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k1 = k
¨
n1 = 2k

¨
k2 = 3k

¨
n2 = 4k

¨
k ∈ N.
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LNÂ�Ã©Ä�ÅÇÆ2È�É�Ê�Ä�Ë2È�Ì�Í'Ä©Î�Ä�Ï�Ä�Ð	Ñ�È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�È?Ì�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å�×PØ�Ë	Í	Ù	Ñ2È�ËIÄ�Ó�Ä!Æ	Ú	Ñ	ËIÄ�Ï	ÓIÖ�Û©Ñ	Ê

^NÜ	S!Ü2^�Ò,È�Ó2Å'Í	Ø�ÝßÞ�à�Ü2LUËIÄ!Å'Ì�Ñ'Ó�Ä�É�Ô?È�Â�È�Â�Ã¯Ö�Ë	Ñ2Ö�ÒáÎ�Ä�Ï�Ä�Ð	ÑzÈ¯ËIÄ�Ñ'Ó2Ø�Ð	â!Ñ'ã}Í	Ì#Ä�Ï2ÚIÄ�Ê�Ø�Ú	Ë	ä8ãz×WÈ�Ú2Ò6Ø#å
Ó�Ä�ã?^NÜ�RpÜ�XiÑ	Í�È�Ó2Ô�É�Í�È�Õ�ÈæÝ ç�à�è�Í�È�Ê�È�ÚIÄ�Å©ÌPÉ�Ì�È�é\È�Ð2Ö�Ú2Ö�Ï2ÔWÌ�È�Î�Ë	Ñ	Í'Ó�ÄNËIÄiÈ�É�Ë2È�Ì�Ö8Ñ'ÏIÖ�ê?S!Ü�X©Ü�jPÈ�ÓIÒ,È�å
Õ�È�Ú2È�Ì#Ä'Ü�c9Ä�Ï�Ä�ÐIÄ?È�Â©È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Ò­Ì�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Ñ�Æ2È©Ë2Ö�Ê�È�Ð	Ë2È©Î�Ä�Ï�Ä�Ë	Ë2È�ê¤Ñ	Ë2×WÈ�Ú2Ò`Ä�Ù	Ñ	Ñ�Â�ä8Ó�Ä
Æ2È�É�Ê�Ä�Ì�ÓIÖ�ËIÄëÌ�ÚIÄ�Â�È�Ê�ÖëÝ ì�à�Ü6[lÏ�Ä�Ë	Ë2È�êáÚIÄ�Â�È�Ê�Ö}Ñ	Î�Ø�ÐIÄ�Ö�Ê�É�ÅpÎ�Ä�Ï�Ä�ÐIÄëÈ�Ï2Ë2È�Ì�Ú2Ö�Ò,Ö�Ë	Ë2È�Õ�È�Ì�È�É�É�Ê�Ä�Ë2È�Ì�å
ÓIÖ�Ë	Ñ	ÅíÆ	Ú2È�Ñ	Î�Ì�È�Ï2Ë	ä8ãv×PØ�Ë	Í	Ù	Ñ	ê

k1
å±Õ�ÈîÑ

k2
å±Õ�ÈîÆ2È�Ú#Å�Ï2Í�È�Ì­ÌïÉ�Ú2Ö�Ï2Ë2Ö�Í	Ì#Ä�Ï2ÚIÄ�Ê�Ñ	Ð	Ë2È�êðË2È�Ú2Ò,ÖëÆ2È

Ë2Ö�Ê�È�Ð	Ë2È¯Î�Ä�Ï�Ä�Ë	Ë	ä]ÒîÆ	Ú2È�Ñ	Î�Ì�È�Ï2Ë	ä]Ò
n1
å±Õ�ÈYÑ

n2
å±Õ�ÈYÆ2È�Ú#Å�Ï2Í�È�Ì?ÑñÉ�Ä�Ò,È�êz×PØ�Ë	Í	Ù	Ñ	Ñ�Ü�b�Ö�â¯Ö�Ë	Ñ2ÖiÆ	Ú	Ñ'å

Ì�È�Ï2Ñ	Ê�É�Å­Æ	Ú	ÑïË2Ö�Í�È�Ê�È�Ú	ä8ãïØ�É�ÓIÈ�Ì�Ñ	Å�ãïËIÄëÆ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ñ�è�ÉÇÍ�È�Ê�È�Ú	ä]Ò6Ñ­Î�Ä�Ï�Ä�Ë	äòÆ	Ú2È�Ñ	Î�Ì�È�Ï2Ë	ä]Ö¤Ñ
É�Ä�Ò`Ä?×PØ�Ë	Í	Ù	Ñ	Å9ÜIMPÈ�Ó2Ë2È�É�Ê�Ô�étÎ�Ä�Ï�Ä�ÐIÄæÚ2Ö�â¯Ö�ËIÄ¯Ï	Ó2ÅzÉ�Ó2Ø�ÐIÄ�Å

k1 = k
è
n1 = 2k

è
k2 = 3k

è
n2 = 4k

è
k ∈ N.

XWÄ�ÒlÆ2È�Í'Ä�Î�Ä�ÓIÉ�Åïó�Ê�È�Ê4É�Ó2Ø�ÐIÄ�êáÑ	Ë	Ê�Ö�Ú2Ö�É�Ö�ËïÊ�Ö�Ò1è6Ð	Ê�ÈëÌ�Î�Ä�Ï�Ä�ÐIÄ�ãîÌ�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å­Æ	Ú2È�å
Ñ	Î�Ì�È�Ï2Ë	ä8ãÇÆ	Ú	ÑzÎ�Ä�Ï�Ä�Ë	Ñ	ÑÇÆ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ñ¤Ì©É�Ú2Ö�Ï2Ë2Ö�Í	Ì#Ä�Ï2ÚIÄ�Ê�Ñ	Ð	Ë2È�êëË2È�Ú2Ò,ÖiË2ÖiÌ�É�Ê�Ú2Ö�ÐIÄ�ÓIÉ�Å¤É�Ó2Ø�ÐIÄ�ê�è
Í�È�Õ�Ï�Ä¤Â�È�ÓIÖ�Ö?Ï2Ì�Ø#ã4Ò6Ë2È�Û©Ñ	Ê�Ö�ÓIÖ�êîTYÄ�Õ�ÚIÄ�Ë	Û¯Ä¤È�Ê�Ó2Ñ	Ð	Ë	äôÈ�Ê¤Ë	Ø�Ó2Å9Ü�dWÓ2Å4Î�Ä�Ï�Ä�Ë	Ë2È�êpÆ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ñ
Ì4ÚIÄ�Ì�Ë2È�Ò,Ö�Ú	Ë2È�ê\Ë2È�Ú2Ò,ÖzÉ�Ñ	Ê�Ø#Ä�Ù	Ñ	Å9è`Í�È�Õ�Ï�ÄõÒ6Ë2È�Õ�È4Ò6Ë2È�Û©Ñ	Ê�Ö�ÓIÖ�ê\TYÄ�Õ�ÚIÄ�Ë	Û¯ÄõÈ�Ê�Ó2Ñ	Ð	Ë2ÈpÈ�Ê�Ë	Ø�Ó2Å9è
ÏIÈ�É�Ê�Ä�Ê�È�Ð	Ë2È¤ÚIÄ�É�Æ	Ú2È�É�Ê�ÚIÄ�Ë2Ö�Ëaö÷É�Ò1Ü`Ý ø2è�ù�à÷ú�Ü�b6Ä�Ë2Ö�Ö?Î�Ä�Ï�Ä�ÐIÄzÈ�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�È¤Ì�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å

k
å�È�ê

Æ	Ú2È�Ñ	Î�Ì�È�Ï2Ë2È�ê�×PØ�Ë	Í	Ù	Ñ	ÑñÆ2È!Æ	Ú	Ñ2Â�Ó2Ñ	Û!Ö�Ë	Ë2È�ê¤Ñ	Ë2×WÈ�Ú2Ò`Ä�Ù	Ñ	ÑzÈ¯É�Ä�Ò,È�êz×PØ�Ë	Í	Ù	Ñ	ÑñÑÇÖ�Ö
n
å�È�êñÆ	Ú2È�Ñ	Î�å

Ì�È�Ï2Ë2È�ê¤ÚIÄ�É�É�Ò`Ä�Ê�Ú	Ñ	Ì#Ä�Ó�Ä�É�Ô}Ì?ÚIÄ�Â�È�Ê�Ö?Ý û�à�Ü

BIE�ü©ý�|�þI¿I|�ÿ©����þI|����'Á��
b6Ä�É�É�Ò,È�Ê�Ú	Ñ2Ò\É�È�Â�È�ÓIÖ�Ì�É�Í�È�ÖYÆ	Ú2È�É�Ê�ÚIÄ�Ë2É�Ê�Ì�È}×PØ�Ë	Í	Ù	Ñ	ê

W
n
2 (R) =

{
x(·) ∈ L2(R) : x

(n−1)(·) � ÓIÈ�Í'Ä�Ó2Ô�Ë2È}Ä�Â�É�È�Ó2éNÊ�Ë2È©Ë2Ö�Æ	Ú2Ö�Ú	ä1Ì�ËIÄ
,

x(n)(·) ∈ L2(R)
}
, n ∈ N.
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MiØ�É�Ê�Ô
n0 = 0

è
n1, n2, k1, k2 ∈ N, 0 < k1 < n1 < k2 < n2.

MiÚ2Ö�Ï2Æ2È�ÓIÈ�Û©Ñ2Ò1è#Ð	Ê�ÈNÏ	Ó2Å¯Í'Ä�Û¯ÏIÈ�ê
×PØ�Ë	Í	Ù	Ñ	Ñ

x(·) ∈ W
n2
2 (R)

Æ	Ú	Ñ2Â�Ó2Ñ	Û!Ö�Ë	Ë2È©Ñ	Î�Ì�Ö�É�Ê�Ë	äaÖ�ÖUÆ	Ú2È�Ñ	Î�Ì�È�Ï2Ë	ä]Ö
n1
å±Õ�ÈYÑ

n2
å±Õ�ÈYÆ2È�Ú#Å�Ï2Í�È�Ì©Ñ

É�Ä�Ò`Ä©×PØ�Ë	Í	Ù	Ñ	Å9è'Ê�Ü2Ö�Ü'Ñ	Î�Ì�Ö�É�Ê�Ë	äð×PØ�Ë	Í	Ù	Ñ	Ñ
y0(·), y1(·)

Ñ
y2(·) ∈ L2(R)

Ê�Ä�Í	Ñ2Ö�è2Ð	Ê�È

‖x(nj )(·)− yj(·)‖L2(R) 6 δj , j = 0, 1, 2.

c9Ä�Ï�Ä�ÐIÄñÉ�È�É�Ê�È�Ñ	ÊÇÌÇÈ�Ï2Ë2È�Ì�Ú2Ö�Ò,Ö�Ë	Ë2È�Ò È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�ÒaÌ�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	ÑõÆ	Ú2È�Ñ	Î�Ì�È�Ï2Ë	ä8ã
k1
å±Õ�È}Ñ

k2
å±Õ�È¯Æ2È�Ú#Å�Ï2Í�È�Ìñ×PØ�Ë	Í	Ù	Ñ	Ñ

x(·) ∈ W
n2
2 (R), 0 < k1 < n1 < k2 < n2.[\Í'Ä�Ð2Ö�É�Ê�Ì�Ö!Ò,Ö�Ê�È�ÏIÈ�ÌæÌ�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å¤ÚIÄ�É�É�Ò,È�Ê�Ú	Ñ2ÒïÌ�É�Ö�Ì�È�Î�Ò,È�Û©Ë	ä]Ö!È�Ê�È�Â�ÚIÄ�Û!Ö�Ë	Ñ	Å

ϕ : (L2(R))
3 → (L2(R))

2.

MPÈ�Õ�Ú2Ö�â!Ë2È�É�Ê�Ô�énÒ,Ö�Ê�È�ÏIÈ�Ì
ϕ
Â�Ø�ÏIÖ�ÒáËIÄ�Î�ä1Ì#Ä�Ê�ÔæÌ�Ö�Ó2Ñ	Ð	Ñ	Ë	Ø

e(W n2
2 (R),K, δ, ϕ) = sup

x(·)∈W
n2
2 (R), Y ∈(L2(R))3

‖x(nj )(·)−yj(·)‖L2(R)
6δj , j=0,1,2

√√√√
2∑

j=1

pj‖x(kj)(·)− ϕj(Y )(·)‖2L2(R)
,

Õ�ÏIÖ
K = (k1, k2)

è
δ = (δ0, δ1, δ2)

è
Y = (y0(·), y1(·), y2(·))

è
ϕ = (ϕ1(Y ), ϕ2(Y ))

ÜPcIÏIÖ�É�Ô
p = (p1, p2)

è
p1, p2 > 0 �

Ì�Ö�É�È�Ì�ä]Ö¤Í�È�ó�×W×PÑ	Ù	Ñ2Ö�Ë	Ê�äWè�Ì#Ä�Ú	Ô�Ñ	Ú	Ø�ÅïÍ�È�Ê�È�Ú	ä]ÖëÒ,È�Û©Ë2ÈpÈ�Ê�Ï�Ä�Ì#Ä�Ê�Ô
Æ	Ú2Ö�Ï2Æ2È�Ð	Ê�Ö�Ë	Ñ2ÖYÂ�È�ÓIÖ�ÖWÊ�È�Ð	Ë2È�Ò6ØñÌ�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	énÆ	Ú2È�Ñ	Î�Ì�È�Ï2Ë2È�ê�Í'Ä�Í�È�Õ�È�å Ó2Ñ2Â�ÈæÆ2È�Ú#Å�Ï2Í'Ä'Ü

MPÈ�Õ�Ú2Ö�â!Ë2È�É�Ê�Ô�énÈ�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�È?Ì�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å�ËIÄ�Î�ä1Ì#Ä�Ö�Ê�É�ÅzÌ�Ö�Ó2Ñ	Ð	Ñ	ËIÄ

E(W n2
2 (R),K, δ) = inf

ϕ : (L2(R))3→(L2(R))2
e(W n2

2 (R),K, δ, ϕ).

R�Ö�Ê�È�Ï2ä
ϕ̂
è�ËIÄWÍ�È�Ê�È�Ú	ä8ã}ÏIÈ�É�Ê�Ñ	Õ�Ä�Ö�Ê�É�ÅzË	Ñ	Û©Ë	Å'Å}Õ�ÚIÄ�Ë	Ô2è'Â�Ø�ÏIÖ�ÒpËIÄ�Î�ä1Ì#Ä�Ê�Ô?È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë	ä]Ò6Ñ¤Ò,Ö�Ê�È�å
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δ1 > δ

n1
n2
2 δ

1−n1
n2

0
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E
(
W

n2
2 (R),K, δ

)
=

√
λ̂0δ20 + λ̂2δ22 , (1)

� �_�

λ̂0 = p1

(
δ2
δ0

)2k1/n2
(
1− k1

n2

)
+ p2

(
δ2
δ0

)2k2/n2
(
1− k2

n2

)
,

λ̂2 = p1
k1
n2

(
δ2
δ0

)2(k1/n2−1)

+ p2
k2
n2

(
δ2
δ0

)2(k2/n2−1)

.

�4��� - �
ϕ̂ = (ϕ̂1(Y ), ϕ̂2(Y ))
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Fϕ̂s(Y ) = (iξ)ks (1− αs(ξ))Fy0(ξ) + (iξ)ks−n2αs(ξ)Fy2(ξ), s = 1, 2,

� �_�

αs(ξ) =

λ̂2ξ
2n2 + θs(ξ)|ξ|n2

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ2n2 − p1ξ2k1 − p2ξ2k2

)

λ̂0 + λ̂2ξ2n2
,
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�
θs(·) �

0#" - �2
�
 - ����$	/i���1 	$	���	�	�Ç�2

L∞(R),

 �� - 
��C����
 - "����	�!�C�] 2��� - 
����

p1ξ
2k1θ21(ξ) + p2ξ

2k2θ22(ξ) 6 1,
�'
���������� � - 0C���2��������$	/]� 7

MPÈ�ÓIÈ�Û©Ñ2Ò

W =
√
p21δ

2
0 + 2p1p2δ21 + p22δ

2
2 ,

λ̂0 =





1
4

√
δ2
δ0

(
3p1 + p2

δ2
δ0

)
, δ1 >

√
δ0δ2,

p21δ1
2W , δ1 6

√
δ0δ2,

λ̂1 =





0, δ1 >
√
δ0δ2,

p22W
2+2p1p2δ21
2δ1W

, δ1 6
√
δ0δ2,

λ̂2 =





1
4

√
δ0
δ2

(
p1

δ0
δ2

+ 3p2

)
, δ1 >

√
δ0δ2,

p22δ1
2W , δ1 6

√
δ0δ2.


��#þ������
	 � E�
U 2�����
k ∈ N, k1 = k

*
n1 = 2k

*
k2 = 3k

*
n2 = 4k

7_+�-�� ���

E(W 4
2 (R),K, δ) =





4
√
δ0δ2

√
p1δ0 + p2δ2, δ1 >

√
δ0δ2,

√
δ1W, δ1 6

√
δ0δ2.

�4��� - �
ϕ̂ = (ϕ̂1(Y ), ϕ̂2(Y ))
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Fϕ̂s(Y ) =

2∑

j=0

αs
j(ξ)Fyj(ξ), s = 1, 2,

� �_�
αs
j(·) �

��� � /i���1 	$	���	�	�Ç�2

L∞(R),

 �� - 
��C����
 - "����	�!�C�N
Ç���� ��#���
δ1 >

√
δ0δ2

 2��� - 
����	�

αs
0(ξ) = (iξ)(2s−1)k(·)

λ̂0 − θs(ξ)ξ
4k

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ8k − p1ξ2k − p2ξ6k

)

λ̂0 + λ̂2ξ8k
,

αs
1(ξ) = 0,

αs
2(ξ) = (iξ)(2s−5)k(·)

λ̂2ξ
8k + θs(ξ)ξ

4k

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ8k − p1ξ2k − p2ξ6k

)

λ̂0 + λ̂2ξ8k
,

s = 1, 2
* �

θs(·) �
0#" - �2
�
 - ����$	/i���1 	$	���	�	�Ç�2


L∞(R),
 �� - 
��C����
 - "����	�!�C�] 2��� - 
����

p1ξ
2kθ21(ξ) + p2ξ

6kθ22(ξ) 6 1,

Ç���� ��#���

δ1 <
√
δ0δ2

 2��� - 
����	�




∑2
j=0(iξ)

2kjαs
j(ξ) = (iξ)(2s−1)k, s = 1, 2,

p1

(∑2
j=0

|α1
j (ξ)|2

λ̂j

)
+ p2

(∑2
j=0

|α2
j (ξ)|2

λ̂j

)
6 1,

�'
���������� � - 0C���2��������$	/]� 7



� - ��������$ - 
��C��$	�C�i0#" - �2
�
 - ��$ - � û�ì

� E��ëþI� 	 � 	 �'�����Iý �'¿�	

^�ËIÄ�ÐIÄ�Ó�ÄWÚIÄ�É�É�Ò,È�Ê�Ú	Ñ2Ò4Î�Ä�Ï�Ä�Ð	Ø?È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�ÈYÌ�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å}Æ	Ú2È�Ñ	Î�Ì�È�Ï2Ë	ä8ã
k1
å±Õ�ÈPÑ

k2
å±Õ�È

Æ2È�Ú#Å�Ï2Í�È�ÌæÌæÈ�Â�Ã¯Ö�ÒîÌ�Ñ'ÏIÖ�Ü'd!È�Í'Ä�Û!Ö�Ò1è2Ð	Ê�È©Ñ2Ò,Ö�Ö�ÊæÒ,Ö�É�Ê�È©Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�È

E
(
W

n2
2 (R),K, δ

)
> sup

x(·)∈W
n2
2 (R),

‖x(nj )(·)‖L2(R)
6δj , j=0,1,2

√√√√
2∑

j=1

pj‖x(kj)(·)‖2L2(R)
. (2)

dWÓ2ÅWÓ2éiÂ�È�ê¯×PØ�Ë	Í	Ù	Ñ	Ñ
x(·) ∈ W

n2
2 (R)

Ê�Ä�Í�È�ê�è�Ð	Ê�ÈUÌ�ä1Æ2È�Ó2Ë2Ö�Ë	äîØ�É�ÓIÈ�Ì�Ñ	Å ‖x(nj)(·)‖L2(R) 6 δj
è

j = 0, 1, 2
è2ÑÇÏ	Ó2Å}Ó2éiÂ�È�Õ�È?Ò,Ö�Ê�È�Ï�Ä

ϕ
Ñ2Ò,Ö�Ö�Ò

2
(
p1‖x(k1)(·)‖2L2(R)

+ p2‖x(k2)(·)‖2L2(R)

)1/2

=
(
p1‖x(k1)(·)−(−x)(k1)(·)+ϕ(0)−ϕ(0)‖2L2(R)

+p2‖x(k2)(·)−(−x)(k2)(·)+ϕ(0)−ϕ(0)‖2L2(R)

)1/2

6

(
p1‖x(k1)(·)− ϕ(0)‖2L2(R)

+ p2‖x(k2)(·)− ϕ(0)‖2L2(R)

)1/2

+
(
p1‖(−x)(k2)(·)− ϕ(0)‖2L2(R)

+ p2‖(−x)(k2)(·)− ϕ(0)‖2L2(R)

)1/2
6 2e(W n2

2 (R),K, δ, ϕ),

Ê�Ü2Ö�Üßè�Ï	Ó2ÅñÓ2éiÂ�È�Õ�È?Ò,Ö�Ê�È�Ï�Ä
ϕ
Ì�ä1Æ2È�Ó2Ë	Å	Ö�Ê�É�Å

e(W n2
2 (R),K, δ, ϕ) > sup

x(·)∈W
n2
2 (R),

‖x(nj )(·)‖L2(R)
6δj , j=0,1,2

√√√√
2∑

j=1

pj‖x(kj)(·)‖2L2(R)
.

LUÊ�É�é8Ï�Ä©É�ÓIÖ�Ï2Ø�Ö�ÊæË2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�È�ö ç�ú�Ü
��Ê�ÈpÈ�Î�ËIÄ�ÐIÄ�Ö�Ê�è8Ð	Ê�ÈõÆ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�ÔáÈ�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�ÈîÌ�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	ÅíË2Ö�Ò,Ö�Ë	Ô�â¯Ö¤Î�ËIÄ�Ð2Ö�Ë	Ñ	Å

ó�Í�É�Ê�Ú2Ö�Ò`Ä�Ó2Ô�Ë2È�ê�Î�Ä�Ï�Ä�Ð	Ñ

√
p1‖x(k1)(·)‖2L2(R)

+ p2‖x(k2)(·)‖2L2(R)
→ max,

‖x(nj)(·)‖L2(R) 6 δj , j = 0, 1, 2.
(3)

MPÖ�Ú2Ö�ê'ÏIÖ�ÒîÍ}Í	Ì#Ä�Ï2ÚIÄ�Ê�ØæÎ�Ä�Ï�Ä�Ð	Ñ4ö ì�ú,Ñ}Î�Ä�Æ	Ñ	â¯Ö�ÒîÖ�ÖUÌ¯È�Â�ÚIÄ�Î�Ä�ãzfYØ�Ú	Ô�Ö�Ü'MPÈYÊ�Ö�È�Ú2Ö�Ò,ÖiMNÓ�Ä�Ë	â¯Ö�å
Ú2Ö�Ó2ÅÇÑ2Ò,Ö�Ö�Ò

‖x(m)(ξ)‖2L2(R)
=

1

2π
‖Fx(m))(ξ)‖2L2(R)

=
1

2π
‖(iξ)m(Fx)(ξ)‖2L2(R)

=
1

2π

∫

R

ξ2m|(Fx)(ξ)|2 dξ.

O_Ö�ÒïÉ�Ä�Ò6ä]Ò1è2Æ	Ú	Ñ'ã#È�Ï2Ñ2ÒïÍzÉ�ÓIÖ�Ï2Ø�éNÃ¯Ö�êzÎ�Ä�Ï�Ä�Ð2Ö��

1

2π

∫

R

(p1ξ
2k1 + p2ξ

2k2)|(Fx)(ξ)|2 dξ → max,

1

2π

∫

R

ξ2nj |(Fx)(ξ)|2 dξ 6 δ2j , j = 0, 1, 2.

(4)
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���
�����������
������������ MiØ�É�Ê�Ô
δ1 > δ

n1
n2
2 δ

1−n1
n2

0 .
MPÈ�Í'Ä�Û!Ö�Ò1è`Ð	Ê�ÈëÆ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ô

È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�È}Ì�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	ÅëË2ÖYÒ,Ö�Ë	Ô�â¯ÖWÌ�Ö�Ó2Ñ	Ð	Ñ	Ë	ä
λ̂0δ

2
0 + λ̂2δ

2
2 .
b6Ä�É�É�Ò,È�Ê�Ú	Ñ2ÒíÆ2È�É�ÓIÖ�ÏIÈ�Ì#Ä�å

Ê�Ö�Ó2Ô�Ë2È�É�Ê�Ô}×PØ�Ë	Í	Ù	Ñ	ê
xm(·) è'Ï	Ó2ÅÇÍ�È�Ê�È�Ú2È�ê

(Fxm)(ξ) =

{
D(m), ξ ∈ [ξ0 − 1

m ; ξ0],

0, ξ /∈ [ξ0 − 1
m ; ξ0],

Õ�ÏIÖ
ξ0 =

(
δ2
δ0

) 1
n2
è
D(m) = δ0

√
2πm

Ü	O�Ä�ÍzÍ'Ä�Í

1

2π

∫

R

∣∣(Fxm)(ξ)
∣∣2 dξ = 1

2π

ξ0∫

ξ0− 1
m

D2(m) dξ 6
1

2πm
D2(m) = δ20 ,

Ñ�è	Ø�Ð	Ñ	Ê�ä1Ì#Ä�ÅÇØ�É�ÓIÈ�Ì�Ñ2Ö
δ1 > δ

n1
n2
2 δ

1−n1
n2

0

è'Ì�ä1Æ2È�Ó2Ë	Å'éNÊ�É�Å�É�È�È�Ê�Ë2È�â¯Ö�Ë	Ñ	Å

1

2π

∫

R

ξ2n1
∣∣(Fxm)(ξ)

∣∣2 dξ = 1

2π

ξ0∫

ξ0− 1
m

ξ2n1D2(m) dξ 6
D2(m)

2πm
ξ2n1
0 6 δ21 ,

1

2π

∫

R

ξ2n2
∣∣(Fxm)(ξ)

∣∣2 dξ 6 D2(m)

2πm
ξ2n2
0 = δ22 ,

Ê�ÈæÆ2È�É�ÓIÖ�ÏIÈ�Ì#Ä�Ê�Ö�Ó2Ô�Ë2È�É�Ê�Ôz×PØ�Ë	Í	Ù	Ñ	ê
xm(·) ÏIÈ�Æ	Ø�É�Ê�Ñ2Ò`ÄæÌ}Î�Ä�Ï�Ä�Ð2Öñö ø�ú�ÜCc�ËIÄ�Ð2Ö�Ë	Ñ2Ö!ó�Ê�È�ê�Î�Ä�Ï�Ä�Ð	ÑëË2ÖÒ,Ö�Ë2Ö�ÖPÌ�Ö�Ó2Ñ	Ð	Ñ	Ë	ä �

1

2π
p1

∫

R

ξ2k1
∣∣(Fxm)(ξ)

∣∣2 dξ + 1

2π
p2

∫

R

ξ2k2
∣∣(Fxm)(ξ)

∣∣2 dξ

=
D2(m)

2π

ξ0∫

ξ0− 1
m

(
p1ξ

2k1 + p2ξ
2k2

)
dξ > δ20

(
p1

(
ξ0 −

1

m

)2k1

+ p2

(
ξ0 −

1

m

)2k2
)
.

MiÚ	Ñ
m→ ∞ Ì�Ö�Ó2Ñ	Ð	Ñ	ËIÄ'èIÉ�Ê�È�Å'Ã©Ä�ÅÇÌ?Æ	ÚIÄ�Ì�È�êzÐIÄ�É�Ê�Ñ�è2É�Ê�Ú2Ö�Ò6Ñ	Ê�É�Å¤ÍÇÌ�Ö�Ó2Ñ	Ð	Ñ	Ë2Ö

Q = δ20


p1

(
δ2
δ0

)2
k1
n2

+ p2

(
δ2
δ0

)2
k2
n2


 = λ̂0δ

2
0 + λ̂2δ

2
2

Æ	Ú	Ñ

λ̂0 = p1

(
δ2
δ0

)2
k1
n2

(
1− k1

n2

)
+ p2

(
δ2
δ0

)2
k2
n2

(
1− k2

n2

)
,

λ̂2 = p1
k1
n2

(
δ2
δ0

)2
k1−n2

n2

+ p2
k2
n2

(
δ2
δ0

)2
k2−n2

n2

,

(5)

Ê�Ü2Ö�Ü	Ì?É�Ó2Ø�ÐIÄ�Ö
δ1 > δ

n1
n2
2 δ

1−n1
n2

0

Æ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ô}È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�È?Ì�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å

E(W n2
2 (R),K, δ) >

√
λ̂0δ20 + λ̂2δ22 .
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c9Ä�ê2Ò,Ö�Ò,É�ÅzÆ2È�É�Ê�Ú2È�Ö�Ë	Ñ2Ö�Ò­È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë	ä8ãzÒ,Ö�Ê�È�ÏIÈ�Ì2ÜCLUÆ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë	ä]ÖYÒ,Ö�Ê�È�Ï2ä Ì?È�Â�Ã¯Ö�ÒïÉ�Ó2Ø�ÐIÄ�Ö
Â�Ø�ÏIÖ�ÒíÑ2É�Í'Ä�Ê�Ô�É�Ú2Ö�Ï2ÑõÒ,Ö�Ê�È�ÏIÈ�Ì

ϕ̂(Y ) = (ϕ̂1(Y ), ϕ̂2(Y ))
Ì�Ñ'Ï�Ä

ϕ̂s(Y (·)) = Λs
0y0(·) + Λs

1y1(·) +
Λs
2y2(·)

è#Õ�ÏIÖ
Λs
j : L2(R) → L2(R)

è
j = 0, 1, 2

è
s = 1, 2 �

Ó2Ñ	Ë2Ö�ê	Ë	ä]ÖUË2Ö�Æ	Ú2Ö�Ú	ä1Ì�Ë	ä]ÖiÈ�Æ2Ö�ÚIÄ�Ê�È�Ú	äWè
ÏIÖ�ê2É�Ê�Ì�Ñ2ÖWÍ�È�Ê�È�Ú	ä8ãÇÌæÈ�Â�ÚIÄ�Î�Ä�ã�fYØ�Ú	Ô�ÖiÑ2Ò,Ö�Ö�Ê?Ì�Ñ'Ï��

F (Λs
jyj)(·) = αs

j(·)(Fyj)(·), j = 0, 1, 2, s = 1, 2,

Õ�ÏIÖ
αs
j(·) ∈ L∞(R).dWÓ2Å¤È�Ù2Ö�Ë	Í	ÑëÈ�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�êëÆ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ñ�Ï	Ó2Å¤×PÑ	Í�É�Ñ	Ú2È�Ì#Ä�Ë	Ë	ä8ã

yj(·) ∈ L2(R)
è
j = 0, 1, 2

è
s = 1, 2

è	ÚIÄ�É�É�Ò,È�Ê�Ú	Ñ2Ò­ó�Í�É�Ê�Ú2Ö�Ò`Ä�Ó2Ô�Ë	Ø�étÎ�Ä�Ï�Ä�Ð	Ø

2∑

s=1

(
ps‖x(ks)(·)−

2∑

j=0

Λs
jyj(·)‖2L2(R)

)
→ max,

‖x(nj )(·)− yj(·)‖2L2(R)
6 δ2j , j = 0, 1, 2, s = 1, 2.

MPÖ�Ú2Ö�Æ	Ñ	â¯Ö�Òïó�Ê�Ø}Î�Ä�Ï�Ä�Ð	ØñÌ?È�Â�ÚIÄ�Î�Ä�ã�fYØ�Ú	Ô�Ö

1

2π

2∑

s=1

(
ps

∫

R

∣∣∣∣(iξ)ksFx(ξ)−
2∑

j=0

αs
j(ξ)Fyj(ξ)

∣∣∣∣
2

dξ

)
→ max,

1

2π

∫

R

∣∣(iξ)njFx(ξ)− Fyj(ξ)
∣∣2dξ 6 δ2j , j = 0, 1, 2.

(6)

MPÈ�ÓIÈ�Û©Ñ2Ò

zj(ξ) = (iξ)njFx(ξ)− Fyj(ξ), j = 0, 1, 2.

c9Ä�Ï�Ä�ÐIÄ¤ö û�ú�Æ	Ú	Ñ2Ò,Ö�ÊæÌ�Ñ'Ï

1

2π

2∑

s=1

(
ps

∫

R

∣∣∣∣(iξ)ksFx(ξ)−
2∑

j=0

αs
j(ξ)(iξ)

njFx(ξ) +

2∑

j=0

αs
j(ξ)zj(ξ)

∣∣∣∣
2

dξ

)
→ max,

1

2π

∫

R

∣∣zj(ξ)
∣∣2 dξ 6 δ2j , j = 0, 1, 2.

(7)

[íÉ�Ó2Ø�ÐIÄ�Ö
δ1 > δ

n1
n2
2 δ

1−n1
n2

0

Æ2È�ÓIÈ�Û©Ñ2Ò

αs
0(ξ) = (iξ)ks (1− αs(ξ)) , αs

1(ξ) = 0, αs
2(ξ) = (iξ)ks−n2αs(ξ), s = 1, 2.

c9Ä�Ï�Ä�ÐIÄ¤ö���ú�Æ2Ö�Ú2Ö�Æ	Ñ	â¯Ö�Ê�É�Å¤Ì©Ì�Ñ'ÏIÖ

1

2π

2∑

s=1

(
ps

∫

R

∣∣∣(iξ)ks (1− αs(ξ)) z0(ξ) + (iξ)ks−n2αs(ξ)z2(ξ)
∣∣∣
2
dξ

)
→ max,

1

2π

∫

R

∣∣zj(ξ)
∣∣2 dξ 6 δ2j , j = 0, 1, 2.
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LUÙ2Ö�Ë	Ñ2ÒïÆ2È�Ï2ä1Ë	Ê�Ö�Õ�ÚIÄ�Ó2Ô�Ë	ä]Ö!×PØ�Ë	Í	Ù	Ñ	Ñ¤ÉiÆ2È�Ò,È�Ã!Ô�élË2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì#Ä?jPÈ�â!Ñ
���

Ø�Ë	Å'Í�È�Ì�É�Í�È�Õ�È �
∣∣∣(iξ)ks (1− αs(ξ)) z0(ξ) + (iξ)ks−n2αs(ξ)z2(ξ)

∣∣∣
2

= ξ2ks

∣∣∣∣∣∣
1− αs(ξ)√

λ̂0

√
λ̂0(·)z0(ξ) +

(iξ)−n2αs(ξ)√
λ̂2

√
λ̂2(·)z2(ξ)

∣∣∣∣∣∣

2

6 ξ2ks

(
|1− αs(ξ)|2

λ̂0
+

|αs(ξ)|2

λ̂2ξ2n2

)(
λ̂0 |z0(ξ)|2 + λ̂2 |z2(ξ)|2

)
, s = 1, 2.

O_È�Õ�Ï�Ä

1

2π

2∑

s=1

(
ps

∫

R

∣∣∣(iξ)ks (1− αs(ξ)) z0(ξ) + (iξ)ks−n2αs(ξ)z2(ξ)
∣∣∣
2
dξ

)

6
1

2π

2∑

s=1

(
ps

∫

R

ξ2ks

(
|1− αs(ξ)|2

λ̂0
+

|αs(ξ)|2

λ̂2ξ2n2

)(
λ̂0 |z0(ξ)|2 + λ̂2 |z2(ξ)|2

)
dξ

)
.

Z`É�Ó2ÑzÌ�ä1Æ2È�Ó2Ë	Å	Ö�Ê�É�Å¤Ø�É�ÓIÈ�Ì�Ñ2Ö

2∑

s=1

ξ2ksps

(
|1− αs(ξ)|2

λ̂0
+

|αs(ξ)|2

λ̂2ξ2n2

)
6 1, (8)

Ê�È?É�Æ	ÚIÄ�Ì�Ö�Ï	Ó2Ñ	Ì�È?Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�È

1

2π

2∑

s=1

ps

∫

R

∣∣∣(iξ)ks (1− αs(ξ)) z0(ξ) + (iξ)ks−n2αs(ξ)z2(ξ)
∣∣∣
2
dξ 6 λ̂0δ

2
0 + λ̂2δ

2
2 ,

Ê�Ü�Ö�Ü�È�Ù2Ö�Ë	Í'ÄWÉ�Ì�Ö�Ú�ã'Ø¯É�È�Ì�ÆIÄ�Ï�Ä�Ö�Ê!É1È�Ù2Ö�Ë	Í�È�ê}É�Ë	Ñ	Î�Ø�è�Ð	Ê�ÈWÈ�Î�ËIÄ�ÐIÄ�Ö�Ê!È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�É�Ê�Ô!Ò,Ö�Ê�È�Ï�Ä'Ü#MPÈ�Í'Ä�å
Û!Ö�Ò1è#Ð	Ê�ÈWÒ6Ë2È�Û!Ö�É�Ê�Ì�È¯È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë	ä8ã}Ò,Ö�Ê�È�ÏIÈ�Ì!Ë2Ö]Æ	Ø�É�Ê�È	Ü#QiÎ]Ø�É�ÓIÈ�Ì�Ñ	Åëö���ú�ËIÄ�ê'ÏIÖ�ÒpÈ�Õ�ÚIÄ�Ë	Ñ	Ð2Ö�Ë	Ñ	Å
ËIÄ

αs(ξ)
ÑÇÆ2È�É�Ê�Ú2È�Ñ2ÒïÅ'Ì�Ë2È¯Í'Ä�Í�È�ê'å Ó2Ñ2Â�È}Ñ	ÎWÒ,Ö�Ê�È�ÏIÈ�Ì2Ü

2∑

s=1

ξ2ksps

(
|1− αs(ξ)|2

λ̂0
+

|αs(ξ)|2

λ̂2ξ2n2

)

=
λ̂0 + λ̂2ξ

2n2

λ̂0λ̂2
·

2∑

s=1

ξ2(ks−n2)ps

∣∣∣∣∣αs(ξ)−
λ̂2ξ

2n2

λ̂0 + λ̂2ξ2n2

∣∣∣∣∣

2

+

2∑
s=1

psξ
2ks

λ̂0 + λ̂2ξ2n2
6 1,

2∑

s=1

ξ2(ks−n2)ps

∣∣∣∣∣αs(ξ)−
λ̂2ξ

2n2

λ̂0 + λ̂2ξ2n2

∣∣∣∣∣

2

6
λ̂0λ̂2(

λ̂0 + λ̂2ξ2n2

)2 ·
(
λ̂0 + λ̂2ξ

2n2 −
2∑

s=1

psξ
2ks

)
.

b6Ä�É�É�Ò,È�Ê�Ú	Ñ2Ò\×PØ�Ë	Í	Ù	Ñ	é

g(ξ) = −p1ξ2k1 − p2ξ
2k2 + λ̂0 + λ̂2ξ

2n2 , ξ > 0,

ÑzÆIÄ�ÚIÄ�Ò,Ö�Ê�Ú	Ñ	Ð2Ö�É�Í	Ñ�Î�Ä�Ï�Ä�Ë	Ë	Ø�éðÍ	Ú	Ñ	Ì�Ø�é ö÷É�Ò1Ü	Ú	Ñ2É�Ü�Þ�ú �
{
x = ξ2n2 ,

y = p1ξ
2k1 + p2ξ

2k2 .



� - ��������$ - 
��C��$	�C�i0#" - �2
�
 - ��$ - � û �

Y

X

y(x0)

x0

y = p1x
k1
n2 + p2x

k2
n2

y = λ̂0 + λ̂2x

���	¹����
XPÖ�Ê�Ú	Ø�Ï2Ë2ÈïÌ�Ñ'ÏIÖ�Ê�Ô2èUÐ	Ê�È­×PØ�Ë	Í	Ù	Ñ	Å

y(x) = p1x
k1/n2 + p2x

k2/n2
Ì�È�Î�ÚIÄ�É�Ê�Ä�Ö�ÊíÑvÌ�È�Õ�Ë	Ø�Ê�ÄïÆ	Ú	Ñ

x ∈ [0,+∞)
Ü�[õÉ�Ñ'Ó2ØWÌ�È�Õ�Ë	Ø�Ê�È�É�Ê�Ñ?×PØ�Ë	Í	Ù	Ñ	Ñ!Ì�ä1Æ2È�Ó2Ë	Å	Ö�Ê�É�Å¯Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�È

y 6 ỹ,
Õ�ÏIÖ

ỹ = kx+b �Í'Ä�É�Ä�Ê�Ö�Ó2Ô�ËIÄ�ÅlÍlÕ�ÚIÄ�×PÑ	Í	Ø Ì�È�Õ�Ë	Ø�Ê�È�êt×PØ�Ë	Í	Ù	Ñ	Ñ
y(x)

ÌíË2Ö�Í�È�Ê�È�Ú2È�êtÊ�È�Ð	Í�Ö
x0 > 0

ÜiMPÈ�É�Ê�Ú2È�å
Ñ2Ò Í'Ä�É�Ä�Ê�Ö�Ó2Ô�Ë	Ø�é Ì Ê�È�Ð	Í�Ö

x0 =
(
δ2
δ0

)2 ÜYc�ËIÄ�Ð2Ö�Ë	Ñ	ÅAÍ�È�ó�×W×PÑ	Ù	Ñ2Ö�Ë	Ê�È�ÌvÍ'Ä�É�Ä�Ê�Ö�Ó2Ô�Ë2È�êôÚIÄ�Ì�Ë	ä

k = y′(x0) = λ̂2
è
b = ỹ(0) = λ̂0

Ü6r9ÚIÄ�×PÑ	Íá×PØ�Ë	Í	Ù	Ñ	Ñ
y(x) = p1x

k1/n2 + p2x
k2/n2

ÚIÄ�É�Æ2È�ÓIÈ�å
Û!Ö�ËzË	Ñ	Û!ÖWÆ	Ú#Å	Ò,È�ê

y 6 ỹ = λ̂0 + λ̂2x.
��Ê�È?È�Î�ËIÄ�ÐIÄ�Ö�Ê�èIÐ	Ê�È

g(ξ) > 0
è'Ê�Ü2Ö�Ü

λ̂0 + λ̂2ξ
2n2 −

2∑

s=1

psξ
2ks > 0.

MPÈ�ÓIÈ�Û©Ñ2Ò

αs(ξ) =

λ̂2ξ
2n2 + θs(ξ)|ξ|n2

√
λ̂0λ̂2

(
λ̂0 + λ̂2ξ2n2 − p1ξ2k1 − p2ξ2k2

)

λ̂0 + λ̂2ξ2n2
.

O_È�Õ�Ï�ÄáØ�É�ÓIÈ�Ì�Ñ2Ö­ö���ú}Ì�ä1Æ2È�Ó2Ë	Å	Ö�Ê�É�Å Æ	Ú	Ñ Ì�É�Ö�ã
θs(ξ) ∈ L∞(R)

è
s = 1, 2,

Ø�ÏIÈ�Ì�ÓIÖ�Ê�Ì�È�Ú#Å'éNÃ!Ñ'ã
Ø�É�ÓIÈ�Ì�Ñ	é

p1ξ
2k1θ21(ξ) + p2ξ

2k2θ22(ξ) 6 1,

Ì©ÐIÄ�É�Ê�Ë2È�É�Ê�Ñ�è2Æ	Ú	Ñ
θ1(ξ) = θ2(ξ) = 0. BMPÖ�Ú2Ö�ê'ÏIÖ�ÒïÍ ��
���
�� 
����
	���� ��
�� ����
���������� � MiØ�É�Ê�Ô

k1 = k
è
n1 = 2k

è
k2 = 3k

è
n2 = 4k

è
k ∈ N.

[íÉ�Ó2Ø�ÐIÄ�Ö
δ1 >

√
δ0δ2

Ø�Ê�Ì�Ö�Ú#Û¯ÏIÖ�Ë	Ñ2ÖWÊ�Ö�È�Ú2Ö�Ò6älç!Ì�ä1Ê�Ö�Í'Ä�Ö�ÊæÑ	ÎWÊ�Ö�È�Ú2Ö�Ò6äAÞ�Ü
MiØ�É�Ê�Ô

δ1 <
√
δ0δ2. (9)

MPÈ�Í'Ä�Û!Ö�Ò1è_Ð	Ê�ÈÇÌÇó�Ê�È�ÒvÉ�Ó2Ø�ÐIÄ�Ö©Æ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ô�È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�È¤Ì�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	ÅõË2Ö?Ò,Ö�Ë	Ô�â¯Ö©Ì�Ö�å
Ó2Ñ	Ð	Ñ	Ë	ä √

δ1W.
MiØ�É�Ê�Ô

∆0 =
δ20
δ21
, ∆2 =

δ22
δ21
, P =

p21
p22
,

ξ0 =

(
∆2 + P∆0 −

√
(∆2 + P∆0)2 − 4P

2

)1/k

=

(
p21δ

2
0 + p22δ

2
2 −

√
(p21δ

2
0 + p22δ

2
2)

2 − 4p21p
2
2δ

4
1

2p22δ
2
1

) 1
4k

,

(10)
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ξ1 =

(
∆2 + P∆0 +

√
(∆2 + P∆0)2 − 4P

2

)1/k

=

(
p21δ

2
0 + p22δ

2
2 +

√
(p21δ

2
0 + p22δ

2
2)

2 − 4p21p
2
2δ

4
1

2p22δ
2
1

) 1
4k

,

(11)

D1(m) =

√
2πm

δ20ξ
4k
1 − δ21

ξ4k1 − ξ4k0
, D2(m) =

√
2πm

δ21 − δ20ξ
4k
0

ξ4k1 − ξ4k0
.

MPÈ�Ï2Í�È�Ú2Ö�Ë	Ë2È�Ö!Ì�ä1ÚIÄ�Û!Ö�Ë	Ñ2ÖYÌ?ÚIÄ�Ì�Ö�Ë2É�Ê�Ì#Ä�ãpö�Þ���ú�Ñpö�Þ�Þ�ú�Æ2È�ÓIÈ�Û©Ñ	Ê�Ö�Ó2Ô�Ë2È	è�Ê�Ä�Í¤Í'Ä�Í¤Ñ	Î}ö���ú8É�ÓIÖ�Ï2Ø�Ö�Ê�è
Ð	Ê�È

∆0∆2 > 1
è'Ñ�è2É�ÓIÖ�ÏIÈ�Ì#Ä�Ê�Ö�Ó2Ô�Ë2È	è

∆2 + P∆0 > 2
√
∆2P∆0 > 2

√
P .

O_Ö�Ò­É�Ä�Ò6ä]ÒîÏIÈ�Í'Ä�Î�Ä�Ë2È	è2Ð	Ê�È
ξ0 < ξ1

Ü
MPÈ�Í'Ä�Û!Ö�Ò1èIÐ	Ê�È

δ20ξ
4k
1 − δ21

ξ4k1 − ξ4k0
> 0.

dWÓ2Å¯ó�Ê�È�Õ�ÈUÏIÈ�É�Ê�Ä�Ê�È�Ð	Ë2ÈPÏIÈ�Í'Ä�Î�Ä�Ê�Ô2è�Ð	Ê�È
δ20ξ

4k
1 −δ21 > 0

Ñ'Ó2Ñ
∆0ξ

4k
1 > 1

Ü ��Ê�ÈiË2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�ÈWÒ,È�Û©Ë2È
Î�Ä�Æ	Ñ2É�Ä�Ê�ÔæÌ©Ì�Ñ'ÏIÖ

2P∆0

∆2 + P∆0 −
√
(∆2 + P∆0)2 − 4P

> 1.

dWÓ2ÅñÏIÈ�Í'Ä�Î�Ä�Ê�Ö�Ó2Ô�É�Ê�Ì#Ä?ó�Ê�È�Õ�È©Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì#Ä©ÏIÈ�É�Ê�Ä�Ê�È�Ð	Ë2È?Æ2È�Í'Ä�Î�Ä�Ê�Ô2èIÐ	Ê�È
√

(∆2 + P∆0)2 − 4P > ∆2 − P∆0.

Z`É�Ó2Ñ�Æ	ÚIÄ�Ì#Ä�ÅzÐIÄ�É�Ê�Ô}ó�Ê�È�Õ�È?Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì#Ä}È�Ê�Ú	Ñ	ÙIÄ�Ê�Ö�Ó2Ô�ËIÄ'è�Ê�ÈæÈ�Ë2ÈæÈ�Ð2Ö�Ì�Ñ'Ï2Ë2È}Ì�ä1Æ2È�Ó2Ë2Ö�Ë2È	èCÄ?Ö�É�Ó2Ñ
Æ	ÚIÄ�Ì#Ä�Å¯ÐIÄ�É�Ê�ÔPË2Ö�È�Ê�Ú	Ñ	ÙIÄ�Ê�Ö�Ó2Ô�ËIÄ'è�Ê�ÈiË2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�ÈPÌ�ä1Æ2È�Ó2Ë2Ö�Ë2ÈiÌPÉ�Ñ'Ó2Ø!È�Ð2Ö�Ì�Ñ'Ï2Ë2È�Õ�ÈWÉ�È�È�Ê�Ë2È�â¯Ö�Ë	Ñ	Å

(∆2 + P∆0)
2 − 4P > (∆2 + P∆0)

2 − 4P∆0∆2 = (∆2 − P∆0)
2.

LNÉ�Ê�Ä�ÓIÈ�É�Ô}Æ2È�Í'Ä�Î�Ä�Ê�Ô2è2Ð	Ê�È

δ21 − δ20ξ
4k
0

ξ4k1 − ξ4k0
= δ20 −

δ20ξ
4k
1 − δ21

ξ4k1 − ξ4k0
> 0.

dWÓ2Å}ÏIÈ�Í'Ä�Î�Ä�Ê�Ö�Ó2Ô�É�Ê�Ì#Ä©ó�Ê�È�Õ�È©Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì#Ä!ÏIÈ�É�Ê�Ä�Ê�È�Ð	Ë2È?Ø'Â�Ö�Ï2Ñ	Ê�Ô�É�ÅÇÌ©É�Æ	ÚIÄ�Ì�Ö�Ï	Ó2Ñ	Ì�È�É�Ê�Ñ¤Ë2Ö�ÚIÄ�Ì�Ö�Ë'å
É�Ê�Ì#Ä

∆0ξ
4
0 < 1

è	Í�È�Ê�È�Ú2È�ÖYÒ,È�Û©Ë2È©Î�Ä�Æ	Ñ2É�Ä�Ê�ÔæÌ?Ì�Ñ'ÏIÖ

2P∆0

∆2 + P∆0 +
√
(∆2 + P∆0)2 − 4P

< 1.

d!È�Í'Ä�Î�Ä�Ê�Ö�Ó2Ô�É�Ê�Ì�È}ó�Ê�È�Õ�È©Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì#Ä?É�Ì�È�Ï2Ñ	Ê�É�ÅzÍÇÏIÈ�Í'Ä�Î�Ä�Ê�Ö�Ó2Ô�É�Ê�Ì�ØzË2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì#Ä
√

(∆2 + P∆0)2 − 4P > P∆0 −∆2,

Í�È�Ê�È�Ú2È�ÖY×YÄ�Í	Ê�Ñ	Ð2Ö�É�Í	ÑzØ�Û!ÖWÂ�ä8ÓIÈ¯ÏIÈ�Í'Ä�Î�Ä�Ë2È	Ü
b6Ä�É�É�Ò,È�Ê�Ú	Ñ2Ò­Æ2È�É�ÓIÖ�ÏIÈ�Ì#Ä�Ê�Ö�Ó2Ô�Ë2È�É�Ê�ÔÇ×PØ�Ë	Í	Ù	Ñ	ê

xm(·) è'Ï	Ó2ÅÇÍ�È�Ê�È�Ú2È�ê

(Fxm)(ξ) =





D1(m), ξ ∈ [ξ0 − 1
m ; ξ0],

D2(m), ξ ∈ [ξ1 − 1
m ; ξ1],

0, ξ /∈ [ξ0 − 1
m ; ξ0] ∪ [ξ1 − 1

m ; ξ1].
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MPÈ�É�Í�È�Ó2Ô�Í	Ø

1

2π

∫

R

∣∣(Fxm)(ξ)
∣∣2 dξ = 1

2π




ξ0∫

ξ0− 1
m

D2
1(m) dξ +

ξ1∫

ξ1− 1
m

D2
2(m) dξ


 6

D2
1(m) +D2

2(m)

2πm
= δ20 ,

1

2π

∫

R

ξ4k
∣∣(Fxm)(ξ)

∣∣2 dξ = 1

2π




ξ0∫

ξ0− 1
m

ξ4kD2
1(m) dξ +

ξ1∫

ξ1− 1
m

ξ4kD2
2(m)




6
D2

1(m)ξ4k0 +D2
2(m)ξ4k1

2πm
=

2πm
(
δ20ξ

4k
0 ξ4k1 − δ21ξ

4k
0 + δ21ξ

4k
1 − δ20ξ

4k
0 ξ4k1

)

2πm
(
ξ4k1 − ξ4k0

) = δ21 ,

1

2π

∫

R

ξ8k
∣∣(Fxm)(ξ)

∣∣2 dξ = 1

2π




ξ0∫

ξ0− 1
m

ξ8kD2
1(m) dξ +

ξ1∫

ξ1− 1
m

ξ8kD2
2(m)




6
D2

1(m)ξ8k0 +D2
2(m)ξ8k1

2πm
=

2πm
(
δ20ξ

8k
0 ξ4k1 − δ21ξ

8k
0 + δ21ξ

8k
1 − δ20ξ

4k
0 ξ8k1

)

2πm
(
ξ4k1 − ξ4k0

)

= δ21

(
ξ4k1 + ξ4k0

)
− δ20

p21
p22

= δ22 ,

Ê�È?Æ2È�É�ÓIÖ�ÏIÈ�Ì#Ä�Ê�Ö�Ó2Ô�Ë2È�É�Ê�Ô¤×PØ�Ë	Í	Ù	Ñ	ê
xm(·) ÏIÈ�Æ	Ø�É�Ê�Ñ2Ò`ÄæÌæÎ�Ä�Ï�Ä�Ð2ÖÇö ø�ú�ÜCc�ËIÄ�Ð2Ö�Ë	Ñ2Ö!ó�Ê�È�ê�Î�Ä�Ï�Ä�Ð	ÑëË2ÖÒ,Ö�Ë2Ö�ÖPÌ�Ö�Ó2Ñ	Ð	Ñ	Ë	ä

1

2π


p1

∫

R

ξ2k
∣∣(Fxm)(ξ)

∣∣2 dξ + p2

∫

R

ξ6k
∣∣(Fxm)(ξ)

∣∣2 dξ




=
1

2π


D2

1(m)

ξ0∫

ξ0− 1
m

(
p1ξ

2k + p2ξ
6k

)
dξ +D2

2(m)

ξ1∫

ξ1− 1
m

(
p1ξ

2k + p2ξ
6k

)
dξ




>

D2
1(m)

(
p1
(
ξ0 − 1

m

)2k
+ p2

(
ξ0 − 1

m

)6k)
+D2

2(m)
(
p1
(
ξ1 − 1

m

)2k
+ p2

(
ξ1 − 1

m

)6k)

2πm
.

MiÚ	Ñ
m→ ∞ Ï�Ä�Ë	ËIÄ�ÅñÏ2Ú2È�Â�ÔæÉ�Ê�Ú2Ö�Ò6Ñ	Ê�É�ÅzÍzÌ�Ö�Ó2Ñ	Ð	Ñ	Ë2Ö

Q =
W 2

p2
(
ξ2k0 + ξ2k1

) = δ1W = λ̂0δ
2
0 + λ̂1δ

2
1 + λ̂2δ

2
2

Æ	Ú	ÑzØ�Í'Ä�Î�Ä�Ë	Ë	ä8ãÇÌ�ä1â¯ÖPÎ�ËIÄ�Ð2Ö�Ë	Ñ	Å�ã
ξ0
è
ξ1
Ñ

λ̂0 =
p21δ1
2W

, λ̂1 =
p22W

2 + 2p1p2δ
2
1

2δ1W
, λ̂2 =

p22δ1
2W

.

O�Ä�Í	Ñ2Ò­È�Â�ÚIÄ�Î�È�Ò1è	ÌæÉ�Ó2Ø�ÐIÄ�Ö
δ1 <

√
δ0δ2

Æ2È�Õ�Ú2Ö�â!Ë2È�É�Ê�Ô}È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë2È�Õ�ÈæÌ�È�É�É�Ê�Ä�Ë2È�Ì�ÓIÖ�Ë	Ñ	Å

E
(
W

n2
2 (R),K, δ

)
>

√
λ̂0δ20 + λ̂1δ21 + λ̂2δ22 .
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MPÖ�Ú2Ö�ê'ÏIÖ�ÒaÍëÆ2È�É�Ê�Ú2È�Ö�Ë	Ñ	égÈ�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë	ä8ã4Ò,Ö�Ê�È�ÏIÈ�Ì2Ü�MiÚ	Ñ
k1 = k

è
n1 = 2k

è
k2 = 3k

è
n2 = 4k

è
k ∈ N

Î�Ä�Ï�Ä�ÐIÄ¤ö���ú�Æ	Ú	Ñ	Ë	Ñ2Ò`Ä�Ö�ÊæÌ�Ñ'Ï

1

2π

2∑

s=1


ps

∫

R

∣∣∣∣∣∣
(iξ)(2s−1)kFx(ξ)−

2∑

j=0

αs
j(ξ)(iξ)

2kjFx(ξ) +

2∑

j=0

αs
j(ξ)zj(ξ)

∣∣∣∣∣∣

2

dξ


→ max,

1

2π

∫

R

∣∣zj(ξ)
∣∣2dξ 6 δ2j , j = 0, 1, 2.

(12)

[tÉ�Ó2Ø�ÐIÄ�Ö
δ1 <

√
δ0δ2,

Ì�È�Î�Ô�Ò,Ö�ÒvÊ�Ä�Í	Ñ2Ö
αs
j(ξ)

è
s = 1, 2,

Ð	Ê�È�Â�äAÈ�Ë	ÑõØ�ÏIÈ�Ì�ÓIÖ�Ê�Ì�È�Ú#Å�Ó2ÑpØ�É�ÓIÈ�Ì�Ñ	é
∑2

j=0(iξ)
2kjαs

j(ξ) = (iξ)(2s−1)k .
c9Ä�Ï�Ä�ÐIÄ¤ö���ú�Æ	Ú	Ñ	Ë	Ñ2Ò`Ä�Ö�ÊæÌ�Ñ'Ï

1

2π

2∑

s=1


ps

∫

R

∣∣∣∣∣∣

2∑

j=0

αs
j(ξ)zj(ξ)

∣∣∣∣∣∣

2

dξ


→ max,

1

2π

∫

R

∣∣zj(ξ)
∣∣2dξ 6 δ2j , j = 0, 1, 2.

MiÚ	Ñ2Ò,Ö�Ë	Ñ2ÒïË2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�ÈæjPÈ�â!Ñ
���

Ø�Ë	Å'Í�È�Ì�É�Í�È�Õ�È?Ï	Ó2ÅÇÈ�Ù2Ö�Ë	Í	Ñ¤Æ2È�Ï2ä1Ë	Ê�Ö�Õ�ÚIÄ�Ó2Ô�Ë	ä8ã�×PØ�Ë	Í	Ù	Ñ	ê �

∣∣∣∣∣∣

2∑

j=0

αs
j(ξ)zj(ξ)

∣∣∣∣∣∣

2

=

∣∣∣∣∣∣

2∑

j=0

αs
j(ξ)√
λ̂j

√
λ̂j(·)zj(ξ)

∣∣∣∣∣∣

2

6




2∑

j=0

∣∣∣αs
j(ξ)

∣∣∣
2

λ̂j


·




2∑

j=0

λ̂j |zj(ξ)|2

 , s = 1, 2.

c�ËIÄ�Ð	Ñ	Ê�è

1

2π

2∑

s=1


ps

∫

R

∣∣∣∣∣∣

2∑

j=0

αs
j(ξ)zj(ξ)

∣∣∣∣∣∣

2

dξ


6

1

2π

2∑

s=1


ps

∫

R




2∑

j=0

∣∣∣αs
j(ξ)

∣∣∣
2

λ̂j


·




2∑

j=0

λ̂j |zj(ξ)|2

dξ


.

MiÚ	ÑzÌ�ä1Æ2È�Ó2Ë2Ö�Ë	Ñ	Ñ¤Ø�É�ÓIÈ�Ì�Ñ	Å

2∑

s=1

ps

2∑

j=0

∣∣∣αs
j(ξ)

∣∣∣
2

λ̂j
6 1, (13)

Ê�Ä�Í	Û!ÖWÌ�ä1Æ2È�Ó2Ë	Å	Ö�Ê�É�Å¤Ë2Ö�ÚIÄ�Ì�Ö�Ë2É�Ê�Ì�È

1

2π

2∑

s=1


ps

∫

R

∣∣∣∣∣∣

2∑

j=0

αs
j(ξ)zj(ξ)

∣∣∣∣∣∣

2

dξ


 6

2∑

j=0

λ̂jδ
2
j ,

Ê�Ü1Ö�Ü�Ø�Í'Ä�Î�Ä�Ë	Ë	ä]Ö�Ò,Ö�Ê�È�Ï2ä È�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë	äWÜ�d!È�Í'Ä�Û!Ö�Ò1è]Ð	Ê�ÈîÒ6Ë2È�Û!Ö�É�Ê�Ì�ÈïÈ�Æ	Ê�Ñ2Ò`Ä�Ó2Ô�Ë	ä8ã Ò,Ö�Ê�È�ÏIÈ�Ì
Ê�Ä�Í	Û!ÖWË2ÖPÆ	Ø�É�Ê�È	Ü2MiØ�É�Ê�Ô

αs
j(ξ) =

λ̂j (iξ)
(2s−1)k (−iξ)2kj
2∑

j=0
λ̂jξ4kj

.

O_È�Õ�Ï�Ä}Ø�É�ÓIÈ�Ì�Ñ2Ö ∑2
j=0(iξ)

2kjαs
j(ξ) = (iξ)(2s−1)k è s = 1, 2

è�Ì�ä1Æ2È�Ó2Ë	Å	Ö�Ê�É�Å9Ü9MPÈ�Í'Ä�Û!Ö�Ò1èCÐ	Ê�ÈæØ�É�ÓIÈ�å
Ì�Ñ2Öæö�Þ�ì�ú�Ê�Ä�Í	Û!ÖWÌ�ä1Æ2È�Ó2Ë	Å	Ö�Ê�É�Å9Ü

2∑

s=1

ps

2∑

j=0

∣∣αs
j(ξ)

∣∣2

λ̂j
=
p1ξ

2k + p2ξ
6k

∑2
j=0 λ̂jξ

4kj
.
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b6Ä�É�É�Ò,È�Ê�Ú	Ñ2Ò\×PØ�Ë	Í	Ù	Ñ	é

g1(ξ) = −p1ξ2k − p2ξ
6k + λ̂0 + λ̂1ξ

4k + λ̂2ξ
8k

=
p21δ1
2W

− p1ξ
2k +

p22W
2 + 2p1p2δ

2
1

2δ1W
ξ4k − p2ξ

6k +
p22δ1
2W

ξ8k

=
p22δ1
2W

(
ξ4k0 ξ4k1 − 2ξ2k0 ξ2k1 ξ2k +

(
ξ4k0 + 4ξ2k0 ξ2k1 + ξ4k1

)
ξ4k − 2

(
ξ2k0 + ξ2k1

)
ξ6k + ξ8k

)

=
p22δ1
2W

(
ξ2k − ξ2k0

)2 (
ξ2k − ξ2k1

)2
> 0,

ó�Ê�È?È�Î�ËIÄ�ÐIÄ�Ö�ÊæÐ	Ê�È

p1ξ
2k + p2ξ

6k

∑2
j=0 λ̂jξ

4kj
6 1,
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