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HOMOTOPY UNITAL A,.-MORPHISMS WITH SEVERAL ENTRIES

VOLODYMYR LYUBASHENKO

ABSTRACT. We show that morphisms from n homotopy unital A.,-algebras to a single
one are maps over an operad module with n + 1 commuting actions of the operad A
whose algebras are homotopy unital A..-algebras. The operad A, and modules over
it have two useful gradings related by isomorphisms which change the degree. The
composition of A"-morphisms with several entries is presented as a convolution of a
coalgebra-like and an algebra-like structures.

The present work is a sequel to [Lyul5]. We use freely notations and notions from the
previous article. There polymodule cooperads were defined and an example of A,.-poly-
module cooperad F' was given. Here we describe three more examples of polymodule co-
operads: an A.-polymodule cooperad F, an A"-polymodule cooperad F™ and A"-poly-
module cooperad FM. Here A, (resp. A™) is an operad of conventional (resp. homotopy
unital) A..-algebras, and A.,, A" are their signless versions. Also F (resp. F") is
a signless version of F (resp. F™). We develop the idea of “isomorphism” of operads
and polymodule cooperads changing degrees. Operads A, and A, A" and AhY and
polymodule cooperads F' and F, F™ and F'" are “isomorphic” in this sense.

Both categories of dg-operads and of polymodule dg-cooperads have a model struc-
ture. It is known that the dg-operad A, (resp. A") is a cofibrant resolution of the
dg-operad As (resp. Asl) of non-unital (resp. unital) associative dg-algebras. We show
that the polymodule cooperad F (resp. FM™) is a cofibrant resolution of the polymodule
cooperad responsible for morphisms and composition in the multicategory of non-unital
(resp. unital) associative dg-algebras. Polymodule cooperads F, F (resp. F™, FM) are
means to represent morphisms and their composition in multicategories of conventional
(resp. homotopy unital) A-algebras or A-algebras. The composition is recovered via
convolution of polymodule cooperad and a lax Cat-multifunctor Hom built from dg-mod-
ules.

Verification that changing degrees does not lead out of polymodule cooperads is
straightforward but lengthy:.
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We assume that all modules are graded modules over a commutative ring. A lot
of signs disappear due to chiral system of notations, see Section 1.1: we use right op-
erators, homogeneous elements of the right homomorphism object in closed symmetric
monoidal category of graded modules. We discuss model structures on categories related
to complexes (Hinich‘s theorem) in Section 1.2. The notion of morphism of dg-operads of
certain (non-zero) degree is recalled in Section 1.6. (Homotopy unital) A..-algebras and
the related operads A, A, A" and A" are recalled in Examples 1.5, 1.10, 1.11.

The categorical basement to constructions in this article is the notion of Cat-multi-
categories and (co)lax Cat-multifunctors, considered in detail in [Lyul5]. We study the
category ,Op; of n A 1-operad modules. We prove that the category ,Op; with quasi-
isomorphisms as weak equivalences and degreewise surjections as fibrations is a model
category (Proposition 2.2). Starting with a symmetric dg-multicategory C we construct
in Section 3.1 a lax Cat-multifunctor hom, which to a sequence (A;);c;, B of objects of
C and a vector (n);e; € N! assigns a complex hom((A4;)ier; B)((n')ier) = C((" A;)ier; B)
equipped with compositions coming from C. We compute some signs for hom arising from
shifts [1] in Lemma 3.2 and Corollary 3.3.

The n A l-operad module hom is revisited in Section 3.4. Polymodule homomorphisms
of certain (non-zero) degree are introduced in Definition 3.6. They are motivated by rela-
tionship between hom for shifted and non-shifted complexes (Example 3.7). We describe
the polymodules FAs1,, responsible for homomorphisms f: A; ® --- ® A, — B of unital
associative dg-algebras in Section 3.8 after dealing with non-unital case and polymodules
FAs, in Example 3.5. We gradually begin to construct cofibrant dg-resolution of FAs1,,.
The first step is made in [Lyulb, Proposition 3.4], where we construct differential graded
Aso-polymodules F},, signless shifted version of A,.-polymodules F,, from Proposition 3.9.
We prove that the n A 1-operad module (A, F,,) is a cofibrant replacement of (As, FAs,,)
and even homotopy isomorphic to it in dg™™" (Theorem 3.13). At last, in Theorem 3.19
it is shown that the n A l-operad dg-module (A" F") is a cofibrant replacement of
(As1,FAsl1,) and even homotopy isomorphic to it in dg™"".

In Section 4 we equip some collections of n A 1-operad modules, n > 0, with co-
multiplication turning them into polymodule cooperads. This comultiplication encodes
composition in a certain multicategory. In Section 4.1 we equip (A, F,) with comultipli-
cation A® targeted at ®¢. The formulas for (A, F,, A®) resemble those for (A, F,, A®),
but contain numerous signs. Theorem B.1 allows to conclude that unitality and associa-
tivity of the latter implies unitality and associativity of the former. Thus, (A, F,, A®)
is a graded polymodule cooperad (Proposition 4.3). It is shown in Proposition 4.2 that
A®(t) depends rather on planar tree ¢, than on the ordering of the set of internal ver-
tices of . When comultiplication AM is targeted at ®y instead of ®g, it makes (A, F,)
into a dg-polymodule cooperad (Theorem 4.4). We extend comultiplications AM, AM
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to (Ahv) Fhu AM) - (Ahu Fhu AMY in Proposition 4.6 making them into dg-polymodule
cooperads.

Appendix B is devoted to proof of Theorem B.1 which allows to transfer graded poly-
module cooperad structures along polymodule isomorphisms of non-zero degree. The
supplied proof is straightforward although lengthy and consists in checking that several
signs coincide. Besides, I would not call this verification a simple exercise.

ACKNOWLEDGEMENT. The author is grateful to the referee whose valuable suggestions
reshaped the article. During work on the project the author was supported by project
01-01-14 of NASU.

1. Preliminaries

Here we describe notations, recall some notions and results needed in the following parts
of the article.

1.1. NOTATIONS AND CONVENTIONS. We denote by N the set of non-negative integers
Zso. By norm on N" we mean the function |- | : N* - N, j — |j| = > 1" | j"

Let V= (V,®,1) be a complete and cocomplete closed symmetric monoidal category
with the right inner hom V(X,Y). Mostly we shall be interested in the category of
(differential) graded k-modules V = gr (resp. V = dg). When a k-linear map f is
applied to an element x, the result is typically written as z.f = xf. Thus we work with
right homomorphism objects which we denote gr(X,Y") (resp. dg(X,Y")) for (differential)
graded k-modules X, Y. The tensor product of two maps of graded k-modules f, g of
certain degree is defined so that for elements x, y of arbitrary degree

(z@y).(f®g) = (—1)*ve s f@y.g.

In other words, we follow the Koszul rule imposed by the symmetry. Composition of

homogeneous k-linear maps X Ly 4% 7 s usually denoted f-g = fg: X — Z. For
other types of maps composition is often written as go f = gf.

We consider the category of totally ordered finite sets and their non-decreasing maps.
An arbitrary totally ordered finite set is isomorphic to a uniqueset n = {1 <2 < --- < n}
via a unique isomorphism, n > 0. Functions of totally ordered finite set that we use in
this article are assumed to depend only on the isomorphism class of the set. Thus, it
suffices to define them only for skeletal totally ordered finite sets n. The full subcategory
of such sets and their non-decreasing maps is denoted Ogy.

Whenever I € Ob Oy, there is another totally ordered set [I] = {0} U I containing I,
where element 0 is the smallest one. Thus, [n] =[n]={0<1<2<--- <n}.

Let (1, <), (X, <), @ € I, be partially ordered sets. When | |,.; X; is equipped with
the lexicographic order it is denoted ||, ; X;. Thus (i,2) < (j,y) iff i < j or (i = j and
r<yeX).

The list A, ..., A consisting of n copies of the same object A is denoted "A.

iel
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For any graded k-module M denote by sM = M][1] the same module with the grading
shifted by 1: M([1]* = M**1. Denote by o : M — M[1], M* 5 z + z € M[1]*"! the
“identity map” of degree dego = —1.

1.2. MODEL CATEGORY STRUCTURES. The following theorem is proved by Hinich in
[Hin97, Section 2.2], except that he relates a category with the category of complexes dg,
not with its power dg®. A generalization is given in [Lyul2, Theorem 1.2]. It has the
same formulation as below, however, dg means there the category of differential graded
modules over a graded commutative ring.

1.3. THEOREM. [Hin97, Lyul2] Suppose that S is a set, a category C is complete and
cocomplete and F - dg® = € : U is an adjunction. Assume that U preserves filtering
colimits. For any x € S, p € Z consider the object K[—pl, of dg®, K[—pl.(z) = (O —

k ——k — 0) (concentrated in degrees p and p+ 1), K[—pl.(y) = 0 for y # . Assume
that the chain map U(ing) : UA — U(F(K[—pl.) U A) is a quasi-isomorphism for all
objects A of C and all x € S, p € Z. Equip C with the classes of weak equivalences (resp.
fibrations) consisting of morphisms f of C such that U f is a quasi-isomorphism (resp. an
epimorphism). Then the category C is a model category.

We shall recall also several constructions used in the proof of this theorem. They
describe cofibrations and trivial cofibrations in €. Assume that M € Obdg®, A € Ob @,
o : M — UA € dg®. Denote by C = Conear = (M[1] ® UA, dcone) € Obdg® the
cone taken pointwise, that is, for any z € S the complex C(z) = Cone(a(z) : M(z) —
(UA)(z)) is the usual cone. Denote by 7 : UA — C' the obvious embedding. Let ¢ :
FU(A) — A be the adjunction counit. Following Hinich [Hin97, Section 2.2.2] define an
object A(M,a) € ObC as the pushout

FUA) ——— A

w| - | (1)

FC—2 5 A(M, a)

If « =0, then A(M,0) ~ F(M[1]) U A and 7 = iny is the canonical embedding. We say
that M consists of free k-modules if for any x € S, p € Z the k-module M (z)? is free.
The proof contains the following important statements. If M consists of free k-modules
and dy; = 0, then 7: A — A(M,«) is a cofibration. It might be called an elementary
standard cofibration. If
A=A — Ay — -

is a sequence of elementary standard cofibrations, B is a colimit of this diagram, then the
“Infinite composition” map A — B is a cofibration called a standard cofibration [Hin97,
Section 2.2.3].

Assume that N € Ob dgs consists of free k-modules, dy = 0 and M = Cone(lN[_l}) =

(N @ N[—1],dcone). Then for any morphism a : M — UA € dg® the morphism 7 :
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A — A(M, ) is a trivial cofibration in € and a standard cofibration, composition of two
elementary standard cofibrations. It is called a standard trivial cofibration. Any (trivial)
cofibration is a retract of a standard (trivial) cofibration [Hin97, Remark 2.2.5].

When F : dg® — € is the functor of constructing a free dg-algebra of some kind, the
maps 7 are interpreted as “adding variables to Kkill cycles”.

The category Op of operads admits an adjunction F : dg" = Op : U. Applying
Theorem 1.3 to this category one gets [Lyull, Proposition 1.8]

1.4. PROPOSITION. Define weak equivalences (resp. fibrations) in Op as morphisms f of
Op such that Uf is a quasi-isomorphism (resp. an epimorphism). These classes make
Op into a model category.

This statement was proven previously in [Hin97], [Spi01, Remark 2] and follows from
[Murll, Theorem 1.1].

1.5. ExaMPLE. Using Stasheft’s associahedra one proves that there is a cofibrant replace-
ment A, — As where the graded operad A, is freely generated by n-ary operations m,,
of degree 2 — n for n > 2. The differential is found as

1<p<n
mad = — > (=P @my ©1%7) -y (1.2)
j+p+g=n

Basis (m(t)) of A = T'(k{m, | n > 2}) over k is indexed by isomorphism classes of
planar rooted trees ¢ without unary vertices (those with one incoming edge). The tree |
without internal vertices (the root and the leaf) corresponds to the unit from A (1).

Algebras over the dg-operad A, are precisely A.-algebras, that is, complexes A € dg
with the differential m; and operations m,, : A" — A, degm,, = 2 —n, for n > 2 such
that

> (=P @my @ 1%9) - myyrag =0,
J+p+g=n

Furthermore, the chain map A, (n) — As(n) is homotopy invertible for each n > 1.
One way to prove it is implied by a remark of Markl [Mar96, Example 4.8]. Another
proof uses the operad of Stasheff associahedra [Sta63] and the configuration space of
(n 4+ 1)-tuples of points on a circle considered by Seidel in his book [Sei08]. Details can
be found in [BLMO0S8, Proposition 1.19].

1.6. MORPHISMS OF OPERADS. Besides usual homomorphisms of dg-operads, which are
chain maps of degree 0, we consider also maps that change the degree.

1.7. DEFINITION. A dg-operad homomorphism t : O — P of degree t = r € Z 1is a
collection of homogeneous k-linear maps t(n) : O(n) — P(n), n = 0, of degree g(n) =
(1 —n)r such that

o 1o.t(1) = 1yp;
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o forallk,ni,...,ny € N the following square commutes up to a certain sign:
O(n) @ -+ @ O(ng) @ O(k) - O(ny + -+ + ny)
t(m)@"@t(nk)@t(“l - l“"“"'*"k’ (1.3)
P(n1) @ @ P(ng) @ P(k) LN Plny + -+ ng)

where the tensor product of homogeneous right maps t(_) is that of the dg-category
dg and the sign is determined by

c=r> (i-1)(1-n)+ 3 (l—ni)(l—nj)—i-r(rz_1)(1—16)2(1—7“); (1.4)

i=1 1<i<j<k i=1

r(r—1)

o forallneZ
d-t(n) = (=1)Wt(n) - d : O(n) — P(n).

Notice that the only functions g : N — Z that satisfy the equations
g(1) =0,  gny)+--+glng) +glk) = g(ny + - +ny)

are functions g(n) = (1 — n)r for some r € Z.

1.8. EXAMPLE. Let X, Y be objects of dg (complexes of k-modules). Define a collection
Hom(X,Y) as Hom(X,Y)(n) = dg(X®",Y). Substitution composition Hom(X,Y) ®
Hom(Y,Z) — Hom(X, Z) and obvious units 1 — Hom (X, X) make the category of com-
plexes enriched in the monoidal category (dg",®). In particular, End X = Hom(X, X)
are algebras in dg" (dg-operads).

Let (X,dx) be a complex of k-modules and let (X[1],dxp) = —o~' - dx - o) be its
suspension. There is a dg-operad morphism

Y =Hom(c;07 ') = Hom(o;1) - Hom(1;07Y) : End(X[1]) — End X
of degree 1. That is, the mapping f + (=1)"/g®" . f . o071,
Y(n) = dg(c®"1) - dg(l;07") : dg(X[1]*", X[1]) — dg(X*", X),

has degree 1 — n. The sign (—1)¢, ¢ = Zle(i — 1)(1 — ny;), pops out in the following
procedure. Write down the tensor product corresponding to the left vertical arrow of
(1.3) for t = X

(0.®n1 ® 0—1) ® (O_®n2 ® (7_1) R ® (O_®nk ® 0_—1) ® (O_®k ® 0_—1);

move factors o' using the Koszul rule to their respective opponents, factors o of o®*, in

order to cancel them and to obtain finally ¢®++m%) @ =1,
Maps X (n) commute with the differential in the graded sense because their factors
+1
o> do.
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1.9. REMARK. Summands r(r—1)/2 3, ;. (1=n;)(1—n)+(1—k)r(r—1)/2 3% (1-
n;) of ¢ make sure that the composition of two morphisms of operads ¢ : O — P and w :
P — Q of degree t and @ respectively be an operad morphism of degree t+u. Furthermore,
if all homogeneous maps ¢t(n) : O(n) — P(n) for t : O — P are invertible, than there is an
inverse morphism of operads t~! : P — O of degree —t with t~*(n) = t(n)~%.

Let O be a dg-operad, P be a graded operad and ¢t : O — P be an invertible graded
operad homomorphism of degree r (19.t(1) = 1p and (1.3) holds). Then P has a unique
differential d which turns it into a dg-operad and ¢ : O — P into a dg-operad homomor-
phism of degree 7.

1.10. ExAMPLE. The dg-operad A, has a version denoted A, in [Lyul5]. This is a
dg-operad freely generated as a graded operad by n-ary operations b, of degree 1 for
n > 2. The differential is defined as

1<p<n

b0 = — Z (1®j ® b ® 199) - bjt14q-

Jj+p+g=n

Comparing the differentials we find that these two operads are isomorphic via an isomor-
phism of degree 1
2 /4“)—9'f\a” bi*—% m;.

In fact, due to (1.3)

[(1%7 ® b, @ 151144 X +p+q)
= (1) PP @ b, ® 199).(2(1)% @ 2(p) @ X(1)%9)] - [bj14q-2( + 1+ q)]
= (_1)(j+1)(17p)[(1®j @ mp @ 1®q)mj+1+q]-

Therefore,

Mnd = (b 2(n))D = (—1) 7" (b,8). 5 (n)
1<p<n
= (1" D (1% @b, ® 1%9)bja14g]. E(n)
Jj+p+q=n
1<p<n
=(-1" > (=)D @ m, @ 19 m .,
Jt+pt+g=n
1<p<n
- _ Z (_1)Jp+q(1®1 ®my ® 199) . M 114q
Jj+pt+g=n

which coincides with (1.2). This fixes the differential on A, since m,, generate the graded
operad. An easy lemma shows that it suffices to verify graded commutation of the dif-
ferential and any operad homomorphism on generators. In particular, 3 : A, — Ay
commutes with 0 in the graded sense.
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Knowing that A, is homotopy isomorphic to its cohomology As, we conclude that A,
is homotopy isomorphic to its cohomology as well. There is an isomorphism of degree 1
between graded operads X : H*(Aw) — As. Hence, H*(Ax(n)) = k[l —n] for n > 1.

For any algebra A € dg over the dg-operad A, the dg-module A[l] becomes an
algebra over the dg-operad A, so that the square of operad homomorphisms commutes:

Ay — End A[1]
EJ( lﬂ-(om(a;a_l) , (=) by -0t =my, A% - A n> 1.
Ay —— s end A (1.5)

Verification is straightforward.

1.11. EXAMPLE. Approaching homotopy unital A -algebras we start with strictly unital
ones. They are governed by the operad A% generated over A, by a nullary degree 0 cycle
1% subject to the following relations:

1I™"my=1, (I™@D)me=1, (1*°Q1"1%)mui14e=0 if a+c>1.

There is a standard trivial cofibration and a homotopy isomorphism A% =—— A% (1% —
i,y = A2 (i,j), where i, j are two nullary operations, degi = 0, degj = —1, with i0 = 0,
jo=1"—1i

A cofibrant replacement A" — Asi is constructed as a dg-suboperad of A%(i,j)
generated as a graded operad by i and n-ary operations of degree 4 — n — 2k

Mnying;.ine = (1" Rjel1*?j®- - @191 @[ 1%™)m, 4,1,

where n = Z];:l ng, k>1,n,>0,n+k > 3. Notice that the graded operad A" is free.
See [Lyull, Section 1.11] for the proofs.

One can perform all the above steps also for the operad A:

1) Adding to A, a nullary degree —1 cycle 1** subject to the relations:

101y =1, 1@ Dby =-1, (1%®1%®1%)byi1se=0 if a+c>1. (1.6)

The resulting operad is denoted A3!.
2) Adding to A% two nullary operations i, j, degi = —1, degj = —2, with i0 = 0,
jO = i—1°". The standard trivial cofibration A% =—— A% (i, j) is a homotopy isomorphism.
3) A" is a dg-suboperad of A%(i,j) generated as a graded operad by i and n-ary
operations of degree 3 — 2k

bm;nz;.“;nk = (1®n1 ®j & 1®n2 ®j D@ 1®nk71 ®j ® 1®nk)bn+k*17

wherenzzszlnq,k}l,nq>0,n+k>3.
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The obtained operads are related to the previous ones by invertible homomorphisms
of degree 1, extending X : b, — my,,

DAY S A 1M s 1 S AMG ) = AMG), i g XA o Al

The latter is a restriction of the previous map. For algebras A over operads ASY A% (i, j),
AN the complex A[l1] obtains a structure of an algebra over the operad A%, A% (i,j) or
AN due to a property similar to (1.5), in particular,

15U~ = 1%, ic™! =1, jol=j:k— A

2. Model structure of the category of operad polymodules

2.1. THE OPERAD TN U Q. As explained in [Lyull, Proposition 1.8] the operad TN LI O
is a direct sum over ordered rooted trees ¢t with inputs whose vertices are coloured with
N and O that are terminal the following sense. Two conditions hold:

4) t contains no edge whose both ends are coloured with O;

44) insertion of a unary vertex coloured with O into an arbitrary edge of ¢ breaks con-
dition #).

By the way, these conditions imply that ¢ contains no edge whose both ends are coloured
with N. The second condition is related to inserting a unit n : k — TN U O identified
with the unit n : k — O in an arbitrary summand of TN U O represented by a coloured
tree. The first condition means that one can not apply binary composition in O inside an
element of

C(N,0;t) ~ @O () (Ju]) ¢ C(N @ O;8) € T(N & O)

represented by ¢. Here < is an admissible order on v(t), the set of internal vertices of
an ordered rooted trees t with inputs Inpt¢, see Section 1.5 of [Lyull]. The set v(t) is
coloured by the function ¢ : v(t) — {N, O}, which singles out an individual summand of
(N@ 0)&v®),

Any sequence of contractions of edges whose ends are coloured with O and insertions
of unary vertices coloured with O applied to given tree ¢’ may lead to no more than one
terminal tree t. The mapping ¢’ — ¢ is well defined. The summand C(N, O;t') of T(N®O)
corresponding to ¢’ is mapped by binary compositions in B and insertions of the unit of
B to the summand C'(N, O;t). Associativity and unitality of O implies that this map is
unique.

The requirement of O — C' = TN LU O being a morphism of operads (see [Lyul5,
Corollary A.4]) reduces to agreeing with binary compositions and units. Therefore, in the
case of operads equation (A.10) of [Lyul5] is equivalent to a family of similar diagrams
with a : TO — O replaced with the unit 19 : k — O and with the binary compositions
00 Dk® - -k@ORk®---@k®O £ O. That is, the kernel J of T(NGO) — TNUO
is generated as an ideal by relations coming from binary composition in O (corresponding
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to contraction of an O-coloured edge) and from inserting a unit of O (corresponding to
insertion of O-coloured unary vertex into an edge). Together with the above this implies
that an element of C(N, O;t) is equivalent to a unique element of C'(N, O;¢) modulo J. In
fact, for elements 2/ € C(N, O;t') and 2" € C(N, O;t") related by an elementary relation
as above this holds true since there is either a path (¢,t”,...,t) or a path (¢, ¢,... t)
consisting of contractions or unary insertions. We conclude that [Lyull, eq. (1.2)]

TNUO =[O, 0;0),

tel
where £ is the list of terminal trees.

2.2. PROPOSITION. Let V = dg. Then the category ,Op, of n A 1-operad modules with
quasi-isomorphisms as weak equivalences and degreewise surjections as fibrations is a
model category.

PROOF. Let us apply Theorem 1.3 to the adjunction F : dg° S 20p; : U, where § =
nNUN" UN. By [Lyul5, Corollary 2.20] the category ,Op, is complete and cocomplete.

Let N € Obdg" or N € Obdg"" be a complex. For instance, N = K,[—p] for
p€Z, xe€Norwxe N Let (Ay,...,Ay;P;B) be an n A 1-operad module. Denote
by N the object (0,...,0;0;N) or (0,...,0;N;0) or (0,...,0,N,0,...,0;0;0) (N on i*"
place) of dg®. We shall prove case by case that if N is contractible then so is U (FNU
(A, ..., A P;B)).

By [Lyulb, Corollary A.4] the operad module in question FNU (A, ..., Ap; P;B) is the
quotient of F’ (f\f@ (A1, ..., An; P;B)) by the smallest ideal J generated by relations which
tell that (Ay,..., A P;B) = F(N® (Ay, ..., An; P;B))/T is a morphism of n A 1-operad
modules. Notice by the way that

FO,...,0;0;N)U (Aq,..., Ap; P;B) = (Aq, ..., Ay QTN U B),
Q=P (TNUB),
FO,...,0;N;0) U (Aq,...,Ap; P;B) = (A, ..., Ay R; B),
R=PDOs0(A1,...,An;N;B),
F(0,...,0,N,0,...,0;0;0) U (Aq,..., Ap;P;B) = (A, ..., TNUA,;, ..., Ay; 8;B),
8= (ITNUA,;) &y, P.
More important is the presentation of operad polymodules as direct sums over some kind

of trees. This presentation we use for the proof. Similarly to the operad case considered
in Section 2.1 we find that

Q=1 2PN, B;7), where Q(P,N,B;7) = colim Q(P,N,B;7)(<).

<€Yq(7)

Here objects of the groupoid Go(7) are admissible (compatible with the natural partial
order < with the root vertex as the biggest element) total orderings < of the set of vertices
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V(7). By definition between any two objects of G(7) there is precisely one morphism.
Thus §(7) is contractible (equivalent to the terminal category with one object and one
morphism). Therefore the colimit is isomorphic to any of

QP, N, B; 7)(<) = @ He(v)(Jo]).

Here 7 = (7,¢,| - |) is a planar rooted tree 7 with inputs Inp 7, a colouring ¢ : v(7) —
{P,N, B} such that c(Inp7) C {P}, ¢(v(r)) C {N,B} and an arbitrary function | - | :
Inp(7) — N", which complements the valency |- | : v(7) — N. The set Lq of terminal
trees consists of 7 such that

%) 7 contains no edge whose both ends are coloured with B;

%x) T contains no vertex coloured with B whose all entering edges have other ends
coloured with P;

s#x%) insertion of a unary vertex coloured with B into an arbitrary edge of 7 breaks
condition x) or ).

Respectively,

8 =1,ee SN, A, P 7), where SN, A;, P;7) = colim 8(N, A;, P; 7)(<L).

<€fs(7)

The colimit over the contractible groupoid Gs(7) is isomorphic to expression under colimit
in any vertex <. Assuming that £ € N*, ¢/ = |Inp 7|, we have

SN, Ay, P;7)()(0) = [@" VD= ES)e(v) (o)) @ P(L, £+ q).

Here 7 = (7,¢) is an ordered rooted tree 7 with inputs Inp7 and a colouring ¢ : v(7) —
{rv} — {N, A;}. The set Ls of terminal trees consists of 7 such that

%) T contains no edge whose both ends are coloured with B;
) 7T contains no edge adjacent to the root vertex whose one end is coloured with B;

sx%) insertion of a unary vertex coloured with B into an arbitrary edge of 7 breaks
condition ) or k).

Let us prove existence of contracting homotopy similarly to the case of operads [Lyull,
Proposition 1.8]. Let N € Obdg" or N € Obdg"" be contractible and let A : N — N
be a contracting homotopy, degh = —1, dh + hd = 1x. Let us show that the operad
module morphism a = iny : M = (A4, ..., Ay P;B) = FNU (Ay,. .., Ay; P; B) is homo-
topy invertible. Consider the operad module morphism 3 : FN U (Ay, ..., A P;B) —
(A, ..., An; P; B) which restricts to ﬁ|(A1,...,An;?;3) = id and ﬁ‘pfw adjunct to 0 : N —
U(Aq, ..., An;P;B). Then a-  =id and g = - « is homotopic to f = idpsias . n,0m)

in the dg-category dg”, as we show next. The homotopy h is extended by 0 to the
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map W' = h @0 : N® UA,...,A;PB) — N @ U(A,..., Ay P;B), which satis-
fies dh' + Wd = f| —g| : NS U(A, ..., AP B) = NO U(Ay, ..., Ap;P;B). In all
three cases the endomorphisms f, g of FN U (A4, ..., A,; P;B) lift to endomorphisms of
F(N@ (A, ..., A,; P;B)) obtained by applying f|3§r =1:N >N, f|M =1:M—M,
g|f\r =0:N = N, 9lye = 1+ M — M to each ®-factor corresponding to a vertex of
the tree. For an arbitrary pair of trees (f,7) choose admissible orderings (<, <). Then
the summands of FN U (Ay,...,A,;P;B) are preserved by f and g and the restriction
to the summand is f ® --- ® f and ¢ ® --- ® g respectively. Define a k-endomorphism
h= Zve(v(t)&) fR - RfRMNRgR---® g of degree —1, where h' is applied on place
indexed by v. Then

dhthi= ) f[fo - 0fo(f-90ge  @g=[0 @f-go ®g=[—g

ve(v(t),<)

Therefore, f and g are homotopic to each other and « is homotopy invertible. [

Proposition A.6 of [Lyul5] gives a recipe of computing colimits in the category ,Op; of
nAl-operad modules in two steps. First of all compute colimits B; on each of n+1 operadic
places i € [n]. Take induced module over (By,...,B,;B,) on each node of the diagram
and consider the obtained diagram in the category (By,...,B,)-mod-By. Secondly find
the colimit of the latter diagram, by finding its colimit in V", then generating by it a free
(B1,...,Bn; Bo)-module F, dividing it precisely by such relations that canonical mapping
from any module to the quotient of F' were a morphism of (B, ..., B,; By)-modules.

3. Morphisms with several entries

Here we give support to the observation that morphisms with n entries of algebras over
operads form an n A l-operad module. In particular, we find this module for A.-algebras.

3.1. FEATURES OF THE LAX Cat-MULTIFUNCTOR hom. An example of symmetric dg-mul-
ticategory C comes from Cy — the closed symmetric multicategory of complexes of k-mod-
ules and their chain maps [BLMO08, Example 3.18]. It is representable by the symmetric
Monoidal category dg of complexes and chain maps [BLMO08, Example 3.27]. We take
for C the associated enriched symmetric multicategory C,, which is a Cx-multicategory, or
equivalently, a dg-multicategory. The composition in C, has a natural meaning: this is a
composition (of tensor products) of homogeneous maps, taking into account the Koszul
rule. We use C; to define the lax Cat-multifunctor hom.

Let us discuss the relationship between the suspension and the composition ua for a
functor T': [l] — Se, where S is the full subcategory of Set formed by n, n > 0.

Let g: U =W, f; : X; = Y;, 1 <1 < k be homogeneous maps of certain degrees. For
any 1 < j < k the maps

Co((Wicsy fir Wisgi 1) = G((Xi)icys (Y)izgs U) = Cu((Xi)icy, (Yi)issi U)
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are defined as the precomposition with f;, b+~ (=1)"fi (191 x f; x 1¥79) . h. The map
Qk((l)f:ﬁ 9) : Qk((Xz‘)f:ﬁ U) — Qk((Xi)le; W)
is defined as the postcomposition with g, h — h - g. By convention, the map
Qk(fla Jas oo, kaQ) : Qk((n)?zﬁ U) — Q]k((Xi)f:I; W)
is the composition (in this order)
C(fi, 1, 51) - C(L, for oo, 131) - G101 s 1) - G (1,0, 1, 15 ).

Factors of this product commute up to the sign depending on parity of the product of
degrees of factors.

3.2. LEMMA. For arbitrary complexes A, € ObC,, e € E(T), and strongly ordered tree
(T, <) the following square commutes up to the sign (—1)°")

vev(T) T
e
® Q]}(((SAe)eein(v); SAou(v)) — gk(<SAa)a€Iin; SAroot edge(T))
®UEV(T)Qk(in<U>U;O'71)\}/ (_1)C(T) lck(linU;Ul)
® g]k((Ae)eein(v); Aou(v)) —T> Qk((Aa)aEIin; Aroot edge(T))
;U«gk
vev(T)
where
zev(T)
T, <) = Z (1—#(v) — Z z|) + [{(v,z) € v(T)* | v < x, Px < Puv}|
ve(v(T),<) v<z<Pv

+H(v,z) e v(T)* |v <2 < Pv=Pr, v <v}
+ {(v,z) € Inpv(T)? | v < &, Pz < Pv}|,

the function # : v(T) — N, v s #(v) is determined by its restrictions # : inV(Pv) — z,
z = |Pv|, the unique order-preserving maps.

PROOF. The sign coincides with the sign of permutation of the expression @ V(") (g%’ &
o~ 1), followed by cancellation of matching ¢! and o, resulting in (—1)4Mg®MPT @ =1,
The summands #(v) — 1 come from cancelling ! corresponding to v against the #(v)-th
factor of ¢®*l. The summand |z| comes from moving this ¢! past factor indexed by .
The last summand is of similar nature. [
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Let g: U = W, f; : X; = Y;, 1 <17 < k be homogeneous maps of certain degrees.
Then
hOm((fi)ieI;g) : hom((Yi)ieI; U) — hom(<Xi>z‘€I§ W)

denotes the collection of homogeneous maps
hom ((fi)ier; 9) = gﬂ(((nifi)ieﬁ 9) : Qk((niYi)ieI; U) — Qk((niXi>i€I; wW).
3.3. COROLLARY. For each t-tree T the following square commutes up to the sign (—1)0(%)

vev(t) pet(v)

® ® hom(sAin(v); sAou(v)) ((’T((f)_l(l)”)eein(v))
comp,,
@O O hom (Voo ) (7€) P)eciney) PO (S Atnp 5 5 Aroot edge(s)) (IT(@)actapy )

(_1)5(7") hom(lnpto—;o—il)((lT(a’)')aGInpvt)
vev(t) per(v)

® hom OU(U)) ((|T<e>_1(p)|)66in(v))

comp,,

hom (Alnpt; Aroot edge(t)) ((|T(CL) |>a€Ian t)

where T € tr corresponds to T : t — Oy,

(z,y)ev(T)
Z Z 1 - - Z |(Q3, y)’)
vev(t) per(v) (v,p)<(z,y)<(Pv,7(ou(v)).p)

+ {(v,p,z,y) € v(7)? | (v,p) < (z.y), (Pz,7(ou(z)).y) < (Pv,7(ou(v)).p)
+ {(v,p,z,y) € v(7)* | (v,p) < (z,y) < P(v,p) = P(z,y), (x,y) < (v,p)}
+ {(v,p,z,y) € Inpv(7)? | (v,p) < (z,y), (Pz,7(ou(z)).y) < (Pv,7(ou(v)).p)}!.

Recall that the orders <, < in v(7) and < in Inpv(7) are lexicographical. Thus
(v,p) < (z,y) in Inpv(7) iff either v<z or v =z and p < y in 7(v).

H
|
)-

3.4. MAIN SOURCE OF n A 1-OPERAD MODULES. From now on we assume tacitly that
V = dg. When the differential is not concerned we may use V = gr.

3.5. EXAMPLE. Let As denote V-operad with As(0) = (), the initial object, and As(n) =
1, the unit object of V, for n > 0. Let us describe an n A 1-operad As-module FAs, with
FAs,(j%,...,7") = 1 for all non—vanishing (j',...,7") € N*, while FAs,(0,...,0) = 0. In
particular, FAsq = (). The actions for FAs, are given by multiplication for 1. Associate
hom with the symmetric V-multicategory V, represented by the symmetric monoidal
V-category V. A morphism of n A 1-operad modules

(As, ..., As; FAsy; As) — (End Aq, ..., End Ap; hom(Aq, ..., Ay B); End B)
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amounts to a family of morphisms f; : A; — B of associative algebras without units,
1 € n, such that the following diagrams commute for all 1 <7 < j < n:

A®A —s A 04 BeB

fi®fjl lmB (3.1)

B® B m5 v B

In fact, morphisms f; = f(,) are particular cases of the action map
f(el.) 1= FAsn(ei) — Y(Alv B),

0,...,0,1,0,...,0) € N” has 1 on i-th place. The equations hold for all

FAsy,(e;) ® FAs,(e;) ® As(2) kg FAs,(e; +e;)
H(e:) @ H(ey) ® (End B)(2) —— H(e; + ¢;)

mult

FAs,(ej) ® FAs,(e;) @ As(2) — FAs,(e; + ¢€;)
H(e;) ® H(er) ® (End B)(2) =2 H(e; + ¢;)
Here the compositions pq and fi(12) in V correspond to the two maps

id:0U---U0UILUOU---LUOUILOL ---LU0=2—2,
(12):0U---UOLUILUOU---LUO0ULILUOL.---LU0=2—2.

The equations are more explicit in the form

mult

1olel > 1

f(ei>®f<ej>®mBJ = J{f(eﬁej)

V(Ai; B) ® V(A;; B) © V(B, B; B) =% V(A;, A;; B)
1 ® 1 & 1 mult 1

f(ej)®f(ei)®mBJ( = J/f(ei-'rej)
V(A;: B) ® V(A B) @ V(B, B; B) 2% V(4;, A;; B)

Abusing the notation the same equations can be written as

(fen ® fep))mB = fleite;) = (fie)) @ fley)mp : Ai® Aj — B,
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which coincides with condition (3.1). '

For non-vanishing j = (j',...,j") € N* the map FAsl,(j) = 1 — V(("A)_,; B) is
given by the morphism (& f®]) HJH @AY 5 B e V. For V = (Set, x) it is
I I 1af = fi(al, ..., ) fn( e aln).

Notice that if A;, i € n, B are umtal algebras, a collection of unital morphisms
fi + A; — B that satisfy equation (3.1) is the same as a single unital morphism f :
A ®---® A, — B. In fact, such f determines f;(z) = f(1® - - 12 1®---®1)
and can be recovered from the whole collection of f;’s.

3.6. DEFINITION. Let V =dg. An n A 1-operad module homomorphism
(fi,o s fashyg) s (Ar, oo AR P B) — (€, ..., Gl Q5 D),

of degree v € 7 is a family of dg-operad homomorphisms g : B — D, f; : A; — C;,
0 <i < n, of degree r and a collection of homogeneous k-linear maps h(j) : P(j) — Q(5),
Jj € N, of degree r(1 — ||j||) such that

o foralll e N, (k, e N | 1< ¢ <), the following square commutes up to the sign
! I
(® iP(kq)) 2 BI) L T(Z k:)
g=1 q=1
(®z:1h<kq>>®g<z>l (=1 lh( f=1 ko) (3.2)
I I
(®alk)) @ DO) L0 (Z kq>
g=1 q=1
I 1<c<d<n
o=y (q=DA—=[lkl)+r > keki
qg=1 1<b<a<l

T e ||k3||>}; (3.3)

1<g<s<l

l
+T(r {1—z )1 — Ik, ) +
q=1

o forall k € N”, (j;7 eN|1<i<n, 0<p< kY, the following square commutes up

to the sign
(@0 o9 w(@p) )
=1 p=1
[@Zrk_l@gilfi(j;;n@h(k)l (—1)°x lh«z’;ﬂjm_l (3.4)

{é@e Jp]em (k)7,) —>Q(<ij) )

i=1 p=1
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cxzrii(l—jﬁ( —1+qu> {1—||k3|| iZl—jp

i=1 p=1 1=1 p=1

+ > [Z(l—jﬁ)}[Zl—thZ S - 1—yq>}

1<i<i<n p=1 =1 1<p<q<kt

e forallj € N
d-h(j) = (=) " 0n(5) - d: P(j) — Q(j).

The second (shuffle) part of c,, ¢y proportional to r(r — 1)/2 makes sure that the
composition of morphisms of degrees r and ' be a morphism of degree r + r'. The first
part coincides with r¢(7,), re(7y), see (2.8) and (2.9) of [Lyul5].

The last condition using A can be replaced with n conditions using A\, 1 < i < n:

[(% Ai(jp)} @ P(k) s ?(k, ko i@)

p=1
[®’;;fi<jpn®h(k)l (~1)°xi lh(k,kmzﬁiu‘p)
[@ ei(jp)] ® Q(k) — Q (k Koy jp)
p=1 p=1
Kt i—1 r(r - 1) K?
e =r Y (1=i) (p- 1+ )+ R - S -i ¥ g
p=1 q=1 p=1 1<p<q<k?
(3.5)
3.7. EXAMPLE. For all complexes A, ..., A,, B the collection

X = ("hom(c;0Y);hom("o;07Y); hom(o;071))
Hom(sAq,...,sAn;sB) = Hom(Aq, ..., A,; B)

is an n A 1-operad morphism of degree 1. In fact, equations for X involving A and p are
particular cases of Corollary 3.3.

3.8. As-MORPHISMS WITH SEVERAL ENTRIES. Let us describe an nA1l-operad AsI-mod-
ule FAs1, with FAs1,(5',...,j") =k for all (j1,..., ;) € N™. In particular, FAs1, = k.
The actions for FAs1,, are given by multiplication in k. Associate hom with the symmetric
dg-multicategory C,. A morphism of n A 1-operad modules

(Asl, ..., Asl; FAsl,; Asl) — (End Ay, ..., End Ay hom(Ay, ..., Ay; B); End B)
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amounts to a family of unital morphisms f; : A; — B of associative unital differential
graded k-algebras, ¢ € n, such that diagrams (3.1) commute for all 1 < i < j < n. These
data are in bijection with unital homomorphisms f: A; ® --- ® A, — B, where Ay, ...,
A,, B are unital associative dg-algebras.

In fact, each complex Ay, ..., A,, B acquires a unital associative dg-algebra structure
through morphisms As1 — End A;, Asl — End B. Particular cases of actions

Ae; : Ai(0) @ P(e;) — P(0),
po: B(0) =k ® B(0) — P(0),

for the module (As1, ..., Asl; FAsl,; Asl) take unity to unity:

Ae,  As1(0) ® FAs1,(e;) 2 1® 1+ 1€ FAs1,(0),
o As1(0) > 1+— 1€ FAs1,(0).

Commutative diagram (2.2) of [Lyull] with Hom(Ay, ..., A,; B)(0) in place of Hom(A; B)(0)

shows that 1 € FAs1,(0) is represented by 1g. Since the representation agrees with A,
the equation 14,..f; = 1p holds, thus, f; is unital.

3.9. PROPOSITION. There is an n A 1-operad module (A, Fy,) freely generated as graded
module by elements f;1 i € Fo(5,...,3™), (4,...,7") € N* =0, of degree 1 — j1 —-- - —
J" =1—|jl|. The differential for it is given by

n z>1

fﬁa Z Z (1 x)(£1+ e 1+T)+1 WH)\Q tl)(rlvmwtl;ff*(x*l)eq)

q=1 r+x+t=01
=1 1<e<dg
I Z (— 1>k+21<b<a<kaaab+2p 1 (=) (llspll— 1)p(j;)((f]p)’; me). (3.6)
J15-Jk EN"—0

=
There is an invertible morphism of degree 1 between these n A 1-operad modules

(2,5): (Ao, Fy) = (A Fu),  bi—m,  f; 0 5. (3.7)

F.-maps are Ay -algebra morphisms Ay, ..., A, — B (for algebras written with operations
my, ). The two notions of As-morphisms agree in the sense that the square of n A\ 1-operad
module maps

("Aso; F; Ase) — ((End Ai1])iZy; hom((Aif1])izy; BI1]); End B1])
(”Z;Z;Z)l l(" hom(o;o0~1);hom (" o0~ 1);hom(o;0 1))
("A; Frs As) ——— ((End Ayl hom((A)i; B); End B) (3.8)

commutes.
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PROOF. The existence of F,, is proven in [Lyul5]. This implies the existence of F,, as the
following lemma shows.

3.10. LEMMA. Let (Ay,...,An;P;B) be a dg-n A 1-operad module, (C1,...,C,;9;D) be
a graded n N\ 1-operad module and

(1, faihig) o (Ar, . A PyB) = (€., €3 Q3 D),

be an invertible graded n A 1-operad module homomorphism of degree r (equations (3.2)
and (3.4) hold). Then Gy, ..., C,, D are dg-operads (see Remark 1.9) and P has a
unique differential d which turns it into a dg-n A 1-operad module and (fi,..., fu;h;g)
into a dg-n A 1-operad module isomorphism of degree r.

PRroOF. The differential is given by a unique expression

—_1)r—l4l
(=1)" \J\)d\

~ h(j)71 . ~ h() .
d = (2(j) == P(j) P() —= (7).
Clearly, degd = 1 and d? = 0. Verification that p and ) for Q are chain maps is straight-
forward. -

Let us compute the value of the differential on generators f;:

fed = (fe.2(0)0 = (=1 1(f.0)2(0)
:(—1)14'["2 Z /\?Tl,x,tl)(rwaatl?ff—(w—l)eq)'z(@
q=1 r+x+t=~01
k>1
DM o () ) 2(0)

J1,0edRENT =0
Jitrie=t

n z>1

- Z Z (_1)6(%“)4_1_”[”)\((]Tl,x,tl) (T17 My, t17 ff—(x—l)eq)

q=1 r+ax+t=04

k>1
Y (DR o (6, ) hys ),
Jredn NP0

D=t

which coincides with (3.6), if one plugs in expressions ¢(7x) = e from (3.5) and ¢(7,) = ¢,
from (3.3) for r = 1.
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The image of f,0 in hom((A;);; B) is

n z>1

Z Z (—1)(17w)(€1+---+5q—1+r)+17HEH [@ienTﬁA. 19D (197 @m,®19")@1® ("~
'3 7
q=1 r+z+t=~4

1 q—1 q+1 n f717 eq
T'A @ @T A @ T A, 0T Ay @ - @ T A, ——% B]

k>1

1<e<d< d . 3 €N\ vy; . v
+ E (_1)k+21<g<a<:]a]b+2p 1 (=) (l7pll=1) [@ZGUTWAZ, ®*RA \ ®z€n ®P€kTJ;3Ai
J1se-Jk€ENT=0
J1++jr=~t

-1
s ®p€k ®$EnT]pA ®p€k B B}

F,-algebra maps consist of A -algebras A;, ..., A,, B, and a collection (f;),jenn_o that
satisfies the following equation for all £ € N™ — 0:

fomy + (=) {Z > 1% (19 @ my @ 19) @ 19079 |f, = £,0.

q=1 r+1+t=049

In expanded form the equation says:

n x>0

S°Y (cn)OmmE e - [gienge g, 18- D (187 gm,181)18 (1)
7 7
q=1 r+z+t=~4

TZlAl K- ® Tzq_lAq—l & TT—H—HAq & T€q+lAq+1 X -

n fff(zfl)e
LT A, =% B
k>0

1<e<d<sn . : ’LEn)\’Yi . i
— 5 <_1)k+21<b<a<k]a3b+zp 1= (ll7pll=1) [®TEHTWA2, ® \ ®z€n ®P€kTJfoAi
JisesJk €N =0
Jit+je=~

P kf]p
s grekgienmii A, — % @pk B " B)L(3.9)

This is actually the definition of an A -algebra morphism A,
written with operations m,,, adopted in the current article.
Relationship between f; and f; in hom((A;); B)(j),

., A, — B for algebras

T'A @ @T" A, — 4 B

U®j1®“.®g®jnl J{U

Ti'sA @ @17 SA, sB

shows that diagram (3.8) commutes on generators. Therefore, it is commutative
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Reducing the data used in [Lyul5, Definition 2.12 | we call an n-dimensional right
operad module the pair (P;B) consisting of a dg-operad B and an object P € dg",
equipped with a unital associative action

p: ((é)?(@)) ® B(1) —>fp(i: kq) cdg.

3.11. DEFINITION. An n-dimensional right operad module homomorphism (h; g) : (P; B)
— (9;D) of degree (p;0), p € Z", is a dg-operad homomorphism g : B — D of degree
0 and a collection of homogeneous k-linear maps h(j) : P(j) — Q(j), j € N, of degree
(plg) = 225, P'5" such that

o foralll €N, (k, e N" | 1< q <), the following square commutes up to the sign

((%) Plky)) @ B) —L— 7 <§l: kq>

q=1
(@’q:lh(kq))@gml (—1)eCkrk) lh( b1 kq) (3.10)
l l
(@ Q(kq)) ® D(l) —2— Q(Z kq)
g=1 q=1
el k)= > x(kiky), (3.11)
1<t<q<l

where x : N* x N* — Z/2 is an arbitrary bilinear form (it is specified by a matriz
v € Mat(n,Z,/2) );

e forall j € N" '
d-h(j) = (=1)*Pn(5) - d : P() = Q). (3.12)

3.12. LEMMA. Let (P;B) be an n-dimensional right dg-operad module, let g : B — D be
a dg-operad isomorphism of degree 0. Let h(j) : P(j) — Q(j), j € N, be a collection of
invertible homogeneous k-linear maps of degree (p|j) for somep € Z™. Let x : N* x N* —
Z/2 be a bilinear form. Then Q admits a unique structure of an n-dimensional right
D-module such that (h;g) : (P;B) — (9;D) is a homomorphism of degree (p;0) with
respect to x.

PROOF. The value of the differential in Q is fixed by (3.12). The unique candidate p for
action of D on Q is found from diagram (3.10). This p is a chain map, as follows from
a cubical diagram consisting of two faces (3.10) joined by differentials. Opposite faces of
the cube commute up to the same sign, since (p| 22:1 ky) = Zflzl(pﬂcq). Therefore, the
both squares expressing commutation of p with the differential commute simultaneously.
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Associativity of the action of D on Q is expressed by the pentagon

®(® Q(,k,) © Dlny)) & D(D) — % (® Q(itkq» ®D(1) 2 Q(Z _ k)

| /
l l

( (ng) Qsk,y)) @ (® D(ng)) @ D(L) ~22 (® (ng) k) ) @D n,)

q= t= = q:l

lying at the bottom of a rectangular prism, whose top face is the pentagon, expressing
associativity of the action of B on P. Vertical maps are tensor products of h and g. The
walls commute up to sign. The product of these signs is +1, since

C(((tkq)?i1)fl:1> = C((i tk‘q> ;1) + ZC(QI{:Q):&ZI)

g=1

due to definition (3.11) of ¢ and bilinearity of x.
Unitality of the action of D on Q follows from that for B and P, since ¢(k) = 0,
ke N". n

Cofibrant replacement of an n A 1-operad module (O, P) o (0,...,0;P;0) is a trivial

fibration (A,JF) — (O,P) such that the only map from the initial n A 1-operad module
(1,0) — (A, F) is a cofibration in ,Op;.

3.13. THEOREM. The nAl-operad module (A, F,) is a cofibrant replacement of (As, FAs,,).
Moreover, (As,Frn) — (As, FAs,) is a homotopy isomorphism in dg"™" .

PROOF. Generate a free n A 1-operad As-module F,, by elements f;1__» € F,(5%,..., "),

.....

(5,...,5™) € N — 0, of degree 1 — j! —--- — 5. Actually, (As,F,) is the coequalizer in
»Op; of the pair of morphisms of collections

0,in : (k{(m2 ® 1)ma — (1 ® ma)mg,my,, | n = 3},0) = (Ax, Fr),

the second arrow is just the embedding. Therefore, the differential in F,, reduces to

n q,reN"—-0
Q0= 3 ()T ) ST ()Mt o, 6 m),
q=1 r+2+t=04 gtr=0

m = my, and the equation 9% = 0 follows. Notice that the quadratic part of the differential

q,reN"—0
fga _ Z (_1)1—||7‘H+Zc>dchdp(f(pfr;m) (313)

q+r=~¢

is a differential itself, 9% = 0.
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The n A 1-operad module morphism in question decomposes as

htis

(Awo, Fo) 225 (As,F,) 2 (As, FAs,).

The first epimorphism is a homotopy isomorphism, since A,, — As is. Let us describe
the second epimorphism and prove for it the same property, that is, the n A 1-operad
As-module epimorphism p : F,, — FAs,, is a homotopy isomorphism. We prove more: the
zero degree cycle p : F,, — FAs,, is homotopy invertible in the dg-category n-As-mod.

Any left n-operad As-module P decomposes into a direct sum of submodules. Any
subset S C n with the induced total ordering is viewed as the isomorphic ordinal with |.S|
elements. For any k € N denote by suppk = {i € n | k¥ # 0} its support. Consider the
n-operad As-submodule

P5(k) {fp(k) if suppk = S,

0 otherwise.

Then P = ®scnP®. Since As(0) = 0, the Z"-graded collection P* is a left n-operad
As-module. This structure boils down to a Z%-graded collection P, which is a left
S-operad As-module (that is, a |S|-operad As-module). A left n-operad As-module P is
freely generated iff left S-operad As-modules P° are freely generated for all S C n.

Let es € N™ have the coordinates el = x(i € S) € {0,1}, e; def eqy- For j € N, j # 0,
consider the basic element u; =1 € k = FAs,(j). For S # @ the element u., =1 € k =
FAsy(es) freely generates the left S-operad As-module FAs?, while FAs? = 0. Namely,
for any j € N*, j # 0, with support S = supp j we have u; = A\((mY"));cs; uey ).

The left n-operad As-module F,, is also freely generated. Its basis is given by elements
p(fj, ... £, ;m®) where k > 0 and j, € N* — 0 for all ¢.

The n A 1-operad As-module map p is specified on the generators as follows:

Uy, if ||]|| =1,
fjp= ’ .
0, otherwise.

On the basis of the left n-operad As-module F,, the map p is computed as

uj, if all=-=lil=1 7=
p(fjn ,fjk7m(k))p: ! .
0, otherwise.
In order to prove that p is a chain map it suffices to prove that fs.,.0p =0, 1 < a < n,
and f. 4.,.0p =0 for all 1 < a < b < n. These equations are verified straightforwardly:

p

foe, -0 = —=A(m;fe,) + p(fe,, fe,;m) —— — AX(m; ue,) + uze, =0,

a’?

ferte,-0 = p(fe,, fe,im) — p(fe,, fe.; m) LN Ueyte, — Ueyte, = 0.
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A zero degree cycle 8 : FAs, — F, in n-As-mod is given on generators u; of free
k-modules FAs,(j) by the formula

wj.B = p((ANmY;£..))icsupp j; m{52PPID)Y.

The composition

FAs, b s F,, P FAs,
Ueg —— p((fe,)ies; MmUY = (@icsfe, )m'™ 1= (Riestie, )M = ey

is the identity map. Let us prove that pf is homotopy invertible. These two statements
would imply that p is homotopy invertible in n-As-mod and f is its homotopy inverse.

Let F;q) be a n-As-submodule generated by p(fj,,....f;,;m®), k < ¢ F(O) 0.
This filtration induces the graded n-As-module with the components Fik} / F v,
Since the differential in As vanishes, the differential 0 : E(lq) — Fiqﬂ) is a left n—operad

As-module map. We look for a left n-operad As-module map h : F,, — F,, of degree —1
such that F;Q).h C F,(lq_l). Consider the zero degree cycle

N =1—pB+hd+ OhF, — F,,.

It satisfies F, @ N C F( ). We are going to choose h in such a way that N be locally
nilpotent. Thus 1 — N is invertible with the (well-defined) inverse > >~ ; N. Therefore,

pB=1—N+ho+0h:F, - F,

is homotopy invertible.
Since p(FSl)(j1)®- : -®F7(1q’“)(jk)®/ls(k)) C FSﬁ'”ﬂk)(jle- --+Jx) there is an induced
map between quotients:

7 F ) @ @ F ™ () @ As(k) —» T Gy 4 )

The actions p assemble to an action of As on the sum F{} H;OOF{Q} The quadratic
differential O : Fiq} () — F{q+ }( ) from (3.13) induces a differential 9 in F{} thereby
making it into a differential graded nA1-As-module. As a left n-As-module it is generated
by its n-dimensional right As-dg-submodule ?i}:

n Ik

_ — i n
fi}: fal Of{} f{} ]k{,O ]17-- s - )|]1+ A+ =17, Vq< k:quN _0}
The matrix coefficients of 0 : fik} () — FikJrl} (

E{f} (j) — F,{ffl}( j) with the same property. Thus, instead of working over a general ring
k we can assume that k = 7Z, and we do it till the end of the proof. Any such map h
extends to a morphism of left n-As-modules in a unique way.

j) are integers and we shall find h :
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The operator induced by N in the graded n-As-module Fi} is denoted N : F;{l} — Fi} .
It can be described via a simplified formula

N=1-pB+hd+dh: T 5 FM, (3.14)
A e o =ty w1} - .
where 0 is given by (3.13), h : F,” — F." ', and p(f},,...,f;;m®).p3 vanishes unless
71l = -+ = ||4k]| = 1 and supp j, are all distinet for 1 < ¢ < k. When (j1,...,j%) is a
permutatlon of (eqyy---,€q,) With 1 < a; < -+ < ap < n, then

p(f]17 Jk’ )pﬁ (eal7."7f€ak;m(k))~

Otherwise, p(f;,, ..., fj; m®)).pB vanishes. The operator N is locally nilpotent iff N is.
We shall achieve N = 0. R
Let us define a family of graded abelian groups f,(j), 7 € N™,

Fa@)* = Z4a (v, i) [ Jg € N" =0, ji+ -+ i = j}.
The family f, has an obvious structure of a graded n-dimensional right As-module,
namely,
Al ((n)ite)s -2 (()it);m®) = 2 (()iks) - (n)ik).
This structure is completely fixed by the requirement
(), - a(r);m®™) = 2, ) (3.15)

Consider the bilinear form x : N* x N* — Z, x(t,p) = chd tp?, and define the cor-

responding ¢ by (3.11). There are invertible mappings ¥ (j) : Fi} (j) — fn(]) of degree
151l = ((1,1,...,1)|j) such that

o (f;)-0(j) = =(j);

e the right As-module structure obtained from (1),id 45) and the bilinear form x as in
Lemma 3.12 satisfies condition (3.15).

Existence and uniqueness of ¢ is shown in the following computation in square (3.10):

P (jr+-+ik)
f, @ @f, @m® ——2 p(f;,, ... f; <>).%>p(fh,.. i m®) .

¢(j1)®"'®¢(jk)®1l J( 1)222%5]5
(_1)Zq<r ||jq||(1—erH)x(jl) ® - ®2z(ji) ® m) }i> (—1) K (k=) lig =<y quH'lljrllx(j17 k)

wherefore

c>d e

E o s )
p(fj17""fjk;m(k))'¢ = (_1)Zq:1(k Dlldall= Zq<r]q]7x(]1a---7]k)
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and degv(j) = |j|| as claimed. We conclude that for this ¢ and x the induced (by
Lemma 3.12) right action of As on f, is the natural one.
Let us compute the differential 0 in f,,. For £ = j; + - - - + ji the expression

(_1)”£”p(fj1> .- f]k7 m(k)) 5¢

- Z Z (_1) I::qﬂ(l_”jr”)—’—zwdtcpd—’—”p'HleHp(fha S >qu71a ft7f qu+17 o f]k’ m(k+1)) ¢

c>d :c.d

k —) |5 cd . . . .
X <_1>ZT:q+1(k Ma-ll= Zu<T]ujr+Zc>dt P x(]la D a.]q—17 tapajq-l-l? v 7]k)
has to coincide with
p(Fiys o Fo ™) pd = (—1)Zama b alial =S5Z0057 5 ()L ).,

This gives the differential 1 0:

t,p#0
x(jl)"'v]k 822 k+1—q Z I(jh"'ajq—lat7p7jq+1a"'7jk)' (316)
g=1 t+p=jq

Note that the differential 0 : ?ik} () — Fikﬂ}(f) makes

0

0@ 2y iy 2y

O, fl iy 50 (3.17)

into a bounded complex of abelian groups. The term fik}(é) is placed in degree k — ||/]|.
Consider the operad morphism As — Z, m® — 0 for k > 2, where Z is the unit

operad, Z(1) = Z, Z(n) = 0 for n # 1. We may view [[,cyn_q ?ik} (¢) as a left n-operad

Z-module, quotient of fik} by the submodule spanned by images of all left actions of
elements m® for k > 2. Applying the same quotient procedure to FAs, we get

FAs,(0) = {Z = Zu(l) = Zu(esuppe); ?f [¢]l = [supp £],
0, if [|[¢]] > |supp £].
We are going to prove that complex (3.17) is homotopy isomorphic via p and 3 to its
cohomology FAs, (). If { = eg for some S C n, then the cohomology is concentrated
in degree 0 and equals FAs,(es) = Z = Zu(eg). If ||| > | supp /|, then the cohomology
vanishes.
We construct mappings of abelian groups h : Fip}(ﬂ) — Fip_l}(ﬁ) such that N :

ﬁ{f} (0) — ?ik} (¢) given by (3.14) vanishes. These h induce the left n-As-module mor-

phism h : F, — F,, compatibly with the generator-to-generator mapping F;{lk} — Filk).
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Thus, vanishing of N :E{lk} () — Fik} (¢) implies vanishing of N : Fi} — Fi} and local
nilpotency of N : F,, — F,,. B
We have reduced the proposition to proving that the chain maps p, 5 in

0 o #liel-1}

0—Flp 2 My 2y Oy 2 f gy g

BT lp (3.18)

0 ——— FAs,({) — 0

are homotopy inverse to each other for any ¢ € N* — 0. We add formally the case of

¢ = 0 by defining the top and the bottom rows as complexes Fio}(O) =7 and FAs,(0) =Z
concentrated in degree 0. Here p, 3 are defined as the identity maps.
Chain maps p, [ give rise to other chain maps p, # in the commutative diagram

PSS ) BN Ny AL 7 S AN N UL N

l | 1 Emiono

(Y 7 LA Ny () LN Ny A7) | LN
RS

Oﬁémn(@ﬁ 0

In fact, the maps p, 5 have to be defined if I € {0,1} for all 1 < i < n. For k = ||{|| we
find

2(ays - -, €a) P = sign(ay, ..., ap)u(l) L (=1)Za<r Xaa>ar)y(p), (3.19)
where x(b > ¢) is 1 or 0 depending on the case whether the inequality holds or not. The
exponent is the number of inversions in the sequence (aq,...,a;). lf ¢ =e, = (1,1,...,1),
then & = n and the sign is just the sign of the permutation (ai,...,ax). The map
B =B : FAs,(€) = f,(0)I satisfies

u(l).6 = x(eq,, ..., ee), (3.20)
where {¢; < ¢ < -+ < ¢} = supp /. In particular, if £ = ey, then k = n and u(ey)f =
x(er, ... en).

Consider the augmented coalgebra C, = Z{N"} with the comultiplication j. A =
> gir—; 4 ® 1 where j,q,r € N". Generators j € N” of the free abelian group C,, are
denoted also z(j). The augmentation is n : Z — C,,, 1 +— 2(0). The counit is ¢ : C,, — Z,
x(j) — d;0. The reduced comultiplication is defined as

q,r#0
A=A—-n®id—iden+enp®mn, 0.A=0, jA= Zq@r for j # 0.
q+r=j
The abelian subgroup C, = Kere = Z{N" — 0} C C, equipped with the comultiplication
A is a coassociative coalgebra, which is not counital. The complex f, is nothing else but
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the cohomology complex K'(C,) of the coassociative coalgebra C,,, which is the upper
row of the diagram

0 = A = ) d = o d = d
0—7Z ,(Jn y 092 y OOk > OO0

T Ml o

0—>Z—>/\ZZ”)—O—>/\( —> —>AZ(Z”)—> —>/\Z(Z")O—>O

We identify z(j1,...,jx) € f, With j; @ --- @ jj € C®k. The exterior algebra Az(Z") =
T7(Z™)/(x @ ¢ | * € Z") has the basis (efe,ccoccer} = €o A€oy A - A eg,), where
1< <ep<--- <cp <n. The mappings in this diagram are

k
(@ ®4k)0=> (D" i@ @ jp1 @ jgA® 1 @+ @ ji,

q=1
k k
x(jl,;,]k)ﬁ:o unleSS szq :k’: ‘Suppz.jq , ]qENn_O,
q=1 qg=1
z(€q,, .. ,eak).ﬁ = (—1)Zq<r X(aq>ar)e{a1 ..... a}, Q1,-..,a; — distinct,

Efer<ercrcar) B = T(€cr, -, €0,),
which coincides with (3.16), (3.19) and (3.20).
It remains to prove that the maps p, 5 are homotopy inverse to each other. Clearly,
Bp = 1.
3.14. LEMMA. Forn =1 the maps p, B are homotopy inverse to each other.

PROOF. For n = 1 the chain maps in question become

0 = d b = b
0—>7Z 1 >C?2

R Il

0—7Z \Z 0 s 0
()P = 61, 1.6 = z(1).

Define a map of graded abelian groups h : K'(Cy) — K'(C}) of degree —1 by the
formula

Q
®
>

~

s het ] 2 dka i+ 1), ik >1 =1,
(1, -, Jk 1;]k>-h:{ (J1 Jk—25 Jk—1 ) i

0, otherwise.
We claim that the chain map E = pf3 — hd — dh : K'(Cy) — K'(C}) is the identity map.
In fact, x(1).F = z(1), and for j > 2 we have

q,r>0

z(j).E = Z z(q,r).h=x(j — 1+ 1) = z(j).

q+r=j
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For k > 1 and j, > 2 we find

'I(]la)]k)E: Z x(jlv"'ajk—lv(]vr)'h’:Jj(jlv"')jk—lvjk‘)-
q+r=jk

It remains to consider for k£ > 1 the value

93(]17 e Jk—1s 1)-E = —lf(jl, cos Jk—2, Je—1 1)~8 - x(jb e Jk—1, 1)-éh
= Z x(jl?"'ajk—laQ>T)_ Z x(jl?"'ajk—%q?tvl)'h:m(jla--wjk—%jk—lal)'

q+r=jr-1+1 q+t=jr—1

Hence, £ =id, and ]55 is homotopic to the identity map. [

3.14.1. HOMOLOGY OF AUGMENTED ALGEBRAS. Let C be a symmetric monoidal cate-
gory with the tensor product ® and the unit object 1. Assume that A = (A, u: A®A —
Amn:1 — Ae: A— 1) is an augmented unital associative algebra in €. There is an
associated simplicial object S(A):

d3=1R1R®e
do=1
—so=1®1len— 2=1®e di—=¢
do=1Qu——> —s1=1n— e
A X A X A < s51=10nR1— A X A di=p—> A <—so=n— ]].,
di=p1——> —so=n®l— do—e ?
<_‘S():7]®1®1_ d0:€®1
dp=e®1®1

where d; and s; are face maps and degeneracy maps respectively. When B is another
augmented algebra in €, the Cartesian product S(A) x S(B) of simplicial objects [Mac63,
Section VIII.8] is naturally isomorphic to the simplicial object S(A ® B).

Assume also that € is abelian and the tensor product ® is bilinear. A complex

K(A) of K(S(A)) is associated with the simplicial object S(A). It has the differen-
tial 0 = Y7 (—=1)'d; : A®? — A®"!1. Homology of K(A) gives the torsion objects

Tor(1,1), where the left and the right A-module 1 obtains its structure via ¢ : A — 1.
Given two augmented algebras A and B in € we can form a bisimplicial object in G, whose
terms are A®P @ B®1. By Eilenberg—Zilber theorem [Wei94, Theorem 8.5.1] the complexes
K(A® B)=K(S(A® B)) ~ K(S(A) x S(B)) and K(A) ® K(B) are quasi-isomorphic.

Consider associative algebras A = (4, : A® A — A) in €, which are not required to
have a unit. Such an algebra gives rise to a unital one A = 1@ A for whichn =ing : 1 — A
is the unit and € = prgy : A — 1 is an augmentation. Introduce another monoidal product
in € (not bilinear) via the formula

A®B=A®B® (A® B).

There is an obvious isomorphism

1¢(A®B) =10 A)® (1o B).
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If A, B are associative algebras in (C,®), then A ® E obtains an associative algebra
structure in (€, ®) via this isomorphism, namely, 1 & (A® B) = A® B.

There is a normalised chain complex Ky(A) = Kn(S(A)) of the simplicial complex
S(A):

o3 —u@l+1leu = 0
L A% A BA%2 2 A 510,

with the differential & = S (—1)+1% @ p ® 1997772 1 A% A%1 where 1 is
placed in degree 0. By a generalization of normalization theorem of Eilenberg and Mac
Lane [Mac63, Theorem VIIL.6.1] the natural projection K(A) — Ky (A) is a homotopy
isomorphism. As a corollary, we get the following

3.15. PROPOSITION. For associative algebras A, B in (C,®) there is a natural quasi-
1somorphism o B B
Ky(A® B) &= Ky(A) @ Ky(B).

3.15.1. CONCLUSION OF THE PROOF OF THEOREM 3.13. Let us take for (C,®) the
category (Ab°®, ®7") opposite to the category of abelian groups with the opposite tensor
product. Clearly, the category Ab°? is abelian. An associative algebra in this monoidal
category is a coassociative coalgebra over Z in the ordinary sense. In particular, such is
C, = Z{N"—0}. Adding a unit to it in Ab°® gives C,, = Z{N"}. Since C,, @7 C,, ~ Cyim,
we conclude that C,®C,,, ~ C, 1. The homological complex Ky (C,) in Ab°® and the top
line of (3.21), the cohomological complex K'(C,) in Ab are identified: the n-th abelian
groups and the differentials between them coincide. Thus, the results of the previous
section apply to K'(C,,).

We claim that the cohomology of K'(C,) is isomorphic to Az(Z"). In fact, using
induction we deduce from Lemma 3.14 and Proposition 3.15 the quasi-isomorphism

K'(Cpi1) —= K'(C,) @ K'(C)) Py Az (ZM) @ Ag(Z) = AZ(Z"H).

Here ¢, p are quasi-isomorphisms. So is their tensor product ¢®p, since complexes K'(C,,),
Az(Z™) consist of free abelian groups, Az(Z") are bounded and K’(C,,) are direct sums of
bounded complexes.

Both rows of diagram (3.21) have the same homology, which coincides with the bottom
row and consists of finitely generated free abelian groups. Since H(3)H(p) = 1, the ma-
trices of H(S) and H(p) are invertible. Thus, 3 and § induce isomorphisms in homology.
They are quasi-isomorphisms of complexes consisting of free abelian groups. Therefore,
their cones are acyclic complexes consisting of free abelian groups. They split into short
exact sequences whose terms are also free abelian groups (as subgroups of such). Hence,
these short exact sequences split and the cones are contractible. Thus, p and § are homo-
topy isomorphisms. Clearly, they are homotopy inverse to each other. This implies the

same conclusion for p and § and for p and . ]
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3.16. COROLLARY. [to Proposition 3.9, Theorem 3.13] The polymodule F,, is homotopy
isomorphic to its cohomology and H*(F,(j)) =k[1 — ||7]|] for j € N* —0.

This is due to existence of a degree 1 isomorphism X' : H*(F,,) — FAs,.

3.17. HoMmoTOPY UNITAL A, -MORPHISMS. Consider the free n A 1-A%!-module
Fo = O A% Ol Fa Oh A = @20("AL; K{f; | j € N" — 0} AT).

In particular, Fy = A% (0) = k1*" by [Lyulb, Lemma A.9]. The graded ideal generated
by the following system of relations in it

po(1) = AL (1% F.,), Vi, N(“1,1%,°1;f) =0 if a+1+b=1", |[¢ > 1,

is stable under the differential, as one easily verifies. Therefore the quotient F' of F,
by these relations is an n A 1-A%-module. We still have F3' = A% (0) = k1**. Note
that F$'-algebra maps coincide with strictly unital A -algebra morphisms, which are by
[BLMOS8, Definition 9.2] A,-morphisms f : (A;,...,A,) — B between strictly unital
A-algebras such that all components of f vanish if any of its entries is 1%, except
5ife, = 1%.

The rows of the following diagram in dg™™"

0 (Ao, i) —— (A FS) 5 (k1™ k1%p,) ——— 0

htisl htislp/ ' ' (3 22)

0 —— (4s, FAs,) — (Asl, FAs1,) — (k1% k1%py) ——— 0

are exact sequences, split in the obvious way. Therefore, the middle vertical arrow p’ is a
homotopy isomorphism.

Consider the embedding of free graded operads A% — A3 (i,j), where i, j are two
nullary operations, degi = 0, degj = —1. Assuming i0 = 0, jO0 = 1** — i, we make the
second operad differential graded and the embedding becomes a chain map. It is proven in
[Lyull] (end of proof of Proposition 1.8) that this embedding is a homotopy isomorphism.
Or, the reader can simplify the lines of the proof given below and adopt it to the case of
A — AL )).

3.18. PROPOSITION. The embedding ¢ : (A2, Fs*) — (A2 F$')(i,j) is a homotopy iso-
morphism.

PROOF. An arbitrary chain n A 1-module map ¢ : (A%, F)(i,j) — (A,?P) is fixed by
specifying a chain n A 1I-module map (ASY, Fs*) — (A, P) and the image ¢(j) € A(0)~!. In
particular, there is a unique chain n A 1-module map

™ (A E)G D) = (AR FY), i 1 =0,

whose restriction to (A% F*") is identity. Let us prove that 7 is homotopy inverse to ¢.
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The restrictions of the above chain maps ¢/ : k1% < k{1®,i,j} and #" : k{1*")i,j} —
k1s4, 15" — 1%Y i — 1% j — 0, are homotopy isomorphisms: the homotopy h :
k{1=v)i,j} — k{1®,i,j}, I®.h =0, i.h = j, j.h = 0, satisfies Oh + hd = 7'/’ — 1. We know
from Proposition A.1 that the n A 1-module (A2 F5")(i,]) coincides with (A% (i,j), P =
OrzoA%(i,J) @k F3'). The component P(l) is obtained from components Fy'(r) with
r? > 1? for all ¢ € n by plugging the unused r? —[? entries with i and j in all possible ways
determined by injections ¥9 : 19 — r:

= I (® ® Kii)erFem).
(: lq%rq _, 9€n ri—Imy9
There is a split surjection
von = [ (® ® Kijtek™)eFr) — 20,
(ya: 1qr_>rq _, 9€n ri—Imy9

obtained by acting with all 1Su on F3" on the left via A. This reduces the quantities r? by
the number of factors 1.

Denote f =n"t/,g =id : k{1*,i,j} — k{1*%,i,j}. Equip the set S = Uyen(r? — Im¢9)
with the lexicographic order, ¢ < y € n implies (¢, ¢) < (y, z). The maps 0 and 7. satisfy
@<wq>q(1@@.,.2(%2)65(®(q7C)<(yyz)1)®a®(®(q,6)>(y,2)1)®1)

(1) = (1)
)\l = lA
P(1) ° P(1)

o) eawq)q(e@:f)@f)@l o)

/\l = lk

P(0) ~ P)

Since 1. f = 1%".g = 1%, 1**.h = 0, there is a unique map H : P(I) — P(I) of degree —1
such that

q . (q,C)<(y7Z)f h (q,¢)>(y,2) 1
Q(l) 69(711 )q Z(y, )ES(® ﬁ )® ®(® g)® Q(Z)
J] _ l
(1) = P(1)

In order to find the commutator 0H 4+ HO we can compute

di+ii- I L(Q® Net-99( ® gel

(qu:lqc_ﬂ‘q)gzl (y,z)ES (q,c)<(y,z) (q,c)>(y,z)
= I (&rr-Rgei=m-1
@Wuli—=ra)p_, (g,c)€S (g,c)eS

Therefore, OH + HO = w1 — 1. n
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The projection p’ decomposes into a standard trivial cofibration and an epimorphism
/!

p
= (AT S (A% TG ) 2 (Ast, FAst,)),
where p”(1) = 1% p"(i) = 1%, p"(ma) = me, p'(f,) = 1 € FAsl,(e;), and other
generators go to 0. As a corollary p”(1%ps) = 1%py. Hence, the projection p” is a
homotopy isomorphism as well.
Generators f; of the n A 1-operad module F,, are interpreted as maps f; : @FenT A, —
B of degree degf, = 1 — ||¢]|. A cofibrant replacement (AhY Fh) — (Asi, FAsl,) is

constructed as a gr-submodule of (A%, F5")(i, j) generated in operadic part by i and g-ary
operations of degree 4 — g — 2k

Mgrigsiige = (177 @jR1%2 @@ @ 1991 @ j @ 199 )mg 1,

where g = 22:1 9y k>1,9,20, g+ Fk > 3 and in module part by the nullary elements
Vi, = A (j;fe,) —Jpo = jfe, —ipe, k € n, degvy, = —1, and by elements

k.. gk . ok . ¢k
f(£’f§fg§..-§£fk)k€n = /\2((€1 17J7€217J7 SRR tk7117J7 tkl)ken; fé)

k k ok ok
@hen (1949 @je1® S gje @1 *-1eje1” )
7

_ [®kenTzkAk gFen T 4, AN B] (3.23)

of arity ¢ = (Zp L E’;)ke , where the intermediate arity is /= (tk — 1+ Zp . p)ken
(—1+Z;il(€k+ 1))16e , and of degree degfgk 5 ken =1+2n—->7_, Z (€k+2> We

-----

assume that t;, > 1 for all k € n and either ||/| = S (=143 1Zp 08 >2, or all

tr, = 1 and there is m € n such that ¢} = 5'“ The last condition eliminates from the list
the summands fo__o (0.0),0,...,0 = ife, of vi. Setting i0 = 0, jO = 13" —i, we turn (A%, F¥) (i, j)
into a dg-module and (Ag FM) into its dg-submodule. Note that vip0 = ipg — ife, .

Let us prove that the graded n A 1-module (A" Fhv) is free over (k,0). The graded
n A 1-module (A, F,,)(j) can be presented as

(Aoov ®>0([n}Aoo;k{f€ | 14 € N" — O}))<>

= (Asoi), Oz0 ("Bl Mnyiecins |k +g_ing = 305 k{fir o yecn | 1012 1} As(i))-
(3.24)

and f(gxf;m;gfk)keﬂ has the form

©=0 ([ ”k<mm ,,,,, o | R+ i 2 35 klfr, e, 110> 13).

------
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It is a direct summand of (3.24), so we have a split exact sequence in gr™ "

0 — K 7 (Ao, F) () 7 (kj, kjps) — 0,

s w

where w takes jpy to the nullary generator jp,. Consider also the graded n A 1-module

7777777777

Notice that the map L — K, v — jf,,, which maps other generators identically, identifies
the n A 1-modules L and K.
Consider the graded module morphism

B: L= (kM n, | b+ 30_1ng 2 3), L) = (Ao, Fu) () = (Ao (i), (Ao, i) (),
Vi = jfek - jp@v

which maps other generators identically. The morphism § extends to basic elements so
that each factor jp arising from a vertex of type vj, gives its j to subsequent m... adding
another semicolon to its indexing sequence. This follows by associativity of p. The basic
elements v; are mapped by [ to —jpy. For any other basic element b(t) € L we have
b(t).5x = 0.

The map 3 — fraw € gr™™N" factors through « as the following diagram shows:

0 ——— K ——= (A, F) () = (Kj, kjpg) —— 0

T w
Aly
B—Brw

L

The unique map v = (B— Bsw)m = Br: L — K € gr™™" such that 3— Bsw = ya, has a
triangular matrix. In fact, L and K have an N-grading, L¢ = ©kb(t), K9 = ®kb(t), where
the summation is over forests ¢ with ¢ vertices labelled by one of vj (resp. one of jf. ). The
map 7 takes the filtration L, = L° & - - & L1 to the filtration K, = K @ --- @& K9. The
diagonal entries 7% : L7 — K9 are identity maps. Thus, the matrix of v equals 1 — N,
where N is locally nilpotent, and v is invertible. We obtained a split exact sequence

0—— L2272 (AL, () = (kj, kjps) — 0. (3.25)

Let us decompose the first two terms into direct sums
L=k{v,|sen}a (Lok{v,|sen}),
(Ase, Fr) () = k{jpo, ife, | s € n} @ ((AOO7Fn)<j> S k{jpg, ife, | s € n})7

where the complements are spanned by all basic elements except those listed in the first
summands. The maps § and [ — fsw preserve this decomposition. Their restriction to
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the second summand coincide and this is an isomorphism due to exactness of (3.25). If
we drop out complements, this split exact sequence takes the form

0 — k{v, | s € n} 22 k{jp, jf..

sen} — kjpy — 0,

where v;.(8 — Bsw) = jf.,. Let us replace it with another split exact sequence

B 0
0 —k{vs | s e n} —— k{jpg, jfe. | s € n} = kjps — 0,
where jf.,.0 = jpz.0 = jps and jpy.7 = 0, jf.,. 7 = vs. Restoring back the dropped
isomorphism of second summands we obtain from the above the split exact sequence

0
0— L~ (Aso, F1) () 7= (Kj, kjps) — 0,

w

such that 6 vanishes on the complement.

Adding freely i we deduce the split exact sequence in gr™N"

0— L{i) = (A, Fn)(, 1) = (kj, kjpy) — 0. (3.26)

The image of the embedding is precisely (A" F') thus the latter graded n A 1-module
is free. In the particular case of n = 0 the module part is generated by the empty set of
generators. Therefore, FiU = A"(0) by [Lyul5, Lemma A.9].
Furthermore, from the top row of diagram (3.22) we deduce a splittable exact sequence
: NUN
in gr
0— (Ax, Fn) (i) = (A FS) (i) — (k1% k1% pgy) — 0.

We may choose the splitting of this exact sequence as indicated below:
0 = (Aco, Fa) (i) = (AL FL) () = ({1 =i}, k{1*pg —ips}) = 0.
Adding freely j we get the split exact sequence
0 = (Aco, Fn)(i,J) = (AL FRG0) = ({1 — i}, K{(1* = i)pg}) — 0. (3.27)

Combining (3.26) with (3.27) we get a split exact sequence

’

0 — (AR, FRY) 5 (A% F) (i) — (k{1 =i, j1 k{(1™ = )po,ipa}) = 0. (3.28)

The differential in (A" F) is computed through that of (ASY FU)(i j). Actually,
(3.28) is a split exact sequence in dg"™" | where the third term obtains the differential
J.0 = 1" — i jpg.0 = 1®py — ipy. The third term is contractible, which shows that the
inclusion 4’ is a homotopy isomorphism in dg™™". Hence, the epimorphism p = 7' - p” :
(Ahv Fhv) — (Asi, FAsl,,) is a homotopy isomorphism as well.
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In order to prove that (L,0) — (A" F) is a standard cofibration we present it as a
colimit of sequence of elementary cofibrations

(1,0) = Do = F(k{i,mo}, k{fe.

sen}t) =Dy - Dy — ...,
where for » > 0

®7" = F(k{i7mn1;---;nk | deg Mpys.ny, > _r}7k{vsvf(ﬂlf;...;éfk)ken | sen, deg f(é’f;...;ffk) = _T})'

Summing up, we have

3.19. THEOREM. The n A 1-operad dg-module (A" F") is a cofibrant replacement of
(Asl, FAsl,). Moreover, (AM F') — (Asi, FAsl,) is a homotopy isomorphism in
dgN"

Algebra maps over (A" F') are identified with homotopy unital A.-morphisms,
which we define in the spirit of Fukaya’s approach:

3.20. DEFINITION. A homotopy unital structure of an A,.-morphismf: Ay,..., A, = B
is an Asg-morphism £+ : (A )ren = (A ®k1S &k )pen — Bak1Y ®@kj? = B between
given homotopy unital Ao -algebra structures such that:

(1) fF is a strictly unital: for all 1 <k <n

i =13 1 V(1% 1% @1 @1° P =0 if a+1+b=1¢" |4 > 1.

Ak €L

(2) the element v} = j**f} — P is contained in B;
(3) the restriction of fT to Ay, ..., A, gives f;
(4) [@F™(A), @ kji* )" )f € B, for each £ € N", ||{]| > 1.

Homotopy unital structure of an A -morphism f means a choice of such f*. There
is another notion of unitality which is a property of an A -morphism:

3.21. DEFINITION. [See [BLMO0S8, Proposition 9.13]] An A, -morphism f: Ay, ... A, —
B between unital A -algebras is unital if the cycles i**f,, and i® differ by a boundary for
alll <k < n.

For a homotopy unital A-morphism f: A;,..., A, — B the equation holds vPm,; =
vi0 = ipg — if,, = i% — iAkfek. Thus an A -morphism with a homotopy unital structure
is unital.

3.22. CONJECTURE. Unitality of an A,-morphism is equivalent to homotopy unitality:
any unital A, -morphism admits a homotopy unital structure.

All reasoning of this section can be applied to F, in place of F,,. A nullary degree —1
cycle 1% subject to relations (1.6) is added to A,,. The resulting operad is denoted AS!.
We consider the A% -module

F,= QO A2 0 F, 0% A% = 0s0("A% k{f; | j € N* — 0}; AZ).
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It is divided by the graded ideal generated by the following system of relations
po (1) = AL (1% f.), Vi, A(“L,1%°L f) =0 if a+14+b0=10, || > 1.

The quotient is denoted F:“. Similarly to the above we add two nullary operations i,
j to A% with degi = —1, degj = —2, i0 = 0, jOo = i — 1**. The obtained A% (i, j)-
module F*U(i,j) contains an A"-submodule FM spanned by the nullary elements v, =
/\ng (J; fer) —ipo = jfe, — ipo, k € n, deg vy = —2, and by elements f(gllc;zlg;”.;efk)kell similar
to (3.23). There are invertible operad module homomorphisms X' of degree 1 sending
fi=f, Y= 1 i j j, vip = v

L (AL EY) = (AR EY), X (AR FR (L)) — (AZ F)GL ),
X (AL EY) = (AL FY).

4. Composition of morphisms with several arguments

4.1. NON-SHIFTED A,-MORPHISMS. Below we shall prove that the convolution H of
A -polymodule cooperad F and the lax Cat-multifunctor Hom built from C, gives a
multicategory of A -algebras and A -morphisms. Its objects are A, -algebras and mor-
phisms (4;);e;r — B € H are morphisms of n A 1-operad modules

(IAOO; Fo;As) = ((End Ay)ier; hom((Ay)ier; B); End B),

which are precisely A.-morphisms with several arguments. Their composition is the
composition in H.

Let us denote by a,, the multiquiver of A_-algebras and their morphisms, that is,
as = H for A = A,. Due to reasoning after equation (8.20.2) in [BLMO0§] the map

Ts : ase((Ai)ien; B) — dgac(®'"TsA;, TsB), frs f,

is a bijection.
Diagram (3.8) implies commutativity of

F‘M —g“> hom((SA(i)eGin(v); SAou(v))

2\[ J/hom((U)GGin('u);Ul)

F|’U| i> hom((A€>€€in(v); Aou(v))

Here hom((0)ccin(w); 1) = hom((0)ecgin(w); 1) - hom((1)eein(w); 0 1) is the product of right
operators.
Put differently, for each & € N™(®) — ( there is a bijection

e€in(v) e€in(v) e€in(v)

gI‘( ® TkeSAeaSAou(v)) ig( ® TkeAeaAou(v))linklly g}gj = gz = ( ® U®ke)‘9}c)'0_1'
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Using it we write equation (4.15) of [Lyul5] composed with projection pr; as

H H gI’ ® TkeAeaAouv I —}gI‘ ® T] AavAroot edge)l HJH?

vEV(t) keNin(v)—Q e€in(v) a€lnpt
vev(t)
( k)k;eNin(v)_o > comp
a€lnpt surjective t-tree 7 vEV(t) peT(v)  e€in(v)

(X a®j“)< ) | 039 [ &) oo gﬁ(e)*l(p>|eein<v>"]>071'

Va€lInpvt|r(a)|=j

(4.1)

Let us compute this expression. Assume that ¢ # | and take the smallest vertex 1
of (v(t),<). Consider subtree t' of t with V(¢') = V(t) —inV(1), E(t') = E(t) —in(1),
v(t') = v(t) — {1}. Thus, Inpv(t') = {1} U Inpv(t) — inV(1). Define t’-tree 7/ = 7| for a
t-tree 7. Decompose correspondingly the set of inputs of ¢ into three subsets,

(Inpt,<) = Inp~ t|<] Inp® ¢ |<] Inp™ ¢, where
Inp”t = in(1),
Inp~t={a€lnpt|a<l, a¢in(l)},
Inp"t={a €Inpt|avr1}.

Respectively the set of inputs of 7 is decomposed as (Inp 7, <) = Inp~ 7 |<| Inp® 7 |<| Inp™ 7
p y p p pT, p P p 7,
where Inp® 7 = {(a,7) | a € Inp® t, € 7(tail(a))} for $ € {—,0,+}.
A summand of the considered expression is written as
Inp 7 T(1 VEV T(v -1
comp 0T (& TN g1 011 () cineny) (B @Y g1 cing )7
= (_1)Sign(¢o) Comp<a®1np_% ® [@pef(l) (®eem(1)0®f(6)’1(p)g|T(e)_1(p)|e€in(l))} ® 0®Inp+?>
vev(t T(v -1
N ) L
Here the identity map
¢o: (Inp*7,<) = |<| rtail(e)) = |<| || = =T
e€in(1) e€in(1) per(1) peT(1) e€in(1)
is viewed as an order changing permutation. The sign of this permutation is
sign(¢g) = Z Z : |T(9)_1(Q)|’
g<peT(1l) e<gein(1l

Thus the above expression is
(—1)Sign(¢0)+zq<p67(l)(71+Zeein(1) I7(e)~  (p)))+| Inp~ 7| Ppery (FIH 2 ccin(n) [7(e)~1(p)])

7(1 Inp 7 VEV -1
comp (@M g o)1)y ) TE T (RS @) g1 )i )T
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Let us denote the obtained sign function by

sg/(r) =sign(go) + Y (p=1)( ) I7(e)

peT(1l) e€in(1)

()| = 1)+ [Ip~ 7 ( > 5= [7(1)]).

a€inV(1)

The right part of the obtained expression is similar to the initial expression with ¢, 7/

j/a — ja7
[T (D],

for a ¢ Tnpv't,

for a =1,

in place of t, 7, j. This allows to conclude by induction.

Let us draw an ordered tree ¢ as a tree with height:

all internal vertices are placed

at points of the plane with different height (=ordinate) so that the order < of vertices
agrees with reversed order of heights, see example.

N\

A\

7 h

/

N\

D

R

4

NS

l2
I3
s

ls

Naturally, the planar tree has to become a plane tree, which means that the order < and
the orientation of the plane agree. Furthermore, all input vertices have to be placed on
one horizontal line [;, whose height exceeds all heights of internal vertices. For technical
purposes we draw also a horizontal line [; between vertices i — 1 and 7. The subset of E(t)
consisting of edges that intersect [; is denoted Inp,;t. This subset is naturally <-ordered
(Inpt,<). The set of tails of edges

by intersection points of edges with [;, e.g. (Inp, ¢,<) =

from Inp,t is denoted Inpv, t. The bijection (Inpv, t,<) =
Decompose correspondingly the set of inputs of ¢ into three subsets,

(Inp, t, <) preserves the order.

(Inpv, t,<) = Inpv; t|<| Inpv? ¢ |<| Inpv; ¢, where

Inpv? ¢ = inV (4),

Inpv, t = {u € Inpv,; t | u<i, u ¢ inV(i)},

Inpv; ¢t = {u € Inpv,; t | u>i}.

We conclude that map (4.1) takes (g})

surjective t-tree T

vev(t)
keNin(®)

to

comp Y (=1)FO @O @O

Va€lnpv ¢t |1(a)|=52
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where

Z Yoo > I - 17(9) " (a)]

vev(t) g<peT(v) e<g€1n(v)

+Z Z p=1)( Z @ @)+ > (Y Fwl)-( Y (@) —Ir@)).

vev(t) per(v e€in(v) vev(t) u€lnpvy t a€inV(v)

Correspondingly, we define a degree 0 map AG(t)(j)  Frapt(7) = ®6(8) (Flop)vevy (7)),

surjective t-tree T

AG<t) (fj) — Z (_1)sg(7—) ®v€v(t) ®p€7(v)f\7(€)_l(P)|eein(v)' (42)

Va€lnpv ¢ |7(a)|=52
or, equivalently,

2(5)~} AS(1)(5)-pr,

ASH() - pr, = (=15 Frapa(j) =2 Fiupa(j) — 222 (4.3)

vev(t) per(v) vev(t) per(v)

® ® Flv\< ()" (p )|>eein(v)> m ® ® F'“‘( (&) (p )|>66in(v)>>'

According to Theorem B.1 the map A is a morphism of Inp(¢) A 1-A,-modules. We may
compute it recursively:

AS(t)(f;) = > (1) D (@ )1 () cmry) @ A ) (£1), (4.4)

(1(e):j=7(1))eein(r)

the summation is taken over all families of isotonic maps 7(e), e € in(1), with varying
target 7(1) such that U, Im 7(e) = 7(1).
By the way we get a recursive formula for comultiplication in F),:

AS()(f) = > (@D firte) 1 ) ecimey) @ ASE) ().

(7(e):j*=7(1))ecin(1)

The following statement elucidates in what sense A®(t) depends on a planar tree t
rather than on ordered tree.

4.2. PROPOSITION. Let (v(t),<) and (v(t),<') be two orders admissible for the same
planar tree t. Let o : (v(t),<) — (v(t),<’) be the isotonic bijection. Denoting the
corresponding symmetry map also by o we have

0. AC(t, <) = AS(t, <).
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PRrOOF. It suffices to consider elementary transposition ¢ = (¢ — 14) and two orders <,
<, which differ only by interchanging two vertices ¢ — 1 < 7, not related by <. Denote
by t' the planar tree ¢t with the ordering <’ of internal vertices, i — 1 >’ i.

Decompose Inpv, ;t = Inpv,_;t" as

Inpv{_ltE| inV(i — 1)|§| A|i| inV (i) |<| Inpv; ¢.

Notice that Inpv;, ;¢ = Inpv,_, ¢ and Inpv; t = {i — 1} k| A, Inpv; ¢’ =inV(i — 1) |<] A.
We claim that

(Ir@=DI= >, r@)-(r@I = > 7))

a€inV(i—1) beinV (i)
(2 @)X FOI=1r@N) =( X2 7@ - ( X 7O =Ir@)).
u€lnpv, ¢ bEInV (4) u€lnpv, t/ bEINV (4)
In fact,
Yo o lrwl= Y Irwl= ) Ir@l =G -1
u€lnpv; ¢/ u€lnpv; t u€inV (i—1)
This implies the required equation between signs. [

Applying Theorem B.1 to degree 1 homomorphism (X, X)) : (A, F) = (Ao, Fy), see
(3.7), we deduce via (B.2)

4.3. PROPOSITION. (A, F,) is a graded polymodule cooperad with the comultiplication
given by (4.3).
4.4. THEOREM. Define comultiplication AM(t) for the Ao -polymodule F, by

AM(1)(§) = [Frupe(j) 27 g ) (Flo)vevny (1) —— ®m (&) (Flovevin (4)]-

On generators it is given by (4.2). For the tree t = | define AM(|)(j) : F1(j) — Ax(j),
fi > 81, 7 = 1. Then all AM(t)(j) are chain maps, thus, (Ax, F., AM) is a dg-polymodule
cooperad.

PROOF. It suffices to prove that f;,AM(t)0 = f;.0AM(¢), j € NI"Pt — 0, for the tree

t = | and all trees ¢ with two internal vertices. The proof follows the lines of [Lyulb,
Proposition 4.13] with extra care for signs. For the tree t = | and a positive integer j we
have
n>1
GOAM() = 3 (<) @y 1), AV()
r+ntt=j
I>1
+ Z Z+Zp 1P-DE-D(f of, @ ® fil)ml.AM(D
i1t ti=J

= (=1)"Tmyx(G > 1)+ (=1)myx(j > 1) = 0 = §;.0 = f;.4"(])0.
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Let us consider the tree ¢ and the t-tree 7 from [Lyulb, (4.17)] with adjacent notation.
In particular,

g=0Y .Y = @t e e u) = (u g ut).

We have

00  T1,.eyTyc €ENI—0 u®

s 38 o (@) o,

w0 Tl =i =t
u® q q c—1
sg(T) = Z Z rrg—l—z —1)(2r§—1)+<2i9—u0>2u”. (4.5)
1<z<p<uc 1<e<g<q p=1 e=1 g=1 v=1
We find
00 Plyeryc€NI=0 n w>1

f; AM )0 = Z Z Z Z sg(7)+1 w)(ul 4+ +ul =T a)+1—||ul|

uc=0 h=1 a+w+z=uhl

(®p 1frp) ®>\h( 1 y Moy, 1, fu—(w—l)eh)

p L Tp=t

00 T1y-sTyuc€ENT—0 00 UL,...,Uyy EN™—0

1<e<d<n e, d w
n (_1)Sg(7)+w+21gb<a<w ugug+>0 1 (g—1)(|lugl—1)
DD IED DS (4.7)

uc=0 —;  w=2 ui+t--Fuy=u
plTPZ 1 F U

(®p 1frp) ®p((f )'u 17mw)

00 T1yeyTyc €ENT—0 2, q r>1

)=l e —h= DUl 4+ (1—2) (a+ 52 )
+2 Z >0 2 v o (4.8)

uc=0 p 1rp—i h=1 g=1 a+z+z=r]

(—1) Il (@R, ) ®)\9( Loma, "1if, om1)e,) @ (R0, 14F,) @

P
00 81,-8kcENI—0k.—1 o0 l1,...,l,yENI—
1<e<d<q jejd

" 1)sE) =kl +ke—a=S28 L llso w1 S5 2050 150
D S 9 DD SENE e

Zp: sp=i 0= 0 w=211++lw=5a+1

(1) == DR ID (e £ ) @ p((f, )1y maw) ® (QF_, ofs,) @ fi,

(4.9)

where 7 means t-tree 7 determined by (k, s) in place of (u,r). Also by (3.6)

w>1 bt
f aAM Z Z 1 w)(a+> , -1 uv)+17”j”)\h(a17mwazl;fj—((w—l)eh,O,O)-AM<t))
h=1 g+w+z=uh
z>1
+Z Z Y@t i w i il \a (o gy, 71, £ (0. 1)ey.0)-AM (1))
g=1 a+x+2=19
w>1 . 1 .
w a WTC v 4 —Il7 a z
T Z > (Fpiet. P A,y 21 00, 1)en)-AM ()

h=c+1 a+w+z=ul
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00 JiyeejwENPPE_Q cocuc
1< < 1
+§: 2: (_1)w+21<§§a<2+q 3538431 (0= (|ljpll—1) ((f AM( Ny M)
v=
w=2  Jit+-t+jw=J
w>1 00 T1,e.esTuc €NT—0

o Z Z Z Z (_1)(1*w)(a+22;% u?)+1—|| ]| +sg(T|ul—ul —w+1)

h=1 a+w+z=uh u¢=0 Z; | Tp=i (410)
(_1)—w(u6—2p:1 llmp1) (®;c:1f7‘p) ® )\h(a17 M, Zl, fu—(w—l)eh)
z>1 S1yeeeySyuc ENT—
+Z Z Z Z (— 1) w ) Ll sa(rlrs)
g=1 b+x+Il=i9 u¢= DZp:l sp=i—(z—1)ey (411)
>‘g<b17mx7l1; (®p lfsp) ®f )
w>1 00 T1,...yTyc €ENT—0
DS S DI SRR (e IR
h C+1a+w+z uh u¢=0 “c =i (412)
p 17p
(et e e e D (@1, ) @ A (1, T g
) .]1, ,]wENInpt—O
+Z > (— 1) SIS Zp =D =D+ 0 s8(r)
w=2  j1t+-Fjw=j
VprpENI—0 Soo_qub, w (413)
(2 78 (@ wer) m)
wEN b Sy g o=t

p=ul+-tul 41 P

In the last sum we denote > ., uf by u¢, thus, > o u, = u.
Due to [Lyulb, (2.13)] expression (4.13) can be transformed using

VprpeNI—0 D a—1 UG w
p((z > ( & frp)®f“”) jmw)

ugeN “f*;:“zcz:é*'“il — p=1+3070 ug U=
pEUTT Ty
E lua
21<U<y<w(1*||u71\|)(u;*2 o . lIrpll) ¢
— (_ = = =14+3077 u§ u
_( ]‘) (®p:1f1"p) ®p((f )v 17m’w)

Let us verify that (4.7) equals (4.13). In fact, due to [Lyul5, (2.13)] all summands of two
sums are pairwise equal. It remains to check that signs are equal as well:

1<e<d<n w 1<e<d<n+q—1 w
S owuy+ Y (- Dlllull == D e+ D> =Dl —1)
1<b<a<w q=1 1<b<a<w p=1

v C
a=1U

3 sem) Y - fwlhg— Sl (mod 2).

Isv<ysw p=143200 ug
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Here 7,, 1 < v < w, is the t-tree

D o1 UG
q
L
P=1+3020 v \
C
u 1 > 1
v
D em1 Ua ’/////4
1
B

p=14+3"021 ug,

Ty =

1

u,

However this identity is precisely the claim of Lemma B.2 for our tree ¢ with two internal
vertices. It can be checked also directly as an exercise.

Let us show that sum (4.8) equals sum (4.11). In fact, due to [Lyulb, (2.14)] expres-
sion (4.11) can be transformed using

X (P1, g, 'L (R f,) @ f)
= (_1)—$(h—1—22;11 ||Sp||)<®g;11fsp) RN ((117 My, Z]_’ fsh) ® (®g;h+1fsp) ® fU7

where h € N is found from the inequalities

1<h<u’, a Loty s
p=1 p=1
We identify s, = r, for p # h and s, = r;, — (z — 1)e,. Thus terms of the two sums are
pairwise equal and it remains to check that their signs are pairwise equal as well:

u® g—1
sg(r) + 1= llull + ¢ ==Y llrll+ (@ —2)a+ D r}) = |l
v=h-+1 y=1
c—1 g—1
=(l-z b—l—Zu —1—223/ — gl +sg(r | ) — r]—z+1)—x(h—1— ZHSPH (mod 2).
v=1 y=1 =1

This equation can be transformed into equivalent one:

sg(7) = (TI?"ZHT?L—HU

(1—2z)( Zrh+27“9+2u +Zzy+h—1—2||rp|| (mod 2). (4.14)

In order to prove it we assign the following values to variables j,, 1 < ¢ < u“:

, 0, 1f1+§ _1p\q $—1—|—§p_1 g,
Jqg =
1, otherwise.
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Apply Lemma B.3 to our t-tree 7 and notice that 7’ is obtained from 7 replacing rj with
ry —x + 1. The identity proven in Lemma B.3 is precisely identity (4.14) that we had to
establish.

The subsum of (4.6) containing terms with h < ¢ is equal to sum (4.10). In fact, terms
of these sums are pairwise identified. It remains to show that the signs are equal:

>

sg(r) + (1 w)(at+ S u) — [u]
=1

= (1—w)(a+Zu — I3l +sg(r | v = v —w 4+ 1) — w(u® —ZH'r’pH (mod 2).
Setting
. 0, ifl<g<<w—1,
1, ifw<g<<u’,

we see that the above identity is precisely the statement of Lemma B.3 applied to our
t-tree 7 and described (j,),-

Similarly, the subsum of (4.6) containing terms with A > ¢ is equal to sum (4.12).
Again we have to show that signs coincide:

sg(T) + (1 —w)(u' + -+ u" " +a) — [ul
h—1,v#c

= (1—w)(a+ Z u —I—Z i) — ||| +sg(r | u" = u"—w+1)—w(u —Z llrpl])  (mod 2),

v=1 g=1
which actually simplifies to
sg(1) =sg(t | v —=u" —w+1) (mod 2).

Using j, from (4.15) we deduce the required identity from Lemma B.3.
It remains to prove that subsum of (4.6) containing terms with h = ¢ plus sum (4.9)
gives 0. Consider the element

T = (®;c:1f7‘p) ® <1®a & My & ]-®Z) ® 'Fu—(w—l)ec S

(R F (1)) @(Ase (1)®* @A e (W) @A (1)) RF, (u—(w—1)ec) € @6(t*)(Acs, Flof)vevis),

where a +w + z = u¢ and t* is obtained from ¢ by adding one unary vertex on the internal
edge. By definition, elements

ZE(]_ X )\C) = (®Zc:1frp) & )\C(ala My, Zl) fu—(w—l)eh) and

z.(p®1) = (=) Zieren WG F ) @ p((F, oty ma) © ® 2) © fu e

p=1 p=a+w+1
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of ®¢(t)(Fjo|)vev(r) are identified in ®m(t)(Fjy))vevr). Consequently, terms of (4.6) with
h = c and terms of sum (4.9) are pairwise equal in ®wm(t)(Fs|)vev) provided we identify:
uw=k"forven—{ch,u=k+w—-1s,=r,for1<p<a,l,=r qforl <v<w,
Sp = Tprw—1 for a+2 <p <k and Sey1=> 0 lw =D i Tatr- We have to check that
the terms occur with opposite signs:

uc

sg(7) + (1 —%U)(aJriuv) 1= lul +w Y (Il = 1) +1

v=1 p=a+w+1
1<e<d<q
= sg(7)+1— ||k|| + Z(1-||sv|| twt Y llb—l—ZV—l I,|—1) (mod 2).
v=a+2 1<b<g<w

Plug in explicit value of sg(7) from (4.5):

1<e<g<q u® c—1 c—1
Yoot Y =Dl = D+ (il =u) Y wt + (1= w)a+ Y u)
1<z<p<uc p=1 v=1 v=1
u® 1<e<g<q k©
tw=1 > (rl-D= Y sps+Y (0= Dlspll = 1)
p=a+w+1 1<z<p<uc p=1
c—1 1<e<d<q w
(il = E)D R DY e+ (=1l - 1) (mod 2).
v=1 1<b<g<w v=1

Terms quadratic in 7, s and [ cancel each other. More cancellations occur leading to the
obvious identity:

atw w w
Yo =Dl =D+t -wa=ad_ lrewll=1) + > @ =1)(ren] —1)  (mod 2).
Thus, f;.AM(t)0 = f;.0AM(¢). n

4.5. COMULTIPLICATION FOR HOMOTOPY UNITAL CASE. Let multiquiver a"! = H be
convolution of F™ : F — M and Hom : B — M coming from C,. Objects of a" are
homotopy unital A, -algebras and morphisms are homotopy unital A,-morphisms.

There is a multhulver map -* 1 al — an, (A, i, M1, M gy, | b+ Z';:l ng = 3) —
(AT,m} | n > 1), where A" = A® klsu @® kj is strictly unital with the strict unit 1%V,
m,ﬂA@n My, jmy = 1% — i and

(1*" ©je1* @] - @ 1% 1 @@ 1¥™)m} | | = Muymym, - AP A
fork>1,n,>20,n= 25:1 ng, n+ k > 3. On morphisms with n arguments we have

f= (Vkv f((’f;fé;...;ﬂfk)ke ) = f+ (f+ | .] e N" — O)
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where jff = vi +jps and for 1] > 2

k. k. ®eF @k
®Fen (194 @je1%2 i@l t*-1gjel tk)\

N £+
®k€n Te’fAJr i >B}

k . pk . ok
= )\é((€117J7£217J7”'7 th-1] J t 1>k€n7f£ ) - f(f’“ fk,...§ k)kEn

[®k€nT€kAk

This multiquiver map is injective on morphisms and the conditions of Definition 3.20

describe its image. The image is closed under composition in a.,, hence, it is a sub-

multicategory. In this way al¥ becomes a multicategory and -* : a"¥ — a,, becomes a

multifunctor. Composing it Wlth the multifunctor 7T's : a,, — dgac we get again a full
and faithful embedding T's(-)* : a"¥ — dgac. Its image is described by conditions parallel

to that of Definition 3.20:

(1) f* is a strictly unital;

2) 1o 010 A4+ 1) ---©1) C B+j5;

(3) f+(®"*TA,) C TB:

(4) fH(@"T" (A ® kj*)) C B @ T (B @ kj?) for each £ € N, ||¢|| > 1.

One checks directly that the set of such coalgebra morphisms is closed under composition.

4.5.1. COMULTIPLICATION FOR UNITAL CASE. Comultiplication (4.2) extends in a unique
way to (A F2), which differs from (A, F,) by a direct summand (k1% k1%py), see
(3.22). In fact, for a tree t the equation

po = [A%(0) 25 F32,,(0) =% @ (1) (F1)ucv(n(0)] (4.16)

is one of those saying that A(t) agree with p (see (3.2) with { = 0). So we set A(t) (ps (1))
= pz(1®). For non-empty v(t) the image of (4.16) is contained in the image of the
summand Ff}, (0) of ®¢(t)(F}))vev(r)(0) indexed by the t-tree 79 with 7o(v) = & for all v

except the root vertex, while 79(rv) = 1. For the tree ¢t = | (4.16) is the right action in
the regular bimodule A%!:

id = py = [A2(0) 25 F(0) = A% (0)].

We can be more precise in this case: A(])(pz(1%)) = pgy (1) = 1.

So extended comultiplication obviously agrees with the left action A (see (3.4) with
k = 0). It agrees also with the right action p, see (3.2) for [ > 0 with J = {q € 1| k, = 0}.
We may take elements 1%Vpg in each place P(0) = F5'(0) for ¢ € J. Then 1%p, will
appear also in Q(0) = ®wm(t)(F}))vev(r)(0) for the same ¢. Using associativity of p we can
absorb those 1% into an element of A% and get rid of 1°*’s completely. The equation is
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reduced to the case of (A, F,), which is already verified. Coassociativity of extended
comultiplication is obvious.
Let us extend comultiplication further to

(AZ,FR(0) = (A% J), ORooA% (1)) ©hs F2Y)

using Proposition A.1. Let n = |Inpt¢|. The comultiplication is the lower diagonal in

®M(t>(A§éa TS\)UEV(t) c ®M(t)(AZl<J>7 TE‘)UGV(IE)(“J)
AM(t)T 2
(A% ) (A%(0,0), OF—oA%(i,J) Oka ®m(E) (AL, Fiiuevir)
[ ALY i
(Ailcj)’ FZU><I7J> ®M(t)(AZZ<I>J>> Okein(v)Uou(v)Aig<iaj> QI/ZgJO F|51L;J|)v€v(t)
!
aM (1)

®m (LI (AZ, Fp (i Jvev

Proof of coassociativity is contained in diagram (4.17). The operad module (A%, F3")
is short-handed to F5"'. Similarly F5"(i, j) stands for (A2, F2*)(i, ). Being diagram (4.2) of
[Lyul5] the top square commutes. The middle square parallel to the top face is obtained
by adding freely operations i and j. Hence it also commutes. The vertical faces commute
as well, therefore, the bottom quadrangle is commutative.

Thus, a dg-polymodule cooperad (AS? Fs*)(i,j) is constructed. Quite similarly, there
is a dg-polymodule cooperad (A%, F*')(i, j) isomorphic to it via a degree 1 isomorphism.

4.6. PROPOSITION. The collections of operad submodules (A FM) C (AU, FsU)(i,j),
(Ahu Fhu) C (AsY FsU)(i, ) are dg-polymodule subcooperads.

PROOF. Assume that k& € Inpt for a tree t. Let us compute AM(¢)(f.,). Notice that there
exists the only ¢-tree 7 such that 7 is surjective and |7(a)| = ¢ for all @ € Inpv ¢. In fact,

let tail(k) = v LN U] — Vg — -+ — Uy, = 1rV(t) be the oriented path from the tail vy of
chosen k € Inpt to the root vertex. The tree 7 is given by the formula

7(v) =

1, if v = v; for some 7, 0 < j < m,
a, otherwise.

Denoting eg € N° a basis vector for p € S we find

AM (t)(felnpt) - feinV(vl) ® feinV(UQ) ® feinV(v3) ® ctt ® f inV(vy,_—1) ® feinV(vm)
k s} vq v9 € Um—1

Um—2
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su A‘f v su
@ (0 > @(t) (@ () Fr)
A(9) K / M
su U DEE)
Inpt ’ ®M(t) [v]
su M Af<|7> N v su -
[%&9) (i, J) : (@ (1) (@ (to)FE) ] (i, 3)
D@\‘\\_‘\ N N
w A0 v Wi (@ () (A(t0))(15)
Inpt<|7J> ‘ s [®M(t) \U|]<|7J>
4 @) [(®h(t,)Fiy) (1.1)]

A(0)

D (0)[Fig ()]

\

v W g Eu@ONAR))]
®M(t)[ \v|<|7J>]

<

D () (A(to))

A

> @ (t) (@ (to) [F3(i.5)])

(factors 1 assigned to vertices outside the path are omitted). Now we compute

AM() (v ") = AN AL, (s fame) = pa) = N, (3 AY(8) (foamwe)) — Jpo

== jf inV(vy) ® f inV(vg) ® f inV(vg) ® Tt ® f inV(vy, 1) ® f inV(vm)
€ug vy g Cvm—2 Cvm—1
—jp@ X feinV(UQ) & feinv(v3) R f vy, ® fein\/(vm)
vy V9 evm—Q Vm—1
+jf inV(vg) ® f inV(vg) ® cte ® f inV(vy,—1) ® f inV(vm)
€uq Cug Cvpp_2 Com—_1
—jpg ® f inV(vg) ® e ® f inV(vy,_1) ® f inV(vm)
61,2 evm_2 e”m—l
+jfein\/(v3) ® e ® f inV(v,—1) ® feinV(vm)
v v 9 Vm—1

=V

—jpa @ f eV eom)
+jfein\/(vm)
Ym—1
—JPz
inV
;)r:) (Ul) ® feinV(UQ) ® feinv(vg) ® e ® f inV(vy,_1) ® fein\/(vm)
vy v9 €Um72 Vm—1

inV
+V,lvr; (UQ) ® feinV(v:»)) ® te ® feinV(vm_l) ® feinV('ulm)
v2 Vm—2 Um—

(4.17)
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inV (v
+V;}I; (U’i) ® . ® fein\/(vmfl) ® feivn\/(vlm)

Um—2

+V1nV(vm—1) ® fein\/(vm)
Ym—1

Um—2
+vinV(vm)

Um—1

On other generators we transform

koo ogko . 2k . (k
AM(t)(f(flf;ﬁg;...;ffk)ken) = Aé((él ]-7.]7[217.]7 sy tk7117J7 tkl)kén; AM@)(J[EL))

as follows. First factors f; are replaced with generators fq,.a,;..0, accordingly with the
set of j’s appearing among the arguments of f; . The only exception is the case of jf.,
which is replaced with vi + jpz. In obtained summands all instances of jpg are moved
to the right as arguments j of f, indexed by a 7-parent vertex to the considered one due
to defining the tensor product as a colimit, and this procedure goes on until no jpy are
left. Notice that the separate term jpy can not appear elsewhere but in the expression

AM(#)(jf mpe), which is not considered by itself, but only as a summand of v
k

The case of (A", F' AM) is completely analogous, although with additional signs. m

A. Induced operad modules

A.1. PROPOSITION. Let V =dg and A = (A4, ..., An; P; Ag) be an n A 1-operad module.
Let Bi - M; — A; € dg" be chain maps for i € [n]. Denote M = (My, ..., M,;0; M)
and 8= (B, 000 80) = (M, ..., M0, M) — (Aq, ..o An; P Ag). Then A(M, )
defined in diagram (1.1) is isomorphic to ((A;(M;, B:))icm): OfzoAi (M, i) @ P).
PROOF. Denote R = O Ai (M, ;) O, P and €; = T(M;[1]). As we know from [Lyull,
Section 1.10] in ¢4 = ,Opf" the graded module underlying A(M, ) is isomorphic to
((Ci)iemy; Co(0)) U ((As)icp; P). Clearly, this coproduct is also a colimit of the following
diagram (a pushout)

(A2)iep); Ao(0)) 2, (A)icp; P)

ingl l_ linz

(€ U Ay iem; (Co LUAG)(0)) = ((Cs)iepmy; Co(0)) U ((Ai)ictn; Ao(0)) DD A, )

Here the equation is due to [Lyulb, Corollary A.10]. Denote B; = C; U A; ~ A;(M;, B;)
in Op®". Applying [Lyulb, Corollary A.7] to the canonical embeddings iny : A; — B,
we deduce an isomorphism v : A(M, B) — ((Ai(M, 5i) )iem); Of=oAi(Ms, Bi) @ P) in
20Dt

In order to show that the isomorphism is actually in nOp‘fg we consider diagram on the
following page, where ¢ = w,;l, 1 < k < 3. Notice that the isomorphism 5 is nothing
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(%

(122 0p))

(& M2 (1)) < —

(g oy

NOHEEICW)))
(0)%9 :21(*9))

%mﬂ H Th| | 19
“O:((" w)')) ¢

u]z(e 02 U]z
((14(?6))0204(*6)) AA& Agrmvv NO) A Qrﬁvv

(lien)oceizen) (] ((1(*2r) 024 (1)

(P () 0= P () 4 NESYI (=22 (")) 0= M ()

((1:(*0)) 0=©:(*0))
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else but the isomorphism 3, written for the operad module ((A;)ic); P) instead of P,
taking into account that

oAV, Bi) Qili Ox0((As)iem; P)) =~ Oso((Ai (M, 6i>)i€[n]; P).

The isomorphism 11 follows from the fact that F : ,Op8" — gr"™™™N""N preserves colimits.

The map 2z : Oxo((A:i(Mi, 5i))iem); P) = OfgAi (M, B;) @Y, P is the canonical projection.

We claim that the diagram commutes. Its two top squares are in nOpilg, while the
bottom vertical isomorphisms are constructed only in ¢ = ,,Op§". Thus, squares and
make sense in ¢. First of all, square | 1 | commutes due to definition (1.1) of A;(M;, ;).
Commutativity of square |2 | follows from the equation

[0}

Ox0((Ai)iem); P) P
920((ii)ie[n];1)J( = J{n (A.l)
Os0((Ai(My, Bi))iepn; P) — OfgAi( M, Bi) Oy, P

proven directly from the definition of the induced operad module. Namely paths in the
following diagram

> ;1 a
@20((B)icm; @=0((Adicm: P)) S22 0 (A P) = P

. 7 7Y )
920((1)@20((91)71))\[ Q;O((I);Q) 620((31)71)l m Li

©20((Bi)iep; ©20((Ba)ieln); P)) ——— ©20((Ba)ien; P) — O Bi O, P
satisfy the relations

a-n=a-0x(n);1) z=00();1) - O20((1);0) - 2
= ©O20((n); 1) - ©20((1); ©20((7:); 1)) - - 2 = ©20((7:); 1) - 2.

Commutativity of squares and with the vertical arrows v is proven separately
on each of summands of the source of the square. On ((C;)icpn); Co(0)) commutativity
holds due to [Lyul5, Lemma A.9]. On ((A;)icm); ©0((As)icp; P)) verification reduces to
diagram (A.1).

One easily finds out that all three columns of diagram on the preceding page compose
to inog:

((T%); ©20((T%); 1)) - o1 = ing, ((7i)ien); ©=0((Di)iefn); 1)) - @2 = ina, ((Ji)iep);n) - ¢3 = ing.

Therefore, the exterior of this diagram drawn with isomorphisms ¢ is a pushout square.

Hence, the pasting of squares | 1] and (a diagram in nOp'fg) is a pushout square
in ,Op$". However, a cone for a diagram D — nOp‘ljg is a colimiting cone iff its image
under the forgetful functor ,Op® — ,Op%" is a colimiting cone for the composition
D — ,0p® — ,Op%. Thus, the pasting is a pushout square in ,Op%, and the
colimit A(M, ) is isomorphic to ((A;(M;, 8;))icin); OiegAi (M, Bi) Qiti P) in nOp(lig. n
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B. Isomorphisms of degree 1 of polymodule cooperads

Introduce a k-linear involution

t—tree T

= > (=1 pr, - in, : @6 () (Hjop)vevir (§) = ®c()(Hyopvevi ().
Va€Inpy ¢ |7(a)|=j¢

B.1. THEOREM. Let ("g;hn;9) @ ("A;Gp A) — ("B; Hy;B), n = 0, be a family of

invertible n A 1-operad module homomorphisms of degree 1. If the family (A,G., A®)

defines a graded polymodule cooperad F — (M, ®g), then (B, H,, A®) defines a graded

polymodule cooperad such that the following diagram commutes

(1]

A =
Giapt — B @ (1) (G )oev(t) — B6(D)(Gluuev(y

hl l@ae(t)(h)

AS(t)
Hinpt > ®6 (1) (Hjol Jvev()

In particular, A® is multiplicative, see equation (4.2) of [Lyul5].

PROOF. Given a colax Cat-multifunctor (A,G,,A®) : F — (M, ®¢) let us construct co-
multiplication A® for H,. The map

t—tree T vev(t) per(v)

st~ T @ @ (@ W) (B

Va€lnpvt|r(a)|=j
is determined by

AS(1)(4) - pr, = (~1)%C <Hmpt< )5 Grapel) LS (B.2)

vEV(t) peT(v) ®v€v<t)®pef(ﬂ)h ev(t) per(v)
X X G'”( i )Deein(v)) ® ® H\UI( (P)|)eein(v)>>~

These are maps of degree 0 since

deg ®v€v( pETU Z Z Z 6)71(p)|)

vev(t) pet(v) e€in(v)
Z [ (v)] = Z Y. Irwl=1- % |r|=1-]jll=—degh™". (B3)
vev(t vevV(t) u€inV(v) u€lnpv(t)

First claim: (B.1) is a homomorphism of right B-modules. In detail, for all trees
t € tr(n), all partitions j = j; + - -+ + j,» € N” we have to prove that the square

(@7 H,(jr)) ® B(m) g » Hi(5)
<®¢1A6<t><j,->>®1l lAG(t)(j) (B.4)
(@™, ®c (t)(Hyo))vev (jr) @ B(m) = @6 (1) (Hy))vevn (4)
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commutes departing from a similar strictly commutative square for G. Passing to sum-
mands of the product we perform the following computations.

First, we prove the above square for t = |, n =1, j = j1 + -+ + jn € N. Since
®c(])(j) = d;1k, it suffices to consider j = 1. By definition

AS()(1) = (G (1) 2 Hy (1) 2200 gy,

If m > 1, we have

AG(I)

(@™ Hi(j,)) ® B(m) & Hy(1) 20U gy — g

due to similar equation for G.
For m = 1 the required equation is given by the exterior of commutative diagram

H,(1) ® B(1) : Hi(1)
% /
AS()(1)®1 = G1(1)® B(1) LN Gi(1) = AS(])(1)

AS(h(1)@1 1@e AS(D()
k® B(1) k

Now we provide a statement useful for the case of ¢ # |.

B.2. LEMMA. Assume that t # |. For all m € N, all sequences (1,)™, of t-trees

v>w, v,wev(t)

isg(n)ﬂL > <|Tr<v)|_ > ITr(u)\>(!TS(w)|— > |7'S(x)’>+czoot

1<r<ssm u€inV(v) x€inV(w)

=sg(7) + ¢, (mod 2),

where T = Ty + -+ + Ty, is the t-tree such that 7(v) = |-, 7.(v) for all v € ¥(t) — {rv}.
Maps 7(u — v) are |J", 7,.(u — v) if v is not the root vertex. In detail, we claim that

ZZ > > |ﬂ~ |- 7(9) " ()]

r=1 vev(t) q<per (v) e<g€in(v

+ZZ S p=-D(-14 Y Inle)

r=1 vev(t) perr(v) e€in(v)

+Z ST m@) - (“ln@l+ Y In@)l)

r=1 vev(t) u€lnpvy t aeinV(v)
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v>w, v,wev(t)
+ > (m@i= Y wl)(nwi= Y @)
1I<r<s<m u€inV(v) z€inV(w)
<y, z,y€inV(rv)

Zr—l - Y @)+ Y mWIn@)

zEmV(rv) 1<r<s<m

=y > > I |- |7(9) " (a)]

vev(t) g<peT(v) e<g€in(v)

+Z D=0 M@=+ D (X @) ( X @l =)
vev(t) peT(v) e€in(v) vev(t) u€lnpvy t a€inV (v)
cdd, c,d€Inpv t

+Z<r—1><1— Yoo m@)+ Y |n(d)] (o) (mod2).

a€lnpvt 1<r<s<m

PROOF. The detailed form of the equation is obtained using the formula deg @P€™ ) =
|7 (V)] = 2 ucinv(w) |7 ()], which is a part of (B.3). The equation is obvious for m = 0 and
m = 1. Let us prove it by induction on m. Assume that it holds for m = k — 1. Let us
deduce it for m = k. The difference of two expressions, one with 7 =7 + -+ + 7_1 + 7
and another with 7/ = 7y + - - - + 7,_1 is the following:

oD D>, !Tk Pl @I+ > > (-0 Imle)(p)-1)

veV(t) q<peTi(v) e<g€in(v vev(t) peTi(v) e€in(v)
+ Z Yo m@) (> @) = )]
vev(t) u€lnpvy t a€inV(v)

v>w, v,wev(t)

F Y (h0l- T ) (- T )

1<r<k u€inV (v) z€inV (w)
<y, z,y€inV(rv)

+k-11- D m@)+ D In@l- @)

z€InV(rv) 1<r<k

= Y Y Y Y el el

vev(t)—{rv} e<g€in(v) 1<r<k ger.(v) pETE(v)

+ Z Z Z 7(e) " ()] - 17 (9) (9]

vev(t)—{rv} e<g€in(v) g<peTi(v)

DD TS NP oEER R

vev(t)—{rv} peti(v) 1<r<k e€in(v)
+2 0 Im@l)-( Y] @) = ()]
vev(t) u€lnpvy ¢ a€inV (v)

+30> S m@h (Y @] = )

vev(t) u€lnpvy t 1<r<k a€inV(v)
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+ 0 m@l) - Yo (Y Im@] = [m()])

vev(t) u€lnpv, t 1<r<k a€inV(v)
cdd, c,delnpv t

+h=D0= D m@)+ Y |n@]- @] (mod 2).

a€lnpvt 1<r<k

So it remains to prove the above induction step. Denote for v € ¥(t)

n() =In(),  2v)= Y In@)l

1<r<k

After certain cancellations the above can be written as

v,wEV(t) wev(t)
3 w) (n(w) - ¥ n(x)) k-1 Y <n(w) - ¥ n(:t:))
W<VATV z€inV(w) WHATV z€inV (w)
v,wev(t) z,y€inV (rv)
- Z < Z )) (n(w)— Z n(x)>+(l{:—1)(1— Z n(z))+ Z z(y)n(z)
v>w  u€inV(v) z€inV(w) z€inV (rv) <y
= > Y @ - Y (e - Y a@)
vev(t)—{rv} z<y€inV(v) vev(t)—{rv} z€inV (v)
T Z Z 2(w))( Z n(a) —n(v)) + Z ( Z z(a) — z(v)) Z n(u)
veV(t) u€lnpvy t a€inV (v) vEV(t) a€inV(v) u€lnpvy t
+(k—=1)(1 - Z n(a)) + | Z z(d) -n(c) (mod 2). (B.5)

Summands proportional to (k — 1) cancel each other since
Z (n(w) — Z n(z)) = Z n(x) — Z n(a).
wev(t)—{rv} z€inV(w) z€IinV(rv) a€lnpvt

Equivalently, for all p,q € ¥(t) the coefficient at z(p)n(q) has to vanish:

X(rtv>p>qgev(t) —x(Pg<p<rv)+x(Pg< Pp<rv)—x(rv= Pp>qev(t))
=x(Pp=Pqg)x(¢<p)+x(p=Pqg<rv) —x(v>p=gqev(t))+x(p € Inpvp, 1)
—X(p € Inpv, t) + x(q € Inpvp,t) — x(q € Inpv, ) + x(¢<p € Inpvt) (mod 2).

By convention Inpv, t = @ for z € V(t) — v(?).
First of all we prove this identity in several particular cases, when at least one of p, ¢
is an input vertex. The equation holds true for ¢t = |, let us proceed for ¢ # |.



1608 VOLODYMYR LYUBASHENKO
1. Assume that p,q € Inpvt. The equation simplifies to
— X(Pq < Pp) + x(Pp = Pq)x(q <p) + x(p € Inpvp, t) + x(q € Inpvp, t)
+x(g<p) =0 (mod 2).

In all 9 cases, p<q, p =¢q, p>q and Pp < Pq, Pp = Pq, Pp > Pq, the equation
holds.

2. Assume that p € Inpvt, ¢ € v(t). The equation simplifies to
— X(Pq < Pp) + x(Pp > q) + x(Pp = Pq)x(q <p) + x(p € Inpvp, t)
+X(p € Inpv, t) + x(¢q € Inpvp,t) =0 (mod 2).

If ¢ > Pp the equation holds, assume that ¢ < Pp. The equation holds in all 6
cases, Pp < Pq, Pp = Pq, Pp > Pq, and p<q, pq.

3. Assume that p € v(¢), ¢ € Inpvt. The equation reduces to

—X(Pg <p<rv)+x(Pq<Pp<rv)—x(Pp=Pgx(qg<p)—x(p=Pg<rv)
— x(p € Inpvp, t) — x(¢q € Inpvp,t) + x(¢ € Inpv, t) =0 (mod 2).

The equation holds if p > Pq or p = Pgq, assume that p < Pq. The equation holds
in all 6 cases, Pp < Pq, Pp= Pq, Pp > Pq, and p<q, p>q.

We conclude that validity of the identity for ¢ is equivalent to its validity for the subtree
t Ct,v(t) =v(t), Inpt = &. Considering the subtree ¢ we single out the smallest vertex
1 € v(t) and convert it to an input vertex. The expressions computed for the obtained
tree t' and the previous tree ¢ are equal. However, the number of internal vertices of ¢’ is
smaller than that of ¢. This allows to conclude the proof by induction. [

Using the above lemma we verify equation (B.4)

( @ H,(jr)) @ B(m) SO0, @ O Ee3)) © Bl

2 ®c (f)(H\v\)UEV(t)(J)>

t—trees (1)L

m AG , rT
- Z <(®H (jr) ) ® B(m) (@71 (A(t)(Gr) p T))®1

Va€lnpy t|r,(a)|=j¢ =1

m vEV(t) peTr(v)
<® ® ® H\v\ ‘Tr ( )leein(v))> ®B(m) L®1>

vEV(t) m peETr(v)

<® ® @ Hp(Ie(e) " (p )\eemw))) ® B(m) =
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vev(t)—{rv} pETr(v)

< é H\vl |7 (e) (p>’eein(v))>®

r=1

<® H|rv| |T7" |x€1nV (rv) )) ® B(m) ﬂ)

vev(t)—{rv} per(v)

® ® HM |T )|€€in(v))> ® H|1"V|(|T(x)|x€in\/(rv)) E)

vev(t) pet(v)

® ® H|U |T )|e€1n v)) m—T> @G (t)(H\v\)UEV(t) (])>
t—trees (1), .
= > (—1)21”:1Sg“r)—lesgm(l—||jr||><1—|\js||><<® Hn(jr)> % B(m)
VacTupy tlr (a)]=j2 o

(@, (h=1AS(t) pr., ®1 m veEV(t) peTr(v)
<® ® ® G|” |TT ( )|e€in(v))> ®B(m)

m vev(t) per(v)

m vEV(t) opETr(v) *
I (@ @ @ Hinllr (o) W) Bm) T o above)

t—trees (1),

— Z (_1) :!L 1 Sg(Tr)“Fle)z:;:g:neV(t)(lT ( )|—Zu€inv(v> ‘Tr(u)l)(‘Ts(w)l_ZzeinV(w) |7's($)‘)

Va€lnpv t |7 (a)|=52

(=1)Zrsr<sem Ll DA=1) <(® H, () ) @B ( (® H(3))@Am) 0%
=1
- vev(t) pem (v

(QGai)) @ Am) 870 (é & (0 D)) 400

r=1

ve m  PETr(v)
<® ® ® Gy (I7-(e) " (p )|e€in(v))> ® A(m) =

vev(t)—{rv} m pETr(’U)

® &) G (lfr(e)‘l(pﬂeein(v))) ®

(@ em @< () h)R(®FL, h)®g
<® |rv | ’TT ‘:EEIHV(I‘V )) ®A(m) ! 1 A

r=

vev( {rv} m peT(v)

t)—
R & & Hil(In() Blecniw) )@

(® Hire (17l ceinvo )) ® B(m) —2
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vev(t)—{rv} per(v)

® ® HM |T )|e€in(v))> ®H|YV|(|T(x)|mEinV(rv)) i

vev(t) pet(v)

® ® H'”' |T )leEin(v)) m—T> ®q (t)<H\U\)UEV(t)(]>>
t—trees (1),

_ Z ()= sg(r)+ 12 o (e ()= Zuinv ) 17 @D (17 ()| = Epciny oy I75@) 4658

Va€lnpv ¢t |7 (a)|=52

(@) ot o0z <<§> 633) -y S
r=1

m vev(t) peTr(v) .
(® @ Gri(I7(e) ™ (D)lecineo )) ® A(m) =2

vev(t) pETr(v)

® @ Cuillm(e) Dleencn) ) © Alm)
( X & G\v\(\Tr(e)’l(p)leem@)))@

<® Cov (17 (@) eeinvir) )> © A(m) —2

e

vev(t)—{rv} per(v)

QR X Gullr(e) )|eein(v))> ® Gy (I7(2)[oeinvev)) —
’UEV pETv )
® ® G|v| |T )|e€in(v)) — ®G( )(G\fu vev(t 4 ®G H|v\ vev(t )( )>
Using Lemma B.2 and [Lyul5, (2.13)] we shorten the previous composition to
er ] (S . (1o~ )-[(@r,h) 81| [ gs .
) (&) Halir) ) @ Blm) 2 (Gl ) @ Alm)
r=1 r=1
(@11, A1 [ S ,
RS (R @6(D(Glap)ocvin(ir) ) @ A(m)
r=1
(h)

@6 (1) Guver(7) S B6()(Gpuenn () =2 @6 () (Hiap)oevin ()

(R Hul5) & Bm) LM )
r=1 M
)

Gn(y

IR

]fr)
SO0 @6 (1) (Glapoeno () > @6(t) Glavevin %6 (O Hihesto )
Jr)

h
(@ Hulg)) @ Bom) LRI (@6

@ A(m) & G.(5)
® A(m)

S

r=1
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N h ~ AS)() .
2 Gal) 2 Ha(7) 2 @ (O(Hiwuewn (7))

_ <<éHn(jr)) % B(m) (1egh)-[(@7L,h) ~'e1] (é@n(ﬁ» ® A(m)

r=1

(®7L1h)®g
R

(6 Hal)) @ Blm) & Ha() 2% @6 (0)(Hi)vevio (7))

r=1
= . ~\ ASH)() .
= ((® ) © Bm) & H,(j) =2 @6 () (Huoewin (1) )
r=1
The first claim is proven.

Second claim: (B.2) is a homomorphism of left B-modules with respect to i-th action.
In detail, for all trees t € tr(n), all elements k£ € N", all partitions j = j; + -+ + jpi € N,
1 <1 < n, we have to prove that the square

(SEB00) & 10— i

1®AG(t)l lAG(t)

(©5,B(a) ® ®6() (Hpupvev (k) ~ @6()(Hpupvew (ki K )

commutes departing from a similar commutative square for G.
First we obtain a useful identity.

B.3. LEMMA. Let t-tree 7 satisfy |7(tail(l))| = k' for | € Inp(t) = n. Let i € Inpt. For
any vector (jq)i_, € N¥' define the t-tree 7' by

' 7(v), for v # tail(i),
T'(v) = . »y
|§|p€7’(head(z‘)) Elqu(i)*l(p) Jgs fOT v = tall(l).

The map 7'(7) : 7'(tail(i)) — 7’'(head(i)) = 7(head(i)) is the projection to the first indez.
Then the equation holds

K vev(t)

N+ 0-i) Y (rwl- Y Irwl)
q=1 v<head(7) u€inV (v)

p,re7(head(7))

D DR GO RGN DA CE SN O (5]) ED St
p<r get (i)~ 1(r) e€in(head(7)) peT(head(7))

=sg(7") + ¢y (mod 2).
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In detail this equation is

YooY > |- I7(9)"(9)]

vev(t) g<per(v) e<g€in(v)

3 3 - FOT®I-D+ > (> @)Y @] =)

vev(t) per(v) e€in v) vev(t) u€lnpvy t a€inV(v)
vev(t)
Ny (Ir@)= > )
q=1 v<head (i) u€inV(v)
D D (O G A I SN GO O]
p<rer(head(i)) geT(i)~1(r) e€in(head(7))
e<i
D DD DR (Al (R RO ) D SR O 1)
peT(head(s)) ge7(i)~1(p) e€in(head(7))

=3 Y 3 Fe'wl e

vev(t) g<peT’(v) e<g€in(v)

+3 Y p-D(-1+ > [7(e)

vev(t) per!(v) eEm(U
20X P X Ir@l-Ie +21 i a- 1+Zk’) (1mod 2).
vEV(t) u€lnpvy t a€inV (v)

PROOF. The case of t = | being easy, assume that ¢ # |. For the input edge ¢ € Inp(t) = n
there are vertices head(i) € v(t) and tail(i) € Inpv¢.
Substituting the definition of 7/ into the equation to prove we get after cancellation

q,pe7(head(i)) g€in(head(s)) q,peT(head(i)) e€in(head(s)
3 ORI ORECRICE 3 |T<e>-1<p>|-\r<z'>-1<q>|
q<p g>i q<p e<i
Inp, t3i
D SRR OB IR OIS C OIS SO
peT(head(7)) veEV(t) a€inV (v)
vev(t)
(X )i |+Z 1= 3 (k= Y Ir@w))
UEIanhead(z) v<head(%) u€inV (v)
+ Y ro@l- Y - Y e )
p<geT(head(z)) rer(i)~1(q) e€in(head(7))

ec€in(head(7))

T SRR DI 1 (Tl FED SR ORIl

peT(head(i)) rer(i)~1(p) e<i
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g,peT(head(?)) g€in(head(s

= Z Z Z <Q)|

q<p g>i rer(i)” )
g,peT(head(t)) ecin(head(z))

+ ) Y orerw- Y i+ Y - Y

q<p e<i rer(i)~Hq) peT(head(s)) rer(i)~1(p)
Inp, t3i
(X ) X (el Y )
rer(tail(z)) vevV(t) a€inV(v)

+< > |r(u)\> > ]r+zl_jr(r_1+zk> (mod 2). (B.6)

u€lnpvy g6yt reT(tail(i))

Notice that j,.’s enter this equation linearly. Let us prove that coefficients at j, in both
parts are equal:

vev(t) p€T(head(s))
> (rol+ X Fw)+ Y ((1+ Y [F@Te))
v<head(%) u€inV (v) p<t(2)(r) e€in(head(7))
e€in(head(7))
—r+min(r(@)) (T (@)~ Y |r(e)Hr@)(r)
e<i
g€t (head(i)) g€in(head(i)) peT(head(s)) e€in(head(i))
= > Y. It @+ Z Y. @ W+ —1
g<t(i)(r) g>i p>7(i e<i
Inp, t3i
+ Y (Fl+ Y @)+ Y I |—r+1—2kl (mod 2).
veV(t) a€inV(v) uEIanhend( )

Using the presentation min(7(i)~!(7(i)(r))) = 1 + Ziii(};;(id( D 17(i)"1(p)| we reduce the
equation to

vev(t) e€in(head(?))

S (el Y rwl) Y Ir(tail(e))
v<head (%) u€inV(v) e<i
= Z (-r@i+ Y r@l)+ 3 \—Zkl (mod 2). (B.7)
veEV(t) a€inV(v) u€lnpv,_

hcad(z)

Notice that the difference of left and right hand sides is a linear form of variables |7(u)],
u € V(t). For a condition P denote by x(P) the indicator function, x(P) = 1 if P holds,
X(P) = 0 if it does not. Assume that ¢ # |. The coefficient at |7(u)|, v € ¥(t), in
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difference (B.7) is

i

c;(u) = —x(u € v(t), u < head(i)) + x(Pu < head(i)) + x(Pu = head(i), ou(u) < 1)
+

u)
X(u € v(t), Inp, t 3 4) — x(Inpp, t 3 4) — X(Inpvyaq0) ) + x(u € Inpv i, u < tail(i))
= —x(u € v(t), u < head(?)) + x(Pu < head(i)) + x(Pu = head(), ou(u) < 7)
+ x(u € v(t), u < head(i), urhead(i)) — x(Pu < head(i), Pu>head(7))
— x(u<head(i) < Pu, (u € v(t), u < head(i)) or u € Inpvt)+ x(u € Inpv ¢, u<tail(i)).

Our goal is to prove that ci(u) = 0 (mod 2). We shall do it by induction on the
number of internal vertices. The claim is obvious for corollas t. An ordered tree ¢ has the
smallest internal vertex 1 with respect to <. If 1 = head(i), then

ci(u) = x(Pu=1, ou(u) <i) — x(u<l# Pu, u € Inpvt) + x(u € Inpvt, u<tail(i)).

Clearly, c!(u) vanishes unless u € Inpvt. It vanishes modulo 2 in all three cases: Pu<1,
Pu=1and Pu>1.

Assume that 1 # head(i). As earlier, consider subtree ¢’ of ¢t with V' (¢') = V(¢)—inV (1),
E(t") = E(t) —in(1), v(¢') = v(t) — {1}, Inpv(¢') = {1} U Inpv(¢t) — inV(1). We have
i € Inpt’ so the expression ¢}, (u) makes sense for u € ¥(¢'). By induction hypothesis we
may assume that ¢, (u) =0 (mod 2). Let us deduce that ¢i(u) = 0 (mod 2) case by case.

1. For u € v(t) — {1} = v(t') or for u € Inpv(t) — inV(1) we have ci(u) = ¢\ (u) =0
(mod 2).

2. For u € Inpv(t), Pu=1 we have

ci(u) =1 — x(1>head(s)) + x(u<tail(i)) = 1 — x(1>head(i)) — x(1 <head(i)) = 0.
3. For u =1 # head(i) we have

(1) = =1 + x(P1 < head(i)) + x(P1 = head(i), ou(1) < i) + x(1 > head(i))
— x(P1 < head(i), P1>head(i)) — x(1 <head(i) < P1),
(1) = x(P1 < head(i)) + x(P1 = head(i), ou(1) < 1)
— x(P1 < head(i), P1>head(i)) — x(1 <head(i) < P1) + x(1 <tail(i)).

Hence,
ci(1) = ci(1) — ¢l (1) = =1 + x(1 > head(i)) — x(1 <tail(i)) =0 (mod 2).
Identity (B.7) is proven.
Therefore equation (B.6) is equivalent to any of its particular cases with fixed j,.‘s.

When we put j, = 1 for all 1 < r < k%, equation (B.6) becomes obvious. Therefore its
validity is proven for arbitrary j, as well. [



HOMOTOPY UNITAL A.-MORPHISMS WITH SEVERAL ENTRIES 1615
Let us prove that A®(¢)(k) for H is a homomorphism of left B-modules with respect
to i-th action. Note that, in particular, |7(tail(i))| = k'
E 19AS
: 18AS(H,
<<® B(h)) © Hy (® B(j, ) ® ®(t) (HiolJvev(n (k)
q=1

)\i i .
2 @a(t) (i hoevi (1 )
t—tree T g ' 1®AG
= Y {(®306) ®
Va€Inpvt|7(a)|=k®

q=1

<®B ]q ) & @G )(HM)UEV( )(k)
pET(head
1®pr

) g€7 (i)~

vev(t) per(v)
(& ® B () ® Q) Q) H(I(e)

vev(t) peT(v)

¢
)|e€in(v)) ;)
qeT(i)~ ! (p)
® ® [(if v = head(¢) then

R BU)®) Hiy(I7(€) ™ (1) lecmn)] o
"(p)lecin); if v = head (i) then |7(i) "' (p)| — qum

t—tree T

Va€Inpvt|T(a)|=k®

1(p) ]q)
22y @6 ()i ot (5 5 = 1) )

i

-1 o -1 k
®50) © 1) I (R ) @ 6
q=1

1) BAS () pGT (head (7)) qe7(i)~ 1 (p)

vev(t) peT(v) -
® ® -AJq

© @) Q) Gullrle)
peT(head(s)) ger(i)~(
(®®9)®( ®®h:

vev(t) peT(v)
® ® B ]q

() |eein(v))

® ® H\v\ [7(e)™ (P)leein v)) é as above>
t—tree T i 4 et
= Z (_1)sg(‘r)+zq:1(1qu)~zv<head(i>(\T(v)kZueinv(v) I7(w)))
Va€lnpvt|7(a)|=k2

(—1) DL (1) ()|~ 5 e i) =1 () J0) (1= Eecin(nead(ay) 17(€) 1 (@)1)

<<®qu>®H (k) (0o, (@qu)@w (k)

1®(A%(t) pr,) perlisd@) asr() W) UGV(t) g
o, (7@ ag
vev(t) peT(v)

2 & & Gullr(e)
g€ (i)~ (p)
® ® [(if v = head(i) then

X Ale

G|v|(|7—( ) ( )|e€in(U))}
QURPIR or ((IETM ™) g)@h) Al \

R~

)|e€1n v))

7
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vev(t) per(v)

Q& Hullr(e) ™ ()ecioiif v = ead(Q) then [7() ()] = ey 1)
s @6 (1) (i hvevi (K )

t—tree T )
— Z (_1)sg(f>+z‘;:1(1—jq)~zzi122d(i>(\r(vn—zuanw Im(w)])

Va€Inpvt|7(a)|=k®

rer(head(s . -
(_1>ZZ<S (he2d @) (125 =1 (r M= ger)-1(m I0) A=Lecinthead(i) I7(€) T I+ e r (head (@) Exi

<(é8<jq>) o H, (k) (20 (®A ja)) © Gulk)
pET (head(¢)) geT(i) v€v(t) peT(v)

18(A%pr,), ® ® A ® ® Gl (I7(€) 7" (P)ceinw))

vev(t) pet(v) qeT(i)” 1()

® @ [(if 0 = head @) then @) A()@) Gy (I7(€) ™ () eeine) ] Z-
®

® 01 (I7(€) ™1 (9) leinguy; if v = head (i) then |7()) ™ (p)| = 3 cri)-1(p) Ja)

lnT/

R |

6 () Clodiewy ik =) SO0 @ (6)(Hiuoevio (ki k' = )

e (@300) o ) E (@ ti) oty B

kz

<®A(J'q)> ® ®6(1)(Gopvev(r) (k) X, ®c (1) (Glo))vev (ki k' — j)

®c(t)(h) i N E i .
—= @ () (Hp))vev( (ks k' = §) = ®6(t)(Hjo))vev (ki k' — J)>

CM<<®BJ(Z>®H ) (G ®f§19®h <®qu> G (k)

i N A i ,
X Gk ) 22 @6 (1)(Gpuewin (ki K > )

@c(t)(h i ) i .
G—)> ®g (t)(Hlv\)vEV t) (ka k' ]) - ®G(t>(Hlv )’UEV(t)(k; k' ]>>

cv<(®3 i ) o H, (k) (0o (@gen <®A i ) ® G (k)
X Galki kv ) 2 Halhs k' v §) 2% @6 (6 (Hiucwin (k: K 5 5))

= ((®360) @ Hulk) 5 Hy(kik = 5) =% @6 () Hpoesin (ki - 1) ).
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Here Lemma B.3 is applied.
Third claim: normalization equation (4.1) of [Lyul5] holds for (H, A®), that is,

AS(r[n))

(H, @ (t[n))(H,) — H,) = 1.

In fact, for any 7[n]-tree 7 we have sg(7) = 0 and the above identity follows from the
commutative diagram

G ——2, @ (r[n])(G) — s G
hl l@acmn])(h) lh
AS(rln) =

H, —————> &q(7[n])(H,) ——— H,
whose first row composes to the identity morphism.

Fourth claim: multiplicativity equation (4.2) of [Lyul5] holds for (H, A®).

B.4. LEMMA. For all t € tr, all t-trees 7, any fized vertex x € v(t), all sequences (t,) €
[Tocy@ trlvl such that t, is the corolla T{|v|] for v # w, all collections of t,-trees 77,
v e v(t), p € 1(v), such that for all u € Inpv(t,) = inV(v) the bijection TP (u) = 7(u —
v)"Y(p) holds, we have

sg(T) —sg(r) — D se(r?)

peT(z)
= 3 Y (F@l- Y FHONEE - Y 1) (mod 2),
i<yer(z) q>pEV(tfv) beinV(q) c€inV (p)

where I(t, | v € v(t))-tree T is constructed below (4.13) of [Lyulb].

PROOF. Denote r = t, and use the simplified notation for r-trees 77 = 72, p € 7(x).
Note that ¢, 7 determine completely 77 for v # x. In fact, 77(u) = 7(u — v)~(p) for
u € Inpv(t,) = inV(v), for v # x as well as for v = x. We have

V(L(ty [ v ev(t)) = (v(t) = {z}) Uv(r).
Furthermore, for v € v(t) — {z}
T(w) = |<| 7evt,) = <] 127(v).
peT(v) peT(v)
For the same reasons T'(rv(r)) = 7(x). For u € ¥(r) we have T'(u) = | ) 7"(u). For
an edge (e : u — v) € E(t) with v # = we have
urd (e)

T(e) = (T(w) =r(w) = || 7)) = [ 7w —i— | 7

peT(v) peT(v) L (e) peT(v)
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This holds also when u = z if we substitute T'(rv(r)) instead of T'(x). An edge (e : u —
v) € E(r) leads to

T(e) = (T(w) = | 7@ =% | () =Tw).
peT(z) peT(z)

This completes the description of T'.
The equation to prove is

)OS DI L O (IR C) \+Z SNy W)l )l

vev(t)—{z} g<per(v) e<g€in(v) vev(r) g<per(z) w<y€in(v)
+

Y Y el @)

vev(r) jeT(x) g<peri(v) e<g€in(v)

+ p=1( Y Ire) ' (p)]-1)

vev(t)—{x} pET(v eEm(v)
zETac
+ (—1—1—2]7’ )(Zhj \—1)
vev(r) jer(z) peri(v) 1<j e€in(v)
+ (22 1t 2 @l =Ir@))
vev(t)—{x} u€lnpvy ¢ a€inV(v)
I ST SN STINE b SIS oI
vev(r) u€lnpvy ¢ u€lnpv, r i€T(x) a€inV(v) jer(z) jeT(z)
-> ) D> @ W)l > (r=1)( Z!T (p)] - 1)
veV(t) g<peT(v) e<g€in(v) vevV(t) peT(v) e€in(v)
=2 (> Fwh (X @l =)
vev(t) u€lnpv, ¢ a€inV(v)

2D IS DD DI i o O OO ]

jer(z) vev(r) g<peri(v) e<g€in(v)

p=1( Y |7 (p)]-1)

jer(z) vev(r) perj(v) e€in(v)
-2 X (3 (3 @l )
€7(z) vev(r) u€lnpv, r a€inV(v)
Z Z (I7*(@)l - Z [T ®)]) (177 (p)] — Z 177(c)|)  (mod 2).
i<jeT(z) g>pev(r) bcinV(q) c€inV (p)

Notice that two subsums proportional to 3, ., [T(u)| cancel each other. In fact,

> (> ZW =Y @)= Y (Y 17 - 7o)

vev(r) a€inV(v) jer(z jer(x) jeT(z) vev(r) a€inV(v
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=2 (> P@l-19)= > > Irla=a)"Gl-Ir(@)

jer(xz) a€lnpv(r) a€inV(z) jeT(x)
= Y @] =Ir@).

a€inV(z)
Thus, after cancellations the considered equation becomes
ieT(zx) A ‘
> > X Wl > (Y e )( > @)l w)
vev(r) g<peT(z) w<y€in(v vev(r) jer(zx) 1<j a€inV(v)
2 Z 2 Ire)-( 3 3 Pe@l- 3 )
vev(r) u€lnpvy r i€7(x) a€inV(v) jeT(x) jET()
- > D Pl - Y -1 ), @l-1)
q<p€T(z) wwy€Elnpvr pET(x) a€lnpvr
=D > (Y FP@h-( Y Fl-1Fe))
je€T(x) vev(r) uclnpvy r a€inV(v)
= > D> (M@= > FONI®I- > [7(@]) (mod?2).
i<jer(z) g>pev(r) beinV(q) c€inV(p)

Note that this expression does not depend on t. Explicit dependence on 7 is only through
the totally ordered set 7(x). Thus the both sides depend on a finite family of r-trees 77,
j € 7(x). When 7(z) = @ the both sides vanish identically. Let us prove the equation by
induction on |7(z)|. Assume that it holds true for |7(z)| = k — 1. The difference of the
equation containing 7!, ..., 7F7!, 7% and that containing 7!, ..., 77! depends on two

kinds of variables:

n(v) =), 2v)= )Y [P0 vev().

1<j<k

The difference takes the form

2. 2 n 2 2@)( Y n(@) = n()

vev(r) w<y€in(v) vev(r) a€inV(v)
£ 0 ) (X n@-n@)+ X (D ) (Y ) =()
vev(r) u€lnpvy r a€inV(v) vev(r) u€lnpvy r a€inV(v)
— Y ) ) - kDY nl) - 1)
= Y G- Y )0~ Y n) (mod2)
g>pev(r) beinV(q) c€inV(p)

Notice that the value at root vertex of r is fixed:

n(rv) =1, z(rv) =k — 1.
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Using this we may rewrite the equation once more. However we have already seen the
result: up to change of notations this is nothing else, but equation (B.5), which is already
proven. ]

B.5. COROLLARY. For all t € tr, all t-trees 7, all sequences (t,) € [l . tr|vl, all
collections of t,-trees 7, v € v(t), p € 7(v), such that for all uw € Inpv(t,) = inV(v) the
bijection TP(u) = 7(u — v) " (p) holds, we have

sg(T) —sg(r) — > Y sg(rh)

vev(t) peT(v)

Z Yoo > (I@l= Y RONImEl - YD m©l)  (mod 2),

vev(t) p<rer(v) g>sev(ty) beinV(q) c€inV(s)

where I;(t, | v € v(t))-tree T is constructed below (4.13) of [Lyulb].

PROOF. Enumerate internal vertices of ¢ as {vy,..., v} = v(t). Consider the sequence
of trees constructed in the proof of [Lyulb, Proposition 4.3]: to = t th = I(to; (tl)UEV(tO)) =
I(t;t,,,corollas), t2 = I(t'; (¢ )vev(tl)) = I(t'; t,,, corollas), . = I(t" 1 () pevur-1y) =
I(t*1:t,, , corollas) = I(t; (t,, )% ;). Accompany them with t1 trees

V)

(17}0)23&3) = ((r2 )P, corollas)

agreeing with 7, t2-trees (*7, )5;@(1)) = ((

from (177) as in Remark 4.11 of [Lyul5], ..., t*-trees (krp)iv(t,:(f)) = ((72 )Pm0) corollas)
(+17

agreeing with *~17 constructed from 7). We construct also *7 from (¥77). Further-
more, 17 = I( ( )pET(v)) 2z _ I( (2 p)pe T(v)) L kE = [<k 1z, (kTp)Pek L7 ()) _

vev(t) vev(t) vev(th—1)

1 (%; (72)? ggf))) — T. The last but one equation follows from the observation that al-

most all 77 are corollas, except the case of v = v;. The isomorphism *7 = T is
over § = I(t;(t,)). Notice that total orderings on fibres of maps *# — # and T — 6
agree. In fact, elements (ug, po, t1, p1, - - - Uk, D) < (U0, Ph, U1, P,y - - -, Ug, Pf,) of V(EF) over
(ug, u1,...,ux) € V(tx) are related by this inequality iff py < pj or (po = pj,p1 < P})
r (po = P01 = Phy- -, Pk < Pi.). However, only two possibilities among them may
occur: py < py € 7(up) and (po = Py, p1 = Py - -, Pi < Pi), where ug = v;. These coincide
with two possibilities for inequality between two points of a fibre of T — 0. Hence, by
[Lyul5, Remark 4.11] *7 = T as a 6-tree.
The claimed identity is the sum of k identities proven in Lemma B.4 for 7, 27, ...,
kr. "

T yperv2) corollas) agreeing with 7 constructed

B.6. REMARK. The scheme for deducing Corollary B.5 from Lemma B.4 is unveiled by
[Lyul5, Proposition 4.3].

Now using Corollary B.5 we prove the fourth claim. Fix ¢, (t,)vev() and denote I;(Z, |

peT(v ))

v € v(t)) by 6. Recall that 6-trees T" are in bijection with admissible pairs (7, (Tp)vev(t)
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Choose one of them. For j € N™P? we have

t-tree T vevV(t) peT(v)

¢ G
<H1npt(j) A—(t)> H ® ® H|U |T )|e€1n U)) H—>®®A (t)

Va€Inpv t |7(a)|=72

vev(t) per(v) ty-trees 75 uev(ty) qeTH(u)

H ® H ® ® H\ul 175 (y) (Q)|yein(u))
his

Va€lnpvt|7(a)|=j2 Ve€lnpy ¢, =inV (v)
74 (e)=7(c—=v) " (p)

vev(t) uev(ty) pet(v) qerl(u

® ® ® ® Hlul |7 (y) (q)‘QEin(u))

prr, ® ® H\w\ |T(x) ( )|x€in(w))>

vev(t) per(v)

= (—1) ()<HInpt( )—>Glnpt = (t ® ® G|v ’7— )‘eeln v)) ®;®h>

vev(t) per(v Q®(AC(t) pr,p)

024 @DHwh- Hp)leeintn) ———

vev(t) per(v) uev(ty) qeth(u

R X XK é@meﬂ ) @) lyeint)) —

vev(t) uev(ty) per(v) qeth(u) wev(h) reT(w)

® ® ® Hy (172() (@) lyeincw)) ® ® Hw (IT () (r )|m€in(w))>

= (= 1) e Toner B (1 () N Gapt(J) ClUEEA

®®(AS(ty) pr p)
QR X Gi(I7(©) " ®)leeinw) ————
S

=,
Va€lnpv 0 |T(a)|=j

X Hiy (|75 ()~ (g )|y€in w) =
vev(t) uev(ty) peT(v) geth (u) wev(0) reT(w

Q & Hu(mw)  @henw) = & Q§Jm4w (1) acinw) )

_ ( 1)Sg( )+Zu€v(t) ZpET(u) Sg(Tv)

(—1)Zvevo Zacrer Sasenty (@1 Theinvin 1O (I Ol Seeimyin 17 @) < Hinpe(j) 2
vev(t) peT(v) c
BB(AS(t) pr.p)
Glnpt( ) ® ® G\v\ |7- )|6€1n v)) EE——

vev(t) per(v) uev(ty) geTh(u)

® Gl (I72() (@) lyein()) —
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vev(t) uev(ty) peT(v) qeTh(u)

RRRX R Gl <>|yem<u>)%®h>

vEV(t) uEv(ty) peT(v) qETH (u) wev(f) reT(w

®

Hyu (172 (9)™ (@) lyeinc)) = ® ®H|w| IT(2)™ () lacini) )

wev(0) reT(w)

s ~ k71 ~ AS(6) rT
= (_1) g(T)<HInpt(j) —>G1npt<j) @p ® ® G|w| |T ( )|z€in(w))

wev(f) reT(w

® ® Hyyy (1T ()~ (r )lxein(w))>

O-tree T wev(f) reT(w

:<Hmpt<ﬂ'>ﬂ> I1 ® ®H»w» IT(2) " () lscingu))

Va€lnpv 0 |T(a)|=j2
wev(h) reT(w)

& ® ® H|w| |T (r)‘rein(w))>'

The theorem is proven. [
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