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A-MORPHISMS WITH SEVERAL ENTRIES

VOLODYMYR LYUBASHENKO

ABSTRACT. We show that morphisms from n A..-algebras to a single one are maps
over an operad module with n+ 1 commuting actions of the operad A, whose algebras
are conventional A..-algebras. The composition of A,.-morphisms with several entries
is presented as a convolution of a coalgebra-like and an algebra-like structures. Under
these notions lie two examples of Cat-operads: that of graded modules and of complexes.

It is well-known that operads play a prominent part in the study of A -algebras. In
particular, A-algebras in the conventional sense [Sta63] are algebras over the dg-operad
A, a resolution (a cofibrant replacement) of the dg-operad As of associative non-unital
dg-algebras. Here and elsewhere in this article an operad is a non-symmetric operad
unless it is called symmetric. More generally, there is an approach to homotopy algebras
over an operad O as algebras over cofibrant dg-resolution P of this operad [Mar00].

The question arises about morphisms of homotopy algebras, the class of morphisms
of P-algebras being too narrow. A possible solution [Lyull] is to consider a bimodule F’
over P and to define homotopy morphisms as “maps” (analogue of “algebras”) over F, a
cofibrant dg-resolution of the bimodule describing O-algebra morphisms. Composition of
homotopy morphisms arises as convolution of a coalgebra structure on F' and the algebra
hom. Practically the same notion called co-ring over an operad was a starting point of
research by Hess, Parent and Scott [HPS05].

In the present article we study multicategory of homotopy algebras (when there is
one, e.g. of A,-algebras). Let V be a bicomplete closed symmetric monoidal category.
We are mostly interested in the category of complexes V = dg. A related choice is the
category of graded modules V = gr. We use also the closed category of essentially small

categories. For any V-multicategory C and any object X of C we can produce a V-op-
erad End X, (End X)(n) = C(X, ..., X;X) = C("X; X). Similarly given objects X1, ...,
——

X,, Y of a symmetric V-multicategory C we can consider the operad V-polymodule (the
n A l-operad module) P = hom(Xy,...,X,;Y). By definition, P = (P(j));jenn, where
P(j) = C((""X,)P_1;Y) (the argument X, is repeated j* times). The collection P carries
commuting left actions of operads End X;, ¢ € n, and right action of EndY. Formalis-
ing properties of these actions we write down the definition of an n A 1-operad module
over operads Aj, ..., A,, B. When a collection (F},),>o of n A 1-operad modules over
an operad A is given we may consider a multicategory-to-be whose objects are A-alge-
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bras in C (objects A of C with a morphism of operads A — €nd A) and multimorphisms
Ay, ..., A, — B are morphisms of n A 1-operad modules F,, — hom(Ay,..., A,; B) with
respect to morphisms of operads A — End Ay, ..., A — End A,,, A — End B. To provide
multicategory compositions we equip the collection (F,),>o with a coassociative comul-
tiplication, making it into a polymodule cooperad. Convolution of this comultiplication
and the composition in C gives a composition in the multicategory of A-algebras under
construction.

We consider an A..-polymodule cooperad F' = (F},),>0 responsible for morphisms
with several arguments f : A;,..., A, — B of A -algebras writing explicit formulas.
This cooperad is easy to construct due to absence of signs in expressions and also since
degrees of generators are 0.

In a sequel to this paper we shall consider three more examples of polymodule cooper-
ads. The first is A-polymodule cooperad F = (F,,),>0, which is a cofibrant dg-resolution
of As-polymodule cooperad responsible for composition in multicategory of non-unital as-
sociative algebras. This is a signed counterpart of A,.-polymodule cooperad F', studied in
the present article. Notice that A, and A, (resp. F' and F) are “isomorphic” via an in-
vertible homomorphism of operads changing degrees. The second is the homotopy unital
version F™ of F', which is an A"-polymodule cooperad for the operad A™ of homotopy
unital A-algebras. At last, the third one is the AM-polymodule cooperad F™ which
is a cofibrant dg-resolution of AsI-polymodule cooperad responsible for composition in
multicategory of unital associative algebras. The second and the third examples are “iso-
morphic” via an invertible homomorphism changing degrees. They are responsible for
morphisms and their composition in the multicategory of homotopy unital AM-algebras
(resp. Ahu-algebras).
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We assume that all modules are graded modules over a commutative ring. A lot of
signs disappear due to chiral system of notations, see Section 1.1: we use right operators,
homogeneous elements of the right homomorphism object in closed symmetric monoidal
category of graded modules. We recall basic features of operads in Section 1.2, describe
trees which we use in Section 1.6. A,.-algebras and the related operad A, are recalled
in Example 1.9. The approach to A,.-algebras and A,-morphisms via tensor coalgebras
with cut comultiplication is reviewed in Sections 1.10-1.11.

The categorical basement to constructions in this article is the notion of Cat-multicate-
gories and (co)lax Cat-multifunctors, developed in Section 2. A new notion of multinatural
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transformation of lax Cat-multifunctors is proposed in Definition 2.3. The main examples
of Cat-operads relevant to this article are Cat-operad G of graded modules and Cat-operad
DG of differential graded modules introduced in Section 2.6. Lax Cat-multifunctors 1 — V
are identified with V-operads in Section 2.10. One of the main objects of study, operad
polymodule, or n A 1-operad module, or N"-indexed collection of objects of V with n
left actions and one right action of operads (all commuting) is defined also as a lax Cat-
multifunctor L, — V in Definition 2.12. In particular, for V = dg we study the category
»Op; of n A 1-operad modules. Using Crude Tripleability Theorem [BWO05, Section 3.5]
we prove that the comparison functor for the underlying functor U : ,Op, — dg™"""N
is an isomorphism of categories (Proposition 2.19).

Some pushouts of n A 1-operad modules are computed in Section A.8. Starting with
a symmetric V-multicategory C we construct in Section 2.21 a lax Cat-multifunctor hom,
which to a sequence (A4;);cr, B of objects of C and a vector (n");er € NI assigns a complex
hom((A;)ier; B)(n')ier) = C(("™ Ay)ier; B) equipped with compositions coming from C. A
Cat-multicategory M whose objects are operads and categories of morphisms are that of
operad polymodules is constructed in Section 2.22. One product ®¢ it inherits from the
Cat-operad G and we describe the right and the left actions of operads on this product.
Another product ®y, quotient of ®¢, is the tensor product over right and left actions of
operads.

The n A l-operad module hom is revisited in Section 3.1. In Proposition 3.4 we
construct differential graded A..-polymodules F,.

In Section 4 we equip a collection of n A 1-operad modules F),, n > 0, with comul-
tiplication turning it into a polymodule cooperad. First we write comultiplication A®
for (A, F,) which turns it into a graded polymodule cooperad (Proposition 4.10). In
Proposition 4.13 we show that comultiplication AM targeted at ®py instead of ®g makes
(As, F,, AM) into a dg-polymodule cooperad. This comultiplication encodes composition
in the multicategory of A..-algebras.

In Appendix A we represent certain colimit in the category of T-algebras for a monad
T : C — € via a colimit in €. This result is used to find some colimits of operad modules.

ACKNOWLEDGEMENT. The author is grateful to the referee whose valuable suggestions

reshaped the article. During work on the project the author was supported by project
01-01-14 of NASU.

1. Preliminaries

Here we describe notations, recall some notions and results needed in the following parts
of the article.

1.1. NOTATIONS AND CONVENTIONS. We denote by N the set of non-negative integers
L.

Let V= (V,®,1) be a complete and cocomplete closed symmetric monoidal category
with the right inner hom V(X,Y"). For instance, it can be the category k-mod for a ground
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commutative ring k. Tensor product ®, will be denoted simply ®. Other possibilities
for V include the category of (differential) graded k-modules denoted gr (resp. dg). In
this case we denote the right homomorphism objects by gr(X,Y) (resp. dg(X,Y)) for
(differential) graded k-modules X, Y. The differential graded setting will be the main
application. When a k-linear map f is applied to an element x, the result is typically
written as z.f = xf. The tensor product of two maps of graded k-modules f, g of certain
degree is defined so that for elements x, y of arbitrary degree

(z@y).(f®g) = (~1)*r™e e f@y.g.
In other words, we follow the Koszul rule imposed by the symmetry. Composition of

homogeneous k-linear maps X Yoy 4 7 s usually denoted f-g = fg: X — Z. For
other types of maps composition is often written as go f = gf.

We assume that each set is an element of some universe. This universe is not fixed
through the whole article. Assume given two universes % € %'. Sets in bijection
with some element of % (resp. ') are called small (resp. large) sets. For instance,
the category of categories Cat means the category of large, locally small categories for
universes Z € 7%'. These universes are used tacitly, without being explicitly mentioned.

We consider the category of totally ordered finite sets and their non-decreasing maps.
An arbitrary totally ordered finite set is isomorphic to a unique set n = {1 <2 < --- < n}
via a unique isomorphism, n > 0. Functions of totally ordered finite set that we use in
this article are assumed to depend only on the isomorphism class of the set. Thus, it
suffices to define them only for skeletal totally ordered finite sets n. The full subcategory
of such sets and their non-decreasing maps is denoted Osgy.

Whenever I € Ob O, there is another totally ordered set [I] = {0} U I containing I,
where element 0 is the smallest one. Thus, [n] =[n]={0<1<2<--- <n}.

Let (I,<), (Xi,<), i € I, be partially ordered sets. When | |._; X; is equipped with

iel
the lexicographic order it is denoted |<|,.; X;. Thus (i,2) < (j,y) iff i < j or (i = j and
The list A, ..., A consisting of n copies of the same object A is denoted "A.

For any graded k-module M denote by sM = M][1] the same module with the grading
shifted by 1: M[1]¥ = M**!. Denote by ¢ : M — M]I1], M* > x + x € M[1]F7! the
“identity map” of degree dego = —1.

1.2. OPERADS. Category VN of collections (W(n)),en of objects of V is equipped with
the composition tensor product ©:

k>0

UoW)n) = J[ Um)e- - @Un) @ W(k).

The unit object 1 has 1(1) =1, and 1(n) = 0 is the initial object of V for n # 1.
A (non-symmetric) V-operad O is a monoid in (VN,®), say (O,u: OO — O,y :
1 — O). Multiplication consists of substitution compositions

p:0(n) @ ®0(ng) ®O0(k) = O(ny + -+ - + ng) (1.1)
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(one for each k-tuple (ni,...,n;) € N¥ k € N), with a two-sided unit n € V(1,0(1)) —
the identity operation.

1.3. EXAMPLE. For any object X € V there is the V-operad End X of its endomorphisms.
It has (End X)(n) = V(X®", X). Here V is the category enriched in V due to closedness
of (V,®).

1.4. DEFINITION. An algebra X over a V-operad O is an object X together with a mor-
phism of operads O — End X (morphism of monoids in VN).

1.5. EXAMPLE. The dg-operad As is the k-linear envelope of the Set-operad as, whose
algebras are semigroups without unit (as(0) = @ and as(n) is a singleton for all n > 0).
They have As(0) = 0 and As(n) = k for n > 0. As-algebras are associative differential
graded k-algebras without unit.

Similarly, the Set-operad as! of semigroups with a unit (asi(n) is a singleton for all
n > 0) has the k-linear envelope — the dg-operad As! with Asi(n) =k for all n > 0.
Clearly, Asl-algebras are associative unital differential graded k-algebras.

1.6. TREES. A rooted tree t can be defined as a parent map P, : E(t) — E(t), where
E(t) is a finite set (of oriented edges), such that |Im(PF)| = 1 for some k& € N. The
only element r € Im(P}) is called the root edge. An oriented graph without loops G is
constructed out of P, whose set of edges (arcs) is E(t). For any edge a which is not a root
edge the head of a is glued with the tail of Pa. This defines an equivalence relation on the
set of heads and tails of edges from E(t). Equivalence classes are vertices of G. The set of
all vertices is denoted V'(t). It consist of tails of all edges plus the head of the root edge.
The tail rv of the root edge is called the root vertex. Since G is a connected graph, whose
number of edges is one less than the number of vertices, it is a tree. There is also the
parent map P : v(t) — V(t), tail(e) — head(e), where v(t) = V (t) — {head of root edge}.

Thus the rooted tree is oriented towards the head of the root edge. There is a partial
ordering on V() U E(t), namely, u < v iff v lies on the oriented path connecting u with
the head of the root edge. Thus the head of the root edge is the biggest element. For
each vertex p € V(t) denote by in(p) the set of edges entering p (those whose head is p).
The non-negative number |p| = |in(p)| is called arity (=input semi-degree) of the vertex
p. Denote by inV(p) the set of tails of edges from in(p).

Let Lv(t) denote the set of leaf vertices, minimal vertices with respect to <. It is in
bijection with the set Le(t) of leaf edges, minimal elements of (E(t), ). Leaf vertices are
precisely tails of leaf edges.

1.7. DEFINITION. A rooted tree with inputs is a rooted tree t with a chosen subset (of
input edges) Inp(t) of the set Le(t). The set of input vertices Inpv(t) = Inp(t) is the set
of tails of input edges. The set of internal edges is defined as e(t) = E(t) — (Inp(t) U
{root edge}). It is smaller by one element than the set of internal vertices v(t) = V (t) —
Inpv(t) —{ head of the root edge}. A planar rooted tree is a rooted tree with a chosen total
ordering < of the set of incoming edges for each vertex. The set of vertices of a planar
rooted tree t is equipped with canonical ordering denoted <. By definition x <y if either
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x <yorz <y ininV(z), wherex - x; = - > ¥ S 24— Y — -~y — Yy
are oriented paths beginning at x and y and merging at some z. An ordered tree is a
planar rooted tree equipped with a total ordering < of the set v(t) of internal vertices such
that for any two internal vertices x, y the inequality x < y implies v < y. A strongly
ordered tree is a planar rooted tree equipped with a total ordering < of the set ¥(t) such
that Inpvt < v(t) and the restriction of the ordering to v(t) is an ordered tree.

Any ordered tree extends canonically to a strongly ordered tree with (v(t),<) =
(Inpv ¢, <) |<] (v(¢), <). From now on unless otherwise stated a tree means an ordered tree
canonically extended to a strongly ordered tree.

So introduced trees differ from the trees used in [Lyul4] precisely by the added root
edge. This allows to use with some care the constructions and notations of [loc. cit.].
Thus, the set tr of (isomorphism classes of) planar rooted trees with inputs is partitioned
into tr(n), trees with n > 0 inputs. For each tree ¢ € tr there is an operation of substituting
trees into internal vertices:

I : H tr [p| — tr(Inpt)
pev(t)
which takes a family (t,)pev) with | Inp¢,| = |p| to the tree I,(t, | p € v(t)) = I(t; (tp)pevir))
obtained from ¢ by replacing each internal vertex p € v(t) with the tree ¢,. The collection
(t; (tp)pev(ry) is called a 2-cluster tree, see [Lyul4, Definition 3.19]. The details become
clear from the following example.

1.8. EXAMPLE. Consider trees
47 tlz\T/a t2:t3:‘7 t4:\/7 t5\y

T = I(t1,t2, 13,14, t5) =

Lo DN —

Then

Introduce the notation

ni Nk

t(nl,...,nk):(n1+~~-+nki>ki1): ,

where ¢7!(j) & nj for all j € k, Inpt(ny,...,ng) =ng + -+ + ny.

1.9. EXAMPLE. There is a dg-operad A, freely generated as a graded operad by n-ary
operations b, of degree 1 for n > 2. The differential is defined as
1<p<n
bnd = — Z (1% ® by ® 197) - bj 1.

J+p+g=n
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1.10. TENSOR COALGEBRA. The tensor k-module of A[1] is T(A[l]) = @n=0T"(A[l]) =
Dn0A[1]®™. Multiplication in an A-algebra A is given by the operations of degree +1

byt TM(A[L]) = A[1]°" — A[l], n>1.

Recall that k-linear maps are composed from left to right. Operations b, have to
satisfy the A,-equations, n > 1:

S (% @b ® 1% gpe = 0: T"(A[1]) — Al1].
r+k+t=n

Tensor k-module T'(A[1]) has a coalgebra structure: the cut comultiplication
k=0

An A, -structure on a graded k-module A is equivalent to * = 0, where b : T(A[1]) —
T(A[1]) is a coderivation of degree +1 given by the formula

b= Y 17 @b 1% :T"A[L]) - T(AL]), b =0.
r+k+t=n

In particular, bA = A(1®@b+b® 1).

1.11. HOMOMORPHISMS WITH n ARGUMENTS. A-morphisms with several arguments
f: A, ..., A, = B are defined as augmented dg-coalgebra morphisms

f:TA]) @ @ T(A1]) — T(B[1)).

Here both augmented graded coalgebras (C, A, e, n) are of the form (k ® C,A(r) = 1®
r+r®1+A(x) Vo € C,pry,ing), where the non-counital coassociative coalgebra (C', A)
is conilpotent (cocomplete [LHO03, Section 1.1.2], [Kel06, Section 4.3]). Thus (C,A) is
identified with a T>!-coalgebra [BLMO08, Proposition 6.8], see also Proposition 4.6 of
the current article. In the category of such augmented graded coalgebras the target
k @ T>'(B[1]) is cofree, see Corollary 4.7, hence, augmented graded coalgebra morphisms
f are in bijection with the degree 0 k-linear maps

frTAl]) - e T(A]) — B,
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whose restriction to T%(A;[1]) ® - - - ® T°(A,[1]) ~ k vanishes. The morphism f will be a
chain map, fb = bf if and only 1f

n, & ®(a-1)g(1® Oty 1®(n—q)
Z q— r n—gq
q=1 r+c+t= Zq
1 q—1 q+1 n fl*(cfl)e
TCsA @ @T" sA 1 @ T A, @ T sAp1 ® -+ @ T sA, ——3% sB]
k>0

_ Z [®i€nT€iSAi ;> ®i€n ®p€ij;8Ai

~, @pek ®i€nTj};SA _f“g ®P<k 5B LN sB}. (1.2)

2. Cat-multicategories

In this section we describe the categorical background to the main subject of morphisms
with several entries.
Let S be a set, S* = U,>0S™. There is a functor Tg : Cat® *% — Cat> >3,

(TsP) (X1, X V)= [T TI I PZuw: Zouiwy):

tetr(n) Z:e(t)—S vev(t)

where ou : v(t) — E(t) assigns to an internal vertex v the only outgoing edge ou(v), whose
tail is v; in(v) is the <-ordered set of incoming edges for v, whose head is v; Zin( is the
corresponding sequence of elements of S. The function Z is extended from e(t) to E(t)
as follows: Z(root edge) =Y, Z(Inp(t)) = (Xi,...,X,,) with preserved total ordering.

When S is small and Cat means the category of (locally) small categories, the functor
T s has the structure of a strict 2-monad. Multiplication for this 2-monad is given by the
functor

(P Xy = 11 11 11 I I 1 P V)

tetr(n) Z:e(t)—S pev(t) tpetr|p| UP:e(ty)—S vev(ty)

I I I [ POV

tetr(n) (tp)€llpev) tripl (Z,(UP)):e(®ULl ey () eltp) =S ()€l ev () vitr)

- H H H P(W; Win(g); ou()):(Tsp)(Xl,...,Xn;Y)>:

Tetr(n) Wee(r)—S qev(r)

which takes a summand indexed by (, (t,), Z, (U?)) by the obvious isomorphism to the
summand indexed by (I(t; (t,)), W = (Z, (U?))). The unit of T g is given by the isomor-
phism of P(Xy,...,X,;Y) to the summand indexed by the n-corolla t = 7[n].
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To each map f : R — S there corresponds the functor Cat/™*/ and a natural trans-
formation

Cats S L2y @qt5 5

f
@atf*xfl / l@atf*Xf

Al LNTCI B
which takes identically the summand indexed by X : e(f) — R to the summand indexed
by X - f :e(t) = S. Clearly, to the composition of maps @ s rlg corresponds the
vertical pasting of 7/ and 79.
2.1. DEFINITION. A small (strong) Cat-multicategory C is a pair (S,C) consisting of a
small set of objects S and a strong T g-algebra C = (C,p: TgC — C a,1)

T2C 5, TgC

1t SNEL

TeC—E2 5 C TsC

where =——= means identity 1-morphism. The equations that have to be satisfied by
a, ¢ are well-known. They can be found, for instance, in [Lyul/, Section 2]. We write
S = ObC. The same equations are supposed to hold when S is large, then we do not call
the Cat-multicategory C small.

Assume given a map F': R — S of small sets. A Cat-multicategory C with ObC = §
gives rise to a Cat-multicategory Cp = Cat’ *¥'(C) with Ob Cr = R, namely, Cp(X,;Y) =
C(FX,; FY) is equipped with the action

" ¢
,uCF = <—H—R(CF) e (—ﬂ—5C>F M—> CF>

and natural transformations

T2(Cr) 5 T R((T5C)p) 244 T 4(Cp)
7_F — 7_F
ar = |m = (T2 — 95 (TQ)p
oS
mp ~ UF
C Cr

The construction of Cr extends easily to the case when R and S are large.
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2.2. DEFINITION. A (co)lax Cat-multifunctor F' : B — C is a pair (Ob F, (F,¢)) con-
sisting of a map FF = ObF : R = ObB — ObC = S and a (co)lax T g-morphism
(F:B — Cp,¢), where

TRrF TRrF

TRB—>—”—R<CF) —H—RB—)—H—R(CF)
MBJ/ / J/“CF resp. MB\[/ J/MCF
LN o BZ I . Cp

Equations that have to be satisfied by a T g-morphism are well-known, see [Lacl0, Sec-
tion 4.1] or [Lyul/, Definitions 2.1, 2.2] for concrete presentation.

Cat-multicategories and (co)lax Cat-multifunctors form a category. Composition of
lax Cat-multifunctors (H,n) = (B B ¢ 6 D) is determined by

ObH = (0bB=R 25 0bC=5 2% 0bD = Q),

Hy.y = (B(X.;Y) 220 C(FX,; FY) 22 D(GFX,; GFY)),

TgrEF Tr(G
TRB —R> TR(CF) #(Gr) > TR<DGOF)
+F — ™ — LGoF
_ 5 & (TsG)F, i
n = m (TsC)p ———= (T s(D¢))r — (T gD)gor
P
K = 1o
F G
B CF L ? DGOF

Note that Dgor = (Dg)r. Composition of colax Cat-multifunctors is given by the same
formulae with reversed 2-arrows.
Let t be a tree. A cut of this tree is a subset ¢ C E(t) such that

— any path e, Pe, P?e, ...contains no more than one element of ;

— when e € Inp(t), the path e, Pie, PZe, ...contains exactly one element of c.

2.3. DEFINITION. A multinatural transformation of lax Cat-multifunctors r : (F,¢) —
(G,v) : C— D is a collection of objects rx € ObD(FX;GX), X € ObC, and a collection

of natural transformations

(a3

C((X)ier;Y) » C((X)iersY) x 1 —— % D(FX,; FY) x D(FY;GY)

.

(f'Xi)OXG Nt(Il)

14

11 %

(@)
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where X, means (X;)ier, I is a finite totally ordered set, and other instances of « are
interpreted similarly. The trees occurring here are

t('1) = (D) = : (2.1)

Let < be the canonical ordering of the set v(t) described in Section 1.6. Write down
the list of internal vertices of t as vy > va > -+ > vy, N = |v(t)|. Associate with it the
sequence of cuts of t ¢g = {root edge}, ¢1, ..., ¢y = Inp(t) such that ¢;_1 and ¢; differ for
1 <1 < N only at edges adjacent to v;, namely,

[ _
\\E\l 7 c

=

V3 — v; T 4

€i—13 |

(including vertices v; of arity 0). Here edges belonging to a cut are dashed. Geometric
picture that should be kept in mind is the following. Draw the tree t on the plane so that
all vertices have distinct heights (ordinates), directions of all oriented edges of t deviated
from the negative ordinate axis no more than by 7/2. Edges intersecting the horizontal
strip between vertices v; and v;y1 are drawn dashed. This describes c;.

Associate with ¢; the functor

1
H”‘l Fx[], < rzex]_[l .G
<H C(Zin(wy); Zouwy)) - =

j=N
i+1 1
Kt
T D(F Zinto,); F Zouop) < [ [ D(F Ze; GZ)x [ DIG Ziniuy; G Zoniuy) 2 DU X7 GY)>,
j=N ecc; Jj=t

where t; is the tree t with added unary vertices in the middle of edges e € ¢;. Let us
construct a natural morphism ®,_1 — &;:

) ) 1
H;:N FXHeECi_l TZe XHj:i—l G
\

1
z 1 —> <H C IH(UJ ou(vj))
j=N
i+1
H D(FZm(v )anou(v )) X D(FZm(v) FZou(vi)) X D(FZou(vi);Gzou(vi))
j=N
(lxﬂt(lvil)XI)'ﬂt;71
x [ DFZ:GZ) x T] D(GZuny): GZonuy) > D((FXk)?;GY)>
j=i—1

11—

/
ece; 4

(HHI FXHEGC 7"Ze><HJl':i—1 G)-(Ixpx1)-puy ! H2+1 FXHeEc TZeXH] IG’
<H C(Zin(vj); Zou(vj))

j=N
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i+1
[ D(F Zinwy): FZouw) x [[ DFZe; GZe) x [[ D(FZe; GZe) X D(G Zingoy: G Zouoy)
j=N e€c! e€in(v;)

1

X H D(GZin(vj);GZOU(Uj))

j=i—1

(1><'I'Lt(|”i‘1) Xl) 1227

ZD((FXk)l,GY)> o, (22)

Here ¢y = ¢;_1 — {ou(v;)}, ti_ is the tree t with added unary vertices in the middle of
edges e € ¢_ » ¢ =¢ — {in(vl)} t! is the tree t with added unary vertices in the middle
of edges e € ¢. Actually, ¢;,_, =¢ and t,_, =t

At last we formulate equations that have to be satisfied by (r,p) in order to be a

multinatural transformation:

H C in(v) ou(v ) e ? H D(FZin(v);onu(v))

UEV( ) & Uev(t)
ut ,Ut

) D(FX,;FY) (1x#)-paeg

i

D(GX.; GY) y D(FX.; GY)

H C in(v)» ouv) Hr H D FZI]’I’U FZou(v))

vev(t) vev(t)

composition
e 111G

) H D(GZin(v); GZou(v)) (1)t ,
vev(t)

p o
\ % ((TXi)..m

P
D(GX,;GY) » D(FX,;GY)

C(X.;

)~<

= C(X

b-<

(TXi)‘.f

where composition is that of g — &1 — -+ — Py (each morphism is one of (2.2)). Due
to 2-category property of Cat the composition &y — Py does not depend on the choice of
ordering < of v(t).

Definition of multinatural transformation of colax Cat-multifunctors is similar.

Cat-multicategories, (co)lax Cat-multifunctors and multinatural transformations form
a 2-category. In fact, all data for it come from the 2-category Cat.

(Strong) Cat-operads D are small Cat-multicategories with ObD = 1. Hence, they
are precisely T j-algebras, (co)lax Cat-multifunctors between them are precisely (co)lax
T y-morphisms. Instead of D(Y*;%), I € Ob Oy, the notation D(I) is used. Among
multinatural transformations (r, p) : (F, ¢) — (G,v¢) : C — D of (co)lax Cat-multifunctors
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from a Cat-multicategory C to a Cat-operad D we single out those with » € Ob D(1) which
is the unit 1 with respect to operadic compositions in D. This makes sense since Ob F' =
ObG =1 : ObC =S — ObD = 1 is the only map. For (1,p) the second component
reduces to a 2-morphism p : FF — G : C — D. We call such special multinatural
transformations operadic transformations. They are precisely T g-transformations, that
is, satisfy the equation from [Lacl0, Section 4.1] or [Lyul4, Definition 2.3]: for lax Cat-
multifunctors

TsF

TC Ung ‘ITS(DD TgC——= Tg(Dy)
“ TsG #C HDD
= ¢ 5 (23)
_F
C=——D. C I, D
G
and for colax Cat-multifunctors
"ITCﬂ "IT(D TsC —=% T4(Dy)
S Tsf S \Us S s\Us
j{ TgF C / Dy
o _ 12 » 14
__¢ .
C — DD C Mo D,
F

2.4. DEFINITION. A modification of multinatural transformations f : (q,k) — (r,p) :
(F,¢) — (G,¥) : C — D is a collection of morphisms fx € D(FX;GX)(qx,rx), X €
Ob C, such that

FXqY

l”t(lfl)

1" x C(X.;Y) Toog (DIFX; GXi)). x D(GX; GY) ———— D((FXi)ier; GY)
TX;)eX HiIy

1%

F><7"y

= F><qy

C(X)ier)Y) —— y C((X)ierY) x 1 — ™ D(FX,; FY) x D(FY;GY)

= NJ{ (Gx.)eXG / lm(lll)
—

11 % C(X.;Y) ifx,)exG (D(F X35 GX;))o x D(GX,; GY) ———— D((FXi)ier; GY)

- RTCE))
(rXi)' xG

2.5. REMARK. Cat-multicategories, lax Cat-multifunctors, multinatural transformations
and modifications form a strict 3-category.
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2.6. WEAK Cat-OPERAD V. Let us construct an example of a weak Cat-operad V coming
from the closed symmetric monoidal category V. When V = gr (resp. V = dg) the

Cat-operad V will be denoted G (resp. DG). We define V(I) = VV'. For a tree t we are
going to construct a functor

®(t) = Mt H V(|U|) - V(Inp t)v (T’U)’UEV(t) = ®(t)((‘])v)v€v(t)-

vev(t)

A t-tree is a functor 7 : ¢ — Og such that 7(rv) = 1, where the poset t is the free
category built on the quiver t — {root edge} oriented towards the root vertex. It has the
set of objects ¥(t) = V/(t) — {head of the root edge}, morphisms are oriented paths, and
the root vertex is the terminal object of t.

Thus, for an ordered tree ¢, collection P, € ObV(|v]) = Ob V¥ and z € NPt

t—tree T vev(t) peT(v)

@@= I & @ (70 0)ane)

Va€lInpvt|r(a)|=2%

Let us construct the natural isomorphism a. The expression T3V is the disjoint union
over 2-cluster trees, collections of trees (t; (£,)vev()) such that ¢, € tr(|v|). Multiplication
m applied to this summand ends up in the summand indexed by 6 = I,(t, | v € v(t)). We
have to construct the natural isomorphism

[T T vilah === [T va+h

vEV(t) gEV(ty) vev(t
mlf ~ lo(t)
IT V) O V(lpt)
rev(0)

And in fact, we have

(H B(L)(Pyeni) ) ()

vev(t
t—tree T vev(t) pet(v)
_ & ®( )(fP”)qEv(tv)<(|T( )—1(P>|)uem<v))
Va€lnpv t \T(a)|:z“
t—tree T VEV(t) pET(v ty—tree T4 qev(ty) reth(q)
- I & ® I1 ® & Z((176) " 0)),yaue)
Vaclnpvt|r(a)|=2 Vuelnpv(t,)= an(v)\T (w)|=|7(u—v)~1(p)|

O—tree T wev(d) zeT(w

i) H ® ® < (:E)Djein(w)) = ®(€)(?w)wev(9)(z)- (2-4)

Va€lnpv 6 |T(a)|=2%
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Note that a vertex w of  is an equivalence class of (v, q) € v(t) x ¥(t,). The 6-tree T is
obtained from t, (t,), 7, (77) as follows. The associated to w by T set is T'(w) = T'(v,q) =
<] < perw) T (4 P(q), lexicographically ordered.

The natural transformation ¢ is the inverse to the isomorphism ®(7[n])(P)(z) =
?((z“)ueinv(v)) = P(z). Equations for o and ¢ hold true due to combinatorial reasons.

2.7. PROPOSITION. Let C be a Cat-operad. This induces a monoidal structure on the
category C(1).
PROOF. Define a linear tree corresponding to a set I € Ob Oy as the functor l¢; : [I] —

Ok, [I] @ — 1. We may view lt; = (1 - 1 — --- — 1) as a synonym for [/]. Restricting
multiplication functor u; to the linear tree ¢t = lt; we get tensor multiplication

o = @(Ity)(1) : C(1)F = C(1).

Notice that if trees t and t,, v € v(t) are linear, then so is § = I;(t, | v € v(t)). The
2-submonad M of T; containing summands indexed by linear trees is precisely the free
monoid 2-monad C(1) — | |72, C(1)! on Cat. Therefore, for any T i-algebra C the category
C(1) is an M-algebra, that is, an unbiased monoidal category [Lei03, Definition 3.1.1]. m

T def

2.8. EXAMPLE. The Monoidal product in the category V(1) = VN of collections A, is
isomorphic to ®(lt;)(Ap)ner(2), z € N:

staged tree T:[I]—=0g hel peT(h)

(©"Ap)(2) = H X & Anll7 'pl).

This turns VY into the familiar monoidal category (VN,®). Algebras in this monoidal
category are precisely V-operads.

2.9. PROPOSITION. 1. Any (co)laz Cat-multifunctor (F, ¢) : L — M between Cat-operads
induces a (co)laz monoidal functor (F(1),¢(1)) : L(1) — M(1).

2. Let L, M be Cat-operads. Any operadic transformation & : (F,¢) — (G,¢) :
L — M between (co)lax Cat-multifunctors induces a Monoidal transformation (1) :
(F(1),6(1)) = (G(1),%(1)) : L(1) = M(1).
Proor. 1. Follows from the proof of Proposition 2.7.

2. Restricting the transformations in the lax case to linear trees we get

RO LN
L(1)’ Ug(1)1 M(1)? L(1)! ———— M(1)’
J / J . (2.5)
Fu)
L(1) > M(1) L(1) Yew M(1)

G(1)
These equations say that the transformation (1) is Monoidal, see [BLMO08, Definition 2.20].
]
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2.10. V-OPERADS ARE LAX Cat-MULTIFUNCTORS 1 — V. Let C be an arbitrary Cat-op-
erad. Denote by 1 the Cat-operad with

1(n) 1 = terminal (1-morphism) category, ifn=1,
n)—=
@ = initial (empty) category, if n # 1.

A multiquiver morphism 1 — C is a functor 1 — C(1), so it is just an object of C(1). In
particular, a Cat-multiquiver map 1 — V is the same as a functor 7 — V(1) = VN,

Proposition 2.9 implies that a lax Cat-multifunctor 1 — V is the same as a lax Monoidal
functor 1 — V(1) = (VN ®7). By Definition 2.25 and Proposition 2.28 of [BLMO8] this
is the same as an algebra in (VY, ®1), that is, an operad.

By Proposition 2.9 an operadic transformation £ : (F, ¢) — (G,%) : 1 — V is the same
as a Monoidal transformation £(1) : O = (F(1),¢(1)) — (G(1),¢(1)) =P : 1 — (VN, &1).
Here operads O and P are identified with the image of 1 € Ob I under corresponding
functors. Equations (2.5) for (1) translate to

(®I O ©rE(1) ol P 1/JI(1)/ fP) :( ol O o' (1) R £(1) iP),

that is, £(1) : O — P is a morphism of operads.

2.11. nA1-OPERAD MODULES ARE LAX Cat-MULTIFUNCTORS. Consider a Cat-multicat-
egory L, with ObL,, = {0,1,2,...,n} such that

L.(3;4) =1 for 0 <i<n,
L.(1,2,...,n;0) =1 and
Lo (K1, ko, ... km; ko) = @ for other lists of arguments.

Components of the category T 1L, either are empty or indexed by trees of two kinds:

e labelled linear trees (Ity,*i) = (i — i — -+ — i), whose all vertices are labelled
with the same i € [n];

e labelled trees with strings of various length

n > n > n
1 1 > 1

The non-vanishing components are terminal categories 7. The multiplication functor
W Tk, — L, is Id; on any non-vanishing component of the source. It takes the
component indexed by a tree of the first kind to the category L, (7;7). The component
indexed by a tree of the second kind goes to the category L,(1,2,...,n;0).
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2.12. DEFINITION. An n A l-operad module is a lax Cat-multifunctor P : L, — V. A
morphism of n A 1-operad modules 7 : P — Q s an operadic transformation r : P — Q :
L, — V. The disjoint union M over n = 0 of so defined categories ,Op,; of n A 1-operad
modules is the category of operad polymodules.

Let us describe the structure of an n A 1-operad module. A multifunctor L, — V
presumes a sequence (Aq, ..., A,; P;B), where B, A; € Ob VN for i € n, and P € Ob V",

2.13. EXAMPLE. Particular cases of ® for V will obtain a special notation. In addition
to the above assume that A" € Ob VY. We denote

PooyB=®n—1—1)(P;B),
Os0((Adien: ) = @0 = 1 = 1)((Aiien; P).
®=0((Ai)ien; P;B) = ®(n 50— 1 = 1)((A)ien: P: B).
All these expressions describe actions of several copies of the category VY on the category
YN In isomorphic form these actions are given by the graded components, ¢ € N",

m=0

@B~ ] (@:P ) (m),

ti4Htm=C r=1

®s0(A1, - A P)(0) ~ ] vﬁn {ééﬂi(j;)}@@?(k),

kEN"] 4 +] =pi —i=1 p=1

Os0(Ats ..o An; Py B) (L)

St Vﬁ“ (@ ® 4uh)s (@) o3
zf_o[ 1T 1T Weﬁem ®{<(§®A ym>®ﬂ>(k)]®3(m).

m=0t1+-+tm=~L k1,....km EN" yi,ﬁ” +y7»k’b =i, r=1
Sk

Actually, the action ®-¢ can be presented as a combination of partial actions ®; for
1 <7 < n defined as

AP =0s(1,...,1,A,1,...,1;P), A on i-th place,

where the operad 1 has 1(1) = k and 1(m) = 0 for m # 1. Explicit presentation of this

action 1is
g=0

Ao = T (QAG)) 2Pl q),

Jitetie=t p=1
where (0,01 — q) = (01,... 07 q, 0 o 0.
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Iterating these actions I times we get the following expressions

Oy (P (Bi)ier) = ®(n — L= 1 = 1)(P;(Bi)ier),

a7
O (ADhen)ier;®) =®@2n S n... 5 n 51— ((Awen)ier; P),
1y
O ((ADnen)iers 5 (Biier) = (@, 22— L= - D(((Anen)iers 5 (Bi)ier).
(1] (7]

Here the last three trees are functors 1U[I] — Og, 1U[I]P — Og and 1U[I|P Uy [I] —
Os respectively, where [I]°P Ugo [I] is obtained by identifying elements 0 € [I|°P and
0 € [I].

One can show that these actions are Monoidal and that actions ®; for different 0 <
1 < n commute up to isomorphisms that satisfy coherence conditions. Furthermore, the
action ®=g can be presented as a combination of partial actions ®; for 0 < i < n. To be
rigorous this approach requires more definitions, and we have chosen to avoid it.

All strings ¢« — 7 — - - - — 7 of > have different length. Since the actions are Monoidal,
we can extend strings to the same length by adding action of several units 1 € A;(1).
Equivalently, we may iterate the monad P — ©so(Aq, ..., An; P;B).

2.14. DEFINITION. An nAl-operad module can be defined also as a family (A, ..., An; P;B),
consisting of n+ 1 operads A;, B and an object P € gr™" (resp. P € dg"" ), equipped with
an algebra structure
a:@so(Ag, .. Ay P B) = P
for the monad Q — ®so(Aq, ..., An; Q;B).
An action is specified by a collection of maps given for each m € N, each family

ki,...,k, € N and each family of non-negative integers ((j;)];i:?'%z")?:l

a:®(n Sn—1- 1)((Ai)ien; P; B)(7)

n Ki++ki, Kittki,

-(® ® AZ-(ji;))®(<§>?<kr>)®3<m>w(( > j;;);)? (2.6

p=1
PR % PR 1
Ta — 2 .2 m : 27
DM R R R 29)
1. 1
P . RATEES

Associativity of « can be formulated via contraction of trees.
Restricting the action « to submonads ®~g(A1, ..., Ay Q) = Oso(Ag, ..., An; Q9 B),
Q ®o B — @20(./41, R ,.An, Q7B), A; ©; Q — @20(.A1, R ,.An, Q, B , 1 <@ < n, obtained
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via insertion of operad units 7, we get the partial actions

p=puy : ®n— 1 — 1)(P;B)(n (@? ) H?(im),

S

Tp = (kr):kf—l—""Fk?n
ki +--+k,
A= iy - @M = — 1)((Agien; P) (i)

[é@ﬂ g,,]@? (k)) —>?<(ij> )

i=1 p=1

kK K
A=\ {@Ai(]’p)} ® P(k) — ?(k;l,...,k“,zj'p,wl, L k”) (2.10)
p=1

On the other hand, given n left actions A\’ of A; and a right action p of B, all pairwise
commuting, we can restore the total action a.

Assume that f; : €, — A;, g : D — B are morphisms of operads. They imply a
morphism of monads ®x¢(Cy,...,Cn; QD) = Oso(Ay, ..., An; Q;B). An algebra P over
the latter monad becomes an algebra over the former monad denoted §,

The category of n A 1-operad modules ,,Op; has morphisms

(flaafnahafO) : (‘A177‘Ana:]>7ﬂ0) — (817"'7671;9;60)7

where f; : A; = €;, 0 <7 < n, are morphisms of V-operads and h : P — 4,
is a module morphism Wlth respect to actions of all A;. In fact, a morphism of n A 1-
operad modules is by definition an operadic transformation & : P = (Aq, ..., An; P Ag) —
(C1,...,Cu;Q:Cy) = Q: L, — V. It consists of morphisms f; : A; — C; € VN, 0 < i < n,
and h: P — Q € V", Equation (2.3) reads on (lty, *i) as

-----

k¢ k k .
(%A 2Ly ok B, L B) = (OFA L A, L5 By,
that is, f; is a morphism of operads. On > the equation gives

BE () (f1yeeer frush; fi —— >

= [®V<»><A1, A P A) P ),

(@Y () (A1, . .., An; P; Ag)
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that is, h : P — 4
0<i1<n.

Objects of the category V"NUN"UN are also written as tuples (Uy, ..., U,; X; W). The
free algebra functor for the monad ®so(A, ..., An;-; B) is the functor VN — Aj-----A,-
mod-B, X — ©Oso(Ai, ..., An; X;B), left adjoint to the underlying functor A;-----A,-
mod-B — VY. Hence, there is also a pair of adjoint functors F : VNN = Op, : U,

F(Up,...,U; X;W) = (TUy, ..., TUy; Os0(TUy, ..., TWUy; X TW); TW).

#,9¢, is a module morphism with respect to actions of all A;,

.....

The module part is indexed by trees with the top floor describing X(-1) ® - -+ ® X(-x),
lower floors indexed by W(-) and n forests indexed by U;(-) attached to each of k leaves.
In particular,

F(Uy, ..., Up; 0;W) = (TUy, ..., TU,; (TW)(0); TW).

2.15. THE MONAD OF FREE n A 1-OPERAD MODULES. Recall [BW05, Section 3.3.6] that
a parallel pair of morphisms f,g: A — B € C is called reflexive if there is a morphism
r: B — A€ Csuch that for =idg = gor. Recall that a contractible coequalizer [BWO05,
Section 3.3.3] (= a split fork [Mac88, Section VI.6]) is a diagram in a category D
dO
A —
dl
such that d°ot = id, d'ot = sod, dos = id, and dod® = dod'. Suppose there is a functor
U:€ — D. Then a pair f,g : A — B € C is called U-contractible coequalizer pair if
d°=Uf,d* =Ug:UA — UB extend to a contractible coequalizer in D. One says that U
creates U-contractible coequalizers [Mac88, Section VI.7] if for any pair f,g: A - B € C
and any contractible coequalizer in D

B’ic’

s

uf
N d
UA (—Ut— UB s:> '’
9
T there is a unique morphism h : B — C' € € such that ' = UC, d = Uh, and

I h is a coequalizer of (f,g) in C.
The following statement is Exercise 3.3.(PPTT) of [BW05].

2.16. THEOREM. Let U : C — D be a functor which has a left adjoint F. Then the
comparison functor ® : € — DT, A — (UA,Ue : UFUA — UA), for the monad
T =UoF in D is an isomorphism of categories if and only if U creates coequalizers
of reflexive U-contractible coequalizer pairs in C.

Here D' is the category of T-algebras. The condition of the theorem applied to
f =id = g implies that U reflects isomorphisms. The proof of this theorem is contained
in the proof of (PTT), Beck’s Precise Tripleability Theorem [BWO05, Theorem 3.3.14]. We
shall use the following corollary to Theorem 2.16.

One says that (¢f. [BW05, Section 3.5])
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(CTT") U : € — D creates coequalizers for reflexive pairs (f, g) for which (U f,Ug) has a
coequalizer,

if for any reflexive pair f,g : A — B € € and any coequalizer d : UB — C" of (Uf,Ug)
in D conclusions t and I before Theorem 2.16 hold.

2.17. COROLLARY. [Crude Tripleability Theorem| Let U : € — D be a functor which
satisfies (CTT') and has a left adjoint F. Then the comparison functor ® : € — DT,
T =U o F s an isomorphism of categories.

2.18. DEFINITION. An ideal of an object A= (A1, ..., An; P Ag) € ,.Opy is a subobject
J=01,...,9:%K;3) of UA in V3, S =nNUN'"UN =NU---UNUN"UN, stable
under all multiplications in operads A;, 0 < j < n, and under the action on P from (2.6).
Namely if at least one ®-argument of multiplication or action is in J, then the result is
i J as well. Equivalently, for all values of indices

A (Jp)q(%)ﬂi(jp)] ®9<(k)> C Jc(kl,...,ki1,§jp,ki+l,...,k">,
p({<(§ﬂ>(m)) ® K(ks) © (@ Pk )] ®A0(m)) c K(ik)

r=t+1 r=1

and J; are ideals of operads A; in a similar sense.

Assume in addition that V is abelian. Ideals are precisely kernels in V° of Uh for
morphisms h : A — B € ,Op,. If T is an ideal of A, then the quotient UA/UJ in the
abelian category V¥ admits a unique structure of an n A 1-operad module such that the
quotient map ¢ : A — .A/J is in ,Op;.

For any subcomplex N C A € V5 there is the smallest ideal J of A containing N. It is
spanned as a graded k-submodule of A by results of multiplications or actions containing
an element of N among its ®-arguments. So obtained J is indeed an ideal due to associa-
tivity of the action. In particular, for a pair of parallel arrows f,g: A — B € ,,Op, there
is the image N = Im(f — g) in the abelian category V°. If J is the smallest ideal of A
containing N, then the quotient A / J is the coequalizer of f and g in ,,Op;.

2.19. PROPOSITION. The comparison functor for the underlying functor U : ,Op; —
YrRUNTUN 4o an isomorphism of categories.

Thus ,,Op, is isomorphic to the category of T-algebras for the monad T = U o F' in
PnNUN"UN

PROOF. Let us prove that U satisfies condition (CTT’). First (as a warm-up) we show it
for U : Op — VY. Let a reflexive pair f,¢g : A = B : 7 in Op be given together with a
coequalizer d : UB — € in VY of (Uf,Ug). The subobject X = Im(f — g) = Kerd € VN
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of UB is an ideal of the operad B. In fact, for any multiplication p: O(n;) ®---®@0(ng) ®
O(k) = O(ny + - - - + ny) for the operads B and A we have

PPl @ @b @ (f—9)a@bip1 ® - @by @)
:ug(frb1®--~®f7‘bi_1®fa®frbi+1®---®frbk®frb)

— 1P (grby ® -+ @ grbi_1 ® ga @ grbi, & - & grog @ grb)
:(f_g)NA<Tbl®"'®7’bi—1®6L®7”b¢+1®"'®7“bk®7‘b)GfK

for all 1 < < k. Similarly,
P @ @b @ (f —g)a) = (f — ' (ry ® - -- @ 1, © a) € K.

Thus the quotient operad B /XK exists together with the quotient map ¢ : B — B/X € Op.
The map d factorises as d = (UB iy (B/X) % €’) for a unique isomorphism

¢ € VY. Transferring the operad structure from B/X to € along ¢ we make the latter
into an operad C, make d into a morphism of operads. Clearly, properties T and I on
page 1520 hold true.

Consider now a reflexive pair in ,,Op,

F=f)5),5=(9)59) : A= ((A)P;Ag) S B = (B} Bo) : 7 = ((ri); 7).

Then J = ((3;)1:%K;Jo) = Im(Uf — Ug) is an ideal in B. In fact it suffices to take in the
source of action map (2.6) one of the ®-arguments equal to (f — )z for x € A; or P or
Ag. Then

Oé("'@b?@"'@(f—§)$®"'®q3'®"'®bo)
=a(-@frl® @ fr®- @ frg; @ @ forobo)
—Oé("'®9z‘7”ib:§®"'®§I$®"'®9qu‘®"'®go7'0b0)
=(f—gal@rf@  @rR - @rg - roby) € XK.

Thus B / Jisan n A 1-operad module and the rest of the proof goes similarly to the case
of operads. -
2.20. COROLLARY. The category ,Op, is complete and cocomplete.

PROOF. In fact, D = V¥ is complete and cocomplete. Completeness of ,Op, ~ DT
follows by [BW05, Corollary 3.4.3]. We have seen that the category ,Op, has coequalizers.
Therefore ,Op; is cocomplete by [BWO05, Corollary 9.3.3]. ]
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2.20.1. QUOTIENTS. The category (A4, ...,A,)-mod-B of operad (A4, ...,A,; B)-mod-
ules is a subcategory of ,Op,, whose objects are (A, ..., A,;P;B) (shortly P) and mor-
phisms are (14,,...,14,;h; 15). It has an initial object J = B(0) with

B if f—
I(k) = O
0, ifk#0

Actions are given by

N, =id : B(0) — B(0),
p=ty...0 0 (@7B(0)) ® B(m) — B(0).

A system of relations in a gr-operad (Aq,...,A,;B)-module P means a set (of re-
lations) R, arity function a : R — N", grade function g : R — Z and for each r € R
elements ,,y, € P(a(r))?") supposed to be identified by the relation x, = y,. A system
of relations gives rise to a free graded k-module kR € gr’" with

kR(a)! =k{r € R|a(r) =a, g(r) =g}, foraeN" geZ,

and to a map kR — P, r — z,—y,. Denote by N the image of this map in abelian category
gr". Let X = (0,...,0;%;0) be the graded ideal of (A, ..., A,;P;B) generated by N.
If V =dg and NO C K, then X is a differential graded ideal and the quotient P/X in
V" is an operad (Ay, ..., A,; B)-module. This is the quotient of an operad module by a
system of relations.

2.21. THE LAX Cat-MULTIFUNCTOR hom. Starting with an arbitrary symmetric V-mul-
ticategory C we construct a lax Cat-multifunctor hom : B — V, where the Cat-multi-
category B has ObB = Ob C. For any sequence (A4;);cr, B of objects of B the category
B((A;)iecr; B) is the terminal category 1. An arbitrary lax Cat-multifunctor B — V as-
signs an object of YW to a sequence (A;)ier, B. In the case of hom this is the object
hom((A;)ier; B) € Ob VN given by

hOm((Ai)ieH B)((ni)iel) = C(<niAi)i€I§ B)-

For each tree t and each t-tree 7 : t — Og we choose a 2-morphism:

vev(t) pet(v)
comp, : ® ® hom in(v)} ou(U )((|T( ) l(p)Deein(v))
vev(t) peT(v)
- R & (" 1A ccinw); Aouw))
o () HE
— ((Ar*(s)>sein(r)§ AT*(OU(T))) — C((AT*(b))bEInp(‘T'); AT*(root edge(f')))

C
— C tal A

~~

( a)aelnpt; Aroot edge(t)) = hom (AInpt; Aroot edge(t) ) ((|T< )’)aelnpvt)- (211>
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The essential map here is the multiplication pg in symmetric V-multicategory C associated
with the strongly ordered tree 7 which is obtained from the ¢-tree 7. All its vertices except
the head of the root edge constitute the totally ordered set V(7) = ] gy 7(v). The root
vertex of 7 is the only element of 7(rv(¢)). The subset of internal vertices is v(7) =
k| oevsy T(v). Correspondingly, Inpv(7) = |<| ,crnper) 7(a). Sets inVz(v,p), p € 7(v), get a
total ordering being subsets of lexicographically ordered sets |£|ue(in\/(v), 9 7(u). The tree
map 7 : T — t takes 7(v) to v € ¥(t) and the head of the root edge to the head of the root
edge. Edges of T are of the form (u,q) — (v, p), where (e : u — v) € E(t) and p = 7(e).q.
Under 7 this edge goes to e : u — v. The equation for the lax Cat-multifunctor hom
follows from [BLMOS, equation (2.25.1)] written for the algebra C in the lax Monoidal
category “P CPMQy.
There is an equation for 0 = I,(t, | v € v(t))

[®DG<9) (hOm((Ae)eein(q)5 Aou(q)))qev(e)
— ®pg () (®pc (to) (hom((Ae)eein(p) Aouw) Ipev(t)) pevry

®pg(t) comp(ty)
DG COMPTv, ®pec (t) (hOm((Ae)eein(v)§ Aou(v)))vev(t)

—>C°mp(t) hom((Aq)aetnpt; Aroot edge(t))} = comp(f). (2.12)

2.22. MULTICATEGORY OF OPERAD MODULES. Let V be abelian. Note that n A 1-
operad modules form a Cat-multiquiver M whose objects are operads. It is actually a Cat-
multicategory. To operads Ay, ..., A,; B there is associated the category M(Ay, ..., A,; B)
= (Ay,...,Ap)-mod-B of n A 1-operad polymodules. There are two multicategory com-
positions of interest: ®¢ and ®y, the tensor product of operad modules. The first is
described as follows.
Consider a family of operad polymodules P, € Ain)-mod-Agywy, v € v(t). When
t # |, the right action of B = A0t edge 00 P = ®¢(t)(Py)vev) for ji+---+jm =7 € Ninpt
is
t—trees (7,)I"2 m . .
pP= Z <(® v UEV(t) (]r))) ® 3(771) M)
Va€lnpv t |7 (a)|=52

(é Uié p?é” Py (|7 (e) )|€€in(v))) ® B(m) Ran
(® é@ o(17() 7 (D)lecin) ) © B(m) =

vev(t)—{rv} m pETT(v

® ® ® Py |T7’ )|eein(v)))®

<® {Prv ’Tr ‘meV(rv )) & B(m) &)
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vev(t)—{rv} peT(v)

QR & PulI7(O) Pllecin) ) @ Pro(I7(@)acinvien) =

vev(t) pet(v)

® @ 2.(17(O) " D)lecintn) = B6 (N(Polucwir () = P()), (213)

where 7 = 71 + -+ 4+ 7, is the ¢-tree such that 7(v) = ||/, 7.(v) for all v € ¥(t) — {rv}.
Maps 7(u — v) are |<|" | 7.(u — v) if v is not the root vertex.

In particular, the map p% : B(0) — P(0) sends B(0) to the summand P(rp) =~ Py, (0)
via por @ B(0) = Pp(0), where 7o(v) = @ for v € ¥(t) \ {rv}, while 75(rv) = 1.

Consider the same family of operad polymodules P, € Aiyy-mod-Aguwy, v € v(1).
Identify Inpt with n, then ¢ € n means the i-th input edge of . The left i-th action of
A; on P = ®¢(t)(Py)vev) for ji + -+ jm =Jj € Nis

t—tree T ki
M=) <(®(Ai(jq>)) ® @ (1)(Pu)ueviey (K) —>
Va€lnpvt |7(a)|=k® q=1

peT(head(i)) geT(i)” vev(t) pet(v)

® ® A jq > ® ® ® j) |T |e€1n v)) é
vev(t) per(v qe7(i)~(p) vQP[1 or A
® ® |:<1f v= head then ® ‘A ]q ) (’T( ) 1<p)|e€in(v))] M

vev(t) pet(v)

KRR ?v(\T Y(p)lecin; if v = head (i), e = i then |7(0) " (p) = > jq)
©

geT (1)~ (p)

2 86 (O)(Povevio (ki K = 7). (214)

In order to describe the second product ®y, for an arbitrary tree ¢ € tr(n) define
another tree t* € tr(n), which is ¢t with a unary vertex added in the middle of each
internal edge of t. Choose a function A : E(t) — ObOp, e — A.. Consider a family of
operad polymodules P, € Aip)-mod-Aouwy, v € v(t). Extend family P to a family P*
indexed by v € v(t*) assigning operads A, to new unary vertices e € e(t) = v(t*) — v(t).

There are two natural ways to get t* from a 2-cluster tree based on ¢. The first list of
subtrees of t* consists of trees

t, =

v I

which is the corolla 7[|v|] C ¢ with unary vertices added on internal edges from in(v)Ne(t).
The second list of subtrees of t* consists of trees !/ = t(|v|) (see (2.1)) if v € v(t) — {rv}
and of ¢!, = 7[|rv|]. Clearly, t* = L(t] | v € v(t)) = L(t! | v € v(t)). This gives two
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morphisms in Ay -mod-Areet edge(r) 2long pairs of edges of the square

Q

®v (L") (Py)vev(ry ————=— ®v(t)(®Bv () (Pr)uev(r))vev(t)
alﬁ l@v(t)(pv) (2.15)
% ®v(t)(Av)
®v () (v (1) (Ph)uev(ey) Joevit) — > ®v(t)(Po)veviey

IR

where the morphism of Ajy()-mod-Agy(w)

)\v = <®V<t;)((‘Ae)eein(v)ﬂe(t); :Pv) — ®V(t(‘vll))((ﬂe)eein(v); :Pv) 4 :]DU>

is the left action including insertion of operad units on places indexed by e € in(v)\e(t) (see
(2.1) and (2.10)), py : ®v(t))(Po; Aouw)) = P € Ainw)-mod-Agy(yy is right action (2.10)
if v is not a root vertex, and p,, = idp,,. By definition, for ¢ # | the tensor product
®M(t)(Py)vev(r) is the coequaliser of pair of morphisms (2.15) in Amp)-mod-Aoot edge(t)-
In the case of ¢ = | we define ®wm(|)()(2) = Aroot edge())(2), 2 € N, the regular A,oot cdge())-
bimodule.

When t is a corolla, then t* = ¢ and all maps in (2.15) are identity maps. Thus, there
is an isomorphism ¢ = (P S av(r[n)(P) = ®wm(7[n])(P)). Isomorphism o between
iterated tensor product and a single product follows from properties of colimits. For
the same reasons isomorphisms « and ¢ satisfy necessary equations, turning M into a
Cat-multicategory.

Starting with an arbitrary symmetric V-multicategory C we have a lax Cat-multi-
functor hom : B — V, see Section 2.21. There is also a lax Cat-multifunctor M —
V, ((Ai)ier; P;B) — P. The component m : ®v(t)(Py)veve) — ®m(t)(Py)vev) is the

canonical morphism. We lift hom to a lax Cat-multifunctor Hom : B — M so that

(B Jomon — V) = hom. Namely, Hom : B —- M, B +— &nd B, and

((Ai)ier; B) = ((End Ay)icr; hom((Ai)ier; B); End B) = Hom((Ai)ier; B).

3. Morphisms with several entries

Here we give support to the observation that morphisms with n entries of algebras over
operads form an n A 1-operad module. In particular, we find this module for A, -algebras.
From now on we assume tacitly that V = dg. When the differential is not concerned we
may use V = gr.

3.1. MAIN SOURCE OF n A 1-OPERAD MODULES. Starting with an arbitrary symmetric
dg-multicategory C we get a dg-operad &(X) = End X for any object X and an n A 1-
module Hom = (End Ay, ..., End A,; H; End B) for any family A, ..., A,, Bin ObC

(End X)(v) = C("X; X),
H(5', ... 5" = hom(Ay, ..., Ay B)(G', ..., 5") = C(("A)ry; B).
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The right action

oy | QH((pien) | @ (End BY(k) = | Q) C((F Ay B)| @ C(*B; B)

pek pek

= C(("A)iy; B) = H((0)),

where (! = ZI;ZI j;, equals to the multicategory composition fty, Which corresponds tq
the map ¢ : 1! U --- 1" — k, whose restriction to 1’ is isotonic and sends exactly Jp
elements to p € k.

The left action

o+ [@®en 4] o 3() w((zj,,) )

i€n p=1
that is,
My | ® C Ay A1) | @ C((M Ai)iy: B) — C(("A): B)
i€n p=1

with (¢ = Z]; 1 Jb, equals to the multicategory composition fi, corresponding to the

isotonic map ¢ = UL> : LY, |_|p 1 _]p — ur, I_II;Z1 1, which sends exactly j;; elements
to the element of the target indexed by (i,p). Notice that py : (EndY)(0) = C(;Y) =
H(0,...,0) is the identity map.

3.2. EXAMPLE. In particular, reasoning of Section 3.1 applies to the symmetric dg-mul-
ticategory C = C, and for any (n + 1)-tuple (X1, ..., X,,;Y) of complexes gives an n A 1-
operad module
(End Xq,...,End Xp; hom(Xy, ..., X Y); EndY),
H(G, .. 3") = hom (X, ..., X0 V)G 5") = G (0 X)) 3 Y).

The case of n =0 gives H =Y. The left action

u
AGiy : [®®Qk(j;Ai§Ai ] @ C (VAN B) = C(("A)iy; B), (®:®,4))® frh

i€n p=1
with 0 =37, j, is found as

®UEnAY @iEngrek gi
—

h — [®z‘enTeiAi ®z‘en ®pekiTj;‘,Ai ®i€n Tkifli f B}

The right action

)+ | QG4 B)| © G B B) + G(("A)iB). (@) ® g > b

pek
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where (' = 22:1 jp, is found as (see [BLMOS, Eq. (6.1.1)] for isomorphism )

®IEPATE @PEk [P
— —

h = [®zEnTZ Az ®z€n ®p6kT]pAi Z ®pek ®ZEHTJPAZ' ®p€k B i> B] )

Given an operad O and an n A l-operad O-module &, for each n > 0 we define a
morphism of O-algebras with n arguments X;,..., X,, = Y as a morphism of ,,Op,

(0,...,0;F,;0) = (End Xy, ..., End Xp; hom(Xy, ..., X,,;Y);EndY).

3.3. A,-MORPHISMS WITH SEVERAL ENTRIES.

3.4. PROPOSITION. There is the n A 1-operad Ao-module F,, = Oso("Ac; k{f; | 7 €
N" — 0}; As) freely generated as a graded module by elements fj i € F(j*, ..., "),
(41,..., ") € N* — 0, of degree 0. The differential for it is given by

n z>1 k>1
fi0 = Z Z >\ ("1,b,,'1; Jo—(@=1)e,) — Z P(jg)((fjp)];:l;bk). (3.1)
q=1 r+x+t=~01 J1seeJk EN—0
Jitik=

The first arguments of X are all 1 € A (1) except b, on the only place p = r+1. F,-maps
are As-algebra morphisms Ay, ..., A, — B (for algebras written with operations b, ).

PRrROOF. Notice that Fy = A,,(0) = 0 by Lemma A.9.
The following lemma is verified straightforwardly.

3.5. LEMMA. For dg-operads Ay, ..., A, there is a dg-category A,--- - - Anp-mod, whose
objects are left n-operad Ai-----A,-modules and degree t morphisms f : P — Q are
collections of k-linear maps f(k',... k") : P(k', ... k™) — Q(k',... k™) of degree t such
that

(@& en(wr) (S

i€n p=1

[®®1]®fl = J{f
(@& catwn) (X))

i€n p=1

The differential is f v [f,0] = fO — (—=1)/0f.

A connection on a graded n A 1-operad module P over dg-operads Aq, ..., A,, B is
a collection of k-linear maps 0 : P(j) — P(j) of degree 1, j € N", which can be viewed
as functors Z — k-mod, p — P(j)?, where the category Z comes from the ordered set Z.
All action maps A%, p from (2.10) are required to be natural (chain) transformations with
respect to the sum of maps 19 ® 0 ® 1%? in the source, where 9 denotes the connection
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on the module or the differential in an operad. Equivalently, action maps A, p are chain
transformations, or, equivalently, action maps a from (2.6) are chain transformations.
A connection on a freely generated module P is unambiguously fixed by its value on
generators.

The square 92 of a connection 9 is also a connection (of degree 2). It makes all actions
into chain transformations with respect to the sum of maps 19¢ ® 9% ® 1% in the source
(where 0% vanishes if applied to an operad). In particular, 9* : P — P is a morphism
of graded left n-operad A;-----A,-modules of degree 2 as defined in Lemma 3.5. If 92
vanishes, (P, d) becomes an n A 1-operad dg-module.

3.6. LEMMA. F,, is an n A l-operad dg-module.
PROOF. Recall that the differential in the operad A, is given by

p>1, a+c>0

bna = — Z /,L(al,bp,cl;ba+1+c).

a-+p+c=n

Let us prove that 9> = 0 for connection 9 given by (3.1). Let us verify this on generators:

y>1 c>1
fed® = Z > ML by, ML fem(y-1)e, 0) + Z D> A("1,66.0," L fom(e—1e,)
q=1 k+y+m=£4 q=1 u+tct+v=2~4
k>1 k>1
k
- Z p((f]p)p:labka>+ Z ZIO f]l?"'7fjp—17fjp'a7fjp+l7‘"7fjk;bk)
Ji,-Jk€ENT—0 Jis--,Jk ENT—0 p=1
Jittie=~ j1+"'+jk:€
y>1 y>1

= Z > Z > XL by, "N (ML ba, UL fom(y-yeg—(h-1)e,) (3.2)
q=1 k+y+m=09 p=1 u+h+v=~09—y+1
k>1

-2 > S XL T p((f)0 b)) (3.3)

q=1 c>1 r+c+t=01 J15-Jk EN"—0
Jitetir=t—(c—1)eq

n c>1 y>1
- Z Z Z )‘q(u+$]—)by7z+v1; /\q(ulabw+1+z7v]—; fé—(c—l)eq)) (34)
q=1 u+ct+v=~1 x4+y+z=cC
s>1 m>1

- D > o)zt L b, "1 by 42)) (3.5)

J1yeefis ENP—0 zHmtz=s
.1+ +js:£

k>1 c>1

+Z Z Z Z f]l?"'7fjp717/\q<m17bcvzl;fjp—(C—l)eq)ﬂfij’"‘7fjk;bk)

q=1 j1,...,jk€N" =0 p=1 g4c42z=j}
Jite+ie=t

(3.6)
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k>1 m>1

- Z Z Z p(fyu"‘7fyp—17p(ft1v"'>ftm;bm)7fyp+17'"7fyk;bk)' (37)

Y1,.. Y EN"—0 p=1 t1,...,t,, EN"—0

y1+-Fyp=~ ti++tm=yp
Summands of (3.2) pairwise cancel each other if p # ¢. Also summands of (3.2) with p = ¢
pairwise cancel each other if output of b, does not become an input of b,. The remainder
of (3.2) cancels with sum (3.4). Sums (3.3) and (3.6) cancel each other. Identifying
in sums (3.5) and (3.7) the index s with k + m — 1 and the sequence (ji,...,Js) with
the sequence (Y1, .-, Yp—1,t15- - tmsYpst,---,Yr) We see that they cancel. Therefore, 9
vanishes. [

The image of f,0 in hom((sA;):; sB) is

z>1

E ’ E : zEnTé' ' 1®(q*1)®(1®T®bz®1®t)®1®<nfq>

q=1 r+x+t=~01

TsA @ @T" 'sAg 1 @ T HsA, @ T sAgy @ - @ T sA,
k>1

o Z [®z€nTﬁ sA; =%

J1yJk €N =0
Jitetge=L

fé—(m—l)e
)

®z€n)\ . i %—1 . .5
®z€n ®p6kTJPSAi =z ®p€k ®z€nT]psAi

@PEkf i pek by
—% @€ sB — sB].
Isomorphisms A\ and ¢ are the obvious ones, see [BLMO0S] for details.

An F,-algebra map is specified by A-algebras A, ..., A,, B, and a collection of
k-linear degree 0 maps f; : @ €*T7"'sA; — sB assigned to generators (f;);enn—o. It suffices
to satisfy on generators the only requirement that F,, — hom((A;[1])%; B[1]) be a chain
map. The latter means that the equation holds for all / € N® — 0:

fobr — [Z Z ® (19" @ by ® 1%Y) @ 199D | £, = f,0.

q=1 r4+1+4+t=01
Explicitly this equation says

n x>0
Z Z anTZZ 1®<q*”®(1®T®bz®1®t)®1®<"*q>

q=1 r+x+t=~01

T sA @ @T" 'sAg 1 @ T HsA, @ T sAgy @ - @ T sA,
k>0

_ iengl RPN ien opekmpjl )

= [T s A, Z—20 @10 @rek s A,

J1yJk €N =0
Jitetge=L

fé—(x—l)eq

SB}

;771 . .5 pek jp
Z, grek gienpisgd, &0 geek gp B, op) o (38)
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Collections (f;)jenn—o are in bijection with augmented coalgebra morphisms f : @ €*T'sA; —
T'sB. Coherence with augmentation means that

(k—— @' T%A; —15 TsB) = (k——T"sB = TsB).

Tensor quivers T'sB of A-algebras B are dg-coalgebras, whose differential b : T'sB —
T'sB has the components by : T*sB — sB. Equation (3.8) can be rewritten as

n 1930-1)gpx1®(n—i) . f
= > @M TsA; = sB).

(®ienTSAZ' i) TsB i> SB) — (®i€nT$Ai >

In other terms, f is an augmented dg-coalgebra morphism. These are A.,-morphisms
Ay, ..., A, — B by definition, see [BLMO8]. ]

4. Composition of morphisms with several arguments

The mechanism which provides an associative composition of morphisms with several
arguments is that of convolution product in the module of linear maps from a coalge-
bra to an algebra. The part of a coalgebra is played by a colax Cat-multifunctor. A
lax Cat-multifunctor Hom comes in place of an algebra. The convolution product of
these multifunctors gives a multicategory structure to the collection of A.-algebras and
Aso-morphisms with several arguments.

We shall show that A.-modules F, form a polymodule cooperad, that is, a colax
Cat-multifunctor F' : F — M, where the category M of operad polymodules is described
in Definition 2.12. Here (strict) Cat-operad F has (1-element set of objects), F(I) = 1 is
the terminal category for any I € Og, 1-morphism ® : T1F — F is the unique one.

A general polymodule cooperad amounts to the following data: an operad A = F'(x),
for each I € Oy an I A 1-A-module Fj, for each tree ¢t a morphism A(t) : Fippy —
®m(t) (Flo|)vev(e) of Inp(t) A 1-A-modules such that for any corolla t = 7[n] normalization
holds:

(Fa 2 @y (rlnl)(Fy) —— F,) (4.1)

=1,
for all 2-cluster trees (; (t,)vev(r)) assembled to 6 = I,(t, | v € v(t)) multiplicativity holds:

A(t)
Flnpt —(> ®M(t)(ﬂ”|)U€V(t)

A(e)l = lwt)m(tv)) (4.2)
M (0) (Flupwevoy — En(t) (Bm(to) (Fluuev(t) ey o
We are interested in the cases of A = Ay, As, AT and ANV

4.1. EXERCISE. Write down explicitly equation (4.2) in two cases:
(a) t=t("1) = (n S n—1), t,=| forven, twy =7[n] = (n— 1);
(b)t=tn)=m—=1—=1),t, =7[n], trvw) = |.
Conclude that for the tree | the operad A-bimodule map A(]) : F; — A plays the part
of a counit for A.
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4.2. DEFINITION. A system of polymodules and their maps (A, F,, A) is called coasso-
ciative if for all 2-cluster trees (t; (ty)vev(r)) such that all (but one) trees t, are corollas
Tl[vl], v € v(t) — {x}, equation (4.2) holds.

4.3. PROPOSITION. Assume that coassociative (A, F,, A) satisfies normalization (4.1).
Then (A, F,, A) satisfies multiplicativity (4.2) for all 2-cluster trees, thus, it is a polymod-
ule cooperad.

PROOF. Let us enumerate internal vertices of t as {vy,...,vx} = v(f). Associate with
a 2-cluster tree (t; (t,)) a sequence of trees and 2-cluster trees: t° = t, (t% (t})pevi0)) =
(t;t,,, corollas) (2-cluster tree in which ¢,, is associated to the vertex v; and corollas 7[|v|]
are associated to other vertices v), t' = I(t;t,,,corollas) with {v; | i > 1} — v(t!),
(th; (t2)vevrr)) = (t';ty,, corollas), t* = I(t'; t,,, corollas) with {v; | i > 2} < v(¢?), and so
on, (tF71 (t8) yey@-1)) = ("1 by, corollas), t* = I(t"';t,, , corollas) = L(t,, | 1 <i < k).
Let us write several coassociativity relations omitting the structure isomorphisms for the
product ®p:

At
Finpt © > ®m () (Flo))veve)

= &M () (A(tog),1,.-,1)
A(th) 1

FInpt - ®M(t) (®M(tv)(F|u|)u€V(tqu))uev(t)
= &m(tH)(1,A(twy),.,1)

A(t?)
FInpt —— ®M(t1) (®M(t3>(ﬂ“‘>uev(t%))v€V(tl)

A(tF—1) _ _
FInpt E— ®M(tk 2) (®M(t1}f 1)(F]“‘)UEV(tﬁ_l))vev(tk—Q)

= @MEF ) (1,1, A (ty,))

A(tF) _
FInpt - ®M(tk 1)(®M(t5>(ﬂu‘)uev(t§))vev(tk_l)

Composition in the right column equals ®w(t)(A(t,)), therefore, (4.2) is deduced. "

Viewing (system of A-modules) F': F — M as a coalgebra and Hom : B — M (coming
from a symmetric multicategory C) as an algebra we consider homomorphisms between
them (in the sense of M) and they have to form an algebra as well. So we define a
multiquiver H whose objects are A-algebras (B, ap : A — End B) with

H((As, aa,)icr; (B, ag))
= {((aa)ier; ;) € M(("A; Fr; A), ((End A)icr; hom((Ad)ier; B); End B))}.

Let us define a multicategory composition for it. For any tree ¢ and any collection of
A-algebras o, : A — End A, e € E(t), assume given |v| A 1-operad module morphisms
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for v € v(t):

((ae)eein(v); Gvs av) : (in(v)‘A; En(v)7"q)
— ((8 nd Ae)eein(v); hom((Ae>e€in(v); Aou(v)); End Aou(v)) .

Then their composition is defined as ((ae)eelnpt; comp(t)(gy); Croot edge(t)), where

At) @®m(t)(gv)
COIl'lp(t) (.91)) - [Flnpt — ®Mm (t)(ﬂﬂ)vev(t) M—9>

comp(

)
®Mm (t) (j{om«Ae)eEin(v); Aou(v)))vev(t) E—— g{om((Aa)aEInpt; Aroot edge(t)):| . (43)

4.4. EXERCISE. The composition in H is strictly associative.

4.5. COMULTIPLICATION UNDER A,,. Taking tensor coalgebra of a graded k-module
gives morphism of multiquivers to multicategory of differential graded augmented counital
coassociative coalgebras T's : H —— dgac. We wish to define a colax Cat-multifunctor

F : F — M such that T's becomes a multifunctor. The following statements follow from
results of [BLMOS].

4.6. PROPOSITION. [See Proposition 6.8 of [BLMOS|] A T='-coalgebra C in dg is a coas-
sociative coalgebra (C,A: C' — C ® C) in dg such that

C = colim Ker(z(k) :C = C®k).

k—o0

4.7. COROLLARY. [See Corollary 6.11 of [BLMOS8|] Let C' be a T>'-coalgebra in dg, and
let B € Obdg be a complex. Then there is a natural bijection

dg;-1 (C,T7'B) = dg(C, B),  (f:C —T?'B)w (C -5 T7'B 2 B),

where dgps1 is the category of T>'-coalgebras in dg.

4.8. PROPOSITION. [See Corollary 6.18 and Proposition 6.19 of [BLMOS8]] The full and
faithful functor

T<':dg;> — dgac, (C,A)
(ke C,Ag = pry -A - (ing ®in;) + id ® ing + ing ® id — pry - (ing @ ing), & = pry, n = ing)
makes dgp>1 into a symmetric Monoidal subcategory of dgac.

4.9. COROLLARY. An arbitrary augmented dg-coalgebra A = ®'€'TA; comes from a
T>-coalgebra A © 'k and there is a natural bijection

dgac(®'“'TA;, TB) — dg((®"€'T4;) ok, B),
(f : @'TA; » TB) = ((@<'TA;) ok -1 721 B 21, ),
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Recall full and faithful embedding T's : A,, < dgac of multicategory of A,-algebras
into the multicategory of differential graded augmented counital coassociative coalgebras
over k. In this way F obtains a unique colax Cat-multifunctor structure A(t). Let us
describe the details.

An A-algebra B is taken by T's to the tensor coalgebra (T'sB, Ay, €,1), where T's B =
DX T"sB = @ ,(B[1])®", Ap is the cut comultiplication

n

Dofa1 @+ @) = Y (01 @ © 1) © (w11 © - D ),
=0
e =pry: TsB—=> T°sB = k is the counit and = ing : k = T°sB —— T'sB is the
augmentation.
The differential b : TsB — T'sB, degb = 1, has matrix entries b™* : T"sB — T*sB,

a+1+c=k
yk = Z 1° @b, @ 1%¢,  where b, = (—1)"(c®")"'-m,-0:T?sB — sB

a+p+c=n

forp > 1, by =0, and 0 : B — sB = BJ[l], x — =z, is the shift map (the suspension),
dego = —1,degb, = 1. Here m,, : T?B — B, degm,, = 2—p, are linear maps representing
generators m, € A, (p) for p > 2 and m; : B — B is the differential in the complex B.

A-algebra morphisms f : (A;)ien — B, are taken by T's to the augmented coalgebra
chain homomorphisms f : ®€"T'sA; — TsB, whose compositions with the projections
pr; : T'sB — T'sB are given by

AV @-eA®
_

fopr=[TsA @ - @TsA, (TsA)*' @ - @ (T'sA,)®

T FRl
T (TsA @ - ® TsA,)®™ L (sB)®], (4.4)
where the restriction of f to T9'sA; ® --- ® T7"sA,, is given by the component
fi=17F-pr: TV'sA @ ® T7"sA, — sB.

It is the linear map that represents the generator f; € F,(j',...,j"). The symmetry
P, = Cs,, corresponds to the permutation s, of the set {1,2,...,nl},

)

n,l

Spa(l+t+kl)=14+k+tn for 0<t <, 0<k<n.
Detailed description of map (4.4) on direct summands is

@A, " @ B QUi B QRTisA,

aen a€n 22:1 re=jo pel 22:1 re=jo aEn pel

B3n,1 ra Z®p€1f(rg)aen il
T D QR 1A, =P Q) sB = TSB] (4.5)

22:1 ra=jo p€l a€n pel
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In order to describe the composition of A,-morphisms with several entries let us for-
get about differentials for a moment. Thus we consider graded augmented coalgebras
TsA, A € k-mod, equipped with the cut comultiplication. The multicategory gaC of
graded augmented coalgebras comes from the symmetric monoidal category of those,
gaC((Cy)y; D) = gaC(®!,Cy; D). Multicategory composition along a tree ¢

gaC H gac eem (v)5 Cou(v)) — gaC((Ca)aGInpt; Croot edge)

vEV

is the composition of graded augmented coalgebra homomorphisms, tensored with identity
morphisms,

gaC H gaC ® Ce» Cou (v) _> gaC( ® Caa C’root edge)a (gv) = 'ugaC<t) (gv)va(t)-
vev(t) e€in(v) a€lnpt
(4.6)
In particular, this holds for C, = T'sA.. Then (4.4)—(4.5) describe a bijection

gaC( ® TsAe,TsAou(v)) = H gr( ® TkEsAe,sAou(v))
)

e€in(v) keNin(v) —g e€in(v

= JI hom((sAc)ecingwy; Ao (k)°,

keNin(v) —0

with the help of the gr-multicategory C = gr.
We are going to provide comultiplication A® in F such that u&°(t)(g")vev - PIj,
j € NPt ig the image of f; under the map

N AS() -\ @6 (t)(gv) ;
Flnpt(]) — &g (t) (F\U\)UEV(t) (]) i) ®G ( )(hom((SAe)eein(v); SAou(v)))vEV(t) (])

Comp hom ((SAa)aeInpt; SAroot edge(t))(j)' (47)

Let j € N'P* and let 7 denote a t-tree t — Og such that |7(a)| = j° for all a € Inpv t.
By definition

@G(t)(Flw)vev(t)(j) = _H ® ® F\vl((‘T(e)il(p)’)eein(ygv (4'8)

Va€Inpvt|7(a)|=5j°

®c (t) (hom((Ae)eein(v) ;Aou(v)))vEV(t) (j)

t-tree T vev(t) peT(v)

_ H ® ® dg e€1n v T\T(e )~ 1(p) |A Aou(v )

Va€lInpvt|7(a)|=j

A tree r is surjective if |v| > 0 for all v € v(r). Since Fy = 0 and F,(0) =0, n > 0,
the summation in expression (4.8) extends precisely over ¢-trees 7 such that

— VYoev(t) v =0 = 7(v) =2;
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— VYvev(t)|v|>0 = (Vper(v)Ieecin(v) 7(e)'(p) # D).

The two conditions can be combined into a single one:
— the obvious map Uycinv(w)7(u) — 7(v) is surjective for all internal vertices v of ¢.
Equivalently, the tree 7 is surjective. In this case we say that 7 is surjective.

The number of surjective trees 7 is finite. Hence, the number of tree mappings 7 — ¢
is finite, and the number of surjective ¢-trees 7 is finite as well. Thus direct sum (4.8) is
finite.

4.10. PROPOSITION. Define for a tree t the degree 0 graded Inp(t) A 1-A-module homo-
morphism AC(t)(5) : Finpt(j) = ®c(t)(Flo))vevr)(j) on generators as

surjective t-tree T

AS()(f;) = D U TY figp)en (4.9)
VYa€Inpvt|r(a)|=j
In particular, for the tree t = | the Ay -bimodule homomorphism AS(|)(5) : Fi(j) —

k(j) = 6k is determined by AS(|)(f;) = d;1, j = 1. Then this comultiplication is
normalized and multiplicative in the sense of (4.1), (4.2) with ®w replaced with ®g.
Thus, (As, F,, A®) is a graded polymodule cooperad.

PROOF. First we show that (4.7) takes f; to ufC(t)(g")vev) - D
applying comp(t) to

surjective t-tree T

Z QUEVH) gper(®) (‘gr;(e)_l(p)leein(v) : ®e€in(v)T\T(e)*1(P)|SAe N 3Aou(1)))7 (4.10)

Va€lnpvt|T(a)|=52

That is, we get it

where comp(t) restricted to the summand indexed by 7 is given by (2.11). Here deg g? = 0.
This is a form of a recipe how to compose graded augmented coalgebra morphisms of the
type g : ®*_,TA. — TB of tensor coalgebras with cut comultiplication Aq. In order to
clucidate this recipe, let us represent ¢¥ via its components ¢ in two ways. The first
formula is a direct consequence of the augmented coalgebra morphism properties, see
[BLMOS8, diagram (8.25.1)]. Thus, the morphism g of augmented coalgebras is recovered
from its components g,e), : ®F_TA, — B, (n®), € N¥ g5 =0, as

(@ g s @i

e= 12 reznep 1

5 Y @@ TR Q)
>, r=ne p=1 e=1 p=1
This can be written in second form close to (4.10) for corolla t = 7[k]:

surjective t-tree T

vev(T T(v v ()t
pr, — Z VeV (TlE) gper(v) (T, @k, TITO7 @I A, - B)

Vi<e<k |7(e)|=n*
I7(xv)|=m

Q)
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with significant distinction: 7(rv) is not a singleton here. Of course, v(7[k]) = {rv} and
7(rv) = m.
This observation allows to compute some subsums of (4.10) and this expression takes

the form
k(rv)=1

Z ®v€v(t) (é{, . ®u€inV(U)TK(u)SA0u(u) N Tk(v)SAou(v)); (411)
k:v(t)—N

where the function K : ¥(¢) — Nis the only extension of &k such that K|, =k, K(a) =
for a € Inpv(t). Here augmented coalgebra homomorphisms g° : @S2V Ts A,
T's Aou(sy come into play. Application of comp(t) to (4.11) will give u#C(¢)(g?) - pry due
to imposed condition k(rv) = 1. Besides, without this restriction (4.11) would give the
composition pig.c(t)(g%).

Multiplicativity (4.2) of comultiplication A® it suffices to check on generators f;. We
have

surjective t-tree T

6 (NASL)(ASW)(f) = @A) D, @D @) [t

Va€lnpvt|r(a)|=j2

surjective t-tree T surjective t,-tree 75
_ 2 vEV(L) HPET(V) E ueV(ty) qeTh (u)
- ® ® ® ® f|TU q)'FEm(u) (412)
Va€Inpvt|r(a)|=j Ve€lnpy t,=inV (v)

7% (¢)=T(ou(c)) " (p)
The natural isomorphism, interchanging the second and the third tensor products, iden-

tifies this with
O-tree T'

7,78 —surjective

AG(Q)(f]) — Z ®w€v(9) ®T€T(w) f‘T(e)_l(r)leein(w) (413)

Va€lnpvt |7(a)|=5j2

once we explain how to construct 7" departing from ¢, 7, (t,), (77)?.

The first and the third tensor products from (4.12) combine to ®'?) due to known
relation v(0) = |<|,c, () v(to) for 6 = L(t, | v € v(¢)). The second and the fourth tensor
products from (4.12) combine to @) provided T(w) = T'(v,u) = K per(o) 74 (w), where
w = (v,u) is an internal vertex of §. The same formula is used when w = (v,u) is an
input vertex of ¢, namely, v € v(t) and u € Inpvt, NInpvh = inV(v) N Inpvt. For such
(v,u) we have

T(,u)= |<| 2(u)= |<] 7(u—v)"(p) =r(u). (4.14)
peT(v) peT(v)

For E(t) = E(t) — {root edge} we have E(f) = I_Ivev(t)E(tv)._ Thus each edge in E() is
represented by a vertex v € v(t) and an edge (e : u — w) € E(t,). The collection T'(-, -)
is made into a f-tree using maps

I<| 2(e): T(w,u) = |<| 7w — |< 7(w)=T(,w).

peT(v) pET(v) pET(v)
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It is clear how to get 7, (7))} from T'. This identifies expressions (4.12) and (4.13).
Surjectivity of 7 is necessary for surjectivity of 7". Since surjectivity condition means
non-vanishing of indices of f,, T is surjective iff 7 and (72)P are. n

4.11. REMARK. Let us show that T satisfies also the relation T' = I:(7? | v € v(t), p €
7(v)). An input vertex (u,q) € Inpv7? consists of a vertex u € Inpvt, = inV;(v) and an
element g € 7P(u) = 7(u — v)~!(p), which is the same as an edge (u,q) — (v,p) in 7,
that is, (u,q) € inV:(v,p). Thus, Inpv 77 = inV; (v, p) and (7; (77) | v € v(t), p € T7(v)) is

a 2-cluster tree. The set of internal vertices of I(7; (7)) is

v = | veh= 1 I L 7w

(v,p)ev(T) vev(t) peT(v) uev(ty)
~ || || L] 7w=|] Tw) =v().
veEV(t) uev(ty) peT(v) wev(0)

Due to (4.14) input edges satisfy
Inp I(7; (7)) 2 Inp7 = Inp 7.

Equip v(7) = Uyeyw7(v) with partial order as disjoint union of totally ordered sets.
This order is the extra datum which allows to restore 7 from 7. Similarly we do for v(77),
v € v(t), p € 7(v) and for ¥(T). In order to describe the total order on fibres T'(v,u) of
the map T — I(t, (t,)) represent its set of vertices as

V() - (D)= || G@) - (@)D
(v,p)ev(T)
Although the partial order on ¥(T') — {rv(T)} differs from the order on K (o pyevr) (V(TD) —

{rv(7)}), these two agree on fibres T'(v,u) = K ¢ ) 70(w). In fact, for ¢ € 75(u),
¢’ € 77 (u) the inequality in the second sense (v,p,u,q) < (v,p,u,q’) holds iff p < p’ or
(p=p and ¢ <¢)iff (p,q) < (', ¢) in | e () 75 (w).

4.12. ExAMPLE. Consider the V-operad As! with Asf(n) =1 € Ob"V for n > 0. Con-
sider the n A l-operad As!-module FAs1, with FAs1,(j) = 1 for all j € N". Actions
of Asl on FAsl, are given by multiplication for 1. We claim that there is a canonical

isomorphism
®M<t)(FA51 \v\)vEV(t) = FAsl Inpt -

In fact this holds true for ¢ = | or corolla ¢, see Section 2.22. If g is an internal edge of ¢
with tail(g) = w, head(g) = v there is a unary vertex u € v(t*) as shown:
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Correspondingly, coequaliser (2.15) contains the following pieces (partial coequalisers).
For any t*-tree 7" denote 7 = 7‘*! .- One morphism is

peT(w) g€ (u)
) FAst ) (I77(€) (D) lecine () ® Q) Ast(I7*(¢) ())®
rer(v) .
® FAs1 o (I7(f) 7 (r) | reing- ) —
peT(w)

Q) FAs1 1y (17*(€) 7 (D) leging- () ©
rer(v) q€t*(g")~ (r)

Rl Q  Ast(I7(9) " @]) ® FAst (17 (/)7 () eime )]

per(w) rer(v)

® FAs1 o (I7(€) 7' (P) ] ecings (w)) ® ® FAs1 1 (Im(9) 7 ()] 170 1 (7) | peings w)—g973)

due to

ger* (")~} (r)

Another morphism is

peT(w) geT* (u)

® FAs1 ) (I7(€) 7" (D) ccings (w)) ® As1(|Im*(¢) @)@

rer(v)

® FASZ\v\(‘T*(fyl(r)‘femt*(”)) —
qer*(u) per*(9’) " (q)

R [ Q  FAstu(I7°(e) " (P)lecin. ) @ AsL (I7*(¢) " (@)])]®

rer(v)

* - (®q w)®1
&) PAs1 (17 ()70 peinge ()~

qeT*(u) reT(v)

® FAs1 | (|T*(€ . g/>71(Q)‘eeint*(w)) ® ® FAsl1 |v] (‘T*(f>7l<r)‘f€int*(y))

due to

> O i) = 170 9) 7 @) ecine
peT*(9') = (q)
These morphisms tensored with identity morphisms are to be coequalised. Notice that
all tensor factors are actually 1. Thus coequaliser (2.15) has the form

t* —tree 7* t—tree 7

11 1 :; 11 1 —— @ (t)(FASL 1)) vev (2)-

Va€lnpvt|7*(a)|=22 g Va€lnpvt|T(a)|=2%
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The summand 1 indexed by 7* is mapped by f (resp. g¢) identically to the summand 1
indexed by 7 = 77|, (resp. by t-tree 7’ described as follows). Consider a full subcategory
(also a tree) ¢ C t*, whose vertices belong to

V(t') = (Inpvt U {rv}) U {middle(e) | e is an internal edge of ¢}.

Clearly there is an isomorphism ¢ 2 ', taking a vertex w to itself if w € Inpvt U {rv} or
to the middle of ou(w) € E(t) if this edge is internal. Thus, the #-tree 7/ = 7|, can be
viewed as a t-tree. Therefore, the part of the equivalence relations indexed by 7* identifies
the summands 1 of ®y(t)(FAs1},) indexed by t-trees

With given t-tree 7 we associate canonically the ¢*-

npt 7-‘Inpt

and each internal edge g is composed of ¢ = ¢g and ¢” =
For this 7* each internal vertex v joined by an edge with the root vertex is mapped by
7' to 7/(v) = 1. Repeating this again we get t-tree with value 1 for all internal vertices
joined by a path of two edges with the root vertex, and so on. Finally we conclude that
summand 1 indexed by any t-tree 7 is equivalent to the summand 1 indexed by 7yq With
Tea(v) = 1 for all v € v(t). Thus, ®w(t)(FAsIy)vevw)(2) = 1 = FAslmp(2) for any
z € NInpt,

As A(t) © FAsImpe — ®wm(t)(FAsy))vevr) We take the identity map. Thus, equa-
tion (4.2) holds, and (AsI, FAs1,,A) is a polymodule cooperad. Composition (4.3) is
nothing else but the composition in the multicategory of monoids in V. As an exercise
the reader might check directly that any summand of ®y will stand for ®y in (4.3).

The case of non-unital algebras is similar. Again ®m(t)(FAS[|)vev(r) = FASmpt:. The
left hand side is computed using surjective t-trees 7 and it can be shown that any such 7
is equivalent in ®m(f) to 754 with

() {1, if v € v(¢) \ Lv(t),

Tstd @, if v € v(t) N Lv(t).
Again A(t) = id : FAsmp: — ®m(t)(FAS||)vev) makes (As, FAs,) into a polymodule
cooperad.

We may sum up Proposition 4.10 as follows. Composition (4.6) for C. = T'sA, written
in components

B (t H H gr ® ™ 5Ae, 8Agu(v) ) — H gr( ® T7" 5 Aq, 5 Avoot edge)

vev(t) keNin(v)—o e€in(v) jENInpt_Q a€lnpt
(4.15)

composed with the projection pr; is the map

surjective t-tree T

((gz)keNin(v)_O)vev(t) — Comp Z ®’U€V(t) ®p€7’(v) g‘z;'(e)il(p)leein(v)'
Va€lnpv t |7(a)|=52

Now let us recall the differentials.
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4.13. PROPOSITION. Define comultiplication AM(t) for the Ay -polymodule F, and a tree
t via composition with canonical map w

AM<t>(j) = [Flnpt(j) ﬂ} ®g (t)(ﬂfu\)va(t) (]) L> @M (ﬂ(ﬂv\)ve%t) (j)]

(on generators it is still given by (4.9)). For the tree t = | define AM(])(j) : Fi(j) —
As(g), fi = i1, 7 = 1. Then all AM(t)(j) are chain maps, thus, (A, F., AM) is a
dg-polymodule cooperad.

PROOF. First of all, comultiplication AM is multiplicative — it satisfies (4.2), since A®
satisfies it. For corollas ¢ the morphism AM(t) = A®(t) satisfies (4.1).

For any 2-cluster tree (; (t,)) if AM(¢) and AM(t,), v € v(t), are chain maps, then so
is AM(@) for 0 = I,(t, | v € v(t)). In fact, multiplicativity equation (4.2) represents AM(8)
as composition of AM(#) and tensor product of AM(¢,). When ¢ is a corolla, AM(#) is an
isomorphism, and even an identity morphism (after certain identification). Therefore, it
suffices to prove that AM(#) is a chain map for ¢ = | and trees t with two internal vertices.

It suffices also to prove the commutation of AM(¢) and 9 on generators:

fi-AM#)0 = f;.0AM(t) for all trees t and all indices j € N"™P! — (. (4.16)
In fact, any element of F,,, n = |Inpt|, is a sum of elements of the form Oé((®?:1 ®];i:’;m+k3"
wl) @ (@ fr,) @ w), where wi € A (ji), w € As(m), see the first row of the following

p
diagram

n kii.—‘r.”—i_k:’fn

(§ @ Aoo(j;ia)) ® (é FInpt(kr)> ® Aso(m)

[0}

1@(@yL, AM(1)®1 Frup (( Z jé) '—1)

p=1
n kie+ki,

<(§ Q?l Aoo(]é)) ® ((é ®M(t)(F|v\)vev(t)(/€r)) ® Ao(m) J/AM(t)

T Rtk
M () (FloJoev(r) (( > j;’) ;)

p=1

This square commutes since AM(#) is a Inp(t) A 1- Ano-module homomorphism of degree 0.
Use this square as the top and the bottom faces of a cubical diagram whose vertical edges
are given by the differential 9. We know that « is a chain map. Apply all 3-arrow-paths
in this cube to the element xz = (®}_, ®’;2“'+ki” wh) @ (@) fr,) ® w from the top vertex.
The equation z.(1® (@™ AM(t)) ®1)0 = 2.0(1® (@™, AM(t)) ® 1) holds by assumption,
hence, the equation z.cAM(#)0 = 2.a0AM(t) holds as well.
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For the tree ¢t = | and a positive integer j we have f;.AM(|)0 = §;,.0 = 0. On the
other hand,

n>1 >1
f0A() = > (1T @b @19 fr . A= D (fua @ fu®- @ fi)b.AY())
r4+n+t=j5 i1+t =7

=bix(j > 1) =bix(7 > 1) = 0.
Thus, AM(|) is a chain map.

Let us prove equation (4.16) for t = {q 5n— 1}, 5(q) C {c} Cn, v(t) = {c}U1.
Thus, Inp(t) = qU {h € n | h # c}. Elements of N™®*) = N¢ x N"~! are written as
j=(i%u"| g €q, h€n—{c}). Summands of (4.9) are indexed by ¢-trees

|_|u 1I.f1 x‘
S >uc 1 ' 1 (4.17)
L r) 7
1

The tree 7 occurs in expansion of AM(¢)(f;) if ZZ; r9 = i9. Denote 1, = (19)4eq € N7

Thus,
00 T1,e.,Tyuc€NI—0 , 9°
pa=3 3 (@n)ek
ue=0 2321 rp=t p=1
We find

u¢=0 Zgilrr‘p:i h=1 g=1 a+z+m=r]

h—1 e
(® frp> ® )\g(alvaaml;frhf(mfl)eg) ® ( ® frp> ® fu
p=1

p=h+1

(4.18)

oo S1,...,5,c€NI—0 k. oo l1,..,0,w€ENT—-0

XY Y (@) et (@ 5) e

ko0 yKe gmi 2=l w=2 hitetlu=s. pmnt1
(4.19)

00 Tlyerue€NI=0 7 w>1 ue
LI VDD (® frp) @ N (L by, ™1 fuc(uene,) (4.20)

u=0 Z;il rp=i M=l atwtm=uh *p=1

XY Y Y (®) ettt (1)

u¢=0 u® —; w=2 ui+t--Fuy=u
Ep:l rp=t 1+t U
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Also by (3.1)

r>1
M = S ML 0 AM0)
g=1 k+z+l=i9
h#c w>1 00 J1yeensjuw ENPPE_Q
Y XL e AN =Y DD p(fa AN
hen a+w+m=ul w=2  j1+-Fjw=]
q x>1 oo S14eeey Syuc€NT—0 uc
=>. > . > Ag(’fl,bx,’l;(@fsp)@fu) (4.22)
9=1 kta+l=i uc= 02“21 sp=i—(z—1)egq p=1

h#c w>1 00 T1,..,Tyc €ENI—0

DD D VD D (=7 EINCH (2

hen g+w+m=uh u¢=0 ZP L Tp=i

00 J1yjuwENTPE—Q VprpENT—0 v ug w
> X AE X ® n)en) )
w=2  Jit+-+jw=] u$ EN _uf+-+uf | +uf . p:1+zz;ll ug, v=1

p:uf+m+u1c}71+l Tp=1tv

In the last sum we denote >, uS by u¢, thus, >0 u, = u.
We have that sum (4.18) is equal to sum (4.22) because due to (2.14)

)‘g<k1:bx»l1§ (®z;1f5p) ® fu) = (®Z;%f5p> ® )‘g(awavml; fSh) ® (®;;h+1f5p) ® fu,

where h € N is found from the inequalities

It suffices to identify s, = r, for p # h and s, =1, — (z — 1)e,.

Sum (4.19) equals the subsum of (4.20) with h = ¢. In fact, identify the following
indices: u’ = k" forven—{c},u =k+w—-1,s,=r,for 1 <p <z 1, =r,4, for
1 <v<w, sy, =rp for 2 <p<k® Then (4.19) and (4.20),—. become equal in the
tensor product over the operad A, (containing elements b,,).

The subsum of (4.20) corresponding to h # ¢ coincides with (4.23).

Finally, sum (4.21) equals sum (4.24). Thus, f;.AM(t)0 = f;.0AM(t). n

A. Colimits of algebras over monads

Let T : € — @ be amonad, and let F: € < €T : U be the associated adjunction. Assume
that € is cocomplete and €' has coequalizers. The latter condition is satisfied in each of
the two following cases:



1544 VOLODYMYR LYUBASHENKO

e C is a complete, regular, regularly co-well-powered category with coequalizers, and
T is a monad which preserves regular epimorphisms [BW05, Proposition 9.3.8].

e C has finite colimits and equalizers of arbitrary sets of maps (with the same source
and target), and T is a monad in € which preserves colimits along countable chains
[BW05, Theorem 9.3.9].

When €T has coequalizers, the category CT is cocomplete by a result of Barr and Wells
[BWO05, Corollary 9.3.3]. Our goal in this section is to reprove this result expressing the
colimit in €T through the colimit in € via sufficiently explicit recipe.

A.1. PROPOSITION. Assume that C is cocomplete and CT has coequalizers. Then the
category CT is cocomplete.

PROOF. Let I be a small category and let I 3 i+ P, € €T be a diagram in C". Denote
by C' the colimit (coequalizer) of the following diagram in €

FcolimUFUP,
! Fcan
F colim ail

FeolimUP,  FUF colimUP, = F colim UP, (A1)

F colim nl
F can

FcolimUFUP,

where ‘can’ means any canonical map. Equip C' = (C,can : Fcolim;UP;, — C) with
maps in € going through the rightmost vertex

In; = (UP, % colimUP, % UF colim UP, *5 UC)

— (UP % UFUP, Z2% UF colimUP, 225 UC). (A.2)

We claim that In; € €7 and (C,In; : P, — C | i € I) is the colimiting cocone of the
diagram i — P, in CT.

Let us verify that In; are morphisms of T-algebras. The exterior of the following
diagram commutes

UFUF in; UFU can

UrUP, S yrurup, T UFUF colimU P, 222 UFUC
UF in;
er = lac (A.3)

U can

FcolimUP, ——— UC
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if and only if

UF in; U can

UFUP, —— UF colimUP;, ———— UC

all . TU (A.4)

UFin;

UP, — ' UFUP, ——= UF colim U P,

Schematically this is the equation f :(A EANRER C), where f = UFin;-Ucan : A —
C € €T but g = ;- € €. By the freeness of T-algebra TA (see the proof of [BWO05,
Theorem 3.2.1]) this is equivalent to equation

(TA AL o)y =(TaB TAa2 4L 0).

In detail it is the equation

UF in, U can

UFUFUP, =~ UFUP, — 2™ UF colimUP, Z* U C
UFail = TU can (A5)

UFin;

UFUP, S yrurup, - UFUP, — "™ UF colimUP,

Removing the unnecessary U we write it as an equation in C':

FUF in;

FUFUP, —/— FUF colimUP, ——— FcolimUP, ——— C

Fail - T (A.6)

FUF in;

FUP,— ™ FUFUP, — "™ FUF colimUP, <5 F colim U P,

which holds due to (C, can) being coequalizer of (A.1).
Clearly, In; : P, — C'is a cocone from the diagram ¢ — P;. Let us prove that it is an
initial one. Let ¢; : P, — Q € € be an arbitrary cocone from the diagram i — P;. There

is a unique map 5 : colim; UP;, — U(Q € C such that U¢; = (UB LN colim; U P; LA UQ).
It has an adjunct v = '8 = (F colim; UP, s, FUQ S Q) € €7, so that "(Ug¢;) =

(F UP; RNy colim; UP; 2 Q). Consequently,

UF in,-

Udi = (UP, 5 UFUP, Z“2 UF colim UP, 22 UQ).

Since ¢; € CT the exterior of diagram (A.3) commutes, where can and C are replaced
with v and Q. Therefore, equation (A.4) with the same replacement holds. As ex-
plained above this implies equations (A.5) and (A.6) with the same modification. There-
fore, both paths in diagram (A.1) postcomposed with ~v : Fcolim;UP;, — @ from
the top vertex F colim; UFUP; to () are equal to each other. Hence, v factorizes as

can

Fcolim; UP, —— C' AN Q for a unique ¢ € CT. n
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A.2. REMARK. It is shown in the proof of the above proposition that colim; P; is the
biggest quotient of F'colim; UP; via a regular epimorphism can : F colim; UP, — C =
colim; P; such that morphisms In; : UP, — UC' € € from (A.2) are morphisms of T-alge-
bras.

A.3. PROPOSITION. Assume that C is cocomplete and C' has coequalizers. Let X € ObC
and A= (UA,a: UFUA — UA) € ObC". Then the colimit C = (C,can: F(XUUA) —
C) of the diagram in CT

FUFUA
FUF ing
Fa
FUA FUF(X UUA) == F(X UUA) (A7)
" /
FUFina
FUFUA

equipped with the morphisms of T -algebras
I, = (FX 22 F(X UUA) 2% ),
In, = (UA =25 X UUA L UF(X UUA) 225 U0)
— (VAL UFUA B UR(X LU A) 225 UC) (A.8)
is the coproduct FX U A in CT.

PROOF. Let us verify that In, is a morphism of T-algebras. This is equivalent to com-
mutativity of the exterior of the following diagram

UFUA -V UrUFUA 222 ypur(x LU A) 223 U FUC
al o lag - lac (A.9)
UA—" 5 UFUA—2"" S UP(XUUA) —2 5 uC
which holds if and only if
UFUA ™ yp(x uUA) 228 UC

aj/ = TUcan (Al())

UA—" S UFUA—"""8 UF(X LUUA)

Schematically this is the equation f :(B ENY;JER C’), where f = UFiny-Ucan : B —
C € €T but g = a-n € €. By the freeness of T-algebra T B (see the proof of [BWO05,
Theorem 3.2.1]) this is equivalent to equation

(TB Bl co)y=(TBSTB2 BL C).
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In detail it is the equation

UFUFUA = UFUA ™S UR(X UUA) 22 UC

UFal = TU (A.11)

UF ing

UFUA "3 UFUFUA -2 UFUA —""" UR(X UUA)

Removing the unnecessary U we write it as an equation in C':

FUFUA ™™ pUR(X UUA) ——— F(X UUA) -2 ¢

Fal - T (A.12)

FUA—"" s FUFUA — "™ pUR(X UUA) <5 F(X UUA)

which holds due to (C, can) being coequalizer of (A.7).

Let us prove that (C,In; : FX — C,Iny : A — C) is the coproduct FX 1A in CT. Let
$1:FX > QeC and ¢y: A— Q€ CT. The maps § = ¢, = (X L UFX 225 UQ)
and Ugy : UA — UQ determine a unique map 5 : X UUA — UQ in C. It has an adjunct
y=18=(F(XUUA) 2% FUQ 5 Q) € €7, s0 that ¢, = 6 = (FX 5 F(XLUA) 5

Finy

Q), HUoy) = (FUA “BF(XUUA) S Q). Consequently,

UF iny

Upy= (UAD UFUA B UF(X UUA) 55 UQ).

Since ¢y € €' the exterior of diagram (A.9) commutes, where can and C are replaced
with 7 and Q. Therefore, equation (A.10) with the same replacement holds. As explained
above this implies equations (A.11) and (A.12) with the same modification. Therefore,
both paths in diagram (A.7) postcomposed with v : F(X UUA) — @ from the top vertex

can

FUFUA to @ are equal to each other. Hence, v factorizes as F(X UUA) — C A Q
for a unique ¥ € 7. We get
¢ = (FX 5 F(XUUA) 25 o5 Q)= (FX =505 Q),

UF ing U can

Upy= (VAL UFUAZTB UR(X UUA) ZSB ve 25 0Q),

hence, ¢ = (A B TEA Q). This shows that (C,In;, Iny) is the coproduct F X U A in
er. n

A.4. COROLLARY. FXUA is the biggest quotient of F(XLU A) via a reqular epimorphism
can : F(X UUA) — C = FX U A such that the morphism Ing : UA — UC € € from
(A.8) is a morphism of T-algebras.
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A.5. INDUCED MODULES. Assume that f; : A; — B, are morphisms of operads for i € [n].
For any n A 1-operad module ((A;)icf; P) there is a (B;);cp-module Q = OB, @ili P,
which is the colimit of the diagram (the coequalizer)

Oso(M1;0)
®>0((Bi)z‘e[n]; ®>0((Ai)ie[n]; fP)) = @>o((3i)ie[n}§ fP)

T®>o([”]u;1)
@20((3i)¢e[n]; ®>0(<Bi)i€[n]; rP)) — @20((31' © Bi)ie[n]; iP)

0

©20(M1;050((fi)ien) ﬂ))J{

This can be described also using monads A : X = ©>0((As)icpn): X), B 2 X = O0((Bi)icp); X)
in dg"" and a morphism f = @s0((fi)iepy; 1) : A — B between them. Denote o : AP —

P the action on the A-module P. The induced module Q is the colimit B, P of the diagram

in the category of B-modules (the coequalizer of)

Ba”

BA®P y BP

BBP

IfP = Oz(Ai, ..., An; X; Ag) is a free nAl-module, then the nAl-module O, B;®
P @910 Bo = O0(B1,...,Bn; X; By) is free as well. It is also generated by X. In fact, the

coequalizer in question has the structure of a contractible coequalizer [BWO05, Defini-
tion 3.3.3] with d' = Bf - u® : BAAX — BAX and d = Bf - u® : BAX — BX

d0 :BMA

BAAX ; BAX —7 5 BBX
t=BAn

B

R / k J(M

BBAX BX

The following is a part of the theory of modules in general categories, not necessarily
linear.

A.6. PROPOSITION. So defined functor (A;)icp-mod — (B;)icp-mod, P — OB, @fqi
P, is left adjoint to the base change functor (B;)icin-mod — (A;)icpn-mod, R = 5 5 Ry,
Thus, the mapping

(By)ie-mod (O B; Y, P, R) = (Ai)ieciymod(P, 1, 1. Ryp,), hn-h,

.....

is a bijection, where ) : P — Oy B;©Y P comes from the unit of the monad ©=o((B;); —).
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PROOF. Since Q = O, B;®’; P is a colimit (a coequalizer), the following set of morphisms
is a limit (an equalizer of a pair of maps):
(Bi)ie[n]-mod(Q, fR)

(B1)-mod(@s0((B:); P), R) DN By 110d(@0((B1); @s0((A:); P)), R)
| 1

= lim (B;)-mod(® f 0((1i);1),1) (Bs)-mod(©x0(( 1|) 0x0((fi);1)),1)
(B)-mod(@s0((B: © Bi); P), R) — = (Bi)-mod(@so((B1); @s0l(Bs); P)), R)
dg'" (P, %) 9”@l 461 (o ((Ay); P), R)
= lim Os0((B J{ dg"" (® ;((fz) i1),1)
dg"™ (©=0((By); P), 00((B1): R)) -0 g (@ ((B,): P), R)

Thus, a morphism v : P — R € dg" belongs to the equalizer iff

Ox0((1);u)

Oz0((fi);1 -
Ozollf1) ©20 ((Bi)ici); P) ————= @20 ((Bi)iein); R) — R]

[©s0((A)iep); P)
= [Os0((ADiep; P) — P —— R].

Equivalently, the mapping u : P — ¢ 5 Ry, is a homomorphism of (A;);cf-modules. m

-----

Together with Lemma A.9 this proposition implies the following

A.7. COROLLARY. In assumptions of Section A.5 denote Q = Oj-(B; ©) P. Then the
diagram in the category ,Op,

(-Ala <. 7'An7‘AO(O)7'AO) m (‘Ala v 7‘An7 ?a'AO)

,,,,, 1;0051) l—
(By,...,Bu; Bo(0):; By) o lipoil) | (By,...,Bn;Q; By)
1$ a pushout square.
A.8. SOME COLIMITS OF OPERAD MODULES.

A.9. LEMMA. Let f; : A; = B; be morphisms of operads for i € [n]. Let P be a (B;)icp-
module. Then there is a unique morphism ¢ such that

((fi)iemp @) + ((Ad)iem); Ao(0)) = ((Bi)icm); P) € nOpy -
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PrROOF. The morphism ¢ is recovered from the equation
AO(()) P

(A0(0) 22 Ao(0) 2 P(0)) = (Ao(0) 2% Bo(0) L2 P(0))

in the unique possible form ¢ = f3(0) - p2. It is compatible with the action p because the
diagram

m m gm
Ag(0)2™ @ Ag(m) LLT"0R0 g gyem o B (m) L2 P (05" @ Bo(m)

;U'AO l = #(BO J/ - J/P%O

Ao(0) fol0) » Bo(0) re Po(0)

commutes. For the second square this follows by associativity of the action. [

A.10. COROLLARY. For arbitrary operads C;, A;, i € [n], there is an isomorphism in
nOpl
((Ci)iern); €o(0)) U ((Ai)iem; Ao(0)) == ((€; U Ai)ielny; (Co U Ag)(0)).
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