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ºM»	¼�½'¾�¿�À6¾QÁ�»	Â�¿�Ã#Ä ® ����� ® ª� �� « ���� �¥¦¤� ���Å1¡�¢�²�³�³�� µ π « ¢���� ¬ ¥ ® £�±	¯�¥m¡�¢�²�³�³�¯ µ π «­¬�® £� ��,¡�¢�²�³�³�¯ ¹
dSÆ�Ç�È�É π ÊÌË2Í�Î�Ï�È�Ï�Ð2Ï�Í�Ñ4Ë2Ï�Ò!Í�Ç�È�Ó�ÏgÔ	Ð2Ï�Ç�È�Õ6ÖØ×	Ù2Ç�Í�ÚyÛ π′ ÊÌÍ�Ü�ÏÞÝpÏ�Ô2Ï�Ú2Ë2Í�Ë	Ù2Í=Ó�ÏßÑ4Ë2Ï�Ò!Í�Ç�È�Ó�Í

Ó�Ç�Í�ÖàÔ	Ð2Ï�Ç�È�Õ6Öá×	Ù2Ç�Í�Úyâ a Ð	Æ�Ô	ÔpãäËpã�å�Õ1Ó#ã�Í�È�Ç�æ π Z �ç����è2è2��� ÛJÍ�Ç�Ú2ÙéÏ�ËpãäÔ2Í�Ð	Ù2Ï�Ý2Ù	×2Í�Ç�Î'ã�æêÙàÔ2Ï�Ð#æ�Z
ÝpÏ�ÎëÎ'ã�Ò�ÝpÏ�Ü�ÏYÍ�Íßì�ÚpÍ�Ñ,Í�Ë	È�ã�ÝpÍ�Ú2Ù	È�Ç�æëÈ�Ï�Ú2É�Î�ÏíËpã�Ô	Ð2Ï�Ç�È�Õ�Í´×	Ù2Ç�Ú�ãØÙ	å π â a Ð	Æ�Ô	ÔpãØËpã�å�Õ1Ó#ã�Í�È�Ç�æ
π Z ��}�î�~��©|2���L��� Û4Í�Ç�Ú2ÙäÏ�ËpãgÏ�ï�Ú�ã�Ý�ã�Í�È�Î�Ï�Ë2Í�×	Ë	Õ�ÑêË2Ï�Ð2ÑVã�Ú2É�Ë	Õ�ÑêÐ#æ�ÝpÏ�Ñ1Û4Î'ã�Ò�Ý2Õ1ðòñQã�Î	È�Ï�ÐYÎ�Ï�È�Ï�Z
Ð2Ï�Ü�Ïíæ'Ó�Ú2æ	Í�È�Ç�æ π ZóÜ�Ð	Æ�Ô	Ô2Ï�ðôÙ'Ú2Ù π′ ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�âéõmã�Î�Ï�ðôÐ#æ�ÝàËpã�å�Õ1Ó#ã�Í�È�Ç�æ π Z �	ö2~���� Û1ã π Z ~�|2�2�2���
π Z ��}�î�~��©|2���L���é�ç����è2è2÷ Ëpã�å�Õ1Ó#ã�Í�È�Ç�æàËpã�Ù2Ñ,Í�Ë	É�ø�Í�Í�Ù	ågÓ�Ï�å�Ñ,Ï�ÒùË	Õ6Öà×	Ù2Ç�Í�ÚàË2Í�È�Ð	Ù	Ó�Ùpã�Ú2É�Ë	Õ6Ö π Z
ñQã�Î	È�Ï�Ð2Ï�Ó=Ó�ÏùÓ�Ç�Í�ÖÞÐ#æ�Ý�ã�Ößì�È�Ï�ð´Ü�Ð	Æ�Ô	Ô	ÕOâ^ Ú2æäÎ�Ï�Ë2Í�×	Ë	Õ6ÖäÜ�Ð	Æ�Ô	ÔòÔ2Ï�Ë	æ'È�Ù2Í π ZóÐpã�å�ÝpÍ�Ú2Ù2Ñ,Ï�ðúÜ�Ð	Æ�Ô	Ô	ÕûÓ�Ó�Í�ÚôüJâ K â U Æ�Ë	Ù'Ö'Ù	Ëàý þ�ÿ6Ó�Ñ,Í�Ç�È�Í
Ç�Ï�Ô	Ð2Í�ÝpÍ�ÚpÍ�Ë	Ù	æ	Ñ4Ù π Z\Ï�È�ÝpÍ�Ú2Ù2Ñ,Ï�ðêÙ π ZóÐpã�å�Ð2Í�ø!Ù2Ñ,Ï�ðHÜ�Ð	Æ�Ô	Ô2Ï�ð�â ü�Ï�Ü�Ú�ã�Ç�Ë2Ï U Æ�Ë	Ù'Ö'Ù	Ë	Æ�ÛJÎ�Ï�Ë2Í�×'Z
Ëpã�æØÜ�Ð	Æ�Ô	Ôpã G Ëpã�å�Õ1Ó#ã�Í�È�Ç�æ π ZóÐpã�å�ÝpÍ�Ú2Ù2Ñ,Ï�ð�ÛmÍ�Ç�Ú2ÙØÚ � ï�Ï�ðíÍ�Í�Ü�Ú�ã�Ó�Ë	Õ1ðYñQã�Î	È�Ï�Ð�æ'Ó�Ú2æ	Í�È�Ç�æØÚ2Ù2ï�Ï
π ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�Û#Ú2Ù2ï�Ï π′ ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�â F ËpãOËpã�å�Õ1Ó#ã�Í�È�Ç�æ π Z\Ï�È�ÝpÍ�Ú2Ù2Ñ,Ï�ð�Û	Í�Ç�Ú2ÙtÔ2Ï�Ð#æ�ÝpÏ�ÎtÚ � ï�Ï�Ü�Ï!Í�Í�Ü�Ú�ã�Ó�Z
Ë2Ï�Ü�Ï=ñQã�Î	È�Ï�Ðpã!ÝpÍ�Ú2Ù	È�Ç�æ´Ë2ÍOï�Ï�ÚpÍ�Í�Û	×2Í�ÑúËpãùÏ�Ý2Ë2ÏùÔ	Ð2Ï�Ç�È�Ï�ÍO×	Ù2Ç�ÚpÏùÙ	å π �'Ëpã�Î�Ï�Ë2Í���Û G Ëpã�å�Õ1Ó#ã�Í�È�Ç�æ
π ZóÐpã�å�Ð2Í�ø!Ù2Ñ,Ï�ð�ÛyÍ�Ç�Ú2Ù�Ï�ËpãÞÏ�Ý2Ë2Ï�Ó�Ð2Í�Ñ,Í�Ë	Ë2Ï´æ'Ó�Ú2æ	Í�È�Ç�æ π ZóÐpã�å�Ð2Í�ø!Ù2Ñ,Ï�ð�Ù π Z\Ï�È�ÝpÍ�Ú2Ù2Ñ,Ï�ðYÜ�Ð	Æ�Ô	Ô2Ï�ð�âT Í´Ü�Ú�ã�Ó�Ë	Õ1ðôñQã�Î	È�Ï�Ðëæ'Ó�Ú2æ	Í�È�Ç�æúÚ2Ù2ï�Ï π′ ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�Û�Ú2Ù2ï�Ï p ZóÜ�Ð	Æ�Ô	Ô2Ï�ðúÝ	Ú2æúË2Í�Î�Ï�È�Ï�Ð2Ï�Ü�Ï p ∈ π â
dLÏùÈ�Í�Ï�Ð2Í�Ñ,Í!õyÏ�Ñ4Ô2Ç�Ï�Ëpã�Ê��!Í�ð	È�ã´ý ��ÿmÎ�Ï�Ë2Í�×	Ëpã�æ π ZóÐpã�å�ÝpÍ�Ú2Ù2ÑVã�ægÜ�Ð	Æ�Ô	Ôpã G æ'Ó�Ú2æ	Í�È�Ç�æ π Z�Ù'Ú2Ù π′ Z
Ðpã�å�Ð2Í�ø!Ù2Ñ,Ï�ð�Û�ï�Ï�ÚpÍ�ÍtÈ�Ï�Ü�Ï	ÛVÍ�Ç�Ú2ÙëÏ�ËpãgË2Ítæ'Ó�Ú2æ	Í�È�Ç�æ π ZLÙ'Ú2Ù π′ ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�Û,È�ÏØÏ�Ëpã p ZóÐpã�å�Ð2Í�ø!Ù2ÑVã
Ý	Ú2æ�Ë2Í�Î�Ï�È�Ï�Ð2Ï�Ü�ÏßÔ	Ð2Ï�Ç�È�Ï�Ü�Ït×	Ù2Ç�Ú�ã p Û2ÝpÍ�Ú2æ	��Í�Ü�ÏÞÔ2Ï�Ð#æ�ÝpÏ�Î G ÛAÈ�âAÍ�âJÚ � ï�Ï�ð�Í�ÍQÜ�Ú�ã�Ó�Ë	Õ1ðíñQã�Î	È�Ï�Ð
æ'Ó�Ú2æ	Í�È�Ç�æ p Z�Ù'Ú2Ù p′ ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�â I Ï�Ë2Í�×	Ë	Õ�Í π ZóÐpã�å�ÝpÍ�Ú2Ù2Ñ4Õ�Í�Ü�Ð	Æ�Ô	Ô	ÕbÙ	Ë	È�Í�Ë2Ç�Ù	Ó�Ë2Ï´Ù	å�Æ�×pã�Ú2Ù2Ç�É´Ëpã
Ô	Ð2Ï�È�æ'Ò!Í�Ë	Ù	ÙúÓ�Ç�Í�Ö�ÚpÍ�È�Ðpã�å�Ó�Ù	È�Ù	æYÈ�Í�Ï�Ð	Ù	ÙäÎ�Ï�Ë2Í�×	Ë	Õ6ÖäÜ�Ð	Æ�Ô	Ô�ÛmËpã�×	Ù	Ëpã�æòÇ=Î'Ú�ã�Ç�Ç�Ù	×2Í�Ç�Î	Ù'ÖäÐpã�ï�Ï�ÈU Æ�Ë	Ù'Ö'Ù	Ëpãßý þ�ÿyÙ
�tâ X Ï�Ú	Ú�ãÞý ��ÿ
��Ç�Ñ1â�ý���ÿ\Û	Ï�ï�å�Ï�Ð	Õ?ý �'Û��'Û���ÿ�ÙßÚ2Ù	È�Í�Ðpã�È�Æ�Ð	ÆÞÓùË	Ù'Ö���âG Ï�Î'ã�Ú2É�Ë2ÏOÎ�Ï�Ë2Í�×	Ë	Õ�Í π ZóÐpã�å�ÝpÍ�Ú2Ù2Ñ4Õ�Í1Ü�Ð	Æ�Ô	Ô	ÕOÛ�Î�Ï�È�Ï�Ð	Õ�Ñ�Ô2Ï�Ç�Ó�æ	��Í�ËpãSËpã�Ç�È�Ï�æ	�ùã�æ�Ðpã�ï�Ï�È�ã'Û�ÝpÏ
Ëpã�Ç�È�Ï�æ	��Í�Ü�ÏQÓ�Ð2Í�Ñ,Í�Ë	ÙtÔ	Ðpã�Î	È�Ù	×2Í�Ç�Î	ÙtË2Í�Ù	å�Æ�×pã�Ú2Ù2Ç�É2â F Ç�Ë2Ï�Ó�Ë	Õ�ÑYËpã�ø!Ù2Ñ�Ð2Í�å�Æ�Ú2É�È�ã�È�Ï�Ñäæ'Ó�Ú2æ	Í�È�Ç�æ
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^ Ú2æßÔ2Í�Ð	Ù2Ï�Ý2Ù	×2Í�Ç�Î�Ï�ðØÜ�Ð	Æ�Ô	Ô	Õ G ÙgÑ4Ë2Ï�Ò!Í�Ç�È�Ó#ã π Ô	Ð2Ï�Ç�È�Õ6Ö´×	Ù2Ç�Í�Ú�Ï�ï�Ï�å�Ëpã�×	Ù2Ñ ×2Í�Ð2Í�å Oπ(G)Ëpã�Ù2ï�Ï�Ú2É�ø!Æ � Ë2Ï�Ð2ÑVã�Ú2É�Ë	Æ � π ZóÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ô	ÆYÜ�Ð	Æ�Ô	Ô	Õ G Û4È�â4Í�âgÔ	Ð2Ï�Ù	å�Ó�Í�ÝpÍ�Ë	Ù2ÍÞÓ�Ç�Í�ÖäÍ�Í�Ë2Ï�Ð2ÑVã�Ú2É�Z

Ë	Õ6Ö π ZóÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ô�â ^ ã�ÚpÍ�Í�ÛAÔ	Æ�Ç�È�É Oπ,π′(G) Ê Ô2Ï�Ú2Ë	Õ1ðØÔ	Ð2Ï�Ï�ï�Ðpã�åùÓ G Ü�Ð	Æ�Ô	Ô	Õ Oπ′(G/Oπ(G)) Û
Oπ,π′,π(G) ÊûÔ2Ï�Ú2Ë	Õ1ð´Ô	Ð2Ï�Ï�ï�Ðpã�åQÓ G Ü�Ð	Æ�Ô	Ô	Õ Oπ(G/Oπ,π′(G)) ÙßÈ�â'Ýyâ

[,æ�Ý
1 = P0(G) 6 N0(G) 6 P1(G) 6 N1(G) 6 · · · 6 Pn(G) 6 Nn(G) 6 . . . (1)

Ëpã�å�Õ1Ó#ã�Í�È�Ç�æ ���\�2�	�2��� π
�­�	ö2~���� Ü�Ð	Æ�Ô	Ô	Õ G Û2Í�Ç�Ú2Ù

N0(G) = Oπ′(G), P1(G) = Oπ,π′(G), N1(G) = Oπ,π′,π(G),

ãßÝ	Ú2æ i > 1 Pi(G) Ê Ô2Ï�Ú2Ë	Õ1ðúÔ	Ð2Ï�Ï�ï�Ðpã�åÞÓ G Ü�Ð	Æ�Ô	Ô	Õ Oπ(G/Ni−1(G)) Û Ni(G) Ê Ô2Ï�Ú2Ë	Õ1ð
Ô	Ð2Ï�Ï�ï�Ðpã�åQÓ G Ü�Ð	Æ�Ô	Ô	Õ Oπ′(G/Pi(G)) â�gv�� �Jz�@pC � � � % ���	� 1 = P0 6 N0 6 P1 6 N1 6 · · · 6 Pn 6 Nn 6 . . . � "� ��ß$ - "A��������$	/
*0 - ��#�"2 	0	0 #�"2 	0	0	/

G
* 
=� - � - " - �ä���� Þ��')( - # -

i Ni/Pi � π′ " #�"2 	0	0�� * Pi+1/Ni � π " #�"2 	0	0�� * � -
Pi 6 Pi(G)

5
� ( � % ���	� #�"2 	0	0��

G π " "���
��y���	�2��� * � - ���í
'�¦"	*'$	�	� π " "� �� (1)
� - * - ���A�ú� -

G
* �?�����	�

Nm−1(G) 6= Pm(G) 6 Nm(G) = G
* � -

π " ���	�	$�� G "���
�$��
m
5
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 � % ���	� H � 0 - ��#�"2 	0	0�� #�"2 	0	0	/
G
* � -

H ∩ Pi(G) 6 Pi(H)
*
H ∩ Ni(G) 6 Ni(H)

* ���� 

'��� *

i > 0
5
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5
C �çã � _ Ë'Ý2Æ�Î��	Ù	æßÔ2Ï i â
dLÏòÏ�Ô	Ð2Í�ÝpÍ�ÚpÍ�Ë	Ù � P0 = P0(G) Û N0 6 N0(G) â?dSÆ�Ç�È�ÉòÝ	Ú2æôË2Í�Î�Ï�È�Ï�Ð2Ï�Ü�Ï i Pi 6 Pi(G) Û

N0 6 N0(G) â�õyÏ�Ü�Ý�ã Ni 6 Ni(G) ∩ Pi+1(G) ÛpÏ�È�Î	Æ�Ý�ã
(Ni(G)Pi+1)/Ni(G) ' Pi+1/(Ni(G) ∩ Pi+1) ' (Pi+1/Ni)/((Ni(G) ∩ Pi+1)/Ni).

õmã�Î	Ù2Ñ Ï�ï�Ðpã�å�Ï�Ñ1Û (Ni(G)Pi+1/Ni(G)) Ù	å�Ï�Ñ,Ï�Ð2ñLËpã�ñQã�Î	È�Ï�Ð'ZóÜ�Ð	Æ�Ô	Ô2Í π ZóÜ�Ð	Æ�Ô	Ô	Õ Pi+1/Ni Ù�ÛÇ�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Ë2Ï	Ûpæ'Ó�Ú2æ	Í�È�Ç�æ π ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�â
dLÏ�Ç�Î�Ï�Ú2É�Î	Æ (Ni(G)Pi+1)/Ni(G) E G/Ni(G) ÛOÈ�Ï (Ni(G)Pi+1)/Ni(G) 6 Oπ(G/Ni(G)) ÛÈ�â�Í�â Ni(G)Pi+1 6 Pi+1 ÛÞÏ�È�Î	Æ�Ý�ã Pi+1 6 Pi+1(G) â K Ëpã�ÚpÏ�Ü�Ù	×	Ë2ÏêÝpÏ�Î'ã�å�Õ1Ó#ã�Í�È�Ç�æ7Ûg×	È�Ï

Ni+1 6 Ni+1(G) â
��ï �LdSÆ�Ç�È�É G Ê π ZóÐpã�å�ÝpÍ�Ú2Ù2ÑVã�æäÜ�Ð	Æ�Ô	Ôpã'â���È�ÏgÏ�å�Ëpã�×pã�Í�È�Û,×	È�Ï´Ó´Ë2Í�ðäÇ�Æ���Í�Ç�È�Ó�Æ�Í�ÈgÐ#æ�ÝòË2Ï�Ð'Z

ÑVã�Ú2É�Ë	Õ6Ö´Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô 1 = P0 6 N0 6 P1 6 N1 6 · · · 6 Pm 6 Nm = G Û	Ý	Ú2æ´Î�Ï�È�Ï�Ð	Õ6Ö Ni/Pi Ê
π′ ZóÜ�Ð	Æ�Ô	Ôpã'Û�ã Pi+1/N1 Ê π ZóÜ�Ð	Æ�Ô	ÔpãtÔ	Ð	Ù�Ó�Ç�Í�Ö i > 0 â���Õ�ï�Í�Ð2Í�Ñàì�È�Ï�ÈÞÐ#æ�Ý�È�ã�Î�ÛA×	È�Ï�ï�Õ m ï�Õ6ÚpÏ
Ëpã�Ù2Ñ,Í�Ë	É�ø!Ù2ÑëÙ	åLÓ�Ï�å�Ñ,Ï�ÒùË	Õ6Ö7â

dLÏ�Î'ã�Ò!Í�Ñ1Ûp×	È�Ïù×	Ù2Ç�ÚpÏ m Ðpã�Ó�Ë2Ï π ZçÝ	Ú2Ù	Ë2Í G â
dLÏLÔ	Æ�Ë	Î	È�Æ �çã � G = Nm 6 Nm(G) Û#È�â�Í�â Nm(G) = G â T Ç�Ú2Ù�Ô	Ð	Ù=ì�È�Ï�Ñ Nm−1(G) = Pm(G) Û

È�Ï G/Pm−1 æ'Ó�Ú2æ	Í�È�Ç�æ π′ ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�Û�È�â6Í�â Nm−1(G) = G ÙôÐ#æ�Ý P0(G) 6 N0(G) < · · · <
Nm(G) = G Ù2Ñ,Í�Í�È π ZçÝ	Ú2Ù	Ë	ÆÞÐpã�Ó�Ë	Æ � m â

� Ó�� _ Ë'Ý2Æ�Î��	Ù	æùÔ2Ï i â4dLÏ�Ë	æ'È�Ë2Ï	Û�×	È�Ï H∩N0(G) ÊêË2Ï�Ð2ÑVã�Ú2É�Ëpã�æ π′ ZóÔ2Ï�Ý2Ü�Ð	Æ�Ô	ÔpãLÓ H Û�Ô2Ï�ì�È�Ï�Ñ4Æ
H ∩N0(G) 6 N0(H) Û	ÙÞÚpÍ�Ñ,ÑVã=Ç�Ô	Ðpã�Ó�Í�Ý	Ú2Ù	Ó#ã�Ý	Ú2æ i = 0 â

dSÆ�Ç�È�É´Ý	Ú2æíË2Í�Î�Ï�È�Ï�Ð2Ï�Ü�Ï i H ∩ Pi(G) 6 Pi(H) Û H ∩ Ni(G) 6 Ni(H) âßõyÏ�Ü�Ý�ã (Pi+1(G) ∩
H)/Ni(H) Ê Ë2Ï�Ð2ÑVã�Ú2É�Ëpã�æ�Ó H/Ni(H) Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ôpã'â ^ Ú2æßÚ � ï�Ï�Ü�Ï x ∈ Pi+1(G) ∩H ÛpÔ2Ï�Ï�Ô	Ð2Í�ZÝpÍ�ÚpÍ�Ë	Ù � Pi+1(G) Û�Ç�Æ���Í�Ç�È�Ó�Æ�Í�È π Zó×	Ù2Ç�ÚpÏ n ÛpÝ	Ú2æ�Î�Ï�È�Ï�Ð2Ï�Ü�Ï xn ∈ Ni(G) ∩H 6 Ni(H) ÛAÔ2Ï�ì�È�Ï�Z
Ñ4Æ (Pi+1(G) ∩ H)/Ni(H) æ'Ó�Ú2æ	Í�È�Ç�æ π ZóÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ô2Ï�ð�Û�×	È�Ï�Ï�å�Ëpã�×pã�Í�È (Pi+1(G) ∩ H)/Ni(H) 6
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Oπ(H/Ni(H)) ÛOÈ�âMÍ�â Pi+1(G) ∩ H 6 Pi+1(H) âÌõyÍ�Ô2Í�Ð	Éáã�Ëpã�ÚpÏ�Ü�Ù	×	Ë2Ï ÝpÏ�Î'ã�å�Õ1Ó#ã�Í�È�Ç�æ7ÛQ×	È�Ï
Ni+1(G) ∩H 6 Ni+1(H) â ��È�Ïùå�ã�Î'ã�Ë	×	Ù	Ó#ã�Í�È�ÝpÏ�Î'ã�å�ã�È�Í�Ú2É�Ç�È�Ó�Ï�Ô	Æ�Ë	Î	È�ã � Ó���â

� Ü � T Ç�Ú2Ù H Ê?Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ôpã G Û'È�Ï�Ô2Ï � Ó�� H = H ∩Nm(G) 6 Nm(H) Û'Ü�ÝpÍ m Ê π ZçÝ	Ú2Ù	Ëpã G Û
Ô2Ï�ì�È�Ï�Ñ4Æ Nm(H) = H Û'È�â2Í�â H π ZóÐpã�å�ÝpÍ�Ú2Ù2ÑVã π ZçÝ	Ú2Ù	Ë	ÕOÛ	Ë2ÍLÔ	Ð2Í�Ó�Ï�Ç�Ö#Ï�Ý2æ	��Í�ð m â

dSÆ�Ç�È�É H = G/K âRõyÏ�Ü�Ý�ã 1 = K/K 6 N1(G)K/K 6 P1(G)K/K 6 · · · 6 G/K Ê
π ZóÐ#æ�Ý H Û π ZçÝ	Ú2Ù	ËpãØÎ�Ï�È�Ï�Ð2Ï�Ü�Ï�Ë2ÍtÔ	Ð2Í�Ó�Ï�Ç�Ö#Ï�Ý2Ù	È π ZçÝ	Ú2Ù	Ë	Õ G âädLÏ�ì�È�Ï�Ñ4Æ H π ZóÐpã�å�ÝpÍ�Ú2Ù2ÑVãØÙúÍ�Í
π ZçÝ	Ú2Ù	ËpãùË2ÍSÔ	Ð2Í�Ó�Ï�Ç�Ö#Ï�Ý2Ù	È π ZçÝ	Ú2Ù	Ë	Õ G âVdSÆ�Ë	Î	È � Ü ��ÝpÏ�Î'ã�å�ã�Ë�â B

�gv�� �Jz�B � È�Í�Ï�Ð2Í�ÑVã�
Oã�Ç�Ç�Í�Ë'Ö�ã�Æ�å�ãtý �'Û#È�Í�Ï�Ð2Í�Ñ4Õàõ�â����'â��MÙtõ�â����'â ��ÿ�Ç�Æ�×2Í�È�Ï�Ñ ý ��ÿ � C �M 2����� N �$ - "A��������$��! í0 - ��#�"2 	0	0��Þ� - $A����$ - � #�"2 	0	0	/
G
�
(|N |, |G : N |) = 1

5g+�- #©���Þ

G
�© 
��������
� 2���

� - 0 - �	$A��$	�A�J�
N
�ß
'���6� - 0 - �	$A��$	�� ´�

N
� - 0#"� '�=��$	/ê


G
5

a Ð	Æ�Ô	Ôpã G Ëpã�å�Õ1Ó#ã�Í�È�Ç�æ è������L}����2��� Û�Í�Ç�Ú2Ù�Ç�Æ���Í�Ç�È�Ó�Æ�Í�ÈJÈ�ã�Î�Ï�Í�Ô	Ð2Ï�Ç�È�Ï�Í�×	Ù2Ç�ÚpÏ p Û�×	È�ÏMÔ2Ï�Ð#æ�ÝpÏ�Î
Î'ã�Ò�ÝpÏ�Ü�ÏØì�ÚpÍ�Ñ,Í�Ë	È�ã�Ü�Ð	Æ�Ô	Ô	Õ G Ê Ç�È�Í�Ô2Í�Ë	É p â �VÚpÍ�Ñ,Í�Ë	È g Ü�Ð	Æ�Ô	Ô	ÕûËpã�å�Õ1Ó#ã�Í�È�Ç�æ è������L}����2÷y� Û
Í�Ç�Ú2ÙgÍ�Ü�ÏùÔ2Ï�Ð#æ�ÝpÏ�ÎgÐpã�Ó�Í�ËgÇ�È�Í�Ô2Í�Ë	Ù´Ë2Í�Î�Ï�È�Ï�Ð2Ï�Ü�Ï�Ô	Ð2Ï�Ç�È�Ï�Ü�Ï=×	Ù2Ç�Ú�ã'â

üVÚpÍ�Ý2Æ � �!Ù2ÍLÔ	Ð2Ï�Ç�È�Õ�ÍOå�ã�Ñ,Í�×pã�Ë	Ù	æÞÖ#Ï�Ð2Ï�ø�ÏùÙ	å�Ó�Í�Ç�È�Ë	ÕOâ
�gv�� �Jz��7C � � � � 
��������#��$	�A���6"��������	$	� � 5$% ���	�

H � � - $A����$��! ò$ - "A��������$��! ú0 - ��#�"2 	0	0��
#�"2 	0	0	/

G
�
P � ���	� - 
'���	�! ´0 - ��#�"2 	0	0��

H
* � -

G = HNG(P )
5

� ( ��� ')( - �����A������$A� g � - $A����$ - # - 0 - "� ����	�Þ
 #�"2 	0	0A�Q0#"y�¦�y������
��2�é
ß
��#�y� g = g1g2 . . . gs
*

#©�y�M�	���Q��/1�����A������$A�
gi
*
i = 1, 2, . . . , s,

0#"��2����"y��$g�  '
��� ������  Ø������0A��$��8'
g
5

� 
 � % ���	� G � � - $A����$��! #�"2 	0	0��ß������ Y�	���Q� - # - 0#" - ��� - # - ���A�����
pi
* �y���� 	���2# - |G| * Pi- 
�$����#�����Ø���Q$A��� - � - "2 �' ���	� - 
'���� �'

pi " 0 - ��#�"2 	0	0� * � - G = 〈P1, P2, . . . , Pi, . . . , Ps〉
* #©�y�

s ����A��� - 0#" - ����/
*��y���	�A�����A���g0 - "� ����	� #�"2 	0	0	/
G
5

T Ç�Ú2Ù Ü�Ð	Æ�Ô	Ôpã A ÝpÍ�ð2Ç�È�Ó�Æ�Í�È Ëpã?Ü�Ð	Æ�Ô	Ô2Í B Û�È�ÏûÏ�ï�Ï�å�Ëpã�×	Ù2Ñ ×2Í�Ð2Í�å CB(A) Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ
{b ∈ B : bα = b Ý	Ú2æßÓ�Ç�Í�Ö α ∈ A} Û2ã�×2Í�Ð2Í�å [B,A] Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ

〈
[b, α] = b−1bα : b ∈ B, α ∈ A

〉
.

] ã�Ñ,Í�È�Ù2Ñ1Û�×	È�Ï�Í�Ç�Ú2Ù�Ô	Ð	Ùgì�È�Ï�Ñ B Ù A Ê Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô	ÕêË2Í�Î�Ï�È�Ï�Ð2Ï�ð�Ï�ï;��Í�ð�Ü�Ð	Æ�Ô	Ô	ÕOÛpÈ�Ï CB(A) ÊÏ�ï�Õ1×	Ë	Õ1ð �2Í�Ë	È�Ðpã�Ú2Ù	å�ã�È�Ï�Ð A Ó B Û2ã [B,A] Ê Ï�ï�Õ1×	Ë	Õ1ðgÓ�å�ã�Ù2Ñ4Ë	Õ1ðgÎ�Ï�Ñ,Ñ4Æ�È�ã�Ë	È B Ù A â
�gv�� �JzHE�C �M 2�����

p � 0#" - ��� - �����A��� -�*
A � p′ " #�"2 	0	0�� * �y���A����
� �'��=�! ò$��´� - $A����$ - � p "#�"2 	0	0A�

P
5

� � �!ý �'ÛAÈ�Í�Ï�Ð2Í�ÑVãßþ'â þ'â���ÿ\â % ���	� P � ���A������$A����"�$��! ò� (����A��
����
P0 � A " �	$	
���"�����$A��$��! �0 - � "#�"2 	0	0��!


P
* � -

P = P0 × P1
* #©�y�

P1 A " �	$	
���"�����$A��$�� 5
� ( �=ý �'ÛmÈ�Í�Ï�Ð2Í�ÑVã
�'â þ'â ��ÿ\â P = Cp(A) · [P,A]

5 � �#������$ - ����� * �����	�
[P,A] 6 Φ(P )

* � -
P =

Cp(A)
5

� 
 �Sý �'Û	È�Í�Ï�Ð2Í�ÑVã �'â þ'â ��ÿ\â [[P,A], A] = [P,A]
5

�gv�� �Jzä>AC % ���	�
N � $ - "A��������$��! ´0 - ��#�"2 	0	0��!� - $A����$ - � #�"2 	0	0	/

G
�
G/N

"���
�"y���!�2��� *
� - �© 
��������
� 2���S"���
�"y���!�2���! ß0 - ��#�"2 	0	0��

H
* ���� Þ� - � - " - �

G = NH
5

C
F ×2Í�Ó�Ù'Ý2Ë2Ï	Û G = NG â�dSÆ�Ç�È�É H Ê Ô2Ï�Ý2Ü�Ð	Æ�Ô	ÔpãØËpã�Ù2Ñ,Í�Ë	É�ø�Í�Ü�ÏØÔ2Ï�Ð#æ�Ý2Î'ã'ÛVÝ	Ú2æäÎ�Ï�È�Ï�Ð2Ï�ð

G = NH â T Ç�Ú2Ù N ∩ H 
 Φ(H) ÛyÈ�ÏgÇ�Æ���Í�Ç�È�Ó�Æ�Í�È�ÑVã�Î�Ç�Ù2ÑVã�Ú2É�Ëpã�æäÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ôpã H1 6 H Û7Ý	Ú2æ
Î�Ï�È�Ï�Ð2Ï�ð N ∩H 
 H1 Û�È�â�Í�â 〈N ∩H,H1〉 = H â P ÏSÈ�Ï�Ü�Ý�ã G = NH = N · 〈N ∩H,H1〉 = NH1 ÛÓ�Ï�Ô	Ð2Í�Î	ÙgÓ�Õ�ï�Ï�Ð	Æ H â,õmã�Î	Ù2Ñ Ï�ï�Ðpã�å�Ï�Ñ1Û H ∩N 6 Φ(H) Ë	Ù'Ú2É�Ô2Ï�È�Í�Ë	È�Ëpã=Ù H Ðpã�å�Ð2Í�ø!Ù2ÑVã'â BT Ç�Ú2Ù H ÊàË2Ï�Ð2ÑVã�Ú2É�Ëpã�æOÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ôpã�Ü�Ð	Æ�Ô	Ô	Õ G Û N 6 K 6 G Ù L 6 G Û�È�Ï5�2Í�Ë	È�Ðpã�Ú2Ù	å�ã�È�Ï�Ð2Ï�Ñ
K/N Ó L Ëpã�å�Ï�Ó�Í�ÑúÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ CL(K/N) = {x ∈ L : [k, x] ∈ N Ý	Ú2æßÓ�Ç�Í�Ö k ∈ K} â

�gv�� �Jz��7C �M 2�����
G � � - �	������$ - � - $A����$��! 

π " "���
��y���	�2���! #�"2 	0	0�� 5
� � � % ���	� Oπ′(G) = 1

* � -
CG(Oπ(G) 6 Oπ(G)

5
� ( � CG(Oπ,π′(G)/Oπ′(G)) 6 Oπ,π′(G)

5



� � - �	������$ - � - $A����$	/
*
π " "���
��y���	�2�4/
* #�"2 	0	0���* ���

C �çã �OdLÏ�ÚpÏ�ÒùÙ2Ñ K = Oπ(G)CG(Oπ(G)) â�õyÏ�Ü�Ý�ã K Ê Ö�ã�Ðpã�Î	È�Í�Ð	Ù2Ç�È�Ù	×2Í�Ç�Î'ã�æúÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ôpã
Ó G Ù Oπ(G) = Oπ(K) âVdLÏ�Ç�Î�Ï�Ú2É�Î	Æ Oπ′(K) ÊûË2Ï�Ð2ÑVã�Ú2É�Ëpã�æ π′ ZóÔ2Ï�Ý2Ü�Ð	Æ�Ô	ÔpãùÓ G Û'È�Ï Oπ′(K) 6
Oπ′(G) = 1 âòdLÏØÔ	Æ�Ë	Î	È�Æ � Ü �OÚpÍ�Ñ,Ñ4Õ � K π ZóÐpã�å�ÝpÍ�Ú2Ù2ÑVã'â T Ç�Ú2Ù K 6= Oπ(K) = Oπ(G) Û�È�Ï
M = Oπ,π′(K) 6= Oπ(K) âmdLÏ�Ç�Î�Ï�Ú2É�Î	Æ CG(Oπ(G)) D G Ù K/CG(Oπ(G)) æ'Ó�Ú2æ	Í�È�Ç�æ π ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�ÛÎ'ã�ÎgñQã�Î	È�Ï�Ð'ZóÜ�Ð	Æ�Ô	Ôpã π ZóÜ�Ð	Æ�Ô	Ô	Õ Oπ(G) Û	È�Ï�Ó�Ç�Í π′ Zóì�ÚpÍ�Ñ,Í�Ë	È�ÕHÙ	å M Ç�Ï�ÝpÍ�Ð#Ò�ã�È�Ç�æ�Ó CG(Oπ(G)) âdSÆ�Ç�È�É x Û y Ê π′ Zóì�ÚpÍ�Ñ,Í�Ë	È�ÕYÙ	å M âydLÏ1Æ�Ç�ÚpÏ�Ó�Ù � Ü�Ð	Æ�Ô	Ôpã U = 〈x, y〉 Î�Ï�Ë2Í�×	Ëpã'â4dLÏ6ÚpÍ�Ñ,Ñ,Í�� � Ó��
U = Oπ,π′(U) Ù Oπ(U) 6 Z(U) â,dLÏ�ÚpÍ�Ñ,Ñ,Í)� U = Oπ(U)×H, Ü�ÝpÍ H Ê π′ ZóÜ�Ð	Æ�Ô	Ôpã'Û	Ô2Ï�ì�È�Ï�Ñ4Æ
x, y ∈ H, U = H Ù 〈x, y〉 æ'Ó�Ú2æ	Í�È�Ç�æ π′ ZóÜ�Ð	Æ�Ô	Ô2Ï�ð�â,õmã�Î	Ù2ÑòÏ�ï�Ðpã�å�Ï�Ñ1Û�Ô	Ð2Ï�Ù	å�Ó�Í�ÝpÍ�Ë	Ù2ÍMÚ � ï�Õ6ÖùÝ2Ó�Æ#Ö
π′ Zóì�ÚpÍ�Ñ,Í�Ë	È�Ï�Ó!Ù	å M æ'Ó�Ú2æ	Í�È�Ç�æ π′ Zóì�ÚpÍ�Ñ,Í�Ë	È�Ï�Ñ1Û�È�â�Í�â4Ç�Ï�Ó�Ï�Î	Æ�Ô	Ë2Ï�Ç�È�É M0 Ó�Ç�Í�Ö π′ Zóì�ÚpÍ�Ñ,Í�Ë	È�Ï�Ó!Ù	å MÇ�Ï�Ç�È�ã�Ó�Ú2æ	Í�È´Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ�Û�Î�Ï�È�Ï�Ðpã�æØÖ�ã�Ðpã�Î	È�Í�Ð	Ù2Ç�È�Ù	×	ËpãßÓ M Û7Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Ë2Ï	ÛyÙ	Ë	Ó#ã�Ð	Ùpã�Ë	È�ËpãÞÓ G
Ù´Ç�Ï�ÝpÍ�Ð#ÒùÙ	È�Ç�æ�Ó Oπ′(G) = 1 âVdLÏ�ì�È�Ï�Ñ4Æ M0 = 1 Ù M = Oπ(K) �'Ô	Ð2Ï�È�Ù	Ó�Ï�Ð2Í�×	Ù2Í�â

��ï � T Ç�Ú2Ù c ∈ CG(Oπ,π′(G)/Oπ′ (G)) Û6È�ÏíÓ G/Oπ′(G) ì�ÚpÍ�Ñ,Í�Ë	È COπ′(G) Û
�2Í�Ë	È�Ðpã�Ú2Ù	å�Æ�Í�È
Oπ(G/Oπ′(G)) âùdLÏÞÔ	Æ�Ë	Î	È�Æ �çã ��Û7Ô	Ð	Ù2Ñ,Í�Ë2Í�Ë	Ë2Ï�Ñ4Æ�Î G/Oπ′(G) Û COπ′(G) ∈ Oπ(G/Oπ′(G)) =
Oπ,π′(G)/Oπ′ (G) âVdLÏ�ì�È�Ï�Ñ4Æ c ∈ Oπ,π′(G) â B�gv�� �Jz���C % ���	�

G � � - �	������$ - � - $A����$��! #�"2 	0	0�� * ���� � - � - " - �
G = Oπ,π′(G)

�
CG(Oπ′(G)) 6 Oπ′(G)

* � - ���� ��')( - # -
p " ���A������$A��� a ∈ G\Oπ′(G)

* #©�y�
p ∈ π

* $����#�y�����  
$A����"��	
���������$	/1�ò0#"��2����"�$	/1� ���A������$A�

b ∈ Oπ′(G)
����� - � * ��� - 〈a, b〉 = B(a)

* #©�y�
B � 0#"�� "����"�$��! $#�"2 	0	0�� * 〈a〉 �y���A����
� 2���t$A����"��	
���������$ - �í$A��0#"��	
 - ���2� - $�� B/Φ(B)

� * 
Y�#������$ - ����� *
b ∈ [B, 〈a〉] 5

C dLÏ�Æ�Ç�ÚpÏ�Ó�Ù � a Ë2Í �2Í�Ë	È�Ðpã�Ú2Ù	å�Æ�Í�È Oπ′(G) Û	Ô2Ï�ì�È�Ï�Ñ4ÆtËpã�ð'ÝpÍ�È�Ç�æ b ∈ Oπ′(G) Û'Ý	Ú2ætÎ�Ï�È�Ï�Ð2Ï�Ü�Ï
[b, a] 6= 1 â�dLÏ�ÚpÍ�Ñ,Ñ,Í!þ5��ï � b = b1 . . . bs Û2Ü�ÝpÍ b1, . . . , bs ÊûÔ	Ð	Ù2ÑVã�Ð	Ë	Õ�ÍQì�ÚpÍ�Ñ,Í�Ë	È�ÕêÙ´Î'ã�Ò�Ý2Õ1ð�Ù	å
Ë	Ù'ÖÞæ'Ó�Ú2æ	Í�È�Ç�ægÇ�È�Í�Ô2Í�Ë	É � b â

dLÏ�Ë	æ'È�Ë2Ï	Ûm×	È�ÏßÓ�Ç�Í bi Ô	Ð	Ù	Ëpã�Ý	ÚpÍ�Ò�ã�È Oπ′(G) Ù [bi, a] 6= 1 Ý	Ú2æíË2Í�Î�Ï�È�Ï�Ð2Ï�Ü�Ï i ∈ {1, . . . , s} Û
Ô2Ï�ì�È�Ï�Ñ4Æ�Ñ,Ï�ÒùË2ÏßÇ�×	Ù	È�ã�È�É2Û7×	È�Ï b Ô	Ð	Ù2ÑVã�Ð2Í�Ë�âQdLÏ�ÚpÏ�ÒùÙ2Ñ H = 〈b, a〉 âLdLÏ�Ô	Æ�Ë	Î	È�Æ � Ó��1ÚpÍ�Ñ,Ñ4Õ �
H = G ∩H = Oπ′,π(G) ∩H 6 Oπ′,π(H) ÛAÈ�âAÍ�â Oπ′,π(H) = H Ù b ∈ Oπ′(G) ∩H 6 Oπ′(H) â
dLÏtÆ�Ç�ÚpÏ�Ó�Ù � H = 〈b, a〉 Ê Î�Ï�Ë2Í�×	Ëpã�æØÜ�Ð	Æ�Ô	Ôpã'â ��Õ�ï�Í�Ð2Í�Ñ b È�ã�Î�ÛA×	È�Ï�ï�Õ Ô2Ï�Ð#æ�ÝpÏ�Î H ï�Õ6ÚíËpã�Ù'Z
Ñ,Í�Ë	É�ø!Ù2Ñ1â F ×2Í�Ó�Ù'Ý2Ë2Ï H = B · 〈a〉 Û#Ü�ÝpÍ B = 〈bx : x ∈ 〈a〉〉 Ù B = Oπ′(H) â I Ð2Ï�Ñ,ÍMÈ�Ï�Ü�Ï	Û 〈a〉 Ê
Ç�Ù'ÚpÏ�Ó�Ç�Î'ã�æ!Ô2Ï�Ý2Ü�Ð	Æ�Ô	ÔpãMÓ B âydSÆ�Ç�È�É P ÊéË2Í�Î�Ï�È�Ï�Ðpã�æùÇ�Ù'ÚpÏ�Ó�Ç�Î'ã�æ!Ô2Ï�Ý2Ü�Ð	Æ�Ô	ÔpãMÓ B âydLÏMå�ã�Ñ,Í�×pã�Ë	Ù �
�QÐpã�È�È�Ù	Ë	Ù �DÚpÍ�Ñ,ÑVã�þ5�çã � � H = BNH(P ) â�� ×pã�Ç�È�Ë2Ï�Ç�È�Ù�Û NH(P ) Ç�Ï�ÝpÍ�Ð#ÒùÙ	È�Ç�Ù'ÚpÏ�Ó�Ç�Î	Æ � Ô2Ï�Ý	Z
Ü�Ð	Æ�Ô	Ô	Æ�Û'Ç�Ï�Ô	Ð#æ'Ò!Í�Ë	Ë	Æ � Ç 〈a〉 â4dLÏ�ì�È�Ï�Ñ4Æ a ∈ NH(ph) Ý	Ú2æ�Ë2Í�Î�Ï�È�Ï�Ð2Ï�Ü�Ï h ∈ H â4õmã�Î	Ù2ÑúÏ�ï�Ðpã�å�Ï�Ñ1Û
Ý	Ú2æ=Î'ã�Ò�ÝpÏ�Ü�Ï!Ô	Ð2Ï�Ç�È�Ï�Ü�Ï p ∈ π′ Û�ÝpÍ�Ú2æ	��Í�Ü�ÏQÔ2Ï�Ð#æ�ÝpÏ�Î B Û a Ë2Ï�Ð2ÑVã�Ú2Ù	å�Æ�Í�È�Ë2Í�Î�Ï�È�Ï�Ð	Æ � Ç�Ù'ÚpÏ�Ó�Ç�Î	Æ �
p ZóÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ Sp Ù	å B â T Ç�Ú2Ù a �2Í�Ë	È�Ðpã�Ú2Ù	å�Æ�Í�È�Î'ã�Ò�Ý2Æ � Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ Sp Û'È�Ï a �2Í�Ë	È�Ðpã�Ú2Ù	å�Æ�Í�È B Û×	È�ÏJÔ	Ð2Ï�È�Ù	Ó�Ï�Ð2Í�×	Ù	ÈOÓ�Õ�ï�Ï�Ð	ÆQì�ÚpÍ�Ñ,Í�Ë	È�ã b âmõmã�Î	Ù2Ñ�Ï�ï�Ðpã�å�Ï�Ñ1Û a Ë2Ï�Ð2ÑVã�Ú2Ù	å�Æ�Í�È�Û�Ë2ÏJË2Í �2Í�Ë	È�Ðpã�Ú2Ù	å�Æ�Í�È
Ë2Í�Î�Ï�È�Ï�Ð	Æ � Ç�Ù'ÚpÏ�Ó�Ç�Î	Æ � Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ P Ù	å B â � Ç�Ù'Ú2Æ�Ñ4Ù	Ë	Ù2ÑVã�Ú2É�Ë2Ï�Ç�È�ÙßÔ2Ï�Ð#æ�Ý2Î'ã H B = P ÙtÔ2Ï
Ô	Æ�Ë	Î	È�Æ ��ï �MÚpÍ�Ñ,Ñ4Õ � B = [B, 〈a〉] â I Ð2Ï�Ñ,Í=È�Ï�Ü�Ï	Û 〈a〉 ÝpÍ�ð2Ç�È�Ó�Æ�Í�ÈgË2Í�È�Ð	Ù	Ó�Ùpã�Ú2É�Ë2ÏgËpã B/Φ(B) âT Ç�Ú2Ù 〈a〉 ÝpÍ�ð2Ç�È�Ó�Æ�Í�È�Ô	Ð	Ù	Ó�Ï�Ý2Ù2Ñ,Ï=Ëpã B/Φ(B) Û'È�ÏùÔ2Ï!ÚpÍ�Ñ,Ñ,Í ���çã �

B/Φ(B) = B1/Φ(B)×B2/Φ(B),

Ü�ÝpÍ B1 Ù B2 ÊéÇ�Ï�ï�Ç�È�Ó�Í�Ë	Ë	Õ�Í a ZóÙ	Ë	Ó#ã�Ð	Ùpã�Ë	È�Ë	Õ�Í6Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ô	ÕäÜ�Ð	Æ�Ô	Ô	Õ B â �íÇ�Ù'Ú2ÆOÑ4Ù	Ë	Ù2ÑVã�Ú2É�Ë2Ï�Ç�È�ÙÔ2Ï�Ð#æ�Ý2Î'ã H È�ã�Î'ã�æÞÇ�Ù	È�Æ#ã �	Ù	ætË2Í�Ó�Ï�å�Ñ,Ï�ÒùËpã'Û	È�â'Í�â 〈a〉 ÝpÍ�ð2Ç�È�Ó�Æ�Í�È�Ë2Í�Ô	Ð	Ù	Ó�Ï�Ý2Ù2Ñ,ÏùÙtË2Í�È�Ð	Ù	Ó�Ùpã�Ú2É�Ë2Ï
Ëpã B/Φ(B) â B

BAC��Øn��7z��#z	l'v�w�����l'opnòl'v#npkmv�� �

dSÆ�Ç�È�É G Ê?ÚpÏ�Î'ã�Ú2É�Ë2Ï=Î�Ï�Ë2Í�×	Ëpã�æ π ZóÐpã�å�ÝpÍ�Ú2Ù2ÑVã�æ´Ü�Ð	Æ�Ô	Ôpã π ZçÝ	Ú2Ù	Ë	Õ m âF Ô2Ï�Ð	Ë2Ï�ð Ô2Ï�Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Ë2Ï�Ç�È�É � G Ô	Ð	Ù m > 1 Ëpã�å�Ï�Ó�Í�ÑbËpã�ï�Ï�ÐëÔ	Ð	Ù2ÑVã�Ð	Ë	Õ6Öúì�ÚpÍ�Ñ,Í�Ë	È�Ï�Ó
a1, b1, . . . , bm−1, am Û	Ï�ï�Ú�ã�Ý�ã � �!Ù	ð�Ç�ÚpÍ�Ý2Æ � �!Ù2Ñ4ÙgÇ�Ó�Ï�ð2Ç�È�Ó#ã�Ñ4Ù��
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� �!��Ý	Ú2æ i = 1, . . . ,m � ai ∈ Pi(G)\Pi−1(G) �'Ý	Ú2æ j = 1, . . . ,m− 1 � bj ∈ Nj(G)\Nj−1(G) �
� � ��Ý	Ú2æ i = 2, . . . ,m Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ôpã Hi =

〈
ai, bi−1

〉 Ù	å P i = Pi(G)/Pi−1(G) ÛSÜ�ÝpÍ ai =

Pi−1(G) · ai Û bi−1 = Pi−1(G) · bi−1 ÛJÐpã�Ó�Ëpã Bi−1

〈
ai
〉 ÛJÜ�ÝpÍ Bi−1 =

〈
b
x
i−1 : x ∈ 〈ai〉

〉 Ê
Ô	Ð	Ù2ÑVã�Ð	Ëpã�æ7Û 〈ai〉 ÝpÍ�ð2Ç�È�Ó�Æ�Í�ÈgË2Í�È�Ð	Ù	Ó�Ùpã�Ú2É�Ë2ÏgÙ�Ë2Í�Ô	Ð	Ù	Ó�Ï�Ý2Ù2Ñ,ÏgËpã Bi/Φ(B) Ûmã bi−1 ∈ [Bi, 〈ai〉] �Ó=×pã�Ç�È�Ë2Ï�Ç�È�Ù�Û bi−1 ∈

[〈
bxi−1 : x ∈ 〈ai〉

〉
, 〈ai〉

]
Pi−1(G) â

�çþ �SÝ	Ú2æ j = 1, . . . ,m − 1 Ô2Ï�Ý2Ü�Ð	Æ�Ô	Ôpã Li =
〈
bj, aj

〉 Ù	å N j = Nj(G)/Nj−1(G) Û,Ü�ÝpÍ bj =

Nj−1(G)bj Û aj = Nj−1(G)aj Û2Ðpã�Ó�Ëpã Aj

〈
bj
〉 Û2Ü�ÝpÍOÜ�Ð	Æ�Ô	Ôpã Aj =

〈
axj | x ∈

〈
bj
〉〉 Ê Ô	Ð	Ù2ÑVã�Ð	Ëpã'Û

〈bj〉 ÝpÍ�ð2Ç�È�Ó�Æ�Í�ÈßË2Í�È�Ð	Ù	Ó�Ùpã�Ú2É�Ë2ÏßÙ�Ë2Í�Ô	Ð	Ù	Ó�Ï�Ý2Ù2Ñ,ÏßËpã Aj/Φ(Aj) Ù aj ∈ [Aj , 〈bj〉] â �H×pã�Ç�È�Ë2Ï�Ç�È�Ù�Û
aj ∈ [

〈
axj | x ∈

〈
bj
〉〉
, 〈bj〉] ·Ni−1(G) âT Ç�Ú2ÙúÒ!Í π ZçÝ	Ú2Ù	Ëpã G Ðpã�Ó�Ëpã ��Û,È�Ï�Ï�Ô2Ï�Ð	Ë2Ï�ðúÔ2Ï�Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Ë2Ï�Ç�È�É � G Ëpã�å�Ï�Ó�Í�ÑêËpã�ï�Ï�ÐòÙ	å

Ï�Ý2Ë2Ï�Ü�Ï=ì�ÚpÍ�Ñ,Í�Ë	È�ã a1 Û'Ü�ÝpÍ a1 Ê?Ú � ï�Ï�ð´Ô	Ð	Ù2ÑVã�Ð	Ë	Õ1ðgì�ÚpÍ�Ñ,Í�Ë	È=Ù	å P1(G)\N0(G) â^ Ï�Î'ã�å�ã�È�Í�Ú2É�Ç�È�Ó�ÏtÈ�Í�Ï�Ð2Í�Ñ4ÕéÐpã�å�ÝpÍ�Ú2Ù2ÑëËpã!Ý2Ó�ÍJÚpÍ�Ñ,Ñ4ÕOâ�gv�� �Jz��7C�;ù�� ä��')( - �ò� - �	������$ - � - $A����$ - �
π " "���
��y���	�2� - � #�"2 	0	0	/

π " ���	�	$	/ m
�ä��' "( - # - 0#"��2����"�$ - # - ���A������$A���

a ∈ Pm(G)\Nm−1(G)
�© 
��������
� 2��� - 0 - "�$��! t0 - ���A�¦� - 
�����������$ - �����

a1, b1, . . . , am
* ���� ß� - � - " - �

am = 0
5

C
_ Ë'Ý2Æ�Î��	Ù	æ�Ô2Ï m â ] ã�Î'Ú � ×2Í�Ë	Ù2Í�Ï�×2Í�Ó�Ù'Ý2Ë	Õ�ÑàÏ�ï�Ðpã�å�Ï�Ñ Ó�Í�Ð	Ë2ÏtÔ	Ð	Ù m = 1 âMdSÆ�Ç�È�É m > 1

Ù Pm = Pm(G)/Pm−1(G) â F ×2Í�Ó�Ù'Ý2Ë2Ï	Û Pm = Oπ′,π

(
Pm

) Ù Oπ

(
Pm

)
= 1 â

dLÏ�ÚpÍ�Ñ,Ñ,Í)�5�çã � ��ÇLå�ã�Ñ,Í�Ë2Ï�ð π Ëpã π′ � CPm

(
Oπ′

(
Pm

))
6 Oπ′

(
Pm

) â
dLÏ�ÚpÏ�ÒùÙ2Ñ am = a Û a = Pm−1a â=dLÏÞÚpÍ�Ñ,Ñ,Í �5� Ó��JËpã�ð'ÝpÍ�È�Ç�æYË2Í�È�Ð	Ù	Ó�Ùpã�Ú2É�Ë	Õ1ðäÔ	Ð	Ù2ÑVã�Ð	Ë	Õ1ðì�ÚpÍ�Ñ,Í�Ë	È b ∈ Oπ′

(
Pm

) ÛVÝ	Ú2æòÎ�Ï�È�Ï�Ð2Ï�Ü�Ï 〈
a, b

〉
= B

〈
a
〉 Û B =

〈
b
x | x ∈ 〈a〉

〉 Ê Ô	Ð	Ù2ÑVã�Ð	Ëpã�æ
Ü�Ð	Æ�Ô	ÔpãßÙ�ÝpÍ�ð2Ç�È�Ó�Æ�Í�È�Ë2Í�È�Ð	Ù	Ó�Ùpã�Ú2É�Ë2ÏgÙíË2Í�Ô	Ð	Ù	Ó�Ï�Ý2Ù2Ñ,Ï�Ëpã B Û�Ù b ∈ [B, 〈a〉] = [B, 〈a〉] âtdSÆ�Ç�È�É
bm−1 ÊûÔ	Ð	Ù2ÑVã�Ð	Ë	Õ1ðgÔ	Ð2Ï�Ï�ï�Ðpã�åQì�ÚpÍ�Ñ,Í�Ë	È�ã b Ó G â,dLÏ�Ë	æ'È�Ë2Ï	Û2×	È�Ï bm−1 ∈ Nm−1(G)\Pm−1(G) âK Ëpã�ÚpÏ�Ü�Ù	×	Ë2Ï	Û�Ô2ÏtÚpÍ�Ñ,Ñ,Í �5��ï �&��Ç!å�ã�Ñ,Í�Ë2Ï�ð π Ëpã π′ ��ÛAÓ Pm−1(G)\Nm−2(G) Ëpã�ð'ÝpÍ�È�Ç�æ�Ô	Ð	Ù'ZÑVã�Ð	Ë	Õ1ðíì�ÚpÍ�Ñ,Í�Ë	È am−1 ÛAÝ	Ú2æØÎ�Ï�È�Ï�Ð2Ï�Ü�Ï am−1 = am−1Nm−2 Û bm−1 = bm−1Nm−2 Ô2Ï�Ð2Ï�Ò�Ý�ã � ÈÔ2Ï�Ý2Ü�Ð	Æ�Ô	Ô	Æ Lm−1 ÛpÇ�Ó�Ï�ð2Ç�È�Ó#ã=Î�Ï�È�Ï�Ð2Ï�ðØÔ2Í�Ð2Í�×	Ù2Ç�ÚpÍ�Ë	ÕRÓtÏ�Ô	Ð2Í�ÝpÍ�ÚpÍ�Ë	Ù	Ù�Ï�Ô2Ï�Ð	Ë2Ï�ð�Ô2Ï�Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Z
Ë2Ï�Ç�È�Ù�â

dLÏäÙ	Ë'Ý2Æ�Î��	Ù	Ù Pm−1(G) Ï�ï�Ú�ã�Ý�ã�Í�ÈëÏ�Ô2Ï�Ð	Ë2Ï�ðàÔ2Ï�Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Ë2Ï�Ç�È�É � a1 Û b1 Û . . . Û am−1 Ù
a1, . . . , am−1, bm−1, am ÊûÙ2Ç�Î�Ï�ÑVã�ægÏ�Ô2Ï�Ð	Ëpã�æßÔ2Ï�Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Ë2Ï�Ç�È�ÉÞÜ�Ð	Æ�Ô	Ô	Õ G â B�gv�� �Jz��7C % ���	�

A = {a1, b1, . . . , bm−1, am} � - 0 - "�$��! í0 - ���A�¦� - 
�����������$ - ������� - �	������$ -
� - $A����$ - �

π " "���
��y���	�2� - � #�"2 	0	0	/
G π " ���	�	$	/ m

�
A 6 H 6 G

* � -
π " ���	�	$�� H "���
�$��

m�
A
 '
��� ������  - 0 - "�$ - �ò0 - ���A�¦� - 
�����������$ - �����8' #�"2 	0	0	/

H
5 � �#������$ - ����� * 

#�"2 	0	0A�

G
�������

� - $A����$��! ´0 - ��#�"2 	0	0��
π " ���	�	$	/ m

5
C dLÏOÚpÍ�Ñ,Ñ,Í&� � Ó�� H = H ∩G = H ∩Nm+1(G) 6 Nm+1(H) Û�Ô2Ï�ì�È�Ï�Ñ4Æ Nm+1(H) = 1 Û�È�â�Í�â

H π ZóÐpã�å�ÝpÍ�Ú2Ù2ÑVãLÙ�Í�Í π ZçÝ	Ú2Ù	ËpãLË2Í1Ô	Ð2Í�Ó�Ï�Ç�Ö#Ï�Ý2Ù	È m â4dLÏOÏ�Ô	Ð2Í�ÝpÍ�ÚpÍ�Ë	Ù � Ï�Ô2Ï�Ð	Ë2Ï�ð�Ô2Ï�Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Z
Ë2Ï�Ç�È�Ù a1 ∈ P1(G) ∩ H 6 P1(H) Ù a1 /∈ P0(H) = 1 âgdSÐ2Í�Ý2Ô2Ï�ÚpÏ�ÒùÙ2Ñ1ÛV×	È�Ï´Ý	Ú2æíË2Í�Î�Ï�È�Ï�Ð2Ï�Ü�Ï
i ∈ {1, . . . ,m− 1} ai ∈ Pi(H)\Pi−1(H) â�õmã�Î�Î'ã�Î ai ∈ [〈axi | x ∈ 〈bi〉〉 , 〈bi〉]Ni−1(G) ÛpÈ�Ï bi /∈
Ni−1(H) ÛmÙ	Ëpã�×2Í ai ∈ (Ni−1(H)Ni−1(G)) ∩ H = Ni−1(H) ((Ni(G)) ∩H) 6 Ni(H)Ni(H) =
Ni(H) �	Ô	Ð2Ï�È�Ù	Ó�Ï�Ð2Í�×	Ù2Í�â�dLÏ�Ç�Î�Ï�Ú2É�Î	Æ bi ∈ (Ni(G)) ∩H 6 Ni(H) Û bi ∈ Ni(H)\N i−1(H) âK Ëpã�ÚpÏ�Ü�Ù	×	Ë2Ï	Û ai+1 ∈ Pi+1(H)\P i(H) â ��È�ÙÞÐpã�Ç�Ç�Æ�Ò�ÝpÍ�Ë	Ù	æßÔ2Ï�Î'ã�å�Õ1Ó#ã � È=Ô2Ï!Ù	Ë'Ý2Æ�Î��	Ù	Ù�Û'×	È�Ï
Ý	Ú2æßÓ�Ç�Í�Ö i ∈ {1, . . . ,m} ì�ÚpÍ�Ñ,Í�Ë	È ai ∈ Pi(H)\P i−1(H) Ûpã bi ∈ Ni(H)\N i−1(H) â

õmã�Î	Ù2Ñ�Ï�ï�Ðpã�å�Ï�Ñ1Û�Ó�Õ1Ô2Ï�Ú2Ë2Í�ËùÔ	Æ�Ë	Î	È � �!�yÏ�Ô	Ð2Í�ÝpÍ�ÚpÍ�Ë	Ù	æùÏ�Ô2Ï�Ð	Ë2Ï�ðùÔ2Ï�Ç�ÚpÍ�ÝpÏ�Ó#ã�È�Í�Ú2É�Ë2Ï�Ç�È�Ù=Ý	Ú2æ H âF Ç�È�ã�Ú2É�Ë	Õ�Í!Ô	Æ�Ë	Î	È�ÕêÔ	Ð2Ï�Ó�Í�Ð#æ � È�Ç�æ�Ë2Í�Ô2Ï�Ç�Ð2Í�ÝpÇ�È�Ó�Í�Ë	Ë2Ï	â G Í�Ñ,ÑVãùÝpÏ�Î'ã�å�ã�Ëpã'â F Ëpã=å�ã�Ó�Í�Ð	øùã�Í�È�ÝpÏ�Z
Î'ã�å�ã�È�Í�Ú2É�Ç�È�Ó�Ï�È�Í�Ï�Ð2Í�Ñ4ÕOâ B
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£�c�b l�l�w�F���� c(w�`,c:c(w�o π «�G o*��h c(w F gC`>G F , ` G G d s���b c(o π «�l�o*k�`,iW` a�G oAh i(F�j�k G b l�aSF�j���n�o�n�a"d `>��`,c(j�iW` G m b g�c(w�o
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