Kn×2) = 8(n− 1)
√
2n− 2. ⊲
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4. Randi
 type additive 
onne
tivity energy of 
omplements

Definition 4.1 [5℄. Let G be a graph and Pk = {V1, V2, . . . , Vk} be a partition of its

vertex set V . Then the k-
omplement of G is denoted by (G)k and obtained as follows: For

all Vi and Vj in Pk, i 6= j, remove the edges between Vi and Vj and add the edges between

the verti
es of Vi and Vj whi
h are not in G.

Definition 4.2 [5℄. Let G be a graph and Pk = {V1, V2, . . . , Vk} be a partition of its

vertex set V . Then the k(i)-
omplement of G is denoted by (G)k(i) and obtained as follows:

For ea
h set Vr in Pk, remove the edges of G joining the verti
es within Vr and add the edges

of G (
omplement of G) joining the verti
es of Vr.

Here we investigate the relation between some spe
ial graph 
lasses and their 
omplements

in terms of the Randi
 type additive 
onne
tivity energy.

Theorem 4.1. The Randi
 type additive 
onne
tivity energy of the 
omplement Kn

of the 
omplete graph Kn is

RAE(Kn) = 0.

⊳ Let Kn be the 
omplete graph with vertex set V = {v1, v2, . . . , vn}. The Randi
 type
additive 
onne
tivity matrix of the 
omplement of the 
omplete graph Kn is

RA(Kn) =



















0 0 0 . . . 0 0
0 0 0 . . . 0 0
0 0 0 . . . 0 0
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 . . . 0 0
0 0 0 . . . 0 0



















.

Chara
teristi
 polynomial is

RA(Kn) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 0 0 . . . 0 0
0 λ 0 . . . 0 0
0 0 λ . . . 0 0
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 . . . λ 0
0 0 0 . . . 0 λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Clearly, the 
hara
teristi
 equation is λn = 0 implying

RAE(Kn) = 0. ✄

Theorem 4.2. The Randi
 type additive 
onne
tivity energy of the 
omplement Kn×2

of the 
o
ktail party graph Kn×2 of order 2n is

RAE(Kn×2) = 4n.

⊳ Let Kn×2 be the 
o
ktail party graph of order 2n having the vertex set

{u1, u2, · · · , un, v1, v2, · · · , vn}. The 
orresponding Randi
 type additive 
onne
tivity matrix



Randi
 Type Additive Conne
tivity Energy of a Graph 25

is

RA(Kn×2) =































0 0 0 0 . . . 2 0 0 0
0 0 0 0 . . . 0 2 0 0
0 0 0 0 . . . 0 0 2 0
0 0 0 0 . . . 0 0 0 2
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

2 0 0 0 . . . 0 0 0 0
0 2 0 0 . . . 0 0 0 0
0 0 2 0 . . . 0 0 0 0
0 0 0 2 . . . 0 0 0 0































Chara
teristi
 polynomial is

RA(Kn×2) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λ 0 0 0 . . . −2 0 0 0
0 λ 0 0 . . . 0 −2 0 0
0 0 λ 0 . . . 0 0 −2 0
0 0 0 λ . . . 0 0 0 −2
.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

−2 0 0 0 . . . λ 0 0 0
0 −2 0 0 . . . 0 λ 0 0
0 0 −2 0 . . . 0 0 λ 0
0 0 0 −2 . . . 0 0 0 λ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

and the 
hara
teristi
 equation be
omes

(λ+ 2)n(λ− 2)n = 0

implying that the spe
trum would be

SpecRA (Kn×2) =

(

2 −2
n n

)

.

Therefore,

RAE(Kn×2) = 4n. ✄
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Àííîòàöèÿ. Ìàòðèöà àääèòèâíîé ñâÿçíîñòè òèïà �àíäèêà RA(G) = (Rij)n×m çàäàåòñÿ ðàâåíñòâà-

ìè Rij =
√
di +

√

dj , åñëè âåðøèíû vi è vj ñìåæíû, Rij = 0, â ïðîòèâíîì ñëó÷àå, ãäå di è dj � ñòåïåíè

âåðøèí vi è vj ñîîòâåòñòâåííî. Öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ èññëåäîâàíèå ýíåðãèè àääèòèâíîé ñâÿçíî-

ñòè òèïà �àíäèêà. Â äàííîé ñòàòüå ìû ïîëó÷èëè íîâûå íåðàâåíñòâà, âêëþ÷àþùèå ýíåðãèþ àääèòèâíîé

ñâÿçíîñòè òèïà �àíäèêà, è ïðåäñòàâèëè åå âåðõíþþ è íèæíþþ ãðàíèöû. Ìû òàêæå ïîëó÷èëè ðåçóëüòàòû

ïî ýíåðãèè àääèòèâíîé ñâÿçíîñòè òèïà �àíäèêà îáîáùåííûõ äîïîëíåíèé ãðà�à.

Êëþ÷åâûå ñëîâà: ýíåðãèÿ àääèòèâíîé ñâÿçíîñòè òèïà �àíäèêà, ñîáñòâåííûå çíà÷åíèÿ àääèòèâíîé

ñâÿçíîñòè òèïà �àíäèêà.
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