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SIMPLICIAL NERVE OF AN A, -CATEGORY

GIOVANNI FAONTE

ABSTRACT. We introduce a functor called the simplicial nerve of an A..-category
defined on the category of A, -categories with values in simplicial sets. We show that
the nerve of an A.-category is an (oo, 1)-category in the sense of J. Lurie [Lurl]. This
construction generalizes the nerve construction for differential graded categories given
in [Lur2]. We prove that if a differential graded category is pretriangulated in the sense
of A.I. Bondal and M. Kapranov [Bo-Ka] then its nerve is a stable (oo, 1)-category in
the sense of J. Lurie [Lur2].

1. Introduction

A-algebras were introduced by J.D. Stasheff [Sta] in order to encode the notion of a
binary operation associative up to a coherent system of homotopies. An A..-algebra is a
Z-graded vector space A over some base field K together with degree 2 — k morphisms

my t A" — A, kE>1
satisfying the equation

Z <_1)Sr+tmr+t+1(1d®r ®ms @ [d®t) =0 (1)
n=r+t+s

for n > 1. This equation for n = 1 tells that m; is a differential on A and for n = 2
provides the compatibility of the binary operation my with the differential m; in terms of
the Leibniz rule. For n = 3 the equation is

mg(mg X [d) — m2(1d® mg) = m1<m3) + Z m3(1d®r Xmi X [d®t)
2=r+t

which expresses the fact that ms is an associative operation up to the data provided by
ms. Values of n > 3 in equation (1) encode all the coherences needed to be satisfied by
such associativity constraints. Similarly an A.-morphism is a morphism of differential
graded spaces

f1 :A—=B
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32 GIOVANNI FAONTE
which preserves the binary operations only up to the data provided by
fo: AR A—B

whose coherences are controlled by degree 1 — k morphisms f : A%* — B for k > 3. The
notion of a dg-algebra (morphisms of dg-algebras) is recovered by considering A, -algebras
with vanishing my, for k > 2 ( A,-morphisms with vanishing f; for £ > 1). K. Fukaya
and M. Kontsevich-Y. Soibelman later considered A..-categories and A, -functors as a
natural generalization of these notions which have been essential tools in the formulation
of homological mirror symmetry [Kon-Soi|,[Fuk]. Namely the Fukaya category F(X) is
an A -category associated to a symplectic manifold X and it corresponds to the A-side
of such symmetry. Similarly to the case of algebras, differential graded categories (dg-
functors) can be identified with A.-categories (A-functors) for which the composition
of morphisms is strictly associative (strictly preserving the composition of morphisms).

In the first part of this paper we define a functor (Definition 2.8) called the simplicial
nerve of an A.-category

Ny, + AxxCat —= SSet

defined on the category A, Cat of A,-categories with A.-functors and values in sim-
plicial sets. We prove (Proposition 2.15) that the simplicial nerve of an A..-category is
an (0o, 1)-category in the sense of J. Lurie [Lurl]. For an A.-category A its nerve is
the simplicial set of A..-functors from a certain cosimplicial A.-category A[A~], gener-
ated by the standard simplices, into A. The restriction of this functor to dg-categories
provides a functorial description of the differential graded nerve N, introduced in [Lur2]
by J. Lurie and earlier defined in [Hin-Sch| by V.A. Hinich and V.V. Schechtman. The
existence of a model category structure without limits on A, Cat was shown in [Le-Hal
and the study of its relationships with the nerve construction presented in this paper will
be subject of future work.

In the second part we establish a connection between pretriangulated differential
graded categories in the sense of A.I. Bondal and M. Kapranov [Bo-Ka] and stable
(00, 1)-categories in the sense of J. Lurie [Lur2]. Pretriangulated dg-categories provide
a natural setting to address the lack of functoriality of the cone construction for trian-
gulated categories following from the axioms of J.-L. Verdier [Ver|. To a dg-category
with a zero object D it is possible to associate the dg-category of twisted complexes of D,
denoted by PreTr(D), whose construction has to be understood as a triangulated hull of
D. PreTr(D) has a shift functor and a functorial notion of cones inducing a triangulated
structure on its homotopy category H°(PreTr(D)). In particular when D is pretriangu-
lated the dg-embedding D— PreT'r(D) is a quasi-equivalence of dg-categories and hence
D inherits shift and cones from PreT'r(D) making H°(D) into a triangulated category
[Bo-Kal]. On the (0o, 1)-categorical side J. Lurie in [Lur2] introduced the notion of stable
(00, 1)-category as an axiomatization of the properties of stable homotopy theory. The
relevant feature for our purposes is that in a stable (0o, 1)-category the notion of an exact
triangle is replaced by the one of homotopy fiber of a morphism. Moreover stable (oo, 1)-
categories have canonically defined loop and suspension functors playing the role of the
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shift functor and its inverse for triangulated categories. This data induces a structure of
triangulated category on the homotopy category of a stable (oo, 1)-category [Lur2]. We
give an explicit proof (Theorem 3.18) that if D is a pretriangulated dg-category the nerve
Nyy(D) is a stable (oo, 1)-category and HY(D) is identified, as a triangulated category,
with the homotopy category of Ny, (D). The proof is based on a direct computation per-
formed on an (oo, 1)-category equivalent to Ny, (D), that we call the big dg-nerve N, 3;9 (D),
defined as the nerve of a certain simplicial category D whose simplicial set of morphisms
is obtained by applying the Dold-Kan correspondence [McL]| to a truncation of the cochain
complex of morphisms in D.

1.1. CONVENTIONS AND NOTATIONS. From now on we fix a field K of characteristic 0.
The category Vectz(K) is the category whose objects are Z-graded vector spaces over K

v=v"

and morphisms are degree preserving K-linear maps. The tensor product of graded vector
spaces is defined as
Vew) = vvew"
p+q=n
and the graded space of morphisms as

Homy oo, i) (VW) = H Homy e (V?, wetm)

PEZ

We say that a morphism is of degree n if it belongs to such graded component. The tensor
product of two morphisms is defined according to the convention

(f ® g)(z @ y) = (—1)*9D%99) f(2) @ g(y) (2)

A cochain complex is an object V' € Ob(Vectz(K)) together with a morphism d €
H Om\l/eth(K)(‘/’ V) such that d? = 0. We call d the differential of the cochain complex. A
morphism of cochain complexes f : V —=W is a morphism f € H Om?/eth(K)(v’ W) such
that do f = f od. The category Ch*(K) is the category whose objects are cochain com-
plexes and morphisms are morphisms of cochain complex. The cohomology of a cochain
complex (V,d) is the Z-graded vector space defined as

H0) =

A morphism of cochain complexes f : V — W is called a quasi-isomorphism if the
morphism induced in cohomology H*(f) : H*(V) — H*(W) is an isomorphism. The
tensor product of Z-graded vector spaces extends to a functor on Ch®*(K) defining a
symmetric monoidal structure (Ch*(K), @), K) where, for cochain complexes V' and W,
we have

dvew = dy @ Idw + Idy @ dw
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Similarly the category Che(K) of chain complexes has objects Z-graded vector spaces
together with a morphism d € H om;ictz(K)(V, V) such that d*> = 0 and analogue notions
of homology and quasi-isomorphism. We denote by op : Ch®*(K) — Che(K) the functor
associating to a cochain complex the chain complex V» = V"7 with the same differential
and by T>g : Che(K) —= ChZ°(K) the truncation functor

0 it p <0
>0(V)p = Ker(d,,) ifp=0
Vo if p> 0.

For a category C the category of simplicial objects in C, denoted by S(C), is the cate-
gory of functors Fun(A%,C) where A is the standard simplex category. Similarly, the
category of cosimplicial objects in C is the category of functors Fun(A,C). We refer to
[Lurl, Chap. 1-2-3] for the theory of (oo, 1)-categories and related constructions. The
smallness assumptions necessary for the consistency of the results presented in this work
are implicitly assumed.

2. The simplicial nerve of an A..-category

2.1. A, -CATEGORIES AND A, -FUNCTORS. We recall now the notion of A..-category
and of A.-functor. We refer to [Le-Ha| for an extensive survey of the subject. For the
purposes of this work we will refer to an A..-category meaning a strictly unital A..-
category and to an A,-functor meaning a strictly unital A..-functor.

2.2. DEFINITION. [A.-category| Let K be a field, an A-category A is the data of:

A set of objects Ob(A)

For every pair of objects x,y € Ob(A) a graded space of morphisms Hom%(x,y)

For k > 1 and a sequence of objects xy, x1, ..., xE, a morphism of degree 2 — k
my : Hom% (1, 25) @ - - @ Hom%(xo, x1) — Hom%(zo, x,)
such that, for everyn > 1

> )T (1 @ m @ 1d) = 0 3)

n=r-+t+s

o For every object v € Ob(A) a degree 0 element 1, € Hom%(x, ), called the identity
at x, such that
ma(l, ®a) =a=my(a® 1,)
Mp(a1 @ @a; 1 @1, ®aj11 @...a,) =0
form>21<j7<n.



SIMPLICIAL NERVE OF AN A,.-CATEGORY 35

2.3. DEFINITION. [A.-functor] Let A and B be two A..-categories, an A -functor
f: A—B

1s the data of:

o A map of sets fo: Ob(A)—=Ob(B)
e Fork > 1 and a sequence of objects xo,x1, ..., 2, a morphism of degree 1 — k
Je s HomSy(wp—1,21) ® - - - @ Hom¥(wo, 11) —= Homy( fo(xo), fo(zr))

such that, forn > 1

S DT (AT @m @ 1d¥) = > (D) Tml(fi @@ fi,) (4)
n=r4t+s 1<r<n
i1++ir=n

where
erzer(ilw-';ir) = Z ((1_219) Z Zl) (5)

and satisfying the strict unitality conditions:

fi(le) = 1)

ol ® - ®a;21 01, ®aj11 ®...a,) =0
form>1,1<j5<n.

2.4. REMARK. A..-categories and A.-functors can be defined in a more canonical way
using the Bar construction [Le-Ha]. The sign convention adopted in Definition 2.2 and
2.3 follows from the convention (2) defining the tensor product of graded morphisms after
considering such construction.

If f: A—B and g: B—C are A.-functors, their composition go f : A—C has
graded components given by

(gofe=>Y_ >, (~)tg(f,e--f) (6)

r=141+-+i.=k

This composition is strictly associative with unit given by Id4 and defines a category
A Cat of A-categories over K.

A differential graded category (dg-category) over a field K is a category enriched over
the symmetric monoidal category (Ch*(K), &), K) of cochain complexes and a dg-functor
is a functor of enriched categories (see [Ke] for the notion of enriched category). In
particular dg-categories are identified with A, -categories having m;, = 0, for £ > 2, and
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dg-functors with A -functors having f;, = 0, for £ > 1. This means that there exists a
faithful functor
i:dgCat— ACat (7)

where dgClat is the category of differential graded categories over K.
For a dg-category D its underlying K-linear category D,, has the same objects of D
and morphisms

Homp,, (z,y) = Ker(dy : Hom%(x,y) —>H0m%)(z,y))

We refer to a morphism in a dg-category, without specifying the degree, meaning a mor-
phism in D,,, and we say that a dg-category D is a dg-enhancement of a K-linear category
V if there exists an isomorphism V ~ D,,,. The homotopy category H°(D) of D is the
K-linear category with the same objects of D and vector space of morphisms given by:

HomHO(D)(x7 y) = HO(Hom'D(x, y))

A dg-functor f: D—& is a quasi-equivalence of dg-categories if the induced functor on
the homotopy categories H°(f) : H(D)—=H(£) is an equivalence and the induced mor-
phisms of cochain complexes f : Hom$(x,y)—=Homg(f(x), f(y)) are quasi-isomorphisms
of complexes, for every z,y € Ob(D).

2.5. CONSTRUCTION OF THE NERVE.

2.6. DEFINITION. The Ay -category (in fact dg-category) Ao [A"] generated by the stan-
dard n-simplex is the Ay -category whose objects are the integers {0, 1,...,n}, morphisms
spaces given, for 0 <1i,7 <n, by

. - K-(,5) 1<J
HOmAm[m}(ZaJ)—{Q (5.4) P>

with deg((i, j))=0 and A-structure determined by the maps

my = 0

ma((J, k), (4,9)) = (i, k),  fori<j<k

my, =0, formn > 2
with identities 1; = (1,1) € Hom;\mmn](i, i), fori=0,...,n.

2.7. PROPOSITION. The construction [n]— A [A"] defines a cosimplicial A -category

AL[AT]: A— A Cat
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PrOOF. Consider the standard cofaces and codegeneracies morphisms in A

o i [n—1]—=|n], 0<ji<n
ol [n]—=[n—1], 0<j<n-1
with N L

51(’“)_{ k41, j<k<n-—1
k
k

v _ [k 0<k<]
"j<’“)_{ —1, j+1<k<n

The induced cofaces A..-functors
(07 )+ + Ao[A" 1] —= A [A]

are defined by

Similarly the codegeneracies A,-functors

(07 )+ Aso[AT] —= A [A™]

J

(07)e0lk) = o7 (k)
(07 (i, k) = (0(0), (k)

(U?)*,p =0, p>2

The fact that this assignment determines a cosimplicial A..-category follows from the
standard cosimplicial structure of A™. [

2.8. DEFINITION. [Simplicial Nerve of an A..-category| For an A..-category A its sim-
plicial nerve N4 (A) is the simplicial set whose n-simplices are given by

Na(A)n = Homa cat(Ax[A"], A)

and simplicial structure induced by applying the functor Homa_ca(—,.A) to the cosim-
plicial A -category As[A7].

2.9. PROPOSITION. An n-simplex of the simplicial nerve of an A -category A is deter-
maned by n + 1 objects
x; € Ob(A),i=0,...,n

and by a collection of elements

fio--~ik € Hom.il_k('fim ‘rlk)
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for1<k<nand0 <iyg<iy <---<i, <n, satisfying the conditions
fiio = 1ds,,
Jiososiipsipsis = 0, for 2 <1 <n

ma(fig..in) = Z (—1)j_1fi0...z}...z‘k + Z (—1)1+k(j_1)m2(fz‘j...ikafio...z‘]-)—i—

0<j<n 0<j<n

+ Z (_1)1+€rm7’(fijril-'-ik7 ey fio---i]‘l)

1<r<n
0<j1<-<gr—1<n

where €, as in equation (5).

PROOF. An n-simplex f € Ny (A), is by definition an A.-functor
[ ALA"—A
This determines n + 1 objects of
z; = fo(i) € Ob(A)
and for 1 < k < n a morphism of degree 1 — k
fi: Hom3y_an)(@s i) @ -+ @ Homyam (Tig, Tiy) —= Hom (fo(wi, ), fo(wi,))
which corresponds to the choice, for every string 0 < ip < iy < --- < 7, < n, of an element
Jioir = fi((ip—1,1%) ® -+ ® (ig,11)) € HOm}[k(ZUiO,ZEik)

The conditions satisfied by f;, ;. follow from Definition 2.3. n

2.10. COROLLARY. For a dg-category D its differential graded nerve [Lur2, §1.3] equals
the simplicial nerve of i(D)
Ngg'(D) = Na.(i(D))

where i is defined in Remark 7.

ProOOF. The proof follows from Proposition 2.9. [
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2.11. PROPOSITION. The simplicial structure of Na__(A) can be described as follows: for
f € Na(A), the components of j-th face map d}(f) are given by

Jioeip1(ip+1)(int1), J < 1p,0<p <k
d; (fig...ir, = Ot ks =P
J <f> otk { fio...ika ] >

for1 <k<n-—1andastring 0 <1y <iy <---<ip <n—1. The components of the
j-th degeneracy map s%(f) are

fao-)(—1), J <ip—1

n _ fio(i1*1)7 o < ] < —1
5 (Fioin = Id,,, iv=jiii=j+1 (8)
fioi1> J =1
for0<ig <1, <n+1and
Jio=1)..(in—1)> Jj<ig—1
n ) Sieiplppr—1)(in—1), Tp < J <lpy1 — L,0<p <k
Wi =1 g, by = Juipr =+ 1 ®)
Jiowir> J =ik

for2<k<n+1,0<ip<i3 <---<i,<n+1.
PRrROOF. The j-th face map
d? . N-Aoo (.A)n _>NAoo (A)n—l
evaluated on an n-simplex f € Ny (A) is by definition the A.-functor
d; (f) = [ o (07)
The composition law for A-functors (see Equation (6)) gives
(f o (07)e)k = fe((6])e1 @ -+ ® (6] )s1)

and hence, for 1 <k <n—landastring0 <y <t;<---<ip <n—1

n i0...ip—1(i G , 1<, 0<p<k
on...zk; ] > /Lk}

A similar computation shows that the j-th degeneracy map is determined by the formulas
(8) and (9). ]
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2.12. PROPOSITION. The simplicial nerve construction defines a functor
Na,, : AxxCat —= SSet

PROOF. Any A -functor g : A—B induces a map of simplicial sets (¢)x : Na_ (A)—=N4_(B)
by the assignment

(9):(f) = Foyg

where f € Homacaty (Ax[A"], A) is an n-simplex in Ny (A). More explicitly, if 1 <
k<nand0<iy<i <---<i, <n, we have from Equation (6)

k
((9)«(f))io.in = Z Z (—1)er(jl""’jr)gr(fz‘jr+m+j2...z’k, oy fioeis, )

r=1 ji+-+jr=k
The functoriality of N4 hence follows from its definition. ]

2.13. DEFINITION. [Lurl] An (oo, 1)-category (or weak Kan complex) is a simplicial set
X such that, for any 0 < p <n and any map of simplicial sets f : Aj —= X, there exists
an extension to the full n-simplex g : A" — X

[

A’I’L

where A} is the p-th inner horn.

2.14. REMARK. A simplicial category is a category enriched over the symmetric monoidal
category (SSet, x,pt) of simplicial sets where the monoidal structure is the point-wise
cartesian product of simplices. Simplicial categories can be related to simplicial sets
through a pair of adjoint functors

NSCat: SCat = SSet ZC[—] (10)

where SCat is the category of simplicial categories with the obvious notion of morphisms
and the functor Ngg, is called the nerve of a simplicial category. This adjunction lifts
to a Quillen adjunction of model categories between the Kan model structure on SCat
and the Joyal model structure on SSet whose fibrant objects are (oo, 1)-categories. We
refer to [Lurl, §2.2] for a more detailed discussion about this construction and for the
definition of the homotopy category of an (oo, 1)-category.

2.15. PROPOSITION. For an A -category A its simplicial nerve N (A) is an (0o, 1)-
category.
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PROOF. Consider a morphism of simplicial sets f : A} — N4 (A), where n > 0 and
0 < p < n are fixed. Such morphism can be identified with an n-simplex of N4 (A)

defined by

go..n = 0

Goopon =, (CLTIf ot Y (DU o fo it

0<j<n,j#p 0<j<n
+ Z (_1)1+6r(j17n.7jr71)+pmr(fij,r71---ik’ o 7fio-..ij1)
1<r<n
0<j1<<jr—1<n
giap = /
provides an extension of f. [

3. Comparison between pretriangulated dg-categories and stable (oo, 1)-
categories

3.1. PRETRIANGULATED DG-CATEGORIES.

3.2. DEFINITION. A zero object of a dg-category D is an object 0 € Ob(D) such that for
every X € Ob(D)
Hom%(X,0) =0° = Homp(0, X)

where 0° is the cochain complex having 0 in each degree and zero differential.

3.3. DEFINITION. [dg-category of twisted complexes, [Bo-Kal| Let D be a dg-category with
a zero object 0. A twisted complex of D is the data consisting of a pair K = (K, ¢ij)ijen
where:

e K; € Ob(D) are equal to 0 for all but a finite number of indices i € 7
® g € Homng(Ki, K;) are morphisms satisfying the Maurer-Cartan equation

d(gij) + Z Qjqir =0

kEZ

for every i,j € Z.

The dg-category PreTr(D) of twisted complexes of D is the differential category whose
objects are twisted complexes of D and cochain complex of morphisms

Hom'p,oroipy (K, K') = @) Homb(K;, K})
I4+j—i=k

with differential d evaluated on f € Hom,(K;, KJ’) given by the expression
d(f) = d(f) + Y (g + (=1 fgme)
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3.4. REMARK. For a dg-category D the category of dg-functors dgFun(D,Ch*(K)) has a
dg-enhancement (as described in [Bo-Ka]) in such a way that the diagram of dg-functors

dgFun(D,Ch®*(Vecty))

PreTr(D)

is commutative. Here h is the dg-Yoneda functor defined on objects by
hX)(Y) = Homp(X,Y)

e is the dg-functor sending an object X € Ob(D) to the twisted complex concentrated in
degree 0 and « is the dg-functor that associates to a twisted complex K = (K, gi;)ijez
the dg-functor

oK) = @ Homip(Y, K)[~i]
i€z
with twisted differential d+¢q. Moreover both dg-categories PreT'r(D) and dgFun(D, Ch*(K))
have shift functors and functorial cones which are preserved under the dg-functor a. For
a twisted complex K its shift by 1 is given explicitly by the formula

K[1]; = K41

qmz‘j = {qit1,5+1

and for a morphism of twisted complexes f : K — K’ its cone is the twisted complex
Cone(f) = (Kipn @ K, )

where ¢} is the matrix

Git1j+1  fitrj
0 q;j

This definition of shift functor and cone construction determines a triangulated structure

on the homotopy category H°(PreTr(D)) [Bo-Ka] where exact triangles are given by
sequences in H°(PreTr(D)) of the form

"o
Y

KL K' — Cone(f) — K[1]

3.5. DEFINITION. [Pretriangulated dg-category, [Bo-Kal| A dg-category D is called pretri-
angulated if for every twisted complex K € PreTr(D), the dg-functor a(K) is isomorphic
to h(X) for some object X € D.
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3.6. REMARK. If D is a pretriangulated dg-category the dg-functor € : D — PreTr(D)
is a quasi-equivalence of dg-categories [Bo-Ka|. In this situation it is possible to transfer
the shift functor and the cone construction of PreTr(D) to D. Namely the shift by +1
of X € Ob(D) is defined as

X[1] = T(e(X)[1]) (11)

where T is the inverse equivalence of € and T'(¢(X)[1]) is an object of D representing the
dg-functor a(T'(e(X)[1])). Similarly the cone of a morphism f: X —Y is

Cone(f) = T(Cone(e(f)))
Moreover there exist canonical quasi-isomorphisms of complexes
Hom3,(X[1],Y) ~ Hom%(X,Y[—1]) ~ Hom%, (X, Y)[—1]

and for a morphism f : X —Y one has

Homk (Cone(f), Z) = Hom% (Y, Z) ® Hom% ™ (X, 7) (12)
with differential

d’“:‘

(D)Mo f) dl,
where d’(“ny) = dHom%(X,y), and
Homk (Z, Cone(f)) = Homk(Z,Y) @ Hom™(Z, X) (13)

with differential
dlfz,y) (=of)

k+1
0 dizx

d" =

3.7. PROPOSITION. [Bo-Ka] The homotopy category H°(D) of a pretriangulated dg-category
D is triangulated in the sense of [Ver] with shift functor

(1] : H°(D) — H°(D)

defined on objects by Equation (11) and class of exact triangles of the form
f
K — K’ — Cone(f) — K[1]

where f is a morphism of twisted complexes. Moreover the functor
H(T) : H*(PreTr(D)) — H°(D)

is an equivalence of triangulated categories.
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3.8. STABLE (00, 1)-CATEGORIES.

3.9. DEFINITION. An (00, 1)-category X is pointed if there ezists an object 0 € Xy called
the zero object such that for every A € X,

Mapx(A,0) ~ * ~ Mapx (0, A)
where Mapx(—, —) is the Kan complex of morphisms in X (see [Lurl, §2.2]).

3.10. DEFINITION. A triangle in a pointed (oo, 1)-category X is a diagram A' x A'—=X
of the form

g

a1 p
[l) J

We say that a triangle is a fiber sequence (the fiber of g) if it is homotopy cartesian and
is a cofiber sequence (the cofiber of f) if it is homotopy cocartesian.

4,0

3.11. DEFINITION. [Stable (o0, 1)-category, [Lur2]] An (oo, 1)-category is stable if
e [t is pointed

e Fvery morphism admits fiber and cofiber

o A triangle is a fiber sequence if and only if it is a cofiber sequence

3.12. REMARK. A stable (00, 1)-category X has canonical constructions of the suspension

and loop functors
,0: X —X

which are equivalences of (oo, 1)-categories [Lur2, Chap. 1]. Explicitly these functors are
given on objects by

»(A)=011%0
Q(A) =0x"0

Moreover its homotopy category h(X) is an additive category and it comes equipped with
a notion of distinguished triangles which are diagrams of the form

A-Llpt.ct Ap =34

induced by a diagram A! x A2 — X

f

A B——0

L]

0——C—>D
h

where
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0 and 0’ are both zero objects

Both squares are pushout diagrams in X

The morphisms f an ¢ represent f and g respectively

The map h is the composition with the homotopy class of h with an equivalence
D ~ A[1].

3.13. PROPOSITION. [Lur2] The homotopy category h(X) of a stable (oo, 1)-category X
is a triangulated category in the sense of [Ver] with shift functor induced by the suspension

functor
Y h(X)—h(X)

and class of distinguished triangles as described in Remark 3.12.

3.14. THE DOLD-KAN CORRESPONDENCE AND COMPUTATION OF HOMOTOPY LIMITS.
Recall that the category S(Vectxk) of simplicial vector spaces over K has a model structure
called the Quillen model structure [Qui]. Weak-equivalences and fibrations of simplicial
vector spaces are morphisms inducing weak-homotopy equivalences and Kan fibrations
on the underlying simplicial sets. The category Chz°(K) of non-negatively graded chain
complexes has a model structure called the projective model structure [Qui]. Weak-
equivalences are quasi-isomorphisms of chain complexes and fibrations are chain maps
which are epimorphisms in each positive degree. Cofibrant objects in this model structure
are retract of complexes of projective K-modules. The Dold-Kan correspondence

DK:Chz°(K) = S(Vectk) :N (14)

establishes an equivalence of categories between the category ChZ°(K) of positively graded
chain complexes over K and the category S(Vecty) [McL]. According to S. Schwede and
B. Shipley [Sch-Shi] these functors are both left and right adjoint of a Quillen adjunction
between the Quillen model structure on S(Vectk) and the projective model structure on
Chz°(Vectx). Moreover homology groups and homotopy groups are identified under this
correspondence.

Recall that for a model category C and a Reedy indexing category I, the Reedy model
structure on the category of functors Fun(l,C) (or I-shaped diagrams in C) is the model
structure for which a morphism f : X —Y is a weak-equivalence if it is an object-wise
weak-equivalence in C, a cofibration if the relative latching morphisms at every object of I
are cofibrations in C and a fibration if the relative matching morphisms at every object of
I are fibrations in C. Quillen equivalences of model categories induce Quillen equivalences
in the respective categories of functors with the Reedy model structures [Hir]. We say
that C has I-shaped limits if the functor

(_)const. : C—>FUN(I,C)
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taking an object x € C to the constant functor with value z, has a right adjoint
lim : Fun(Il,C)—C

If C has I-shaped limits the total right derived functor of lim exists [Hir|] and defines the
homotopy limit functor
holim : h(Fun(I,C)) — h(C)

given explicitly on an object X € h(Fun(I,C)) by
holim(X) = R(lim)(X) = lim(P(X))

where P(X) is the fibrant replacement for X in the Reedy model structure on Fun(/,C).
These observations lead to the following lemma.

3.15. LEMMA. Let I be a Reedy indexing category and consider the functor
DK, : Fun(I,Chz°(K)) — Fun(I, S(Vectx))

defined by applying object-wise the functor DK of (14) to an I-shaped diagram in Chz%(K).
For X € Fun(I,Chz°(K)) we have

holim(DK (X)) ~ DK (lim(P(X)))

where P(X) is the fibrant replacement of X in the Reedy model category on Fun(I,Chz°(K)).

PROOF. By definition we have
holim(DK (X)) ~ lim(P(DK,.(X)))
The functor DK is the right and left adjoint of a Quillen equivalence [Sch-Shi] hence
P(DK,.(X)) ~ DK,(P(X))
Moreover DK preserves limits which implies that

lim(P(DK,(X))) ~ lim(DK.(P(X))) ~ DK (lim(P(X)))
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3.16. ExAMPLE. We give an explicit construction of the fibrant replacement in the Reedy
model structure in order to compute homotopy limits when the indexing category [ is the
category

O

9 —

Given f : X —Y a morphism in Fun(I,C) it is easy to check that relative matching
morphisms are

Mo(f) : Xo—Yo
and for 1 =1,2

M;(f): X;—Y; x X,
Yo

In particular a morphism f is a fibrations if the morphisms M;(f) are fibrations in C, for
i =0,1,2, and an object X € Fun(I,C) is a fibrant object if Xy is a fibrant object in C
and the morphisms X; — X, Xy — X, are fibrations. Hence a fibrant replacement of
a diagram

X1

lflo

XQ"XO

f20

where X fibrant is given by
P(f10)

P(fa0) — Xo

where
~ P(fu)
N\

i
X;

Xo

is a trivial cofibration-fibration factorization of the morphisms f;o, ¢ = 1,2. In particular
we get the following expression for the homotopy fibre product of X

h
X2 )){( X1 = holzm(X) ~ P(fgo) ))(( P(flO)

When C = Chz°(K) with the projective model structure a trivial cofibration-fibration
factorization of a chain map f, : Ae — B, is given by
P(f.)
SN
feo

Ae

B,
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where P(f,) is the chain complex in degree n > 0

P(fo)n = A, @ B @ B,
P(f.)o = Ao D B1 P Do

with Dy C By defined by the equation by = d(b1) + fo(ag), with b; € B; and ag € Ay. The
differential is

and in degree 0

dy. 0 0
dTL = _fn _dBn+1 [dBn
0 0  dg

and the morphisms ¢ and p are
in = [Idy, O fn]

0
Pn = 0
Idg,

One can easily check that H,(P(f,)) ~ H.(A,) and that p is a fibration, being degree-wise
surjective. The fact that ¢ is a cofibration follows from the fact that every K-vector space
is free and hence projective.

3.17. PRETRIANGULATED DG-CATEGORIES ARE STABLE (00, 1)-CATEGORIES UNDER
THE NERVE CONSTRUCTION.

3.18. THEOREM. For a pretriangulated dg-category D the dg-nerve Ny, (D) is a stable
(00, 1)-category. Moreover H(D) is identified with h(Ng,(D)) as triangulated categories.

PROOF. Recall that the big dg-nerve Ng;g(D) is the (00, 1)-category defined as the nerve of
the simplicial category Da (see Remark 2.14) having the same objects of D and simplicial
set of morphisms given by

Mapp, (X,Y) := DK (1>0(Homp(X,Y)?))

where DK is the functor of the Dold-Kan correspondence (14), 7>¢ and (—)° are the
functors defined in Section 1.1. The big dg-nerve and the dg-nerve are equivalent (oo, 1)-
categories [Lur2, §1.3] hence it is enough to show that the big dg-nerve is a stable (oo, 1)-
category. Let 0 be the zero object of D then

Ma'pDA(XaO) =F = Map'DA<OaX)

for every object X of D hence Ng;g(D) is pointed. For a 1-simplex f: X —Y in Ng;g(D)
we show that it admits fiber and cofiber. Consider the case of the cofiber first. Let
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j Y —=Cone(f) be the degree 0 morphism corresponding to (/dy,0) according to the
equality (see Equation (13))

Hom¥ (Y, Cone(f)) = Hom%(Y,Y) @ Homp(Y, X)
This is a closed morphism because
d([dY7 0) = (d(IdY) + f © 07 d(O)) = (07 O)

hence j identifies a 1-simplex of N 3;9 (D). The composition j o f is null-homotopic in the
sense that for

h = (0,Idy) € Homp'(Y,Cone(f)) = Homy' (Y,Y) ® Homp (Y, X)

we have
d(h) = (d(0) + f o Idy,d(0)) = (f,0) =jo f

These data determines a triangle in N, s;g (D)

f
Y

2, Cone(f) (15)

In order to show that Cone(f) is the cofiber of f we need to construct a weak-equivalence
Mapp, (Cone(f),Z)— Mapp, (Y, Z) xh (16)

Mapp , (X,Z)
for every object Z € Ob(D). According to Lemma 3.15 this is equivalent to exhibit a

quasi-isomorphism of chain complexes

T>o(Homp(Cone(f), Z)P) —=1>0(Homp(Y, Z)P) x 0 (17)

Tzo(HOm'D(X,Z)DP)

Following Example 3.16 the right hand side of Equation (17) can be identified with the
fibre product
P(=of) X P(0)

T>0(Hom¥ (X, Z)°P)

where the chain complex P(— o f) is

P(=o [)o = Ker(dpomy,v,z)) ® Homp' (X, Z) @ D°, iftk=0
P(—o ) = Homp" (Y, Z) ® Homp" (X, Z) @ Homp*(X, Z), if k > 0.



50 GIOVANNI FAONTE

with D° C Hom% (X, Z) defined by the equation ¢g° = hY% f+d(g~1), for h° € Ker(dHom%(KZ))
and g~! € Homp'(X, Z). The differential for k > 0 is

—k
dp = |—(=0f) _d(X,Z) ld(x z)
—k
0 0 d(sz)
and for k=0 .
dy =|—(=of) _d(X,Z) ld(x z)
0 0 d((]Y’Z)

where d’(“ny) = dyomk (x,v)- The chain complex P(0) is

P(0)y = Homp' (X, Z) @ ]m(dHomlgl(X,Z))a if k=0
P(0), = Homp* (X, Z) @ Homp" (X, Z), if k> 0.

with differential for k£ > 0

bR Tdx
(v,2)

and for £k =0 .
dy = _d(X,Z) [dO(XZ)

Hence the right hand side of Equation (17) is computed by the cochain complex having
degree k > (0 component

Homz* (Y, Z) ® Homp" (X, Z) ® Homp" (X, Z) ® Homz" (X, Z)

with differential

dix 0 0 0

4, = —(=of) —dx7 9“ 0
0 0 —di, Idixz
0 0 0 dix

and degree 0 component the subspace of the direct sum P(—o f)o @ P(0)g corresponding
to D' I m(dHom;( x.z)) Via the inclusion in H om% (X, Z). This chain complex is quasi-
isomorphic to the chain complex whose degree £ > 0 component is

Homz* (Y, Z) ® Homp" (X, Z)
with differential
—k
d( X.2) 0

dp = _
‘ —(=9/) _d()’;,l)




SIMPLICIAL NERVE OF AN A,.-CATEGORY 51

and degree 0 component
Ker(dHom%(Y,Z)> D Eil

where E~! C Homp'(X,Z) is defined by the equation d(g~') + ¢° o f = 0, for ¢° €
Ker(dgomo (v,z))- This is quasi-isomorphic to the truncation 7>o(Homip(Cone(f), Z))
and hence it provides the weak-equivalence of equation (17). For computing the fiber of
f, a similar computation shows that the morphism i : Cone(f)[—1] — X corresponding
to (Idx,0) according to the equality (see Equation (12))

Hom¥(Cone(f)[—1], X) = Hom}H(X, X) ® Homp(Y, X)

induces and homotopy cartesian triangle in NV, fi’;g (D)

J

Cone(f)[1] — X
oh ‘f
Y

0
We show now that the diagram (15) is also cartesian. Let h and g be the closed degree
0 morphisms corresponding respectively to (0,7x) and (0,(—f) @ ix) according to the
equalities

(18)

Hom,(X, Cone(j)[—1]) = Homp (X, Y) @ Homj(X,Y @ X)

Hom%(Cone(j)[~1], X) = Homb(Y, X) & Hom%(Y & X, X)

where 7x : Y & X — X and 1x : X —Y @ X are the canonical projection and inclu-
sion morphisms. Let « corresponding to (0, —iy,0,0) according to the identification of
Homp' (Cone(5)[—1], Cone(j)[—1]) with

Homp'(Y,Y) @ Hom%H(Y,Y @ X) @ Homp*(Y @ X,Y)® Homp' (Y © X, Y @ X)

We have that d(«) = g o h — Idcone(j)[—1] because the differential in degree —1 is given by
(see Equations (12) and (13))

dic) + (Idy @ f)o°
d(c?)
dic) +cto(ldy ® f)+ (Idy @ f)od™?
dd™) + o (Idy @ f)

d—l(c_17 007 0_27 d_1> -

On the other hand h o g = Idy which implies that X and Cone(j)[—1] are homotopy
equivalent in N, 3;9 (D). A similar argument shows that the diagram (18) is also cocartesian.

The fact that H°(D) is equivalent to h(N. Zg (D)) as triangulated categories follows from
the arguments in this proof. [
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