Bulletin of TICMI
Vol. 19, No. 2, 2015, 40-54

Antiplane Strain (Shear) of Isotropic Non-Homogeneous
Prismatic Shell-Like Bodies

George Jaiani*

1. Javakhishvili Tbilisi State University
1. Vekua Institute of Applied Mathematics & Faculty of Fract and Natural Sciences
2 Unaversity St., 0186, Tbilisi, Georgia
(Received July 24, 2015; Revised November 22, 2015; Accepted December 8, 2015)

Antiplane strain (shear) of an isotropic non-homogeneous prismatic shell-like body is consid-
ered when the shear modulus depending on the body projection (i.e., on a domain lying in
the plane of interest) variables vanishes either on a part or on the entire boundary of the
projection. The dependence of well-posedeness of boundary conditions on the character of
vanishing of the shear modulus is studied. When the above-mentioned domain is either the
half-plane or the half-disk and the shear modulus is a power function with respect to the
variable along the perpendicular to the linear boundary, the basic boundary value problems
are solved explicitly in quadratures.
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1. Introduction

For the convenience of the reader we remind that antiplane shear (strain) is a
special state of strain in a body. This state is achived when the displacements in
the body are zero in the plane of interest but nonzero in the direction perpendicular
to the plane. If the plane Ox1xo of the rectangular Cartesian frame Oxixox3 is the
plane of interest, then

ua(z1,22,23) =0, a=1,2; wus(xy,x9,x3) = us(z1,22), (x1,22) €w, (1)

where u;, ¢ = 1,2,3, are the displacements, w is a projection of the prismatic
shell-like body € on the plane Oxixs, correspondingly dw is a projection of the
lateral boundary S of Q2. The relations (1) mean that all the sections of the body
parallel to the plane of interest Oxzixzo will be bent as its section by the plane
Ox1xe. 2 may have either Lipschitz (see Figures 1-4) or non-Lipschitz (see Figures
5) boundary, w has Lipschitz (see Figures 6-8) boundary.

For an isotropic linear elastic material the strain e;; and stress X;; tensors that
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result from a state of antiplane shear can be expressed as

1
€ap = 0, a,6=12 e33=0; ea3= 5”3,a(x17$2) $é 0, a=12, (2)

where the comma after the index means differentiation with respect to the variable
corresponding to the index indicated after the comma, and

XOA,BEOv a,8=1,2; Xsz3=0;
X3a = Xag = (21, 2)u3 0(71,22), @ =1,2,

3)

since for non-homogeneous body with the shear modulus p(z1,z2) the Hook law
looks like

Xz = 2peqs = p(z1, x2)us o(z1,22), a=1,2. (4)

From (3), (4) it follows that at any point x := (x1,x2,x3) stress vector compo-
nents

Xna = Xjanj = Xzang = pusans, o« =1,2; (5)
8@@,
Xng = Xjsnj = Xazha = pu3 aNe = Main’ (6)

where Einstein’s summation convention is used and n is the unit normal of a surface
element passing through z.
The equilibrium equations reduce to

P,=0, a=1,2, Xag,a + P53 =0, (7)

where ®;, i =1,2,3, are the components of the volume force.
Let uz € C%(w), p € CY(w), and ¥ € C(w). Substituting (3) into (7) we get only
one governing equation

(p(z1, z2)us (1, 22)) 0 + Pa(z1,22) =0, (21,22) € w. (8)

In the dynamical case we will have
(@1, w2)uz o (21, 22,1)) 0 +P3(21, 22, t) = piig(21,72,1), (21,72) €W, t > 1. (9)

The case of antiplane shear when the shear modulus vanishes was not considered
up to now. The aim of the present paper is to investigate boundary value problems
(BVPs) for the symmetric prismatic shell-like body Q (see [1,2]), in particular,
of the constant thickness (which may also be infinite) when the shear modulus
vanishes either on a part or on the entire boundary of the projection w on the
plane of interest Ox1xo (see Figures 6-8). In the cases when w is either the upper
half-plane 2o > 0 or a finite domain lying in the upper half-plane adjacent to x1-
axis and the shear modulus is a power function with respect to xo vanishing at
boundary xo = 0, well-posedness of the basic BVPs are investigated. Moreover, in
the case of the half-plane and the half-disk they are solved explicitly in quadratures.
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Figure 1. A non-homogeneous elastic cylinder Figure 2. Q with a Lipschitz boundary
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2. Investigation of BVPs. General case

In this section we study the antiplane deformation of nonhomogeneous elastic cylin-
ders and prismatic shell-like bodies (see Figures 1-5, for other examples see [2]).
Evidently (see (5), (6)), on the lateral boundary S of the cylinder

aU3

Xnazoa ()[:1,2, Xn3:,u%7

(10)
where n is the outward normal to S.
If the cylinder is finite, on the upper and lower bases of the cylinder Q (see (5),

(6))
X(?L)a = X304 = pU3,0, oa=12 X,;3=X33=0,
and
Xy =—Xza=—puza, a=12 Xpy=-X33=0,

respectively (in the case of prismatic shell-like bodies they are given by formulas
(5), (6) on the face surfaces).

Let the shear modules p € CH(@\(Ow)z2) N C(w) as already assumed be inde-
pendent of x3 and p(xi,z2) > 0 in w U (Ow)s (see Figure 6), p(z1,22) = 0
on (Ow)p, where the boundary (Ow)o is divided in (Ow); and (dw)s, i.e., Ow =
(Ow); U (Ow)y U (dw)4 (correspondingly S = S1 U Sy U S3) with

o

Z” — 11

on | (ow). +oo, (11)
o
— 12
on (Bw)r ( )

then (compare with [3]): if (Ow); # @, a solution usz of equation (8) will be de-
termined uniquely by its values prescribed only on (Ow)2 U (Ow)s (Problem E:
uz € C?(w)NC@\ (0w))1 N C*(w), C*(w) means a class of bounded functions); if
(Ow)1 = @, for unique solvability of the BVP the values of u3 should be prescribed
on the whole boundary dw (Problem D: uz € C?(2) N C(Q)).

The criteria (11) and (12) can be replaced by the equivalent criteria in the integral
form (see [5], formulas (13), (14)).

If X,3 = ¢ is prescribed on dw, then on (Ow)y we have to consider with the
weighted boundary condition (BC) (Problem W: uz € C?(), ,u% € C(Q))

. 0
lim u(a:l,a:g)% = . (13)

(z1,22)—=(0w)o

The above mentioned problems are well-posed under some restrictions on classes
of functions, where we are looking for solutions (for classical solutions see below;
for H-weak solutions [3,4] of Problems D and E see Appendix).

As we see in case of Problem D on the cylindrical boundary S deflections
us(x1, x2) are prescribed, while in case of Problem E deflections u3 (1, 22) should be
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prescribed only on SyUSs. BC (13) means that at S shear stresses Xpo (21, 22), o =
1,2, are applied. In all the cases at face surfaces should be applied stresses calcu-
lated by formulas (5), (6) in order to maintain the antiplane state in the body. Note
that if the thickness of the prismatic shell-like body vanishes on a part of dw or on
the entire Ow, then by the antiplane shear the character of the thickness vanishing
does not affect on well-posedness of BVPs at cusped edges in contrast to cusped
prismatic shells for which it is the case and depends (see [2]) on the sharpening
geometry.
Let

w(xy, x2) = poxh, o >0, k>0, (x1,22) € w. (14)

In this case equation (8) has the form
1 ,_
x2(ug 11 + ug22) + Kuz 2 = —%ﬂﬁé "®3(w1, 2). (15)

The partial differential operator in the left-hand side of equation (15) has the
order degeneration on the xi-axis.
If w is the upper unit half-disk using Weinstein’s [6] fundamental solution

1 [ 01w
Z(x1,22,&,m,8) = 27T/[(%‘l — &2+ (22— 1)? +496‘2778m25 sin"10do
0

(—OO<.T1, £<+OO7 $220;7720)

of the degenerate PDE (15), by means of the method of potentials Problem D and
Problem E are solved in the following explicit form [7], respectively:

xT

Ug(l'l, 332) =

1—k
2 / / R (€, )G, w0, €1, 2 — R)dEdn
D

+1

+(1— n)xé_”/G(ml,xQ,f,Oﬂ — k) f(&0)d¢
21

K
oG ine, 2 —
_xé"‘/sincpf(coscp, sine) (asl,wz,cogi, sing,2 = ) dp, £<1 ((Qw); = 2)

0

(double integral is continuous on @ and vanishes on dw) and

1
u3(m17$2) = ®3(§7U)G(x1;$2;§777a "f)dfd??
o

—/sin“gpf(cosg@simp)aG(xl’xQ’Caoscp’sm% ©) dp, k>1 ((Qw)s = @)
n

0
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(double integral is continuous on w U (Ow)s, vanishes on the half-circle (Ow)s, and
for its boundedness in w by k > 2 we assume additionally ¥3(z1,2z2) = 0 in some
right neighborhood of (Ow)2)

GQZ’,%,,,H:Z.%',.T,,,H_ 2+2_H/2Z<x7$7 § ) 1 ’H)'
(1 2577) (1 2577) (5 77) 12£2+n2€2+772

If w is a domain given in Figure 7, then Problem D, Problem E, and Problem W
are uniquely solvable [8-10] in the indicated function classes.

Let us now consider a more general degenerate equation [10,11]

zo(ui1 +ug)+au; +bug =0, a,b= const. (16)

Problem D and Problem E are uniquely solvable for equation (16) [8,10].

If in Problem D the prescribed function on a part of the boundary belonging to
the x1-axis has a finite number of points of discontinuity of the first kind, Problem
D is uniquely solvable and, approaching point (z1,z2) € w to the point (&,0) of
discontinuity of the boundary datum f(z1) along different ways, a unique solution

=) (+)
u(z1,x2) takes all the values between one-sided limits f (&) and f (&) of f(x1)
along the x;-axis.

Proof: A function

arg(z—¢)

e sin"rdr, (17)

where

(+) =)
z 1= x1 + 1ix2, hk: = f (gk) - f (gk)’ k= 1,n,

ag(b) = —=A(a,b), k=2,n-1,

3
ap(b) = —/e“TsiandT, an(b) = —/e“TsiandT
0

(see Figure 7) is a solution of (16). Evidently

- (18)

(%L)k(l‘ 0) o af:?b)A(aa b)7 T 6]517&6[7 k= 27
b 0, x1 €&k, Enl, k=1, 1.

3| S

If (z1,22) — (&,0) along the way with the tangent at the point (&, 0) forming

the angle ¢ with the zj-axis (evidently, at the points (£,0), k = 2,n — 1, the
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(=)
angle ¢ € [0,7]; at the point (£1,0) the angle ¢ € [0, ¢ ], at the point (&,,0) the
(+)
angle ¢ € [ ¢ ,7]), then the function (17), i.e. 11Lk, tends to

h ®
k /eaTsin_deT.
a(b) )

1
By passing (&, 0) along 0w in the positive direction, u; undergoes jumps

0—(—hg) = hyg

for k=2,n—1;

)

, ®
0— /e‘”sinbrdT = h
a1 (b)

0

for k=1, and

)
™

+
%)
fin {/emsiandT—/e‘”siandT =h
an (D) "
0 0
for k = n. Therefore,
nop arg(C—&x) n
. 1 1
Q=Y s [ emsinrar = £~ ()~ L he). € e ow (1)
k=1 s j=i
£k

becomes continuous by passing through (&, 0), since f(£) and 11% (&) have the same
jump h at the point &, while the sum

>_ui(0) (20)
o

is a continuous function, at the point &. Let us denote by Uj(z1,z2) a unique
solution of Problem D for equation (16) with continuous datum (19) and consider
the behavior of

n
1 1

u(xl,xg) = U1($1,$2> + Zuk(ml,xg) (21)
k=1
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which, evidently, is bounded, satisfies equation (18) and BC

1
lim u(zy,x9) = .
z=(# (&, 0) (z1,72) = F(¢)

Now, let (z1,22) — (&, 0) along the way with the tangent at the point (&, 0)
forming the angle ¢ with the xj-axis. Then from (21) we obtain the limit

%)
%Lw(fk) = ﬁl(fk) + agfb) /e‘”sin_brdT, (22)
0

where U (&) is the limit of the sum of Uy and (20) which does not depend on the
way of approaching the point (&, 0). In particular, tending to (&x,0) along dw in
the negative direction, we get

+) (+)
~ 1
(&) =Ui(&) + v r(&), (23)

where
0, k=1,n—1;
(Jlr) -
u (k) =19 h,
an(b)

©
/e‘”sz’n_deT, k =n.
0

Substituting calculated from (23) Uy (&) into (22), we have

;

I
Oék(b)

@
/e‘”sin_deT, k=1,n—1;
0

()

) +
up(§e) = f (&) +

)
hn _
/emsin brdr, k=n.
an (D)

+)

(
)

The right-hand side of the last equality is the continuous function of ¢ on the

(=) (+) -
segments [0, 7], [0, ¢], and [¢ , 7] for kK =2,n—1, k =1, and k = n, respec-

(+) (=)
tively, and at the ends of the segments takes values f (k) and f (&). Whence,
according to the Bolzano-Cauchy (intermediate value) theorem it takes at some
points of the open intervals corresponding to above-mentioned segments all the

() =)
values between f (&) and f (&).

This result for the Laplace equation is well-known (see, e.g., [11], p. 212).

If a =0, b=k, then equation (16) coincides with (8) and the above result is
valid for the antiplane shear in case (14). This result gives an interesting geometric
interpretation of the surface of deflactions in the neighborhood of points of discon-
tinuity of the first kind of deflections at the boundary xo = 0: it is the continuous
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surface like a fan, in other words, like the graph of x3 = argz near z =0, x5 > 0.
|

3. Case of the half-space

Let us now consider antiplane shear of the nonhomogeneous elastic half-space with
the half-plane x5 > 0 as the plane of interest.

Problem D: Find u € C?(xy > 0) N C(x2 > 0), satisfying (8) and the boundary
condition

u(x1,0) = f(x1), b<1.

Solution of this BVP has the form [8, 12, 13]

“+oo
xl_b a- arcctg == 21
) = g [ HO T (@ - o vaf e ey
where
A(a,b) := /e“esin_bHdG. (25)
0

Problem W: Find u € C%(x3 > 0), 24us € C(xa > 0), satisfying (8) and BC

xQILHOlJr ahu s = f(x1), (26)
where either
a#0, b>0 or a=0, b>—-1 but b#0. (27)

Solution of this BVP has the form [8, 12, 13]

+oo
2 2 1 —¢ _b
R / F©e" T (1 — €% - a5] 2dg, (28)
where
F(&) =0(¢™), [§l = 400, a>1-b. (29)

4. Case of the angle

Let us consider the angle as w (see Figure 8). In particular, if § = 0, we get
the half-plane. Let ®3 = 0 and at the edge r = 0, —c0 < x3 < +00, of the
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body (dihedron) the shear force —S3 concentrated along the edge be applied. The
governing equations (7), (3), (4), and the Saint-Venant condition in the cylindrical
coordinates have the form

10Zy 82, Z,
vy T TV

Zp = 2pez., Ly = 2ueys,

18'[)3 1 61)3
= —_-— e _ =
200 VT 2r gy

() = as ()

€3r

(14) will get the form

j= portsin®y, B < <m— B,

It is easily seen that the solution we are looking for has the form

S in'
7z - 3 smTﬂ’ Zy=0, k>0
T—f r
[ sinfpdy
B
1 S3
uz = — - 7‘7, Kk > 0.
kpo | sinfpdy
B

Appendix

Existence of H-weak solutions

In order to apply existence results of G. Fichera [3] to equation (8) in the sense of
‘H-weak solutions in Hilbert spaces we need to introduce a smooting function X
[14-16, 5] with properties:

1. X € CY(w);

2. X >0 in @\ (0w)o;

3. Xp o € C(w);
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oxX 0
5 L >Oif—M’ =+o00, P € (0w)o;
ox ou

6. u% <0,if ——| =0, Pe (0w);

onlp
ou
7. X,o, o= 1,2, are finite at points P, where 8— £ 0, 4o0;
n

o
onlp

n is the inward normal to Ow.
From these properties we easily conclude that:

(i) if

8X,u,‘ =0if —| =0

then X is continuous at the point P and X(P) = 0;

(if) if

ou
0,
anlp 70,400
then X is continuous at the point P;
(iii)
X =0
: (092)0

We multiply equation (8) by X and introduce a new unknown function w by the
equality

ug(z1,z2) = P(z1, z2)w (21, T2),

where v € C%(@w) and ¢ > 0 in @.
So we arrive at the equation

X[p(hw) o]0 + XP3 =0,
ie.,

Lw := Xppw g0 + [QX Do +X e ]w,a + X(/“/),a),aw = —XP3 (30)
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for the new unknown
w € C*(w) N CH @\ (w)o) N Cp @\ (9w)1).
To use Fichera’s method we need to assume
Xptp € CF(w),  [2Xpth,0 +XWpta ] € Ch(w), X(ptha) € Cf (),

which will be guaranted by appropriate choice of X and ; subscript ”b” means
boundedness of the indicated derivatives on w.
Fichera’s function [3,4]

F = 2Xp),0 +XY 0 —(Xpt) a]na

(Ow),

0X
@), —uw% (0w),’

= (X,U/l/},a _X,a Nw)na
since

X ‘ —0
o0,

Taking into account properties 5-7 of X, we have

F(P)<0 for Pe€(0w)

F(P)>0 for Pe€(0w).
Now, in order to prove the existence of a H-weak solution of the problem
Lw=-X¥3 in w, w=0 on (0w)U(0w)s, (31)

following G. Fichera [3], we consider for w and a function v € C'(w) the integral
identity

/vadw = —/(X/M,/Jw’a + wp(X)o — YX 0)V,a

w w

"‘{[H(X?/),a — X o) a — X(uw7a)7a}wv> dw — / vXppw qnads — /wvds.

(Ow)s Ow

Let W be the class of functions belonging to C'!(@) and vanishing on (dw)3 (when
(Ow)s is not empty). If w vanishes a.e. on (Ow)2 U (Ow)s, then for any v € W the



52 Bulletin of TICMI

identity
/ULwdw = —/ [X,u@bwpﬂi,a + wM(X¢,a - wX,a)v,a
H (X0 — VX a)] 0 — X(u¢7a),a}wv} dw — / wods
(Ow)1
holds.

Let us introduce a scalar product in W in the following way:

(w,v) = /(wa,av,a +wv)dw + / ”ww‘%)d&
w (&u)lu(aw)z

The space H is the Hilbert space obtained by functional completion of W with
the introduced scalar product.
Let us consider for w,v € W the bilinear form

B(w,v) = —/ [quw@v,a +wp(Xeh o — PX o)V 0

w

{00 — PX )]0 — X (0.0 0 pw] o — / wuds.

(Ow)1
It is easily seen that
Bw.0) < M| [ avatet)dot [ [oPds] ullzac
w (Ow)1
where M is a constant depending on the coefficients of L. Hence, according to
the Riesz theorem, for any fixed v € W, B(w,v) can be considered as a linear
bounded functional of w defined on H.

For given —XWU3 € Ly(w) we define as an H-weak solution of the problem under
consideration a function w in H satisfying the equation

—/UX\Ilgdw = B(w,v) YveW.

w

For the representation theorem of linear functionals in a Hilbert space, we have
forweH,veW:

B(w,v) = (w,T(v)).

T(v) is a linear transformation defined in YW and with range in H.
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Let Fichera’s condition [3,4] for equation (30)

(X0 X1 ) 5 5 (X)X )

N =

1
= D) [X/L’a Vya +(Xsa )0 ¥ + X,L“l)aaa] >co=const >0 in @, (32)

be fulfilled (it should be achieved by the appropriate choice of ). Then for v € W:
|B(v,v)| > Nol|v||3;, Ao = const > 0.
It follows that
9 1 1 1
vl < = |Bv, )| < (v, T(v))| < —[|vlll|T (V)3
Ao Ao Ao
whence,

1
el < 3 IT @) e
0

which means that the mapping of W on H is one-to-one. We denote by H’ the
closure of the set T'(v), v € W, by the norm #.
Since

1
) / X\Ifgdw’ < 35 XUl L IT @) e

— / XW¥sdw can be considered as a linear continuous functional over H’. Hence,
w

according to the Riesz theorem,
—/ XWUsdw = (w,T(v))H = B(w,v), Yv e W.

Thus, if condition (32) is satisfied, for any —XW3 € La(€2) H-weak solution w of
problem (31) exists.
Uniqueness of classical solution can be easily verified. For uniqueness of H-weak

solution see [3,4].
If

U= poxs, po,k = const > 0,
one can choose X and v as follows

X = xé_”, Y =e " a€]0,d], (33)
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where d := diam@. Indeed, by virtue of (33),

1
_5 X:uva 7/1704 +(X7Oé /’L)7Oé w + X,Uﬂ/},aa

1
= —ppae (K — axg) > Q,uae_“d(/ﬁ —ad) =: ¢y > 0.

2

if a €]0, 5.
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