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� áâ âì¥ ãá¨«¨¢ ¥âáï à¥§ã«ìâ â �. �®â  ® à æ¨®­ «ì­®¬ ¯à¨¡«¨¦¥­¨¨ ¤«ï  «£¥¡à ¨-

ç¥áª¨å ç¨á¥«
3
p
D.

�¢¥¤¥­¨¥

� ç «® â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï  «£¥¡à ¨ç¥áª¨å ç¨á¥« à æ¨®­ «ì­ë¬¨ ç¨á« -

¬¨ ¯®«®¦¨«�. �¨ã¢¨««ì, ®¯ã¡«¨ª®¢ ¢è¨© ¢ 1848 £. ¯¥à¢ãî â¥®à¥¬ã, ¤ îéãî

­¥®¡å®¤¨¬ë© ¯à¨§­ ª  «£¥¡à ¨ç­®áâ¨ ç¨á«  ¨, á«¥¤®¢ â¥«ì­®, ¤®áâ â®ç­ë©

¯à¨§­ ª âà ­áæ¥­¤¥­â­®áâ¨ [3, 5]. �é¥ §  áâ® «¥â ¤® ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë

�¨ã¢¨««ï �. �©«¥à ãâ¢¥à¦¤ «, çâ® âà ­áæ¥­¤¥­â­ë¥ ç¨á«  áãé¥áâ¢ãîâ. �®

¤®ª § âì íâ® ãâ¢¥à¦¤¥­¨¥ ®­ ­¥ á¬®£.

� 1874 £. �. � ­â®à ¤àã£¨¬ ¬¥â®¤®¬ ¤®ª § « áãé¥áâ¢®¢ ­¨¥ âà ­áæ¥­¤¥­â-

­ëå ç¨á¥«. � §¢¨¢ ï â¥®à¨î ¬­®¦¥áâ¢, ®­ ¯®ª § «, çâ® ¬­®¦¥áâ¢®  «£¥¡à ¨-

ç¥áª¨å ç¨á¥« áç¥â­®,   ¬­®¦¥áâ¢® ¢¥é¥áâ¢¥­­ëå ç¨á¥« ­¥áç¥â­®. �«¥¤®¢ â¥«ì-

­®, áãé¥áâ¢ãîâ âà ­áæ¥­¤¥­â­ë¥ ç¨á« .

� 1909 £. �. �ãí ¯®«ãç¨« ¯¥à¢®¥ ãá¨«¥­¨¥ â¥®à¥¬ë �¨ã¢¨««ï. � «ì­¥©è¨¥

ãá¨«¥­¨ï â¥®à¥¬ë �ãí á 1921 £. ¯® 1955 £. ¡ë«¨ ¯®«ãç¥­ë ¯®á«¥¤®¢ â¥«ì­®

�. �¨£¥«¥¬, �. � ©á®­®¬, �. �. �¥«ìä®­¤®¬. �ãé¥áâ¢¥­­®¥ ¯à®¤¢¨¦¥­¨¥ ¢

¯à®¡«¥¬¥ ¯à¨¡«¨¦¥­¨ï  «£¥¡à ¨ç¥áª¨å ç¨á¥« à æ¨®­ «ì­ë¬¨ ¯®«ãç¨« �. �®â

¢ 1955 £. �  íâ®â à¥§ã«ìâ â ®­ ¡ë« ­ £à ¦¤¥­ �¨«¤á®¢áª®© ¯à¥¬¨¥© §  1958 £.

�¥®à¥¬  �®â . �ãáâì � 2 A ; deg� = n > 3;   � | «î¡®¥ ¯®«®¦¨â¥«ì­®¥

ç¨á«®. �®£¤  ­¥à ¢¥­áâ¢® ������ p

q

���� < 1

q2+�

¨¬¥¥â «¨èì ª®­¥ç­®¥ ç¨á«® à¥è¥­¨© ¢ ç¨á« å p 2 Z; q 2 N .

�¤¥áì ¨ ­¨¦¥ A ;Z ¨ N | ¬­®¦¥áâ¢   «£¥¡à ¨ç¥áª¨å, æ¥«ëå ¨ ­ âãà «ì­ëå

ç¨á¥« á®®â¢¥âáâ¢¥­­®.

�®«£®¥ ¢à¥¬ï ¢ â¥®à¥¬¥ �®â  ­¥ ã¤ ¥âáï § ¬¥­¨âì áâ¥¯¥­­ãî äã­ªæ¨î q�

­  äã­ªæ¨î, à áâãéãî ¬¥¤«¥­­¥¥. �. �¥­£ ¢ 1965 £. ¯¨è¥â ® â®¬, çâ® ý�ç¥­ì

c
 2001 � á®¥¢ �. �.
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âàã¤­®© ï¢«ï¥âáï £¨¯®â¥§ , á®áâ®ïé ï ¢ â®¬, çâ® ¤«ï ç¨á«  � áâ¥¯¥­¨ n > 3

­¥à ¢¥­áâ¢® ������ p

q

���� < 1

q2(log q)x

¨¬¥¥â «¨èì ª®­¥ç­®¥ ç¨á«® à¥è¥­¨© ¯à¨ x > 1 ¨«¨ ¯® ªà ©­¥© ¬¥à¥ ¯à¨

x > x0(�)þ ([6], á. 98.). � ­ áâ®ïé¥© à ¡®â¥ ¯à¨ ãá«®¢¨ïå � 2 A ; deg � = 3:

1) ¯à¨¢®¤¨âáï ­®¢®¥ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë �®â , 2) ¤®ª § ­®, çâ® ­¥à ¢¥­áâ-

¢® ������ p

q

���� < 1

q2 ln 1+�q
;

£¤¥ 0 < � < 1, ¨¬¥¥â «¨èì ª®­¥ç­®¥ ç¨á«® à¥è¥­¨© ¢ ç¨á« å p; q 2 N :

�­ «®£¨ç­ë¬ ®¡à §®¬ ¬®£ãâ ¡ëâì ¤®ª § ­ë ­¥à ¢¥­áâ¢  ¤«ï ç¨á¥« ¢¨¤ 

� =
n

p
D, n > 3.

1. � ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬­®£®ç«¥­®¢,

®¯à¥¤¥«ïîé¥© ¥£® ª®à­¨

�ãáâì � =
3
p
D |  «£¥¡à ¨ç¥áª®¥ ç¨á«® áâ¥¯¥­¨ 3 ¨ ¯ãáâì

� = [a0; a1; a2; : : : ; ak; : : : ] (1:1)

à §«®¦¥­¨¥ ç¨á«  � ¢ ­¥¯à¥àë¢­ãî ( à¨ä¬¥â¨ç¥áªãî) ¤à®¡ì,

�k+1 = [ak+1; ak+2; ak+3; : : : ]: (1:2)

�§¢¥áâ­® [1, 4], çâ® ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ à ¢¥­áâ¢ :

� =
pk�k+1 + pk�1

qk�k+1 + qk�1
; (1:3)

pk

qk
= [a0; a1; a2; : : : ; ak]; (1:4)

p0 = a0; p1 = a0a1 + 1; pk = akpk�1 + pk�2; (1:5)

q0 = 1; q1 = a1; qk = akqk�1 + qk�2; (1:6)

qkpk�1 � pkqk�1 = (�1)k; (1:7)

p0

q0
<

p2

q2
<

p4

q4
< � � � < p2k

q2k
< : : : ; (1:8)

p1

q1
>

p3

q3
>

p5

q5
> � � � > p2k+1

q2k+1
> : : : ; (1:9)

p2k

q2k
< � <

p2k+1

q2k+1
; (1:10)
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qk

���� = 1


k+1q
2
k

; (1:11)


k+1 = [ak+1; ak+2; : : : ] + [0; ak; ak�1; : : : ; a1]; (1:12)

"k =

������ pk

qk

���� >
������ pk+1

qk+1

���� = "k+1; (1:13)

"k =

������ pk

qk

���� = 1

�k+1q
2
k

=
1

qkqk+1
� 1

qk+1qk+2
: (1:14)

�®«®¦¨¬ �k+1 = x. �®£¤  ¨§ à ¢¥­áâ¢  (1.3) á«¥¤ã¥â, çâ®

(qkx+ qk�1)
3
p
D = pkx+ pk�1:

�®§¢¥¤ï ®¡¥ ç áâ¨ íâ®£® à ¢¥­áâ¢  ¢ âà¥âìî áâ¥¯¥­ì ¨ ¯à¨¢¥¤ï ¯®¤®¡­ë¥ ç«¥­ë,

¯®«ãç¨¬, çâ®
3X

i=0

Ci
3(dq

3�i
k qik�1 � p3�ik pik�1)x

3�i
= 0:

� ª¨¬ ®¡à §®¬, ¤«ï ç¨á«  �k+1 ¬ë ¯®«ãç¨«¨ ãà ¢­¥­¨¥ âà¥âì¥© áâ¥¯¥-

­¨ á æ¥«ë¬¨ ª®íää¨æ¨¥­â ¬¨, � ¨ �k+1 ï¢«ïîâáï íª¢¨¢ «¥­â­ë¬¨ ç¨á« ¬¨.

�®íâ®¬ã �k+1 â ª¦¥  «£¥¡à ¨ç¥áª¨¥ ¨àà æ¨®­ «ì­®áâ¨ áâ¥¯¥­¨ 3.

� áá¬®âà¨¬ ¬­®£®ç«¥­ [2]

fk(x) =

3X
i=0

Ci
3(Dq3�ik qik�1 � p3�ik pik�1)x

3�i: (1:15)

� á¨«ã áª § ­­®£® ¢ëè¥ �k+1 ï¢«ï¥âáï ª®à­¥¬ íâ®£® ¬­®£®ç«¥­ , â. ¥. ¯à¨ ¯¥-

à¥å®¤¥ ç¥à¥§ íâ® ç¨á«® fk(x) ¬¥­ï¥â §­ ª. �®íâ®¬ã ¤«ï [�k+1] = ak+1 §­ ç¥­¨ï

¬­®£®ç«¥­  fk(ak+1) ¨ fk(ak+1 + 1) ¨¬¥îâ à §­ë¥ §­ ª¨.

�®ª ¦¥¬, çâ®

Ci
3(Dq3�ik qk�1 � p3�ik pk�1) =

1

i!
f
(i)

k�1(ak); k > 0; 0 6 i 6 3: (1:16)

� á ¬®¬ ¤¥«¥, á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

fk�1(x) =

3X
m=0

Cm
3 (Dq3�mk�1 q

m
k�2 � p3�mk�1 p

m
k�2)x

3�m
;

1

i!
f
(i)

k�1(x) =

3�iX
m=0

Cm
3 Ci

3�m(Dq3�mk�1 q
m
k�2 � p3�mk�1 p

m
k�2)x

3�m�i

=

3�iX
m=0

Ci
3C

m
3�i(Dq3�mk�1 q

m
k�2 � p3�mk�1 p

m
k�2)x

3�m�i

= Ci
3

3�iX
m=0

Cm
3�i(Dq3�mk�1 q

m
k�2 � p3�mk�1 p

m
k�2)x

3�m�i:
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�â ª,

1

i!
f
(i)
k�1(ak) = Ci

3

3�iX
m=0

Cm
3�i(Dq3�mk�1 q

m
k�2 � p3�mk�1 p

m
k�2)a

3�m�i
k :

� ¤àã£®© áâ®à®­ë, ¢ á¨«ã (1.5) ¨ (1.6) ­ å®¤¨¬

Ci
3(Dq3�ik qik�1 � p3�ik pik�1) = DCi

3q
3�i
k qik�1 � Ci

3p
3�i
k pik�1

= DCi
3(akqk�1 + qk�2)

3�iqik�1 � Ci
3(akpk�1 + pk�2)

3�ipik�1

= DCi
3

3�iX
m=0

Cm
3�iq

3�m�i
k�1 qmk�2q

i
k�1a

3�m�i
k � Ci

3

3�iX
m=0

Cm
3�ip

3�m�i
k�1 pmk�2p

i
k�1a

3�m�i
k

= DCi
3

3�iX
m=0

Cm
3�iq

3�m
k�1 q

m
k�2a

3�m�i
k � Ci

3

3�iX
m=0

Cm
3�ip

3�m
k�1 p

m
k�2a

3�m�i
k

= Ci
3

3�iX
m=0

Cm
3�i(Dq3�mk�1 q

m
k�2 � p3�mk�1 p

m
k�2)a

3�m�i
k :

�«¥¤®¢ â¥«ì­®, à ¢¥­áâ¢® (1.15) ¨¬¥¥â ¬¥áâ®.

�®ª ¦¥¬ â¥¯¥àì, çâ® ª ¦¤ë© ¨§ ¬­®£®ç«¥­®¢ (1.15) ¨¬¥¥â ®¤¨­ ¨ â®«ìª®

®¤¨­ ¯®«®¦¨â¥«ì­ë© ª®à¥­ì.

�¥©áâ¢¨â¥«ì­®, ¬­®£®ç«¥­

f�1(x) = �x3 +D

¨¬¥¥â ¥¤¨­áâ¢¥­­ë© ¯®«®¦¨â¥«ì­ë© ª®à¥­ì. �à¥¤¯®«®¦¨¬, çâ® fk(x) ¨¬¥¥â

®¤¨­ ¨ â®«ìª® ®¤¨­ ¯®«®¦¨â¥«ì­ë© ª®à¥­ì. � áá¬®âà¨¬ ¬­®£®ç«¥­ fk+1(x).

�áâ ­®¢¨¬, çâ®

fk+1(x) = xnfk

�
ak+1 +

1

x

�
: (1:17)

� á ¬®¬ ¤¥«¥, ãç¨âë¢ ï à ¢¥­áâ¢®

Ci
3C

j
3�i = C

j
3C

i
3�j ;
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¬®¦¥¬ ­ ¯¨á âì æ¥¯®çªã à ¢¥­áâ¢

x3fk

�
ak+1 +

1

x

�
= x3

3X
i=0

Ci
3(Dq3�ik qik�1 � p3�ik�1p

i
k�1)

�
ak+1 +

1

x

�3�i

=

3X
i=0

Ci
3(Dq3�ik qik�1 � p3�ik pik�1)

3�iX
j=0

C
j
3�iak+1x

3�j

= D

3X
i=0

�
Ci
3q

3�i
k qk�1

3�iX
j=0

C
j
3�ia

3�j�1
k+1 � x3�i

�

�
3X

i=0

�
Ci
3p

3�i
k pik�1

3�iX
j=0

C
j
3�ia

3�j�1
k+1 x3�j

�

= D

3X
i=0

Ci
3(ak+1qk + qk�1)

3�iqikx
3�i

�
3X

i=0

Ci
3(ak+1pk + pk�1)

3�ipikx
3�i

= D

3X
i=0

Ci
3q

3�i
k+1q

i
kx

3�i �
3X

i=0

Ci
3p

3�i
k+1p

i
kx

3�i

=

3X
i=0

Ci
3(Dq3�ik+1q

i
k � p3�ik pik)x

3�i
= fk+1(x):

�§ (1.16) á«¥¤ã¥â, çâ® fk+1(x) ¨¬¥¥â ¥¤¨­áâ¢¥­­ë© ¯®«®¦¨â¥«ì­ë© ª®à¥­ì. � -

ª¨¬ ®¡à §®¬, ¤«ï æ¥¯­®© ¤à®¡¨

3
p
D = [a0; a1; a2; a3; : : : ; ak; : : : ]

­ å®¤¨¬ à¥ªãà¥­â­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®£®ç«¥­®¢

f�1(x) = �x3 +D;

fk(x) =

3X
i=0

1

i!
f
(i)

k�1(ak)x
3�i; k = 0; 1; 2; : : : ;

(1:18)

ª ¦¤ë© ¨§ ª®â®àëå ®¯à¥¤¥«ï¥â á®®â¢¥âáâ¢ãîé¨© í«¥¬¥­â à §«®¦¥­¨ï
3
p
D ¢

æ¥¯­ãî ¤à®¡ì. �­®£®ç«¥­ fk(x) ®¯à¥¤¥«ï¥â í«¥¬¥­â ak+1 = c â ª, çâ® fk(c) ¨

fk(c+ 1) ¨¬¥îâ ¯à®â¨¢®¯®«®¦­ë¥ §­ ª¨.

�à¨¬¥à. �¯à¥¤¥«¨âì ¯¥à¢ë¥ ¤¥áïâì í«¥¬¥­â®¢ à §«®¦¥­¨ï

3
p
2 = [a0; a1; a2; a3; : : : ; a9; : : : ]:
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�¥è¥­¨¥. �®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬

f�1(x) = �x3 + 2;

f�1(1) = 1; f�1(2) = �6; f 0
�1(1) = �3; f 00

�1(1) = �6;
f(x) = x3 � 3x2 � 3x� 3;

f1(3) = �10; f0(4) = 3; a1 = 3; f 00(3) = 6; f 000 (3) = 12

f1(x) = �10x3 + 6x2 + 6x+ 1;

f1(3) = 3; f1(2) = �43; a2 = 1; f 01(1) = �12; f 001 (1) = �48; f 0001 (1) = �60;
f2(x) = 3x3 � 12x2 � 24x� 10;

f2(5) = �55; f2(6) = 82; a3 = 5; f 02(5) = 81; f 002 (5) = 66;

f3(x) = �55x3 + 81x2 + 33x+ 3;

f3(1) = 62; f3(2) = �47; a4 = 3; f 03(1) = 30; f 003 (1) = �330;
f4(x) = 62x3 + 30x2 � 84x� 55;

f4(1) = �47; f4(2) = 393; a5 = 1; f 04(1) = 162; f 004 (1) = 432;

f5(x) = �47x3 + 162x2 + 216x+ 62;

f5(4) = 510; f5(5) = �1683; a6 = 4; f 05(4) = �744; f 005 (4) = �804;
f6(x) = 510x3 � 744x2 � 402x� 47;

f6(1) = �683; f6(2) = 253; a7 = 1; f 06(1) = �360; f 006 (1) = 1572;

f7(x) = �683x3 � 360x2 + 786x+ 510;

f7(1) = 253; f7(2) = �4822; a8 = 1; f 07(1) = �1983; f 007 (1) = �4819;
f8(x) = 253x3 � 1983x2 � 2409x� 683;

a9 = 8

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬

3
p
2 = [1; 3; 1; 5; 1; 1; 4; 1; 1; 8; : : : ]:

2. � ­¥ª®â®àëå á¢®©áâ¢ å ª®íää¨æ¨¥­â®¢ ¬­®£®ç«¥­®¢

�ãáâì � =
3
p
D | ªã¡¨ç¥áª ï ¨àà æ¨®­ «ì­®áâì,

3
p
D = [a0; a1; a2; : : : ; ak; : : : ] | (2:1)
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¥¥ à §«®¦¥­¨¥ ¢  à¨ä¬¥â¨ç¥áªãî æ¥¯­ãî ¤à®¡ì. �à¨¬¥­¨¬ ª (2.1) ®¯¨á ­­ë©

¢ ¯ à £à ä¥ 1  «£®à¨â¬:

f�1(x) = �x3 +D;

fk(x) = Akx
3
+ 3Bkx

2
+ 3Ckx+Ak�1; k = 0; 1; 2; : : : ; (2:2)

£¤¥

Ak = fk�1(ak) = Dq3k � p3p; (2:3)

Bk =
1

3
f 0k�1(ak) = Dq2kqk�1 � p2kpk�1; (2:4)

Ck =
1

6
f 00k�1(ak) = Dqkq

2
k�1 � pkp

2
k�1; (2:5)

Ak�1 =
1

6
f 000k�1(x) = Dq3k�1 � p3k�1: (2:6)

�¥¬¬  2.1. �¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥ à ¢¥­áâ¢ :

Akqk�1 � Bkqk = (�1)kp2k; (2:7)

Akpk�1 � Bkpk = (�1)kq2k; (2:8)

Akq
2
k�1 � Ckqk = (�1)kpk(qkpk�1 + pkqk�1); (2:9)

Ckqk � Bkqk�1 = (�1)kpkpk�1; (2:10)

Ak�1qk � Ckqk�1 = (�1)k�1p2k�1; (2:11)

B2
k � AkCk = Dpkqk; (2:12)

AkAk�1 � BkCk = �D(pkqk�1 + qkpk�1); (2:14)

(AkAk�1 � BkCk)� 4(B2
k � AkCk)(C

2
k �BkAk�1) = D2; (2:15)

C2
k �Ak�1Bk = Dpk�1qk�1; (2:13)

�k+1 =
(�1)k(qk�2 + pk�)� Bk

Ak

; (2:16)


k+1 =
(�1)k(q2k�2 + pkqk�+ p2k)

Akqk
; (2:17)

C �®«ì§ãïáì (2.3){(2.6), ­  ®á­®¢¥ (1.7), ¯®á«¥¤®¢ â¥«ì­® ­ å®¤¨¬, çâ®

Akqk�1 � Bkqk = (Dq3k � p3k)qk�1 � (Dq2kqk�1 � p2kpk�1)qk

= p2kqkpk�1 � p2kqk�1 = p2k(qkpk�1 � pkqk�1) = (�1)kp2k;
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Akpk�1 �Bkpk = (Dq3k � p3k)pk�1 � (Dq2kqk�1 � p2kpk�1)pk

= Dq3kpk�1 �Dq2kqk�1pk = Dq2k(qkpk�1 � pkqk�1) = (�1)kDq2k;

Akq
2
k�1 � Ckq

2
k = (Dq3k � p3k)q

2
k�1 � (Dqkq

2
k�1 � pkp

2
k�1)q

2
k

= pkp
2
k�1q

2
k � p3kq

2
k�1 = pk(q

2
kp

2
k�1 � q2k�1p

2
k) = (�1)kpk(akpk�1 + pkqk�1);

Ckqk �Bkqk�1 = (Dqkq
2
k�1 � pkp

2
k�1)qk � (Dq2kqk�1 � p2kpk�1)qk�1

= p2kpk�1qk�1 � pkp
2
k�1qk = pkpk�1(qk�1pk � pk�1qk) = (�1)k�1pkpk�1;

Ak�1qk � Ckqk�1 = (Dq3k�1 � p3k�1)qk � (Dqkq
2
k�1 � pkp

2
k�1)qk�1

= pkp
2
k�1qk�1 � p3k�1qk = p2k�1(qk�1pk � pk�1qk) = (�1)k�1p2k�1;

B2
k � AkCk = (Dq2kqk�1 � p2kpk�1)

2 � (Dq3k � p3k)(Dqkq
2
k�1 � pkp

2
k�1)

= Dq2kpkpk�1(qkpk�1 � pkqk�1) +Dp2kqkqk�1(pkqk�1 � qkpk�1)

= Dqkpk(qkpk�1 � pkqk�1)
2
= Dpkqk;

C2
k � Ak�1Bk = (Dqkq

2
k�1 � pkp

2
k�1)

2 � (Dq3k�1 � p3k�1)(Dq2kqk�1 � p2kpk�1)

= Dpkpk�1q
2
k�1(pkqk�1 � qkpk�1) +Dqkqk�1p

2
k�1(qkpk�1 � pkqk�1)

= Dpk�1qk�1(qk�1pk � pk�1qk)
2
= Dpk�1qk�1;

AkAk�1 � BkCk = (Dq3k � p3k)(Dq3k�1p
3
k�1)� (Dq2kqk�1 � p2kpk�1)

� (Dqkq
2
k�1 � pkp

2
k�1) = Dq2kp

2
k�1(pkqk�1 � qkpk�1) +Dq2kq

2
k�1(qkpk�1 � pkqk�1)

= (�1)kD(p2kq2k�1 � q2kp
2
k�1) = �D(pkqk�1 + qkpk�1);

(AkAk�1 � BkCk)
2 � 4(B2

k �AkCk)(C
2
k � BkAk�1)

= D2
(pkqk�1 + qkpk�1)

2 � 4D2pkqkpk�1qk�1 = D2
(pkqk�1 � qkpk�1)

2
= D2:

�§ à ¢¥­áâ¢  (1.3) ­ å®¤¨¬, çâ®

�k+1 =
pk�1 � �qk�1

�qk � pk
;
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  ã¬­®¦¨¢ ¨ à §¤¥«¨¢ ¯à ¢ãî ç áâì ­  q2k�
2
+ pkqk�+ p2k; ¢ë¢®¤¨¬

�k+1 =
1

Ak

(�2q2kpk�1 + �pkpk�1qk + p2kpk�1 � �3q2kqk�1 � �2qkpkqk�1

��p2kqk�1) = � 1

Ak

(�3q2kqk�1 + p2kpk�1) +
1

Ak

�3qk(qkpk�1 � pkqk�1)

+
1

Ak

�pk(qkpk�1 � pkqk�1) = �Dq2kqk�1 � p2kpk�1

Ak

+
(�1)k�2qk

Ak

+
(�1)k�pk

Ak

=
(�1)k(qk�2 + pk�)� Bk

Ak

;

�k+1 = �k+1 +
qk�1

qk
=
(�1)k(qk�2 + pk�)� Bk

Ak

+
qk�1

qk

=
(�1)k(q2k�2 + pkqk�)� Bkqk +Akqk�1

Akqk
=
(�1)k(q2k�2 + pkqk�) + (�1)kp2k

Akqk

= (�1)k q
2
k�

2
+ pkqk�+ p2k
Akqk

: B

�¥¬¬  2.2. �á«¨ 2jk; â®
Ak > 0; Ck < 0; Ak�1 < 0: (2:18)

�á«¨ 2 y k; â®
Ak < 0; Ck > 0; Ak�1 > 0: (2:19)

C �â¢¥à¦¤¥­¨ï Ak > 0; Ak�1 < 0 ¯à¨ 2jk ¨ Ak < 0; Ak�1 > 0 ¯à¨ 2 y k
á«¥¤ãîâ ¨§ (1.10).

�ãáâì 2jk, â®£¤ , ¢ á¨«ã (1.14), ­ å®¤¨¬, çâ®
pk

qk
= �� "k;

pk�1

qk�1
= �+ "k�1; "k < "k�1; "k <

1

qkqk+1
; "k�1 <

1

qk�1qk
:

�®íâ®¬ã

D � pk

qk
� p

2
k�1

q2k�1
= D � (�� "k)(�+ "k�1)

2
= �2�2"k�1 + "k(�+ "k�1)

2 < 0:

�à¨ 2 y k

D � pk

qk
� p

2
k�1

q2k�1
= D � (�+ "k)(�� "k�1)

2

= 2�2"k�1 � �"2k�1 � "k(�� "k�1)
2

= "k�1

�
(2�2 � �"k�1)� "k

"k�1
(�� "k�1)

2

�
> 0: B
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�¥¬¬  2.3. �ãáâì

bk =
1


k+1

�
�2 +

pk

qk
�+

p2k
q2k

�
; (2:20)

£¤¥ 
k+1 ®¯à¥¤¥«ï¥âáï ãá«®¢¨¥¬ (1.12). �®£¤  á¯à ¢¥¤«¨¢ë ¯à¥¤áâ ¢«¥­¨ï:

Ak = (�1)kbkqk; (2:21)

Bk = (�1)k�1
�
p2k
q2k
� bk

qk�1

qk

�
� qk; (2:22)

Ck = (�1)k�1
�
pk

qk
� pk�1
qk�1

+
p2k
q2k
� bk � qk�1

qk

�
qk�1; (2:23)

Ak�1 = (�1)k�1
�
p2k�1

q2k�1
+
pk

qk
� pk�1
qk�1

+
p2k
q2k
� bk � qk�1

qk

�
q2k�1

qk
: (2:24)

C � á¨«ã (2.3){(2.6) ¨ (1.11) ­ å®¤¨¬, çâ®

jAkj = jDq3k � p3kj = q3k

����� pk

qk

���
�
�2 +

pk

qk
�+

p2k
q2k

�

= q3k �
1


k+1q
2
k

�
�2 +

pk

qk
�+

p2k
q2k

�
= bkqk:

� «¥¥, ¨§ (2.7) ¯®«ãç ¥¬

Bkqk = Akqk�1 + (�1)kp2k = (�1)kbkqkpk + (�1)k�1p2k
= (�1)k�1(p2k � bkqk�1qk);

®âªã¤  á«¥¤ã¥â à ¢¥­áâ¢® (2.22).

�ç¨âë¢ ï (2.10), ­ å®¤¨¬

Ckqk = (�1)k�1pk�1pk +Bkqk�1

= (�1)k�1pkpk�1 + (�1)k�1
�
p2k
q2k
� bk � qk�1

qk

�
qkqk�1

= (�1)k�1
�
pk

qk
� pk�1
qk�1

+
p2k
q2k
� bk

qk�1

qk

�
qkqk�1;

®âªã¤  á«¥¤ã¥â (2.23).

� ª®­¥æ, ¨§ à ¢¥­áâ¢  (2.21) á«¥¤ã¥â, çâ®

Ak�1qk = (�1)k�1p2k + Ckqk

= (�1)k�1p2k + (�1)k�1
�
pk�1

qk�1
� pk
qk

+
p2k
q2k
� bk � qk�1

qk

�
q2k�1;
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çâ® ¨ ¤®ª §ë¢ ¥â à ¢¥­áâ¢® (2.24). B

�¥¬¬  2.4. �à¨ 2jk ¡ã¤¥â

Ak =
3�2qk


k+1
� 3�


2k+1qk
+

1


3k+1q
3
k

=
3�2qk


k+1
+ O

�
1


2k+1qk

�
: (2:25)

�à¨ 2 y k ¢¥à­®

jAkj = 3�2qk


k+1
+

3�


2k+1qk
+

1


3k+1q
3
k

=
3�2qk


k+1
+O

�
1


2k+1qk

�
: (2:26)

C �à¨ 2jk; ¨¬¥¥¬

Ak = qkbk =
qk


k+1

�
�2 +

pk

qk
�+

p2k
q2k

�

=
qk


k+1

�
�2 +

�
�� 1


k+1q
2
k

�
�+

�
�� 1


k+1q
2
k

�2�

=
3�2qk


k+1
� 3�


2k+1qk
+

1


3k+1q
3
k

=
3�2qk


k+1
+ O

�
1


2k+1qk

�
:

�à¨ 2 y k ­ å®¤¨¬, çâ®

jAkj = qk


k+1

�
�2 +

pk

qk
�+

p2k
q2k

�

=
qk


k+1

�
�2 +

�
�+

1


k+1q
2
k

�
�+

�
�+

1


k+1q
2
k

�2�

=
qk


k+1

�
3�2 +

3�


k+1q
2
k

+
1


2k+1q
4
k

�

=
3�2


k+1
qk +

3�


k+1qk
+

1


3k+1q
3
k

=
3�2qk


k+1
+O

�
1


2k+1qk

�
: B

�¥¬¬  2.5. �á«¨ AkBk > 0; â® ¢ à §«®¦¥­¨¨ (2.1) ak = ak+1 = 1:

C �ãáâì AkBk > 0: �®£¤ , ¢ á¨«ã (2.20), (2.21) ¨ (2.22), ­ å®¤¨¬

(�1)2k�1bkqk
�
p2k
q2k
� bk � qk�1

qk

�
> 0;
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çâ® à ¢­®á¨«ì­® ­¥à ¢¥­áâ¢ã

p2k
q2k
� bk � qk�1

qk
< 0:

�âáî¤ , ¢ á¨«ã (2.20) á«¥¤ã¥â, çâ®

p2k
q2k
� 1


k+1

�
p2k
q2k

+
pk

qk
�+ �2

�
� qk�1

qk
< 0

¨«¨


k+1 <
q2k
p2k

�
�2 +

pk

qk
�+

p2k
q2k
+

�
� qk�1

qk
:

� ãç¥â®¬


k+1 = �k+1 +
qk�1

qk

¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â, çâ®

�k+1 = 
k+1 � qk�1

qk
6

q2k
p2k

�
�2 +

pk

qk

�
� qk�1

qk
< 2;

â. ¥. 1 < �k+1 < 2; ®âªã¤  ak+1 = 1:

� «¥¥, ­ å®¤¨¬, çâ®

1 <
q2k
p2k

�
�2 +

pk

qk
�

�
� qk�1

qk
< 2;

â. ¥.

qk

qk�1
<

q2k
p2k

�
�2 +

pk

qk

�
:

�®íâ®¬ã

ak <
q2k
p2k

�
�2 + � � pk

qk

�
� qk�2

qk�1
< 2;

¨, á«¥¤®¢ â¥«ì­®, ak = 1: B

�¥¬¬  2.6. �ãáâì

fk�1(x) = Ak�1x
3
+ 3Bk�1x

2
+ 3Ck�1x+ Ak�2:

�®£¤  ¯à¨ 2j(k � 1) ­ ¨¬¥­ìè¥¥ §­ ç¥­¨¥ íâ®© äã­ªæ¨¨ à ¢­®

x = bk =
�Bk�1 +

p
Dpk�1qk�1

Ak�1

:
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�à¨ 2 y (k � 1) ­ ¨¡®«ìè¥¥ §­ ç¥­¨¥ äã­ªæ¨¨ ¤®áâ¨£ ¥âáï ¯à¨

x = bk =
�Bk�1 �

p
Dpk�1qk�1

Ak�1

:

C �ãáâì 2j(k � 1). �®£¤  Ak�1 > 0; Ck�1 > 0 Ak�2 > 0: � áá¬®âà¨¬

¯à®¨§¢®¤­ãî äã­ªæ¨¨ fk�1(x)

f 0k�1(x) = 3(Ak�1x
2
+ 2Bk�1x+ Ck�1)

¨ ¯à¨à ¢­ï¥¬ ¥¥ ª ­ã«î

Ak�1x
2
+ 2Bk�1x+ Ck�1 = 0:

�ç¨âë¢ ï (2.12), ­ å®¤¨¬, çâ®

x = bk =
�Bk�1 +

p
Dpk�1qk�1

Ak�1

:

�­ «®£¨ç­®, ¯à¨ 2 y (k � 1) ¡ã¤¥â

x = bk =
�Bk�1 �

p
Dpk�1qk�1

Ak�1

;

â ª¨¬ ®¡à §®¬

bk =
(�1)k�1pDpk�1qk�1 � Bk�1

Ak�1

: B

�«¥¤áâ¢¨¥. jfk�1(bk)j > jfk�1(ak)j:

Ðèñ. 1

ab kk

αk

0
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�¥¬¬  2.7. �ãáâì � > 0 | «î¡®¥ ç¨á«® ¨ �k+1 > 12. �®£¤ , ­ ç¨­ ï á

­¥ª®â®à®£® k0; ¯à¨ k > k0 ¢ë¯®«­¥­®

����f
0

k�1(ak)

fk�1(ak)

���� � 1

jfk�1(ak)j� < 1: (2:29)

C �®ª ¦¥¬, çâ® ¢ ¯à®¬¥¦ãâª¥ (bk; ak] ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

����f
0

k�1(x)

fk�1(x)

���� � 1

jfk�1(x)j� <
x� bk

ak � bk
:

�¥©áâ¢¨â¥«ì­®,

������
akZ
bk

���f 0k�1(x)
fk�1(x)

��� � 1

jfk�1(x)j�
dx

������ =
������
akZ
bk

djfk�1(x)j
jfk�1(x)j1+�

������
=

����1� �
1

jfk�1(x)j�
���ak
bk

���� = 1

�

���� 1

(fk�1(ak))�
� 1

(fk�1(ak))�

���� < 1

�
� 1

(fk�1(ak))�
;

¢ â® ¢à¥¬ï ª ª

akZ
bk

x� bk

ak � bk
dx =

�
x2

2(ak � bk)
� bkx

ak � bk

� ���ak
bk

=
ak + bk

2
� bk =

ak � bk

2
:

�§ (2.16), (1.2) ¨ (2.27) ­ å®¤¨¬, çâ®

ak � bk = �k � 1

�k+1
� bk =

(�1)k�1(qk�1�2 + pk�1�)�Bk�1

Ak�1

� 1

�k+1
� (�1)k�1pDpk�1qk�1 � Bk�1

Ak�1

=
(�1)k�1(qk�1�2 + pk�1�)�

p
Dpk�1qk�1

Ak�1

� 1

�k+1

=
qk�1�

2

jAk�1j +
pk�

jAk�1j �

q
D

pk�1
qk�1

qk�1

jAk�1j � 1

�k+1
;
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®âªã¤ , á ãç¥â®¬ (2.25), (2.26), (1.10) ¨ (1.11) ¢ë¢®¤¨¬

ak � bk =
qk�1�

2

3�2qk�1

k

+ O
�

1

2
k
qk�1

� +

pk�1
qk�1

� qk�1�
3�2qk�1


k
+O

�
1


2
k
qk�1

�

�
�2
q
1� 1


2
k
q2
k�1

qk�1

3�2qk�1

k

+ O
�

1

2
k
qk�1

� � 1

�k+1

=
1

3

k � 1

1 + O
�

1

kq

2
k�1

� +

�2
�
1� 1


kq
2
k�1

�
3�2


k
qk�1 + O

�
1


kqk�1

�

� 
k

3
�

q
1� 1


kq
2
k�1

1 + O
�

1

kq

2
k�1

� � 1

�k+1

=

k

3
�

0
B@ 1

1 + O
�

1

kq

2
k�1

� + 1� 1

kq

2
k�1

1 +O
�

1

kq

2
k�1

� �
q
1� 1


kq
2
k�1

1 + O
�

1

kq

2
k�1

�
1
CA� 1

�k+1

=
2

3

k � 1

3

k + O(1)� 1

�k+1
=
1

3

k � 1

�k+1
+ O(1):

� ª ª ª 
k > 1; �k+1 > 12; â® ak � bk >
1
4
:

� ª¨¬ ®¡à §®¬, ­¥à ¢¥­áâ¢®

������
akZ
bk

���f 0k�1(x)
fk�1(x)

��� � 1

jfk�1(x)j�
dx

������ <
1

�

1

jfk�1(ak)j�
<
1

8
<

ak � bk

2

¢ë¯®«­ï¥âáï ­ ç¨­ ï á ­¥ª®â®à®£® k > k0: B

�à¨¬¥ç ­¨¥. �á«¨ ¡ë

����f
0

k�1(ak)

fk�1(ak)

���� � 1

jfk�1(ak)j�
> 1;

â® á­®¢  ¨¬¥«¨ ¡ë

������
akZ
bk

jf 0k�1(x)j
jfk�1(x)j1+� dx

������ <
akZ
bk

x� ak

ak � bk
dx;

çâ® ¯à®â¨¢®à¥ç¨â ®æ¥­ª¥ ®¯à¥¤¥«¥­­ëå ¨­â¥£à «®¢.
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�¥¬¬  2.8. �ãáâì Ak �Bk < 0: �®£¤ 


k+1 < 3

���Bk

Ak

���+ 3: (2:30)

C � á¨«ã (2.17), ­ å®¤¨¬


k+1 =
q2k�

2
+ pkqk�+ p2k
jAkjqk =

qk

jAkj
�
�2 +

pk

qk
�+

p2k
q2k

�

=
qk

jAkj

�
�2 +

�
�� 1


k+1q
2
k

�
+

�
�+

1


k+1q
2
k

��2

=
3�2qk

jAkj �
3�

jAkj
k+1qk +
1

jAkj
2k+1q3k
=
3�2qk

jAkj
+ O

�
1

jAkjqk
k+1
�
:

� ¤àã£®© áâ®à®­ë, ¨§ (2.7) á«¥¤ã¥â, çâ®

jAkjqk�1 + jBkjqk = p2k;

®âªã¤ 

3 � qk�1
qk

+ 3

���Bk

Ak

��� = 3 � p
2
k

q2k
� qk

jAkj
:

�® ¢ â® ¦¥ ¢à¥¬ï

3 � p
2
k

q2k
� qk

jAkj = 3

�
�� 1

q2k
k+1

�2
� qk

jAkj

=
3�2qk

jAkj �
6�

qk
k+1jAkj +
3

q3k

2
k+1jAkj

=
3�2qk

jAkj
+ O

�
1

jAkjqk
k+1
�
= 
k+1:

� ª¨¬ ®¡à §®¬, 
k+1 < 3

���BkAk
���+ 3: B

�¥¬¬  2.9. �¬¥¥â ¬¥áâ® ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥

lim
k!1

jAkj =1:

C �«¥¤ã¥â ¨§ à ¢¥­áâ¢ (2.7){(2.15). B
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3. �á­®¢­ë¥ à¥§ã«ìâ âë

�¥®à¥¬  3.1. �ãáâì � =
3
p
D; deg� = 3; D 2 N ;   � | «î¡®¥ ¯®«®¦¨-

â¥«ì­®¥ ç¨á«®. �®£¤  ­¥à ¢¥­áâ¢®

������ p

q

���� < 1

q2+�
(3:1)

¨¬¥¥â «¨èì ª®­¥ç­®¥ ç¨á«® à¥è¥­¨© ¢ ç¨á« å p; q 2 N :

C �ãáâì � = [a0; a1; a2; : : : ; ak; : : : ] | à §«®¦¥­¨¥ ç¨á«  � ¢ æ¥¯­ãî ¤à®¡ì,

¨ ¥£® ¬­®£®ç«¥­ë ¨¬¥îâ ¢¨¤:

fk(x) =

3X
i=0

Ci
3(Dq3�ik qik�1 � p3�ik pik�1)x

3�i
= Akx

3
+ 3Bkx

2
+ 3Ckx+Ak�1;

fk(x) =

3X
i=0

1

i!
f
(i)

k�1(ak)x
3�i

= fk�1(ak)x
3
+ f 0k�1(ak)x

2
+

f 00k�1(x)

2!
x2 +

1

3
f 000k�1(ak); k = 0; 1; 2; : : : :

�à¥¤¯®«®¦¨¬, çâ®
p
q
6= pn

qn
: �®£¤ , ¢ á¨«ã [4] ¢¥à­®

������ p

q

���� > 1

2q2
>

1

q2+�
:

�ãáâì
p
q
=

pk
qk
: �§ (1.11) ¯®«ãç ¥¬

������ pk

qk

���� = 1


k+1q
2
k

:

�ç¥¢¨¤­®, çâ® fk(�k+1) = 0: �á«¨ AkBk > 0; â®, ¢ ¢¨¤ã «¥¬¬ë 2.5 ¡ã¤¥â

ak+1 = 1 ¨, á«¥¤®¢ â¥«ì­®,

������ pk

qk

���� = 1


k+1q
2
k

>
1

3q2k
>

1

q2+�k

:

�®íâ®¬ã ¡ã¤¥¬ áç¨â âì, çâ® AkBk < 0: �§ (2.20), (2.29) ¨ (2.3) á«¥¤ã¥â, çâ®


k+1 < 3

����Bk

Ak

����+ 3 =

����f
0

k�1(ak)

fk�1(ak)

����+ 3 < jfk�1(ak)j� + 3;
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®âªã¤ , ¯®«ì§ãïáì (2.25) ¨ (2.26) ¢ë¢®¤¨¬


k+1 < jfk�1(ak)j� + 3 = jAkj� + 3 =

�
3�2qk


k+1
+O

�
1


2k+1qk

���
+ 3 < q�k;

â ª ª ª

�
3�2


k+1

��
< 1:

(� á«ãç ¥

�
3�2


k+1

��
> 1; â. ¥. 
k+1 < (3�2)� â¥®à¥¬  â ª¦¥ ¢ë¯®«­ï¥âáï, â ª

ª ª ������ pk

qk

���� = 1


k+1q
2
k

;
1

(3�2)�q2k
>

1

q2+�k

;

­ ç¨­ ¥âáï á ­¥ª®â®à®£® k > k0:) B

�¥¬¬  3.1. �¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

����f
0

k�1(ak)

fk�1(ak)

���� � 1

ln 1+�jfk�1(ak)j < 1: (3:2)

C �®ª ¦¥¬, çâ® ¢ ¯à®¬¥¦ãâª¥ (bk; ak] ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

����f
0

k�1(x)

fk�1(x)

���� � 1

ln 1+�jfk�1(x)j <
x� bk

ak � bk
:

� á ¬®¬ ¤¥«¥,

������
akZ
bk

���f 0k�1(x)
fk�1(x)

��� � 1

ln 1+�jfk�1(x)j
dx

������ =
������
akZ
bk

d ln jfk�1(x)j
ln 1+�jfk�1(x)j

������
=
1

�

���� 1

ln �jfk�1(ak)j �
1

ln �jfk�1(bk)j

���� < 1

�
� 1

ln �jfk�1(ak)j :

�®á¯®«ì§®¢ ¢è¨áì «¥¬¬®© (2.7), ­ å®¤¨¬

akZ
bk

x� bk

ak � bk
dx =

ak � bk

2
>
1

8
:

� ª¨¬ ®¡à §®¬,

������
akZ
bk

���f 0k�1(x)
fk�1(x)

��� � 1

ln 1+�jfk�1(x)jdx
������ <

akZ
bk

x� bk

ak � bk
dx:
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(� ¯à®â¨¢­®¬ á«ãç ¥, â. ¥. ¥á«¨ ¡ë

����f
0

k�1(ak)

fk�1(ak)

���� � 1

ln 1+�jfk�1(ak)j > 1;

¬ë ¨¬¥«¨ ¡ë

������
akZ
bk

���f 0k�1(x)
fk�1(x)

��� � 1

ln 1+�jfk�1(x)jdx
������ >

akZ
bk

x� bk

ak � bk
dx;

çâ® ¯à®â¨¢®à¥ç¨â ®æ¥­ª¥ ®¯à¥¤¥«¥­­ëå ¨­â¥£à «®¢). B

�¥®à¥¬  3.2. �ãáâì � =
3
p
D |  «£¥¡à ¨ç¥áª ï ¨àà æ¨®­ «ì­®áâì âà¥âì-

¥© áâ¥¯¥­¨, � | «î¡®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �®£¤  ­¥à ¢¥­áâ¢®

������ p

q

���� < 1

q2 ln 1+�q

¨¬¥¥â «¨èì ª®­¥ç­®¥ ç¨á«® à¥è¥­¨© ¢ ç¨á« å p; q 2 N :

C �à¥¤¯®«®¦¨¬, çâ®
p
q
6= pn

qn
: �®£¤ 

������ p

q

���� > 1

2q2
>

1

q2 ln 1+�q
;

­ ç¨­ ï á ­¥ª®â®à®£® q > q0:

�ãáâì
p
q
=

pk
qk
: �á«¨ AkBk > 0; â® ¢ ¢¨¤ã «¥¬¬ë 2.5, ak+1 = 1 ¨, á«¥¤®¢ -

â¥«ì­®, ������ pk

qk

���� = 1


k+1q
2
k

>
1

3q2k
>

1

q2k ln
1+�qk

;

­ ç¨­ ï á ­¥ª®â®à®£® q > q1:

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® AkBk < 0: � á¨«ã (2.20), (3.2), (2.25) ¨ (2.26)

¯®«ãç¨¬


k+1 < 3

����Bk

Ak

����+ 3 =

����f
0

k�1(ak)

fk�1(ak)

����+ 3 < ln
1+�jfk�1(ak)j+ 3

= ln
1+�jAkj+ 3 = ln

1+�

�
3�2ak


k+1
+ O

�
1


2k+1qk

��
+ 3 < ln

1+�qk;

â ª ª ª
3�2


k+1
< 1:

(� á«ãç ¥, ª®£¤ 
3�2


k+1
> 1; â. ¥. 
k+1 < 3�2 â¥®à¥¬  3.2 ¢ë¯®«­ï¥âáï). B
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