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SOME INSIGHTS ON BICATEGORIES OF FRACTIONS:
REPRESENTATIONS AND COMPOSITIONS OF 2-MORPHISMS

MATTEO TOMMASINI

ABSTRACT. In this paper we investigate the construction of bicategories of fractions
originally described by D. Pronk: given any bicategory % together with a suitable class of
morphisms W, one can construct a bicategory ¢ [W ~!], where all the morphisms of W
are turned into internal equivalences, and that is universal with respect to this property.
Most of the descriptions leading to this construction were long and heavily based on the
axiom of choice. In this paper we considerably simplify the description of the equivalence
relation on 2-morphisms and the constructions of associators, vertical and horizontal
compositions in €[W 1], thus proving that the axiom of choice is not needed under
certain conditions. The simplified description of associators and compositions will also
play a crucial role in two forthcoming papers about pseudofunctors and equivalences
between bicategories of fractions.

1. Introduction

In [P1996] Dorette Pronk introduced the notion of (right) bicalculus of fractions, ge-
neralizing to the framework of bicategories the concept of (right) calculus of fractions,
originally described by Pierre Gabriel and Michel Zisman in |[GZ1967] in the framework of
categories. To be more precise, given any bhicategory % and any class W of 1-morphisms
in it, one considers the following set of axioms:

(BF1): for every object A of €, the 1-identity id4 belongs to W;

(BF2): W is closed under compositions;
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(BF3): for every morphism w : A — B in W and for every morphism f : C — B, there
are an object D, a morphism w’ : D — C in W, a morphism f': D — A and an
invertible 2-morphism « : f ow' = wof’;

(BF4): (a) given any morphism w : B — A in W, any pair of morphisms f!, f2: C' — B
and any 2-morphism « : wof! = wof? there are an object D, a morphism
v:D — Cin W and a 2-morphism 3 : flov = f2ov, such that the following
two compositions are equal:

v / \ / \ W

D— \ / 4, \ / ’

(b) if & in (a) is invertible, then so is f;

(c) if (D',v' : D' — C,B" : flov' = f?oV') is another triple with the same
properties as (D, v, 3) in (a), then there are an object E, a pair of morphisms
u: F— Dandu : E— D', and an invertible 2-morphism ¢ : vou = v/ o/,
such that vou belongs to W and the following two compositions are equal:

C_p

/\ /\
\,/\ /\
V,\/ \/

(BF5): if w: A — B is a morphism in W, v: A — B is any morphism and if there is an
invertible 2-morphism v = w, then also v belongs to W.

For simplicity of exposition, in axioms (BF4a) and (BF4c) we omitted the associators
of €. Also in the rest of this paper we will omit all the associators of &, as well as the
right and left unitors (except for the few cases where we cannot ignore them discussing
coherence results); the interested reader can easily complete the proofs with the missing
associators and unitors (by coherence, any two ways of filling a diagram of ¢ with such
2-morphisms will give the same result). In particular, each statement in the rest of this
paper (except Corollaries 4.4 and 8.1) is given without mentioning the associators of €,
(as if € is a 2-category), but holds also when € is simply a bicategory.

A pair (¢, W) is said to admit a (right) bicalculus of fractions if all the axioms (BF)
are satisfied (actually in [P1996, § 2.1] condition (BF1) is slightly more restrictive than the
version stated above, but it is not necessary for any of the constructions in that paper).
Under these conditions, Pronk proved that there are a bicategory ¢ [W~!] (called (right)
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bicategory of fractions) and a pseudofunctor Uy : € — € [W 1], satisfying a universal
property (see [P1996, Theorem 21]). In order to describe the main results of this paper,
we need to recall briefly the construction of € [W™!] as described in [P1996, § 2].

The objects of € [W™!] are the same as those of ¢. A morphism from A to B in
% [W™1 is any triple (A’,w, f), where A’ is an object of ¥, w : A’ — A is an element of
W and f: A — B is a morphism of €. In order to compose such triples, we need to fix
the following set of choices:

C(W): for every set of data in & as follows

f v
! !
Al—— B+——B (1)

with v in W, using axiom (BF3) we choose an object A”, a pair of morphisms v’ in
W and f’, and an invertible 2-morphism p in €, as follows:

A//
yP\‘
=

A——B——B.

(2)

Then, given any pair of morphisms from A to B and from B to C in € [W™!] as
follows

i::(ALA/LB> and gI:<B<LB’i>C>

(3)
(with both w and v in W), one has to use the choice for the pair (f,v) in the set C(W),
in order to get data as in (2); after having done that, one sets go f := (A", wov',go f').

Since axiom (BF3) does not ensure uniqueness in general, the set of choices C(W) in
general is not unique; therefore different sets of choices give rise to different compositions
of morphisms, hence to different bicategories of fractions. Such different bicategories are
equivalent by [P1996, Theorem 21| (using the axiom of choice).

Given any pair of objects A, B and any pair of morphisms (A™, w™, f™): A — B
for m = 1,2 in € [W™1], a 2-morphism from (A', w!, f!) to (4% ,w?, f?) is an equivalence
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class of data (A3, v!,v? «, 3) in € as follows

A2 (4)

such that w! ov! belongs to W and such that « is invertible in € (in [P1996, § 2.3] it is
also required that w?ov? belongs to W, but this follows from (BF5)). Any other set of
data

X J v 12

A (5)

(such that w!ov* belongs to W and o’ is invertible) represents the same 2-morphism
in ¢ [W~!] if and only if there is a set of data (A%, z,7,0',0?) in € as in the following
diagram

Al
V/l 1 vl
A’ 2 A4 ., A3,

0.2
V/2 ~ v2
A2

such that:

e w!ovloz belongs to W;

e o' and o? are both invertible;
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e the compositions of the following two diagrams are equal:

, A3 v . Al
Z/ ) U ot / \ ) V/

A3 A, At — 4% | o
>~ e \ / AN

zZ A/3 V

-

A4

/-

p A
’ (7)

e the compositions of the following two diagrams are equal:

Al

/s

Al 1
z vl f v/l
ket TN g e
A3 I B B, At — A% B.

R X AN Q/fQ AN
A

A/B

~
»

AQ
v (8)

For symmetry reasons, in [P1996, § 2.3| it is also required that w'o vt o7/ belongs to

W, but this follows from (BF5), using the invertible 2-morphism w!'oo! : wlovloz' =

wlovloz, so we will always omit this unnecessary technical condition. The previous

relation is an equivalence relation. We denote by

A3,v1,v2,a,6] : (Al,wl,]d) — (AQ,WZ,fQ) (9)

the class of any data as in (4); these classes are the 2-morphisms of the bicategory of
fractions. With an abuse of notation, we will say that “diagram (4) is equivalent to (5)”
meaning that “the data (A3, v!,v? «,3) are equivalent to the data (A v'',v? o/, 3')".
Analogously, we will say that “(4) represents (9)” meaning that “the data (A3, v!,v? a, )
represent (9)”. We denote the morphisms of € [W~!] by f,g,--- and the 2-morphisms
by I',A,---. Even if € is a 2-category, in general € [W~'] will only be a bicategory
(with trivial right and left unitors, but non-trivial associators if the set of choices C(W)
is non-unique). From time to time we will have to take care explicitly of the associators
of € [W~!]; whenever we will need to write them we will use the notation %W,

Until now we have not described how associators and vertical /horizontal compositions
of 2-morphisms are constructed in ¢ [W~1]. For such constructions, in [P1996, § 2.2, § 2.3
and Appendix]| it is required to fix an additional set of choices:

D(W): for any morphism w : B — A in W, any pair of morphisms f!, f2: C' — B and
any 2-morphism « : wof! = wof? using axiom (BF4a) we choose a morphism
v:D — Cin W and a 2-morphism 3 : fl ov = f2ov, such that a« o v = wop.
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Having fixed also this additional set of choices, the descriptions of associators and
vertical /horizontal compositions in [P1996] are very long and they do not allow much
freedom on some additional choices that are done at each step of the construction (see
the explicit descriptions in the next pages). Different sets of choices D(W) (with a fixed
set of choices C(W)) might appear to lead to different bicategories of fractions, having
the same objects, morphisms, 2-morphisms and unitors, but (a priori) different associa-
tors and vertical /horizontal compositions. The bicategories obtained with different sets
of choices D(W) (with a fixed set of choices C(W)) are obviously equivalent (using the
already mentioned [P1996, Theorem 21|), but one cannot get better results using only the
statements of [P1996].

In this paper we will prove that the choices D(W) are actually not necessary because
different sets of choices D(W) (with a fixed set of choices C(W)) give the same bicate-
gory of fractions instead of simply equivalent ones. In the process of proving this fact,
we will also considerably simplify the descriptions of associators and vertical /horizontal
compositions in € [W 1], thus providing a useful set of tools for explicit computations in
any bicategory of fractions.

In order to prove these results, we will first need a simple way of comparing (repre-
sentatives of) associators and vertical /horizontal compositions induced by different sets
of choices D(W). More generally, since the current way of comparing representatives of
2-morphisms (based on the existence of a set of data (A%, z,7/, o', 0?)) is too long, we will
prove (and then use) the following comparison result for any pair of 2-morphisms with
the same source and target in € [W™1].

1.1. PROPOSITION. (comparison of 2-morphisms in ¢ [W™!|) Let us fix any pair
(€, W) satisfying conditions (BF), any pair of objects A, B, any pair of morphisms f™ :=
(A", w™ f™) : A = B for m = 1,2 and any pair of 2-morphisms T, T" : [ = f* in
€ [W™1L]. Then there are an object A%, a morphism v! : A3 — Al in W, a morphism
v2 A3 — A%, an invertible 2-morphism o : wlovt = w2 ov? and a pair of 2-morphisms
v, flovl = f2ov?, such that:

=A% v v3 o,y and T'=|A%~vhv2 9. (10)

In other words, given any pair of 2-morphisms with the same source and target in
€ W], they admit representatives which only differ (possibly) in the last variable.
Moreover, given any pair of 2-morphisms T, TV : f' = % with representatives satisfy-
ing (10), the following facts are equivalent: B B

() T=T;
(11) there are an object A* and a morphism z : A* — A3 in W, such that yoz =" oz;

(111) there are an object A* and a morphism z : A* — A3, such thal v! oz belongs to W
and such that yoz =~ oz.
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This result implies that the universal pseudofunctor Uy : € — ¢ [W '] mentioned
above in general is not 2-full, neither 2-faithful, but only 2-full and 2-faithful “modulo
morphisms of W” (for more details, see Remark 3.5).

Using Proposition 1.1 we will show some simple procedures (still long, but shorter
than the original ones in [P1996]) in order to compute:

(i) the associators of ¢ [W™!]: in Proposition 4.1 we show how to compute associa-
tors in a way that does not depend on the set of choices D(W);

(ii) vertical composition of 2-morphisms: in Proposition 5.1 we will prove that this
construction does not depend on the set of choices C(W) nor on the set of choices
D(W). In other words, vertical compositions are the same in any bicategory of
fractions for (¢, W) (a priori we only knew that objects, morphisms, 2-morphisms
and unitors are the same in any bicategory of fractions for (¢, W));

(iii) horizontal composition of 2-morphisms with 1-morphisms on the left (Propo-
sition 6.1) and on the right (Proposition 7.1): in both cases we will prove that the
composition does not depend on the set of choices D(W).

We omit here the precise statements of the four propositions mentioned above since
they are rather long and technical. Note that the explicit construction of representatives
for associators and vertical /horizontal compositions in a bicategory of fractions will still
depend:

e on a choice of representatives for the 2-morphisms that we want to compose (in
Propositions 5.1, 6.1 and 7.1);

e on some additional choices of data of € (these are the choices called (F1) — (F10)
in the next sections).

However, any two representatives (for an associator or a vertical /horizontal compo-
sition), even if they are constructed in different ways and hence appear different, are
actually representatives for the same 2-morphism. If you need to use the constructions
described in Propositions 4.1, 5.1, 6.1 or 7.1 for associators and vertical /horizontal com-
positions but you don’t remember the precise statements, the general philosophy behind
all such results is the following:

(a) firstly, you have to use the set of choices C(W) in order to construct the compositions
on the level of 1-morphisms of € [W™!] (see (3));

(b) now you need to construct a representative of a 2-morphism between the morphisms
constructed in (a). If you need to compute associators, jump to point (¢) below; if
you need to compute compositions of the form (ii) and (iii), then the diagram that
you want to construct can be partially filled with 2-morphisms of €', coming from any
chosen representatives for the 2-morphisms that we are composing;
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(c) the missing “holes” in the diagram that you are constructing can be filled using axioms
(BF3) and (BF4) finitely many times (an example of such an iterative procedure can
be found in the remarks following each proposition mentioned above);

(d) in general, axioms (BF3) and (BF4) do not ensure uniqueness: in (c¢) you might
get different “fillings” for the holes, and hence different diagrams. The results in
Propositions 4.1, 5.1, 6.1 and 7.1 ensure that different choices in (b) and (c¢) induce
diagrams representing the same 2-morphism in ¢ [W~]. So you do not have to worry
about the choices made above: you simply take the equivalence class of the diagram
that you constructed, and you are done.

Each horizontal composition in any bicategory can be obtained as a suitable combi-
nation of compositions of the form (ii) and (iii). Thus Propositions 5.1, 6.1 and 7.1 prove
immediately that horizontal compositions in € [W '] do not depend on the set of choices
D(W). This, together with (i) and (ii), implies at once the main result of this paper:

1.2. THEOREM. (the structure of ¢ [W ™)) Let us fix any pair (¢, W) satisfying condi-
tions (BF). Then the construction of € [W '] depends only on the set of choices C(W),
i.e., different sets of choices C(W) (for any fized set of choices C(W)) give the same
bicategory of fractions, instead of only equivalent ones.

In particular, we get immediately:

1.3. COROLLARY. Let us suppose that for each pair (f,v) with v in W as in (1) there is
a unique choice of (A”,V', f',p) as in C(W). Then the construction of € [W™'] does not
depend on the axiom of choice. The same result holds if “unique choice” above is replaced
by “canonical choice” (i.e., when there is a canonical choice of pullback diagrams or iso
comma squares for axiom (BF3)).

In Section 8 we will show some explicit applications of the results mentioned so far.
In particular, we will describe a simple procedure for checking the invertibility of a 2-
morphism in any bicategory of fractions:

1.4. PROPOSITION. (invertibility of 2-morphisms in ¢ [W™1!]) Let us fiz any pair
(€, W) satisfying conditions (BF), any pair of morphisms f™ := (A™,w™, f™): A — B
in €W for m = 1,2 and any 2-morphism T : f* = f2. Then the following facts are
equivalent: B B

(1) T s invertible in € [W™1|;
(i) T has a representative as in (4), such that 5 is invertible in € ;

(i11) given any representative (4) for T, there are an object A* and a morphism u : A* —
A3 in W, such that B ou is invertible in € ;

(1) given any representative (4) for T, there are an object A* and a morphism u : A* —
A3, such that v' ou belongs to W and such that o u is invertible in €.



SOME INSIGHTS ON BICATEGORIES OF FRACTIONS 265

Note that in (4) « is always invertible by the definition of 2-morphism in € [W™!].

As another application, we obtain a nice description of some associators in ¢ [W 1] in
terms of the associators in the original bicategory %. For the precise statement we refer
directly to Corollary 8.1.

We are going to apply all the results mentioned so far in the next two papers [T2014(a)|
and [T2014(b)|, where we will investigate the problem of constructing pseudofunctors and
equivalences between bicategories of fractions.

In the Appendix of this paper we will give an alternative description of 2-morphisms
in any bicategory of fraction, inspired by the results of Proposition 1.1. This alternative
description is not further exploited in this paper since it does not interact well with
vertical and horizontal compositions; it does seem interesting for other purposes as it
is considerably simpler than the description given above: instead of having classes of
equivalence where each representative is a collection of 5 data (A3, v, v? a, ) as in (4),
we have classes of equivalence where each representative is a collection of 3 data of €. In
addition, the equivalence relation in this alternative description is much simpler than the
one recalled above.

2. Notations and basic lemmas

We mainly refer to [L] and [PW, § 1] for a general overview on bicategories, pseudofunc-
tors (i.e., homomorphisms of bicategories), lax natural transformations and modifications.
For simplicity of exposition, each composition of 1-morphisms and 2-morphisms will be
denoted by o, both in ¢ and in € [W~!].

In the rest of this paper we will often use the following four easy lemmas. Even if
each of them is not difficult for experts in this area, they may be harder for inexperienced
readers; so we give a detailed proof for each of them.

2.1. LEMMA. Let us fix any pair (¢, W) satisfying conditions (BF). Let us fix any mor-
phism w : B — A in W, any pair of morphisms f', %> : C — B and any pair of
2-morphisms 7,7 : f' = f2, such that wo~y = wo~'. Then there are an object E and a
morphism u: E — C in W, such that you=+"ou.

PrOOF. We set:

a:=woy: wofl = wof?

Then condition (BF4a) is obviously satisfied by the set of data:

D:=C, v:i=idg, B:i=7v: flov= flov.
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Since we have also a = w o~ by hypothesis, (BF4a) is also satisfied by the data:

D =C, vV :i=idg, B =7 flov= f2ov.

Then by (BF4c) there are an object E, a pair of morphisms u,u’ : £ — C (with u in
W) and an invertible 2-morphism ¢ : u = u/, such that:

<fy’ou'>o(flo<'> - <f20C>o(/you>.

Using the coherence axioms on the bicategory 4 and the fact that ( is invertible, this
implies that you =" ou. n

The next two lemmas prove that if conditions (BF) hold, then conditions (BF3),
(BF4a) and (BF4b) hold under less restrictive conditions on the morphism w. To be
more precise, instead of imposing that w belongs to W, it is sufficient to impose that

zow belongs to W for some morphism z in W (as a special case, one gets back again
(BF3), (BF4a) and (BF4b) when we choose z as a 1-identity).

2.2. LEMMA. Let us fix any pair (¢, W) satisfying conditions (BF). Let us choose any
quadruple of objects A, B, B',C and any triple of morphisms w : A — B, z : B — B’
and f : C — B, such that both z and zow belong to W. Then there are an object D, a
morphism w' in W, a morphism f' and an invertible 2-morphism « as follows:

f/
D A
w/{ A [W
,,,,,,, . R
C———B— B

PROOF. Since zow belongs to W, we can apply axiom (BF3) to the pair of morphisms
(zof,zow), so we get an object E, a morphism t : ¥ — C' in W, a morphism g : F — A
and an invertible 2-morphism v : zof ot = zowog. Since z belongs to W, we can
apply (BF4a) and (BF4b) to the invertible 2-morphism 7. So there are an object D, a
morphism r : D — E in W and an invertible 2-morphism « : fotor = wogor, such
that yor = zoa. Then we set f' ;== gor: D — Aand w :=tor: D — C; this last
morphism belongs to W by construction and (BF2). This suffices to conclude. =

2.3. LEMMA. Let us fix any pair (¢, W) satisfying conditions (BF). Let us choose any
quadruple of objects A, A’, B,C" and any quadruple of morphisms w: B — A, z: A — A
and 1, f? : C — B, such that both z and zow belong to W. Moreover, let us fix any
2-morphism o : wofl = wof?. Then there are an object D, a morphism v : D — C
in W and a 2-morphism B : f' ov = f?ov, such that a ov = wofB. Moreover, if o is
tnvertible, so is 3.
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v/\z O

A=A D B B—— A4

PN N

PROOF. Since zow belongs to W, we can apply (BF4a) to the 2-morphism

zoa: (zow)o fl = (zow) o f2.

So there are an object F, a morphism t : £ — C' in W and a 2-morphism 7 : flot =
f? ot, such that:

Zzoaot=zowo".

Since z belongs to W, by Lemma, 2.1 there are an object D and a morphismr: D — F
in W, such that:

aotor=woryor. (11)

Then we define v := tor : D — ('; this morphism belongs to W by construction
and (BF2). Moreover, we set 3 := yor: flov = f?2ov. Then from (11) we get that
aov =wo 3. Moreover, if « is invertible, then by (BF4b) so is ~, hence so is [3. [

2.4. LEMMA. Let us fiz any pair (¢, W) satisfying conditions (BF), any triple of objects
A, B,C and any pair of morphisms w : C — B and z : B — A, such that both z and zow
belong to W. Then there are an object D and a morphism v as below, such that wov
belongs to W :

\4 w z

D C B A.

PROOF. First of all, we apply axiom (BF3) on the pair (z,zow). Since zow belongs to
W by hypothesis, there are an object R, a morphism p in W, a morphism q and an

invertible 2-morphism « as below:
R
RN
o

B—— Ay C
Now let us apply axioms (BF4a) and (BF4b) to the invertible 2-morphism « : zop =
zo(woq). Since z belongs to W by hypothesis, there are an object D, a morphism
r: D — Rin W and an invertible 2-morphism g : por = woqor, such that cor =zof.
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By construction both p and r belong to W, hence also p or belongs to W by axiom (BF2).
Since (3 is invertible, then by (BF5) we conclude that also woqor belongs to W. Then
in order to conclude it suffices to define v := qor: D — C. [

3. Comparison of 2-morphisms in a bicategory of fractions

In this section we are going to prove Proposition 1.1. First of all, we need the following
lemma. In most of this paper this result will be applied with A = A’ and z = idy4, but
we need to state it in this more general form since the presence of a non-trivial z will be
crucial in a couple of points in the paper.

3.1. LEMMA. Let us fix any pair (¢, W) satisfying conditions (BF), and any set of data

as follows in €, such that z, zow', zow?, zow!' op and zow' or all belong to W, and

such that ¢ and n are both invertible:

Al Al
A’«ZA4JLP A - A 4771«1
kis \g

Then there are:

1) a pair of objects G and A3;

2) a morphism t' : G — E, such that pot! belongs to W;

(1)
(2)
(3) a morphismt* : G — F;
(4)
(9)

4) a morphism t3 : A> = G in W;
5) a pair of invertible 2-morphisms € and k in € as follows:
G A3
€ K
= =
1 F 2
B p A r ’ sot? qot! ’
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such that ¢ o t! ot3 is equal to the composition of the following diagram:

Al

b F\Unx
A

A3 - G - E - A? - .
t t w (12)

The choice of symbols in Lemma 3.1 may seem curious at first. It makes sense once
we combine this lemma with Lemma 3.2 below.

PROOF. Step 1. First of all, let us prove the special case when A = A" and z = id4.
In this case the hypotheses imply that w!, w2, w!op and w!or all belong to W. Since
both w! and w!op belong to W, by Lemma 2.4 there are an object E’ and a morphism
v : E' — E, such that pov belongs to W.

Since both w! and w! or belong to W, by Lemma 2.2 there are an object G, a mor-
phism 7.6 5 Fn W, a morphism t? : G — F and an invertible 2-morphism ¢ as
follows:

E — E— A F.

T

We set t! .= vot : G — E. By construction pov and 7! both belong to W; so by
(BF2) the morphism pot! =pov ot belongs to W, so condition (2) is verified.

By hypothesis and construction, both w! and p o t! belong to W, hence w!opot! also
belongs to W. So using axiom (BF5) on the invertible 2-morphism
¢ lot!h: vvzoqot1 — w! opotl,

we get that w?oqot! also belongs to W. Since w? belongs to W by hypothesis, using
Lemma 2.2 we conclude that there are an object H, a morphism z' : H — G in W, a
morphism z? : H — G and an invertible 2-morphism ¢ as follows:

H
RN
=
G A2 G,

sot? qot1
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Now let us denote by o : (w?oqot!)oz? = (w?oqot!)oz! the following composition:

\\\\\\;;\\\\\\\\\\$JJ‘ Q6__1 g /////////////////iIL . \\\\\\\\\\\\\\\\\$
G
\\\\\\\\\\\\\\\\\ﬂf € ////////////////)Wli g-/’////////////////a
(13)

Since all the 2-morphisms above are invertible, so is a; moreover we already said that
w?oqot! belongs to W. Therefore using axioms (BF4a) and (BF4b) on «, We get an

obJect A3, a morphism z® : A3 — H in W and an invertible 2-morphism 3 : z20z3 =
PARYAR such that avoz® = (w oqot!)o B. The previous identity together with (13) implies

that the following composition

/ F Al
/ \ Lo \w\

A3 E
is equal to the following one:

z3 z! t1

A3 H G

E /ll §> A.
q\ A2
Since both z! and z* belong to W by construction, so does t* := z' 0z® : A3 — G by

(BF2). Then in order to conclude it suffices to define x as the composition of ¢ and

as on the left hand side of (14). So we have proved the lemma in the special case when
A= A"and z = idy4.

Step 2. Let us prove the general case: for that, we consider the diagrams:

Al Al
ZOW1 ZOW1
[ ) E
Al - A J} zos FE A --- A U zon F
e | : |
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Using Step 1, there are:
(1) a pair of objects G and A3;
(2) a morphism t! : G — E, such that pot! belongs to W;
(3) a morphism t*: G — F}
(4) a morphism LA S Gin W

(5) a pair of invertible 2-morphisms ¢ and & in % as follows:

G A3
SN PN
€ K
= =
E—— Al ——F, G A? G

sot? qot!

~3 . . . .
such that zogotl ot is equal to the composition of the following diagram:

G E >
~3 \*U 5\
t t2 r r A
VR .
A3 — G E A? A— A
e £l q w2

Since z belongs to W by hypothesis, we can apply Lemma 2.1 to the previous identity.
So there are an object A% and a morphism u : A% — A% in W, such that ¢ o t! ot ou
coincides with the following composition:

G E )
—3 \l} 5\
t t2 F T Al
UK wl
N \U 7)\
A3 A3 ~ G E A? A.
3 £l q w2

. ~3 - )
Then it suffices to set t3 :==t" ou and k := & o u in order to prove the general case. m
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3.2. LEMMA. Let us fix any pair (¢, W) satisfying conditions (BF), any pair of objects
A, B, any pair of morphisms f™ = (A™,w™, f™): A — B for m = 1,2, and any pair of
2-morphisms T, I . f' = f* in €[W~']. Let us fix any representative (E,p,q,s,) for
T and (F,r,s,m, 1) for I as follows:

Al Al

wl wl f1
el s Tl
k;/ \f&/f .
15

Let us fiz any set of data (1) — (5) as in Lemma 3.1. Then I', respectively I, has a
representative as follows:

Al Al
1
/ N / potlot3 f
A Jcotlot®? A3 | ¢otlot] B, A | cotlot®? A3 Uy B,

\ QV \ qotlotd
f2
A2 A?
(16)
where @ is the following composition:
G
3 \ \
b r r
3 2
A o G o E q A I B. an
PROOF. Since f and f are morphisms in 4 [W™!], w! and w? belong to W. Moreover,

since I' and T are 2-morphisms in such a bicategory, w' op and w' or also belong to W.
So a set of data (1) — (5) as in Lemma 3.1 exists. Now we claim that:

(a) the following two diagrams are equivalent, i.e., they represent the same 2-morphism
of € W]
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Al Al
1 1
y p\ / pN
A ¢ E Uy B A Jgotltot? A3 || Yotlot? B;
k Q/ \ qotlotd

vy

Al Al
% \ / 1,43 '
r pottot
A bn F | u B A J cotlot® 43 I B.
\ S/ \ qV
W2 f2 W2 f2

In order to prove such claims, let us consider the following set of data:

Al Al
potlot? . p potlotd
lpotlotd /€Ot3 r
= =
id 43 tlot3 id 43 2013
A3 A3 E, A3 A3 F
iqotlotg’ Y
<=
qotlot? = a qotlot3 s
A? A?

(18)

Then claim (a) follows at once using the set of data on the left hand side of (18) and
from the description of 2-cells of ¢ [W™!]. Claim (b) follows easily using the set of data
on the right hand side of (18) together with the identities of (12) and of (17). "

3.3. COROLLARY. Let us fir any pair of morphisms f™ = (A™,w™, f™): A — B for

m = 1,2 and any 2-morphism P : f = 12 in € [W™. Moreover, let us fir any set of
data in € as follows
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Al
/ Tp
r& E7
such that w' o p belongs to W and < is invertible. Then there are an object A3, a morphism

t: A3 — E such that pot belongs to W, and a 2-morphism ¢ : flopot = f2oqot in
€, such that ® is represented by the following diagram:

Al

A Jgot A3 | ¢ B.

A? (19)

PROOF. The proof follows the same ideas mentioned in the proof of Lemma 3.2 for [V := &;
it suffices to set t := t! ot3. The fact that pot belongs to W follows from (BF2) together
with conditions (2) and (4) in Lemma 3.1. "

3.4. LEMMA. Let us fix any pair (¢, W) satisfying conditions (BF), any pair of objects
A, B, any pair of morphism f™ = (A™,w™, f"): A — B for m = 1,2 and any pair of
2-morphisms T,T" : f* = f? in € [WY. Let us suppose that there are an object A3,
a pair of morphisms v' and v* (such that w'ov! belongs to W) and 2-morphisms «, v

and ' in € (with « invertible) as below, such that the following diagrams represent T,
respectively 1" :

Then the following facts are equivalent:
(i) T =17
(it) there are an object A* and a morphism z : A* — A3 in W, such that yoz =+ oz;

(1) there are an object A* and a morphism z : A* — A3, such that v! oz belongs to W
and such that yoz =~"oz.
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PROOF. Let us suppose that (i) holds and let us prove (iii). Using the description of 2-cells
of € [W™!] that we recalled in the Introduction, there is a set of data (E',r!,1% o, p) in
% as in the internal part of the following diagram

=5 o

/\
\/

such that:

e wlovlor! belongs to W;

e ¢ and p are both invertible in %;

e aor?is equal to the following composition:

/W/ \
\W\ /

(20)
e 7/ or? is equal to the following composition:
/l} 0/ \
\U p\ /
(21)

Since T' is a 2-morphism in ¢ [W~!], w! and w'ov! both belong to W; so by
Lemma 2.3 applied to o there are an object E?, a morphlsm ?: £? - E'in W and an

invertible 2-morphism & : 12 or® = r! o1?, such that viosg =cord.

Since w! o v! belongs to W, by (BF5) applied a~! we get that also w? o v? belongs to

W since also w? belongs to W, by Lemma 2.3 applied to p o1® there are an object E3,
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301t = 12ordord,

ort is equal to the

a morphism o B3 — E2 in W and an invertible 2-morphism p: rlor
such that v2op = p or?or!. Using (20), this implies that « o r? or?
following composition:

El
I'3 ~
/U g
r3

A
N
A3 I« A
N A

E2 El !
r4 ~
/ b 4
ES " E2 . El
Since « is invertible by hypothesis, the previous identity implies that w!oviogor* =
wlovlop~t. Since w!ov! belongs to W, by Lemma 2.1 there are an object E* and a
morphism 1° : £ — E% in W, such that
gorfor’ =p tor®, (22)

3 4 5

4/ A3<iw
' Up )

From (21) we get that 7/ or?or®or?or® is equal to the following composition:
T r (23)

E! Al
r3 ~ r2 fl
/il U\ \
r3 rl
E? E! B
E* E3 E?
From (22) and (23) we conclude that

Y orforfortor’ =yorfor*ortor’. (24)

By construction we have that w!ov!or! belongs to W, so also w! o v or? belongs to
W (using (BF5) on w! o). By construction r3, r* and r also belong to W. Using (BF2),

we conclude that also the morphism w!o (vlo r2 or®ortor®) belongs to W.

L also belongs to W. So by Lemma 2.4 there are an object A* and

By hypothesis w
a morphism 1% : A* — E*, such that the morphism v* or2 ordortor®or® also belongs to
W. We set z := r?or3 orlorSor : A1 5 A7 (so that v! oz belongs to W). Then (24)

implies that 7' oz = 7 o z, so (iii) holds.

Now let us assume (iii) and let us prove (ii). By hypothesis v! oz belongs to W; more-
over w'! belongs to W because f' is a morphism in 4 [W~!]. Then by axiom (BF2) also
wlov! oz belongs to W. Again by hypothesis w!ov! belongs to W. So by Lemma 2.4

there are an object A and a morphism 7z’ : A” — A*, such that zoz' belongs to W. By
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(iii) we have y oz =" o0z, hence yo (zo7z') =+ o (z0o7), so (ii) holds.
Lastly, if (ii) holds, then (i) is obviously satisfied using the definition of 2-morphism
in ¢ [W~!] and axiom (BF2). "

3.5. REMARK. Let us fix any pair of objects A, B, any pair of morphisms f!, f?: A — B
and any 2-morphism p : f! = f? in €. As explained in [P1996, § 2.4], the universal
pseudofunctor Uy : € — € [W 1] is such that Uy (f™) is the triple (A4, id4, f™): A — B
for each m = 1,2, and Uw (p) is the 2-morphism represented by the following diagram:

A Vg, A Jp B.

4 (25)

Now let us fix any 2-morphism @ : Uw(f') = Uw(f?). Using Corollary 3.3 with
(AY A% B, w! w? p,q,¢) := (A, A, A, idya,idys,ids,id4,44q,), there are an object A’, a
morphism t : A/ — A in W and a 2-morphism ¢ : f' ot = f?ot, such that ® is
represented by the following diagram:

4 (26)
Therefore the following facts are equivalent:
(a) @ is in the image of Uw;
(b) there is a 2-morphism p: f! = f? in ¢, such that (26) is equivalent to (25).

Since the class of (25) is equal to [A’,t,t,4;, pot |, by Lemma 3.4 we get that (b) is

equivalent to:

(c) there are a 2-morphism p : f' = f2in ¢, an object A” and a morphism z: A” — A’
in W, such that poz=potoz.

Therefore in general the universal pseudofunctor Uw s not 2-full, but only “2-full
modulo morphisms of W”. It is 2-full if and only if the pair (%", W) satisfies the following
condition (in addition to the usual set of axioms (BF1) — (BF5)):
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(BF6): for every pair of morphisms f!, f2: A — B, for every morphism t : A’ — Ain W
and for every 2-morphism ¢ : flot = f2? ot, there are an object A”, a morphism
z: A" - A in W and a 2-morphism p: f' = f2, such that poz =potoz.

Now let us fix another 2-morphism p’ : f! = f2. Using (25) and Lemma 3.4, the
following facts are equivalent:

o Uw(p) =Uw(p');

e there are an object Aand a morphism u : A= Ain W, such that pou=p’ou.

This shows that in general the universal pseudofunctor Uw is not 2-faithful, but only
“2-faithful modulo morphisms of W”.

Now we are able to give the following proof:

PROOF OF PROPOSITION 1.1. Let us fix any representatives (15) for I" and I as in
Lemma 3.2, any set of data (1) — (5) as in Lemma 3.1. Using Lemma 3.2, there are
representatives for I' and I as in the first part of Proposition 1.1: it suffices to set
a:=cotlotd yi=¢otlotd v 1=, vl := potlot® and v? := qotlot? in diagram
(16).

Using the data (2) and (4), we get that v! belongs to W. Moreover, w! belongs to W
because f is a morphism of ¢ [W™!]. Hence w!ov! also belongs to W, so we can apply
Lemma 3.4 in order to get the second part of Proposition 1.1. [

3.6. REMARK. By induction and using the same ideas mentioned in this section, one

can also prove that given finitely many 2-morphisms T'!,--- T in ¢ [W™1], all defined
between the same pair of morphisms, there are data A3, v',v? «a,~!, -+, 4", such that v
belongs to W, « is invertible and I'™ = [A3 vl v? a,~™] for each m = 1,--- ,n. In other

words, given finitely many 2-morphisms with the same source and target, each of them
admits a representative that differs from the other ones only in the last variable at most.
However, in general the common data (A3, v!,v? a) depend on the 2-morphisms chosen:
if we add another 2-morphism I'"*! to the collection above, then the new common data
for T, .- T in general is of the form (A% v!oz,v?oz «a oz) for some object A* and
some morphism z : A* — A% in W.

4. The associators of a bicategory of fractions

As we mentioned in the Introduction, in order to prove Theorem 1.2 we need to show
that the constructions of associators and vertical /horizontal compositions do not depend
on the set of fixed choices D(W), but only on the choices C(W) (at most). We start with
the description of associators in any bicategory of fractions:
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4.1. PROPOSITION. (associators of ¢ [W™!]) Let us fir any triple of 1-morphisms in
€ W] as follows:

NS
Il
—
Sy
<
S|
Q
—

@::(C Y D). o

Let us suppose that the set of fized choices C(W) gives data as in the upper part of
the following diagrams (starting from the ones on the left), with u', v, vt and u® in W
and 6, o, & and n invertible:

A
=

2
cr\
c—c,

Al

Al
AN
=
A—— BB,

gof?

B? A3
7 ¢ \gl V n \f2
=N =
B’ ; C——0C, A 7 B - B2,

(28)
so that by [P1996, § 2.2] one has
hO gOf — (A uou! ou? A2 hol D 7
s W
uou? hoglof?
hog)of=[(A A3 D).
—— b

Then let us fir any set of data in € as follows:

(F1): an object A*, a morphism u* : A* — A? such that uou' ou®ou* belongs to W (for
example, using (BF2) this is the case if u* belongs to W), a morphism u® : A* — A3

and an invertible 2-morphism v : u' ou?ou* = wdou’;

(F2): an invertible 2-morphism w : fou?ou® = vlof? o u®, such that vow is equal to
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the following composition:

2 1 !
ut A2u - A \ U’ 513 \
" u! f
Al 4y \ A B;
p / U 77 /
A B —— B
! Y (31)

(F3): an invertible 2-morphism p : lou* = g' o f2ou®, such that wop is equal to the
following composition:

e c’
/ @A o \
4 be rTE d C.
S T we T
f2\ BQ - Cfl
9 (32)

Then the associator @ ot W from (29) to (30) is represented by the following diagram:

I hop D.
(33)

Given any other data as in (F1) — (F3), the diagram (33) induced by the new data is
equivalent to (33).

In particular:

e by definition of composition of 1-morphisms in a bicategory of fractions, the con-
struction of ko (g o f) and of (ho g) o f depends on the four choices in the set
C(W) giving the four triangles in (28), hence inducing the compositions in (29) and
(30) (different sets of choices C(W) give different, but equivalent, bicategories of
fractions);

e apart from the four choices in C(W) needed above, the associator in ¢ [W 1] from
ho(go f)to (hog)o f does not depend on any additional choice of type C(W),
nor on any choice of type D(W);
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e hence the construction of associators in any bicategory of fractions does not depend
on the set of choices D(W). As we will mention below, each set of choices D(W)
induces a specific set of data (F1) — (F3), hence a specific diagram (33), but any
other set of choices D(W) gives a diagram that is equivalent to (33), i.e., it induces
the same 2-morphism in & [W™1].

4.2. REMARK. Before proving Proposition 4.1, we remark that even if such a statement is
long, the construction described there is simpler than the original construction in [P1996].
As a consequence of the axioms, a set of data as in (F1) — (F3) is easy to construct, as
shown in Remark 4.3 below.

PROOF. Step 1. Following [P1996, Appendix A.2], one gets immediately a set of data
satisfying conditions (F1) — (F3) and inducing the desired associator as in (33). In [P1996]
these data are induced by the additional fixed choices D(W), so they satisfy also some
additional properties that we don’t need to recall here in full details (for example, u?
belongs to W; using (BF2) this condition is slightly stronger than condition (F1)). The
aim of this proof is to show that all these additional properties are actually not necessary,
because for any data satisfying (F1) — (F3) (even if not induced by the choices D(W)),

the induced diagram (33) is a representative for the associator @ggvg

Since in [P1996] the associator is induced by a particular set of data (F1) — (F3), in
order to prove the claim it is sufficient to show that any 2 different sets of data as in (F1)
— (F3) induce diagrams of the form (33) that are equivalent. So let us fix any other set
of data satisfying (F1) — (F3), as follows:

(F1)’: an object A, a morphism T* : A* — A2 such that uou' ou2oq* belongs to W, a
morphism T° : A* — A3 and an invertible 2-morphism 7 : u! ou? o’ = W o W,
(F2): an invertible 2-morphism & : flou?ou* = v!of? o W, such that vod is equal to

the following composition:

u2 Al I B/

A2 - 5t N
s \ U f\
A4 4~ \ A B;

~5 / U n /
’ B B B

(34)

(F3): an invertible 2-morphism 7 : [ o u* = ¢! o f2 0 ", such that wop is equal to the
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following composition:

A4 I w f1 B’i’LU1 XC
Ve /

! (35)

Then proving the claim is equivalent to proving that (33) is equivalent to:

V hol
I hop D.
\ %7
(36)

Step 2. We want to construct a pair of diagrams that are equivalent to (33), respec-
tively to (36), and that share a common “left hand side”. For this, we follow the procedure
explained in Lemmas 3.1 and 3.2. Using Lemma 3.1, there are a pair of objects F'* and
F?2, a triple of morphisms t!, t? and t?, such that both u*ot! and t3 belong to W, and a
pair of invertible 2-morphisms ¢ and « in € as follows

Fl
7 c Y‘ / \
=
Al u? A a4 A47 5542 uotl!

. \ /
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Using Lemma 3.2 and the previous identity, diagram (33) is equivalent to

A2

uoul ou? TUM
A J uovyotlotd F2 || hopotlotd B
uou h0g10f2

A* (38)

and diagram (36) is equivalent to

AZ

uoul! ou? hol
Tu‘lotlot3
A J uoyotlotd p2 I ho( B,
lu5otlot3
uou? hoglof?

A* (39)

where ( is the following composition:

[N PR
/ P z
¢ A w o
2 - Fl——— At ™ — B —
t t f g

A3 .

ud

(40)

Step 3. Now the claim is equivalent to proving that (38) and (39) are equivalent.
Since they have already a common “left hand side”, it suffices to prove that ho pot!ot?
and ho( are equal if pre-composed with a suitable morphism of W; then we will conclude
using Lemma 3.4(ii).

Step 4. Since uoyot!ot? coincides with (37), by Lemma 2.1 there are an object F
and a morphism t* : F* — F? in W, such that v o t! ot? o t* is equal to

1 4 4 2 1
t/A \u u/A o
F! \i} E/AQ \

/ S
Ik 2 /
t3 £ t! u® A

A4

3
(41)
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Let us denote by ¢ the composition below:

ut

At A% w2
/U e/ o Al f
F! c AW ' I w - B’
y A o A3 f? /
t4 s ~ vt

F3 F? ; F! At B2
3 1 (42)
Using (34), we get that vo ¢ is equal to the following composition
fl

4 1 /

tl/ A \u4 uQ/ A B .
F' e & ) § o \
o e p w4y Ca—Tt
° u?
4 ‘U’ & / U’ n v
t
F? P Pl A B - B B

Then using (41), we get that v o ¢ coincides also with the following composition:

u? 1
/A

J LN / J oy

\ B KB
/ B,/

Using (31), we conclude that vo¢ coincides also with vow o t'ot3ot?. Since g =
(B',v,g) is a morphism in € [W~'], v belongs to W. So by Lemma 2.1 there are an
object F* and a morphism t° : F* — F3 in W, such that ¢pot® = wot!ot?ot*ot®. Using
(42), this implies that w o t' ot3 o t* 0t is equal to the following composition:

AZ u2
/li 6/ o Al \fl
3 SR B.
- 4 / Ik A3 P /
- st e jal AT e !

(43)
Step 5. Using (40) and (35), wo( o t?ot? is equal to the following composition:
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2 /

/iie/ uQ\A1 lla—lx
V b /“/

t5 t4
F4 N F3 N F2 Fl A4

t3 t!

Using (43) we conclude that wo (o t*ot® coincides also with the composition

C
1\
F4LF3L4>F2L3>F1LA4 \Uw f1 B’ g C
: ve
l

Using the previous identity and (32), we conclude that wopotlot?ottot? =wo(o
t*ot>. Using Lemma 2.1, this implies that there are an object F° and a morphism
t6: [ — F4in W, such that potlot3ottot’otl = (ottotot®. This implies that:

(hopot'ot})o(t*ot’otf) = (ho()o (t*ot’ot?). (44)

Step 6. By construction the morphisms t*, t° and t% all belong to W, so their
composition also belongs to W by (BF2). So (44) and Lemma 3.4(ii) imply that (38) and
(39) are equivalent, so we conclude by Step 3. n

4.3. REMARK. In order to find a set of data (4% u, u®,~,w, p) as in (F1) — (F3) you can
follow the construction in [P1996, Appendix A.2]. However, such a procedure is long: a
shorter construction is the following one. First of all, we use axiom (BF3) in order to get
data as in the upper part of the following diagram, with @* in W and 7 invertible:

Then we use (BF4a) and (BF4b) in order to get an object F', a morphism z : F — E
in W and an invertible 2-morphism @ : fl ou?ou* 0z = v!of? oW’ oz, such that vow

is equal to the following composition:
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2 Al fl B/
al A? - N 5N
F—"—FE — vy A ! B.

> /ii 77/

AS?BQ*ﬁB/
v

Then we use again (BF4a) and (BF4Db) in order to get an object A* a morphism
r: A* = F in W and an invertible 2-morphism p:loT*ozor = g' o f2ou’ ozor, such
that wo p is equal to the following composition:

At — F w B C.
Woz 43 . y ¢ -
~
r? B2 ; c’
9

Then it suffices to define u* :=t*ozor, > ;=W ozor, y:=5ozorand w:=wor.

Note that u* belongs to W by construction and (BF2). Since u, u' and u? belong to
W by hypothesis or construction, (F1) holds by (BF2). Also (F2) and (F3) are easily
verified. Above we used axioms (BF3) and (BF4), hence the data that we found are in
general non-unique.

In the following Corollary, differently from the previous statements, we need to explici-
tly use the associators and the right and left unitors for 4. We denote these 2-morphisms
by . = ao(boc) = (aob)oc (for any triple of composable morphisms a, b, ), respectively
by 7, : aoidy = a, respectively by v, : idgoa = a (for any morphism a : A — B).

4.4. COROLLARY. Let us fix any pair (€, W) satisfying conditions (BF), any triple of
morphisms f,g,h as in (27) and let us suppose that B = B', C = C', v = idg and
w = ide. Moreover, let us suppose that the set of fized choices C(W) gives data as in the
upper part of the following diagram, with u® in W and n invertible:

A3
Y
=
A 7 B B.

idgoidp (45)

Then
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uoid 4/)oid 4/ ho(go
ho(goi):(A ( A) A A/ (gf) D)}

(hog) of = <A uou’ 43 (hog)of? D>

and the associator @hgf from (46) to (47) is represented by the following diagram:

Al

U B D

A « A3 U’ ’
id
uou? l %
A3
where a 18 the following composition
uoidys
/
id 4/ A \U, Ta \
U Ty u
, A’ - A
v il /u o
A3 A3

id 43

and 3 is the following one:

ud A/ gof
foud f\ U 0, 9.f \h
f2il Ui idp oidp \ U ghog fat
A3 — B ‘U’ UidB /’
l} Uf2 idp u 7T_1
(hog)of2
f2
3
id ;3 A (hog)of?

287

(46)

(47)

(48)

4.5. REMARK. If ¥ is a 2-category, then the associators 6, and the unitors 7w, and v, are
all trivial; moreover, idg oidg = idg. We recall that the fixed choices C(W) imposed by
Pronk on any pair (f,v) assume a very simple form in the case when either f or v are
an identity (see [P1996, p. 256]), so the quadruple (A3, u?, f2,n) of (45) coincides with
(A" idas, f,if). So if € is a 2-category, then the morphisms (46) and (47) coincide, and

the associator (48) is the 2-identity of this morphism.
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PROOF OF COROLLARY 4.4. This is the first proof where we explicitly need to use asso-
ciators and unitors of € because we cannot prove the statement only in the special case
of a 2-category and then appeal to coherence results for the general case. First, anyway,
we prove this special case.

By the already mentioned [P1996, p. 256|, since both v and w are identities, one gets
that the 4 diagrams of (28) (chosen from left to right) assume this simple form:

ul:=id 4/ L=f u?:=id 4 l:=gof
d —zf o —zgof
f

v=idpg gofl =go w=id¢
B?.=B
vli=idp , g'=g u?:=id o/ =
f =1y = Zf
=
B' =B C — (' =C, .
9 w=id¢ vov 71d3 (49)

Then identities (46) and (47) follow at once from (29) and (30). In order to compute
the associator, according to Proposition 4.1 we have to fix any set of data as in (F1) —
(F3). For that, we choose:

o A=A vt :=ida, v’ :=ida and 7y 1= iig,;
® W=y
® P i=1lgf.

Then the claim follows from Proposition 4.1. In the general case when % is a bicate-
gory, by [P1996, p. 256] the first diagram in (49) is given by

Al =

A/

f V:idB

and analogously for the second diagram and for the third one in (49); the fourth diagram
must be replaced by (45). Indeed, if € is simply a bicategory, in general we cannot write
vov! =idpoidp in a simpler form, hence we cannot say anything more precise about the
data in diagram (45) (it is completely determined as one of the fixed choices in the set
C(W), so we have no control over it). The data of (F1) — (F3) above have to be changed
according to these choices; then the statement follows again from Proposition 4.1. [
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5. Vertical composition

Following the plan explained in the Introduction, in this section we will prove that the
vertical composition in ¢ [W™!] does not depend on the set of choices D(W) (actually,
it does not depend on C(W) either). In doing that, we will also provide a simple way of
computing a representative for the vertical composition of any pair of 2-morphisms I', I'?
in any bicategory of fractions, having fixed representatives for I'* and I'2,

5.1. PROPOSITION. (vertical composition) Let us fix any pair of objects A, B, any
triple of morphisms f™ = (A™,w™, f™) : A = B for m = 1,2,3 and any pair of 2-
morphisms I . f' = f2 and I'? : f* = f° in € [W™'; let us fiz any representative for
T, respectively for T2, as follows: B

(50)
Then let us fix any set of data in € as follows:

(F4): an object C, a morphism t' in W, a morphism t* and an invertible 2-morphism p
in € as below:

C
t1 2
AN
A4 » AQ S A5

Then the vertical composition I'? o 't is represented by the following diagram

Al

/ \
]ulot1

A RS C 4y B,

\ \[ 11401;2/
W3 f3

A? (51)

where & and v are the following compositions:
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ul

At Al

t1/ uz\ Vo ”
3 ¢ e N Ta— 4,
9\ r / U O‘Ag /ws
v (52)
A : Al 1
td 1 f
v C /lip “\ AZlL P B.
T~ e
v (53)

Given any other pair of representatives (50) for T and T2, and any other set of data
as in (F4), the diagram (51) induced by the new data represents the same 2-morphism as

(51).

In particular, the vertical composition in 6 [W ] does not depend on the set of choices
C(W) nor on the set of choices D(W), hence it is the same in any bicategory of fractions
constructed from the pair (¢, W).

5.2. REMARK. Since I'? is a 2-morphism in ¢ [W™!], both w? and w?ou® belong to W.
Therefore by Lemma 2.2 a set of choices as in (F4) always exists, but in general it is not
unique.

The proof of Proposition 5.1 mostly relies on the following:

5.3. LEMMA. Let us assume the same notations as Proposition 5.1. Moreover, let us
choose:

(F4)': an object D, a morphism p' in W, a morphism p* and an invertible 2-morphism

1 as follows:
D
2N
i
=
At = A2 = A5,

Let ¢ and ¢ be the follounng compositions:
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ul

At Al

P1/ X ol w
P D b 5 A - A,
k e P O‘QAS /ws
v (54)
455 .
5 T A
R
A® A3
v (55)
Then the following diagram
Al
p
A Iy D J 6 B,
\ luzlopz
w3 73
A7 (56)

represents the same 2-cell of € [W™'] as diagram (51).

PROOF. Step 1. Let us apply Lemma 3.1 on the following pair of diagrams:

A* At

y Ttl y Tpl
A? bp C A? J u D.
e e e e

u A5 u A5

Then there are a pair of objects E' and E?, a triple of morphisms q!, q? and g3, such
that both t' oq! and ¢® belong to W, and a pair of invertible 2-morphisms ¢ and x in €

as follows:
E! E?
€ K
= =
C At D, El A° EY
1 p! p2?0q? t20q!
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such that po qloq?® is equal to the composition of the following diagram:

l} K D A4 u?
B B O A —— A2,

' (57)

Step 2. Using the definition of £ in (52) together with (57), we get that £ o q'oq?® is
equal to the following composition:

/ / \ Mf12 .
i = U p A : A,
E/E b \ / Wzg%
q® q' (58)

Using (58) and the definition of ¢ in (54), we conclude that £ o q' o g? is also equal to
the following composition:

ulot!

q C

/qQ uog qu/ \
D .

q/ Uuo,{ uop\ /3

w

q u4ot20q1

Step 3. Using the definition of v in (53) together with (57), we get that v o q'oq?
is equal to the following composition:

AN
Pty

, v N
/ V& \
q q (59)

Using (59) and the definition of ¢ in (55), we conclude that o q' o ¢ is also equal to
the following composition:
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ulot!

q C Al 1

/qz Yutoe wlept 7 N
D (o)

T Gten w2
A3

q utotZoq!

B.

Step 4. Using Steps 2 and 3 together with Lemma 3.2 on the (classes of the) diagrams
(51) and (56), with the data (1) — (5) given by (E*, E?, q%, 2, q*, ut o, u o k), we conclude
that the classes of the diagrams (51) and (56) have representatives that are equal. In other
terms, (51) and (56) represent the same 2-cell of ¢ [W™!], as we wanted to prove. "

PROOF OF PROPOSITION 5.1. Following [P1996, p. 258], the vertical composition I'? o T'!
can be computed by choosing any pair of representatives for I'* and I'? (as we did in (50)).
Having fixed such representatives, the construction of the vertical composition in [P1996|
is a special case of the construction of Proposition 5.1. In particular, the construction
in [P1996] a priori holds only for a specific set of data as in (F4), induced by the fixed
set of choices C(W) and D(W). Lemma 5.3 proves that any other set of data as in (F4)
induces the same 2-cell of € [W™!]. Since the construction in [P1996], does not depend
on the representatives for I'' and I'2, the construction in Proposition 5.1 also does not
depend on the chosen representatives for I'! and I'?, so we conclude. n

6. Horizontal composition with 1-morphisms on the left

6.1. PROPOSITION. (horizontal composition with 1-morphisms on the left) Let us
fix any morphism f = (A", w, f): A — B, any pair of morphisms g™ := (B"™,v"™, ¢™) :
B — C form = 1,2, and any 2-morphism A : g* = ¢* in € [W]. Let us fir also any
representative for A as below: B B

Bl

B (60)
Let us suppose that the fized set of choices C(W) gives data as in the upper part of
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the following diagrams, with w' and w? in W, and p' and p? invertible:
D! D?
1 1 2
V ¢ X V 2 \
A —— B B!, A—F— BB 1)

(so that by [P1996, § 2.2] we have g™ o f = (D™, wow™, g™ o f™) form = 1,2). Then
let us fix any set of data in € as follows:

(F5): we choose data as in the upper part of the following diagrams, with t* and t* in W,
and b and o? invertible:

D3

td ol \
=
Bl

hl
3
B,

D4
e N
=

3.
D* — = B* B

(F6): we choose any set of data as in the upper part of the following diagram, with t3 in
W and ¢ invertible:

1
D fl ul

(62)

£3 SOX
=

D3 A/ D4;

wlot! w2 ot2

(F7): we choose any invertible 2-morphism § : h' o t> = h% o t*, such that vou'o? is
equal to the following composition:

h1
1

D? ——

3

D? U

k 2
D4
h2

(63)



SOME INSIGHTS ON BICATEGORIES OF FRACTIONS 295

Then Ao f is represented by the following diagram

1
wow! D glofl
Ttlotg’
A J wop Db NS C
D (64)

where £ is the following composition:

/ \“”kBl\glA

Y

/ C
B g

Given any other representative (60) for A, and any other set of data as in (F5) -
(E'7), the diagram (64) induced by the new data represents the same 2-morphism as (64).

=

(65)

Therefore, each composition of the form Ao [ does not depend on the set of choices
D(W).

6.2. REMARK. Since (60) represents a 2-morphism in a bicategory of fractions, both v'
and v! ou! belong to W, so by Lemma 2.2 there are data as on the left hand side of (62).
Since « is an invertible 2-morphism of ¢, by (BF5) also v ou? belongs to W} since g is
a morphism in € [W ], v? belongs to W. So using again Lemma 2.2 there are data as
on the right hand side of (62), hence we can always find data satisfying condition (F5).
By axiom (BF2) the composition w? ot? belongs to W, hence a set of data as in (F6)
exists by (BF3). Since v! ou! belongs to W, a set of data as in (F7) exists by (BF4), up
to replacing ¢ in (F6) with the composition of ¢ with a suitable morphism in W with
target in D® (this is analogous to the procedure explicitly described in Remark 4.3). So
a set of data as in (F5) — (F7) exists, but in general it is not unique.

The proof of Proposition 6.1 relies on the following:

6.3. LEMMA. Let us assume the same notations as Proposition 6.1. Moreover, let us fix
any set of data in € as follows:

(F5): we choose data as in the upper part of the following diagrams, with z' and z* in
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W, and v' and ~* invertible:

E3 E*
zt 1 22 2
’yl x / 72 X
= =
Bl B37 D2 B2 B3’.
f u f2 u2

1
D 1 1

(66)

(F6)': we choose any set of data as in the upper part of the following diagram, with 73> in
W and v invertible:

(F7)': we choose any invertible 2-morphism 1 : 11 0 2> = 12 0 z*, such that vioulon is
equal to the following composition:

(67)

z! f1
E3 D! B!
V |3 71/ \gl)
ll ul
EP ) - B3 , VB C
k ()" /927
E* D? B

‘ a (68)
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Then the following diagram

Dl
A Iy wor [EP I w C
w o w2 lj%
b (69)

represents the same 2-cell of € [W™'] as (64).
PROOF. Step 1. Let us apply Lemma 3.1 on the following pair of diagrams:

D! D!
1 1
/ Ttlotg’ / Tzloz3
A o D° A v E°.
‘k Jtzot‘1 k JZQOZ4
D? D?

Then there are a pair of objects F'! and F2, a triple of morphisms p', p? and p?, such
that both t' ot?op! and p?® belong to W, and a pair of invertible 2-morphisms ¢ and &
in € as follows:

/\ /\

thot3 72 oz* op? t2ottop!

such that ¢ o p' op? is equal to the following composition:

p p t2otd w ) (70)
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Step 2. Using (70) we get that (wo ) op!op? is equal to the following composition:

Fl D5 tlot3
U K E5 Dl 1
ZQN I wov vew
2 1 5 2
F p? F p! D t2 ot D wow? A (71)
Therefore, using Lemma 3.2 and (71), diagram (64) is equivalent to
Dl
wow! tLot3opl opd
A | wopoplop®  F? | oplop?® C
\ 12 0td opl op3
b (72)
and diagram (69) is equivalent to
Dl
wowl th
A | wopoplop®  F? 4 ¢ C,
\ tQM
wow?2 g%of?
o (73)
where ( is the following composition:
5 & 3 & 1
D D D 1
p! f
e ]
1[)3/}?1/P2 ZZS/ES/Z@V>31 gt
F? \E5 b g\B?’ 2 U%C
kFl I K ZZL\)EAI /u (72)_1\ B2/92
Z2
D’ D* D?
t4 t2

(74)
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(i.e., the vertical composition of the 2-morphism w, defined in (68), with e and x).

Step 3. The claim is now equivalent to proving that (72) and (73) represent the
same 2-cell of 4 [W™!]. For this, it will be sufficient to prove that £ o p'op? and ( are
equal if pre-composed with a suitable morphism of W; then we will conclude by applying
Lemma 3.4(ii).

Step 4. By construction ¢ o p' o p? coincides with (70). Therefore the composition

p p t3 t!

F*? F?

E* D?
“ (75)
is equal to the following one:
p' t3 t1
Fl RN D5 D3 Dl
p? wl
F2 / \U( K_l tél\A \ A/
P3\f‘ Fl N E5 \ /
p2 Z4 (76)
Step 5. Now let us denote by ¢ the following composition:
pr—" s
p3/' \ u2
F? J k7! 32.
pk /U 7 /u ,
Fl - E5 " 3
’ ’ (77)

Since A is a 2-morphism in ¢ [W™!] with representative (60), v! ou'! belongs to W.
Using (BF5) on a, we get that vZou? also belongs to W. Moreover, v2 also belongs
to W because the triple g = (B2 v?,¢%) is a morphism in 4 [W™!]. Therefore we can
apply Lemma 2.3 to ¢, so there are an object F, a morphism p* : F? — F2in W and a
2-morphism

S h?ottoploplop! = ozlopop’opt (78)
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in €, such that ¢ o p* = u? 0. ¢ is invertible since each 2-morphism in (77) is invertible
in %; then using again Lemma 2.3, we get that also ¢ is invertible. Using the definition
of ¢ in (77) and the fact that ¢ o p? = u? o<, we get that the composition

1

p
p3 Fl N D5 4
P o \’D“\t?
f2
p* -l — EP — B! —— D? B?
p z z
B (79)

Pl 2
/ T v D? ! B2,

3 1 5 3
F Fopt F " E ” E B B (50)
Step 6. Let p be the following composition:
p——— pr—" .
pl fl
A Fl/UE Es/zlll'yXBl
z3 1
k Jog uEf T B? /ul
4 2
z l (81)

Let us consider the 2-morphism v' o u: we use (67) and we simplify ! (coming from
(81)) with its inverse (coming from (67)), so we get that v' oy is equal to the following
composition:
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FS p! F2 ’ Fl ;> D5 i) D3 ;> Dl I 1
Vl
p? M E/" g w! b
5 73 U 5 A/
W2
Zﬂ /U P’
ok a D? ! B2
o~ P
BB

In the previous diagram we can replace (75) with (76), so we get that v! o u coincides
also with the following composition:

Fl i D5 & DS ¢ Dl I Bl
P3 _ vi
AN e
3 L, 2 U' P

DN \/
24 N”/

In the previous diagram we can replace (79) with (80). So we conclude that v'opu
coincides also with the following composition:

D" p
e
1 D> J o
p
Fl S D* D?
3 1 5 4 3 "
F p3op4 F p2 E Z4 E l2 B
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If we compare this diagram with (63), we conclude that v!op is also equal to the
following composition:

1 5 D3 - Dl ,
pTop 1
e N A N XN
Fd l} < D4 = B3 m Bl m B
p Op\‘ Fl E5 E4 /lz
p2 ! (82)

Since the triple g' = (B',v',¢') is a morphism in % [W™'], v! belongs to W. Since
vl o coincides with (82), by Lemma 2.1 there are an object F* and a morphism p®
F* — F3in W, such that p o p® is equal to the following composition:

p! t3 t1

b3 opt Fl D5 D3 " Dl P
p P AN
Pt — 3 U< D* " — B3 - B
p3op4 F]_ E5 E4 l2
2 4
' ’ (83)

Using the definition of u in (81), we conclude that (83) is equal to the following
composition:

e
)

Ft F3 : F?

. e / \
pz\ / \ /
\ / .

Step 7. Let us consider the 2-morphism ¢ o p?op®, where ( is defined in (74). If we



SOME INSIGHTS ON BICATEGORIES OF FRACTIONS 303

replace (84) with (83), we conclude that ¢ o p?op® is equal to the following composition:

t3 D’ t!
p? p! / \
o F? F! D? 4o o DY op
WP / - ﬁ\ 1\,‘
F*— 3 < D* o
p4\ = p? P p? P hz\) B / Uﬁ\
pg\ , ~ . l/ ) \ /
F E ()
% br Zz\ /fz

(85)

In the diagram above we replace u?og with ¢ o p? (see (78)), then we replace ¢ with

diagram (77). Lastly, we simplify 72 and k' (coming from (77)) with their inverses

(coming from (85)). So we conclude that ¢ o p*op® coincides also with the following
composition:

<:

o

y \ \
f p40p5 ) p10p3 5
F F D J o I

/ )

If we compare this with the definition of £ in (65), we conclude that:

=

Co(ptop®) = (op'op®)o(ptop’).
Step 8. Since both p? and p® belong to W, so does their composition by (BF2). So

the previous identity together with Lemma 3.4(ii) proves that (72) and (73) are equivalent
diagrams, so we have proved the claim (see Step 3). n

PROOF OF PROPOSITION 6.1. Following [P1996, pp. 259-261], in order to compute Ao f
one can choose freely any representative for A as in (60) (and the result does not depend
on this choice). Then after a very long construction, one gets a set of data satisfying
conditions (F5) — (F7) and some additional properties, that we don’t need to recall here.
Such data are uniquely determined by the choices of type C(W) and D(W). Then the
construction of Ao f in [P1996] is simply a special case of the construction described in
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Proposition 6.1, with a special set of data (F5) — (F7), Using Lemma 6.3, any set of data
(F5) — (F7) gives the same 2-cell of 4 [W™1], so we conclude.

7. Horizontal composition with 1-morphisms on the right

7.1. PROPOSITION. (horizontal composition with 1-morphisms on the right) Let
us fir any morphism g = (B',u,g) : B — C, any pair of morphisms f™ = (A™,w™, ™) :
A — B for m = 1,2 and any 2-morphism T : f' = f* in € [W™']. Let us fix any
representative for I as in (4) and let us suppose that the set of choices C(W) gives data
as in the upper part of the following diagrams, with u' and u? in W, and p' and p?

inwvertible
D! D?
ul 1 u2
/ ,01 \ / p2 y
= =
Al o B —; B, A2 I B — B
(86)

(so that by [P1996, § 2.2] we have g o f™ = (D™, w™ou™,goh™) for m = 1,2). Then
let us fizr any set of data in € as follows:

(F8): we choose data as in the upper part of the following diagrams, with u® and v’ in
W, and n* and n? invertible:

D3 D*
7 0l N V n? Y
= =
AS 1 Al 1 Dl’ A3 2 A2 2 DQ;

(F9): we choose data as in the upper part of the following diagram, with u” in W and n?
invertible:

D5
=
=
D? ——— A3 —— D%
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(F10): we choose any 2-morphism X\ : h' outou” = h? o ubou®

to the following composition:

, such that uo \ is equal

“ D! B’
/ 1 _1111\} I (ph)t )
- D? b Al
/ 3 ud\; / fl\A
D5 ‘U’ 17 b A3 ‘U’ /8 f2 B
ug\ D /U 772 V2 e /
u? u
T 2 ST g /
D e B
(87)
Then g oI' is represented by the following diagram:
Dl
V goh'
u4ou
A bp D> JgoA C,
u60u8
N goh2
o (88)

where s the following composition:

\/U\/

ub

(89)
Given any other representative (4) for I', and any other set of data as in (F8) — (F10),
the diagram (88) induced by the new data is equivalent to diagram (88).

So the horizontal composition of the form g o I' does not depend on the set of choices
D(W).

7.2. REMARK. By hypothesis u' and u? belong to W, hence a set of data as in (FS8)
exists by (BF3); analogously also a set of data as in (F9) exists. Since g = (B',u,g) is a
morphism in € [W™!], u belongs to W; hence a set of data as in (F10) exists by (BF4),
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up to replacing n® with the composition of 7 with a suitable morphism in W with target
in D° (analogously to the construction explained in Remark 4.3).

The proof of Proposition 7.1 relies on the following:

7.3. LEMMA. Let us assume the same notations as Proposition 7.1. Moreover, let us fix
any set of data in € as follows:

(F8)": we choose data as in the upper part of the following diagrams, with t3 and t° in
W, and &' and £ invertible:

E? Bt
7 ¢t Y / £2 ‘
= =
AP ——— At —— D, AP ——— A2 —— D%

(F9)': we choose data as in the upper part of the following diagram, with t” in W and &3
inwvertible:

ES
47 3 Y
§,
A3
t

3 4.
E 3 5 E’

(F10)': we choose any 2-morphism ¢ : h* ot*ot™ = h? o t50t8, such that uop is equal
to the following composition:

1 h! /
s /u(j T ; W{B\
. E o '
6 se TTSeT s 13
@\E4/u§2$142/
tG\) 2/ UPQB u
D :
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Let 0 be the following composition:

s % v 1
ST

Then the following diagram:

Dl
goh!
tdot?

A4E5 U/gogp C

D2

represents the same 2-cell of € [W™'] as (88).

PRrROOF. Step 1. We want to apply Lemma 3.1 for the following pair of diagrams:

Dl
ul ul
utou”
1 (v1 0773)0
A ) >
o((n")~tou")
udoud
vl
143

Dl

t4ot?

ot

t2ot8

AS

In order to do this, let us prove that all the relevant morphisms belong to W:

e w! belongs to W since (4) represents the 2-cell T' of & [W~!];

e u! belongs to W by hypothesis, so by (BF2) w!ou! also belongs to W;

e since (4) represents a 2-cell of € [W™!], also w!

ov! belongs to W; moreover u

307

(90)

(91)

(92)

3

belongs to W by (F8); by (BF2) this implies that w' ov!ou® belongs to W. Us-
ing (BF5) on the invertible 2-morphism w' on', we conclude that also w!ou!ou?

Wi

belongs to W. By (F9) u” belongs to W, so by (BF2) w!ou!ou?ou’ belongs to
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e analogously, using (F8)" and (F9)’ we get that w! ou' ot?ot” also belongs to W.

So we can apply Lemma 3.1 on (92). Then there are a pair of objects F', F? a triple
of morphisms 1!, 12 and r3, such that both u*ou” or! and r® belong to W, and a pair of
invertible 2-morphisms w and 7 in % as follows:

/\ /\

tdot? t5ot80r uoudor!
such that the composition
r3 rl 117 u4
F? F! Db D3 D!
ud _ u
\ii 773N U
DA A3 1 1
v (93)

coincides with the following one:

/ \
/ /U 53\ \Al.

F2 Fl D5 D4

T r u

(94)
Step 2. Let us apply Lemma 3.1 for the following pair of diagrams:

F? F?

2 5 8 1 3

v4ou’ou®oror 2515618 07l 013

vfou~ou~or-or

id

I (E20tPor?ord)o .
2 .

Jn?oulortord p2 A2 «--- A2 o(v? or1)

t6ot8or2ors
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Both w? and u? belong to W by hypothesis, hence also w? o u? belongs to W. So in or-
der to apply the lemma, we need only to verify that w2 o vZou® ou®or! or3 belongs to W.

The various hypotheses and the construction of Step 1 imply that w', u!, u*ou’or!
and 12 all belong to W; hence also their composition belongs to W by (BF2). Now we
consider the invertible 2-morphism defined as the following composition:

D’ o D* v A3 - A2
_ 113 Vl W
Nﬂg) ! / [} nl\i} a\
DV Dl Al A

The target of this 2-morphism belongs to W, so by (BF5) also the source belongs to
W. So we can apply Lemma 3.1 on (95). Therefore there are a pair of objects R!, R?, a
triple of morphisms ¢!, g% and ¢?, such that both q' and ¢® belong to W, and a pair of
invertible 2-morphisms x and ( as follows

/\ /\

t60t80r ordoq? uoudorlordoq!

3 rt

F? F!

Rl

such that the composition

R /il n\
\ /
(96)
coincides with the following one
1‘1 u8 5
\ F! D?
/q\‘ / \U( T_l ty \
3 Rl U/ X F2 3 Fl 2 E5 8
q \_/' r r t
/ q2 U/ C t& /
R2 " Rl - F2 S Fl m DS S "
q a (97)

Step 3. Let us consider the 2-cell of ¥

uolorlor*oqtoq®. (98)
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We replace uo A with (87), then we replace (93) with (94) and (96) with (97); lastly
we simplify 7 with 771, So we get that (98) is equal to the composition

5 I B )
iy Lo 5%54%?%\} 2/3
\ B T u
3 2

Comparing with (F10)', we get that (98) is also equal to the following composition:

32\ ¢ T

RI?FQT’FITDE)
q r r

Dl
/t‘l \
by B —— B.
6 /
) \ . h2

(99)

Since the triple g = (B’,u,g) is a morphism in ¢ [W™'], u belongs to W. So the
equality of (98) with (99) and Lemma 2.1 imply that there are an object R® and a
morphism q* : R?* — R? in W, such that

golortorloqlog®oq? (100)
is equal to the following composition:

q
7
R Uy 2o bw /ﬁ goh'!
3

6
\ goh®

(101)
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Step 4. Now let us consider the 2-morphism of ¢

portorloqloq®oq?, (102)

where 1 defined in (89). Replacing (93) with (94), (96) with (97), and simplifying 7 with
771, we get that (102) is equal to the following composition:

/
T > /

R'— F? — F' — D° D*
q r r

Comparing with the definition of § in (90), we conclude that (102) is also equal to the
following composition:

u7 u4 lll
o a D D? / D! Al
Iy 25 Jw 3 t yl
q . \ /
q 2 7
q* / L t Uf ) A.
RS = R?\ ¢ T . /
t6 w?
q3
R'— F?— F' — Db - D4\6D2 - A2
q r r u u u
(103)
Step 5. Now let € be the composition
5 o’ 3 ut 1
) a1 D D D
q
Rl FQ i Flf U’ w E3 /‘54)
3
’ / 2 5 %
4 FE
R3 i, RZ

and let k be the composition
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ql

r3
N T

q — N
q* / 4 E5 8
R3HR2\ U< \E4 6
t
TR D =

u® ub

D2

Then let us apply Lemma 3.2 on the pair of 2-cells of 4 [W™!] given by (the classes
of) (88) and (91), with the choice of € and k as above. Then the equalities (100)=(101)
and (102)=(103) prove that the classes of (88) and (91) admit representatives that are
equal, hence (88) and (91) are equivalent, as we wanted to prove. n

PROOF OF PROPOSITION 7.1. The construction of g o I' in [P1996, p. 259] begins by
choosing any representative (4) for I'; then it is simply a particular case of the construction
described in the statement of Proposition 7.1. To be more precise, the construction
in [P1996] is done by selecting a specific set of data (F8) — (F10), uniquely determined
by the choices of type C(W) and D(W). Using Lemma 7.3, any set of data (F8) — (F10)
gives the same 2-cell in € [W '], so we conclude. Note that the construction described
in Proposition 7.1 does not depend on the representative (4) chosen for T' because the
construction of [P1996] does not depend on this choice. =

8. Some useful applications

As we stated in the Introduction, Theorem 1.2 and Corollary 1.3 follow immediately
from Propositions 4.1, 5.1, 6.1 and 7.1. As we remarked in the Introduction, these four
propositions are also interesting in their own, since they allow us to easily calculate various
compositions of 2-cells in a bicategory of fractions, only knowing the set of fixed choices
C(W) (that completely determines the bicategory because of Theorem 1.2), and choosing
freely any representatives of the 2-morphisms that we are composing (plus the additional
data as in (F1) — (F10)). For example, having shown a simple procedure for computing
vertical compositions (i.e., Proposition 5.1), we can prove the already mentioned Propo-
sition 1.4 about invertibility of 2-morphisms in & [W~1]:

PROOF OF PROPOSITION 1.4. Let us assume (iv); by hypothesis f' is a morphism of
€ [W~1], hence w' belongs to W. Since v!' ou belongs to W, so does w' ov! ou. Since
(4) represents I, then w!ov! also belongs to W. So by Lemma 2.4 there are an object
A" and a morphism v’ : A — A* such that uou’ belongs to W. Since Bou is invertible,
sois B o (uou’), hence (iii) holds.

Let us assume (iii), so let us choose any representative (4) for T and let us assume that
there are an object A* and a morphism u : A* — A3 in W, such that o u is invertible
in €. By the description of 2-morphisms in ¢ [W™!], we have that T is also represented
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by the quintuple (A% vlou,v?ou,aou, B ou). Since 8o u is invertible in €, (ii) holds

with this new representative for I'.

Now let us assume (ii), so let us assume that the data in (4) are such that g is in-
vertible in %. Since « is invertible in 4 by definition of 2-morphism in a bicategory
of fractions, it makes sense to consider the 2-morphism [4% v2 v',a~t, 71 : f* = f.

Using Proposition 5.1, it is easy to see that this is a (vertical) inverse for I, so (i) holds.

Now let us prove that (i) implies (iv), so let us assume that I" is invertible and let us
fix any representative (4) for it; by definition of 2-morphism in 4 [W '] we have that « is
invertible, so we can apply Corollary 3.3 with f* interchanged with f* and (E,p,q,s, ®)
replaced by (A% v2,v!, o', I'"1). So there are an object E, a morphism r : E — A® such
that vZor belongs to W, and a 2-morphism ¢ : f2ovZor = flov!or, such that ! is
represented by the following diagram:

AQ
/ ‘ .
v20r
A Jaltor E J e B
\ J/Vlor
Wl f1
Al

Then we have

2 2 . . .
[E,V or,v Or’ZW20V20r7Zf2OV201‘:| = 1(A2,w2,f2) =

=Tol'! ® |:E,V2OI,V20r,iW20V2or, (ﬁor) ogo},

where (%) is obtained by applying Proposition 5.1. So by Lemma 3.4(ii) there are an
object F' and a morphism s: F' — E in W, such that:

i f20v2 0105 = (,Boros> o((pOS). (104)

Analogously, we have:

1

1 . . .
[F,V oros,v orosaZwlovlorosalflovloros:| =LAl Wl f1) =

_ (%) .
=T ol' = |F,vloros,vioros, iyioyiores, (@0s)o(foros )|,

where (x) is obtained using again Proposition 5.1. So by Lemma 3.4(iii) there are an
object A* and a morphism t : A* — F, such that vlorosot belongs to W and such that

iflovlorosot:(gposot>o<ﬁorosot). (105)
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Then (104) and (105) prove that Sorosot has an inverse in €, given by posot. In
order to conclude that (iv) holds, it suffices to define u:=rosot : A* — A3. u

A second application of the results of the previous sections is the following corollary,
that will be useful in the next paper [T2014(a)]. In that paper, we will have to compare
the compositions of 3 morphisms of the form (27) and the compositions of 3 morphisms
of the following form

Sy

uoidy/ foid 4/
I= (4 A ).

voidg/ goid g/
/.
/= (5 5 )

W o idcr hOidC/ >

Q

=2
Il
—
Q
Q
)

(106)

In the special case when ¥ is a 2-category we have that f = f' and so on, hence
ho(gof)=ho(qdof)and (hog)of=(hog)of. However, when € is simply a
bicategory, in general the fixed choice (AT, ul, f1,6) in the set C(W) for the pair (f,v) (see
the first diagram in (28)) is different from the fixed choice for the pair (f oida,voidg),
and analogously for all the remaining choices needed to compose the morphisms in (106).
Therefore, we need a tool for comparing ' o (¢’ o f') with ho (go f) and analogously for
the other pair of compositions. In order to do that, first of all we compare separately f’
with f. For that, we recall that we are denoting by 7, : @ 0id4 = a the right unitor of &
for any morphism a : A — B. Then we define an invertible 2-morphism x(f) : f' = f as
the class of the following diagram -

A/
uoid,/ foid 4/
id 4/

A ‘U’ Tuoid 4 A’ U’ T foid 4 B;
\ id/

A/
and analogously for x(g) and x(h). Then we have the following result:

8.1. COROLLARY. Let us fiz any pair (¢, W) satisfying conditions (BF) and any set of
6 morphisms as in (27) and (106). Then the associator @i’;};{ tho(gof)= (hog)of
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15 equal to the following composition:

g°f c h
U x(g) tox(f)! § x(R)~!
A 2ol Loy, o D.
4 x(f) 5 4 x(h)ox(g) /
f hog

(107)

8.2. REMARK. As we mentioned above, in the case when % is a 2-category there is nothing
to prove (since x(f), x(g) and x(h) are all trivial). In the case of a bicategory, things are
a bit more complicated. One could be tempted to do the following:

gously for x(g) and x(h);

(a) prove that x(f) is a right or left unitor for f in the bicategory ¢ [W~'], and analo-

(b) appeal to coherence results in order to conclude that necessarily the composition in

(107) coincides with the associator @g’g“;.

However, since the identities for A and B in ¢ [W™!] are the triples (A, id4,id4) and
(B,idp,idp) respectively, we have:

foidy= (4

idgou n foid 4/ B)j uoid s ot idgof B)

idpof = (A

Since we are working in a bicategory, in general id4 ou # uoidy and idgof # foida,
therefore in general f’ is different from f oidy and from idgof. Therefore in general
x(f) : f' = f cannot be a left or right unitor for f in ¥ [W~!]. So in general we cannot
use (a) (then (b)) in order to conclude. Instead, we need to rely on Propositions 4.1, 5.1
and 7.1, as we will show below.

PROOF OF COROLLARY 8.1. The main problem in the proof comes from the presence of
unitors for ¢ (with trivial unitors, the statement is trivial). The presence of associators
of € complicates only the exposition of the proof, but it does not introduce additional
problems. So for simplicity of exposition we suppose that € has trivial associators.

Step 1. Let us denote as in (28) the fixed choices in the set C(W), needed for
composition of f, g and h, so that we have identities (29) and (30). Moreover, let us
suppose that the set of fixed choices C(W) gives data as in the upper part of the following
diagrams (starting from the ones on the left), with @', @, ¥' and @ in W, and 6, &, £
and 7 invertible:
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— —2
= 4 7 =2 A 7
. :5> \ / :i \
A/ B/, —1 C Cl’
foid 4/ voidg/ A goid g/ ofl woidgr
B’ A’
1 = gt a3 = f2
N I\
B———C——C, A — B
goid g/ woidgs foid 4/ voidpg ovl ’ (108)
so that by [P1996, § 2.2| one has
uoid 4, oulow? hoid - ol
Wo(gof)=(4— ),

(ﬁ/ o g’) o f/ <A uoidy/ ou’

—2
hoidss oglof
a1 D).

Step 2. In this long step we are going to construct a set of data in ¢’; such data will
be used in order to provide representatives for the various 2-morphisms appearing in the

claim of Corollary 8.1, in such a way that it will be simple to compute their composition
in (107), and to prove that it coincides with 7"

h.g,f"

Step 2a. Using (BF2) we get that ' o i belongs to W, so by (BF3) there is a set
of data as in the upper part of the following diagram, with r' in W and (! invertible:

El
1 Cl 2
=
A2 A/ ZQ

(109)
Using (BF4a) and (BF4b), there are an object E?, a morphism r3 : F? — E!' in W

. . . —1 .
and an invertible 2-morphism ! : flou?orlor® = f ou?or?or®in &, such that voel
is equal to the following composition:
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AQ i) Al fl B/ v

V \ § st

ul f
r3 —
g e A b B

\ ul/ _ foidy /

2 5 voidpgs
L b U

This implies that ' ou?or! o1? is equal to the following composition:

o Py ) L P —
1 iiﬂ' \

13\/‘ - ‘U’E / m
T e /e

r U«ﬂ'f/

Step 2b. Now we use again (BF4a) and (BF4b) in order to get an object E°,
morphism 1! : E? — E? in W and an invertible 2-morphism €2 : [ortordor? = [ o
2or?or?, such that woe? is equal to the following composition:

(110)

rfor’or®,
o A2 : o —"
s B! i At p oo \
a - ~ g
E3 —— E? = B’ § ot C.
3\‘ 1 /71 goid g/
' El u? A ! T woidgqr
2\,4 / U g ¢ ‘U Tw
CA - C’ =
I

Therefore, 0=t orl or? or? is equal to the following composition:

B —=
r4l / U 7T \
1 woidgs
r® 1
\ \ _1 7 y/

(111)
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Step 2c. We use (BF3) in order to get data as in the upper part of the following
diagram, with r° in W and ¢? invertible:

E4
o CQ X
=
A3 ud Al o3 ZS

Using (BF4a) and (BF4b), there are an object E°, a morphism r’ : 5 — E%in W
and an invertible 2-morphism €3 : viof2 o1’ 017 = ¥l o 72 o1%017 in €, such that voe?
is equal to the following composition:

B2 ) B —
/ \ 4t ; \
r’ u’ T~
BP——Ef ¢ § oyt B.
foid 4/
/ 7 4 voidBX/
B B
f Vl v

7

Therefore, o r° o1’ is equal to the following composition:

5 4 3
: Agf B\ M/
f2

(112)
Step 2d. Using (BF2) we get that u®or® or” belongs to W; so by (BF3) there are
data as in the upper part of the following diagram, with r® in W and ¢3 invertible:

EG
/ Cg \
E3 A E>.
ulou20r10r3or4 u30r5or7

Then we use (BF4a) and (BF4b) in order to get an object E7, a morphism r'° :

) . . . -1 2
E™ — E®in W and an invertible 2-morphism ¢* : f ou?or?orlortorfor® = vlo f o
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%or”or? 01! in €, such that voe? is equal to the following composition:

3

25, 2
1‘4 E E \ ZQ ﬁ2
/ 1 \ —1
f b A
8 A2 Tt __1
/ Tl \ k
E7 *> E'6 3 \ A/ fOldA/
//" voidgs
AS 2 o ll ﬁ U’ Ty /
/ vew 7 BB v
E5 - E4 rf
(113)
Step 2e. Now we use (BF4a) and (BF4b) in order to get an object E®, a morphism

L' B® — E7 in W and an invertible 2-morphism £° : g o f2or’or’or?ortlor!! =

—2 : : »
glof orfor’or?ort®or!!, such that woe® is equal to the following composition:

B4 A3 C’
7/ \ b \
el 10 ) 4
vl gmdB/
rx - / W o 1d%/

Therefore £ o f2or% 01”01 or'% 01!t is equal to the following composition:

— A3 B? - B —
S AT g 15
w1 _ oid
4 —3 -2 v g
E\ SR — fzg\glu VC
rdorl0orll WW/
B — B A — B? 1 ' {
: (114)

Step 2f. We use again (BF4a) and (BF4b) in order to get an object A*, a morphism

2. A" —» E® in W and an invertible 2-morphism p : [or'or3ortor®orl®ortlor!? =
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gtofror’or’or?ort®orttor!? such that wo p is equal to the following composition:

E3 2
8 orl0 rmu
A A
Ve 3
E" - C.
fiorfor’ordor
1”11
4 )
P 8 5
A L 190 p10 o p11 E
(115)
Step 3. Now we define the following set of morphisms and 2-morphisms:
W= rlordortorSorl0orllopl2 . A4 A2,
wi=1r’or orortlorttort?: A% — A3,
yi=Corortor?: wlou?ou = uwlou’. (116)
Moreover, we define w : fl ou?ou? = vl of? o u® as the following composition:
1 3 2
E2 r-or A2 u Al
rfor8orlt0 U 51 Jfl
(1112 ?1oﬁ20r2 or3
Al E" y et B’
Flof orS or7
1
r9orl0 ~U« (53)_1 v
E® A3 B2
5 7 2
r’or f (117)

By construction of u* and u®, we have that p is defined from [ ou?* to g' o f2ou’®. We
claim that the set of data

4 4 5
A7u7u777w7p

satisfies conditions (F1) — (F3) for the computation of the associator @z};“;' u’ belongs

to W by construction and (BF2), and + is invertible because (? is so, hence condition
(F1) holds. In order to prove (F2), we replace in (31) the definition of u*, u® and ~v (see
(116)), the expression for 61 ou?or!or?® (obtained in diagram (110)) and the expression

for n o1r°or” (obtained in diagram (112)). After simplifying the term 7; (coming from
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(110)) with its inverse (coming from (112)), we get that the composition in (31) is equal
to the following one:

2/’ 1\
r? YSEQZQ\UQ}?Al f1

—1

8E3 A2 4 (Cl)_l A ot 7 ll Ty
r ] 112\ Al \ voidpgs
rt0orllorl2 T , f01dA/ B

E6 \U( CS us - voidpgs
P : /ﬁd / /

9 V’ U C Zg ?2
7 .6 U(é)’}» 32 vi

u2

(118)
Using (113) and (117), we get that (118) (hence (31)) coincides with vow. This
implies that (F2) holds. In order to prove (F3), in (32) we replace w with its defini-
tion in (117), u* and u® with their definition in (116), 0= or' or®or? with (111), and
o f?oror’orfor'®or!! with (114). After simplifying the terms 7, ¢! and £ with
their inverses, we get that the composition in (32) coincides with (115), hence with w o p.
Therefore also condition (F3) holds. So using Proposition 4.1 we conclude that the asso-
ciator @C,i’g‘:f is represented by the following diagram:

A2
woutou” rlordortordo hol
ort0ortlorl2
A J uoy A4 U hop D.
Por’o r9 o
10 12
uou? hoglof?
3
A (119)
Step 4. Now we want to compute also the associator @f, VYf, For that, we define the
following set of data:
—2
T =rlorfortorfort®ortlor?: A* — A

_ —3
T :=1%0r"or?ortorttort?: 4* — A",

w::€4ornor12:710ﬁ20ﬁ4:>V10720ﬁ5. (120)
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Moreover, we define 7 : @t o2 o = W o W° as the following composition

3 2 —2
2 r 1 I —92 u —1
s Pt o
/ . E\m\iﬁ
E3 I ¢ u? A’
rs/ r5/) A3 (CQ} Tﬁ:&
(10 o p11 o 12
A4 ES - E° - B4 - 23
r r r (121)

andp:lout=7g'o 7o as the following composition:

3 r?
4 E2 — El — Z

s
10 ES — E3 - U (52)_1 l
e A Ez = El — A2
i1 E7 u p \

P ~ 9 .
B a0 p g gt lop -

(12 A B
7
/ rll/, E »U 5 /t

—3
A B B B B B

(122)

We claim that the set of data
AT T 7, W, p (123)
satisfies conditions (F1) — (F3) for the computation of the associator @h, g i.e., the

same conditions stated in Proposition 4.1, but with (27) replaced by (106), and with the
four diagrams appearing in (28) replaced by the four diagrams of (108). By construction
u!, u? and r!' belong to W. So using (109) together with (BF2) and (BF5), we get that

o2 or? also belongs to W. Moreover, by construction 12, r4, r8, r'°, r'! and r'? belong

to W. So by (BF2) also the morphism ' oW ou* = ! ou? or?0rd0 r4 orforfortlorl?
belongs to W; moreover 7 is invertible because all the 2-morphisms in (121) are invertible
by construction, so (F1) holds. Using the definition of @ in (120), we get that voidg ow

is equal to the following composition:

a2

8 4 3 2
w BB RSp ST T, B
1,12 / \ B 7“’ 7Tv\‘ B
~1
10\,4 _2/v1 idN;"/
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In the diagram above we replace voe? with diagram (113), then we simplify all the
terms of the form 7, and 7 !. Using (121), we get that voidp ow is equal to the following
composition:

@2 A ! B’
o . voidg
ﬁ4/ A —1 ‘U 5 X
A4 ll 7 w foid 4/

B
w3 _
u’ UUA

ES — EQ - B’
This proves that condition (F2) holds for the set of data in (123). Now we want to

prove also (F3). If we use the definition of p in (122), then woide op is equal to the
following composition:

3 2

A EQ;EI ;22

8
g BS—ES 4T L '
e U 4 E2HE1*>A2\I} deyr \Uﬂ_\‘
0 E7 p r3 rl w w

P ) g' C’ C
E8 10 ES i EP i Et LB) A3 L B2 //;1 . U ﬂ-v_v%
17 e . §2 idgr o
il E7 ‘U € /’
e —2

- —3
AT B B B B B e

In the diagram above we replace the term wo p with diagram (115), and we simplify
€2, €% and all the terms of the form m, with their inverses. Then we get that woidc op
coincides also with the following composition

—9 I ,
A C
ﬁ4 woid s
# T Ymmdemor 7 g
ﬁ5 Z?) \ U/ g%
7B — C’
g9

so (F3) holds. Therefore, using Proposition 4.1 with the data of (106), (108) and (123),
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we get that the associator @g’y 5 is represented by the following diagram:

1,572

uoid s ou ol

J uoidy o7

3

uoid 4/ ol

(124)

Step 5. Until now we have computed the two associators appearing in the claim
of Corollary 8.1. Using Propositions 5.1 and 7.1 it is not difficult to prove that the
2-morphism

X(@)fl o (X(Q)fl o X(i)71> : ho (goi) — h'o (g’ oi’)
appearing in the upper part of (107) is represented by the diagram

A2

uou-ou . hol
Trlor"or‘lorgo

Or10 Orll OI‘12

A § o At VA D,
Jr2or30r4or8

orl0ortloyrl2

1,752

uoid s ool hoid &/ ol
71
(125)
where o and ! are the following compositions:
2 v
r1 A —_ A ul u
Bordordorl0orll opl2 7 ~ ———
A4 El U' Cl A’ U T A
\_/ ?
G —
r A j A a uoid s
u
5 T 2
r8orl0orllorl2 ! EE— B —A \l /Lfl\;
Al E? e ¢— dm  SD
4 E2 — El — A2 1 hoid &
o (126)

Step 6. Using again Propositions 5.1 and 7.1, the composition

(x(W)ox(9)) ox(f): (Wog)of = (hog)of
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appearing in the lower part of (107) is represented by the diagram

—3

uoidys 0w hoid -/ og! on

Tr"oﬂorgo

orVort orl?

2 2
A J a At e D,

Jr5or7or90

10 11 12
orlOortlor

uou’ hoglof?

A? (127)

where a? and 32 are the following compositions:

7 or® opl0 o pll 12 rb/»Zj 1\*3 /uoidA/\
A EY () \u/ A
r5\’ A3 /u:‘:
¢10 9 7 6 -2 .
2 E"—E—E —E'— 1 =B 7 hoid s
- B /—\
2 by Coin
1"11\ El7 E6 —) E5 4) E4 4) A3 4} B2 gl ;

(128)
Step 7. Now we have to compute (107), i.e., the vertical composition of:

(a) x(h)~"o(x(g)~' ox(f)~"), represented by (125);

(b) @Cg represented by (124);

f/a
(¢) (x(h)o X(g)) o X(i)7 represented by (127).

=

We compose (a) and (b) using Proposition 5.1: since the map A* — A% in (125)
coincides with the map A* — A% in (124), we can choose

4 - . .
(A 71dA47ldA47Zr20r3or4or80r100r11or12)

as the data (C,t!,t%, p) needed in (F4). So the composition of (a) and (b) is represented
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by the following diagram:

hol

rtordortordo

orl0ortlorl2

I (uoidyoF)oal A+ | (hoideop) o' 2 D.

Por’ordo

3 orl0ortl orl2

; T . 52
uoid s ou hoidsr oglof

A (129)

Using the same ideas on the pair of diagrams (129) and (127), the composition of (a),
(b) and (c) is represented by the following diagram:

A2

hol

rlordortordo

ori0opll o512

rPor’or’o

3 ori0opll o p12

hoglof2
—3

A (130)

Above we replace 7 with (121) and p with (122). In addition, we replace o', 3,
o? and 3% with their definitions in (126) and (128). Then we simplify the terms of the
form 7, 74, ¢t (%, €% and €° with their inverses. So on the left hand side of (130) we get
uo®ortorttor!? = uo~y, and on the right hand side we get h o p. In other terms,
(130) coincides with (119). By construction (130) represents the composition of (107),

and (119) represents @g’;‘;, so we conclude. =

9. Appendix - An alternative description of 2-morphisms in a bicategory of
fractions

Proposition 1.1 suggests an alternative construction of 2-morphisms in ¢ [W~!]. This
new construction is equivalent to the original one of [P1996], but much simpler. Let us
suppose that we want to define a 2-morphism from the morphism f' := (A, w', f) to
the morphism f* := (A2 w2, f?) (both defined from A to B). Since the composition
of 1-morphisms in % [W~!] depends on the set of choices C(W), such choices must be
fized before constructing the bicategory of fractions (and such a bicategory depends on
these choices). Since they are fixed, there is no harm in using them in order to get data
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(E,p,q,s) in € as below, with p in W and ¢ invertible:

/\

Al *> A % AQ
(131)

Then we give the following definition:

9.1. DEFINITION. Let us fix any pair (€, W) satisfying conditions (BF), and any set of
choices C(W); let € [W '] be the bicategory of fractions induced by such choices (see
Theorem 1.2). Then an almost canonical representative of a 2-morphism in ¢ [W™!]
from f' to f* is any triple (A3, t,0) where t : A> — E is a morphism in W, and ¢ is a
2-morphism in € from flopot to f2oqot. Given another triple (A® t' : A® — E, ¢ :
flopot' = f2oqot/), we say that it is equivalent to the previous one, and we wrile
(A3 t, ) ~ (AB Y, ') if and only if there are data (A*,u,v’,0) in € as follows

E
N
o
=
AB — At — A3;
such that:
e u belongs to W;

e 0 is invertible;

e the compositions of the following two diagrams are equal:

A3 v’ E P Al P E P Al ;
u’ t t/ 1
Yo 7 AN y N
At A3 | B, At — A g B.
N AN /fz, ) /fz
13 2 N 2
A B A E——A
(132)

A 2-morphism in € [W™!] is any class of equivalence of data as above, denoted by

A% ] (Al ) = (a2 ).
As you can see, this definition is much shorter than the original one (that we recalled
in the Introduction). Tt is not too hard to prove that:
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(a) ~ is a actually an equivalence relation (so Definition 9.1 is well-posed);

(b) there is a natural bijection between 2-morphisms according to Definition 9.1 and 2-
morphisms according to the original definition of [P1996], induced by associating to
any triple (A3 t,¢) the equivalence class of the following diagram:

Al

A Jgot A3 Yo B.

A? (133)

The result above can be rephrased by saying that each 2-morphism in ¢ [W™!] (de-
fined according to |[P1996]) has a representative given by a diagram of type (133) for a
triple (A3, t, ) that is “almost canonical” (having fixed the set of choices C(W) that com-
pletely determine the structure of 4 [W™1!], see Theorem 1.2). “Almost canonical” here
refers to the fact that the triple (A4%,t, ) inducing a given 2-morphism is almost unique
and varies in a much smaller set if compared to the set of diagrams as (4). We cannot
say “canonical” since sometimes there is more than one such triple inducing the same
2-morphism (this is why we need to use the equivalence relation given in Definition 9.1).

The description of 2-cells of 4 [W™!] in terms of “almost canonical” triples is simpler
than the original one in [P1996], but does not interact well with vertical and horizontal
composition. Therefore we are just mentioning it here in the Appendix, and we leave the
proof of (a) and (b) as an useful exercise for the interested reader (hint: use the axioms
(BF) together with the lemmas stated in § 2 and § 3, and the definition of 2-cells of
% [W™1] that we recalled in the Introduction).
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