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LIMIT CLOSURES OF CLASSES OF COMMUTATIVE RINGS

MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL

ABSTRACT. We study and, in a number of cases, classify completely the limit closures
in the category of commutative rings of subcategories of integral domains.

1. Introduction.

In a paper to appear [Barr et al. (2015)], we have studied the following general question:
Given a complete (respectively, cocomplete) category ¢ and a full subcategory 4, what
is the smallest limit closed (respectively, colimit closed) subcategory of € that contains
a7

This paper studies the question for several categories of integral domains as subcate-
gories of commutative rings, which leads to interesting problems. Section |2 contains some
general results. Section |3| gives conditions that the limit closure be the ring of global
sections of a sheaf with stalks that are domains in the limit closure of 4. The base of the
sheaf is the spectrum of all prime ideals, with a topology between the domain topology
and the patch topology, as defined in [2.2.20, This is analogous to the known fact that
commutative von Neumann regular rings are characterized as the global sections of a sheaf
of fields. Section [4|characterizes rings that are in the limit closure of the subcategory of all
domains, thereby clarifying an earlier paper on this subject, see [Kennison 1976]. Section
gives a simple necessary and sufficient condition for a ring to be in the limit closure
of the subcategory of domains that are integrally closed (in their field of fractions). The
same condition characterizes rings that are in the limit closure of GCD domains (ones
in which every pair of elements has a greatest common divisor) and also rings in the
limit closure of Bézout domains (ones in which every finitely generated ideal is principal).
Section [0] defines perfect domains and characterizes their limit closure. Section [7] explores
the limit closure of UFDs finding two necessary conditions for a ring to be in this limit
closure, but no sufficient conditions. We show that the limit closure of UFDs is not closed
under ultraproducts and therefore cannot be characterized by first-order conditions, see
2.4 We do show that every quadratic extension of the ring Z of integers is in the limit
closure of UFDs. The final section summarizes the results of the paper and mentions
some open problems.
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In this paper, € is usually the category CR of commutative rings and A4 is a full
subcategory of integral domains. A commutative ring is called semiprime or reduced
if it has no non-zero nilpotents.

2. Domain induced subcategories.

2.1. PRELIMINARIES. The rest of this paper is concerned with subcategories of commuta-
tive rings generated by a full subcategory of domains. It is well known (and easily proved)
that the set of nilpotents in a commutative ring is just the intersection of all the prime
ideals, so that a ring is semiprime if and only if the intersection all the prime ideals is 0.
Since every domain is semiprime, so is any ring in the limit closure of any class of domains.
The semiprime rings are clearly reflective (factor out the ideal of nilpotent elements), so it
will be convenient to assume that all our rings are semiprime, unless otherwise specified.

Anideal I of a commutative ring R is called radical or semiprime if R/I is semiprime.
An ideal of a commutative ring is radical if and only if it is an intersection of primes. This
is equivalent to saying that if a power of an element lies in the ideal then the element
does. If I C R is any ideal, we denote by v/T the set of all elements of R for which some
power lies in A. This is the same as the meet of all prime ideals that contain it and is
also the least radical ideal containing /.

We say that a category # of semiprime rings is domain induced if %" is the limit
closure of a subcategory of domains 4 such that every domain (not just those of 4) can
be embedded into a field in 4.

Since every semiprime ring can be embedded into a product of fields and every field
can be embedded into a field in 4, it follows that 4 cogenerates SPR.

2.1.1. Examples. Here are the main examples of the subcategories of domains we will be
studying in this paper. In most, although not all, of these cases we will characterize the
limit closure of these subcategories.

1. Ajqom, the category of domains;

2. Apq, the category of fields;

3. Apna, the category of perfect fields;

4. A, the category of domains integrally closed in their field of fractions;
5. Ape,, the category of Bézout domains;

6. A., the category of domains integrally closed in the algebraic closure of their field
of fractions;

7. Aip, the category of domains integrally closed in the perfect closure of their field of
fractions;
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8. Aper, the category of perfect domains: those that are either of characteristic 0 or
are characteristic p and every element has a pth root;

9. Agat, the category of domains in which every integer has a quasi-inverse, that is,
for each integer d, there is an element d’, such that d?d’ = d;

10. A, the category of Noetherian domains;

11. Ayzq, the unique factorization domains.

There are some relations among these subcategories as shown in the following poset
of inclusions. The red spine marks the Dom-invariant categories which will be defined
in the sentence preceding Theorem [2.3.1}

/qdom

///qic

/qqrat -q-bez /qper

/
Ausa

Ang N Aper = Aptia = Apia N Aicp Aica

When we form the limit completions of these categories, we get a somewhat different
diagram (in which J# is the limit completion of Ayy).

-qf /‘Z’-icp:-qic N /‘leer

'%/qrat
Hufd

Jhd

Jhd N Hper = Hpfid = g1 N Hiep
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2.2. PRELIMINARY RESULTS: G AND K. We will let 4 denote a category of domains
that satisfy the conditions in and let " be its limit closure. If D is a domain, we
denote by Q(D) its field of fractions.

2.2.1. PROPOSITION. Suppose D C D1 and D C Dy are domains. Then there is a com-

mutative square
D———=D,

Dy ——F
in which F' € 4 1is a field.

PRrROOF. We can assume without loss of generality that Dy and D, are fields, in which case
they both contain copies of Q(D). Then Dy ®q(py D2 # 0 since both factors are non-zero
vector spaces over Q(D). Let M be a maximal ideal of Dy ®q(py D2 and let F' € A4 be a
field containing (D ®q(p) D2)/M. n

2.2.2. NOTATION. Let D be a domain and let D~—F' be an embedding into a field F' € 4.
Let G(D) denote the meet of all J#-subobjects of F' that contain D. For each domain
D, we let ap : D~ G(D) denote the embedding. The operation G is not generally a
functor. If it is, we will see later that it is actually the reflector on domains. In general,
we have:

2.2.3. PROPOSITION. The domain G(D) is independent of the choice of F'. Furthermore,
if D C B where B is a domain in &, then G(D) is isomorphic to the meet of all A -
subobjects of B which contain D.

PROOF. Suppose Fy, Fy are two fields containing D and belonging to 4 and G;(D) and
Go(D) are the corresponding subobjects of F} and F;, as above. By the previous propo-
sition, up to isomorphism, both F} and F, are subfields of a field F' € A4 that contain
D and hence so is Fy N Fy. But G1(D) N Gy(D) is a # -subobject of F; and of F, that
contains D and, by minimality, they are equal. Since every B € Z is contained in some
field in A4 the second conclusion follows. [

2.2.4. NOTATION. We denote by Q(D) the perfect closure of the field Q(D) of fractions of
D. If D has characteristic 0, this means that Q(D) = Q(D), while if D has characteristic
p > 0, it consists of all the elements of the algebraic closure for which a p°th power lies
in Q(D) for some positive integer e.

2.2.5. LEMMA. The map ap : D —G(D) is epic in SPR.

PROOF. If not, then there exist maps g, h : G(D)—F where F'is a field and gap = hap
but g # h. We may assume that F' € A4, otherwise we can embed F' in such a field. It
follows that the equalizer of g and h is in J# and is also a proper subring of G(D) which
contains D. But this contradicts the definition of G(D). n
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2.2.6. PROPOSITION. Suppose D C D' are domains such that D" C G(D). Then G(D') =
G(D).

PROOF. Embed D’ into a field F' € 4. By definition G(D) is the meet of all J#-subobjects
of F' that contain D and similarly for D’. Clearly any #-subobject of F' that contains
D' also contains D, while any ¢ -subobject of F' that contains D also contains G(D) and
therefore contains D’. ]

2.2.7. LEMMA.

1. Let F be a field and D a domain. A map F'—= D s epic in SPR. if and only if
D CQ(F).

2. FEvery perfect field is in .
3. For each domain D, we have D C G(D) C Q(D).
PROOF.

1. Since D — Q(D) is epic, it suffices to show that a map F'— E between fields is
epic in SPR_ if and only if F is a purely inseparable extension of F'. One direction is
trivial in SPR. So suppose F'— FE'is epic. Factor the map as F'—=F|—F,—F
so that F} is an extension of F' by a transcendence basis for E over F', F; is a purely
inseparable extension of F; and FE is a separable extension of F,. Since epics are
left cancellable, we have the F, — F is also epic. But F5 is the equalizer of all the
maps of E into its algebraic closure that fix F5, so that we have F;, = F. Since the
map from Fy to its perfect closure is purely inseparable and epic, we can reduce to
the case that F is perfect. If T is a transcendence basis of F}, the automorphism
o : F1—=F; defined by o(t) = t+1 for each t € T' can have no fixed point outside of
F since o(a) = a, with a ¢ F would give a polynomial relation on 7. Thus F' is the
equalizer of o and id. For a € F5, there is some positive integer k such that a?* € F.
Since F5 is perfect, the element U(apk) has a unique pFth root in F, which we call
G(a). If we do this for each element of Fy, this results in an endofunction @ of Fj,
which is easily seen to be an automorphism. Thus if F' # F}, there are non-trivial
automorphisms of F; over F' which contradicts the map’s being epic. Thus F' = F}
and FE is a purely inseparable extension.

2. We know from that if F' is a field, F'— G(F') is epic in SPR. But a perfect
field has no proper epic extension.

3. This is now immediate from Proposition [2.2.3] "

2.2.8. COROLLARY. If C' C D 1s an inclusion of domains that is epic in SPR,, then D is
contained in the perfect closure of the field of fractions of C. ]
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2.2.9. DEFINITION. Given an element d in a domain D, we say that d* is a characteristic
power of d if { =1 or the characteristic p of D is positive and { = p° for some e > 0.

2.2.10. COROLLARY. Let D be a domain. If z € G(D) then there exist w,v € D, with
w # 0 such that wz’ — v = 0 where z* is a characteristic power of z.

PROOF. If z € G(D) then z € Q(D) and hence some characteristic power, 2* € Q(D).
Thus z¢ = v/w for some fraction v/w € G(D), the result follows. "

2.2.11. PROPOSITION. The set of all G(R/P) taken over all the prime ideals P C R is a
solution set for maps R— A where A € 4.

PROOF. Suppose that f : R—=A is a homomorphism with A € 4. Let P = ker(f). Since
all objects of 4 are domains, P is prime. Clearly f factors through R/P. By Proposition
we have a commutative square

R/P<——~G(R/P)

A= F
with ' € 4. But then the pullback A xp G(R/P) is a J -subobject of G(R/P) that
contains R/P. But then the pullback is G(R/P) which gives the required map. n
It is well known that this implies:
2.2.12. THEOREM. The inclusion & — SPR_ has a left adjoint. [
We will denote the left adjoint by K and the inner adjunction by n : Id — K.

2.2.13. PROPOSITION. A map g : R—= S 1is the reflection of R into & if and only if
S € & and g has the unique extension property with respect to every A € 4.

ProOOF. The subcategory of objects with respect to which that property holds includes
A by hypothesis and is clearly closed under limits and therefore includes the limit closure
of 4. m

2.2.14. PROPOSITION. For every semiprime ring R, nR is an epimorphic embedding in
SPR.

f
PROOF. Suppose we have RLR>K(R) ?5’ with S € §PR and fnR = g.nR. Since

S can be embedded in a product of fields in A4, we can easily reduce to the case that S is
a field in 4 and then the uniqueness of the map K(R) — S that extends fnR = g.nR
implies that f = g.
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Clearly nR is an embedding when R is a field. More generally, let R C [] F}, a product
of fields. From the commutativity of

R—][[F
K(R) [TK(F)
we see that nR : R— K(R). =

2.2.15. PROPOSITION. Suppose f : R—=S is an epimorphism in SPR . Then the induced
map Spec(S) — Spec(R) is injective.

PROOF. Suppose that Q1,Q2 C S were distinct prime ideals of S lying above P. From
Proposition [2.2.1] we have a commutative diagram

R/P =5/

]

S/Qy ———F
with F' € 4. But this gives two distinct maps—since they have different kernels—from S
to an object of A4 that agree on R, which is not possible. n

2.2.16. PROPOSITION. For any semiprime ring R, the map nR : R— K(R) induces a
bijection Spec(K (R)) — Spec(R).

PROOF. Injectivity follows from the preceding proposition. To see that it is surjective, let
P € R be prime. From the diagram

R~ K(R)

i

K(R/P)

|

R/P———G(R/P)

and the fact that G(R/P) is a domain, we see that the kernel of K(R) — G(R/P) is a
prime of K(R) lying above P. "
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Note that this bijection does not, in general, preserve order. The case that it does is

special, see Theorem [2.3.1][7]

In the following P C R is a prime and P® = ker(K (R) — K(R/P)). Since K(R/P)
is not always a domain (see Theorem below), it is not always the case that P is
prime, but we do have:

2.2.17. PROPOSITION. If P C Q are primes of R, then P® C Q°.

Proor. This follows since we can fill in the diagonal map in the diagram

K(R) K(R)/P®
i
K(R/P)
i
K(R)/Q® —— K(F/Q)

since the top arrow is surjective and the bottom arrow is injective.

2.2.18. PROPOSITION. Suppose Rlog 9. K(R) factors nR with S € . Then the
meet of all # -subobjects of S that contain R is isomorphic to K(R).

PROOF. We can suppose without loss of generality that S has no proper J#"-subobject
that contains R. Given h: R— A with A € 4, there is a map h : K(R)— A such that
ng = h. Then ﬁg : §—= A is a map such that ﬁgf = h. If there were more that one
map S — A with that property, then their equalizer would be a proper J# -subobject of
S containing R, a contradiction. Thus S has the universal mapping property that defines
K(R). n
If f: R~ S is a ring homomorphism, we say that f is an essential ring homo-
morphism if, for every homomorphism g : S — T, gf injective implies g is injective.
Clearly this is the same as saying that when I C S is a non-zero ideal, then I N R # 0.

2.2.19. COROLLARY. Suppose nS is essential. Then whenever R C S C K(R), we have
K(S)=K(R).

PRrROOF. By adjunction we have a map K(S)— K(R) such that

S < K(R)
K(S)

commutes. Essentiality implies that K(S5) — K(R) is injective. If K(S5) = K(R) were
a proper inclusion, this would contradict the proposition since R < S — K (R) factors
nRk. [
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2.2.20. DEFINITION. If R is a ring, we will be considering four topologies on Spec(R).
One is the familiar Zariski topology that has a base consisting of the sets Z(r) = {P €
Spec(R) | r ¢ P} forr € R. The second we will call the domain topology and has as a
subbase the sets N(r) = {P € Spec(R) | r € P} forr € R. The third, usually called the
patch topology, takes all the sets Z(r) and N(r) as a subbase This topology is known
to be compact and Hausdorff (see [Hochster 1969]; see also [Barr et al. (2011), Proof of
Theorem 2.4] where Hochster’s argument is given in greater detail) and it follows that the
other two are compact (but not usually Hausdorff). The fourth topology will be defined in
3.2.1| and lies between the domain and patch topologies and therefore is also compact.

2.2.21. LEMMA. A subset of W € Spec(R) is open in the domain topology if and only if it

is open in the patch topology and up-closed in the subset ordering (meaning that P € W
and P C Q implies Q € W ).

PROOF. A base for the domain topology is given by the sets of the form N(ry,...,r,) =
N(r)N...OAN(r,) for ry,...,r, € R. Since all of these sets are open in the patch topology
and up-closed in the subset ordering, it follows that if W is open in the domain topology,
then W, being a union of basic subsets, is patch-open and up-closed in the subset ordering.

Conversely, assume that I is patch-open and up-closed in the subset ordering, but not
open in the domain topology. Then there exists P € W such that there is no basic set with
P e N(ry,...,r,) € W. So whenever rq,...,r, € P we have N(ry,...,r,) — W is non-
empty. It follows that there exists an ultrafilter u on Spec(R) such that N(ry,...,r,) —
W € u whenever ry,...,r, € P. Let () be the limit of u in the patch topology. Then
whenever r € P we see that N(r) € uso r € @ (otherwise Z(r) is a patch-neighbourhood
of @ which is not in u). This implies that P C @, so, by hypothesis, ) € W. This leads to
a contradiction because u converges to ) in the patch topology, while u does not contain
W which is a neighbourhood of Q. n

2.2.22. PROPOSITION. Let Q) be a prime ideal of R and U be a subset of Spec(R) that is
compact in any topology in which sets N(r) are open for allr € R. If (\pey P C Q, then
there is a P € U with P C Q).

This applies, in particular, to the domain topology and the patch topology.

PROOF. If not, let rp € P — @ for each P € U. The open sets N(rp) cover U and hence
there is a finite set P, ..., P, such that every P € U contains at least one of rp,...,7p,
and then r =rp, ---7rp, € (\pey P, while the fact that @ is prime implies that 7 ¢ Q). =

In the next part of this section, we will need what is described on the first page of
[Dobbs (1981)] as a “Folk theorem”.

2.2.23. THEOREM. For rings R C T, we have that T is an integral extension of R if and
only if whenever R C Sy C S, C T,

1. Spec(Sz) —= Spec(Sh) is surjective; and
2. If P C Q are primes of So with PN S = Q NSy, then P = Q.
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2.2.24. COROLLARY. Assume R CT. If R C Sy C Sy C T implies Spec(Sz) —= Spec(S)
1s bijective, then T is an integral extension of R. [

2.2.25. PROPOSITION. Suppose R~ S is epic and integral. Then Spec(S) — Spec(R)
s an order isomorphism.

ProOF. We know it is injective from Proposition [2.2.15] while surjectivity follows from
[Zariski & Samuel (1958), Vol. I, Theorem V.3]. The corollary to the same theorem
implies that given any primes P C @) of R and a prime P* of S lying above P there is
at least one prime Q* of S lying above @ and such that P* C Q. But since Q* is the
only prime lying above (), we see that the induced map on Specs reflects order while it
obviously preserves it. [

2.2.26. NOTATION. We will use the following convention. If a category of domains is
denoted A, we will systematically denote its limit closure by J#%,, the reflector by K,
and the construction introduced in by G. For future reference, we also denote by
Py the full subcategory consisting of the domains in 7.

2.3. WHEN DOES (G = K? The main theorem of this section classifies domain induced
subcategories that are characterized by G = K on domains. We call them Dom-invariant
for reasons that will become clear from the theorem below.

2.3.1. THEOREM. Let G be as in and K be the reflector. Then the following are
equivalent:

1. G(D) = K(D) for all domains D.

2. For any domain D and any prime P C D, there is a map G(D) — G(D/P) such

that
D———=G(D)

D/P<—~G(D/P)

commutes.
3. The map Spec(G (D)) —= Spec(D) is surjective for all domains D.
4. G is a functor on domains in such a way that for D — D’

D~ G(D)

D'~ G(D)

commautes.
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K (D) is a domain for all domains D.

For any semiprime ring R and any prime P C R, the kernel P® of K(R)—=K(R/P)
1S prime.

For every semiprime ring R, the map Spec(K (R)) —=Spec(R) is an order isomor-
phism and therefore a homeomorphism in the domain topology.

For every semiprime ring R, the adjunction map R— K(R) is essential.

If f: R—= S is injective, so is K(f): K(R)— K(95).

The canonical map K(D)— G(D) is injective for all domains D.

For all semiprime rings R and S, whenever R C S C K(R), then K(S) = K(R).
For all semiprime rings R and S, if R C S C K(R), the inclusion RS is epic.
For every semiprime ring R, we have that K(R) is an integral extension of R.
For every domain D, we have that G(D) is an integral extension of D.

Aica C K.

Ay C K.

PRrROOF. Here is a diagram of the logical inferences we will prove:

Bl—1
e \

|

IE==) [B<<=0I<=02

11

A<—B<—M<—=M0<[10a

1 =[3 =[% Both are obvious.
@ ©|Z|: Suppose D —= D’ is a morphism of domains with kernel P. Let P* be a prime of
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G (D) lying above P. We construct a diagram

D~ G(D)

D/P<—~G(D)/Pt

m

D/

m

GD)—F

by observing that the domain D/P is included in both domains G(D)/P* and G(D')
and applying Proposition to find F. We can further suppose that F € J#. Then
G(D") xp G(D) is a J -subobject of G(D) and, by minimality, the pullback must be
G(D), which gives a map G(D)—=G(D'). The uniqueness follows by another application
of minimality and the functoriality is then easy. The required commutation follows from
the commutation of the square above together with the fact that G(D’) — F' is monic.

=[1} If we have a map D — D’ with D’ € 4, we get G(D) —= G(D') = D’ such that

D\ G(D)
DI

commutes. The uniqueness follows from [2.2.5] This shows that G has the adjunction
property with respect to maps to objects in 4.

[ <[3 Immediate.
@ @@ Since K(R/P) is a domain, P® is a prime. From the diagram

R~ K(R)

R/P“— K(R/P)

we readily infer that P N R = P.

[0 =[%} We know from [2.2.16] that it is a bijection. The direct map preserves inclusion
while it follows from [2.2.17| that the inverse map, which takes P to P® also does.
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@ @@: If P C R is prime, let P* C K(R) denote the unique prime lying above P. We
have to show that if I C K(R) is an ideal such that IN R = 0, then I = 0. First consider
the case that I is a radical ideal of K(R), so that I = (| P*, taken over all the primes
P C R for which I C P* Hence 0 = I N R = (| P, again over all primes P such that
I C P*. The set U = {P* € Spec(K(R)) | I C P*} is the meet of all the N(a), for a € I.
It is therefore compact in the patch topology and hence in the domain topology. From
we conclude that the set V = {P € Spec(R) | I C P*} is also compact in the domain
topology on Spec(R). But we have just seen that ()p.,, P = 0 and hence is contained
in every prime ¢ C R. But since V' is compact it follows from Proposition that
P C Q for some P € V. But then I C P* C Q" so that [ lies in every prime of K (R) and
is then 0.

For a general ideal I, let J be the radical of I. Every element of J has a power that
lies in I. Therefore every element of J N R has a power that lies in I N R = 0. Since R
is semiprime, it follows that such an element is 0. Thus J N R = 0 and therefore J = 0,
whence [ = 0.

[§ =[% From the diagram
R~ K(R)

S——=K(S)
we see that the composite R— K (R)— K (.9) is injective and it follows from essentiality
that K(R) — K(S) is.
[4 =[% A domain D can be embedded D < F where F is a field in 4. If K preserves
injectivity, we get K (D)~ K(F) = F, whence K (D) is a domain.
=-[10 =[5 Both are trivial.

[§ =[11} Since[§ holds for S, corollary [2.2.19] gives the result.

=12 It suffices to show that it is epic with respect to maps into fields. Suppose
fog: S—=F agree on R with F' a field, which can be assumed to lie in 4. But since
K(S) = K(R), each of the maps f and ¢ extends to K (R). But they agree on R and the
uniqueness of the maps from the reflector imply they are equal.

@: Suppose f : S—= A is given with A € 4. Then g = f|R has an extension
tog: K(R)—= A. Then g|S and f have the same restriction g to R. But if R— S is
epic, we must have that g extends f. The uniqueness follows since the equalizer of two
extensions of f would be a proper J#-subobject of K(R) that contains R, contradicting

Proposition [2.2.18

={15 Proposition 2.2.16]applied to any intermediate ring, say R C S C K(R) = K(S)
implies that both maps in Spec(K (R))—Spec(S)—=Spec(R) are bijections. In particu-
lar, for any pair of intermediate rings R C S; C Sy C K(R), we have Spec(S;)—=Spec(Sy)
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is a bijection. Then the corollary to Theorem [2.2.23| implies the result.

=[I}} We begin by showing that [I3] =[] We already know that this implies [I] which,
together with [L3] will obviously imply [I4] It follows from that there is a unique
prime P C K (D) such that PN D = 0. Since 0 is contained in every prime of D, it follows
from that P is contained in every prime of K (D). But K (D) is semiprime so the

intersection of all the primes is 0, whence K (D) is a domain.
=>[3% This is a standard property of integral extensions.

=[15 Suppose D € Ai,. Let F be the algebraic closure of the field of fractions of
D. From Lemma [2.2.712 we know that F' € J¢. From Proposition 2.2.3] we know that
G(D) C F. But G(D) is an integral extension of D and D is integrally closed in F' so
we conclude that G(D) = D. Since G(D) was constructed to be in J¢, it follows that
Dex.

=14} From 4., C ¢, it obviously follows that ., C # and we see that for any
domain D, G(D) C Gica(D) and since Gica(D) is integral over D, so is G(D).

@: If we show that A, C i, it obviously follows that ., C J#., while the
reverse inclusion is obvious. Suppose that D € A,. Let F' C F' be the perfect closure
and algebraic closure, respectively, of the field of fractions of D. Then F is a separable
algebraic extension of F' so that F is the equalizer of all the F-automorphisms of F and
hence F lies in #.,. Let D be the integral closure of D in F. Since being integral is
transitive, D can have no proper integral extension in F and hence is integrally closed
in its algebraic closure which implies that D € 4,. An element of D N F satisfies an

integral equation with coefficients in D and belongs to F', hence is in D. It follows that
D=DNF € H,.

@! It follows since Aica € Aicp. [
2.3.2. Examples. We refer to for the definitions of the subcategories mentioned here.

1. Jhg . is not Dom-invariant. The limit closure can be shown to be just the
von Neumann regular rings. The reflection of Z is not a domain, but is a subring
of [T Qp, the product of all prime fields. It is called the Fuchs-Halperin ring [Fuchs
& Halperin (1964)].

2. From Theorem we have that ., is Dom-invariant and, in fact, the
smallest Dom-invariant subcategory. The injectivity property for totally integrally
closed rings from [Enochs (1968)| implies that a totally integrally closed ring is in
Hiea. But the converse is not true: the ring of eventually constant sequences of
complex numbers is in #.,, but is not totally integrally closed. What is clear is
that ., is the limit closure of the category of totally integrally closed rings. One
sees easily from [J] and [13] that for K., or any Dom-invariant category ¢, that an
integrally closed subring of a ring in %" is also in J#". This holds for example for
the integral closure of any R in K(R).
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Theorem says Hiep = Hica 18 also Dom-invariant. We note that J7 (2.1.1}}4)

is domain invariant since Aicp, C Aic.

It is evident that no non-perfect field can be in the limit closure J#,, so ., is
strictly smaller than J#. which implies that Ki.(R) C Ki,(R) for any ring R. But
for any domain D with F' the perfect closure of its field of fractions, the meet of
all the J#,-subobjects of F' that contain D is still an integral extension of D and
thus in K, (D). We do not know what the limit closure is in this case, but one
thing such rings satisfy is the essentially equational condition that for every prime
number p, there is a pth root operation, see whose domain is {r | pr = 0}
and whose value is the provably unique pth root of that element. We can say that
Hiep C Hie N Hper, but gives an example of a ring in J#. N H#pe which is not
in Hp.

. Kiom 1 is Dom-invariant since clearly Kgom(D) = D for every domain D. In

Section |4, we will characterize the rings that lie in J#go.,.
Hnoe ([2.1.1][10) is not Dom-invariant. This will be shown in Corollary below.

For the next examples, see Theorem below. They are suggestions due to David
Dobbs. The general reference is the multiplicative ideal theory found in |Gilmer
1992], see especially Theorem 19.8.

In Section [7} we will be looking at certain rings in 4, although we do not char-
acterize the category. We will see in Corollary below that ;g is neither
Dom-invariant nor given as models of a first-order theory.

There is a related class, that of GCD domains, defined as ones in which every pair of
elements has a greatest common divisor. Obviously Bézout domains are also GCD
domains and models of either theory are UFDs if Noetherian. But not only if since,
for example, a polynomial ring in infinitely many variables over a field is a UFD,
but not Noetherian.

Another related class is that of valuation domains. A domain D with field F of
fractions is a valuation domain if for each z € F, at least one of x or 1/x lies in D.
The relevant facts are

THEOREM.

. Valuation domains are Bézout (and therefore GCD) domains.

Every valuation domain, every Bézout domain, and every GCD domain is integrally
closed [Gilmer 1992, Corollary 9.8].

Every integrally closed domain is the meet of all the valuation rings, as well as the
meet of all the Bézout domains, as well as the meet of all the GCD domains between
it and its field of fractions, [Gilmer 1992, Theorem 19.8].
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4. It follows that the limit closures of the valuation domains, the GCD domains, and
the Bézout domains are the same. See Section [3.

The corollary to the next proposition shows that neither limit closure %34 nor
Hroe contains Hi,. Then we may invoke Theorem to show that neither is Dom-
invariant [I5l

2.4. SPECIAL RINGS. Let us temporarily say that a commutative ring is special if it has
the property that any element with an nth root for all n also has a quasi-inverse. We
make the following claims:

2.4.1. PROPOSITION.
1. The full subcategory of CR. consisting of special rings is limit closed.
2. FEvery UFD is special.
3. FEvery Noetherian ring is special.
4. A non-principal ultrapower of Z is not special.
5. The domain A of algebraic integers is not special but is in Hi,.
PROOF.

1. We use the familiar fact that quasi-inverses, when they exist, can be chosen uniquely
as mutual quasi-inverses. An element of a cartesian product of rings has an nth root
(respectively, quasi-inverse) if and only if each coordinate does, so the category of

g
special rings has products. If R*f> S —=T is an equalizer in which S and T" are
h

special, let r € R have all nth roots. Then s = f(r) obviously has all nth roots and
hence has a unique mutual quasi-inverse s’. Since g(s) = h(s) we easily see that
both ¢(s") and h(s") are mutual quasi-inverses for g(s) and, from uniqueness, we see
that g(s’) = h(s’) and so there is an ' € R with f(r') = s’. But then it follows,
since f is an injection, that 7’ is a quasi-inverse for r.

2. In a UFD no non-zero, non-invertible element (hence no non-quasi-invertible ele-
ment) can have arbitrary nth roots, so it is clear that UFDs are special.

3. In a Noetherian ring, if a non-zero element x has nth roots for all n, we get an infinite
descending divisor chain ---2%/2" | /2" | ... | /2 | 2 which, in a Noetherian
ring, is possible only if for some n, we have /2" | /2" Then z'/?" 'y = 21/?"
for some y. Raising both sides to the 2" power gives z2y?>" = x so that y?" is a
quasi-inverse for x.

4. The class of the element (2,22,23 ... 2" . ) clearly has arbitrary nth roots, but
the ring is a domain and the only non-zero elements of a domain that have quasi-
inverses are invertible elements while this element is clearly not invertible.
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5. Every element of A has roots of all order. But roots of integers > 1 cannot be
invertible. In a domain only invertible elements and 0 have quasi-inverses. [

2.4.2. COROLLARY. Neither JHyq nor Hyee 1S a category of models of a first-order theory
and neither category is Dom-invariant.

PROOF. The conclusions are immediate from points 4 and 5 above. [

3. The sheaf representation in the first-order case.

3.1. FIRST-ORDER CONDITIONS. In this section, we show that if " is a reflective subcat-
egory of commutative rings, as in the previous section, then, under a reasonable additional
assumption (given below), there is, for every semiprime ring R, a topology on Spec(R)
that lies between the domain and the patch topology and a sheaf of rings, given by a local
homeomorphism 7g : Er —Spec(R) whose stalks are domains in #". We will show that
I'(ER), the ring of global sections, is also in #". Under various further conditions, I'(Eg)
is the reflection of R into ¢, see [3.5.3]

We use the concept of first-order conditions, which we briefly (and sketchily) review.
First-order conditions for commutative rings are built up from basic conditions of the
form p(x1,xs,...,2,) = 0 where each x; is a variable and p is a polynomial with integer
coefficients. Further conditions can be obtained by using the connectives or and not.
These are treated classically, so we can make conditions such as If p then ¢, which is
equivalent to Not p or q. We can also quantify variables (but not the constants, such as
the integer coefficients of the polynomials).

A ring R satisfies a first-order condition C' if and only if whenever each free vari-
able (that is, each unquantified variable) of C' is replaced by an element of R, then the
statement becomes true.

We say that a full subcategory # of commutative rings is first order if there is a set
S (possibly infinite) of first-order conditions such that R € £ if and only if R satisfies
each condition in S. It is well known that if & is first order, then % is closed under the
formation of ultraproducts.

The converse is also true when 4 is the class of domains in %  where the conditions
of 2.1 are satisfied, see Theorem [3.8.25] We thank Michael Makkai for his suggestions and
help.

As an example, a ring is semiprime if and only if it satisfies the first-order condition
that 2> = 0 implies * = 0 (more precisely, the condition If 2> = 0 then x = 0, but we
often use p implies q to mean If p then q). A ring has characteristic 0 if it satisfies each of
the infinitely many conditions that nx = 0 implies x = 0 for n = 2,3,4,.... As another
example, we mention that being a domain is first order. But the condition of having finite
characteristic is not first order. Note that the infinite disjunction 2=0or3=0o0r 5= 0
or ... is not a first-order condition. For example a non-principal ultraproduct of fields
of finite characteristic will have characteristic 0 provided no one characteristic is present
infinitely often.
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3.1.1. Notation and Blanket Assumptions. Throughout this section we consider subcate-
gories A4, meeting the conditions in plus the further condition that 4 is first order,
where 4 is the category of domains in JZ". (As before, # denotes the limit closure of
A4.) So: In this section, we always suppose that A is first order.

We will, of course, use notation and results from the previous section. The following
result gives us one criterion that 4 be first order.

3.1.2. PROPOSITION. If ¥ is Dom-invariant (see Theorem and if A4 is first order,
then % is also first order.

We postpone this proof until at the end of this section.

3.2. HEURISTICS FOR CONSTRUCTING THE SHEAF. Our goal (which is realized in all
cases we know of) is to construct, for each semiprime ring R, a sheaf EFr = E whose
stalks are integral domains in 4 such that the ring of global sections, I'(£), is canonically
isomorphic to the reflection of R into % .

We will start by considering a very rough approximation to the sheaf. As shown in
Proposition the set {G(R/P) | P € Spec(R)} forms a solution set for maps from
R to objects in J#. So a crude version of the sheaf would be to give Spec(R) the discrete
topology and erect a stalk G(R/P) at each P € Spec(R). The ring of global sections for
this sheaf is clearly the product [[{G(R/P)}. For each prime ideal P, we have a map
R— R/P—=G(R/P) and so there is an obvious injection R>— [[{G(R/P)}.

We claim that any map f : R— B, with B € % factors through this injection. If
P = ker(f) then f factors through R— R/P — G(R/P)— B and therefore through
R>— [[{G(R/P)} —G(R/P). However, this factorization is generally not unique. For
example, suppose that () C P are prime ideals of R and that there is a homomorphism
G(R/Q) — G(R/P) which makes the obvious diagram commute (as in the Definition
below). Then there are two maps from the product to G(R/P); one is the projection onto
G(R/P), the other map is the projection onto G(R/Q) followed by G(R/Q)—=G(R/P).

Thus we need to tighten up the topology on Spec(R). As we will see, correcting for
this possibility involves requiring that every open subset of Spec(R) be up-closed in the
following order on Spec(R):

3.2.1. DEFINITION. We define a partial order relation T on Spec(R), called the A-
ordering on Spec(R), by saying that Q T P in this ordering if Q@ C P and there is a
map G(R/Q) — G(R/P) such that

R/Q ——G(R/Q)

|

R/P<—~G(R/P)

commutes.
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But there is another potential difficulty. Suppose that u is an ultrafilter on Spec(R).
Since the set {G(R/P)} is indexed by P € Spec(R) there is an ultraproduct, which we will
temporarily denote by G, which is obtained as a quotient g, : [ | pespec(r) G (R/P)—G,.
Now we have one map R>— [[G(R/P)— G, which uses g,:

R— ] GR®/P)—G,

PeSpec(R)

There is another map (where P, is the kernel of the above map and [[ G(R/P)—G(R/P,)
is the projection associated with the product):

R— ][] G(R/P)—G(R/P)—GC,
PeSpec(R)

As we will see, correcting for this possibility involves requiring that every open subset
of Spec(R) be open in the patch topology. It can be shown that r € P, if and only if
{P|r € P} €uand P, is the limit (in the patch topology) of the ultrafilter u.

To correct for both of the problems mentioned above we need the following topology
on Spec(R).

3.2.2. DEFINITION. The A-topology on Spec(R) is defined so that a set is A-open if it
18 patch-open and up-closed in the A-ordering.

We note that the A-topology, which lies between the domain and the patch topologies
is compact, but unlikely to be Hausdorff. Note that in the Dom-invariant case C is the
same as C, and the 4-topology is the domain topology by Lemma [2.2.21] The converse
is also true, see Example [3.7.1]

As before we let Er = E be the space over Spec(R) with stalk G(R/P) over P €
Spec(R). We give Spec(R) the above topology. It remains to define a sheaf topology on E.
In effect, this means saying when z € G(R/P) is “close to” 2 € G(R/P’). Conceptually,
there are two basic ways of being close:

(1) We say that z and 2’ are close if there exist r, s € R such that z = r/s (in G(R/P))
and 2/ =r/s (in G(R/P))

(2) We also say that z € G(R/P) is close to 2’ € G(R/P’) if P C P’ and the associated
map G(R/P)— G(R/P’) takes z to 2.

Conceptually, we could use these notions to define a Section o : U —= 7' (U) to be
continuous if :

(1) Whenever o(P) = r/s (in G(R/P)) then there is a patch-open neighbourhood of
P such that if P’ is in the neighbourhood, then o(P’) =r/s (in G(R/P")).

(2) Whenever P C P’, then o(P’) has to be the image of o(P) under the canonical
map G(R/P)—G(R/P’).

But a definition along these lines would be awkward to work with. (Among other
things, we would also have to deal with the case when o(P) is not of the form r/s but is
a characteristic root of such a fraction.) We will instead use a less conceptual definition
that is technically convenient and prove that the continuous sections are characterized by
properties similar to the ones given above. See Proposition [3.4.5]
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3.3. TECHNICAL RESULTS NEEDED TO CONSTRUCT THE SHEAF. We assume that the
semiprime ring R is given. Since we will be talking about maps from R to another
semiprime ring, it is convenient to use the language of an R-algebra, as established by:

3.3.1. NOTATION.

1.
2.

An R-algebra consists of a ring S, together with a structure map R—S.
In this paper, the term “R-algebra” always refers to a semiprime ring over R.

If S and T are R-algebras, then a map S —T is an R-algebra homomorphism if
and only if the following triangle commutes (where the maps from R are assumed

to be the structure maps):
R S
T

If we are given a map R— S and we subsequently refer to the R-algebra structure
on S, then, unless the contrary is explicitly stated, we assume the given map R—=S.
is the structure map.

. We will use Isbell’s term dominion as interpreted in the category SPR. This means

that s € S is in the dominion of e : R—S if whenever g, h : S—T satisfy ge = he,
then g(s) = h(s). Note that if S’ C S is an R-subalgebra containing s, it is possible
that s be in the dominion of R — S and not of R—5’.

If S is an R-algebra and there is no danger of confusion, we will say that an element
of s € S is in the dominion of R if it is in the dominion of the structure map

R—S.

The R-algebra S is a finitely generated R-algebra if it is generated as an R-
algebra by a finite number of elements. This is equivalent to S being isomorphic
as an R-algebra to R[zy,...,xx|/J for some ideal J C R[xy,...,zg]. The structure
map R—=S in that case will be an injection if and only if RN.J = 0. The R-algebra
S will be semiprime if and only if J is a radical ideal (that is, an intersection of
prime ideals).

If R is a ring and A C R we denote by (A) the ideal generated by A and by (A) the
radical \/@ , the least radical ideal containing A. Note that a ring homomorphism
vanishes on A if and only it vanishes on (A) and, if the codomain is semiprime, this
is also if and only if it vanishes on (A).

The R-algebra S is finitely presented as a semiprime ring (or just “finitely
presented”) if it is isomorphic to R[z1,...,x|/(J) where J is finite.
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3.3.2. DEFINITION. Let R € SPR. be given. Then (H,h) is an R-dominator if H is a
finitely presented R-algebra and h € H is in the dominion of R.

3.3.3. LEMMA. If S and T are R-algebras and if f : S—=T is an R-homomorphism and
if s € S is in the dominion of R, then t = f(s) is also in the dominion of R.

PRroor. Obvious. |

3.3.4. DEFINITION. Let R—= S be a map in semiprime rings. The cokernel pair of a
map R—=S (in semiprime rings) is a semiprime ring C together with maps ¢y, co : S—=C
such that the following is a pushout diagram (in semiprime rings):

R S

S C

c2

If we regard R—= S as a structure map, then the cokernel pair is the coproduct of S with
itself in the category of (semiprime) R-algebras.

3.3.5. LEMMA. Let R—= S be given and let C' together with ci,cy : S —= C denote the
cokernel pair. Then s € S is in the dominion of R if and only if ¢1(s) = ca(s).

PRroOOF. This was shown by Isbell and follows from the definition of a pushout. ]

3.3.6. NOTATION. Suppose S is an R-algebra. We can write S = R[X]/I, where X is a set
of indeterminates and I is a radical ideal. The R-structure map is the obvious composite
R—=R[X]—R[X]/I = S. For any s € S, we can choose a set X and an element z € X
so that this composite takes x to s.

Let X’ be a disjoint copy of X so that each element x € X corresponds to an element
x' € X'. By extension, each polynomial f € R[X]| corresponds to a polynomial f € R[X"].
(Note that if » € R then " = r.) A subset J C R[X] then corresponds to a subset
J C R[X].

We regard R[X] and R[X'] as subrings of R[X U X’]. Given J C R[X] we let J denote
the radical ideal (J U J") C R[X U X'].

3.3.7. LEMMA. Suppose S = R[X|/I as above. Let q : R[X]—= S be the quotient map.
Then:

1. The cokernel pair for R—=S corresponds to R{IX UX']/I (where, as indicated above,
I=(I1ur)).

2. Suppose that q(x)_: s for some x € X. Then s is in the dominion of R if and only
if x = 2’ modulo I.

3. Suppose that q(x) = s for some x € X. Then s is in the dominion of R if and only
if there exists a finite subset J C I such that v = x’ modulo J.
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PROOF.

1. is obvious.

2. This follows from the above lemma.

3. This follows as I is clearly the filtered union of {.J} as .J varies over the set of all
finite subsets of . n

3.3.8. PROPOSITION. Let R—= S and s € S be given. Then s is in the dominion of R if
and only if there exists an R-dominator (H,h) and an R-homomorphism H —= S which
sends h to s.

PROOF. Suppose there is an R-dominator (H,h) together with an R-homomorphism
H — S which maps h to s. Then s is in the dominion of R by Lemma |3.3.3
Conversely, suppose s € S is in the dominion of R. Write S = R[X]/I where the set
X of indeterminates is in bijective correspondence with the elements of S. Let z € X
correspond to s. By the above lemma, we have that z — 2’ € I and, moreover, there exists
a finite set J C I such that z — 2’ € J. Let X, be the subset of all members of X which
includes z and all indeterminates, which appear in the elements of J C R[X]. Then we
can choose H = R[X,|/(J) and let h be the image of z. "

3.3.9. PROPOSITION. Let R € SPR. be given and let f(xy,...,x) € Rl[zy,..., 2] be a
polynomial in k indeterminates with coefficients in R. Then the set S of all prime ideals
P € Spec(R) such that f = 0 has a solution in G(R/P) is open in the A-topology on
Spec(R).

PROOF. Since S is obviously up-closed in the A-order, it suffices to show that S is open in
the patch topology. We will actually show that 7" = Spec(R) — S is patch-closed. If T" is
not closed, then there exists an ultrafilter u on 7" which converges, in the patch topology,
to P € S. For each Q € T, we see that G(R/Q) € % and we let B, be the corresponding
ultraproduct and let ¢, : [[{G(R/Q)|Q € T} — B, be the corresponding quotient map.
Since A is the category of models of a first-order theory, it is closed under ultraproducts
so that B, € #A. For each ) € T, there is a map hg : R— R/Q — G(R/Q) hence a
map h: R— [[G(R/Q). Let h, : R— B, be defined by h, = ¢,h.

We claim that ker(h,) = P. If a € P, then N(a) = {Q | a € @} is a neighbourhood of
P in the patch topology and hence belongs to u. Since hg(a) = 0 for all Q € N(a) € u,
it follows that hy,(a) = 0. Similarly, if a ¢ P, then Z(a) is a neighbourhood of P in the
patch topology and a similar argument shows that h,(a) # 0.

Thus we can regard R/P C B,. Since B, is a subdomain of some field in 4 that
contains R/P, we see that G(R/P) C B,. Since P € S, the equation f = 0 has a
solution in G(R/P) which is a solution of f in B,. Thus we have t1,...,t; € B, such
that f(t1,...,tx) = 0. For each prime @ and i = 1,...,k, let t;p € G(R/Q) be elements
such that (t;9) € [[ G(R/Q) lies above t;. Then f(ti,...,t;) = 0 implies that U = {Q |
f(tig,---,tkg) = 0} € u. But then U # 0 and Q € T € U contradicts the definition of
T. [
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By making an obvious modification of this argument, we can show:

3.3.10. PROPOSITION. Suppose fi,..., fn is a finite set of polynomials in Rlxy, ..., xx.
Then the set of all primes Q C R for which fy = --- = f, = 0 has a simultaneous solution
in G(R/Q) is open in the A-topology on Spec(R). n

3.3.11. LEMMA. Let S be a finitely presented semiprime R-algebra. The set of all primes
P C R for which there is an R-algebra homomorphism S —= G(R/P) is open in the
A-topology.

PROOF. Let S = R[xy,...,xx]/J. Let Jy C J be a finite set such that J = (Jy). The
existence of an R-algebra homomorphism S — G(R/P) is equivalent to the existence of
simultaneous solutions in G(R/P) to the equations f = 0 for every f € Jy. By the above
proposition, the set of primes for which this happens is open in the A-topology. [

3.3.12. COROLLARY. Let R be a semiprime ring, P C R be a prime ideal, and z €
G(R/P). Then there exists an R-dominator (H,h), and an R-algebra homomorphism
H—=G(R/P) for which the image of h is z.

PROOF. R— R/P — G(R/P) is epic, so every z € G(R/P) is in the dominion of R. m

3.4. CONSTRUCTION OF THE CANONICAL A-SHEAF. Let 4 be as above and let R €
SPR. In this subsection, we will construct the canonical A4-sheaf for R as a local
homeomorphism 7 : Er — Spec(R) whose stalks are domains in %.

3.4.1. NOTATION. Let 4 satisfy the blanket assumptions of and let R € SPR be
given. Then:

1. We let Er = E be the disjoint union | J{G(R/P) | P € Spec(R)}.

2. g = m : E —= Spec(R) denotes the map for which #~'(P) = G(R/P) for all
P € Spec(R).

3. For each R-dominator (H,h) we let W(H) C Spec(R) denote the set of all P €
Spec(R) for which there exists an R-homomorphism h : H — G(R/P).

4. Given an R-dominator (H,h), we let () : W(H) — E denote the function for
which (g n)(P) = f(h) where f : H—G(R/P) is an R-homomorphism. Note that
f need not be uniquely determined but f(h) is uniquely determined as h is in the
dominion of R.

3.4.2. DEFINITION. Let A, R and E = FEgr and m = mg, etc. be as above. We give
Spec(R) the A-topology and for each R-dominator (H,h) give W(H) C Spec(R) the
relative topology. We then give E the largest topology for which (g py is continuous for
every R-dominator (H, h).

We will call the maps (u,) the canonical local sections.

We will prove that 7 : E— Spec(R) is a local homeomorphism and therefore defines
a sheaf which we will call the canonical A4-sheaf for R.
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The tensor products used in the following argument should be understood as taking
place in the category SPR. This means take the ordinary tensor product and factor out
by the ideal of nilpotents. This tensor product is then a coproduct in the category of
semiprime R-algebras.

3.4.3. THEOREM. Let R € SPR be given and let E = Er and m = mg : E— Spec(R) be
as defined in and [3.4.9 Then 7 is a local homeomorphism that defines a sheaf of
R-algebras all of whose stalks are in AB.

The theorem readily follows from the steps below.
Step 1: For each z € E, there is an R-dominator (H, h) such that (g (m(2)) = 2.

PROOF. Given z € E, let P = 7(2). Then z € G(R/P). By Corollary |3.3.12] there is an
R-dominator (H, h) and a map H — G(R/P) for which the image of h is z. It is readily
shown that (H,h) has the required property. n

Step 2: The canonical local sections, {( )} defined in Definition agree on open
sets.

PROOF. Let (Hy, hy) and (H», hy) be R-dominators. Let ¢ = (s, ,n,) and (o = ((p,hy)- Let
R[z]—H; be the R-homomorphism which sends x to h; (fori = 1,2). Let H = H1® gy Hs
and let h = hy ® 1 = 1® hy € H. Clearly H is finitely presented. An R-algebra map
g : H—T is a pair of R-algebra maps (g1, ¢g2) of maps ¢; : Hi—=T and g, : Hy—T for
which g1 (h1) = ga2(hs). From this it readily follows that (H, h) is an R-dominator and that
there is an R-algebra map f : H — G(R/P) whose components are f, : H; — G(R/P)
and fy : Hy—= G(R/P). Let ( = ((H,h). Clearly, ( = (; and ¢ = (, on the intersection
of their domains. Moreover, it follows that whenever (;(Q) = (2(Q) then @ is in the
domain of {. So ( is a canonical local section on which ¢; and (, agree. [

Note: The above two steps show that m : £ — Spec(R) is a sheaf (that is, a local
homeomorphism). The next two steps will show that 7 is a sheaf of R-algebras.

Step 3: The sum and product of any two sections are continuous.

PROOF. Let (Hy, h1) and (H,, hy) be R-dominators and let (i = ((u, p,), and (o = (1, hs)-
The intersection of the two domains is open and we will define a section representing the
sum on that intersection. Let H = (H; ®r Hs). By Let h = (hy ® 1) + (1 ® hy). By
Lemma [3.3.3] we see that hy ® 1 and 1 ® hy are in the dominion of R and it follows that
h is also in the dominion of R. Moreover, H is clearly finitely presented as an R-algebra.
Let ¢ = Ca,p)- It is readily shown that ¢ is well defined and the domain of ¢ includes the
intersection of the domains of (; and (5. Furthermore, on that intersection, ( is the sum
of ¢; and (5. A similar proof works for the product. [

Step 4: The constant sections are continuous.

PROOF. We have to show that for each r € R the section 7 for which 7(P) is the image
of r in G(P/R) is continuous. Let H = R and h = r. Then 7 = (g ). n
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3.4.4. DEFINITION. We let v : R—=T'(E) denote the canonical injection such that v(r)
18, for each r € R, the constant section 7 defined at the end of the above proof. If there
is no danger of confusion, we will sometimes write r for v(r) orT.

3.4.5. PROPOSITION. Let R be a semiprime ring and let m : E—=Spec(R) be the canonical
A-sheaf. Let U C Spec(R) be open in the A-topology. Then a function f: U —= E, with
f(P) € m=Y(P) = G(R/P) for all P € U is a continuous section if and only if the

following two conditions are met:

1. Whenever there exist r,s € R with sf(P)* = r where { is a characteristic power in
the domain G(R/P), then there is a patch-open neighbourhood W of P such that
for all P € W, we have sf* =r (in G(R/P")).

2. Whenever QQ C P for Q, P € U then f(P) = q(f(Q)) where ¢ : G(R/Q)—G(R/P)
18 the unique R-homomorphism.

PROOF. Assume that f is a continuous section on U. Suppose sf(P)* = r. Then the
local sections sf* and r agree at P so must agree on an A-open set, and therefore on a
patch-open set. Similarly, given () C P, we have that f must agree with a local section
o (as defined in the above proof) on a neighbourhood (in the A-topology) of (). But
every such neighbourhood is up-closed in the C-order and therefore must contain P. A
straightforward verification shows that every local section o satisfies o(P) = ¢(c(Q)) so
the same must be true of f.

Conversely, assume that f : U —= E is such that f(P) € 771(P) for all P € U and
that the above two conditions are satisfied. We will show that f is continuous at @) for
an arbitrary () € U. Let o be a local section, defined on an A-open neighbourhood W
of @ with f(Q) = o(Q). It suffices to show that f and o agree on an A-open set. Let
V={P eUnW | f(P') = o(P")}. Since both f and o satisfy condition (2), it is
clear that V' is up-closed in the C-order. It remains to show that V' is open in the patch
topology. Let P’ € V be given.

We first consider the case when char(R/P) = p > 0 (so p € P’). Then there exists
¢, a power of p, and 7,s € R such that f(P')* = r/s (in G(R/P’)) and s ¢ P'. Clearly,
we have sf(P')* = r. Since P’ € V we see that o(P') = f(P') so so(P')* = r. By
hypothesis, we see that sf(P’')* = r for all P’ in a patch-neighbourhood of P and, by
the above argument, so(P')¢ = r for all P in a patch-neighbourhood of P. So there is a
patch-open neighbourhood Wy with P € Wj and on which both f and o are defined and
such that for all P’ € W, we have both sf(P')¢ = r and so(P')* = r. Since p € P, we
have N (p) is a patch-neighbourhood of P. Since s is non-zero mod P, we have that Z(s)
is also a patch-neighbourhood of P. It follows that sf‘ = r = so’ on the patch-open set
Wy =WyN N(p)N Z(s). Since s # 0 in G(R/P") for all P" € Z(s), we see that f*= o*
on Wy. Since ¢ is a power of p, and since char(R/P") = p for all P” € N(p), we see that
pth roots are unique for all P” € W;. It follows that f(P") = o(P") for all P” € W;. So
W1 is the required neighbourhood where f = o,
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Finally we consider the case where char(R/P’) = 0. A simpler version of the above
argument now applies, as we must have ¢ = 1. In both cases, f and o agree on an 4-open
subset of U so f is continuous. n

3.4.6. REMARK. As shown in the above proof, we may assume that all prime ideals P”
in the patch-open neighbourhood mentioned in condition 1 satisfy s # 0 modulo P” |
and further assume that either ¢ = 1 or that ¢ is a power of a prime number p and the
patch-open set in condition 1 contains only prime ideals for which char(R/P’) = p.

3.5. THE CANONICAL SHEAF REPRESENTATION PROPERTY: WHEN IS I'(Egr) = K(R)?
Let R € SPR be given. We want to know when the canonical map v : R—TI'(Eg) is
the adjunction map of the reflection of R into .#. We will show there are several cases
in which I'(Eg) is the reflection, but the general question of whether this is always true
remains open.

3.5.1. DEFINITION. We say that R € SPR has the canonical sheaf representation
property with respect to 4, if vR : R—=T(ER) is the reflection of R into J .

We say that A has the canonical sheaf representation property if every R € SPR.
has this property with respect to 4.

3.5.2. NOTATION.
1. In what follows, we assume that R € SPR is given and use F for Fr and 7 for 7.

2. We identify r € R with the corresponding constant section in I'(E), so v denotes
the canonical embedding R ~—T'(E).

3. Let P € Spec(R) be given. Define P* € Spec(I'(E)) by P* = {¢p € I'(E) | ¥(P) =
0}. Clearly P* is a prime ideal of I'(F) and lies over P.

Our objective is to find and prove several conditions which are equivalent to the
canonical sheaf representation property. We first show that I'(F) lies in the limit closure
2 . We actually prove the following more general result:

3.5.3. THEOREM. Let Z be any class of rings that is closed under ultraproducts. Let the
local homeomorphism 7 : F'—= X be a sheaf of rings such that, for each x € X, the stalk
F, = n=Yx) is in #Z. Then the ring of global sections of the sheaf is in the limit closure

of %.

PRrROOF. If u is an ultrafilter on X, we denote by F, the corresponding ultraproduct of
the {F,}. Thus there is a quotient map q, : [[ F, — F,. If u is an ultrafilter, let cnv (u)
denote the set of limits of u.

We find it convenient to use the definition of an ultraproduct as a colimit of products
taken over members of the ultrafilter: F, = colimye, (erU Fz), taking the colimit over
inclusions. We use this to define a map my,, : F}, — F,, whenever u converges to y. For
z € F,, choose a local section ¢ : U — F' defined on a neighbourhood U of y such that

Y(y) = z. Then we let my,(2) = (¥(2))rev. This is an element of [, .., F, which is one
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of the components of F, since U is a neighbourhood of z. If ¢’ is another local section
defined on a neighbourhood U’ of y such that ¢/(y) = z, then ¢ = ¢’ on a neighbourhood
of y which is also in u and so gives the same element of the ultrafilter.

Now let H = [[,cy Fr and K = [[,(F,)™ ™. For x € X, let p, : H— F, be the
product projection. For an ultrafilter u and y € cnv(u), we let py, : K — F, be that
product projection. We define two maps 3,y : H — K whose equalizer is, we claim, the
set of global sections. Define 8 so that p,,8 = my,p, and define v so that p,,v = qu.
Clearly the equalizer L of g and ~ is in the limit closure of Z. We now show that L is
isomorphic to the ring of global sections of the sheaf. Note that each element of H can
be thought of as a map ¢ : X — F' for which m = 1x. Moreover v € L if and only
if qu(¢) = muy(¥(y)) whenever u converges to y. But this is equivalent to saying that
1 preserves the convergence of the ultrafilter u and ¢ preserves the convergence of all
ultrafilters if and only if ¢ is continuous, or is a global section. [

3.5.4. REMARK. The above theorem can clearly be generalized further, for example to
algebras other than rings. See |[Kennison 1976, Lemma 2.5].

3.5.5. DEFINITION. We say that R has the unique prime-lifting property if for every
P € Spec(R), the ideal P* is the unique prime ideal of I'(E) that lies over P.

3.5.6. DEFINITION. R has the fractional root property if for every global section ¢ €
['(ER), every P € Spec(R), and every P, € Spec(I'(ER)) lying over P, there existw,v € R
and a characteristic power £ € N such that:

1. w¢ P.
2 wet —ve R
3. If o ¢ P*, thenv ¢ P.

Note that these conditions say that, modulo Py, the section ¢ is the {-th root of the
fraction v/w with v ¢ P unless ¢ € P*.

3.5.7. THEOREM. Let R € SPR_ be given. Then the following conditions are equivalent:

1. R has the canonical sheaf representation property (that is, the ring of global sections

of the canonical sheaf is K(R), the reflection of R into ).
2. The natural map v : R—=T(E) is epic in SPR..
3. The map v : R—=T'(E) has the unique prime lifting property.

4. R has the fractional root property.
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PROOF. I = 2: Trivial since R— K(R) is epic.

2 = 1: As noted earlier, every map f : R—= A with A € A4 factors through v (as
['(E) C TI{G(R/P}, see the discussion in [3.2)). By hypothesis, v is epic, so v has the
unique extension property with respect to every object in 4. Since I'(E) € £, by
and [2.2.13] we conclude that v is the reflection map.

2 = 8: Assume v : R—=T'(E) is epic in SPR. Let P, P, € Spec(I'(E)) be two ideals
lying over P € Spec(R). Then, by Proposition there is a field F' and a commutative
diagram

R/P——T(E)/P,

NE)/P,——F
Since v is epic, we have that

P(E) —=T(E)/P, &~ F = D(E) —T(E)/ Py~ F

and this implies that P, = Ps.

3=>/: Suppose ¢ € I'(E), P C R is prime and P* is the unique prime ideal of T'(F) lying
above P. Then ¢(P) € G(R/P) which, by means that there is a characteristic
power ¢(P)* such that we(P)* —v = 0 in G(R/P), which implies that w¢(P)* —v € P*.
The remaining details are straightforward.

4 = 2: We first prove that 4= 3 and then show that 4 + 3 = 2. Assume the fractional
root property and let P; be a prime ideal of I'(E') lying over P € Spec(R). We claim that
P, C P*. If not, there exists ¢ € P, — P*. By 4, there exist w,v € R and a characteristic
power £ such that w ¢ P and w¢’ — v € P; and, since ¢ ¢ P*, we also have v ¢ P. Then,
since ¢ € P, and wo¢’ —v € Py, we see that v € P, so v € RN P, = P, a contradiction.

We next claim that P* C P;. Assume ¢ € P* is given. By 4, there exist w,v € R and
a characteristic power ¢ such that w ¢ P and w¢®—v € P;. But, as shown above, P, C P*
so we’ —v € P*. Since ¢ € P* and w¢’ —v € P*, we see that v € P* sov € RN P* = P.
From w¢! —v € Py and v € P C P;, we get w¢® € P, and, since w ¢ Py (as this would
imply w € P) we get ¢ € P.

Therefore v : R—=T'(F) has the unique prime lifting property and it remains to show
that v is epic. Let g1, g2 : I'(E) — F be maps in SPR for which g;v = gov. Since every
semiprime ring is a subring of a product of fields, we may assume that F' is a field. Let
P; = ker(g;) for i = 1,2. Let P = ker(g1v) = ker(gar). Then, by the unique prime lifting,
we see that P, = P, = P*.

Let ¢ € I'(E) be given. By the fractional root property, we see that there are w,v € R,
with w ¢ P and a characteristic power £ € N such that w¢® — v € P*. But this clearly
implies that any R-homomorphism R —= F takes ¢ to the unique root of wa’ — v as

w ¢ ker(g;). =
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3.6. WHEN 1S Q C P? Assume we are given 4, a class of domains satisfying the assump-
tions of [3.1.1} Let R be a semiprime ring and let @), P be prime ideals of R with Q) C P.
In this subsection, we will find conditions under which ) C P, then use these and related
conditions to show that certain classes of reflections have the fractional root property.

3.6.1. LEMMA. Let Q, P C R be prime ideals of the semiprime ring R with Q C P. Then
Q C P if and only if G(R/Q) has a prime ideal P' which lies over P.

PRrROOF. If Q) C P then we can let P’ be the kernel of G(R/Q) — G(R/P). Conversely,
suppose that P’ is a prime ideal of G(R/Q) lying over P. Let C' = G(R/Q)/P’. Then the
map R/Q——G(R/Q)—=C clearly factors through an injection R/P>—C'. By Proposition
2.2.1] there exists a field F' € A4 together with maps C'> F' and G(R/P) = F such
that the diagram formed by these maps and the maps from R/P to C' and to G(R/P)
commutes. Define B so that the following diagram is a pullback:

B G(R/Q)
'
i
G(R/P) F

We see that B € £, as J is limit closed. By the pullback property, there exists a
map R/Q) = B making everything commute. By definition of G(R/Q), and the fact
that B € ', we see that the map B > G(R/Q) is invertible and we may assume that
B = G(R/Q). The map B — G(R/P) is then the required R-homomorphism which
shows that ) C P. =

3.6.2. LEMMA. Let Q, P C R be prime ideals of the semiprime ring R with Q C P. Then
there exists at most one prime ideal P' of G(R/Q) satisfying the above conditions.

PROOF. Suppose that P’ and P” are two such prime ideals. Let C' = G(R/Q)/P’
and C" = G(R/Q)/C". The map R— R/Q — G(R/Q) —= C" is clearly epic (as
R/Q — G(R/Q) is epic, etc.) and has kernel P so it factors as R— R/P — C’ where
R/P — (' is epic. Similarly, there is an epic map R/P — C”. By the corollary to
Lemma m, this implies that the inclusion R/P<“=Q(R/P) factors through R/P—C"
by a map C' —=Q(R/P). Similarly, there is a map C” —=Q(R/P). Since R—G(R/Q)
is epic and since R — G(R/Q) — C" —= Q(R/P) is the canonical embedding as is
R—=G(R/Q)—=C"—=Q(R/P) it follows that the map from G(R/Q)—C'—=Q(R/P)
is the same as G(R/Q) — C” — Q(R/P), which obviously implies that P’ = P". n

3.6.3. DEFINITION. Let Q, P C R be prime ideals of the semiprime ring R with (Q C P.
Then (p1,...,Pn; 21, -+, %) 1S a (Q, P)-obstacle if each p; € P and each z; € G(R/Q)
and p1z1 + + -+ + pnzy is in the image of R — P under the map R— R/Q — G(R/Q).



258 MICHAEL BARR, JOHN F. KENNISON, R. RAPHAEL

3.6.4. PROPOSITION. Let QQ, P C R be prime ideals of the semiprime ring R. Then
Q C P if and only if @ C P and no (Q, P)-obstacle ezists. Moreover, y € G(R/Q) is in
the kernel of the unique R-homomorphism G(R/Q)—=G(R/P) if and only if there exists
r € R— P and a positive integer m and (p1,...,Pn; 21, - -, 2n) with each p; € P and each
zi € G(R/Q) such that ry™ = p1z1 + -+ + Ppzn-

PROOF. Suppose (p1,...,pn;21,---,2,) is a (Q, P)-obstacle. Then we claim that @ £ P.
Assume h : G(R/Q)—=G(R/P) is an R-homomorphism. Let s = p12; + -+ pp2, be in
the image of R — P. Since s € R — P, we see that h(s) # 0. But, clearly, h(p;) = 0 for all
i so h(s) =0 which is a contradiction.

Conversely, assume that no (Q, P)-obstacle exists. Then regard P as an ideal of
R/Q, which is clearly possible as Q C P. Let P be the ideal of G(R/Q) generated by
PCR/Q CG(R/Q). (Note that P need not be a prime ideal of G(R/Q), just an ideal.)
Then:

P={piz14 4 puza | pi € P and 2z € G(R/Q) for all i}

Let M be the image of R— P in G(R/Q). Clearly, M is a multiplicative subset of G(R/Q).
Since no (@, P)-obstacle exists, we see that the ideal Pis disjoint from M. Let P’ be an
ideal which is maximal among the ideals of G(R/Q) that contain P and are disjoint from
the multiplicative set M. It is well known (and readily proven) that P’ is a prime ideal
of G(R/Q) and it obviously satisfies the conditions of Lemma [3.6.1]

If there are elements r,m,py,...,pp,21,...2n, € R with p;, € P, r ¢ P and ry™ =
p1z1 + -+ + pnzn, then clearly y € P’. But if there exists no such expression, then the
multiplicative system M, generated by R — P and y, which consists of all elements of
the form ry™, does not meet ﬁ, so we can choose P’ disjoint from M, and so y ¢ P'.
Since P’ is unique by it clearly follows that P’ consists precisely of those elements
y satisfying ry™ = p121 + - - - + pn 2, as required. [

3.6.5. DEFINITION. Let R be semiprime ring and assume R C S C I'(E). For each prime
ideal P of R let P* = P* N S. Note that for every prime ideal Q of R we can regard
R/Q C S/Q* C G(R/Q). We then say that R C S C I'(E) is admissible if:

1. For all Q, the map R/Q —=S/Q% is epic.

2. Whenever Q C P are prime ideals of R then QQ T P if there exists a prime ideal P’
of S/Q% such that P'N R/Q is P (where P is regarded as a prime ideal of R/Q).

3.6.6. DEFINITION. If R C S C T'(F) is admissible, we will say that (p1,...,Pn; 21, -, 2n)
is an S-obstacle from Q to P if each p; € P and each z; € S/Q% and p1z1 + -+ pp2n
is in the image of R — P under the map R— R/Q —= S/Q.

3.6.7. LEMMA. Let R C S CI'(E) be admissible. Then the following three conditions are
equivalent:

1. QCP.
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2. There is no S-obstacle from @ to P.
3. There is an R-homomorphism S/Q% —= S/P#.

Moreover, if the above equivalent conditions hold, then P', the kernel of the R-
homomorphism S/Q% —=S/P# is the set of y € S/Q¥ such that ry™ = p1z1+ -+ + Pnn
for some z; € S/Q% and p; € P.

PROOF. Assume ) C P then clearly Q* C P* and Q% C P# so 3 follows. The arguments
given in the proofs of Lemma |3.6.2| and Proposition [3.6.4] can now be modified slightly to
complete the proof of the equivalence of 1,2 and 3.

The proof about the characterization of the kernel of S/Q# — S/P# also follows by
adapting the arguments in |3.6.2 and [3.6.4} m

3.6.8. DEFINITION. Let R be a semiprime ring and let I'(E) be the ring of global sections of
its canonical sheaf. We say that R satisfies the fractional root property at ¢ € I'(E),
if whenever Py is a prime ideal of I'(E) lying over some prime P of R there exist w,v € R
and a characteristic power { such that w ¢ P, we¢* —v € Py and if ¢ ¢ P* thenv ¢ P.

3.6.9. PROPOSITION. If R C S C TI'(F) is admissible, then R has the fractional root
property with respect to ¢ whenever ¢ € S.

PROOF. Let ¢ € S and let P, € Spec(I'(F)) be a prime lying over P € Spec(R). We must
find w,v € R and a characteristic power ¢’ such that the conditions in Definition m
are satisfied. Our approach will be to find, for each @ € Spec(R), an element (g € I'(E)
such that (o(Q) = 0 and, if (g € P, then the desired elements w, v can readily be found.
So let @ € Spec(R) be given. We consider the following cases:

Case 1: Q € P. In this case, we can choose r € ) — P. We can choose w, v, { so that
#(Q) is determined by the equation ¢(Q)* = v/w with w ¢ Q. We can further assume
that w ¢ P and v ¢ P. For if w € P, we can replace w by w + r and similarly v can be
replaced by v + r, if necessary. Let (g = w¢* — v,

Case 2: () C P. Let e : S—= G(R/Q) be defined by evaluation at @), so that eg(¢) =
#(Q). Since Q* = ker(eq), we can regard it as a map S —= S/Q% = G(R/Q) where
S/Q* is identified with a subring of G(R/Q).

Subcase 2a: @Q T P. Note that ¢(Q) € S/Q%. Let a be the image of ¢(Q) in S/P¥.
Then « is determined by a condition of the form wa’ — v = 0. It follows that for some
r € R — P we can write r(wp(Q)* — v)™ = p1dy + -+ + pnd,. For each i, let J; € S be
such that 6;(Q) = d;. Let (g = r(w¢’ —v)™ — (p161 + - - - + pnd,). Note that if v € P then
a = 0 and since @ C P, we see that ¢(P) =0 so ¢ € P*

Subcase 2b (Q IZ P: Then there must exist an obstacle given by r = pid; + -+ + p,d,
with r € R — P and each p; € P. Again, we let §; € S be such that §;(Q) = d;. Let
Cog=71—(p161 + -+ + ppdy). Then (o(Q) = 0 and we cannot possibly have (o € P;. So
it follows trivially that if (¢ € P;, then R has the fractional root property at ¢. We call
this the “impossible case”.
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For each () € Spec(R), let W be the open set (in the A-topology on Spec(R)) where
(o = 0. This is clearly an open neighbourhood of ). So the neighbourhoods {Wg} cover
Spec(R). Compactness implies that there is a finite subcover Wy, ..., Wq,. It follows
that the finite product (g, - - - (g, = 0. Since P; is prime, there exists ¢ with (o, € P (so
@Q; cannot be in the impossible case) and this readily implies that we have the required
global section of the form w¢’ — v € P;. [

3.6.10. COROLLARY. If I'(E) — G(R/Q) is always surjective then R has the fractional
root property.

PROOF. Clearly, S = I'(E) is admissible, so the result follows from the above proposition.
n

3.6.11. COROLLARY. In the Dom-invariant case, every R has the fractional root property.

PROOF. Let ¢ € I'(F) and let S = R[¢] C I'(E). Then R C S C I'(E) is admissible
because R/Q —= S# is always epic by Theorem and, because () C P whenever
@ C P. The proposition now implies that R has the fractional root property with respect
to ¢ and the result follows as ¢ is arbitrary. n

Putting this together with Theorem [3.5.7] we conclude:

3.6.12. THEOREM. In the Dom-invariant case, every ring R has the canonical sheaf rep-
resentation property, that is v : R—T(F) is the reflection of R into J . [

3.7. EXAMPLES. Our examples for this section illustrate several ways of proving the
canonical sheaf representation property. We do not have any example where it fails and
the question of whether it always holds remains open as far as we know.

Recall the convention of that if 4., denotes a category of domains, then 7,
denotes its limit closure and %y, denotes the domains in J#,.

3.7.1. EXAMPLE. Suppose that for every R € SPR_, the A-topology on Spec(R) coincides
with the domain topology. We will then prove that we are in the Dom-invariant case,
so, as noted above, the canonical sheaf representation property holds. We first claim
that whenever @), P are prime ideals of R with ) C P, there is an R-homomorphism
h:G(R/Q)—G(R/P). To prove this claim, let z € G(R/Q) be given. Let E—Spec(R)
be the canonical sheaf. Then there is a local section ¢ : U — E with ((Q) = z, where
U is a neighbourhood of ). But in the domain topology, every neighbourhood of @) is
up-closed, so P € U. Define h(z) = ((P). Since local sections must agree on open sets, we
see that h(z) is uniquely defined. Since sums and products of local sections are sections,
we see that h preserves addition and multiplication. Similarly, A preserves the elements
of R as for each r € R, there is a “constant” section v(r). Applying this map h to the
case where R = D, a domain and @ is the zero ideal, we get a proof of Theorem [2.3.1]2]
so we are in the Dom-invariant case.
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3.7.2. EXAMPLE. Let R € SPR be given and suppose the 4-topology on Spec(R) coin-
cides with the patch topology. We claim that in this case I'(E) — G(R/P) is surjective
for all prime ideals P, which, by Corollary [3.6.10, proves the canonical representation
property. To prove the claim, let z € G(R/P) be given. There is a neighbourhood U of
z and a local section (, € I'(U) with (o(P) = z. Since the patch topology has a base
of clopen sets, we can choose U to be clopen. We can then define ( € I'(F) so that
C(Q) = (o(Q) whenever @ € U and define ((Q)) = 0 whenever @) ¢ U.

For example, this happens for all R if A is the category of fields or the category of
perfect fields.

3.7.3. EXamMPLE. If R € SPR, then there is clearly a unique morphism Z — R where Z
is the ring of integers. For each n € Z, we let ny denote the image of n in R. If there is
no danger on confusion, we simply write n for ng. We call the elements of the form ng
the integers of R.

We say that R € SPR is quasi-rational if every integer of R has a quasi-inverse.
We let Ao be the class of quasi-rational domains. It is clear that the class of all quasi-
rational rings is closed under limits, hence J#;,; is contained in the class of quasi-rational
rings. But there are quasi-rational rings which are not in g, see for a quasi-
rational ring that is not in the limit closure of any class of domains. A description of
Harat 1s given in [4.4.3]

If D is a domain, then G(D) is obtained by adjoining inverses for each non-zero integer
of D. If E = Ej for some R € SPR then I'(F) € #ga and hence is rational and the
evaluation map I'(F) —=G(R/P) sends integers to integers and therefore sends the quasi-
inverses of integers in I'(E£) to the quasi-inverses of integers in G(R/P). Since G(R/P) is
generated by these quasi-inverses, it follows that I'(E) — G(R/P) is surjective for all P
and so Ay, has the canonical sheaf representation property by Corollary .

3.7.4. EXAMPLE. Recall that 4, denotes the full subcategory of all perfect domains. A
description of ., is given in section @ and it is clearly first order. Since A, € Aper,
it follows from Theorem [2.3.1][15] that the limit closure of Ape, is Dom-invariant and by
Corollary it has the canonical sheaf representation property.

3.8. POLYNOMIAL OPERATIONS. As in Section 2l we assume that % is the limit closure
of a full subcategory, A4, of domains such that the conditions in are satisfied.

Many of our examples involve essentially algebraic operations (see such as the
polynomial operations, see [3.8.4l In this subsection we will show that such operations
often arise, particularly in the Dom-invariant case and when A4 is first order.

3.8.1. REMARK. An essentially algebraic theory consists of an equational theory in
the usual sense, with operations and equations, which may be infinitary, augmented by
partial operations whose domains are given by equational conditions in the operations,
both in the total operations and in the other partial operations as well as equations that
may involve both the operations and partial operations. If all operations and partial
operations depend on only finitely many variables, then the essentially algebraic theory
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is called finitary. But even a finitary theory might have infinitely many operations and
partial operations.

Morphisms of the algebras for such a theory are required to preserve all operations and
partial operations. However, in all the examples in this article, the values of the partial
operations are uniquely determined by the equations they satisfy. Thus the algebras for
the theory form a full subcategory of the algebras for the subtheory consisting of the total
operations and all the equations they satisfy.

As an example, we look at the theory whose operations and equations are those of
commutative rings. Add a partial operation w whose domain is {z | z* = 0} that satisfies
the equations w(x) = = and w(x) = 0. The algebras for this theory is the category of
semiprime rings. The value of this operation is uniquely determined by being 0.

For an example of a non-finitary theory, consider the following infinitary partial oper-
ation w. The domain is described as {z,y2, Y3, -, Yn,.-- | Y3 =2, 05 =2,...,y" =x,...}
and subject to the equations that for z = w(x,ys,...), then 2?2 = z and x2* = 2. Tt is
well known that z and z uniquely determine each other. A UFD satisfies this, since an
element with all nth roots is either 0 or invertible. The limit closure of UFDs is not closed
under ultraproducts (see [2.4)), which illustrates the results of the following proposition,
whose proof we leave to the reader. (We use, and prove, a more detailed version of this
proposition.)

3.8.2. PROPOSITION. The algebras for an essentially algebraic theory are limit closed in
the category of algebras for the total operations and equations. If the theory is finitary, it
1s also closed under filtered colimits and, in particular, ultraproducts. [

3.8.3. NOTATION.

1. For any ring R, we let |R| denote its underlying set. So a function A from R to S,
which is not necessarily a homomorphism, will usually be denoted by h : |R|—|S]|.

2. In this subsection we assume that X is a set, possibly infinite, whose elements will
be called independent variables.

3. We assume that y denotes any entity which is not in X and which will be called the
dependent variable.

4. Asusual, Z[X] is the ring of polynomials in the variables X with integer coefficients,
and Z[X U {y}] is the ring of polynomials in X U {y}.

5. If R is a ring and ¢ : X — |R| is a function, and if f € Z[X], then f(i) € R is
obtained by replacing each variable x € X with i(x) € R and evaluating in the
usual way.

6. Similarly if 7 is as above and if ¢ € Z|X U{y}] and r € R, then g(i,r) € R is
obtained by replacing each variable x € X with i(x) and replacing y with r and
evaluating.

We then say that (i,7) is an extension of i.
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7. If F C Z[X], then an interpretation of (X, F) in R is a function i : X — |R|
such that for f(i) =0 for all f € F.

8. Similarly, if G C Z[X U {y}], then an interpretation of (X U {y},G) in R is a
function i : X — | R| together with an element r € R such that for g(i,r) = 0 for
all g € G.

3.8.4. DEFINITION. Let X and X U {y} be as in the above notation. A polynomial
operation is determined by sets F' C Z[X]| and G C Z[X U {y}] such that for every
semiprime ring R and every interpretation i : X — |R| there exists at most one r € R
such that (i,7) is an interpretation of (X U{y},G) in R.

We say that R is a model of (F,G) if for every interpretation i of (X, F) in R there
exists r € R (necessarily unique) such that (i,r) is an interpretation of (X U {y}, G) in
R. A polynomial theory is given by a possibly infinite set Q0 of polynomial operations. The
semiprime ring R is a model of the theory ) if and only if R is a model of each operation
w e Q.

3.8.5. DEFINITION. The polynomial operation (F,G) will be called finitistic if F' and G
are finite.

We can always assume that X is the set of indeterminates that actually appear in F'
and G, so we may assume that X is finite in the finitistic case.

3.8.6. PROPOSITION. Let A be a first-order class of domains such that J£, the limit

closure of A, is in the Dom-invariant case. Then there is a finitistic polynomial theory ()
such that & is the class of all models of §2.

Before proving this Proposition, we introduce some definitions and lemmas.

3.8.7. DEFINITION. Let A, ¢, and the reflector K be as in section|[d. We say that the
polynomial operation (F,G) is a polynomial operation on 4 if every A € 4 is a model
of (F,G).
3.8.8. LEMMA. If (F,G) is a polynomial operation on A, then every ring in & is a model
of (F,Q).
PROOF. It is easily shown that the class of all rings which are models of (F,G) is closed

under products and equalizers. [

3.8.9. LEMMA. If (F,G) is a polynomial operation on A, then, using the above notation,
the map k : Z|X|/(F) —Z[X U {y}]/(F UG) is epic in SPR.

PROOF. Suppose that m,n : Z|X U {y}|/(F UG) — R are given with mk = nk. Since
we can embed R into K(R) it suffices to prove this for R € J#". But, in view of the above
lemma, we must have m(y) = n(y) but this clearly implies that m = n. =
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3.8.10. LEMMA. There exists a finite set Hy C F U G such that the homomorphism
ZIX|/(F)—Z[X U{y}]|/(H,) is epic.

PROOF. The map k : Z[X|/(F)—Z[X U{y}]/(FUG) was shown to be epic in the above
lemma. Clearly, for any H C F'UG, the map k : Z[X]/(F) —Z[X U {y}]/(H), will be
epic if and only if y is in the dominion of Z[X]/(F). Now, by Lemma there is a
finite set H; C F' UG for which y € Z[X U {y}]/(H;) is in the dominion of Z[X|/(F). =

3.8.11. LEMMA. Let % be a collection of subsets of a set S. Recall that % has the bf
finite intersection property (fi.p.) if every finite set {Uy,U—s,...,U,} C % has non-
empty intersection. Then there exists an ultrafilter u on S with % C u if and only if %
has f.i.p.

PRrROOF. If % is contained in an ultrafilter it is immediate that % has f.i.p. Conversely,
suppose that % has fi.p. Then let .# be the family of all subsets of S that contain a
finite intersection of sets from %/. Clearly, .% is a filter of subsets and therefore it can be
extended to an ultrafilter. [

3.8.12. LEMMA. Assume that A is closed under ultraproducts and let (F,G) be a polyno-
mial operation on A. Then there are finite subsets Fy C F and Gy C G such that (Fy, Gy)
15 a polynomial operation on 4.

Moreover, whenever a semiprime ring R is a model of (Fy, Go) then it is also a model

of (F,Q).

PRrROOF. Let H; C FUG be as in the above lemma. Let F; = HiNF and Gy = Hi NG.
Now say that a subset S C F'is adequate if F; C S and every map Z[X]/(S) — A with
A € A4 has an extension (necessarily unique) to a map Z[X U {y}]/(S U Gy) — A. It
follows that S, with F; C S C F'is adequate if and only if for every map Z[X]/(S) — A
with A € 4, there exists a unique a € A such that g(a) = 0 for all g € Gy, as we can then
map Z[X U{y}] — A by sending y to a. (Our notation suppresses the variables from X
that might appear in g as these variables have already been assigned to values in A by
the given map Z[X]/(S) — A.)

For example, S = F is clearly adequate as every map Z[X|/(F)—A has an extension
to a map Z[X U {y}]/(F UG) — A because A is a model of the polynomial operation
(F,G). We claim that F' has a finite adequate subset. Assume the claim is false. Let &
be the set of all finite subsets E with F; C E C F'. Since the claim is false, it follows that
for every E € & there is a map mpg : Z[X|/(E) — Ag with Ap € 4 such that there is
no element a € Ag which satisfies g(a) = 0 for every g € Gy.

For each f € Flet U ={F € & | f € E}. It is clear that this family of subsets of
& has the finite intersection property because if C' C F' is a finite subset, then F; UC &€
({Uy | f € C}. Therefore, by Lemma [3.8.11] there exists an ultrafilter u on & such that
Us € ufor all f € F. Let A, be the ultraproduct of the family {Ar | £ € &}. We
can regard each map mpg as a function from Z[X|/(F;) — Ag hence there is an obvious
induced map m : Z[X]/(F)—=[[{Ag | E € &}. Let m, be gym where ¢, : [[{Ar}—A,
is the quotient map associated with the ultraproduct. But then my(f) =0 for all f € F
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because this condition is true on Uy € u. So we can regard m,, : Z[X]/(F) — A,. But
Ay € A4 and, since (F,G) is a polynomial operation on A4, it follows that there exists
a € A, such that g(a) =0 for all g € Gy (in fact, for all g € G).

Since a € A, we can write a = ¢y(a’) where o’ € [[{Ag}. For each F € .7, let
ag be the projection of @’ onto Ag. Since g(my,a) = 0, there must exist V, € u such
that g(mp,ag) = 0 for all E € V,. Let V.= ({V, | g € Go}. Since V € u, we see
that V is non-empty. If we choose E € V, then ag satisfies g(ag) = 0 for all g € Gy,
which contradicts the assumption that no such element of Ag exists. By the claim we
just proved, there is a finite adequate subset E € &. Letting Fy = E, it easily follows
that (Fy, Go) is a polynomial operation on 4

Finally, suppose R is a model of (Fy,Gp). Let i be an interpretation in R of (X, F).
Then i is an interpretation of (X, Fp), so there is a unique 1y € R such that (i,7) is
an interpretation of (X U {y},Gy). There is also a unique r; € K(R) such that (i,r;)
is an interpretation of (X U {y},G). Therefore both ry and 7 are interpretations of
(X U{y},Gp) in K(R) and, by the choice of Gy there is only one such interpretation in
K(R), so r; = 1. But this shows that 71 € R is such that (¢,71) is an interpretation of
(X U{y},6). .

The following proposition is clearly equivalent to Proposition [3.8.6]

3.8.13. PROPOSITION. Assume that A4 is closed under ultraproducts and that & is Dom-
wmwvariant. Then a semiprime ring is in & if and only if it is a model of every finitistic
polynomial operation on 4.

Proor. By Lemma [3.8.8 every ring in % is a model for every finitistic polynomial
operation on 4. Conversely, assume that R is a model of every such polynomial operation.
We claim that R € J#. Assume the contrary. Then there exists ( € K(R) — R. Let
R[¢] be the subring of K(R) generated by R and (. By Theorem [2.3.1][12 we see that
R — R|(] is epic. Suppose A € 4. By adjointness, every homomorphism h : R — A
has a unique extension to K (R)— A. By restricting that extension to R[(], we see that
every homomorphism A : R —= A extends uniquely to a homomorphism h : R[¢] — A.
We proceed to restate this as a polynomial operation on 4. For each r € R, we
introduce a variable z, and let X = {x, | r € R}. We next define a set F C Z[X] such
that a function h : |R| — |A| interprets (X, F') if and only if A is a homomorphism.
Define F' to consist of x; — 1, and, for every pair of elements r,s € R, the polynomials
Tr_s — Tp + x5 and ., — x,.2,. Clearly h interprets F' if and only if A is a homomorphism.
Next given a homomorphism h : R — A, we consider what it means to have an
extension of h to h : R[¢] — A. Since ( generates R[(] as an R-algebra, we can write
R[(] = R[y]/I where y is an indeterminate and [ is an ideal. For each polynomial g(y) € I,
we let ¢'(y) € Z[Y] be the polynomial obtained from g by replacing each coefficient r of
g by the corresponding variable z,. Let G = {¢' | g € I}. It is readily shown that if
h: R—= A is a homomorphism, then h extends to h : R[] —= A for which h(¢) = ry if
and only if (h, 7o) is an interpretation of (X,G). It follows that (F,G) is a polynomial
operation on 4. By Lemma , there exists a finitistic polynomial operation (Fy, Gy)
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on A4 such that any semiprime ring which is a model of (Fp, Gy) is a model of (F, G). But
this implies that R is a model of (F,G). Consider the interpretation i : X — R for which
i(z,) = r. Clearly this is an interpretation of (X, F') so there exists a unique ry € R such
that (i,79) is an interpretation of (X U{y},G). But (i, () is the unique such extension of
i in the ring K (R), so ro = (. This implies ( € R, which contradicts the choice of (. =

3.8.14. COROLLARY. If we are in the Dom-invariant case and if A is closed under ultra-
products, then J# (and therefore ZB) are both first order.

PROOF. Given a finitistic polynomial operation (F,G), there clearly exists a first-order
condition which R satisfies if and only if R is a model of (F,G). n

3.8.15. A is first order if it is ultraproduct closed. In what follows, we assume that %
is closed under ultraproducts and we assume that D is a domain which is not in 4, but
which satisfies every first-order condition that is satisfied by every B € #. We will show
that these assumptions lead to a contradiction.

3.8.16. LEMMA. Let B and D ¢ % be as above. Then there exist z € G(D) — D and
c,d € D, with d # 0 and a characteristic power £, (a power of char(D)) such that dz* = c.

PROOF. We may as well assume that D C G(D) € Q(D) where Q(D) is the perfect
closure of the field of fractions of D. Since D ¢ 2, there exists z € G(D) — D. By
definition of Q(D) there exists ¢, a power of char(D) together with ¢,d € D, with d # 0
such that z¢ = ¢/d. =

3.8.17. LEMMA. If h : D — B is an injection and B € % then there exists b € B such
that h(d)b* = h(c).

PROOF. We can define G(D) by first embedding D in any field in 4 then taking the meet
of all domains in & that contain D. It follows that we could also start by embedding D
in any B € £ as any such B can be embedded in a field in 4. Since h : D — B is such
an embedding, it follows that we can assume that (up to isomorphism) G(D) C B and
the result follows. L]

3.8.18. NOTATION. Let X be any set of indeterminates that is in bijective correspondence
with |D|. To be specific, let us say that for every r € D we have x, € X. There is an
isomorphism i : Z[X]/I — D which takes z, € X to r € D for every r € D, and where
I is a semiprime ideal. In what follows, we will identify D with Z[X]/I.

3.8.19. DEFINITION. Given the above notation, we say that a function h : X — B, with
B € A, is admissible if the extension of h to a homomorphism h : Z|X| — B is such

that ker(h) = 1.

3.8.20. NOTATION. Let h : X — B with B € % be a function. For every polynomial
f €1, welet f(h) € B be the element defined by replacing each indeterminate x € X with
h(z) € B. Equivalently, f(h) = h(f) where h is the extension of h to a homomorphism
from Z[X] — B.
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3.8.21. LEMMA. The function h : X — B with B € % is admissible if and only if for
every f € I we have f(h) = 0 and for every xs € X, with s a non-zero member of D,
we have h(zs) # 0.

PROOF. The first condition implies that the kernel of A contains all of I, where I is the
above radical ideal for which D = Z[X]/I. We claim that the second condition implies
that h contains nothing which is not in I. For if w ¢ I then, w is equivalent, modulo I,
to a non-zero element s € D which in turn, is equivalent to x;. [

3.8.22. COROLLARY. If h : X — B with B € % satisfies the above conditions for being
admissible, then there exists b € B with h(z4)b" = h(z.).

PROOF. By the above results, if h is admissible, then A : D —= B is an injection and the
conclusion follows from Lemma [3.8.17 =

3.8.23. NOTATION. Let X and I, with D = Z[X]/I be as above. Given Iy C D and
So C D, we say that the function h : D — B, with B € 4, is an (I, Sp)-function if;

1. f(h)=0forall f € I,
2. h(zs) # 0 for all non-zero s € Sp.

3.8.24. PROPOSITION. With the above notation, there is a finite set Iy C I and a finite
set So C D such that whenever h : X — B, with B € A, is an (Iy, So)-function, there
exists b € B with h(xg)b" = h(x,).

PRrROOF. Regard I and D as disjoint sets. We say that W C I U D is adequate if, letting
Iy =WnNIand Sy = WnND, it is the case that whenever h : X — B, with B € 4, is an
(Iy, Sp) function, there exists y € B with h(xy)y® = h(z.). We observe that W = I U D is
adequate.In this case, WNIT =1 and W N D = D and we can apply [3.8.22]

We claim that there exists a finite adequate set Wj. Assume the contrary that no finite
adequate set exists. Let .%# be the family of all finite subsets of I U D. Then, for each
FeZ, welet [r=FNI and Sp = FN D. By assumption there must be an (I, Sr)-
function hy : X —=Bp with B € 4 such that there is no b € B for which hp(d)b* = hp(c).
For each w € TUD, let U, = {F € .% | w € F'}. Then the family {U,, | w € I U D} has
the finite intersection property because, if C' C I U D is finite, then (\{U, | w € C} is
non-empty, as it contains C'. By Lemma there is an ultrafilter u on .# such that
Uy € u for all w € I U D. Let B, be the associated ultraproduct of {Br | F' € .Z#}. Let
¢ : [[{Bs | B < a} be the canonical quotient map. Let h : X — [[{ B3} be the function
whose projections are the above functions, hp : X — Bp. Also let h, : X — B, be given
by hy = hq,. Since the condition associated with each w € I U D is true on U, we see
that h, satisfies all the conditions in [3.8.22] Thus there exists b € [| Bp such that g,(b)
satisfies h(d)qu(b)’ = h(c). But, letting br be the projection of b onto Bf, we have that
br satisfies hp(d)b® = hp(c) for all F in some V € u. But, choosing F' € V we find that
the element bp contradicts the assumption that there is no b € Bp with hp(d)b* = hp(c).

Therefore we have proven the claim that a finite adequate subset W, exists and if we
let Iy = WyN 1 and Sg = W N D the result follows. n
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3.8.25. THEOREM. A is closed under ultraproducts if and only if it is first order.

Proor. If A is first order, it is well known that it is closed under ultraproducts. Con-
versely, assume that 4 is closed under ultraproducts. Let D be a domain which satisfies
all first-order conditions that are satisfied by every B € . It suffices to prove that
D € %. 1f not, then, by the above discussion, there exists ¢,d € D, with d # 0 such that
whenever B € % and h : X — B is an ([, Sp)-function, then there exists b € B with
h(zq)b* = h(z.). But by the above proposition, we can assume that I and Sy are finite
sets. If we let X be the set of indeterminate of X involved in the polynomials g € Iy and
the non-zero elements of D in Sy, then this is a first-order condition involving the elements
of Xy as variables, which is satisfied by every B € ZA. It follows that it is satisfied by
D. But consider the function h : X — D for which h(x;) = ¢ for all t € D. It easily
follows that h satisfies all the conditions in so h certainly is an (Io, Sp)-function.
This implies that there exists e € D with def = c. But, regarding D C G(D), the element
z € G(D) is determined by the fact that dz’ = c. Thus z = e € D contradicting the
assumption that z € G(D) — D. =

3.9. LOCAL REPRESENTATIONS OF SECTIONS. Until the end of this section, we let E
denote the sheaf on Spec(R), when the latter is equipped with the domain topology.

ASSUMPTIONS AND NOTATION. Throughout this subsection, we assume that:

1. We are in the Dom-invariant case which implies that the A-topology is the same
as the domain topology (see [3.2.1)).

2. We further assume that £ is first order, so, for every semiprime ring R, we can
assume that its reflection, K(R) is I'(E), see Theorem [3.6.12

3. We regard R C I'(E) by identifying R with its image, under v : R—T'(E).

4. Unless otherwise specified, a reference to the topology on Spec(R) refers to the
domain topology.

3.9.1. DEFINITION. Let ¢ in I'(E) and r € R and P € Spec(R) be given. We will abuse
notation by saying that ((P) = r when ((P) =r + P (the image of v in the stalk R/P).

Let U C Spec(R) be closed in the patch topology. We say that ¢ € I'(E) is grounded
on U if for every P € U, there exists r € R such that ((P) =r.

We further say that ¢ is uniformly grounded on U if there exists r € R such that
C(P) =1 for all P € U. Note that ¢ is uniformly grounded on Spec(R) if and only if
¢ € R. In view of our identification of R with a subring of I'(F), this means that { = v(r)
for some r € R.

3.9.2. DEFINITION. Let ¢ € I'(E) be given. We say that % = {Uy,...,U,} is a grounded
representation of ( on U = U, U---UU, if each U; is a patch-closed subset on which
¢ is uniformly grounded.
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3.9.3. PROPOSITION. ¢ € I'(E) has a grounded representation on the patch-closed set
U C Spec(R) if and only if ¢ is grounded on U.

PrROOF. Assume the ( is grounded on U. Then, for each P € U, there exists rp € R
such that ¢ and the constant section v(rp) agree at P. Since global sections agree on
open sets, there is a neighbourhood Up of P on which ¢ and v(rp) agree. Moreover, since
the domain topology has a base of patch-clopen subsets, we can assume that each Up is
patch-clopen. Letting {Uy,...,U,} be a finite subcover of {UpNU | P € U} gives us the
desired grounded representation.

The converse implication is immediate. [

3.9.4. PROPOSITION. Suppose ¢, 7 € I'(E). If P C Q in Spec(R) and ((P) = 7(P), then
Q) =7(Q).

PRroOF. Two sections agree on an open set, Theorem Step 2. But every open set
in the domain topology is up-closed. n

3.9.5. THEOREM. Let ¢ € I'(E) be given and let % = {Uy,Us, ..., U,}, withn > 2, be a
grounded representation of ¢ on U = Uy UUy U ---UU,. Then there exists r € R such
that for all sufficiently large w, %' = {Uy U Uy, Us, ..., U,} is a grounded representation
of (C —r)*. Note that %' has cardinality one less than % .

PROOF. Choose r; € R such that ((P) = r; for all P € U;. We may assume that r; = 0;
otherwise we can replace ¢ by ¢ — r;. We will then prove that for all sufficiently large w
there is an a,, € R such that (“(P) = a, for all P € Uy U U, from which it will easily
follow that %’ is a grounded representation of ¢* on U.

Fori=1,2,let J; =({P | P € U;}. We claim that ry € J;, + J, for all sufficiently
large w. This is equivalent to showing that the image of r, belongs to every prime of
R/(Jy + J2) or equivalently, that ry belongs to every prime of R that contains both J;
and Js.

So suppose that () is such a prime. By Proposition there exist P, € U; and
P, € Uy with P, C @ and P, C . But {(P) = r; = 0 which implies that {(Q)) = 0 by
the preceding proposition. Similarly ((FP,) = ro which implies that ((Q)) = ro = 0 and
thus 7, € @), as claimed. For sufficiently large w, we can write ry’ = a,, +b,, with a,, € J;
and b, € Js.

If P € U, we have that 0 = ¢(“(P) = a, since a, € J; C P. If P € U,, then
¢“(P) = ay + by = ay, since b, € J» C P and so we see that (* = a,, on all of U; U U, as
required. [

3.9.6. COROLLARY. Suppose that ( € I'(E) is grounded on all of Spec(R). Suppose also
that R has the property that ¢, (" € R implies ( € R. Then ¢ € R.

PRrROOF. By Proposition , there exists % = {Uy,U,,...,U,} which is a grounded
representation of ¢ on Spec(R). We proceed by induction on n, the cardinality of % . If
n = 1 then it is immediate that ( € R. Assume that the result holds whenever  has a
grounded representation on Spec(R) of cardinality n. Let % be a grounded representation
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of ¢ on Spec(R) of cardinality n+ 1. Then by the above theorem, we see that there exists
r € R such that (¢ — r)", for sufficiently large w, has a grounded representation of
cardinality n. By our induction hypothesis, (( — )" € R for large enough w, which
implies, for large k, that (¢ —r)*, (¢ — r)**! € R which implies ¢ — r € R, which implies
(e R. m

3.9.7. PROPOSITION. Let n > 1 and k > 1 be relatively prime integers. Suppose that ¢
is a global section such that ((P) € R for all primes P. Assume that (", (* € R implies
(€ R. Then (" € R for all sufficiently large w also implies ¢ € R.

PROOF. Let wy be the least integer such that ¢* € R for all w > wy, while (*° ¢ R and
so wy > 0. But then ("™, (¥ ¢ R and it follows from our hypothesis that (*° € R,
which contradicts the choice of wy. n

3.9.8. COROLLARY. Let n > 1 and k > 1 be relatively prime integers. Suppose that ¢ is
a global section such that ((P) € R for all primes P. Assume that (", (% € R implies
(€ R. Then ¢ € R. n

4. Limit closure of domains.

4.1. THE BACKGROUND. In this section, we will characterize the limit closure of integral
domains in the category of commutative rings. An early version was done in [Kennison
1976] but the treatment in that paper suffers from being somewhat opaque and having
made a needless detour into ordered rings. Sifting out the proof for the case of integral
domains is difficult as some of it is in a general section and the rest in a special section
on domains. Here is a more direct approach, which expands on and corrects the brief
treatment of this material at the end of [Kennison & Ledbetter 1979].

In this section, we denote the limit closure of domains by %3, and denote the reflector
by Kgom : SPR—>H3om. We briefly discussed this example in|2.3.2/4, in which we showed
that Agom was Dom-invariant. Thus all the consequences of Theorems [2.3.1] and |3.6.12|
are available. In particular, when R C S C K(R) then R— S is epic and essential, and
Kdom(S) = Kdom(R)'

The purpose of this section is to characterize the category #q,m. We begin with some
things that will be needed in this section and the next.

4.1.1. DEFINITION.

1. If R € SPR, we will say that R is (2,3)-closed if whenever a® = b*> € R there is a
c € R with @ = a and ¢ = b. The uniqueness of ¢ follows from Proposition [{.1.6.

2. If R € SPR., we will say that R is DL-closed if whenever a® = b* and if, moreover,
a is square mod every prime P C R, then there is a (unique) ¢ € R with ¢* = a and
3 =0.

After reading an earlier draft of this article David Dobbs pointed out that the notion
of being (2,3)-closed is known in the literature as seminormality.
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4.1.2. NOTATION. As in the previous section, we use Eg (or just E if R is understood)
to denote the canonical sheaf. Note that the stalk of Er lying over P € Spec(R) is R/P
as G(R/P) = R/P. This implies that the results of[3.9 are valid for all sections ¢ on a
Spec(R) or on any subset.

Here is the main result of this section:

4.1.3. THEOREM. Let R be a commutative semiprime ring. Then the following are equiv-
alent:

DL-1. R s DL-closed.

DL-2. R is isomorphic, under the canonical map, to the ring of global sections of the
sheaf Eg.

DL-3. R is isomorphic to a ring of global sections of sheaf whose stalks are domains.

DL-4. R s in the limit closure of the domains.

PROOF. DL-1 = DL-2: 1t is easily proven, when R is DL-closed, that if ( € K(R) then
¢%,¢® € R implies ¢ € R. It is immediate, using Corollary [3.9.8] that R = Kjom(R) in
light of the fact that for every prime P and every global section ¢, we have that ((P) € R.

DL-2 = DL-1: Assume that a,b € R are such that a has a square root mod every prime
ideal and that a® = b%. Then mod every prime ideal P, there exists a unique cp such that
mod P, we have ¢% = a and ¢} = b. Since N(c%» —a) N N(ch — b) is open in the domain
topology, these equations hold in a neighbourhood of P and the elements ¢ must agree
on overlaps by uniqueness. So they determine a section (. But by DL-2, ( € R and so R

satisfies DL-1.
DL-2 = DL-3: Obvious.
DL-3 = DL-4: This follows from [3.5.3]

DL-4=DL-2: This is[3.6.12] [

4.1.4. REMARK. For further conditions equivalent to being DL-closed, and involving kth
powers instead of squares, see Definition [6.1.9] and Lemma [6.1.10]

4.1.5. PROPOSITION. An element a in a semiprime ring R is a square mod every prime

if and only if there are elements ry,...,r, € R such that (a —r})---(a —r2) = 0.

PROOF. One direction is obvious. To go the other way, suppose that a is a square mod
every prime. For each prime P, let rp € R be such that a —r% € P. The sets N(a —1%)
are open and cover Spec(R) so that Spec(R) is covered by finitely many of them, say
N(a—r%,),...,N(a—r} ) whence (a—r3,) - - - (a—r% ) lies in every prime. In a semiprime
ring, the only element that lies in every prime is 0. [
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4.1.6. PROPOSITION. If s> = t? and s> = t3 in a semiprime ring R, then s = t.

PRrROOF. This is immediate by cubing s — ¢t. Alternatively, Proposition in the next
section says that in a semiprime ring R if s” = t" and s* = t* for relatively prime &, n
then s = ¢. -

4.1.7. PROPOSITION. The limit closure of domains is an essentially algebraic category.

ProOF. We adjoin to the equational theory of commutative rings a countable family of
partial operations whose domain is given equationally. We begin with a unary partial
operation w whose domain is the set of all a such that a®> = 0, subject to the equations
w(a) = a and w(a) = 0. The commutative ring models of this partial operation are just
the semiprime rings. For each n > 0, define an (n + 2)-ary operation w,, whose domain
consists of all a,b,r1,...,r, such that (a —rf)(a —r3)---(a —12) = a® —b? = 0. The
operation w, must satisfy the equations

wnla,b,ri,...,m)*=a and wnla,b,r, ..., 1) =0

It is clear from the preceding development that the models of this theory are the rings in
the limit closure of domains. n

4.2. DL-EXTENSIONS AND A STEP-BY-STEP CONSTRUCTION OF Kyom.

4.2.1. DEFINITION.

1. If RC S in SPR, we will say that S is a simple (2,3)-extension of R if there is
an s € S such that S = R[s| and s*,s*> € R. We say that S is a (2,3)-extension
of R if for some ordinal o there is an ordinal-indexed sequence Sy C S1 C Sy--- C
-5, C ... C S, such that:

(a) R = So;

(b) Spy1 is a simple (2,3)-extension of Sg for each f < «;
(¢) if B < a is limit ordinal, then Sg =\J,_55,; and

(d) S =S5,.

A field is (2,3)-closed—just let ¢ = b/a except when a = b = 0—and then a product
of fields is also (2,3)-closed. Since a semiprime ring is embedded in a product of
fields, it is easy to see that R is (2,3)-closed if and only if it has no proper (2,3)-
extension.

2. If R C S in SPR, we will say that S is a simple DL-extension of R if it is a
simple (2,3)-extension by the element s € S and if, moreover, s is a square mod P
for every prime ideal P C R. We say that S is a DL-extension of R if there is an
ordinal-indexed sequence of simple DL-extensions from R to S, as above. Similarly
to the (2,3) case, an SPR is DL-closed if it has no proper DL-extension.
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4.2.2. PROPOSITION. If S is a (2,3)-extension of R, then the first four of the statements
below hold and if it is a DL-extension, then all five do.

1.

BTN

The inclusion R~ S s integral.
The inclusion R~ S is an epimorphism in SPR..
The induced map Spec(S)— Spec(R) is an order isomorphism.

The induced map Spec(S) — Spec(R) is a homeomorphism in the patch topology
and the domain topology.

If P C R is prime and P* C S is the unique prime lying above P, then the canonical
map R/P —= S/P* is an isomorphism.

PROOF. Since a DL-extension is also a (2,3)-extension we may prove the first four for
(2,3)-extensions.

1.

A simple (2,3)-extension is obviously integral and the end of an ordinal sequence of
integral extensions is integral.

. For a simple (2,3)-extension, it follows from the uniqueness of s that the inclusion

is an epimorphism and the general case follows by transfinite induction.

. Since a (2,3)-extension is integral Proposition [2.2.25[ applies here.

For the patch topology, which is compact and Hausdorff, this is clear. For the
domain topology it follows from [2.2.21]

If S = R[s] is a simple DL-extension, then S/P* is generated by R/P and the image
of s. But since s has a square root in R/P, that image is already there. The case
of a general DL-extension follows by transfinite induction. ]

4.2.3. THEOREM. Let R be a commutative semiprime ring and R —T'(ER) be the ad-
Junction homomorphism.

1.

The rings R and I'(ER) have the same Krull dimension.

2. The inclusion R C I'(ER) induces an isomorphism on the set of idempotents.

3. The inclusion R C T'(ER) is the inclusion into a ring of quotients in the sense of

/.

(Lambek (1986)] and is therefore an essential extension of rings.

Every artinian ring s DL-closed.
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PRroor.

1. This is immediate since, by Proposition [4.2.2/3, they have isomorphic prime ideal

4.3.

lattices.

This will follow if we show that there is a 1-1 correspondence between idempotents in
R and clopens in the domain topology on Spec(R). In fact, if e € R is idempotent,
then Spec(R) = N(e) U N(1 — e) is a disjoint union of open sets. Conversely, if
Spec(R) =Y U Z is a disjoint union of open sets, let I = (\pcy P and J = [, Q-
Then I N'J = 0 since it is the intersection of all the primes of the semiprime ring
R. 1f M were a prime ideal of R that contains I + J, then it would follow from
that some prime P € Y is contained in M and some prime ) € Z. Since
open sets in the domain topology are up-closed, this implies that M € Y N Z which
contradicts the disjointness of Y and Z. Thus R = I + J. Write 1 = e + d with
e€landde J. Then e = e+ ed = €* since ed € I N J and similarly d* = d.

. A little background is needed here. See [Lambek (1986), Chapter 2] for details. An

ideal D C R is called dense if its annihilator, denoted ann(D) = anng(D), is 0.
Clearly, any ideal containing a dense ideal is dense. If R C S and s € S, we denote
by s7'R = {r € R | sr € R}. Proposition 2.6 of [Lambek (1986)] shows that the
embedding R —— S is an embedding into a complete ring of quotients if and only
if for all 0 # s € S, the ideal s™'R is a dense ideal of R and s(s™'R) # 0. This
condition clearly implies that S is an essential ring extension of R.

In section [Lambek (1986), Proposition 1 of Section 2.4], it is shown that if R is
semiprime, the complete ring of quotients Q(R) is regular. By [2.3.1[| Kaom(R) is
a subring of Q(R), which means that I'(Eg) is a ring of quotients of R and hence
an essential ring extension.

The same considerations show that Kgom(R) is a subring of the epimorphic hull of
R, the (regular) intersection of all the regular subrings of Q(R) that contain R (see
[Storrer 1968]).

By Wedderburn’s structure theorem on artinian rings, a commutative semiprime
artinian ring is a product of fields. ]

PERMANENCE PROPERTIES OF DL-CLOSED RINGS. The class of rings which are DL-

closed is closed under products and equalizers because they are a reflective subcategory
of €. They are evidently not closed under homomorphic images or even semiprime homo-
morphic images since free commutative rings are, by the following theorem, DIL-closed.
DL-closed rings do have some other permanence properties however.

4.3.1. THEOREM. The ring of polynomials in any set of variables over a DL-closed ring
18 again DL-closed.
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PROOF. Let E—Spec(R) be the canonical sheaf for R associated with Agop, so that the
stalk over each prime ideal P of R is R/P. We will construct a sheaf E[x] — Spec(R)
whose stalk over P is R/P|x]. Given a polynomial a(z) € R[z] and U C Spec(R), which
is open in the domain topology, we define a basic open subset (a(x),U) of E[z| to consist
of all polynomials ap(z) € R/P[z] where P € U and ap(z) is the image of a(x) under the
obvious map R[z| — (R/P)|x].

We claim that this defines a base for a topology on E|[x| and, moreover, that the
resulting map E|[x] — Spec(R) is a sheaf map (that is, a local homeomorphism). The
main step in proving this claim is to show that given a(z),b(x) € R[x] and open subsets
U,V C Spec(R), there exist ¢(z) € Rlx] and an open set W C Spec(R) such that
(a(x),U) N (b(z), V) = (c(x),W). Choose n so that a(z),b(z) both have degrees no
bigger than n (for this purpose, we may suppose that the degree of the zero polynomial
is —1). Write a(z) = Y jeie, @iz’ and b(z) = > i, fir’. Then, for 0 < i < n, let
W; = N(a; — ;) be the open subset of Spec(R) consisting of all primes P for which
a; = f; modulo P. Let W =UNV N(\ye, Wi. Letting c¢(x) be either a(z) or b(z),
then we have (a(x),U) N (b(x),V) = (c(z),W). The remaining steps in showing that
E[z] — Spec(R) is a local homeomorphism are now straightforward.

We next claim that R|x] is isomorphic to I'(E[z]). Let v € I'(E[z]) be given. At each
prime ideal P of R we can find a polynomial ap(z) € (R/P)[z] such that v(P) = ap(x)
in a neighbourhood of P. By compactness, there is a finite cover of Spec(R) by open
sets U; such that for each j there exists a;(z) € R[z]| such that a;(z) and v have the
same restriction to U;. Now choose n such that every a;(x) has degree no bigger than
n. Write a;(z) = > gcic, rijz’. Note that E— Spec(R), the canonical sheaf for R, is
easily shown to be an open subsheaf of E[xz]. It follows that, for a fixed i with 0 <i < n,
the coefficients 7, ; form a global section with values in E — Spec(R), hence, as R is
DL-closed, there exists r; € R such that for P € U; we have r; = r; ; modulo P. It follows
that v = Y ;< 72" which is in R[z]. Therefore, by Theorems [3.5.3{ and |4.1.3| we have
that R[x] is DL-closed.

It immediately follows that the polynomial ring in any finite set of indeterminates is
DL-closed. For the general case, one easily verifies that the category DL-closed rings is
closed under filtered colimits. That fact is generally true for models of finitary essentially
algebraic theories. n

4.3.2. THEOREM. Let R be DL-closed and suppose that S C R is a multiplicatively closed
subset that contains no zero divisors. Then S™'R is also DL-closed.

PROOF. Suppose that a/s,b/t,r1/us,...,7,/u, are elements of S™'R such that (a/s —
(r1/u1)?) -+ (a/s — (rn/un)?) = 0 and (a/s)® = (b/t)*. Let v = stu;---u,, ' = (v?/s)a,
V = (v¥/t)b, and, for i = 1,...,n, r; = (v/u;)r;. Note that these new elements are
all elements of R since the denominator is one factor of the numerator. Then from
a —r?=v%a/s —v¥r?/u? = v¥(a/s — r/u?), we see that (a/ —r}?)...(a’ —r*) =0 and
a? = v%a3/s® = v00? /t? = (v3b/t)* = ' so that there is a ¢ € R such that o’ = ¢* and
b = . Thus v?a/s = ¢ or a/s = (c/v)?, while v3b/t = ¢ or b/t = (c/v)?, as required. m
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4.4. EXAMPLES.
4.4.1. PROPOSITION. Every von Neumann reqular ring is DL-closed.

PrOOF. It is well known that every von Neumann regular ring is in the limit closure of
fields, hence in the limit closure of domains. [

4.4.2. EXAMPLE. It was proved in [Niefield & Rosenthal 1987] that a commutative ring
R is a Pierce sheaf of integral domains if and only if the annihilator of each element is
generated by a set of idempotents. It follows from Theorem that these rings are DL-
closed. It also follows that commutative semiprime Baer rings are DL-closed, which means
that if we adjoin to a commutative semiprime ring R the idempotents of its complete ring
of quotients, [Lambek (1986)], we get a DL-closed ring. Thus although the reflection of R
cannot adjoin idempotents it is contained in a subring of the complete ring of quotients
of R obtained by adjoining idempotents.

4.4.3. EXAMPLE. The notion of a quasi-rational ring is introduced in Example where
it is shown that ., the limit closure of Aqa, the class of quasi-rational domains, has
the canonical sheaf representation property. Here we claim that the semiprime ring R is
in g, if and only if R is quasi-rational and DL-closed.

PROOF. The necessity that R be quasi-rational is shown in [3.7.3] and the necessity that
R be DL-closed is obvious. Conversely, suppose that R is quasi-rational and DL-closed.
Then R is isomorphic to the ring of global sections of its canonical Ay, sheaf. But since
R is quasi-rational, it is obvious that every quotient ring R/P, for P a prime ideal of
R, is quasi-rational, and therefore the canonical A4, sheaf coincides with the canonical
Aqrat sheaf. So R is isomorphic to the ring of global sections of its canonical Ay, sheaf,
which implies that R € J#a. Example shows that a quasi-rational ring need not
be DL-closed. [

The following is an immediate consequence of Example [5.3.9]

4.4.4. EXAMPLE. For any topological space X, the ring C'(X), respectively C'(X,C), of
continuous real-valued, respectively complex-valued, functions on X is DL-closed.

On the other hand, we have:

4.4.5. EXAMPLE. The ring C*(R) of continuously differentiable functions in C'(R) is not
DL-closed.

For let f be the function that is 22 for x > 0 and 0 otherwise. Then clearly f € C'(R).
We have that (f —0%)(f —2?) = 0 and f? has a square root, namely zf € C'(R). But no
square root of f can have a derivative at 0.

Therefore the following is slightly surprising.
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4.4.6. EXAMPLE. The ring C*°(R) of infinitely differentiable functions R — R is DL-
closed.

We let A = C*°(R) denote the ring of all C*° functions from R to R. To show that
A is in the limit closure of all domains it suffices, by Theorem [3.5.3] to show that A is
isomorphic to the ring of global sections of a sheaf of domains. We first establish some
notation.

4.4.7. NOTATION. In the list below, we assume f € A.
1. For f € Aand n € N, we let f denote the nth derivative of f (with f© = f).
2. We say that f is flat at r € R if f and all its derivatives vanish at r.
3. For each r € R, we denote by P. C A the set of all functions that are flat at r.
4. We denote by f” the set of r € R at which f is flat.

5. If u is an ultrafilter on R, we let P, denote the set of all f such that f> € u. We
note that if u is the principal ultrafilter at r € R then P, = P,. We will show below
that P, (and hence P,) is a prime ideal of A.

6. We let X denote the set of all pairs (r,u) where r € R and u is an ultrafilter on R
which converges to r.

7. For each r € R, we let 7 € X denote the pair (r,(r)) where (r) is the principal
ultrafilter generated by r.

8. The elements of the form 7 will be called the principal elements of X.
9. For all U C R we let U C X denote the set {7 | r € U}.

4.4.8. PROPOSITION. For any ultrafilter u, the set P, is a prime ideal of A.

PrOOF. We begin by showing that P, is prime for r € R. It is clearly an ideal. So let
f,g9 € A such that f ¢ P, and g ¢ P.. Suppose m,n € N are least indices such that
f™(r) #0 and g™ (r) # 0. Then our supposition shows that in the computation of

m—+n (m+n

oy =3 (™ )f“)(r)g(m”‘”(r)

- 1
=0

every term is 0 except for (™*") f(™(r)g™ (r) and that one is non-zero.

Now suppose that u is an ultrafilter. One easily sees that (f + g)* 2 f> N g¢” which
belongs to u assuming both sets do. The preceding paragraph shows that (fg)’ = f* U g’
and if it belongs to u, then either f* € u or ¢’ € u. n
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4.4.9. LEMMA. Suppose the ultrafilter u converges to r € R. Then P, C P,.

PROOF. If f € P,, then f> € u. If n(r) is the neighbourhood filter of r, then n(r) C u.
Thus if V' € n(r), then V N f> € u. That means that every neighbourhood of 7 contains a
point at which f is flat. But all the derivatives of a C'*° function are continuous and thus
they all vanish at r. n

4.4.10. DEFINITION.

1. We topologize X so that W C X is open if whenever (r,u) € W, then there is a
U € u such that M, w(U) = {(r,u)} U {7} U U C W. Note that each 7 € X is an
isolated point, that is the singleton set {r} is open. But {r} is not closed because its
closure is the set of all points of the form (r,u).

2. We define a set F' and a map m : F'—= X such that for all (r,u) € X we have
71 ((r,u)) = A/P,.

3. For each f € A we define a global section o(f): X —=F so that o(f)((r,u)) is the
image of f in A/P,.

4. We give F' the largest topology for which o(f) is continuous for each f € A.

We aim to prove that A is isomorphic (in the obvious way) to the ring of global sections
of F. We first need some lemmas:

4.4.11. LEMMA. For each (r,u) € X, sets of the form {Muw(U) | U € u} form a
neighbourhood base at the point (r,u). It readily follows that F' is a sheaf over X.

PROOF. We must first show that M|, ,)(U) is open in the topology on X. But this readily
follows from the observation that all elements of M. (U) except (r,u) are principal
elements which are isolated.

The main step in showing that F' is a sheaf over X is to observe that the when two
global sections o(f),o(g) agree at a point (r,u), then there exists U € u such that they
agree on M, ) (U). The remaining details are straightforward. "

4.4.12. LEMMA. For each r € R, the ring A/ P, is isomorphic to the ring R[x] of formal
power series in x with real coefficients.

PROOF. Let t : A—= R[x] be given by Taylor’s formula t(f) = Y (f™(r)/nh)z™. It is
clear that the kernel of ¢ is P,. It is surjective by [Borel (1895)]. "

4.4.13. NoTATION. If ( : X — FE is a global section of F, then for » € R, we can,
by Lemma [4.4.12] consider ((P,) to be a power series in R[z]. Then write ((P,) =
Y nsoan(r)z™. Let (,(r) = nla,(r). This assigns to each global section ¢ a sequence
o, ¢, . .. of functions R—R.

4.4.14. LEMMA. Let ( € I'(F) be given. Let ((o,C1y---,Cn,-..) be the corresponding se-
quence of functions. Then for each n > 0 the function (,.1 is the derivative of (,.
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PRroOF. It suffices to show that, for each r € R, the differential quotient (,(r + Ar) —
Co(r))/Ar must approach (,41(r) as Ar approaches zero (without actually being zero).
More precisely, along every non-principal ultrafilter u which converges to r the differential
quotient of ¢, must converge to (,41(r). But we claim this follows as there must be an
f € A such that ¢ agrees with o(f) on a neighbourhood of (r,u). This means that there
exists U € u such that f(™(s) = (,(s) for all s € U and f*V(r) = (,1(r). Since the
differential quotient of £ approaches £V (r), the same is true of ¢, on U and (41 (7). m

4.4.15. THEOREM. The ring A is DL-closed.

PROOF. As noted before, it suffices to show that the canonical embedding A —I'(F),
which maps f € A to o(f) € I'(F) is an isomorphism. Let { € I'(F') be given. Then in
view of the above lemma, (; is in C*°(R) and it is easily shown that { = o({p). It is also
obvious that the map A—T'(F') is an injection and an isomorphism. =

5. Limit closure of integrally closed domains.

We remind the reader that in standard usage the phrase “integrally closed domain” does
not describe a domain that is integrally closed in every containing domain, but rather a
domain that is integrally closed in its field of fractions. We use the standard meaning
here.

In this section we will denote by 4;. the category of integrally closed domains, by %
the limit closure of A4, and by K, : SPR — ¥, the reflector.

We will characterize the rings in J#. but first we need some preliminary results.

5.1. INTEGRALLY CLOSED DOMAINS AND (7, k)-CLOSURES. The following result is well
known, but we include a proof.

5.1.1. PROPOSITION. Recall that N, set of non-negative integers is a monoid under ad-
dition. A submonoid of N that contains a relatively prime pair of integers contains all
sufficiently large integers.

PROOF. Denote the submonoid by S and suppose n,k € S are relatively prime. Any
integer m (possibly negative) has a unique representation m = zn+yk with 0 < z < k. In
fact, starting with any representation m = un+vk, let + = u— |u/k|k and y = v+ |u/k|n
(where |u/k] is the greatest integer that is less than or equal to u/k). Now suppose
my, my are two integers such that my +ms = nk —n — k and write them in the above form
my = xin+y1k and my = xon+yok. Adding them, we get (z1+x2)n+(y1+y2)k = nk—n—k
or (r1+xo+ )n+ (y1 +y2 + 1)k = kn. Now 0 < z7 + x5 + 1 < 2k and must be divisible
by k since k and n are relatively prime. This implies that xy + x5 + 1 = k£ and hence
that y; + yo + 1 = 0 which implies that one of them is negative and the other one isn’t.
It follows that one of my,my € S (and it is easily seen that the other one is not). In
particular, ms < 0, we cannot have my € S and so every my; > nk — k —n belongs to S.m
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The following proposition will be helpful.

5.1.2. PROPOSITION. Suppose r,s are elements of a (semiprime) ring S and k,n are a
relatively prime pair of positive integers such that r* = s* and r™ = s". Then r = s.

PROOF. It readily follows from the preceding that ¢ = s* for all sufficiently large integers.
Let m be the least integer for which it fails. In the expansion of (r — s)?™! each term
r's’ must have either i > m or j > m. In the first case, r’s’ = s = r™*J and in the
second, r's? = r"7. The result is that (r — s)*™™! coincides with the binomial expansion
of (r — )™ so (r — s)>™*! = 0. But in a semiprime ring, this implies that r =s. =

5.1.3. DEFINITION. Ifn > 1 and k > 1 are a pair of relatively prime integers we say that
a commutative ring R is (n, k)-closed if, whenever r,s € R satisfy r™ = s*, then there
is at € R such that t* = r and t* = s. The uniqueness of t follows from the preceding
proposition.

If R C S, we say that R is (n, k)-closed in S if whenever s € S is such that s" € R
and s* € R, then also s € R.

We will say that R is absolutely (n, k)-closed if it is (n, k)-closed in every containing
SEMIPTIME TINg.

5.1.4. PROPOSITION. If n and k are relatively prime integers, a ring R is (n, k)-closed if
and only if it is absolutely (n, k)-closed.

PROOF. Suppose R C S and R is (n, k)-closed. Suppose s € S is such that s, s* € R.
Then (s*)" = (s")* so there is a t € R with t" = s™ and t* = s*. Since S is semiprime, it
follows that ¢t = s € R. For the converse, simply embed R into a product of fields, which
certainly is (n, k)-closed. "

5.1.5. LEMMA. Let R be a semiprime ring. Then the following conditions are equivalent:
1. R is (2,3)-closed.
2. R is (n, k)-closed for some relatively prime pairn > 1, k > 1.

3. Whenever RS embeds R into a semiprime ring, then s* € R for all sufficiently
large ¢ implies s € R.

4. R is (n,k)-closed whenever n > 1 and k > 1 and ged(n, k) = 1.

PROOF. (1)=>(2) and (4) = (1) are immediate.

(2) = (3): Assume that s € R for all sufficiently large ¢ and suppose that m is the least
integer such that s™ ¢ R. Then a = s™* and b = s™" are both in R and a" = b*. By
(n, k)-closure, there is a ¢ € R such that ¢* = a = s™ and ¢® = b = s™". If we write
t = s™, then c® = t* and ¢® = t", whence by Proposition , we conclude that ¢ = t,
which contradicts the hypothesis that ¢t = s™ ¢ R. n

(3)=(4): If R~=S is an embedding into a semiprime ring and s € S is such that s* € R
and s" € R, then Proposition implies that s € R for all sufficiently large ¢ and
hence from (3) that s € R. =
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5.1.6. LEMMA. Fvery integrally closed domain is (2,3)-closed.

PROOF. Let D be integrally closed with field of fractions F. Let r,s € D such that
r3 = s%. We can leave aside the trivial case that r = 0. Otherwise, a = s/r € F satisfies

a? =71, a® = s and is a root of 2 — r and therefore lies in D. n

5.1.7. EXAMPLE. The converse of the preceding is false. Let Z[i][x] denote the ring of
polynomials over the Gaussian integers. It is a UFD by standard theorems. Let R C
Z[i][x] be the subring consisting of the polynomials whose constant term is real. Since
i = ix/x is integral over R, R is not integrally closed in its field of fractions. But in the
following diagram,

R ——Z[i[x]

VA

Z[i]

in which the vertical maps are evaluation at x = 0, R is a pullback of three UFDs and so
is (2,3)-closed.

Another example is the domain constructed in [6.3.1
5.1.8. PROPOSITION. R is absolutely (2,3)-closed if and only if it is (2,3)-closed in Ki.(R).

PROOF. Suppose RS is given and s € S is such that s> =a € R and s* =b € R. Let
R[] = R[z]/(z* — a,2® — b) with ¢ the image of z. Since ¢*> =a = s* and ¢ = b = 5%, we
see that the inclusion of R into S can be extended to R|c| by the map that sends ¢+ s.
Moreover, any map R—D with D an integrally closed domain can be extended uniquely
to R[c] by the previous proposition. So R— R[] has the unique extension property with
respect to all A € 4;.. But this implies that R— R[c] has the unique extension property
with respect to all T € J#. (as the class of all objects with respect to which R — R|c]
has the unique extension property is limit-closed). It follows that Ki.(R[c]) coincides with
Ki.(R) and we can regard R C R[c] C K(R). But if R is (2,3)-closed in Ki.(R), it follows
that c € R. ]

5.2. THE MAIN THEOREM. The main theorem of this section states that a semiprime
ring is in . if and only if it is (2,3)-closed.
Before stating and proving this theorem, we need some definitions and lemmas.

5.2.1. NOTATION. As usual, we identify R/P with its image in Ki.(R/P). If ( € Ki.(R)
and if P is a prime ideal of R, we let (p denote the image of ( in Kj.(R/P). We know
from Theorem , together with the obvious fact that 4;., C A, that K. is Dom-
invariant and hence by Theorem [3.6.12]that Kic(R) is isomorphic to I'(E') where E = Ep.
So each ¢ € Ki.(R) is associated with a global section, also denoted by ¢ in I'(E). In this
case, (p coincides with ((P), the value of the global section ( at the prime ideal P.
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5.2.2. DEFINITION. Recall from that ¢ is grounded on U C Spec if (p € R/ P for all
P e U. If ¢ is grounded over all of Spec(R) we will simply say it is grounded. If ( is
not grounded (on U) we will say that it is ungrounded (on U).

5.2.3. LEMMA. Let R be a semiprime ring that is (2,3)-closed. If ( € Ki.(R) is such that
¢ € R and ¢ € R, it follows that ¢ € R.

PROOF. This immediately follows from the fact that R is (2,3)-closed in K;i.(R). "

5.2.4. COROLLARY. Let R be a semiprime ring which is (2,3)-closed and ¢ € Ki.(R) be
given. It follows that:

1. if (" € R for all sufficiently large w, then ( € R;
2. if C is grounded, then ¢ € R.
PRroOF. These results follow from Lemma [5.1.5, Proposition [3.9.7] and Corollary |3.9.8/ m

OUTLINE OF THE PROOF OF THE MAIN THEOREM. We recall that 4;. denotes the class
of integrally closed domains, and % denotes its limit closure. It follows from Theorem
[2.3.1][15] and the obvious fact that Z, C 4. C . that we are in the Dom-invariant case
so that all the equivalent properties in Theorem [2.3.1] are available to us. We will start
the proof by showing that 4. is first order, so, by Proposition [3.1.2] we can construct the
associated canonical sheaf. By [3.6.12] the reflection of a ring into % is isomorphic to
['(E), the ring of global sections of the canonical sheaf.

As usual, we regard R C I'(E) by identifying r € R with the “constant” global section
v(r) € I'(E). The main part of the proof will be showing that if R is a (2,3)-closed
semiprime ring, then every ¢ € I'(E) is in R.

If ¢ € I'(E) is grounded, then, as shown in the corollary above, ¢ € R. What if ¢
is ungrounded at some prime ideals? We will use an inductive technique starting with
the largest prime ideals then working our way down to the smaller primes. In fact, if P
is a maximal ideal, then ( is automatically grounded at P, because we can always find
r,s € R such that ((P) =r/s with s ¢ P. But when P is maximal, s ¢ P implies that s
has an inverse, mod P, so that r/s = rs™! (mod P)).

If P is not quite maximal, but big enough so that if ((P) = r/s then for any ideal Q
with P C @ and s € @), we have already proven that ( is grounded at (). Then, using
Corollary and Lemma below, we will prove that we can reduce the problem
of whether ¢ € R to the equivalent problem of whether (¢ — ¢)™ and (¢ — ¢)™*! are both
in R (for ¢ € R). We can solve this problem as these powers of ¢ — ¢ will be grounded
at such ideals P. More precisely, we will use induction on the “depth” of the ideal P
to complete the proof. The “depth” is essentially a measure of the size of P with the
maximal ideals being of maximal depth. The induction works by considering, in effect,
an ideal P of greatest depth for which ( is not grounded at P.

The exact notion of depth is related to the concept of a fractional cover—see Definition
5.2.9). The idea is that for a given prime ideal P, we can write ((P) = r/s (mod P))
for r,s € R. Then there is a neighbourhood U of P such that for all P" € U, we have
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¢((P")=r/s (mod P"). We cover Spec(R) by finitely many such U. For technical reasons,
to make our arguments work, we need to make the cover “gridded” (see Definition |5.2.14)).

5.2.5. PROPOSITION. The class A;. of all integrally closed domains is first order.

PROOF. The domain D is integrally closed if and only if whenever ¢/d is a fraction, with
¢,d € D and d # 0, such that ¢/d is a root of a monic polynomial p(z) € Dlz|, then
¢/d € D (meaning that there exists e € D with de = ¢). If n is the degree of p(x) then
this condition is first order; we will denote by C,, the sentence:

(Yan_1,an_2,...,a0,¢,d).(c" + " dap_1 + -+ arcd” " + apd™) = 0= 3e.(de = c)

It follows that D is integrally closed if and only if D satisfies C,, for each n > 1. n

5.2.6. REMARK. By the above proposition, and [3.1.2], the canonical sheaf associated with
the limit closure of 4. exists for every semiprime ring. In what follows, we let R be a
given semiprime ring and we let F = Egr be the associated canonical sheaf. As usual, we
regard R C I'(E), by identifying each » € R with the global section v(r) € I'(E). By

3.6.12) we can identify Ki.(R) with I'(E).
5.2.7. NOTATION. For ¢ € T'(F) and r, s € R, we write ((P) = r/s for P a prime ideal of
Rif s ¢ P and ((P) = qp(r)/qp(s) where gp : R— R/P is the quotient map.

5.2.8. DEFINITION. Let R be a semiprime ring and let € T'(E) be given.

If r,s € R we say that (r,s) fractionally represents ( at the prime ideal P €
Spec(R) if ((P) =r/s.

We say that U C Spec(R) is fractional for ( if there exist r,s € R such that (r,s)
fractionally represents ¢ at P for every P € U.

5.2.9. DEFINITION. Let ¢ € T'(F) be given where R is a semiprime ring. Then a frac-
tional cover for ( is a finite cover of Spec(R) by subsets which are clopen in the patch
topology and fractional for (.

5.2.10. PROPOSITION. Every ¢ € T'(E) has a fractional cover.

PROOF. For every P € Spec(R), there is some r,s € R such that ((P) =r/s and s ¢ P.
Then (r, s) represents ¢ on N(s¢ —r)NZ(s). Clearly we can cover Spec(R) by a collection
of such sets. Since the patch topology is compact, this cover has a finite subcover. [

5.2.11. LEMMA. Suppose ¢ € I'(E) and r,s € R are such that s # 0 and s¢ =r in ['(E).
Assume that, for all primes P € R, s € P implies ( € P*. Then there existt € R and a
positive integer m such that (™ = st and ("™ = rt.
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PROOF. We start by claiming that (" € sR|[(] for some positive integer n. This is equiva-
lent to saying that ¢ is in every prime ideal of R[(] that contains s. By Theorem [2.3.1][11]
and Proposition the prime ideals of R[(] are all of the form P* N R|(] for a prime
P C R. By hypothesis, it easily follows that s € P* N R[(] implies ( € P* N R[]
which proves the claim. Since (" € sR[(], there is a polynomial g(z) € R|x] such that
¢" = sg(¢). Let f(z) € R[z] be a monic polynomial satisfied by ¢ (Theorem [2.3.1][L3)
and suppose that f has degree w. Then ("™ = s“g(¢)". Let h(z) be the remainder
when g(z)" is divided by f. Then the degree of h is at most w — 1, which implies that
sU7h(¢) = s¥"th(r/s) € R. If we denote this element by ¢, this implies that (" = st
and then that ("“*! = (st = rt since (s = r. =

5.2.12. NOTATION.

1. For ¢ € I'(E), we say that o € I'(F) is a polynomial in ¢ if o € R[(], the subring
of I'(E) generated by R C I'(E) and (.

2. If U C Spec(R) we let UT denote the up closure of U so that UT = {Q | 3P €
U. P C Q.

5.2.13. LEMMA. Let ¢ € I'(ER) be given, where R is (2,3)-closed. Then ( € R if there
exists a patch-closed subset U C Spec(R) such that:

1. U is fractional for ¢ with ((P) =1/s when P € U.
2. C is grounded on UT N N(s).

3. Whenever o € T'(E) is a polynomial in  then o € R if and only if o is grounded
onU.

Proor. We will actually prove that o € R whenever ¢ is a polynomial in (. Let I =
N{P| P €U} and let R = R/I. Note that R is semiprime that we can regard Spec(R)
as the set of prime ideals () € Spec(R) for which I C Q. By Proposition we can
regard Spec(R) as UT. It easily follows that UT is compact (in the patch topology and

therefore patch-closed) as it is Spec(R) and the convergence of ultrafilters is preserved as
we pass from Spec(R) to Spec(R).

Let o be a given polynomial in (. Let d be the degree of this polynomial. Since
((P) = r/s for all P € U, it follows that there exists 1,51 € R with o(P) = r1/s
for all P € U. Moreover, we can take s; = s?. It follows that N(s;) = N(s). Let
W =U"NN(s)=U"NN(s)

Clearly o is grounded on W because ( is grounded there. It follows by Proposition
that o has a grounded representation % = {Ui,...,U,} on W. We proceed by
induction on n, the cardinality of the representing set %/. If n = 1, then there exists
a € R such that o and v(a) have the same restriction to W. We may as well assume that
a = 0 otherwise we can replace o by o — a. This means that 7, the restriction of o to UT

satisfies the hypotheses of Lemma |5.2.11], applied to R, so there exists a positive integer
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m and t € R such that " = s;t and ™! = 1t on W;. But this clearly implies that ¢
and o™*! are grounded on U' so, by the above hypothesis, we have ¢™ and ¢™*! are in
R. Since R is (2,3)-closed, this implies that o € R.

Finally, suppose we have proven that any polynomial ¢ in ( is in R whenever it has a
grounded representation on W of cardinality n. Let % = {Ui,...,U,+1} be a grounded
representation for o, of cardinality n + 1. Then by Theorem [3.9.5] there exists %', a
grounded representation of cardinality n for sufficiently large powers of o — b, where
b € R. By our induction hypothesis, we see that these large powers of ¢ — b are in R so,
as R is (2,3)-closed, we have 0 —b € Rso o € R. "

We need the following technical definition.

5.2.14. DEFINITION. Let R and ¢ € ['(E) and let € be a fractional cover for (. By an
assignment for €, we mean a choice, for each U € €, of a pair ry,sy € R so that
C(P)=ry/su for all P € U (note that this implies that sy ¢ P for all P € U ).

Suppose we are given an assignment for the fractional cover €. Let S = {sy | U € €}.
The assignment is gridded if whenever the prime ideals P, () are in the same member
of €, then SN P = SNQ. Equivalently, if whenever U,V € € are given, then either
UC N(sy)orUC Z(sy).

By a gridded fractional cover for ( or GFC for (, we mean a fractional cover
together with a specified gridded assignment.

5.2.15. NOTATION. Let ¢ be a GFC. Then the set S = {sy | U € €}, mentioned above,
is called the denominator set for the GFC.

5.2.16. PROPOSITION. Every fractional cover can be refined to a GFC.

PROOF. Let € be a fractional cover for ¢ € T'(EF). Write ¢ = {Uy,Us, ..., Uy,}. For each
U; € €, choose (1;,s;) so that ((P) = r;/s; for all P € U;. Say that G C Spec(R) is a
grid set if we can write G = A; N As N ... N A, where each A; is either N(s;) or Z(s;).
Form a new cover consisting of all sets of the form U; N G where G is a grid set. Assign
(r;, 8;) to each set of the form U; N G. Then this cover, together with this assignment, is
easily seen to be a GFC for (. [

Obviously, this process could, in principle, enlarge a cover by m sets into one by m2™
sets (actually somewhat less since U; N N (s;) = 0).

5.2.17. PROPOSITION. If €, together with a uniform assignment, is a GFC for ¢ and if
f € R[z| is a polynomial, then € is a GFC for f((), when we modify the assignment in
the obvious way as indicated in the proof.

PROOF. Suppose U € € and write (r, s) for (ry, sy). Let n be the degree of the polynomial
f. Then to make % into a GFC for f(({), we have to assign (s"f(r/s),s") to U. =
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5.2.18. REMARK. Suppose that ( € I'(E), f € R[z], and €, are a GFC for (. We will
often say that ¢ is also a GFC for f({), without explicitly mentioning that we have
modified the assignment used for ¢ to give us an assignment for f(¢).

5.2.19. DEFINITION. The element ( € I'(E) has index k, denoted by k = ind((), when k
is the least integer for which there is a GFC which contains exactly k elements at which
¢ 1s ungrounded. Ewvidently, a grounded element has index 0.

Let ¢ € T'(E) have positive index and suppose that € is a GFC that realizes that index.
Let S = {sy | U € €} be the denominator set. We say that ¢ has depth n on U € €
and write n = depy(C) if for every P € U, the set SN P has exactly n elements.

5.2.20. LEMMA. Let ¢ € I'(E) be ungrounded at P. Write ((P) =r/s. Then there ezists
a prime ideal QQ with P C Q) and s € Q.

PROOF. If not, then the image of s is non-zero in every prime ideal of R/P. This means
that s has an inverse, s; modulo P, so ((P) = rs;, contradicting the fact that ( is
ungrounded at P. n

5.2.21. THEOREM. A semiprime ring is in the limit closure of all integrally closed domains
if and only if it is (2,3)-closed.

PROOF. We note that the necessity of being (2,3)-closed is obvious because all integrally
closed domains are (2,3)-closed and the class of all (2,3)-closed semiprime rings is easily
seen to be closed under limits.

To prove the converse, let R be a (2,3)-closed, semiprime ring. Recall that F = Ep is
the canonical sheaf for R and we are identifying Ki.(R) with T'(E). We let ¢ € T'(E) be
given. We have to prove that ( € R.

The argument is by induction on ind(¢). If ind(¢) = 0, then ( is grounded, and ¢ € R
by Corollary [5.2.4]

Now assume that ind(¢) = k and that every element of I'(E) of index less than k
belongs to R. Let ¢ be a GFC that realizes this index for (. Choose U € % on which (
is ungrounded such that the depth d of U is as large as possible. It follows that if we find
V € € on which ¢ has greater depth, then ( is grounded on V.

Let r,s € R be such that ((P) = r/s for all P € U. We claim that Lemma
applies, which completes the proof. Clearly if ¢ is any polynomial in ¢ which is grounded
on U, then o is grounded whenever ( is and, moreover, o is grounded on U so ¢ has an
index less than k£ so, by our induction hypothesis, ¢ € R. It remains to show that ( is
grounded on W = UT N N(s).

We claim that ( is grounded on W. If Q € W, choose V € € with Q € V. It suffices
to show that V' has greater depth then U. But if S is the denominator set of ¥, and if
s1 € S has the property that s; € P for all P € U, then clearly s; € @) so s; € @' for all
Q' € V. But s = sy is not in P for any P € U but is in () and therefore is in @’ for all
Q' € V. This proves the claim which implies that ¢ is grounded on V. [
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5.2.22. REMARK. The following are obvious consequences of the above theorem:

1. The functor Kj. which reflects semiprime rings to the limit closure of integrally
closed domains, coincides with the reflection into the subcategory of (2,3)-closed
domains.

2. Just as we can construct, in 4.2 the DL-reflection [4.2] by successive DL-extensions,
we can construct Ki.(R) as the closure of R under a succession of simple (2,3)-
extensions.

3. We can also classify the elements of K;.(R) according to the “level” at which they
appear, as in the definition below.

5.2.23. DEFINITION. For each ring R, we define E,(R) C Ki.(R) so that Ey(R) = R and
¢ € Epyy if there is anr € R and relatively prime positive integers n, k such that (¢ —r)"
and (¢ —1)* are both in E,,(R). Finally, we let E(R) =] En(R).

In view of the next result, we can define the level of each ¢ € Ki.(R) as the smallest
integer n for which ¢ € E,.

An analysis of the argument in the proof above demonstrates:

5.2.24. THEOREM. E(R) = Ki.(R). =

5.3. SOME EXAMPLES. We start this section, with an example of a semiprime ring which
is not (2,3)-closed and then give several examples of semiprime rings which are (2,3)-
closed.

5.3.1. EXAMPLE. Let Z[z] be the domain of all polynomials in the indeterminate = and
with integer coefficients. Let D C Z[x] be the domain of all polynomials ag + a,z + asx? +
-+« +a,z" for which aq, the coefficient of the z-term, is zero. Then D is the test example
in the sense that the semiprime ring R is (2,3)-closed if and only if every homomorphism
D — R extends to a homomorphism Z[z] — R.

PROOF. D is obviously not (2,3)-closed in Z[z] as ¢ D but 2> € D and z* € D. Tt
is also clear that D — Z|x] has the extension property because if h : D — R is given,
where R is (2,3)-closed, and if h(2?) = r and h(x®) = s then there is a unique ¢t € R with
t? = h(x?) and 3 = h(x?) so the extension of h is the map Z[z] — R which takes z to t.
It remains to show that whenever r, s € R satisfy 7% = s? there exists amap h: D — R
with h(z?) = r and h(z3) = s. Consider the ring Z[y, z|/(y> — 2?). Given r,s € R with
the above properties, there exists Z[y, z]/(y® — 2%) —= R which maps y to r and z to s. In
particular, there exists a map g : Z[y, z|/(y> — 2?) —= D which sends y to z* and z to .
We need to show that ¢ is an isomorphism. It is clearly surjective, so it suffices to show it
is injective. Suppose that P(y, z) € ker(g). By replacing all terms in P involving z* with
y3, we can write find Py(y) and Py(y) such that P(y,z) is equivalent to Py(y) + 2P (y)
(mod y? — 22). Then g(Py(y)+ 2P (y)) = Py(2?) + 23 P (x?) = 0. But Py(x?) only involves
even powers of x while 23 P (z?) only involves odd powers of x, so their sum is zero if and
only if Py =0 and P, = 0 which implies that P(y,z) =0 (mod y? — 2?). o
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5.3.2. REMARK. For a similar ring, see Example [6.3.1]
Here we give some examples of (2,3)-closed rings.

5.3.3. ExAMPLE. The ring of global sections of any sheaf of (2,3)-closed domains is (2,3)-
closed.

PROOF. This follows from Theorem [3.5.3] n

5.3.4. EXAMPLE. Let R be a (2,3)-closed ring and suppose S C R is a multiplicatively
closed set without zero divisors. Then S™'R is also (2,3)-closed.

PROOF. Suppose that (a/s)® = (b/t)* with s,t € S. This gives t?a® = s3b? which implies
s3t8a3 = s%t4b% or (st?a)?® = (s3t?b)?. Thus there is a ¢ € R with st?a = ¢? and s3t2b = ¢?
which implies that a/s = (c¢/st)? and b/t = (c/st)3, as required. n

5.3.5. EXAMPLE. If R is (2,3)-closed and X is a family of indeterminates, then R[X] is
(2,3)-closed.

PROOF. Since models of an essentially algebraic category are closed under filtered colimits,
it suffices to show it for a single variable. We will show that the class Z of all semiprime
rings R for which R[z| satisfies the (2,3) property is J#.. By [Eisenbud (1995), Exercise
4.17; see also the hints], whenever D is a domain integrally closed in its field F of fractions,
D[x] is integrally closed in F[z]. But F[z] is a UFD and therefore integrally closed in its
field of fractions, which is the rational function field F'(z). It follows that D[z] is also
integrally closed in F'(x), which is its field of fractions. Thus Z contains all integrally
closed domains. If we show that & is limit closed, it follows that #Z = J#;. since they are
each the limit closure of the integrally closed domains. It is evident that & is closed under
equalizers, so it suffices to show it closed under products. So suppose that R = [[ R; and
that each R; € #Z. Clearly R[x] C [[(R:[z]). The difference between the two rings is that
in R[z], every polynomial has a fixed degree, while in [[(R;[z]) the polynomials must, for
each 7, have a degree but there is not necessarily a uniform bound on them. Now suppose
a(z),b(z) € R[x] are polynomials such that a(z)® = b(x)?. Since each R;[z] is (2,3)-closed,
it follows that there is a unique c(z) = (¢;(x)) € [[(R;[z]) such that a(x) = ¢(x)? and
b(z) = c(z)®. Since each R; is semiprime, it follows that deg(c;) < deg(a)/2 for all 7, so
that ¢ € R[z]. =

The following corollary is immediate, while showing this directly would seem to be
non-trivial.

5.3.6. COROLLARY. Suppose D is a (2,3)-closed domain with field F of fractions. If
p(x) € Flz] is such that both p(z)? and p(z)® are in D|x], then so is p(z). =

Recall that when R C S we say that R is (2,3)-closed in S if whenever the square and
cube of an element of S belong to R, so does the element. We have:

5.3.7. COROLLARY. Suppose R C S is (2,3)-closed. Then R[zx] C S[x] is also (2,3)-closed.
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PRrROOF. From [2.3.1]9) we know that K;.(R) C Ki.(S). We claim that
R———S

Ki.(R) —— K;.(95)
is a pullback. Suppose that s € SN Ki.(R). Then we have from Theorem [5.2.24] that

s € E,, for some positive integer m. But then there are relatively prime integers n and
k an r € R such that (s —r)® € R and (s — r)* are both in E,,_;(R). If we make the
inductive assumption that S N E,,_;(R) = R, it follows that (s — )" and (s — r)* in R.
The fact that R is (2,3)-closed in S implies, by that s — r € R and hence s € R.

It follows that
R[z] & S[z]

]

Ki(R)[a] — Kic(S)[x]

is a pullback. If p(x) € S[z] is such that its square and cube lie in R[z], then it lies in
Ki.(R)[z] and hence in R[z]. =

5.3.8. COROLLARY. Suppose R is (2,3)-closed in S and X is any set of variables. Then
R[X] is (2,3)-closed in S[X].

PROOF. The previous corollary gives it for any finite X. But every element of S[X] lies
in S[Y] for some finite subset Y C X from which the conclusion is obvious. n

5.3.9. EXAMPLE. For any topological space X, the ring C(X) (respectively, C'(X, C)) of
continuous real-valued (respectively, complex-valued) functions on X is (2,3)-closed.

PrOOF. We will do this for C'(X, C); the real case can be easily done using the continuity
of the real cube root function. Suppose ¢ € K;.(C(X,C)) is such that (> = g and * = h
both in C'(X,C). Define f € C(X,C) by

h(z)/g(x) if g(x)#0
f<x>:{0( o) 1fg(x%:0

Clearly f is continuous at any point z € X at which g(x) # 0. So suppose x € X
is such that g(x) = 0. From g(x)® = h(x)? we conclude that also h(z) = 0. Given
¢ > 0, find a neighbourhood U of x such that |h(y)| < € for y € U. We claim that
for y € U, |f(y)| < e. This is evident if g(y) = 0. If g(y) # 0, we have that |f(y)| =
\R()|/lg(y)] = |h(W)|/|R(y)|[>? = |h(y)|'/® < e. Thus f is continuous everywhere in X.
At a point x € X at which g(z) # 0, we have f(z)* = h(z)?/g(x)* = g(x)3/g(z)* = g(x)
and f(z)® = h(z)?/g(z)* = h(z)*/h(x)* = h(x). When g(x) = h(z) = 0, we also have
f(x)? =0 = g(x) and f(x)> =0 = h(x) so that f> =g =(C*and f2=h=¢> Ina

semiprime ring, this means f = ¢ as claimed. [
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6. Perfect Rings

6.1. GENERALITIES. Recall from [2.1.1]8 that a domain D is perfect if it is either of
characteristic 0 or is of characteristic p and every element has a pth root. We denote by
Aper the category of perfect domains and by ., its limit closure. In this section, we will
define what is meant by a “perfect ring” and show that a ring is in ., if and only if it

is a perfect ring (see Definition [6.2.1)). We will prove that g N Hper = Hppa but show
that J#, is a proper subclass of J#. N Hpe.

6.1.1. NOTATION. For any domain D we let char(D) denote the characteristic of D.
For technical reasons, we make the following definitions:

6.1.2. DEFINITION. Let p be an integer prime, then:
1. A domain is p-perfect if it either has characteristic other than p or is perfect.

2. A semiprime ring R satisfies the p-condition if, whenever r,uy, us, ..., uy,t € R
satisfy
p(ruy —t)(rug —t) -+ - (ru, —t) = 0 and p(r**™ — ") =0

there exists u € R such that

u? =1 and p(ru—1t) =0

6.1.3. NOTATION. In what follows, we assume that R is a semiprime ring, that p is an
integer prime, and that F, is the sheaf associated with 4, .., the full subcategory of all
p-perfect domains.

If D is a domain, then G e (D) denotes the G-operation associated with the limit

closure of 4, e, Obviously, If p ¢ @ then char(R/Q) # p so Gppe(R/Q) = R/Q.

Our first goal is to show that R is in the limit closure of the p-perfect domains if
and only if R satisfies the p-condition. Since every domain in 4., is p-perfect, it follows,
from Theorem that we are in the Dom-invariant case. In particular, Spec(R) has the
domain topology and I'(£),) is the reflection of R into the rings that satisfy the p-condition.

6.1.4. LEMMA. A domain D is p-perfect if and only if it satisfies the p-condition.

Proor. We first show that if D is p-perfect then D satisfies the p-condition.

Case 1: char(D) = p. Since D is p-perfect and char(D) = p, we see that D is perfect. To
prove that D satisfies the p-condition, assume that r, uq, us, ..., u,,t € D satisfy:

p(ruy —t)(rug —t)--- (ru, —t) = 0 and p(r’* —?) =0

Since char(D) = p, these conditions are vacuous. Since D is perfect, there is a u € R such
that w? = r, while the condition p(ru —t) = 0 is vacuous.
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Case 2: char(D) # p. Assume that 7, uy, us, ..., u,,t € D satisfy:
p(ru; —t)(rug —t) - - (ru, —t) = 0 and p(r** — ) =0
Since char(D) # p, we see that
(rup —t)(rug —t) -+ - (ru, —t) = 0 and 7P = ¢

We may assume that r # 0, otherwise we can choose u = 0. Since D is a domain, there
exists 7 with ru; = t. Let u = w;. Then uPr? = t? = P! and it follows that u? = r.

Next we prove the converse, that if D satisfies the p-condition, then D is p-perfect. If
char(D) # p then there is nothing to prove, so assume that char(D) = p. Let r € D be
given. We must find a pth root for . But choose n =1 and u; and t to be any elements
of D. The conditions that p(ru; —t) = 0 and p(r?™! —#’) = 0 are vacuously true, so there
exists uw € D with v = r while p(ru — t) = 0. It follows that u is the desired pth root. m

6.1.5. LEMMA. Let R be a semiprime ring, let r,t € R and let k be a positive integer.
Then the following conditions on u € R are equivalent and uniquely determine u if such
an element exists.

1. v =r and u*t! =t

2. ru=t and ufF =r.

3. ru=t and r** =t* and N(r) C N(u).

PROOF. 1= 2: Given 1, we have ru = ufu = vt = ¢
2= 3: Given 2, it is clear that r € P implies u € P. Also, r*t! = rkyr = ¢k,

3=>1: Given 3, it suffices to show this mod every P € Spec(R). If r € P then t € P (as
r*l =%y and P € N(r) C N(u) so u € P and 1 trivially holds mod P. On the other
hand, if r ¢ P then r*u* = t* = r**1 and we can cancel r* to see that u* = r. Moreover,
when r ¢ P we have t ¢ P, as r*! = % and from tFu*t! = pktightl = b+l we can
cancel the t* to infer u**! = ¢.

Since condition 1 uniquely determines u, by Proposition [5.1.2, each of the conditions
uniquely determines u when such a u exists. [

6.1.6. LEMMA. Let R be semiprime and let p be an integer prime. Let r,uy, ..., u,,t € R
satisfy p(ruy —t)(rug —t) - -+ (ru, —t) = 0 and p(r’*™* —t?) = 0. Then there exists at most
one u € R for which u? = r and p(ru —t) = 0.

PrROOF. We claim that the equations u? = r and p(ru —t) = 0 determine u uniquely
modulo every prime ideal P of R. If r € P we see that u € P. If p € P then u is
determined modulo P as pth roots are unique in R/P. If r ¢ P and p ¢ P, then we
have u? = r and ru = t modulo P. Thus Lemma [6.1.5]2 applies, with k£ = p, and the
uniqueness of u, modulo P, follows as stated in that lemma. [
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6.1.7. LEMMA. Let p be an integer prime. The class of all semiprime rings which satisfy
the p-condition is closed under limats.

PrOOF. It is immediate that this class is closed under arbitrary products and, in view of
the above lemma, it is easy to prove closure under equalizers. [

6.1.8. COROLLARY. Every ring in J e satisfies the p-condition for every prime p. [

We will eventually prove the converse of the above, but we need some more lemmas.
For technical reasons we need the following definition:

6.1.9. DEFINITION. Let R be a semiprime ring and let k > 1 be an integer. We say that
R is k-coherent if, whenever r;t € R satisfy the following conditions:

1. 't =¢% and

2. for every prime ideal P of R, there exists up € R such that rup =t (mod P),

then there exists u € R such that u* = r and u**' =t.

6.1.10. LEMMA. For any k > 1, the semiprime ring R is k-coherent if and only if it is
DL-closed.

PROOF. Assume that R is k-coherent and let E be the canonical sheaf for the limit closure
of all domains (see Section . By Corollary , it suffices to show that for all ¢ € T'(F),
if (* and (¥ are in R, then ¢ € R. Assume (¥ = r € R and (**! =t € R. Then, clearly,
r*1 = ¢* Also, for every prime ideal P, we can let up € R be any element whose image
in R/P is ((P). Then, by k-coherence, there exists u € R with u* = r and v*™! =¢. By
Proposition [5.1.2] applied to the ring I'(E), we see that u = C.

Conversely, assume that R is DL-closed and that 7**' = ¢* for some r,t € R and
that for every prime ideal P, there exists up € R such that rup =t (mod P)). We may
assume that up = 0 if » € P. We can then define ( € I'(E) by letting ((P) be the image
of up € R/P for each prime P. To prove that { is continuous, note that {(P) is defined
by conditions which, in view of Lemma [6.1.5/3, uniquely determine ¢ as a local section
in a neighbourhood of P. By uniqueness these local sections patch together and form a
global section. Since R is DL-closed, there exists u € R with ( = u so u is the desired
element. n

6.1.11. LEMMA. Let R be a semiprime ring and let r,t € R be given. Then for every
prime ideal P of R, there exists up € R such that rup =t (mod P)) if and only if there
erist uy, Uy, . .., U, € R such that (ru; —t)(rug —t)--- (ru, —t) = 0.

PROOF. If there exist uy, ug, ..., u, € R such that (ru; —t)(rug —t)--- (ru, —t) = 0 and
if P is a prime ideal of R, then there obviously exists ¢ with ru; —t € P and we can choose
up = U;.

Conversely, if for every prime ideal P of R, there exists up € R such that rup =t
(mod P)) then for each such P there is an open neighbourhood N (rup —t) of P such that
for all P’ in the neighbourhood, we have rup = t (mod P’). Cover Spec(R) by finitely
many of these neighbourhoods. ]
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6.1.12. PROPOSITION. Let p be an integer prime. Then a semiprime ring which satisfies
the p-condition is DL-closed.

PROOF. We claim that R is p-coherent. Suppose 7,t € R satisfy 77T = ¢? and that, for
every prime ideal P, there exists up € R such that rup =t (mod P)). Then there exist
Uy, Us, ..., Uy € R such that (ru; — t)(rus —t)--- (ru, —t) = 0. It is immediate that
p(rP™ —t?) = 0 and that p(ru; —t)(rug —t) - - (ru, —t) = 0. By the p-condition, there
exists u € R such that «? = r and p(ru — t) = 0. We need to show that ru = ¢, which
suffices by Lemma [6.1.5]

It is enough to show that this is true modulo each prime ideal @ of R. But if p ¢ @,
then from p(ru — t) = 0 we immediately see that ru =t (mod (). On the other hand, if
p € Q, then (ru)? = rPuP = rPr = P = 2. Tt follows that ru and t are both pth roots
of t? so ru =t (mod @)) as pth roots are unique in R/Q. n

6.1.13. REMARK. Whenever () is a prime ideal of R with p ¢ Q,we have G, ,e:(R/Q) =
R/Q so, if ¢ € I'(E,), then ¢(Q) € R/Q.

6.1.14. NOTATION. Recall the following notational conventions:

1. Let s € R and ¢ € I'(E,) be given, We say that ((Q) = s (mod Q) if {(Q) coincides
with the image of s in R/Q).

2. Let v : R—T'(E,) be the canonical embedding. We often identify R with its image
in I'(E,). Thus given ¢ € I'(E,) we may say ¢ € R if ( = v(r) for some r € R and,
in this case, write ( = r. Note that if R is DL-closed, then we have ( € R if and
only if ((P) € R/P for all prime ideals P. For if {(P) € R/P for all P, then { can
be regarded as a global section of the canonical sheaf for A4,, and, by Theorem

this implies that ( € R.

6.1.15. LEMMA. Let the semiprime ring R satisfy the p-condition and let ( € I'(E,) be
giwven. Then:

1. If¢? € R and ¢**' € R then ¢ € R.
2. If (" € R for all sufficiently large integers w, then ( € R.
3. If (* € R and ¢* € R for k., ! relatively prime positive integers, then ( € R.

PRrOOF. Note that by the previous proposition, R is DL-closed. It suffices to prove 1
as the other conditions are equivalent using the argument used in Lemma [5.1.5] Let
(P =r € Rand (P"' =t € R. Then clearly r’*! = t*. Note that if P is a prime ideal
of R and p ¢ P, then char(R/P) # p s0 Gpper(R/P) = R/P and there exists up € R
with ¢(P) = up. Thus in R/P, we have u?, = r and u%™" =t (mod P). Since ¢(Q) = up
for () in a neighbourhood of P, we can cover the compact set of all prime ideals which
do not contain p with finitely many such neighbourhoods so there are uq,us,...,u, € R
such that for each P with p ¢ P, there exists ¢ with (ru; —t) € P. It follows that
p(ruy —t) - (ru, —t) = 0 (by checking that this holds at each prime ideal) and so, by the
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p-condition, there exists a unique u € R such that u? = r and p(uP™' —t) = 0. Since it is
readily verified that ¢ satisfies these same equations (checking them modulo each prime
ideal) it follows from Lemma [6.1.6, applied to the ring I'(E,), that { = . ]

6.1.16. DEFINITION. The p-spread of ¢ € I'(E) is the least cardinal of a grounded repre-
sentation, % , of ¢ on Z(p).

6.1.17. LEMMA. For any ¢ € I'(E,) and any p-cover Uy, Us, ..., Uy, of C, there exist an
element s € R and an integer wy such that whenever w > wy, the sets (UUU3), Us, ..., U,
are a p-cover of (¢ — s)*.

PRrOOF. This follows from Theorem [3.9.5]

6.1.18. LEMMA. Assume that the semiprime ring R satisfies the p-condition and that
el (E,). Then ¢ € R if and only if (P € R.

PRrooOF. Clearly if ( € R, then (P € R. To prove the converse, assume that (?» € R and
let 7 € R be such that (¥ = r. We will prove that { € R by induction on n = p-spread(().

Suppose that n = 1. Then the entire compact set of all prime ideals P with p ¢ P
is uniformly grounded. Therefore there exists u; € R with ((P) = u; (mod P) whenever
p&Pp.

Let t = ruy. Then, trivially, we have p(ru; —t) = 0. We claim that p(rP™! — t?) = 0.
It suffices to show that p(rP*! — t?) € P for every prime ideal P. But if p € P this is
immediate. And if p ¢ P we have ((P) = u;y and (P(P) =7 =¥ so t = uyr = u/*" from
which it follows that, modulo P, we have rP*! = uf(pH) = tP.

In view of the claim, it follows by the p-condition that there exists u € R with uP = r
and p(uP™' —¢) = 0. We next claim that ¢ = w. It suffices to show that ((P) = u
(mod P) for every prime ideal P. If p ¢ P then r?*! = ¢? and ru = ¢ (both mod P). It
also follows from the above argument that (?(P) = r = u? (mod P)) and that:

¢PHU(P) = ((P)P(P) = ruy =t = ru = uPT!

therefore, modulo P, when p ¢ P, we have shown that (?(P) = w? and (?™(P) = uP*!
so by Proposition [5.1.2] applied to the ring I'(E,), it follows that ¢ = u (mod P).

On the other hand, if P is a prime ideal with p € P, we see that ((P) and u are both
pth roots of r and, modulo P, such roots are unique as p € P, Therefore ( = u (mod P).

We continue the inductive argument by assuming that for every ¢ € I'(E,), if (* € R
and p-spread(¢) < m then ¢ € R. We claim that if ¢ has p spread m then ¢ € R. But
by Lemma we have that for sufficiently large w, (* has p-spread less than m and
since ((")? is clearly in R, we have, by the induction hypothesis, that (* € R. It follows

from Lemma[6.1.15(that ( € R. (]

6.1.19. LEMMA. If D is a domain then for every x € G, (D), there exists a non-negative
integer k with " e D.
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PROOF. We may assume char(D) = p, as otherwise Gppe(D) = D. Let D C Q(D)
embed D into the perfect closure of its field of fractions. Obviously G per(D) is the
smallest subdomain of Q(D) which contains D and is closed under the forming of pth
roots. It suffices to show that the set of all z € Q(D) such that 2** € D for some k > 0
is closed under addition and multiplication. But this is trivial because if 27" € D and
y”jZ € D, then we may assume that k = ¢, as we can replace both k& and ¢ by the larger of
the two integers. [

6.1.20. THEOREM. A semiprime ring is in the limit closure of all p-perfect domains if and
only if it satisfies the p-condition.

PROOF. The necessity of the condition follows from Corollary To prove sufficiency,
assume that R satisfies the p-condition. We must prove that every ¢ € I'(E,) belongs to
R, which follows if there exists n such that (P € R. By the above lemma, for each prime
ideal P of R, there exists kp with Cpkp (P) =rp € R. Then the set of prime ideals () with
i (Q) = rp is an open subset of Spec(R). Cover Spec(R) by finitely many such open
sets. Thus there exist ki, ko, ..., k,, such that for every prime ideal P of R there is some
i with ¢?""(P) € R. Let n be the largest k;, whence ¢?" € R.

The theorem now follows by induction on n. If n = 1 then the result follows from
Lemma . Assume that for all ¢ € ['(E,), we have 0 € R if 0?" € R. Suppose that
("™ e R. Letting 0 = (? we see that o?" € R and so, by the induction hypothesis,
o € R and therefore ¢ € R by Lemma [6.1.18] n

6.2. DESCRIBING #,,. We will show that a semiprime ring is in the limit closure of the
perfect domains if and only if it is perfect, where:

6.2.1. DEFINITION. A semiprime ring is perfect if it satisfies the p-condition for every
prime integer p.

6.2.2. NOTATION. We let E denote the canonical sheaf associated with the limit closure
of the category of all perfect domains, while E), is the sheaf for the limit closure of the
category of p-perfect domains.

For each domain D we let Gpper(D) denote the G-operation associated with E, and
let Gper(D) denote the operation associated with J#e..

Clearly, for each domain D we have Gpe (D) is given by:

1. If char(D) = p > 0, then Gper (D) = Gpper(D).
2. If char(D) = 0, then Gpe(D) = D.

6.2.3. LEMMA. For each prime integer p, we can regard I, as an open subsheaf of E.

PRrOOF. This is obvious since we can regard G, pe(D) as a subset of Gper(D). The fact
that each E), is an open subsheaf of E' is straightforward. ]
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6.2.4. LEMMA. With the above notation, let ¢ € I'(E) be given. Then there exists a finite
set S of prime integers, such that for every prime ideal Q of R with char(R/Q) ¢ S, we

have ((Q) € R/Q.

PRrROOF. If @ is a prime ideal of R with char(R/Q) = 0, then there exists r € R with
(@) =r (mod Q)). Since global sections agree on open sets, () has an open neighbour-
hood Uy such that for all Q" € Ug, we have ((Q') =r (mod Q)).

Clearly the set of prime ideals ) with char(R/Q) = 0 is covered by the open sets Ug
defined above. On the other hand, the prime ideals P with char(R/P) > 0 are covered by
the open sets { N(p)} where p varies over the set of prime integers. So Spec(R) is covered
by the sets {Ug} and {N(p)}. Let Ug,,...Uqg,,N(p1),...,N(pn) be a finite subcover.
Then S = {p1,...,pn} has the desired property. n

6.2.5. THEOREM. A semiprime ring is in Hper if and only if it satisfies the p-condition
for every prime integer p.

PROOF. Let R be a semiprime ring which satisfies the p-condition for every prime integer
p. We need to show that R = ['(E). The converse direction is clear, as stated in Corollary
618
Let ¢ € T'(F) be given and let S = {p1,pa,...,pn} be the set of prime integers such
that if char(R/Q) ¢ S then ((Q) € R/Q. We assume that the primes pq,pa,...,p, are
distinct. For each i, we let
G =DP1-Dic1Pit1- P

be the product of all prime integer in S other than p;. We note that, for each i, we have ¢;C
is in I'(E),) as ¢:;((Q) € G, per(R/Q) for all prime ideals ) of R. But since R satisfies the
pi-condition, we see that R = I'(E,,) so ¢;( € R. But there exist integers {c¢;} such that
11+ c2qa + - - - + gy = 1 since ged{q1, qo, - - ., gn} = 1. Therefore ( = c;1C+ -+ - + cpqnC
is in R. [
6.2.6. EXAMPLE. If p is an integer prime and R is a semiprime ring in which p = 0, then
R satisfies the p-condition if and only if every r € R has a pth root.

PRrROOF. Most of the conditions in the p-condition are vacuous when p = 0, and the only
non-vacuous condition is that given r € R, there exists u € R with u? = r as in the proof

of 6.1.4 n

6.2.7. EXAMPLE. If p is an integer prime and R is a DL-closed semiprime ring in which
p has an inverse, then R satisfies the p-condition.

PRrROOF. Since R is DL-closed, it is p-coherent. It is easily verified that a p-coherent ring
in which p is invertible satisfies the p-condition. [
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6.2.8. EXAMPLE. If p is an integer prime and R is a DL-closed semiprime ring in which
p has an quasi-inverse, then R satisfies the p-condition if and only if each prime ideal P
of R with char(R/P) = p has pth roots.

PROOF. Let p be the quasi-inverse for which p?p = p and p?’» = p. Then pp is an
idempotent and we can write R = Ry X Ry where p = 0 in R; and p has a (genuine)
inverse in Ry and then apply the arguments of the two examples above. [

6.2.9. THEOREM. The semiprime ring R is in Hpna if and only if R is reqular and perfect.

PRrOOF. If R is in the limit closure of perfect fields then, trivially, R is in the limit closure
of perfect domains and in the limit closure of fields, so R is perfect and regular.
Conversely, assume that R is perfect and regular. Let E be the sheaf associated
with #,pq. Then for each prime ideal P of R we see that Gypq(R/P) is Q(R/P), the
perfect closure of the field of fractions of R/P. But in a regular ring every prime ideal
is maximal, so Gpua(R/P) is the perfect closure of R/P. Thus E coincides with the
canonical sheaf associated with ... Since R is perfect, it follows that R = I'(E) which
implies R € e%/pf]d. [ |

6.2.10. COROLLARY. Hper N Hfia = Hpfid- [
6.2.11. COROLLARY. Ficp, N Hfa = Hpfid-

PROOF. Since Aicp, C Ay, it follows that Hi, C Hper 50 HicpNHiig C Hper Nl = Hpfid-
The reverse inclusion g C Hper N Hfig is easy. n

6.3. IS JHper N i = Hicn? Having proven the above corollaries, it seems natural to ask
if the analogous result would describe J#.,. However, there are counter-examples and we
present one here.

6.3.1. DEFINITION. Let Z[x] be the ring of polynomials in the indeterminate x and let
D C Z[z] be the subring generated by 2z and x*. Evidently, D is the ring of polynomials
ap + a1x + -+ - + a,x™ where each a,, is even whenever n is odd.

6.3.2. LEMMA. With the above definition, D € e N Hic.

ProOOF. Clearly D perfect because it is a domain of characteristic 0.
To prove that D is in J#. observe that the following diagram is a pullback, where
Z,[2?] & Z,[z] is the subring of all polynomials which have only even powers of .

D —Z[z]

Z,y[2%] = Z,|x]

Note that Z[z] and Z,[x] are in %, as they are UFDs. Also, Z5[x] is isomorphic to Zy[z?]
by the map that sends x to 2%. So D € ¥, as ;. is closed under pullbacks. n
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6.3.3. LEMMA. If a and b are in the semiprime ring R and if 2a = 2b and a* = b* then
a=b.

PROOF. Square a — b. n
6.3.4. LEMMA. The embedding D — Z[z] is epic in SPR..

PROOF. Let R € SPR and g,h : Z[z] — R be given such that g and h have the same
restriction to D. Then g(2x) = h(2x) and g(z?) = h(z?) and, by the above lemma, we
have g(x) = h(x) which implies g = h. =

6.3.5. LEMMA. Let R € SPR be given. A map from f : D—=R is determined by f(2x) =r
and f(z*) = s if and only if r;s € R satisfy r* = 4s. Moreover, the map f extends to
Z[x] if and only if there exists t € R for which 2t = r and t* = s.

PROOF. If f(2z) = r and f(2?) = s then it is clear that 7? = 4s. Conversely, given such
anr,s € R, we define a map f : D— R as follows. Each polynomial in D can be written
uniquely in the form (p,q) = p(z?) + 2zq(2?). The rules for adding and multiplying
these canonical forms are: (p1,q1) + (p2,q2) = (p1 + P2, 1 + ¢2) and (p1,q1) (P2, q2) =
(p1p2 + 4xq1G2, p1g2 + p2qr)- It is clear that we can define f(p,q) = p(s) + rq(s) which is
a homomorphism if and only if 7? = 4s.

Finally, if t € R satisfies 2t = r and t? = s, then f can be extended to a homomorphism
h : Z[xz] — R for which h(x) = t. "

6.3.6. PROPOSITION. The inclusion map D — Z[x] is the reflection of D into Hi.,.

PROOF. Since Z|z] is integrally closed and perfect it belongs to J#., = Hi,. It suffices to
show that the inclusion D<= Z|z] has the UEP (unique extension property) with respect
to every A € Acp. In view of the above lemma, this boils down to showing that if A € A,
and if 7, s € A are such that 72 = 4s then there exists ¢t € A such that 2t = r and t? = s.
But suppose char(A) # 2. Then the fraction r/2 is a square root of s so it must be in A,
which is integrally closed, and we can choose t = r/2. On the other hand, if char(A) = 2,
then we must have r = 0 as 72 = 4s. But since A is perfect, we see that s has a unique
square root t € A. And obviously t? = s and 2t = 0 = 7. =

6.3.7. COROLLARY. D € JHper N K but D ¢ Hie,.
PROOF. That D € Jpe N Hi is proven in (6.3.2l But D ¢ ¥, because the reflection of

D into J#, is not an isomorphism. [

7. Limit closure of UFDs.

7.1. THE REFLECTOR. In the preceding three sections we have characterized the limit
closure of domains, of integrally closed domains, and of perfect domains in the category
of commutative rings. In each case, the limit closure turned out to be the models of an
essentially algebraic (or left exact) theory. When examining the limit closure of UFDs,
we are surprised not only by how many domains are in it (for example every quadratic
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extension of Z) but also by which domains are not in it (for example every non-principal
ultraproduct of Z). It is true that the limit closure of UFDs is contained in the (2,3)-rings
because all UFDs are integrally closed (alternatively, if b = ¢?, we can directly find the
prime factors of the element a for which a* = b and a® = ¢).

We can dispose of the latter point by observing that if an element of a UFD has a
square root then every prime divides it an even number of times. The converse is not
necessarily true but if every prime divides an element an even number of times, then some
associate of the element will be a square. For example, in the Gaussian integers Z[i] the
element i is divisible by each prime an even number of times (0), but does not have a
square root. Obviously the associate 1 does. Thus to show that a UFD is (2,3)-closed, it
suffices to show that invertible elements do. But if u®> = v? and w is invertible, then it is
immediate that (v/u)? = u.

Next consider the domain Dy C k[z], with k& a field, consisting all the polynomials
ao + aox? + asw3 + - - -, that is with linear term 0. Then clearly z° has a square root in D,
while 2% doesn’t. It can be shown that Dy = k[y, 2]/(y® — 2?) from which we see that a
necessary and sufficient condition that a domain D be a (2,3)-domain is that every map
from Dy — D extend to a map k[x] — D.

We denote the limit closure of the UFDs by J#q. We have,
7.1.1. THEOREM. The inclusion #q —= SPR. has a left adjoint.

PRrROOF. Apply Theorem [2.2.12] [

7.2. QUADRATIC EXTENSIONS OF Z. We fix a square-free integer n € Z. Note that n
can be positive or negative. We let w = y/n. When n =1 (mod 4), the ring Z[w] is not
integrally closed; its integral closure is Z[r] for 7 = (1 4+ w)/2.

It is known that for n < 0 there are only nine prime values of n, the largest being 163,
for which Z]w] (Z[7] in the case n =1 (mod 4)) is a UFD. For n > 0, the ring seems to
be a UFD infinitely often and a non-UFD infinitely often (the truths of these claims are
not known).

In this section we will show, nonetheless that Z[w] is always in the limit closure of the
UFDs.

For p prime, let Q, € Q consist of all rationals whose denominators are not divisible
by p. It is clear that Z[w] = [, Q,[w]. We will show that except when p =2 and n =1
(mod 4), Qp[w] is itself a UFD. In the missing case, we will show that Qq[7] is a UFD,
and that Q[w] is the equalizer of two maps from Q5[7] to a field and hence also in the
limit closure of UFDs.

We will therefore be studying the rings of the form Q,[f] where # = w, unless p = 2
and n =1 (mod 4), in which case 0 = 7.

An element of Q,[w] will be written a + bw with a,b € Q,. There is an automorphism
on Q,[w] that takes w to @ = —w. Applied to Qq[7], it takes T to 7 = (1 —w)/2 =1 — 7.
In either case the map that takes a + bw to a + bw (respectively takes a + br to a + T)
is an automorphism and therefore the map N : Q,[r] — Q, defined by N(a + br) =
(a+ b7)(a + bT) is multiplicative. The function N is called the norm function.
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An element of a € Q,, can be written a = p°b where e is a non-negative integer and b is
invertible in Q,. We will call e the p-index of @ and write e = ind,(a). We will frequently
omit the p when it is clear.

7.2.1. REMARK. A statement such as “a divides b” implicitly refers to a ring R which
contains a,b (and means that there exists ¢ € R with b = ca). Unless we specifically
mention otherwise, this will be interpreted to mean the smallest ring containing a and b.
In particular, if @ and b are both integers, then, unless a different ring is clearly indicated,
the statement “a divides b” will be interpreted with respect to the ring of integers.

7.2.2. PROPOSITION. An element £ € Q,[0] is invertible if and only p f N (&).

PROOF. If &£~ = 1, then N(HN(£71) = N (1) = 1 so N(§) must be invertible, that is
not divisible by p. Conversely, if N'(£) is invertible, then & | V(&) is also invertible. "

The only ideals in Q, are powers of p and so it makes sense to speak of two elements
being congruent (mod p°). In particular, it makes sense in Qs to talk of odd and even
and of elements of being divisible by 4 or &, etc.

7.2.3. THEOREM. Q,[0] is a UFD for all primes p.

This will be divided into seven cases. The treatments of four of those cases will be
subsumed into the following proposition.

7.2.4. PROPOSITION. Suppose there is an element m € Q,[0] such that p | N(m) and for
any & € Q,[0] whenever p | N(§) then 7| . Then 7 is prime in Q,[0], every element of
Q,[0] is a power of w times an invertible element and therefore Q,[0] is a UFD.

PROOF. If 7 | &n, then p | N(7) | N(§)N (n) and hence p must divide one the factors on
the right and hence m must divide £ or 1 so we see that m is prime.

Now suppose & € Q,[]. If € is not invertible, then p | N'(§), whence 7 | £. Dividing
out one factor of 7 divides the norm by N (7) so this process terminates in an invertible
element after a finite number of steps. [

We now finish the proof of Theorem [7.2.3] The proof is divided into cases that depend
on n and p.

Case that p | n: By Proposition [7.2.2] a + bw is invertible in Qpw] if and only if
p fN(a+bw) = a®> — b®n, which happens if and only if p f a. If p | a, the equa-
tions (r + yw)w = a + bw leads to the equations ny = a and x = b. Since n is square
free, it is divisible by p but not by p* and hence y = a/n € Q,. Thus every non-invertible
element is divisible by w. Since p|N(w) = —n the result follows from Proposition [7.2.4]
with 7 = w.

Case that p = 2, and n = 3 (mod 4): By Proposition [7.2.2] a + bw € Qa[w] is invertible
if and only if N(a + bw) is odd if and only if @ and b have opposite parity.

We claim that every non-invertible element of Qs[w] is divisible by 1+ w. If a + bw
is non-invertible, then a,b have the same parity and a + bw = (1 + w)(x + yw) where
x=(n—-a)/(n—1)and y = (a —b)/(n —1). Note that n — 1 =2 (mod 4) so that it is
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divisible by 2 but not by 4, hence both z,y € Q,. Proposition with 7 = 1 — w gives
the result.

Case that p = 2, n = 1 (mod 4): Let m = (n — 1)/4. Then 7 = (1 4+ y/n)/2 then
N (1) = —m. This case splits into three subcases depending on the residue of m (mod 4).
Subcase that m is odd: In this case, it is clear that N(a + b7) is odd unless a and b

are both even, whence a + b7 is divisible by 2. Thus an element is either invertible or
divisible by 2 and Proposition with m = 2 applies.

Subcase that m = 2 (mod 4): We begin by claiming that 7|2. Write n = 8k + 1 with
k odd. Then we have that 77 = —2k and k is odd so that 2 is divisible by both 7 and
Jtau. Since N'(a + br) = a®> — mb* + ab = a®> + ab = a(a + b) (mod 2), we see that a + br
is invertible if and only if @ is odd and b is even. We further claim that if a + b7 is not
invertible, then it is divisible by either 7 or 7. If a and b are both even, then 7| 2 | a+br.
If a is even and b is odd, then the equation (x +y7)7 = a+ br has the solution y = —a/m
and y = b — m. Note that m | a since a is even and m is twice an odd number. If
a and b are both odd, then a + b7 = a+b(1 —7) = a+ b — b7 and a + b is even, b
odd. Since the replacement of 7 by 7 is an automorphism, the same argument shows that
T|la+b+bT =a+br.

We claim that 7 and 7 are prime. We do this for 7. If 7 f a + br, then a must be
odd. Similarly, if 7 f ¢+ d7, then (a + b7)(c + dr) = ac + bdm + (ad + bc + bd)T and
certainly ac+ bdm is odd and so 7 does not divide the product. Since every division of an
element by 7 or 7 reduces the index of that element (the number of times it is divisible
by 2) by 1, we conclude that every element is a product of a power of 7, a power of T,
and an invertible element.

Subcase that m = (n —1)/4 =0 (mod 4): Write n = 16k + 1. Then (1+7)(1 +7) =
1+ 7+7+77 =2(—2k + 1), which is twice an odd number so that both 7 and 7 divide
2. As in the preceding subcase, we see that a + b7 is invertible if and only a is odd and b
is even. If a and b are both even, then a + b7 is divisible by both 1 + 7 and 1 + 7. Next
we note that 72 = (1 +n + 2y/n)/4 = 4k + 7. Then

T T(1+7) _T+72_4k+27 o2k + 1

1+7 (1+7)(1+7) 2—-4k 2—4k 1-2k

and the denominator is odd, so that 14 7|7. Now if a is even and b is odd then 7 divides
a+ (b4 1)7, as well as 7, so it divides a + br. Finally, if @ and b are both odd, then
1+ 7 divides (a + 1) + (b+ 1)7 as well as 1 + 7 and hence divides a + br. Thus every
non-invertible element is divisible by at least one of 1 + 7 and 1+ 7.

Note that when a is even and b is odd, then (1 +7) | (a — 1 + b7) and does not divide
1 so that (147 fa+ br) in that case. If also (14 7) f (¢ + d7), then

(a+b7)(c+dr) = ac+ (ad + be)T + bdr* = ac + (ad + be)T + bd(4k + 7)
= ac + 4kbd + (ad + be + bd)T
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and that is also not divisible by 1+ 7. Thus 1 + 7 is prime and by symmetry, so is 1 + 7.
The rest is routine.

Case that p # 2, p Jn and n is a quadratic non-residue (QNR) of p: We begin by noting
that if n is a QNR of p in Z it is also a QNR in Q,. For if there are s, € Z such that
p [t and (s/t)> =n (mod p) and we choose r € Z such that vt = 1 (mod p), then one
readily sees that (rs)> =n (mod p).

If N(a+ bw) = a® — b?n is divisible by p, then we must have p | b and therefore p | a.
Then p | a + bw. Thus Proposition applies.

Case that p # 2, p fn and n is a quadratic residue (QR) of p: In this case, we can find a
k € Z so that p | k* — n. Replace k by k + p, if necessary, to force that p* fk? — n. Now
suppose that p | N (a+bw) = a®>—b*n. We have 0 = o> —b?n = a* —b*k? = (a—bk)(a+bk)
(mod p) and so p | a+ bk or p | a —bk. Choose u = £1 so that p | a — ubk. We claim that
k+uw | a+bw. In fact the equation a+bw = (k+uw)(z+yw) = kx+uny+ (ur+ky)w gives
the equations kz+uny = a and uxr+ky = b which have the solution y = (a—ubk)/(n—k?)
and x = (a — uny)/k which lie in Q, since p | a — ubk and p* Jn — k%

We can also conclude from this computation that k + uw fa + bw when p fa — ubk.
Suppose now that k+uw fa+bw and k+uw Jc+dw. Then we claim that p f (a+bw)(c+
dw) = ac+ bdn + (ad + bc)w. In fact ac+ bdn — u(ad + be)k = ac — bdk* — vadk — ubck =
(a—ubk)(c—wudk) Z 0 (mod p). This proves that k+w are the only primes and completes
the proof for the last case. ]

7.2.5. THEOREM. If n € Z is square-free, then Z[\/n] is in the limit closure of the UFDs.

PROOF. Let w = y/n as above. Clearly Z[w] = (| Q,[w] the intersection taken over all
primes. We know that when p is an odd prime, Q,[w] is itself a UFD. In addition, Qa[w]
is a UFD if n = 3 (mod 4). Thus it is sufficient to show that Qs[w] is in the limit closure
of the UFDs when n = 1 (mod 4). In that case, we know that 7 = (1 + w)/2 satisfies
the equation 2% + x +m for m = (n — 1)/4. Let R be the splitting field of 22 + z + m
over the field of two elements. If m is even, R = Z/2Z and the two roots are 0 and 1.
If m is odd, the roots are the two new cube roots of 1 in the field of four elements. In
either case, there are two maps f, g : Qz[7] — R, that take 7 to one or the other root of
the equation. Since 1 +w = 27 is even, we have f(1 4+ w) =0, and ¢g(1 +w) = 0 so that
f(w) = g(w) =1 and so Qs]w] is the equalizer of f and g. =

8. Conclusions and open questions
The following summarizes the main results of this paper.
1. A semiprime ring is in J#g.y,, if and only if it is DIL-closed.

2. A semiprime ring is in #fq if and only if it is regular.
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3. A semiprime ring is in g, if and only if it is quasi-rational and DL-closed. More-
over, for some rings, the A .i-topology is strictly between the domain and patch
topologies.

4. A semiprime ring is in J#, if and only if it is perfect.
5. A semiprime ring is in J#. if and only if it is (2,3)-closed.

6. Every ring in J, is perfect and (2,3)-closed, but there are perfect, semiprime,
(2,3)-closed rings which are not in J#,.

7. A semiprime ring is in J#,pq if and only if it is perfect and regular.

8. In all of the above examples, the canonical sheaf representation property holds.

OPEN QUESTIONS. The following questions remain open:
1. Is there a concise description of J#.,7 (See|6.3.1})

2. If the conditions in [3.4.1| are satisfied, does the canonical sheaf representation prop-
erty, always hold?

3. If 4, B, # satisty the conditions in [3.4.1, must % be first order?

4. If  is a Dom-invariant subcategory, R € £ and S C R a multiplicatively closed
subset of non-zero divisors, does S™'R € #? Compare 4.3.2| and [5.3.4
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