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� ¡®â  ¯®á¢ïé¥­  ¨§ãç¥­¨î ©®à¤ ­®¢   ­ «®£  ¡íà®¢áª¨å ¨¢®«îâ¨¢­ëå  «£¥¡à. �«ï à áá¬ â-

à¨¢ ¥¬®£® á«ãç ï ¢¢¥¤¥­® ¯®­ïâ¨¥  ¡áâà ªâ­®£® ¨§¬¥à¨¬®£® ®¯¥à â®à , ¯à¨á®¥¤¨­¥­­®£® ª  «-

£¥¡à¥, ¨ ãáâ ­®¢«¥­®, çâ® è¨à®ª¨© ª« áá ã¯®àï¤®ç¥­­ëå ©®à¤ ­®¢ëå  «£¥¡à à¥ «¨§ã¥âáï ª ª

¯®¤ «£¥¡àë  «£¥¡à  ¡áâà ªâ­ëå ¨§¬¥à¨¬ëå ®¯¥à â®à®¢, ¯à¨á®¥¤¨­¥­­ëå ª ¬®¤ã«ïà­®© ¬®­®-

â®­­® ¯®«­®© ©®à¤ ­®¢®© ¡ ­ å®¢®©  «£¥¡à¥. � ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì­®£® áà¥¤áâ¢  ¯®áâà®¥­®

¯¨àá®¢áª®¥ à §«®¦¥­¨¥ ¯® ¡¥áª®­¥ç­®¬ã á¥¬¥©áâ¢ã ¯à®¥ªâ®à®¢.

1. �¢¥¤¥­¨¥

� à ¡®â å � â® ¨ �¥à¡¥à¨ ­  [1{5] ¡ë«¨ ¨áá«¥¤®¢ ­ë  áá®æ¨ â¨¢­ë¥  «£¥¡àë  ¡-

áâà ªâ­ëå ¨§¬¥à¨¬ëå ®¯¥à â®à®¢ ¤«ï AW �- «£¥¡àë. �ë«® ¤®ª § ­®, çâ® ®­¨ ï¢«ï-

îâáï ¡íà®¢áª¨¬¨ �- «£¥¡à ¬¨.
�¥«ì ¤ ­­®© à ¡®âë | ¨áá«¥¤®¢ âì ©®à¤ ­®¢ë  ­ «®£¨ ¡íà®¢áª¨å �- «£¥¡à. �

à ¡®â å [6, 7] ¡ë«® ãáâ ­®¢«¥­®, çâ® ¢ ª« áá¥ JB- «£¥¡à ¨¬¥¥âáï ¯®¤ª« áá, ¯à¥¤áâ ¢¨-

â¥«¨ ª®â®à®£® ã¤®¢«¥â¢®àïîâ ©®à¤ ­®¢ã  ­ «®£ã ãá«®¢¨ï �íà . �â¨  «£¥¡àë, á«¥¤ãï

�®¯¯¨­£ã, ¡ë«¨ ­ §¢ ­ë AJW - «£¥¡à ¬¨. � «¥¥, ¢ à ¡®â¥ [8] ¡ë«¨ ¨§ãç¥­ë ©®à¤ -

­®¢ë  «£¥¡àë  ¡áâà ªâ­ëå ¨§¬¥à¨¬ëå ®¯¥à â®à®¢ ¤«ï JBW - «£¥¡à. �ë«® ¤®ª § ­®,

çâ® íâ¨  «£¥¡àë ï¢«ïîâáï ©®à¤ ­®¢ë¬¨  ­ «®£ ¬¨ ¡íà®¢áª¨å ¨­¢®«îâ¨¢­ëå  «£¥¡à.

� à ¡®â å [9] ¨ [10] ¡ë«¨ ¢¢¥¤¥­ë ¨ ¨§ãç¥­ë OJ - «£¥¡àë. �¤¨­ ¨§ ®á­®¢­ëå à¥§ã«ì-

â â®¢ íâ¨å à ¡®â ãâ¢¥à¦¤ ¥â, çâ® ¢áïª ï OJ- «£¥¡à  ¢«®¦¨¬  ¢ ©®à¤ ­®¢ã  «£¥¡àã

«®ª «ì­® ¨§¬¥à¨¬ëå ®¯¥à â®à®¢ ®â­®á¨â¥«ì­® JW - «£¥¡àë á¢®¨å ®£à ­¨ç¥­­ëå í«¥-

¬¥­â®¢. � ¤ ­­®© à ¡®â¥ íâ®â à¥§ã«ìâ â ¯¥à¥­¥á¥­ ­  á«ãç © OJ - «£¥¡àë á ¬®¤ã-

«ïà­®© AJW - «£¥¡à®© ®£à ­¨ç¥­­ëå í«¥¬¥­â®¢ ¨ ¤®ª § ­®, çâ® â ª¨¥ OJ- «£¥¡àë

ï¢«ïîâáï ©®à¤ ­®¢ë¬¨  ­ «®£ ¬¨ ¡íà®¢áª¨å ¨­¢®«îâ¨¢­ëå  «£¥¡à. � ¤ ­­®© à ¡®â¥

¯®áâà®¥­® â ª¦¥ ¯¨àá®¢áª®¥ à §«®¦¥­¨¥ ¯à®¨§¢®«ì­®© ¬®­®â®­­® ¯®«­®© JB- «£¥¡àë

(AJW - «£¥¡àë). �¥«® ¢ â®¬, çâ® ¤® á¨å ¯®à ¢ â¥®à¨¨ ©®à¤ ­®¢ëå  «£¥¡à ¨á¯®«ì-

§®¢ «¨áì ¯¨àá®¢áª¨¥ à §«®¦¥­¨ï ©®à¤ ­®¢ëå  «£¥¡à ¯® ª®­¥ç­ë¬ á¥¬¥©áâ¢ ¬ ¯à®-

¥ªâ®à®¢. � â® ¦¥ ¢à¥¬ï, ¯¨àá®¢áª®¥ à §«®¦¥­¨¥ ¯® ¡¥áª®­¥ç­®¬ã ®àâ®£®­ «ì­®¬ã

á¥¬¥©áâ¢ã ¯à®¥ªâ®à®¢ áãé¥áâ¢¥­­® ã¯à®áâ¨«® ¡ë ¤®ª § â¥«ìáâ¢  ¬­®£¨å ä ªâ®¢. �

¤ ­­®© áâ âì¥ ¤ ­® ãá«®¢¨¥ ¯®áâà®¥­¨ï ¯¨àá®¢áª®£® à §«®¦¥­¨ï ¬®­®â®­­® ¯®«­®©

JB- «£¥¡àë A ¯® ¡¥áª®­¥ç­®¬ã ®àâ®£®­ «ì­®¬ã á¥¬¥©áâ¢ã fp�g á ãá«®¢¨¥¬ sup p� = 1.

2. �§¬¥à¨¬ë¥ ¨ «®ª «ì­® ¨§¬¥à¨¬ë¥ ®¯¥à â®àë

¤«ï ¬®¤ã«ïà­®© AJW - «£¥¡àë

�áî¤ã ¢ ¤ ­­®© áâ âì¥, ¥á«¨ ­¥ ®£®¢®à¥­® ¯à®â¨¢­®¥, A | ¬®¤ã«ïà­ ï

AJW - «£¥¡à  ¨ P (A) | à¥è¥âª  ¯à®¥ªâ®à®¢ ¢ A. �«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ feng í«¥-
¬¥­â®¢ P (A) ¡ã¤¥¬ ¯¨á âì en ", ¥á«¨ en 6 en+1 ¤«ï ¢á¥å n; ¥á«¨, ªà®¬¥ â®£®, sup en = e,

c
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â® ¯¨è¥¬ en " e. �®á«¥¤®¢ â¥«ì­®áâì feng í«¥¬¥­â®¢ P (A) ¡ã¤¥¬ ­ §ë¢ âì á¨«ì­®

¯«®â­®© ®¡« áâìî, ¥á«¨ en " 1. �ãé¥áâ¢¥­­® ¨§¬¥à¨¬ë© ®¯¥à â®à | íâ® ¯®á«¥-

¤®¢ â¥«ì­®áâì ¯ à f(xn; en)g, £¤¥ xn 2 A ¨ feng | á¨«ì­® ¯«®â­ ï ®¡« áâì, â ª ï,

çâ® ¨§ m 6 n á«¥¤ã¥â emxn = emxm. � ¯à¨¬¥à, ¥á«¨ x 2 A ¨ xn = x, en = 1 ¤«ï

¢á¥å n, â® f(xn; en)g | áãé¥áâ¢¥­­® ¨§¬¥à¨¬ë© ®¯¥à â®à, ª®â®àë© ¡ã¤¥¬ ®¡®§­ ç âì

ç¥à¥§ f(x; 1)g. �á«¨ x 2 A ¨ e 2 P (A), â® ­ ¨¡®«ìè¨©  ­­ã«¨àãîé¨© ¯à®¥ªâ®à í«¥-

¬¥­â  (1 � e)x ®¡®§­ ç ¥âáï ç¥à¥§ x�1[e], â. ¥. 1 � x�1[e] ï¢«ï¥âáï ­®á¨â¥«¥¬ (1 � e)x.

�¢¥¤¥¬ ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨ ­  ¬­®¦¥áâ¢¥ ¢á¥å áãé¥áâ¢¥­­® ¨§¬¥à¨¬ëå ®¯¥-

à â®à®¢. �¢  áãé¥áâ¢¥­­® ¨§¬¥à¨¬ëå ®¯¥à â®à  f(xn; en)g ¨ f(yn; fn)g íª¢¨¢ «¥­â­ë
(¯¨è¥¬ f(xn; en)g � f(yn; fn)g), ¥á«¨ áãé¥áâ¢ã¥â á¨«ì­® ¯«®â­ ï ®¡« áâì fgng â ª ï,
çâ® gnxn = gnyn ¤«ï ¢á¥å n. �« áá íª¢¨¢ «¥­â­®áâ¨ [xn; en] áãé¥áâ¢¥­­® ¨§¬¥à¨¬ëå

®¯¥à â®à®¢ f(xn; en)g ­ §ë¢ ¥âáï ¨§¬¥à¨¬ë¬ ®¯¥à â®à®¬, ¯à¨á®¥¤¨­¥­­ë¬ ª  «£¥¡-

à¥ A. �¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ¨§¬¥à¨¬ëå ®¯¥à â®à®¢, ¯à¨á®¥¤¨­¥­­ëå ª A, ç¥à¥§

C(A). � ª ¦¥, ª ª ¢ á«ãç ¥ JBW - «£¥¡àë (á¬. [8]) ¢¢®¤ïâáï  «£¥¡à ¨ç¥áª¨¥ ®¯¥à -

æ¨¨ ¢ C(A): ¯ãáâì � 2 R ¨ [xn; en], [yn; fn] ¨§¬¥à¨¬ë¥ ®¯¥à â®àë, ¯à¨á®¥¤¨­¥­­ë¥ ª

 «£¥¡à¥ A, ¯®«®¦¨¬

�[xn; en] = [�xn; en];

[xn; en] + [yn; fn] = [xn + yn; en ^ fn];
[xn; en][yn; fn] = [xnyn; gn];

£¤¥ gn = en^fn^ ((xn)�1[en])^ ((yn)�1[fn]) ¤«ï ¢áïª¨å n. �â­®á¨â¥«ì­® íâ¨å ®¯¥à æ¨©
C(A) ï¢«ï¥âáï ©®à¤ ­®¢®©  «£¥¡à®©.

�ãáâì S(X;M8
3 ) | ©®à¤ ­®¢   «£¥¡à , £¤¥ X | íªáâà¥¬ «ì­ë© ª®¬¯ ªâ, ¯®áâà®-

¥­­ ï â ª ¦¥, ª ª ¨ ¢ [9; £«. III]. �á«¨ ¯¥à¥­¥áâ¨ â¥®à¥¬ë 1.20 ¨ 2.9 ¨§ [8] ­  á«ãç ©

AJW - «£¥¡àë, â® ¯®«ãç âáï á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  1. �ãáâì A | ¬®¤ã«ïà­ ï AJW - «£¥¡à  ¨ A =
P�

i Ai, £¤¥ Ai |

AJW -¯®¤ «£¥¡à   «£¥¡àë A ¤«ï ª ¦¤®£® i. �®£¤  C(A) =
Q

iC(Ai), £¤¥
Q

iC(Ai) |

 «£¥¡à  ¢á¥å á¥¬¥©áâ¢ fxig, xi 2 C(Ai), c ¯®ª®¬¯®­¥­â­ë¬¨ ®¯¥à æ¨ï¬¨. � ç áâ­®áâ¨,

¨¬¥¥â ¬¥áâ® à §«®¦¥­¨¥ C(A) = C(Asp)� S(X;M8
3 ).

� ª ¦¥, ª ª ¨ ¢ [8] ¬®¦­® ¢¢¥áâ¨ áãé¥áâ¢¥­­® «®ª «ì­® ¨§¬¥à¨¬ë¥ ®¯¥à â®àë,

«®ª «ì­® ¨§¬¥à¨¬ë¥ ®¯¥à â®àë ¨ ©®à¤ ­®¢ã  «£¥¡àã S(A) «®ª «ì­® ¨§¬¥à¨¬ëå ®¯¥-

à â®à®¢ ¤«ï ¬®¤ã«ïà­®© AJW - «£¥¡àë A. � íâ®¬ á«ãç ¥, ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï

â¥®à¥¬ :

�¥®à¥¬  2. �ãáâì A | ¬®¤ã«ïà­ ï AJW - «£¥¡à . �®£¤  C(A) = S(A).

3. �¥áª®­¥ç­®¥ ¯¨àá®¢áª®¥ à §«®¦¥­¨¥

¬®­®â®­­® ¯®«­®© AJW - «£¥¡àë

�¢¥¤¥¬ ¯®­ïâ¨¥ ¡¥áª®­¥ç­®© áã¬¬ë ¯¨àá®¢áª¨å ª®¬¯®­¥­â ¬®­®â®­­® ¯®«­®©

AJW - «£¥¡àë A. �ãáâì fp�g | ¡¥áª®­¥ç­®¥ ®àâ®£®­ «ì­®¥ á¥¬¥©áâ¢® ¯à®¥ªâ®à®¢ á

â®ç­®© ¢¥àå­¥© £à ­¨æ¥© 1 ¢ A. �¥à¥§
P�

��fp�Ap�g ®¡®§­ ç¨¬ ¬­®¦¥áâ¢®

n
fa��g : (8�; �)a�� 2 fp�Ap�g (9K 2 R)(8n 2 N)

�
8fa�k�lgnk;l=1 � fa��g

� 




nX

k;l=1

a�k�l





 6 K

o
:
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�á­®, çâ® ®â­®á¨â¥«ì­® ¯®ª®¬¯®­¥­â­ëå  «£¥¡à ¨ç¥áª¨å ®¯¥à æ¨© ®­® ¡ã¤¥â ¢¥ªâ®à-

­ë¬ ¯à®áâà ­áâ¢®¬. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¯à®áâà ­áâ¢®
P�

��fp�Ap�g á ­®à¬®©

k � k : fx��g ! kfx��gk(fx��g 2
P�

��fp�Ap�g) ï¢«ï¥âáï ¡ ­ å®¢ë¬ ¯à®áâà ­áâ¢®¬, £¤¥

kfx��gk = supfx�k�lg
m

k;l=1
�fx��g

kPm

k;l=1 x�k�lk. �â­®á¨â¥«ì­® ¯®ª®¬¯®­¥­â­®£® ¯®àï¤-

ª 
P�

��fp�Ap�g ï¢«ï¥âáï ã¯®àï¤®ç¥­­ë¬ ­®à¬¨à®¢ ­­ë¬ ¯à®áâà ­áâ¢®¬ á ¥¤¨­¨æ¥©.

� ¬¥â¨¬, çâ® ¥á«¨ a 2 A, â® fp�ap�g 2
P�

��fp�Ap�g. �à¨ íâ®¬, â ª ª ª sup p� = 1, â®

¢ á¨«ã «¥¬¬ë 2 ¨§ [7] A ¬®¦­® ¢«®¦¨âì ¢
P�

��fp�Ap�g ª ª ã¯®àï¤®ç¥­­®¥ ­®à¬¨à®-

¢ ­­®¥ ¯®¤¯à®áâà ­áâ¢® á ¥¤¨­¨æ¥©. �ãáâì fa��g 2
P�

��fp�Ap�g â ª®©, çâ® fa��g > 0.

� ¬¥â¨¬, çâ® â®£¤  ¤«ï «î¡®£® n ¨ ¤«ï «î¡®£® ª®­¥ç­®£® ­ ¡®à  fa�k�lgnk;l=1 � fa��g
í«¥¬¥­â a� := fa�k�lgnk;l=1, £¤¥ � := (n; �1; : : : ; �n; �1; : : : ; �n), ï¢«ï¥âáï í«¥¬¥­â®¬  «-

£¥¡àë A ¨ ¬­®¦¥áâ¢® í«¥¬¥­â®¢ a� ®¡à §ã¥â ®£à ­¨ç¥­­ãî ¢ A ¬®­®â®­­® ¢®§à á-

â îéãî á¥âì (a�). �à¨ íâ®¬ áãé¥áâ¢ã¥â ç¨á«® K â ª®¥, çâ® ka�k 6 K ¤«ï ¢á¥å

�. �¥âàã¤­® ãáâ ­®¢¨âì, çâ® a� " fa��g. �âáî¤ , â ª ª ª A ¬®­®â®­­® ¯®«­ , â®

fa��g 2 A. �®íâ®¬ã A ¤®¯ãáª ¥â ¡¥áª®­¥ç­®¥ ¯¨àá®¢áª®¥ à §«®¦¥­¨¥ ¯® á¥¬¥©áâ¢ã

fp�g, â. ¥. A =
P�

��fp�Ap�g.
�à¥¤«®¦¥­¨¥ 1.�ãáâì A|¬®­®â®­­® ¯®«­ ï AJW - «£¥¡à  ¨ fp�g| á¥¬¥©áâ¢®

¯®¯ à­® ®àâ®£®­ «ì­ëå ¯à®¥ªâ®à®¢ á ãá«®¢¨¥¬ sup p� = 1. �®£¤  A =
P�

��fp�Ap�g.

4. �­®¦¥áâ¢® ®£à ­¨ç¥­­ëå í«¥¬¥­â®¢ C(A) á®¢¯ ¤ ¥â á A

�¥¬¬  1. �ãáâì A | ¬®­®â®­­® ¯®«­ ï ¬®¤ã«ïà­ ï AJW - «£¥¡à , [xn; en] 2
C(A), f1 = e1, f2 = e2 � e1; : : : fn = en � en�1; : : : . �®£¤  Ufkxn = Ufkxn+m (k;m; n 2
N; k 6 n), ffkxnflg = ffkxm+nflg (k; l;m; n 2 N; l 6 n) ¨ ffixkfpg = ffixk+mfpg
(i; k;m; p 2 N; i 6 k 6 p).

C �® ®¯à¥¤¥«¥­¨î ¨¬¥¥¬ e1x1 = e1x1+m, Ue1x1 + fe1x1e?1 g = Ue1x1+m +

fe1x1+me?1 g, ¨ ®âáî¤  Ue1x1 = Ue1x1+m, Uf1x1 = Uf1x1+m. �§ à ¢¥­áâ¢  fe1x1e?1 g =
fe1x1+me?1 g á«¥¤ã¥â, çâ® ff1x1f?k g = ff1x1+mf?k g (k 6= 1). �¥à¥¬ ¯à®¨§¢®«ì­®¥ à -

¢¥­áâ¢® ekxk = ekxk+m. � á¨«ã â¥®à¥¬ë ® ¯¨àá®¢áª®¬ à §«®¦¥­¨¨ Uekxk+fekxke?k g =
Uekxk+m + fekxk+me?k g. �âáî¤  Uekxk = Uekxk+m ¨ Ufixk = Ufixk+m, ffixkfkg =

ffixk+mfkg (i 6 k). � á¢®î ®ç¥à¥¤ì ¨§ à ¢¥­áâ¢  fekxke?k g = fekxk+me?k g á«¥¤ã¥â, çâ®
ffixkfpg = ffixk+mfpg (i 6 k; p > k). B

�à¥¤«®¦¥­¨¥ 2. �ãáâì A|¬®­®â®­­® ¯®«­ ï ¬®¤ã«ïà­ ï AJW - «£¥¡à . �®£¤ 

¬­®¦¥áâ¢® ®£à ­¨ç¥­­ëå í«¥¬¥­â®¢ ©®à¤ ­®¢®©  «£¥¡àë C(A) á®¢¯ ¤ ¥â á A.

C �®ª ¦¥¬ çâ®, ¥á«¨ [xn; en] 6 1�, â® [xn; en] 2 A. �¥à¥¬ ffmxmfng1m;n=1. �¥âàã¤-

­® § ¬¥â¨âì, çâ® ¢ á¨«ã «¥¬¬ë 1 ffmxmfng1m;n=1 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®¯à¥¤¥«¥­¨ï

¯¨àá®¢áª®£® à §«®¦¥­¨ï A =
P�

n;mffnAfmg. �ãáâì x =
P1

n;m

P1

n;mffmxmfng. �®£¤ 
x 2 A. �à¨ íâ®¬ [xn; en] � [x; 1], â. ¥. [x; 1] = [xn; en]. �âáî¤  ¨ ¯®«ãç¨¬, çâ® x 2 A. B

5. OJ- «£¥¡àë

�¯à¥¤¥«¥­¨¥. OJ- «£¥¡àã E (á¬. [9, £«. III]) ­ §®¢¥¬ ã­¨¢¥àá «ì­®©, ¥á«¨ ¤«ï

«î¡®£® á¯¥ªâà «ì­®£® á¥¬¥©áâ¢  fe�g ¢ E áãé¥áâ¢ã¥â ¨­â¥£à «
R +1
�1

�de�.

�§ â¥®à¥¬ë 2, â ª ¦¥, ª ª ¨ ¢ [10], ¢ë¢®¤¨âáï á«¥¤ãîé¥¥ ¯à¥¤«®¦¥­¨¥:

�à¥¤«®¦¥­¨¥ 3. �ãáâì A|¬®­®â®­­® ¯®«­ ï ¬®¤ã«ïà­ ï AJW - «£¥¡à . �®£¤ 

C(A) ï¢«ï¥âáï OJ- «£¥¡à®©.
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�¥®à¥¬  3. �«ï ¬®­®â®­­® ¯®«­®© ¬®¤ã«ïà­®© AJW - «£¥¡àë A á®®â¢¥âáâ¢ãî-

é ï ¥© OJ- «£¥¡à  C(A) ã­¨¢¥àá «ì­ .

C �ãáâì x =
R +1
�1

�de�. �® ®¯à¥¤¥«¥­¨î x ¥áâì (®)-¯à¥¤¥« áã¬¬ � =
P+1

�1 ln(ex�n�
ex�n�1), £¤¥ �n > ln > �n�1. �á­®, çâ® fe�ng ï¢«ï¥âáï á¨«ì­® ¯«®â­®© ®¡« áâìî ¨

ex�n
x 2 A ¤«ï «î¡®£® n 2 N . �®£¤  [xex�n ; e

x
�n
] ï¢«ï¥âáï ¨§¬¥à¨¬ë¬ ®¯¥à â®à®¬,

á¯¥ªâà «ì­®¥ à §«®¦¥­¨¥ ª®â®à®£® ¥áâì
R +1
�1

�de�. B

�«¥¤ãîéãî â¥®à¥¬ã ¬®¦­® ¤®ª § âì â ª¦¥, ª ª â¥®à¥¬ã 3.2 ¨§ [9].

�¥®à¥¬  4. �®¢®ªã¯­®áâì ®£à ­¨ç¥­­ëå í«¥¬¥­â®¢  «£¥¡àë S(X;M8
3 ) íâ®

AJW - «£¥¡à  �(X;M8
3 ).

�«¥¤ãîé¨¥ ¤¢¥ â¥®à¥¬ë ï¢«ïîâáï ®ç¥¢¨¤­ë¬¨ á«¥¤áâ¢¨ï¬¨ â¥®à¥¬ë 3.3 ¨§ [9] ¨

á®®â¢¥âáâ¢¥­­® â¥®à¥¬ 3 ¨ 4.

�¥®à¥¬  5. �ãáâì E | OJ - «£¥¡à , ã ª®â®à®© JB- «£¥¡à  ®£à ­¨ç¥­­ëå í«¥-

¬¥­â®¢ ¨§®¬®àä­  ¬®¤ã«ïà­®© AJW - «£¥¡à¥ A. �®£¤  E ¨§®¬®àä­  ­®à¬ «ì­®©

OJ-¯®¤ «£¥¡à¥ ã­¨¢¥àá «ì­®© OJ- «£¥¡àë C(A)  ¡áâà ªâ­ëå ¨§¬¥à¨¬ëå ®¯¥à â®à®¢,

¯à¨á®¥¤¨­¥­­ëå ª A.

�¥®à¥¬  6. �ãáâì E | OJ- «£¥¡à , ã ª®â®à®© JB- «£¥¡à  ®£à ­¨ç¥­­ëå

í«¥¬¥­â®¢ ¨§®¬®àä­  AJW - «£¥¡à¥ �(X;M8
3 ). �®£¤  E ¨§®¬®àä­  ­®à¬ «ì­®©

OJ-¯®¤ «£¥¡à¥ ã­¨¢¥àá «ì­®© OJ - «£¥¡àë S(X;M8
3 ).

�à¥¤«®¦¥­¨¥ 4. �ãáâì A| ¬®­®â®­­® ¯®«­ ï AJW - «£¥¡à . �®£¤  ¤«ï ¢áïª®©

¬ ªá¨¬ «ì­®© á¨«ì­®  áá®æ¨ â¨¢­®© ¯®¤ «£¥¡àë E0  «£¥¡àë C(A) áãé¥áâ¢ã¥â ¬ ªá¨-

¬ «ì­ ï á¨«ì­®  áá®æ¨ â¨¢­ ï ¯®¤ «£¥¡à  A0  «£¥¡àë A â ª ï, çâ® C(A0) = E0 ¨ A0

á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ®£à ­¨ç¥­­ëå í«¥¬¥­â®¢ E0.

C � ª ç¥áâ¢¥ A0 ¡¥à¥¬ ¬­®¦¥áâ¢® ¢á¥å ®£à ­¨ç¥­­ëå í«¥¬¥­â®¢  «£¥¡àë E0. �¥-

è¥âª  P (A0) ¬®¤ã«ïà­ . �®£¤ , ¥á«¨ ¤«ï áãé¥áâ¢¥­­® ¨§¬¥à¨¬®£® ®¯¥à â®à  fxn; eng,
fyn; fng 2 C(A0) ¨¬¥¥â ¬¥áâ® fxn; eng � fyn; fng, â® íâ¨ áãé¥áâ¢¥­­® ¨§¬¥à¨¬ë¥ ®¯¥-

à â®àë íª¢¨¢ «¥­â­ë ¨ ¢ A. � ª¨¬ ®¡à §®¬ C(A0) £®¬®¬®àä­® ¢«®¦¨âáï ¢ C(A).

�¥âàã¤­® ¯à®¢¥à¨âì, çâ® C(A0) £®¬®¬®àä­®, ­® ­¥®¡ï§ â¥«ì­® ¨­ê¥ªâ¨¢­® ¢«®¦¨âáï

¢ E0. � â® ¦¥ ¢à¥¬ï, ¢ á¨«ã â¥®à¥¬ë 5 E0 � C(A0). �âáî¤ , â ª ª ª à áá¬®âà¥­­ë¥

¢ëè¥ £®¬®¬®àä¨§¬ë ¨¤¥­â¨ç­ë, â® E0 = C(A0). B

�à¥¤«®¦¥­¨¥ 5. �ãáâì A | ¬®­®â®­­® ¯®«­ ï ¬®¤ã«ïà­ ï AJW - «£¥¡à , x,

y | í«¥¬¥­âë  «£¥¡àë C(A), ¯à¨ç¥¬ ®¤¨­ ¨§ x, y ¯®«®¦¨â¥«¥­. �®£¤  á«¥¤ãîé¨¥

ãá«®¢¨ï íª¢¨¢ «¥­â­ë: a) x � y = 0, b) x2 � y = 0, c) x2 � y2 = 0, d) r(x) � r(y) = 0. �à¨

¢ë¯®«­¥­¨¨ ®¤­®£® ¨§ íâ¨å ãá«®¢¨© x$ y, â. ¥. í«¥¬¥­âë x ¨ y á®¢¬¥áâ­ë.

C �®¯ãáâ¨¬, çâ® ¢ë¯®«­¥­® a). �ãáâì x > 0 ¨ B | ©®à¤ ­®¢   «£¥¡à , ¯®-

à®¦¤¥­­ ï í«¥¬¥­â ¬¨ y ¨ x. �® ¨§¢¥áâ­®© â¥®à¥¬¥ �¨àè®¢   «£¥¡à  B á¯¥æ¨-

 «ì­ . �®£¤  xy = �yx ®â­®á¨â¥«ì­®  áá®æ¨ â¨¢­®£® ã¬­®¦¥­¨ï, ¨ xyx = �yx2,
-x2y = xyx, â. ¥. yx2 = x2y. �âáî¤  ¯® ¯à¥¤«®¦¥­¨î 5 ¨§ [10] x2 $ y ¢ B. � ª

ª ª C(A) = Asp � S(X;M8
3 ) (â¥®à¥¬  1), â® áãé¥áâ¢ã¥â æ¥­âà «ì­ë© ¯à®¥ªâ®à z á

ãá«®¢¨ï¬¨ Asp = C(zAsp), S(X;M
8
3 ) = �(Aex). �ãáâì x, y 2 Asp. �®£¤  x2 $ y ¢

Asp ¨ áãé¥áâ¢ã¥â ¬ ªá¨¬ «ì­ ï á¨«ì­®  áá®æ¨ â¨¢­ ï ¯®¤ «£¥¡à  A0 � Asp â ª ï,

çâ® x; y 2 A0. �¬¥¥¬ A
®£à

0 | ¬ ªá¨¬ «ì­ ï á¨«ì­®  áá®æ¨ â¨¢­ ï ¯®¤ «£¥¡à   «£¥¡-

àë A. � á¨«ã ¯à¥¤«®¦¥­¨ï 4 A0 = C(A
®£à

0 ) ¨ áãé¥áâ¢ã¥â íªáâà¥¬ «ì­ë© ª®¬¯ ªâ X

â ª®©, çâ® C(A
®£à

0 ) �= C1(X),   á«¥¤®¢ â¥«ì­®, ¨ A0
�= C1(X). � áá¬®âà¨¬ ®â®¡à -

¦¥­¨¥ �(t) =
p
x(t)2, � : X ! R [ f�1g. �â® ®â®¡à ¦¥­¨¥ ­¥¯à¥àë¢­® ¨ â ª ª ª
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x(t)2 2 C1(X), â® � 2 C1(X). �«¥¤®¢ â¥«ì­®,
p
x2 = x 2 C1(X) = A0. �®£¤  x $ y

¨ x2 � y = x � (x � y) = 0. �â ª, ¤®ª § ­®, çâ®  ))b) ¯à¨ x; y 2 Asp ¨ ãá«®¢¨¥ a) ¢«¥ç¥â

x$ y.

� ¬¥â¨¬, çâ® ª®£¤  x; y 2 S(X;M8
3 ) ¨ x > 0, â® ãá«®¢¨¥ x � y = 0 à ¢­®á¨«ì­®

x2 � y = 0, ¯à¨ç¥¬ x $ y. �¥©áâ¢¨â¥«ì­®, (8t 2 X) x(t)y(t) = 0 , x(t)2 � y(t) = 0 ¨

x(t) $ y(t) ¢ M8
3 , ¥á«¨ x(t), y(t) < 1 (á¬. [7]). � ª ª ª ã¬­®¦¥­¨¥ ¯®â®ç¥ç­®¥, â®

x2 � y = 0 ¨ x$ y. �§ ¯à®¢¥¤¥­­ëå ¢ëè¥ à ááã¦¤¥­¨© á«¥¤ã¥â, çâ® x2 � y = 0 ¨ x$ y

¢ C(A). �­ ç¨â, a))b).

� ª ª ª a))b) ¨ x, y | ¯à®¨§¢®«ì­ë¥, â® b))c). � «¥¥, ¢ á¨«ã à ¡®âë [10] ¨¬¥îâ

¬¥áâ® ¨ ®áâ «ì­ë¥ ãâ¢¥à¦¤¥­¨ï. B

�«ï ¯®¤¬­®¦¥áâ¢  S � E+ ©®à¤ ­®¢®©  «£¥¡àë E ®¡®§­ ç¨¬ S? = fa 2 E : Uas =

0;8s 2 Sg. �ã¤¥¬ £®¢®à¨âì, çâ® E | ©®à¤ ­®¢   «£¥¡à  ¡íà®¢áª®£® â¨¯ , ¥á«¨ ¤«ï

¢áïª®£® S � E+ áãé¥áâ¢ã¥â ¯à®¥ªâ®à e 2 E â ª®©, çâ® S? = Ue(E).

�¥®à¥¬  7. �ãáâì E | OJ - «£¥¡à , A | JB- «£¥¡à  ®£à ­¨ç¥­­ëå í«¥¬¥­â®¢

 «£¥¡àë E ¨ A ¨¬¥¥â à §¤¥«ïîé¥¥ á¥¬¥©áâ¢® ­®à¬ «ì­ëå äã­ªæ¨®­ «®¢. �®£¤  E

ï¢«ï¥âáï ©®à¤ ­®¢®©  «£¥¡à®© ¡íà®¢áª®£® â¨¯ .

C �® ãá«®¢¨î â¥®à¥¬ë A ï¢«ï¥âáï JBW - «£¥¡à®©. � á¨«ã [8] ©®à¤ ­®¢   «£¥¡à 

C(A) ï¢«ï¥âáï ©®à¤ ­®¢®©  «£¥¡à®© ¡íà®¢áª®£® â¨¯ . �ãáâì S?E = fa 2 E : Uas =

0;8s 2 Sg ¤«ï ¯à®¨§¢®«ì­®£® S � E+. �á­®, çâ® S?E = S? \ E = Ue(C(A)) \ E.

� ¬¥â¨¬, çâ® Ue(E) � Ue(C(A)) ¨ Ue(Ue(C(A)) \ E) = Ue(C(A)) \ E. �«¥¤®¢ â¥«ì­®,
S?E = Ue(E). B

�¥®à¥¬  8. �ãáâì A| ¬®­®â®­­® ¯®«­ ï ¬®¤ã«ïà­ ï AJW - «£¥¡à . �®£¤  C(A)

ï¢«ï¥âáï ©®à¤ ­®¢®©  «£¥¡à®© ¡íà®¢áª®£® â¨¯ , â. ¥. ¤«ï ¢áïª®£® ¬­®¦¥áâ¢  S � C(A)+
áãé¥áâ¢ã¥â ¯à®¥ªâ®à e â ª®©, çâ® S? = Ue(C(A)).

C �®áª®«ìªã C(A) ï¢«ï¥âáï OJ- «£¥¡à®©, â® ¢ á¨«ã [10, £«. III] ¤«ï ª ¦¤®£®

a 2 C(A) áãé¥áâ¢ã¥â ¥£® ­®á¨â¥«ì r(a) ¢ C(A). �á«¨ ¤«ï ¯à®¨§¢®«ì­®£® a 2 C(A),

a 2 S?, â® ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 5 a � r(s) = 0 (s 2 S) ¨, ¥á«¨ f = sups2S r(s), â® a �f = 0.

�âáî¤  U1�f (C(A)) � S?. �ãáâì a 2 S?. �®ª ¦¥¬, çâ® a 2 U1�f (C(A)). �¬¥¥¬

a � f = 0. �âáî¤  (1� f) � a = 0 ¨ a 2 U1�f (C(A)). �«¥¤®¢ â¥«ì­®, Ue(C(A)) = S?, £¤¥

e = 1� f . B

�«¥¤ãîé¨© ä ªâ ¤®ª §ë¢ ¥âáï â ª ¦¥, ª ª ¨ â¥®à¥¬  7.

�«¥¤áâ¢¨¥. �ãáâì E | OJ- «£¥¡à , E®£à | ¬®¤ã«ïà­ ï AJW - «£¥¡à  ®£à ­¨-

ç¥­­ëå í«¥¬¥­â®¢ E. �®£¤  E | ©®à¤ ­®¢   «£¥¡à  ¡íà®¢áª®£® â¨¯ .

� ¬¥ç ­¨¥. � à ¡®â¥ [11] ¡ë«  ¯®áâà®¥­  ¡ã«¥¢®§­ ç­ ï à¥ «¨§ æ¨ï AJW - «-

£¥¡à. �á¯®«ì§ãï â¥å­¨ªã ¬®¦­® ¯®áâà®¨âì  ¡áâà ªâ­ë¥ ¨§¬¥à¨¬ë¥ ®¯¥à â®àë ¤«ï

à¥ «¨§ æ¨© AJW - «£¥¡à ¨ ¯¥à¥­¥áâ¨ à¥§ã«ìâ âë ® á¢ï§ïå ¬¥¦¤ã  ¡áâà ªâ­ë¬¨ ¨§-

¬¥à¨¬ë¬¨ ®¯¥à â®à ¬¨ ¤«ï JBW - «£¥¡à ¨  ¡áâà ªâ­ë¬¨ ¨§¬¥à¨¬ë¬¨ ®¯¥à â®à ¬¨

¤«ï ¯à®¨§¢®«ì­ëå AJW - «£¥¡à (á¬. [8, x5, â¥®à¥¬ë 1{3]).
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