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�à¨ ®¯à¥¤¥«¥­­ëå ãá«®¢¨ïå £« ¤ª®áâ¨ ¤®ª § ­   ¯à¨®à­ ï ®æ¥­ª  ¤«ï ®¡®¡é¥­­ëå à¥è¥­¨©

­¥«®ª «ì­®© ªà ¥¢®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï �««¥à  ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢ . � áá¬ âà¨¢ ¥¬ ï

§ ¤ ç  à¥¤ãæ¨àã¥âáï ª § ¤ ç¥ �ãàá . �®«ãç¥­® â ª¦¥ ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï

§ ¤ ç¨ �ãàá .

1. �®áâ ­®¢ª  § ¤ ç¨. � ®¡« áâ¨ QT � f(x; t) : 0 < x < l; 0 < t < Tg à áá¬®â-
à¨¬ § ¤ çã á ­¥«®ª «ì­ë¬ ãá«®¢¨¥¬
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= 0; (3)

u(x; 0) = u0(x); (4)

£¤¥ 0 < c0 6 �(x; t) 6 c1, jg(x; t)j, jk(x; t)j, j�t(x; y)j 6 c2. � ¤ ­­ë¥ ¢ ãà ¢­¥-

­¨¨ (1) ¨ ãá«®¢¨ïå (2){(4) äã­ªæ¨¨ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬ £« ¤ª®áâ¨:

�; �x; �t; �xt; k; kx; g; f 2 C(QT ); B(t) 2 C[0; T ], u0(x) 2 C1[0; l]. �à ¢­¥­¨¥ (1) ­ §ë¢ -

¥âáï ãà ¢­¥­¨¥¬ �««¥à  ¨«¨ ¬®¤¨ä¨æ¨à®¢ ­­ë¬ ãà ¢­¥­¨¥¬ ¢« £®¯¥à¥­®á  ¢ ¯®ç¢®-

£àã­â å.

�¥«®ª «ì­®¥ ãá«®¢¨¥ ¢¨¤  (2) ¯à¥¤«®¦¥­® ¢¯¥à¢ë¥ ¢ à ¡®â å [1, 2]. �¨§¨ç¥áª¨ ®­®

¢ëà ¦ ¥â à áå®¤, ­ ¯à¨¬¥à, ¢« £¨ ¢ ¯®ç¢¥­­®¬ á«®¥ ®â 0 ¤® l. �¥«®ª «ì­ë¥ ãá«®¢¨ï

â¨¯  (2) ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ à áá¬ âà¨¢ «¨áì â ª¦¥ ¢ à ¡®â å [3, 4].

2. �¥®à¥¬  ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï. �®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì  ¯à¨®à­®©

®æ¥­ª¨ à¥è¥­¨ï § ¤ ç¨ (1){(4). �«ï íâ®£® ã¬­®¦¨¬ ãà ¢­¥­¨¥ (1) ­  u(x; t) ¨ ¯à®¨­-

â¥£à¨àã¥¬ ¯® ¯¥à¥¬¥­­®© x:
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f(x; t)u dx: (5)
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�à¥®¡à §ã¥¬ ¨­â¥£à «ë, ¢å®¤ïé¨¥ ¢ â®¦¤¥áâ¢® (5) ¨ ­¥«®ª «ì­®¥ ãá«®¢¨¥ (2) á«¥-

¤ãîé¨¬ ®¡à §®¬:

k(0; t)ux(0; t) + �(0; t)uxt(0; t) = �
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0

g(x; t) dx + �(t); �(t) =
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f(x; t) dt�B(t); (6)

lZ
0

utu dt =
1

2

@

@
kuk2L2
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=
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u2(x; t) dx; (71)
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k(x; t)u2x(x; t) dx; (72)
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�«ï áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï äã­ªæ¨© f(x; t) ¨ u(x; t) á¯à ¢¥¤«¨¢  ®æ¥­ª 

(f; u) =
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�®¤áâ ¢«ïï (71); (72); (73) ¢ ¨­â¥£à «ì­®¥ â®¦¤¥áâ¢® (5), á ãç¥â®¬ ­¥«®ª «ì­®£® ãá«®-

¢¨ï (6) ¨ ­¥à ¢¥­áâ¢  (7), ¯®«ãç ¥¬
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�¯à ¢¥¤«¨¢  ®æ¥­ª  (á¬. [5])

u2(0; t) 6 "kuxk
2

L2
+ c(")kuk2L2

; " > 0; c(") > 0:

�®£¤  ­  ®á­®¢ ­¨¨ íâ®© ®æ¥­ª¨ ¨§ (8) ­ å®¤¨¬
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£¤¥ �1 = max(3c2 + 2"; 1 + c2
2
l + 2(c2 + c("))). � ¬¥­¨¬ ¢ (9) t ­  � ¨ ¯à®¨­â¥£à¨àã¥¬

¯® � ¢ ¯à¥¤¥« å ®â 0 ¤® t:
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�ãáâì �2 = min(1; c0); �3 = max(1; c1; �1). �®£¤  ¨§ (10) á«¥¤ã¥â
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jf(x; �)j dx

�
d�: (11)

�§  ¯à¨®à­®© ®æ¥­ª¨ (11) á«¥¤ã¥â ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï § ¤ ç¨ (1){(4) ¨ ­¥¯à¥-

àë¢­ ï § ¢¨á¨¬®áâì à¥è¥­¨ï ®â ¢å®¤­ëå ¤ ­­ëå ­  ª ¦¤®¬ ¢à¥¬¥­­®¬ á«®¥ ¢ ­®à¬¥

¯à®áâà ­áâ¢  W 1

2
(0; l).

3. � ¤ ç¨ �ãàá , ¯®áâà®¥­¨¥ äã­ªæ¨¨ �¨¬ ­ . � â®© ¦¥ ®¡« áâ¨ QT à á-

á¬®âà¨¬ § ¤ çã

L(u) � (�uxt)x + (kux)x + dut � qu = �f(x; t); d < 0; dt 2 C(QT ); (12)

u(0; t) = '(t); ux(0; t) =  (t); u(x; 0) = u0(x): (13)
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�¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥

vL(u) � uM(v) =
@Q

@x
�
@P

@t
; (14)

£¤¥

Q =�vuxt + u(�vx)t + kvux � kvxu;

P =�vxux � dvu;

M(v) =� (�vx)xt + (kvx)x � (dv)t � qv:

�®âà¥¡ã¥¬ ­¥¯à¥àë¢­®áâì P;Q ¢ QT , ­¥¯à¥àë¢­®áâì ¨ ®£à ­¨ç¥­­®áâì Px; Qt ¢

QT .

�¯à¥¤¥«¨¬  ­ «®£ äã­ªæ¨¨ �¨¬ ­  v = v(x; t; �; �) á«¥¤ãîé¨¬¨ âà¥¡®¢ ­¨ï¬¨

(á¬. [6]):

M(v) = 0;

v(�; t; �; �) = 0; vx(�; t; �; �) =
1

�
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� tZ
�

k(�; t1)

�(�; t1)
dt1

�
;

v(x; � ; �; �) = w(x; �);

(15)

£¤¥ w(x; �) | à¥è¥­¨¥ § ¤ ç¨ �®è¨

(�vx)x + dv = 0; � > c0 > 0; d < 0;

v(x; � ; �; �)
���
x=�

= 0; vx(x; � ; �; �)
���
x=�

=
1

2
:

(16)

�à®¨­â¥£à¨àã¥¬ á®®â­®è¥­¨¥ (14) ¯® ®¡« áâ¨ 
 � f(x; t) : 0 < x < �; 0 < t < �g,
£¤¥ (�; �) | ¯à®¨§¢®«ì­ ï â®çª  ®¡« áâ¨ QT .

�®£¤ , á ãç¥â®¬ £à ­¨ç­ëå ãá«®¢¨© (13) ¨ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ v = v(x; t; �; �),

¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥

u(�; �) = �(0; �)vx(0; � ; �; �)'(�) �
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0

0
(x)� d(x; 0)v(x; 0; �; �)u0(x)
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v(x; t; �; �)f(x; t) dx dt:

(17)

� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ § ¤ ç¨ �ãàá  (12){(13) ¯à¥¤áâ ¢¨¬® ¢ ï¢­®¬ ¢¨¤¥ á ¯®-

¬®éìî ä®à¬ã«ë (17), ¥á«¨ ¨§¢¥áâ­  äã­ªæ¨ï �¨¬ ­  v(x; t; �; �). �ãé¥áâ¢®¢ ­¨¥ ¨
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¥¤¨­áâ¢¥­­®áâì  ­ «®£  äã­ªæ¨¨ �¨¬ ­ , ®¯à¥¤¥«ï¥¬®£® ãá«®¢¨ï¬¨ (15){(16), ¤®ª -

§ ­ë ¢ à ¡®â¥ [6]. �®à¬ã«  (17) ¯®§¢®«ï¥â ¨áá«¥¤®¢ âì à §«¨ç­ë¥ ªà ¥¢ë¥ «®ª «ì­ë¥

¨ ­¥«®ª «ì­ë¥ § ¤ ç¨ ¤«ï ¯á¥¢¤®¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢¨¤  (12).

�à¥¤áâ ¢«¥­¨¥ (17) § ¯¨è¥¬ ­¥áª®«ìª® ¨­ ç¥:

u(�; �) = �(0; �)vx(0; � ; �; �)u(0; �) � �(0; �)v(0; � ; �; �)ux(0; �)

+

�Z
0

�h�
�(0; t)v(0; t; �; �)
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0
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(x)� d(x; 0)v(x; 0; �; �)u0(x)

i
dx
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�Z
0

�Z
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v(x; t; �; �)f(x; t) dx dt � �(0; 0)v(0; 0; �; �)u0

0
(0):

(18)

�®«ì§ãïáì ¯à¥¤áâ ¢«¥­¨¥¬ (18), á ãç¥â®¬ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© (2){(4), ­ å®¤¨¬

vx�(0; � ; l; �)u(0; �) � v(0; � ; l; �)ux(0; �)

+

�Z
0

�
H1(�; t)u(0; t) +H2(�; t)ux(0; t)

�
dt = 
1(�); (19)
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0
(x)� d(x; 0)v�(x; 0; l; �)

i
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+
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0

�Z
0

v�(x; t; �; �)f(x; t) d� dt� �(0; 0)v�(0; 0; l; �)u
0

0
(0);
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K1(�; t) =
1

�(0; �)

lZ
0

�
k(0; t)vx(0; t; �; �) � (�vx)t

�
d�;

K2(�; t) =
1

�(0; �)

lZ
0

h�
�(0; t)v(0; t; �; �)

�
t
� k(0; t)v

i
d�;


2(�) =�
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�(0; �)
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0

� �Z
0
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v(x; t; �; �)f(x; t) dx dt

+
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0

�
�(x; 0)vx(x; 0; �; �)u

0

0
(x) + d(x; 0)v(x; 0; �; �)u0(x)

�
dx

� �(0; 0)v(0; 0; �; �)u0

0
(0)

�
d� +

lZ
0

u0(x) dx+

�Z
0

B(t) dt:

�¨áâ¥¬ã ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (19) ¯¥à¥¯¨è¥¬ ¢ ®¯¥à â®à­®¬ ¢¨¤¥

A~u+B~u = ~
;

£¤¥

A =

0
BB@

vx�(0; � ; l; �) � v(0; � ; l; �)

lZ
0

vx(0; � ; �; �) d� �

lZ
0

v(0; � ; �; �) d�

1
CCA :

�  ®á­®¢ ­¨¨ «¥¬¬ë, ¤®ª § ­­®© ¢ à ¡®â¥ [6] ¨¬¥¥¬ detA(t) 6= 0, 0 6 t 6 T . �®íâ®¬ã

á¨áâ¥¬  ãà ¢­¥­¨© (19) ï¢«ï¥âáï á¨áâ¥¬®© ¨­â¥£à «ì­ëå ãà ¢­¥­¨© �®«ìâ¥àà  ¢â®à®£®

à®¤ , ª®â®à ï ¡¥§ãá«®¢­® à §à¥è¨¬ .

� ª¨¬ ®¡à §®¬, § ¤ ç  (1){(4) à¥¤ãæ¨à®¢ ­  ª § ¤ ç¥ �ãàá  (12){(13) ®¤­®§­ ç­ ï

à §à¥è¨¬®áâì ª®â®à®© ã¦¥ ãáâ ­®¢«¥­ .

�®«ãç¥­­ë¥ à¥§ã«ìâ âë ¨¬¥îâ ¬¥áâ® ¨ ¢ á«ãç ¥, ª®£¤  ­  ¯à ¢®¬ ª®­æ¥ ®â-

à¥§ª  [0; l] § ¤ ­® ãá«®¢¨¥ âà¥âì¥£® à®¤  ��(l; t) = �(t)u(l; t) + �(t), £¤¥ �(l; t) =

kux(l; t) + �(l; t)uxt(l; t), ¯à¨ íâ®¬ §­ ª¨ ª®íää¨æ¨¥­â®¢ k(x; t); q(x; t); �(t) ­¥ ¨£à -

îâ à®«¨ ¤«ï ª®àà¥ªâ­®© ¯®áâ ­®¢ª¨ ¨áå®¤­®© § ¤ ç¨, áãé¥áâ¢¥­­ë¬ ï¢«ï¥âáï â®«ìª®

ãá«®¢¨¥ �(x; t) > c0 > 0.
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