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�®«ãç¥­ë äã­ªæ¨®­ «ì­®-£¥®¬¥âà¨ç¥áª¨¥ ãá«®¢¨ï ­  ®¡« áâì, ®¡¥á¯¥ç¨¢ îé¨¥ á¯à ¢¥¤«¨¢®áâì

­¥ª®â®àëå ¨­â¥£à «ì­ëå ­¥à ¢¥­áâ¢ ¨ â¥®à¥¬ ¢«®¦¥­¨ï ¤«ï  ­¨§®âà®¯­ëå äã­ªæ¨®­ «ì­ëå

¯à®áâà ­áâ¢.

�ãáâì Rn | ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® â®ç¥ª x = (x1; :::; xn); ~l = (l1; :::; ln) | ¬ã«ìâ¨¨­¤¥ªá,

li > 0:

� áá¬®âà¨¬ ®¤­®¯ à ¬¥âà¨ç¥áªãî £àã¯¯ã ¯à¥®¡à §®¢ ­¨© Rn

Ht(x) =
�
t
l�

l1 x1; :::; t
l�

ln xn

� �
t 2 R

+
�
;

£¤¥
1
l�
= 1

n

nP
i=1

1
li
, ¨ £« ¤ªãî Ht-®¤­®à®¤­ãî ¬¥âà¨ªã, ®¯à¥¤¥«ï¥¬ãî ¢¥ªâ®à®¬

~l 2 N
n ; r : Rnnf0g ! R

+ ; r(Ht(x)) = tr(x); x 2 R
n ;

­¥¯à¥àë¢­ãî ­  Rn :

� à®¬ á æ¥­âà®¬ ¢ â®çª¥ x à ¤¨ãá  � ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®

B�(x) = fy 2 R
n : r(x; y) < �g:

�ãáâì 
 � R
n | ®âªàëâ®¥ ¯®¤¬­®¦¥áâ¢®, p > 1. �ã¤¥¬ £®¢®à¨âì, çâ® äã­ªæ¨ï f 2 Lp(
)

¯à¨­ ¤«¥¦¨â ª« ááã L
~l
p(
), ¥á«¨ ®­  ¨¬¥¥â ®¡®¡é¥­­ë¥ ¯à®¨§¢®¤­ë¥

D�f 2 Lp(
); j� : lj = 1:
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. �«ï â ª¨å äã­ªæ¨©

®¯à¥¤¥«¨¬ ¯®«ã­®à¬ã:

kfk
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¬­®¦¥áâ¢  C1

0 (
) | ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© á ­®á¨â¥«ï¬¨ ¢ 
.
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�¢¥¤¥¬ ¯à®áâà ­áâ¢®

V
~l
p =

\
jk:lj61

Lk
p(
);

á­ ¡¦¥­­®¥ ­®à¬®©

kfk
V ~l
p
=

X
j�:lj61

kD�fkL�(
):

�¢¥¤¥­­ë¥ ¢ëè¥ ¯à®áâà áâ¢  ¨§ãç «¨áì ¢ à ¡®â å �®¤®¯ìï­®¢  �.�. [1{5].

�ãáâì e 2 R
n | § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®. �¬ª®áâìî ¬­®¦¥áâ¢  e ­ §®¢¥¬ ¢¥«¨ç¨­ã
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�
e;

�

L
~l
p(
)

�
= inf

�
kukp

�

L
~l
p(
)

: u 2M(e;
)

�
;

£¤¥M(e;
) = fu 2 C1

0 (
) : u = 1 ¢ ®ªà¥áâ­®áâ¨ eg (á¬. [6]).
�ãáâì e| ª®¬¯ ªâ­®¥ ¯®¤¬­®¦¥áâ¢® è à  �B�: �ã¤¥¬ £®¢®à¨âì, çâ® e| (p; l�)-­¥áãé¥áâ¢¥­­®¥

¯®¤¬­®¦¥áâ¢® B�, ¥á«¨

Cap (e;
�

L
~l
p(B�)) 6 
�n�pl

�

;

n > pl�; p > 1 ¨«¨ n > l�; p = 1; £¤¥ 
 | ¤®áâ â®ç­® ¬ « ï ª®­áâ ­â , § ¢¨áïé ï â®«ìª® ®â n,

p, ~l.

�®¢®ªã¯­®áâì ¢á¥å (p; l�)-­¥áãé¥áâ¢¥­­ëå ¯®¤¬­®¦¥áâ¢ è à  B� ®¡®§­ ç¨¬ ç¥à¥§ N (B�). �

ç¥à¥§ �uB�
| áà¥¤­¥¥ §­ ç¥­¨¥ äã­ªæ¨¨ u ­  è à¥ B�, â. ¥. �uB�

= [mn(B�)]
�1

R
B�

udx.

�¢¥¤¥¬ ¥é¥ ¯®«ã­®à¬ã

jujp;l�;B�
=

X
0<j�:lj61

�l
�(j�:lj�1)kD�ukLp(B�);

£¤¥ � = (�1; :::; �n) 2 N
n :

�¥®à¥¬  1. �ãáâì e | § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® è à  B�: �«ï ¢á¥å äã­ªæ¨©

u 2 C1( �B�) â ª¨å, çâ® dist (suppu; e) > 0 ¢¥à­® ­¥à ¢¥­áâ¢®

kukLq(B�) 6 C jujp;l�;B�
; (1)

£¤¥

1 6 p 6 q 61; � =

�
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p
�
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q

� nX
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6 1:

�à¨ � = 1 (1 6 p = q <1), ª®­áâ ­â  C ¤®¯ãáª ¥â ®æ¥­ªã

C�p
> ��

np
q c1Cap

�
e;

�

L
~l
p(B�)

�
: (2)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®á­®¢ë¢ ¥âáï ­  á«¥¤ãîé¨å à¥§ã«ìâ â å.

�à¥¤«®¦¥­¨¥ 1. �ãé¥áâ¢ã¥â ®¯¥à â®à ¯à®¤®«¦¥­¨ï A : L
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p(
�B�) ! L
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p(
�B2�) â -
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(1) Av = v ­  �B�;

(2) ¥á«¨ dist (supp v; e) > 0, e ª®¬¯ ªâ ¢ B�, â® dist (supp (Av); e) > 0;

(3) kDk(Av)kLp(B2�) 6 ckDkukLp(B�); £¤¥ jk : lj 6 1, 1 6 p 61.

C �®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ à ¡®â [7{11] B

�¥¬¬  1. �ãáâì e | ª®¬¯ ªâ ¢ B1. �ãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c > 1, çâ®
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�
e;

�

L
~l
p(B2)

�
6 inffk1 � ukp

V
~l
p

(B1) : u 2 C1

0 ( �B1);

dist (suppu; e) > 0g 6 c Cap
�
e;

�

L
~l
p(B2)

�
: (3)

C �ãáâì v = A(1�u): �¡®§­ ç¨¬ ç¥à¥§ � äã­ªæ¨î ¨§ C1

0 (B2), à ¢­ãî ¥¤¨­¨æ¥ ¢

®ªà¥áâ­®áâ¨ è à  B1: �®£¤ 
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(â ª ª ª � 2 C1

0 (B2), â® íâ  äã­ªæ¨ï ¢¬¥áâ¥ á® á¢®¨¬¨ ¯à®¨§¢®¤­ë¬¨ ®£à ­¨ç¥­ )

6 c

Z
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X
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������
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D�v

������
p

dx 6 ckvkp
V ~l
p (B2)

6 c inf

�
k1� ukp

V ~l
p(B1)

: u 2 C1

0 ( �B1); dist (suppu; e) > 0

�
; (5)

¨ «¥¢ ï ç áâì (3) ¤®ª § ­ . �®ª ¦¥¬ ¯à ¢ãî ç áâì ®æ¥­ª¨ (3). �ãáâì w 2 M(e;B2).

�®£¤ 

kwkp
V ~l
p (B1)

6 c
X

j�:lj61

kD�wkLp(B2) 6 c
X

j�:lj=1

kD�wkLp(B2): (6)

�¨­¨¬¨§¨àãï ¯®á«¥¤­îî ­®à¬ã ­  ¬­®¦¥áâ¢¥ M(e;B2) ¯®«ãç¨¬

kwk
V ~l
p (B2)

6 c Cap
�
e;

�

L
~l
p(B2)

�
:

�¨­¨¬¨§¨àãï «¥¢ãî ç áâì, § ª ­ç¨¢ ¥¬ ¤®ª § â¥«ìáâ¢®. B

�¥¯¥àì ¤®ª ¦¥¬ â¥®à¥¬ã 1.

C �®áâ â®ç­® ¤®ª § âì â¥®à¥¬ã ¯à¨ � = 1. � § â¥¬ ¢®á¯®«ì§®¢ âìáï

Ht-®¤­®à®¤­ë¬ ¯à¥®¡à §®¢ ­¨¥¬. �ãáâì N = kukLp(B1). � ª ª ª dist (suppu; e) > 0;

â® ¯® «¥¬¬¥ 1
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�

L
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V
~l
p (B1)

= cN�pjujpp;l�;B1
+ Ck1�N�1ukp

Lp(B1)
;

â. ¥.

NpCap (e;
�

L
~l
p(B2)) 6 Cjujpp;l�;B1

+ kN � ukp
Lp(B1)

: (7)
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�¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ ¬®¦­® ¯à¥¤¯®«®¦¨âì, çâ® �uB1
> 0: �®£¤ 

jN � �uB1
j =

���kukLp(B1) � k�uB1
kLp(B1)

��� 6 ku� �uB1
kLp(B1):

�«¥¤®¢ â¥«ì­®,

kN � ukLp(B1) 6 kN � �uB1
kLp(B1) + ku� �uB1

kLp(B1) 6 2ku� �uB1
kLp(B1): (8)

� á¨«ã (7), (8) ¨ ­¥à ¢¥­áâ¢  �ã ­ª à¥ ¤«ï  ­¨§®âà®¯­ëå ¯à®áâà ­áâ¢

ku� �uB1
kLp(B1) 6 c

X
j�:lj=1

kD�ukLp(B1);

á¯à ¢¥¤«¨¢  ®æ¥­ª 

Cap (e;
�

L
~l
p(B2)) kuk

p
Lp(B1)

6 jujpp;l�;B1
:

�§ â¥®à¥¬ ¢«®¦¥­¨ï ¤«ï  ­¨§®âà®¯­ëå ¯à®áâà ­áâ¢ (á¬. [13]) ¨ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ-

¢  ¯®«ãç ¥¬

kukpLq(B1)
6 c (jujpp;l�;B1

+ kukpLp(B1)
) 6 f1 + [Cap (e;

�

L
~l
p(B2))]

�1gjujpp;l�;B1
:

�â¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1 ¤®ª § ­®. B

�â¬¥â¨¬, çâ® ¢ ¨§®âà®¯­®¬ á«ãç ¥ â¥®à¥¬  1 ¤®ª § ­  ¢ à ¡®â¥ � §ì¨ [12] ¨ ¯à¨

¯®¬®é¨ ¤àã£®£® ¬¥â®¤  ¯à¨ p > 1 �¥¤¡¥à£®¬ [13].

�¥®à¥¬  2. �ãáâì e | § ¬ª­ãâ®¥ ¯®¤¬­®¦¥áâ¢® �B� ¨ � | ç¨á«® ¨§ ¨­â¥à¢ « 

(0; 1). �®£¤  ¤«ï ¢á¥å äã­ªæ¨© ¨§ ¬­®¦¥áâ¢ 

n
u 2 C1( �B�) : �uB�

> 0; u(x) 6 ���
n
p kukLp(B�) ¯à¨ ¢á¥å x 2 e

o

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®:

kukLq(B�) 6 C jujp;l�;B�
; £¤¥ C�p

> c1(1� �)�
np
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�
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�

L
~l
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�
:

C �®¢â®àïï ¤®ª § â¥«ìáâ¢® «¥¬¬ë 1, ¯®«ãç ¥¬

c�1Cap (e;
�

L
~l
p(B2)) 6 inf

�
k1� ukp

V
~l
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: u 2 C1( �B1); u 6 0 ­  e

�

6 cCap
�
e;

�

L
~l
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�
:

� «¥¥ ¨§ ­¥à ¢¥­áâ¢  1�N�1u > 1� � ­  e ¢ëâ¥ª ¥â ®æ¥­ª 

(1� �)pCap
�
e;

�

L
~l
p(B2)

�
6 ck1�N�1ukp

V l
p(B1)

;

¨ ®áâ ¥âáï ¯®¢â®à¨âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. B
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�¥®à¥¬  3. �ãáâì n = l�p; p > 1. B� | è à, ¤«ï ª®â®à®£®

Cap ( �B�n
;
�

L
~l
p(
)) > 0:

�®£¤  ¤«ï ¢á¥å äã­ªæ¨© u 2 D(
)

kukp
Lq(B�)

6 C
X

j�:lj=1

kD�ukp
Lp(
)

; (9)

£¤¥

C 6 cdnp=q
h
Cap (B�n
;

�

L
~l
p(B2�))

i
�1

:

C �®£« á­® â¥®à¥¬¥ 1 ¨¬¥¥¬

kukpLp(B�)
6 cdnp=q

h
Cap

�
B�n
;

�

L
~l
p(B2�)

�i�1
� jujp;l�;B�

: (10)

�®áª®«ìªã ¯à¨

j� : lj 6 1 ¨ q� =
pn

n� pl�(1� j� : lj)

á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kD�ukLp(B2�) 6 c�l
�(1�j�:lj)kD�ukLq�
 6 c�l

�(1�j�:lj) �
X

j�:lj=1

kD�ukLp(
);

â®

kukp;l�;B2�
6 c

X
j�:lj=1

kD�ukLp(
): (11)

�¥à ¢¥­áâ¢  (10) ¨ (11) ¤ îâ ®æ¥­ªã (9). B
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