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Abstract: The present paper is devoted to the two-dimensional linear equi-
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1. Introduction

The linear theory of thermoelasticity for materials with inner structure
whose particles, in addition to the classical displacement and temperature
fields, possess microtemperatures was constructed by Iesan and Quintanilla [1].
The fundamental solutions of the equations of the three-dimensional (3D) the-
ory of thermoelasticity with microtemperatures were constructed by Svanadze
[2]. The representations of the Galerkin type and general solutions of the sys-
tem in this theory were obtained by Scalia, Svanadze and Tracina [3]. The
3D linear theory of thermoelasticity for microstretch elastic materials with
microtemperatures was constructed by lesan [4], where the uniqueness and
existence theorems in the dynamical case for isotropic materials are proved.

In the present paper we consider the two-dimensional (2D) linear equilib-
rium theory of thermoelasticity with microtemperatures and generalize some
results of the classical 2D theory of thermoelasticity. The fundamental and
singular solutions are constructed. The representation of the Galerkin type
solution is also obtained.

2. Basic Equations

We consider an isotropic elastic material with microtemperatures. Let
DT (D~) be a bounded (respectively, an unbounded) domain of the real
Euclidean 2D space E, bounded by the contour S. DT := D¥JS, D™ :=
E,\D+.
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Let x := (z1.29) € Ey, 0x:= ( 0 9 ) )

91, Dy
The basic homogeneous (i.e., body forces are neglected) system of the the-
ory of thermoelasticity with microtemperatures has the form [1]

pAu + (A + p)graddiva — Bgradd = 0, (1)

ke Aw + (k4 + ks)graddivw — ksgradf — kow = 0, (2)

kA0 + kydivw = 0, (3)

where u := (uy,us)? is the displacement vector, w := (wy,ws)? is the mi-

crotemperature vector, 6 is the temperature measured from the constant
absolute temperature Ty, (7p > 0) by the natural state (i.e. by the state
of the absence of loads), A, u, B, k, k;; j =1,...,6, are constitu-
tive coefficients, A is the 2D Laplace operator. The superscript ”T” denotes
transposition.

We introduce the matrix differential operator

A(0x) =|| A;j(0x) ||525,

where

2

Apy = 0oy A+ (X + 1)

0x,0x,’
o2
Aa+2;7+2 = 5a'y(k6A - k2) + (k4 + ks)afaax,y,
0
Agyy2 = Aoy =0, A55 = _58$a7 Antas = _k?’@_xa’
Asy =0, Aspro=kis—, Ass:=FkA, a,v=12
0.

oy is the Kronecker delta. Then the system (1)-(3) can be rewritten as
A(0x)U =0, (4)

where
— T
U = (uy, ug, wy, we, 0)".

The matrix  A(dx) :=|| le(f)x) |505:= AT(—0x), where glj(ﬁx) =
A;(—0x), will be called the associated operator to the differential operator
A (0x). Thus, the homogeneous associated system to the system (4) will be
the following system

pAu + (A + p)graddiva = 0,
ke Aw + (k4 + ks)graddivw — kigradf — kow = 0,
kEAO + ksdivw 4 Bdiva = 0.
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We assume that — pu(A + 2u)kkek; # 0, where  ky := ky + ks + kg.
Obviously, if the last condition is satisfied, then A (9x) is the elliptic dif-
ferential operator [2].

3. Matrix of Fundamental Solutions

In order to investigate boundary value problems (BVPs) of the theory of
thermoelasticity with microtemperatures by potential method it is necessary
to construct a matrix of fundamental solutions to the governing system (4).
Several methods are known for constructing the matrix of fundamental solu-
tions of the systems of differential equations of the theory of elasticity and
thermoelasticity ( see e.g., [2,5]).

We introduce the matrix differential operator B(0x) consisting of cofactors
of elements of the transposed matrix AT divided on (A + p)kkghks # 0 :

B(ax) ::H Blj(ax) H59057
where

Ba'y = Bik15a,y - BIQéﬂaéﬂva Ba+2,’y+2 = ngéa'y - B§4€a€’ya

Bl'y+2 = Bik3§1§77 BQ’y+2 = Bikgglg'yy B ab = = B} 5&(1’

BS'y = B4'y = BS’y =0, B5'y+2 = B§3£a7 ga = %7 Q,y = 1,2,
Biyi= LAMA - -5 B A lAB -8 )
By, = -2 akk7 2), By = a2kk77 22, Bss = B,
1 , .1
B§3 = —A(A — SI)AA, 334 = [(k4 —f- k’5)A k?781 + k?Q]AA
ke ek
2 ) k k
Bg;:E%AA@&—ﬁy B%r——HéAAUX—%) sg:E?
1 kky — ki k
B, = k—]ﬁAA(A — ) (kA — ky),  §° = 27713 a:=\+2u.

Substituting the vector U(x) = B(0x)W into (4), where W is a five-component
vector function, we get

AAA(A — s2)(A — s3)® = 0.

Whence, applying the method developed in [5], after some calculations, the
vector AW can be represented as

r?(lnr — 1) n Ko(sir) +Inr Ko(sor) +1nr

dsis3 si(si — s3) s5(st — s3)

AD = — (5)
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where Ky(s,7) is the modified Hankel function of the first kind and zero order,

N =1 or\2k (1 1
Ko(sar) = —1o(sa7) <ln % + C’)—{—Q; GIE <%> (E + 1 + ..+ 1) ,

=1 ST\ 2F
Io(sar) = E : (k)2 (T) , = (21 — y1)2 + (2 — y2)27 a=12.
k=0

As all the components of B contain the operator A, Substituting (5) into
U = BV, we obtain the matrix of fundamental solutions for the equation (4)
which we denote by I'(x-y)

L(x-y) = Trj(x=y) [|ses,

where

Inr  A+pu 0*0y r?(lnr —1)
ch - = _604 — ) =
v(x-y) T * ap 0y, 0x, H 4

K()(SQT‘) _ 82\1133
ke 0%, Oy

Lot2q42(X-y) = day

Ko(sor) +Inr Wy Ko(sir) +1Inr

Ua3(x-y) == k52 ey Uas(x-y) = 5—%’
Fialey) = = il R ity o= T

T pa2(X-y) o= — 55; 88;%2, Los(x-y) := a,fk7 %\if, o,y =12,
Wy5(x-y) := —%‘I’u + (k7 - %) Uss, Dopos(x-y) = kk_l;%\yxf

[ 42(x-y) = _:—kz%a [s5(x-y) = Ko(]:ﬂ“) - :—ki‘lf%, s5 1= l]z_z >0,
(5= =Ty=Tp=05s=05»=0, s ::M>O.

We can easily prove the following

Theorem 1 The elements of the matriz  T'(x-y)  has a logarithmic sin-
gularity as  x —y and each column of the matriz  T'(x-y), considered
as a vector, is a solution of the system (4) at every point x if X #y.

According to the method developed in [5], we construct the matrix I'(x) :=
I'"(—x) and the following basic properties of I'(x) may be easily verified:
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Theorem 2 Fach column of the matriz  T'(x-y), considered as a vec-
tor, satisfies the associated system — A(0x)['(x-y) =0, at every point x if
x # y and the elements of the matriz f‘(x-y) have a logarithmic singu-
larity as  x —y.

4. Matrix of Singular Solutions

In solving BVPs of the theory of thermoelasticity with microtemperatures
by the method of potential theory, besides the matrix of fundamental solutions,
some other matrices of singular solutions to equation (4) are of a great impor-
tance. Using the matrix of fundamental solutions, we construct the so-called

singular matrices of solutions by means of elementary functions.
T

We introduce the special generalized stress vector R(0x,n)U,  which
acts on the element of the arc with the unit normal n = (ny, ny), where

R(0x,n) :=|| Ri; [|55,
T 0 0
Ra’y = 5a'yﬂa_n + (>‘ + ,U/)naa7 + TlMa'ya
v

T T T
Ra,’y+2 = Roz+2,'y = Ra+2,5
T

= R57 = Oa Ras :g _Bnaa 5 (6)

Ratoiy+2 1= 5a'yk68_n + (ks + k5)naa—% + oMoy,

T T 0 0 0

RB,"/—!—Q = kln’yu Rss5 := ka_na Mow = n’ya_xa - naa_l’,\/ a, 7 = 1727
here T := (1,7), Ta, « = 1,2, are the arbitrary numbers. If 7 =
i, 7o = ks, we denote the obtained operator by P(0x,n). The operator,

T A ke(ky + K

which we get from R(dx,n) for n, = A+ 1) Ty = (ks + Ks)

)\—|—3u’ 2_k4+k5+2k67
we denote by N(0x,n) and the vector N(0x,n)U  will be called the

pseudostress vector.

Applying the operator ﬁ(@x,n) to the matrix I'(x-y), we construct
the so-called singular matrix of solutions

f{((‘?x,n)f‘(x—y) = I\T/Ilj(ax) |55

where
r Olnr A+ p)(m 4 p) 8 820y,
= — -1 v+1 o
M+ (0%) o+ D ” 5e5m B
q 2
Mi2(0%) := g —Elnr—|— A+ p)(m +p) 020y

Os | n aj or3 |’
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Y _ 0 (/\ + 1) (11 + ) Py
Mz1(9%) = Js 1 ap ox?
Y . Bhi(ptmn) 0 PV
Miy2(9%) = kak,  Os 83570332
7 L Bkl(,u + 7'1) 0 (9 \1113
Mz y42(0%) 1= kak;  Os Ox10x,,’
g _ Bptm) 00¥;; 7 . Blp+m) 0 0¥55
Mis(9x) := kak; Os Oxy’ Mas(0) := kak; Os Ox;’
g L k3 [ 0 8\1135 0 L 0 _ 0
M35(8X) = ]{7_]{77 _k7n1K0(317‘) (k?(; + Tg)a 61}2 ] s % = Hanl ni 81}27
T ks [ 0 oV
M45(8X) = ]{j_]:7 -k'ﬂlQKo(Sl’f’) <k6 + 7'2)8 ax?f_ s
T L ]{Zl 8 0
M53(0X) = . k%as 8332 (Ko(SQT) + In 7”)
T _h
M54(6X) . k2 (95 O - (K()(SQ’I“) + In T)
T T T T Olnr
M3, (0%) = May (0%) = M5, (0x) =0, Ms5(0%x) 1= o = 1,2,
/ _ OKq(sor) 0 0*Wsy 0
M33(8X) = T ( k6>as 8x18x2 + 1 81’1 [Ko(Sl’I“) Ko(SQT)],
7 L aK()(SgT) 0 62\1133 0
M44(8X> = 8—1’1 ( k6)65 81‘181'2 -+ ngam [K()(Sl’l“) Ko(SQT)],
T D) 8K0(32r) 8 82\1133 (9
M43(8X> = —k—GT ( k6)8 a a9 + nNo— a{L‘l [Ko(slT') — KO(SQT')],
T2 @Ko(SQT') @ 62\1133 @
M34(3X) ke 0s (72 ke)a 022 +m 025 [Ko(s17) — Ko(s2r)].

We prove the following theorem.
- T
Theorem 3 Every column of the matriz [R(@y,n)F(y—x) , considered
as a vector, is a solution of the system K((?X) =0 at any point x if x #y and

. T
the elements of the matriz [R(@y,n)I‘(y-x)} contain a singular part, which

15 integrable in the sense of the Cauchy principal value.
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Let . .
Ri1 R 0 0 0
3 Ro1 R 0 0 0
R™(0xm) = | 0 0 Rass Rss O )
0 0 Ras Ras O
0 0 kgnl k3n2 ﬁ
where IT{M, f{a+277+2, f{55, a,v = 1,2, are given by (6), then
R (0x,n)T (x-y) = [|My;(0%)][55,
here
M;’y<ax) = Maw(ax>’ 1\7[;+277+2<8X) = Ma+2,v+2(ax)a
Mss(0%) := Ms5(0x),  Mp3(0x) = M, (0x) = M5(0x) = 0,
~T ]{515 [ 8\1’35 0 82\1113 |
2 (0%X) == — k k —
My, (0) akks | o D, + (ko —H—Q)@s 0x,022 |’
~T k‘l,ﬂ [ 8\1135 8 82\1113 |
= — k —(k —
My (9%) akks | T 0z, (ko + 7—2)83 0x,0xy |’
ki [ 0 oV
M35(aX) k‘]{; _k’TanO(SlT) (kﬁ +T2)as 61’?;5_ s
k[ 0 oV
M45(8X) /{:/{1:7 -]{7777,2[(0(817’) (k’ﬁ _'_7-2)85 axis- s
~ T ﬁ 0 8\1111
i =12 = 2
MEry(aX) a on 8513'7 ) a,y ) &y a A + 12
. ks O O
M;z3(0%) :== T 5 0 [Ko(ser) + In7],
. ks O 0O
Mz, (0%) := ki P 8931 [Ko(s2r) +In7].

We prove the following theorem.
T
Theorem 4 Every column of the matrix [R"((?y, T (y X)] , considered

as a vector, s a solution of the system A(0x)U = 0 at any point X if X #y

T
and the elements of the matriz [RT(ay, )T (y-x )]

which is integrable in the sense of the Cauchy principal value.

, contain a singular part,
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5. Galerkin Type Solution

The Galerkin type general solution (of the class C?(D™T)) of the system (4)
can be represented as

u(x) = aApV — (X + p)graddivg™ — Buk kegraddivep®
(ke — ky)grad®,

w(x) = apkk: AAA — $2)p® — auAlk(ky + ks)A + kkslgraddive®
+apksgradVl,

0 = apA(kr A — ko) U — apki ks A(A — 2)divg®,
where

AA¢(1) =0, AA(A — s%)(A — S%)(ﬁ@) =0, AA(A - 5%)\11 =0,

¢ = (0V.01"). @ = (o 0.
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