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ON THE WEAK CONVERGENCE OF OPERATORS ITERATIONS
IN VON NEUMANN ALGEBRAS

A. A. Katz

Equivalent conditions are obtained for the weak convergence of iterations of the positive contractions in

the pre-conjugate spaces of von Neumann algebras.

1. Introduction

This paper is devoted to ergodic type properties of the weak convergence of operators
iterations in von Neumann algebras.

The first results in the field of non-commutative ergodic theory were obtained by Sinai and
Anshelevich [18] and Lance [14]. Developments of the subject are reflected in the monographs
of Jajte [9] and Krengel [13] (see also [4]-[7], [10], [11], [16]).

We will use facts and the terminology from the general theory of von Neumann algebras
(11, 121, [15], [17], [19)).

Let M be a von Neumann algebra, acting on a separable Hilbert space H, M, is a pre-
conjugate space of M, which always exists according to the Sakai theorem [17].

Recall some standard terminology ([4], [5], [6], [10], [11], [13]).

DEFINITION 1. A linear mapping T from M, in itself is called a contraction if its norm is
not greater then one.

DEFINITION 2. A contraction T is said to be positive if TM,y C M.
We will consider two topologies on the space M,: the weak topology, or the o(M,, M)
topology, and the strong topology of the M,-space norm convergence.

DEFINITION 3. A matrix (an;), ¢,n = 1,2, ... of real numbers is called uniformly regular,

o0
sup g lan. i
n .
=1

if:

<C <oo, lim suplap; =0, lim Za”ﬂ' =1.

2. Main Result

The following theorem is valid:

Theorem 1. The following conditions for a positive contraction T in the pre-conjugate
space of a von Neumann algebras M are equivalent:

(i) The sequence {Ti}z'zl’g’m converges weakly;
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(i) For each strictly increasing sequence of natural numbers {k;}i—12 ..,
i<n
converges strongly;
(iii) For any uniformly regular matrix (ay,;), the sequence {A,(T)}n=12,..,

An(T) = Zan,i(Ti)a

converges strongly.

<1 We first prove the following lemma:

Lemma 1. Let there exists a uniformly regular matrix (a, ;) such that for each strictly
increasing sequence {ki}izlig’“_ of natural numbers,

Bp =Y aniT", (1)
i
converges strongly. Then the sequence {Ti}z'zl’g’m converges weakly.
< Let (ap,) be a matrix with the aforementioned properties. Then the limit B,, is not
dependent upon the choice of the sequence {k;}i—1 2, . In fact, let {k;}i=12,. and {l;}i=12,..
be the sequences for which the limits B,, are different. This means that for z € M,,

Z an,iTkim — 1,

2

and
Z anﬂ-Tlim — o,
i
as n — oo. For a matrix (a,;) let us build increasing sequences {i;}j—12.. and {nj};j—12. .,
such that

lim g ‘anj’i‘ + g ‘anjﬂ- =0.
J—o0 | & —
1<<tj_1 1>15
Let
m; = k; for 1 € [7:2]',1,7:2]') and m; = 1[; for 7 € [in,i2j+1), j=1,2,...
Then
li]m E Uy il T — 11| = 0, li]m E Uy i T T — m2|| = 0,
[ 1

which contradicts (1), and therefore 1 = z9. Let now y € M is such that
(T"x — z1,y) — 0,
when n — oo. Let us choose a subsequence {k;} such that
(Thz —z1,y) = v #0,

where « is a real number. Then, from the uniform regularity of the matrix (ay ;) it follows

that
IITEII (Z an,iTkix — T, y) =7
i
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which contradicts the choice of the matrix (ay ;). >

[Proof of the Theorem 1 (cont.).] Because the implication (ii) = (iii) is obvious, the
implications (ii) = (iii) = (i) immediately follow from the lemma 1.

The implication (iii) = (ii) is trivial, because the matrix (an;), an; = + 3 64, is
uniformly regular. =

Applying the above with lemma 1, a,; = %, 1 < nand a,; = 0 for 7 > n, we get the
implication (ii) = (i).

To prove the implication (i) = (ii), we would need the following lemma:

Lemma 2. Let Q be a contraction in the Hilbert space H. Then the weak convergence of
Q"x in H, where © € H, implies the strong convergence of

Z an,iQnm
1

for any uniformly regular matrix (an,;).
< If the weak limit "z exists and is equal to z;, then

Qr1 = Q(nlgfgo Q"z) = 1,

where the limit is considered in the weak topology, i. e. 1 is -invariant. Therefore

‘ S ava@'s
1

Let us fix e > 0. Because @ is a contraction, the limit ||Q"z|| does exist. Now, we can find
K > 0, such that for £k > K and j > 0,

2

)

< Z ZGN,iaN,j(Qifva Q'z) < Z Z lanian;(Q'z, Q).
J (]

@' - @ +«] <<

and
‘(ka,m)‘ <e.

Then,
(Q"z.2) = (Q**z, Q)| = |(Q*2,2) - (QYQ . )

<[t - @i@ts] ol = ([ @ts - 9@ )l

2 . 2 . . 2
= (Jlots]" -2l + @)
k|2 k||
< (ot = @) el < et

and therefore ‘ ‘
(@ e, Q)| <e- (1 + o)

for all £ > K and j > 0, or for |i — j| > k the inequality

(Q'z, Q7z)| <e- (1+]zl)),
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is valid. We will fix n > 0, and let N be such a natural number with max;|a, ;| < 7, for
n > N. Then the expression (1) for n > N could be estimated the following way:

Z Z ‘aN,iaN,j(Qixa Q].’L‘)‘ = Z ‘an,ian,j(Qixa Q].’L‘)‘ + Z ‘an,ian,j(Qixa Q].’L‘)‘
J

i li—j|<k li—j|>k
< g |an,i
7

<C-n-flz)?- 2k = 1)+ C% - (1 + ||))-

- fal? - 2k = 1)+ langang € (1+ |l2)
i

From the arbitrarity of the values of ¢ and 7 it follows that the strong convergence is present
and the lemma is proven. >

[Proof of the Theorem 1 (cont.).| Let us prove the implication (i) = (iii). Let z € M,
and the sequence {Ti:v}izl,g,___ converges weakly. Without loss of generality we can consider
lz|| < 1, and let

T= lim T"z,
n—o0

where the limit is understood in the weak sense. Let us consider

o
Yy = Z 27" " x.
n=0

The series that defines y is convergent in the norm of the space M,. From the positivity
of £ and the properties of the operator T it follows that Ty < 2y, and, therefore, for all
kE=1,2,..., s(T*y) < s(y), where by s(z) we denote the support of the normal functional z.

Lemma 3. Let u € M, and s(u) < s(y). Then s(u) < s(T), where

= lim T u.
n—oo

< Indeed, let us fix € > 0. From the density of the set
£={wé€ M.y, w< Ay, for somel > 0},

in the set
S ={we M, s(w)<s(y)},

in the norm of the space M, it follows that there are A > 0 and w € £ such that
lw —u|| < e and w < Ay.
Let w = lim,,_yoo T"w. Then

T(1-s(7) = lim (™ (w))(1-5(2)) < A- lim (T"y)(1-5(7))

n—oo n—oo
o
BRE -k _ (n+k o
<A nll)ngo (;02 (T z)(1 s(m)))

=\ ir’f lim (T""*z)(1—s(z)) = 0.

n—00
k=0
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Because the operator T does not increase the norm of the functionals from M,, we get that

u(1—s(7)) = lim (T"u)(1-s(7)) < lim (T"w)(1—s(7)) +n1LI{:O IT" (w — u)|| <e.

n—o0 n—oo

The needed inequality follows, since € is arbitrary. >

[Proof of the Theorem 1 (cont.).] Let now p € M,. We will denote by u.E, where E is a
projection from the algebra M, the functional

(4.E)(4) = u(EAE),
where A € M. Let us fix ¢ > 0. We will find a number N, such that
(T"z)(1—5(7)) < &
for n > N. Thus,

HTNx.s(f)—TNm”: sup ‘(TNm)((l—s(E))A(l—s(f)))
AeM
4]0 <1

TV ) (5(2) A(1—5(2)) + (TV2) (1-5(7) A((T)))| <& - (e +2]2]2),

because
|(AB)|* < u(A*A) - w(B*B),

where y € M,y and A, B € M.
Let w € £ is such that w < AZ for some A > 0 and ||[TVz.5(Z) — w|| < e. Then, for n > N,
the following is valid:

| Tz — T”waH < ”T”fN(TNm — TNz.5(%)) |
+ |7 NN 2.5(Z) — w)|| < 4-e.

(2)

By taking the weak limit in the inequality (2) and because the unit ball of M, is weakly
closed, we will get |7 — w| < 4- e, where W = lim,_,o T"w.

Let us now consider the algebra My (,). The functional 7 is faithful on the algebra M(,.
We will consider the representation 7z of the algebra M,(,) constructed using the functional
z |2]. Because the functional 7 is faithful, we can conclude that the representation w7 is
faithful on the algebra M), and therefore mz is an isomorphism of the algebra M) and
some algebra 2. The algebra 2 is a von Neumann algebra, and its pre-conjugate space 2, is
isomorphic to the space M,.s(Z) ([17]). Let us note now that

TM,.s(T) C M,.s(T).

In fact, TL C £, and therefore, by taking the norm closure we get T'S C S; by taking now
the linear span we will get
TM,.s(T) C M,.s(T).

Denote by T the isomorphic image of the operator T, acting on the space 2A,. Let u €
Ay and v < AT for some A > 0. Then there exists the operator B € 2, where ' is a
commutant of 2, such that (ABQ, Q) = u(A) for all A € 2. Note, that from the lemma 2

(Tu)(4) = u((T)*4) = (T)* 4) BQ. Q) = (A(T")' B)2, Q).
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Also, from
Ty C Ay, ||Tul| < ull and TT =7

it follows that B _ B
()25 (T)1< 1 and ||(T)*4]|, < 4]

for all A € 2. Based on the lemma we now conclude that
H(T*B)HOO <|IBllo; T, c o T'1< 1

for all B € A'.

The space 2., is a pre-Hilbert space of the self adjoint operators from 2’ with the scalar

product (B,C)z = (CBQ,Q), and, using the Kadison inequality [1] we have
(T"B)(T"B)0.9) < (T"(B%)9,9) < (B, BY),

i. e. the operator T" is a contraction in the pre-Hilbert space (2L, (-,)z).
We will identify M,.s(T) and 2. Because w € £, 1. e. w < AT for some \
w < AT as well. Let
w(A) = (BAQ, Q) and w(A) = (BAQ, Q)

for all A € 2, where B, B € .
Let now (ap) be a uniformly regular matrix. Using lemma 2 we will find & €

‘ Z ayT'w —w
1

< (Z ay (T")(B-B)QY a} (T") (B - E)) . sup (AQ, AQ):

= sup

(i ay,(T") (A - B)AQ, 9) ‘

i=1
l[Alle=1

o

- X AeA
i=1 i=1 1Al <1
1 s .
< @)z | ap(T")(B - B) <e
=1

('V)T

for k > K, where by (a;, ;) we will denote a matrix with the elements

1
I —_— . .
Ap 4 = < E :an,3> an,j+N-

i>N

It is easy to see that the matrix (ay, ;) will be uniformly regular as well.
Then, for a big enough k£ > K we will have

H E akﬂ-TZm—f
7

< lawil [Tz = + Y lawl | 7%z = TV

i<N i>N
—1 ) o] —1 )
e X ol [ (Sows) [l Ml + | Songen (T aws)
i>N i>N j=1 i>N
+H <Zak,i) WH + 1) an| w7
i<N i>N

> 0, then

N so that
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3 _ £
<22'ﬁ"“Z|ak,i|'45+Z|ak,i|(1_(1+5) 1)'2+22'ﬁ+(1+5)'4€

i<N i>N i>N i<N

<2+ (1+4+¢)-4de+e-2-(14+e)+e+2e+ (1+¢)-4e < 25e.

The arbitrarity of € proves the needed statement. The proof of the theorem is now
completed. >

REMARK. Extention of the discussed properties of iterations to non-commutative L,-
spaces will be separately presented in the forthcoming paper [12].
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