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REALIZABLE HOMOTOPY COLIMITS

BEATRIZ RODRIGUEZ GONZALEZ

ABSTRACT. We show that the composition of a homotopically meaningful ‘geometric
realization’ (or simple functor) with the simplicial replacement produces all homotopy
colimits and Kan extensions in a relative category which is closed under coproducts.
Examples (and its duals) include model categories, A-closed classes and other concrete
examples such as complexes on (AB4) abelian categories, (filtered) commutative dg
algebras and mixed Hodge complexes. The resulting homotopy colimits satisfy the
expected properties as cofinality and Fubini, and are moreover colimits in a suitable 2-
category of relative categories. Conversely, the existence of homotopy colimits satisfying
these properties guarantees that hocolimao is a simple functor.

Introduction.

In the setting of model categories, the existence, properties and ways of computing homo-
topy (co)limits are well-known questions which have been widely studied in the literature
(see [H], [CS] and [C], among others). However, in the general case of a category C en-
dowed with a class W of weak equivalences (where a model structure is not necessarily
present), few tools are available to know whether (C, W) admits homotopy (co)limits or
not, as well as to obtain formulae to compute them.

In the present paper we study this question in the more tractable case of a closed-
under-coproducts class of weak equivalences. We show how a homotopically meaningful
‘geometric realization” A°C — C can be used to obtain homotopy colimits in (C, W) sat-
isfying the expected properties (and that, in addition, the converse is also true). Dually,
a homotopically meaningful totalization AC — C allows one to construct homotopy limits.

To possess a homotopically meaningful (co)totalization is precisely the core of the
notion of (co)simplicial descent category introduced in [R], which is a simplicial variant
of the cubical (co)homological descent categories of [GN]. More concretely, (C, W) is a
simplicial descent category if it is equipped with a simple functor s : A°C — C subject
to five axioms guaranteeing it has the correct homotopical meaning. Namely, s must
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be compatible with W, the homotopy equivalences in A°C, coproducts and must satisfy
an Eilenberg-Zilber and a normalization property. Examples include other abstract ax-
iomatic theories such as model categories and Voevodsky A-closed classes ([V]), as well
as further examples. Among these, we treat here the ones of positive complexes on (AB4)
abelian categories, (filtered) commutative dg algebras and mixed Hodge complexes. The
corresponding simple functors are, respectively, the total complex of a double complex,
Navarro’s Thom-Whitney simple ([N]) and Deligne’s cosimplicial construction ([De]).

Our main result, Theorem 3.1, states that the composition of the simple functor s
with the simplicial replacement of diagrams produces all homotopy colimits in (C, W),
which satisfy the expected properties such as cofinality, Fubini and preservation by form-
ing diagram categories. This generalizes the classical construction of homotopy (co)limits
for simplicial sets given in [BK], and allows one to obtain explicit formulae to compute
homotopy (co)limits in the previous examples of (co)simplicial descent categories.

The homotopy colimits constructed in this way are stronger than the ones in the sense

of Grothendieck or derived functors, defined only at the level of localized categories. In-
stead, they are indeed colimits in a suitable 2-category RelCat of ‘categories with weak
equivalences’ (or relative categories, following [BaK]). We call this kind of homotopy col-
imit realizable. Theorem 3.1 also states that, conversely, if (C, ) admits all realizable
homotopy colimits satisfying the cofinality property, then s = hocolimpa. : A°C — C
makes (C, W) a simplicial descent category.
In addition, such a (C, W) admits pointwise homotopy Kan extensions. In the language
of Grothendieck derivators, this means that A — C4"[W™!] defines a right derivator (see
Theorem 3.16). The bottom line of the results presented here is then that for relative
categories closed under coproducts, to posses a simple functor is the same thing than to
be homotopically cocomplete.

The paper is organized as follows. The first section is categorical in nature and contains
the formal definitions of the 2-category of relative categories and realizable homotopy col-
imits. The second section deals instead with simplicial homotopy theory and is devoted to
the explicit construction of homotopy colimits and Kan extensions for a particular (but
not less relevant) case of simplicial descent categories: those induced by a Voevodsky
A-closed class. Once this is done the general case is treated in Section 3 where Theorems
3.1 and 3.16 are proved. Finally, in the last section we describe the formulae obtained for
homotopy (co)limits in the examples previously mentioned.
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indebted to Javier Fernandez de Bobadilla for his confidence during my participation in
his ERC research project. To finish, I would like to express my gratitude to the referee
for many valuable suggestions for improving this paper, particularly regarding Theorem
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2.14’s proof.

1. Relative categories and realizable homotopy colimits.

The homotopy (co)limits constructed in the subsequent sections are stronger than those in
the sense of Grothendieck derivators and derived functors. They are moreover (co)limits in
a suitable 2-category RelCat of relative categories. This section contains the 2-categorical
formalism needed to define and study them. After introducing the 2-category RelCat, we
study the associated notion of adjunction in this 2-category, and then we focus on the
particular case of colimits.

1.1. RELATIVE CATEGORIES AS A 2-CATEGORY.

1.2. DEFINITION. A relative category consists of a pair (C,We) formed by a category C
and a class of morphisms We of C, whose elements are called weak equivalences. For
simplicity, we assume along the paper that the class We, also denoted by VW for brevity,
is saturated. That is, W is the inverse image by the localization functor v : C — C[W™!]
of the isomorphisms of CW™1].

Among all relative categories, we will mainly focus on those in which coproducts exist
and preserve the weak equivalences. The reason is that for this kind of relative categories
the formulas for homotopy colimits become simplified, as we will see later.

1.3. DEFINITION. We say that a relative category (C, W) is closed under (finite) coprod-
ucts if C has an initial object O and both C and W are closed under (finite) coproducts.

If (D, W) is a relative category and C' is a category, the category Fun(C,D) (or just
D) of functors from C to D is again a relative category with the class WY of pointwise
weak equivalences. These are, by definition, the natural transformations 7 : F — G such
that 7. : F'(¢) — G(c) is a weak equivalence of D for each object ¢ of C. If C'is understood,
we write W¢ simply as W.

1.4. REMARK. The next 2-category structure on relative categories requires to deal with
large categories as Fun(C, D), and even further to invert morphisms there. To be able to
do this we assume Grothendieck’s axiom of universes. However, when we refer to a small
category, we always mean a small category with respect to a fixed universe Uj.

1.5. DEFINITION. A relative functor F': (C,W) — (D, W) is a weak equivalence preserv-

ing functor F' : C — D. A relative natural transformation between the relative functors
F.G:(C,W) — (D,W) is a morphism 7 : F --» G in Fun(C, D)[W~1]. More precisely,
T 15 represented by a finite zigzag connecting F' and G

Firo—>e0e+—0—e -G

formed by functors and natural transformation between them, such that those natural
transformations going to the left are pointwise weak equivalences.
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1.6. LEMMA. Relative categories form a 2-category, with relative functors as 1-morphisms
and relative natural transformations as 2-morphisms.

The proof presents no difficulty and is left to the reader. The composition of relative
functors is just the usual composition of functors. The vertical and horizontal composi-
tions of relative functors with relative natural transformations are defined by localizing the
corresponding compositions in Cat with respect to the weak equivalences. The resulting
2-category of relative categories is denoted by RelCat.

1.7. DEFINITION. A relative natural transformation that is an isomorphism in RelCat
will be called a relative isomorphism. As usual, a relative functor F : (C,W) — (D, W) is
an equivalence of relative categories if there exists a relative functor G : (D, W) — (C,W)

and relative isomorphisms T : FG -=» 1p, p: GF -=» 1¢. That is, T and p are invertible
in Fun(D, D)W™!] and Fun(C,C)[W™!], respectively.

1.8. REMARK. Recall from [BaK, 3.3] that a homotopy equivalence of relative categories
is an equivalence of relative categories such that 7 and p are in addition zigzags of natural
weak equivalences. We remark that an equivalence of relative categories needs not be a
homotopy equivalence. However, the two notions agree in case the weak equivalences con-
sidered admit a natural calculus of left (or right) fractions, or a natural 3-arrow calculus.
This is the case of Brown categories of (co)fibrant objects with functorial cylinders, and
of model categories (with functorial factorizations).

The following lemmas easily follow from the definitions.

1.9. LEMMA. Localization by weak equivalences is a 2-functor
loc : RelCat — Cat , (C, W) — CIW ]
1.10. LEMMA. Given a small category I, exponentiation by I is a 2-functor
(=) : RelCat — RelCat , (C,W) s (CT,W")

1.11. RELATIVE ADJUNCTIONS.

1.12. DEFINITION. An adjunction in the 2-category RelCat will be called a relative ad-
Junction. It consists of:

1. Relative functors F : (C, W) — (D,W) and G : (D, W) — (C,W).

2. Relative natural transformations o : FG --+ 1p and B : 1¢ --+ GF satisfying the
triangle identities. That is, the following compositions are the identity in RelCat

F-TP pGgF-@f. |
a-"%. arg _Fe.

A relative adjunction will be denoted either by F : (C,2W) S (D,W) : G, (F,G,«, 3) or
gust by (F,G). We will say that F is a left relative adjoint of (or relative left adjoint to)
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G and that G is a right relative adjoint of (or relative left adjoint to) F.

In case the relative natural transformations « and [ are relative isomorphisms, (F,G) is
called a relative adjoint equivalence.

Given 7 : FT" --» T, the triangle identities allow to construct as usual the (relative)
adjoint natural transformation ™ : T' --» GT, and conversely one can get a relative
natural transformation T from such a 7’.

1.13. EXAMPLE. A relative adjunction F': (D,isos) = (C,isos) : G is just an adjunction
of categories. More generally, an adjunction [ : D = C : r is a relative adjunction
[:(D,W) = (C,W) :r provided that both [ and r preserve weak equivalences.

1.14. EXAMPLE. Let [ : M 2 N : r be a Quillen adjunction between the model cate-
gories (M, W) and (N, W). If Q : M — M and R: N — N are, respectively, functorial
cofibrant and fibrant replacements, then the following is a relative adjunction

1Q: M,W)= (N,W):rR

Next results follow from Lemmas 1.9 and 1.10, and the fact that 2-functors preserve
adjunctions.

1.15. LEMMA. The localization of a relative adjunction F : (C, W) S (D,W) : G is an
adjunction F : CIW™1 = DIW™!] : G between the corresponding localized categories.

1.16. LEMMA. If I is a small category and F : (C,W) S (D,W) : G is a relative
adjunction then F1: (CT, W) = (DL, W) : G! is again a relative adjunction.

Then, a relevant feature of a relative adjunction (F,G) is that it does not only pro-

vide an adjunction between the corresponding localized categories, but also an adjunction
FL: W= s DI[W=1] : G naturally defined for each small category 1.

To finish, we introduce the next technical lemma for later use.

1.17. LEMMA. Let (C,W), (D, W) be relative categories, Q : (D, W) — (D, W) a relative
functor and p: Q — 1p a natural transformation which is a weak equivalence. Assume
there exists a natural isomorphism

C(FK,L)~D(K,GL)

of bifunctors (imQ)° x C — Set, where F: im@Q — C and G: C — D are functors such
that

t. F'Q) and G are relative functors.

2t. The relative natural transformations FpQ and FQp agree.
Then (FQ,QG) is a relative adjoint pair.

PROOF. The isomorphism C(FK,L) ~ D(K,GL) associates a natural transformation
a: FQG — 1¢ with p«G, and f' : Q — GFQ with 1-FQ. Then, it is not difficult to check

using 7 that a and §: 1p <& Q AN GFQ do satisfy the triangle identities. [
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1.18. REALIZABLE HOMOTOPY COLIMITS.

1.19. DEFINITION. Given a small category I and a relative category (C, W), the constant
diagram functor c; : C — Cl is defined by (c;(x))(i) = x for alli € I and x € C. Clearly,
cr: (C,W) — (C1,W) is a relative functor.

A realizable homotopy colimit in (C, W) is a relative adjunction (hocolimy, ¢;, a, [3)
between (C1, W) and (C,W). For simplicity, we will often drop the adjunction morphisms
and denote a realizable homotopy colimit just by hocolim; : (CI, W) — (C,W). When
needed, we will write hocolim§ instead of hocolim; to emphasize the target category where
we are taking homotopy colimits.

A realizable homotopy limit is defined in the dual way. Throughout the paper we focus
on realizable homotopy colimits, but all the constructions and results presented here can
be dualized to the setting of realizable homotopy limits.

1.20. ExAMPLE. Note that a usual colimit in C is the same thing as a realizable homotopy
colimit on (C, W = {isomorphisms}).

1.21. EXAMPLE. If (M, W) is a combinatorial model category, the projective model
structure on (M, W) is such that (colimy, cy) is a Quillen adjunction. In view of example
1.14, realizable homotopy colimits exist in (M, W) and are the composition of colim;
with a cofibrant replacement. Realizable homotopy limits are constructed analogously,
this time using the injective model structure on (M?, W) instead.

1.22. EXAMPLE. For a general model category (M, W) the above argument is no longer
valid because a model structure on (M7, W) does not necessarily exist. As a consequence,
the proof of the existence of homotopy (co)limits in (M, W) is more involved (see [CS],
[C] or [DHKS]). The arguments in these references may be adapted to the setting of
relative categories to show that (M7’ W) has all realizable homotopy (co)limits as well.
In addition, these realizable homotopy colimits may be computed using the Bousfield-Kan
homotopy colimit construction of [H| (see Section 4).

Further examples of realizable homotopy (co)limits will be given at the end of the pa-
per for chain complexes on (AB4) abelian categories, (filtered) commutative dg algebras
and mixed Hodge complexes.

Next we explore some of the properties of realizable homotopy colimits. Firstly we
observe that, after localizing by the weak equivalences, they are homotopy colimits in the
sense of Grothendieck derivators, hence also left derived functors of usual colimits.

1.23. PROPOSITION. If hocolim; : (C!,W) — (C,W) is a realizable homotopy colimit
in (C,W) then hocolim; : CI[W™] — CIW™!] is a homotopy colimit in the sense of
Grothendieck derivators. In particular, if the colimit colim; : C! — C exists, then
the absolute left derived functor L.colim; of colim; exists and it agrees with hocolimy :

I = cw-1].
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PRrROOF. By Lemma 1.15, the localization of a realizable homotopy colimit produces a left
adjoint hocolim; : CI[W™1] — C[W™!] of the localized constant diagram functor, i.e.,
a homotopy colimit in the sense of Grothendieck derivators. The second assertion then
follows from [RII, Proposition 4.2]. =

An advantage of working with realizable homotopy colimits is that, in contrast to
Lcolim, they are inherited by diagram categories.

1.24. LEMMA. Ifhocolim; : (CI,W) — (C,W) is a realizable homotopy colimit in (C, W)
and J is a small category, then the relative functor hocolimi : (C™*/ W) — (C7,W)
induced pointwise is a realizable homotopy colimit in (C7,W).

Proor. This follows from Lemma 1.16. =

Also, the Fubini property for realizable homotopy colimits is, as happens with colimits,
a formal consequence of adjointness.

1.25. PROPOSITION. Let (C, W) be a relative category. Given small categories I and J,
there 1s a unique relative isomorphism

hocolim;yj --+ hocolimshocolimy

compatible with the adjunction morphisms.

PRrOOF. It follows from Lemma 1.24 and the fact that relative adjunctions are closed under
composition that hocolimshocolim; is relative left adjoint to cje; = ¢rxy @ (C, W) —
(C W). But so is hocolims, s, hence the claim follows. ]

There are other properties of colimits which are formal consequences of adjointness
in Cat, for instance, they are invariant under right cofinal changes of diagrams. In the
homotopical setting the property corresponding to right cofinality is the one of homotopy
right cofinality, which we proceed to recall.

1.26. DEFINITION. A functor f : I — J is homotopy right cofinal if for each j € J
the simplicial nerve N(j/f) of the undercategory (j/f) is weakly contractible. That is,
N(j/f) = Al0] is a weak homotopy equivalence of simplicial sets.

1.27. Given a functor f : I — J between small categories, consider the relative natural
transformation
hocolim(f) : hocolim;f* --+ hocolim;

defined as the relative adjunct natural transformation of f*+3 : f* — f*c;hocolim; =
crhocolimy, where 3 : 1o — cjhocolimy is the adjunction morphism of (hocolimy,cy).

1.28. DEFINITION. We say that realizable homotopy colimits in (C, W) satisfy the co-
finality property if for each homotopy right cofinal functor f, hocolim(f) is a relative
1somorphism.
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1.29. REMARK. There is no known example of (realizable) homotopy colimit which does
not satisfy this property. However, as remarked in [M, Remarque 4.23], it does not seem
to be a formal consequence of the definition.

To finish, we study the preservation of realizable homotopy colimits by relative func-
tors.

1.30. DEFINITION. Given a relative functor F : (C,W) — (D, W), consider the relative
natural transformation
ph i hocolimP F --» Fhocolim§

adjoint to F+f : F' --» Fcrhocolim§ = ¢;F hocolim$, where 3 : 1or --» cjhocolim§ is
the adjunction morphism of (hocolim§, c;). Then, the relative functor F' commutes with
I-homotopy colimits if pl is a relative isomorphism. Note that this definition does not
depend on the representatives chosen for hocolim§ and hocolim?.

If F' commutes with [-homotopy colimits for each small category I we simply say that
F' commutes with homotopy colimits. In case F' commutes with Q2-homotopy colimits for
each discrete category ), we say that F' commutes with homotopy coproducts.

Next proposition follows from the fact that relative adjunctions are closed under com-
position and exponentiation.

1.31. PROPOSITION. If F': (C,W) — (D, W) is a relative left adjoint, then it commutes
with homotopy colimits.

2. Voevodsky homotopy colimits are realizable.

In this section we construct homotopy colimits and Kan extensions for relative categories
(A°C,S) such that the class of weak equivalences S is a A-closed class in the sense of [V].
These are indeed examples of simplicial descent categories for which the simple functor
is just the diagonal D : A°A°C — A°C. We will strongly use well-known results and
techniques from simplicial homotopy theory, as well as others not so standard, such as
[lusie’s bisimplicial decalage ([I]).

2.1. SIMPLICIAL PRELIMINARIES. We assume the reader is familiar with the basics on
simplicial objects, and is referred to the classical references [May] and [GZ] for further
details.

Recall that the simplicial category A has as objects the ordered sets [n] = {0 < - -+ < n},
n > 0, and as morphisms the order preserving maps. The face and degeneracy maps are
denoted, respectively, by d' : [n — 1] — [n] and 7 : [n + 1] — [n].

If D is a category, A°D (resp. A°A°D, AD) denotes the category of simplicial (resp.
bisimplicial, cosimplicial) objects in D. The diagonal functor D : A°’A°D — A°D is given
by D{ Zy.m }nm>0) = {Znn}nso. The constant functor cae : D — A°D is written simply
as ¢. Given an object A of D and a simplicial object X, an augmentation ¢ : X — A is
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just a simplicial morphism € : X — ¢(A). If X is a simplicial object, ¢}(X) and ¢(X)
denote the bisimplicial objects which are constant in the first and second index, respec-
tively. That is, /(X )pm = X and MN(X),m = X,

There is a combinatorial notion of homotopic morphisms f ~ g in A°D. If D has
coproducts, this homotopy relation may be described as follows.

2.2. DEFINITION. Consider the natural action A°D x A°Set — A°D, sending (X, K)
X ® K, where

(X ® K), HX (1)

Recall that A[k] is the simplicial set with Alk],, = HomA([n], [k]). Then, X @ A[l] is the
simplicial cylinder of X, and the maps d°,d" : [0] — [1] induce dif,df : X — X @ A[1].
The simplicial morphisms f,g : X — Y are simplicially homotopic if there exists a
homotopy H : X ® A[l] — Y such that HdY = f and Hd* = g. Simplicial homotopy
equivalences are defined as usual.

We will use the construction and properties of Illusie’s bisimplicial decalage dec :
A°D — A°A°D introduced in [I, p.7]. It is induced by the ordinal sum A x A — A,
[n] + [m] = [n+m +1].

2.3. DEFINITION. Given a simplicial object X, dec(X) is the bisimplicial object given in
bidegree (n,m) by dec(X)nm = Xntms1. The face and degeneracy maps of dec(X) are
defined as follows. On the one hand, di. : dec(X)ym — dec(X)n_1.m 18 di + Xpymi1 —
Xoim, while st is sp @ Xpeme1 — Xppmae. On the other hand, dif : dec(X)n;m —
dec(X)nm-1 18 dnyrrt : Xntmer — Xngm, and s is sn+k+1 C Xpma1 — Xodmao-

There are two natural augmentations A : dec(X) — (X) and A : dec(X) — M(X)
given respectively by A(I]’m =dy: X1 — X and A 0= dn1 Xnp1 — X

2.4. PROPOSITION. For each simplicial object X, the diagonals of the augmentations A
and A, D(AT), D(A") : D(dec(X)) — X are simplicial homotopy equivalences which are
simplicially homotopic, and the homotopies involved are natural in X .

PROOF. The first statement is [I, Proposition 1.6.2], while the last one follows from the
proof given in loc. cit.. [

To close the preliminaries we recall from [BK, XI.5] the simplicial replacement of
diagrams, which is the building block of Voevodsky homotopy colimits.

2.5. DEFINITION. The simplicial replacement functor 11 : D! — A°D maps the diagram
X : I = D to the simplicial object II' X given in degree n by
mx=J[ X
i={ip——in}
where X (i)t is a copy of X (ig). The coproduct is indexed over the n-simplices of the
simplicial nerve of I. The face map dy, : IIL X — 11! | X s the coproduct of 1 : X (ig)t —
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X (ig)®@ if k>0, and of X (ig — i1) : X (i9)* = X (i,)%® if k = 0. The degeneracy map
st ILX — 11| X is the coproduct of the maps 1 : X (ig)t — X (ig)**@. The cosimplicial
replacement functor 11! : DI — AD is the dual construction.

Note that the colimit of X, if it exists, agrees with the colimit of IT' X, giving rise to
an augmentation I’ X — colim;X. To finish, let us note that I’ is natural in /. Indeed,
given a morphism (f,7) : X — Y between the diagrams X : I - D and Y : J — D - that
is, a functor f : I — J and a natural transformation 7: X — f*Y - then the morphisms
Tis - X (i0)t — Y (f(ig))’@ induce in a natural way

Ie(f,r): ' x — 11’y (2)

2.6. VOEVODSKY HOMOTOPY COLIMITS. To begin with, let us recall the definition and
first properties of A-closed classes.

2.7. DEFINITION. ([V]) A class S of morphisms in A°C is A-closed if it satisfies the
following axioms:

0. The class S satisfies the 2-out-of-3 property.

1. The class S contains the simplicial homotopy equivalences.

2. If F=F._.:Z . —T.is amorphism of bisimplicial objects in C such that F,,. € S (or
F., €S8) for alln > 0, the diagonal D(F') of F is in S.

3. The class S is closed under finite coproducts. That is, FI1G € S whenever F', G € S.

Note that hypothesis 0 always holds in our context, since we restrict ourselves to
classes of weak equivalences which are saturated.

Also, we remark that assumption & is not included in Voevodsky’s original defini-
tion. We opt to include it here because the resulting A-closed classes support a richer
homotopical structure. For instance, they produce natural Brown structures of cofibrant
objects ([Br]). This implies, in particular, the existence of a calculus of left fractions up
to homotopy, and of cofiber sequences enjoying the usual properties.

2.8. DEFINITION. ([V]) A morphism F : X — Y in A°C is a termwise coprojection if
for each n > 0 there exists an object A™ of C and a commutative diagram

Fn

X

Y,
[

X, 11 A

where X, — X, I1 A™ s the canonical morphism.

2.9. PROPOSITION. ([R, Proposition 4.9]) Let (A°C,S) be a relative category such that S
is A-closed. Then (A°C,S) is a Brown category of cofibrant objects, where the cofibrations
are the termwise coprojections.
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2.10. REMARK. By Lemma 2.25 and Proposition 2.9, under the previous assumptions
(A°C,S) is moreover an ABC cofibration category in the sense of [RB]. As proved in loc.
cit. this already guarantees the existence of homotopy colimits in A°C[S™!]. We will see
below that in addition they may be computed by Voevodsky’s formula, and satisfy the
cofinality property.

2.11. DEFINITION. [V, p. 11] The Voevodsky homotopy colimit
hocolimy : A°C! — A°C

18 the composition of the diagonal functor D : A°A°C — A°C with the simplicial replace-
ment [T : A°CT — A°A°C. Given Z : J — A°C, then in degree n

(hocolim) Z), = H Znio)

[ )

If f: I — J, there is a natural morphism hocolim) f*Z — hocolim}Z defined as
the diagonal of TI(f,1+7) (see (2)). Also, if colim;Z exists, the augmentation ' Z —
colim;Z induces a natural simplicial morphism hocolimyZ — colim;Z.

Unless otherwise stated, we assume from now on that S is A-closed The rest of the

section is devoted to proving the following two facts:

(i) hocolim) is a realizable homotopy colimit, and it moreover produces pointwise
homotopy left Kan extensions (Theorem 2.14).

(7) hocolim) satisfies the cofinality property (Corollary 2.23).

2.12. HomoToPY KAN EXTENSIONS. Recall that given a cocomplete category D and a
functor f : I — J between small categories, the left adjoint f, : DI — D7 of f* is

(X)) = colim(s/ju; X
where u; : (f/j) — I maps {f(i) = j} to i. Next we prove that replacing colim with

hocolim in the above formula does produce a relative left adjoint of f* in RelCat.

2.13. DEFINITION. Define fY : (A°C!,S) — (A°C’,S) as
(Y X)(5) = hocolim?/}/j)uj-X

2.14. THEOREM. Let f : I — J be a functor between small categories. Assume given a

A-closed class S which is in addition closed under coproducts of cardinality #I1. Then,
(1Y, f*) is a relative adjoint pair between (A°C!,S) and (A°C7,S).

Here #1 means the cardinality of the set of morphisms of /. This ensures that all the
hocolim?; /i) make sense and preserve weak equivalences. Note also that this property is
implied by assumption & in case [ is a finite category.
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2.15. REMARK. In particular, for J = [0], the above theorem states that hocolimy is a
realizable homotopy colimit.

The proof of previous theorem relies on the particular case of f corresponding to
f =1; : I — I. The resulting Q@ = 1 : A°C! — A°C! is analogous to Dugger’s
‘replacement’ functor [D, p. 30], that is,

(QX)(j) = hocolimx/i)u;‘X

To begin with, let us construct a natural transformation p : () — 1accr which is a
point-wise weak equivalence. Consider the triangle

(1/i) ——[0]
qu:> lX(Z)
A°C

where T, = X(a) : X(i') = X (i). Then, px : QX — X is given by
px (i) = hocolim" (m,T) : hocolim?/m)u;kX — hocolimfé]X(i) = X (i)
2.16. LEMMA. The natural transformation p is a point-wise weak equivalence.

PROOF. For each ¢ € I the augmentation px (i) has an extra degeneracy s, : iy x -
Hgﬁ)X which sends the component X (i) with index i = {ip — ... — i, — i} to the
component X (ip) with index {ip — ... = ¢, — ¢ — i}. Then, px(i) is a simplicial
homotopy equivalence and in particular it belongs to S. [

Moreover, @ is a kind of ‘resolution functor’ for fi:

2.17. LEMMA. Given X € A°C!, the left Kan extension f, exists for any diagram of the
form QX and

f!QX = f!VX

PROOF. The result is a direct consequence of the canonical isomorphism
colimg.f(;)—s; n/m v; X o~ H(f/j)u;‘fX
and the fact that colimits of simplicial objects are computed degreewise. n

PROOF OF THEOREM 2.14. Note that f" : (A°C!,S) — (A°C7,8) is a relative functor
under the hypotheses made on f and S. We will make use of Lemma 1.17 with F' = f
and G = f,. In view of Lemmas 2.16 and 2.17, it only remains to show that the relative
natural transformations fipQ, fiQp : fQ?* — fiQ agree. But unravelling the definitions
one finds that (fiQ*X)(j) = hocolim,. s hocolimufX is precisely the diagonal
of Dec(H(f/j)qu). Moreover, (fipQ)(j) and (fi@p)(j) correspond, respectively, to the
diagonals of the augmentations A’/ and A’ of Definition 2.3. Hence, by Proposition 2.4,
we conclude that fipQ and fiQp are simplicially homotopic, and consequently they agree
as relative natural transformations. ]
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2.18. COFINALITY. To close the section we now show that hocolim" satisfies the cofinal-
ity property. This is a consequence of the following stronger property, that will be used
later to show that a simplicial descent category (in particular our (A°C,S)) produces a
right derivator.

2.19. THEOREM. Let f: I — J and g : J — K be functors between small categories and
seth=gf: 1 — K. Assume that for each k € K the natural transformation

hocolim&/h)c(k/h) — hocolim&/g)c(k/g)
induced by f belongs (pointwise) to S. Then, the natural transformation
hocolimy h* — hocolim} g*

belongs (pointwise) to S as well.
For the proof we will need the following connection between the bar construction and
[lusie’s bisimplicial decalage.

2.20. DEFINITION. The simplicial two-sided bar construction associated with a bifunctor
F : I x1I°— D is the simplicial object W(F') given by

Wn(F) = H F(iﬂ’in>l
i={io——in}
where F(ig,i,)" is a copy of F(ig,i,). The face map dy : W,(F) — W,_1(F) is the
coproduct of the morphisms 1 : F(ig,i,)t — F(io,i,)%*® if 0 < k < n, of F(ig — i1, 1;,) :
F(ig,in)t — F(i1,i,)%% if k = 0 and of F(Liy, in-1 — in) = Fio, 1n)" = F(ig, in_y)™®
if k = n. To finish, the degeneracy map sy : W,(F) — W, 1(F) is the coproduct of
1: F(ig, i)t — F(ig, 1,)* .

2.21. EXAMPLE. Given a functor f : I — J and a diagram Y : J — D, we have an
induced bifunctor Y @ N(-/f) : J x J° — A°D defined as

Y @N(/f) (4.4) =Y () @ N(G'/f)
Then W(X ® N(-/f)) is the bisimplicial object given in bidegree (n,m) by
Wom(X@NC/H) = ] 11 Y (jo)
Jo—r=jn jn—rf(io) == f(im)

It has two natural augmentations a : W(Y ® N(-/f)) — (I f*Y) and 8 : WY ®
N(-/f)) = (1Y) given respectively by

Opm - H Y]Q — HY ZQ /Bn,m: H Y(]o)—> HY(jo)

jo — ] 10— —>m jo —e— g Jo——In
flim) < <—f(10) flim) <<+ f(ig)

When f = 1; : I — I, the resulting W(Y ® N(-/I)), @ and § admit the following
equivalent description.
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2.22. LEMMA. For any diagram X : I — D, W(X ® N(-/I)) is canonically isomorphic
to Illusie’s decalage dec(I1'X) of II' X in such a way that « corresponds to AT : W(X ®
N(-/1)) = M X) and B corresponds to A" : W(X @ N(-/I)) — (T X).

PROOF OF THEOREM 2.19. The assumption made on f and g means that for each k € K
and X € A°C, the morphism X ® N(k/h) — X ® N(k/g) belongs to S. Given Y :
K — A°C, the natural morphism hocolim)h*Y — hocolim¥g*Y is by definition the
diagonal of the bisimplicial morphism IILA*Y,, — 117¢*Y,, induced by f. Since S is A-
closed, we may assume that Y is constant in m, i.e. Y : J — C, and we must prove that
I'R*Y — 117¢*Y is in S. Under the notations of Example 2.21, we have a commutative
square

I/ h+Y 7 g*Y

D(G)T TD(QI)

DW(Y ® N(-/h)) —2= DW(Y @ N(-/g))

and it suffices to see that ®, D(«) and D(a’) belong to S. By definition, & is the diagonal
of the bisimplicial morphism

Snm: |1 Yko) @Nu(ka/h) =[] Y(ko) @ Nu(ka/9)

ko—-—kn ko—-—kn

But for fixed n, ¢, is just the coproduct of the morphisms Y (ko) @ N, (k,/h) — Y (ko) ®
N,n(kn/g), that belong to S by hypothesis. Hence ® = D(¢) is in S. To finish, it remains
to show that D(a) € S (the same would hold for o’). Note that « is in bidegree (n,m)

given by
I [T Yk — ]I Yo

10—+ —im ko—r—>kn—h(ig) 10— —im

SO ., is the coproduct of the morphisms a?ﬂm . [IE/RG0))Y — Y (h(ig)) induced by the
final object of (K/h(ip)). By Lemma 2.16, a’,, = py(h(ip)) € S. S

2.23. COROLLARY. If f : I — J is a homotopy right cofinal functor, then for each
diagram Z : J — A°C the induced morphism hocolimy f*Z — hocolim}Z is in S.
Consequently, hocolim" satisfies the cofinality property.

Applying previous theorem to Z = ¢;(A[0]) : J — A°Set, we obtain another proof for
Quillen’s Theorem A (cf. [Q]).

PRrROOF. For each j € J, N(j/f) — AJ0] is by assumption a weak homotopy equivalence,
and then so is the natural map N(j/f) — N(j/J). It follows from Lemma 2.24 below
that for each j € J, the induced morphism X ® N(j/f) — X ® N(j/J) is in S. Hence,
the hypothesis of previous theorem hold for f and g = 1; : J — J. We then conclude
that the induced map hocolim) f* — hocolimy is pointwise in S as required. =
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2.24. LEMMA. If f : L — K is a map in A°Set which is a weak homotopy equivalence,
then for each simplicial object X it holds that X @ f : X ® L - X ® K is in S.

PROOF. The proof uses an standard argument based on the Ex., fibrant replacement
of simplicial sets and anodyne extensions. The resolution functor Ex., provides, for
each simplicial set L, a natural weak homotopy equivalence €, : L — Fwx. (L) such
that Ex. (L) is fibrant. In addition, €7 is an an anodyne extension (see [GZ, p. 68]).
If f: L — K is a weak homotopy equivalence, we conclude that Ez..(f) is a weak
homotopy equivalence between fibrant simplicial sets, and hence a simplicial homotopy
equivalence. If X is a simplicial object of C, it follows that X ® Fz..(f) € S, and it
suffices to prove that X ® ex and X ® ¢, are in §. Therefore, we may assume that f
is an anodyne extension. Recall that anodyne extensions form the smallest class A of
inclusions of simplicial sets containing the horn-fillers i, : A¥[n] — A[n] for 0 < k < n,
and such that it is closed under retracts, cobase change, small coproducts and sequential
colimits (see [GZ, IV.2]). Let W’ be the class of morphisms consisting of the inclusions
f : K — L of simplicial sets such that the resulting termwise coprojection X ® f of A°C
is in & for each simplicial object X. Since the horn-fillers ¢, are simplicial homotopy
equivalences, they are in W’. Also, W’ is closed under retracts and small coproducts
because S is. Finally, W’ is closed under cobase change and sequential colimits because
trivial termwise coprojections in (A°C,S) are closed under them by Proposition 2.9 and
Lemma 2.25. Consequently, f € A C W'. n

m—1 m
a

0 1
2.25. LEMMA. Assume given a sequence X° r— X1 v .. 5 X™ s ... of termwise
coprojections in A°C. Then colim,, X™ ezists, and if in addition each a™ € S, the
canonical morphism X° — colim,, X™ is in S as well.

PROOF. Assume given termwise coprojections a™ : X™— X" for each m > 0. Being
C closed under coproducts, colim,, X™ does exist in A°C because it exists degreewise.
Denote by N the category given by the poset of natural numbers, and consider the com-
mutative square

hocolim¥ X" = X°® N(N) -, hocolimyX"®

1| |

X0 - colimyX"*®

where f and g are the natural morphisms from the Voevodsky homotopy colimit to the
colimit of a diagram, while a and ' are induced by the morphism of diagrams A : X° —
X® with A™ =a™1...a% : X0 — X™ If @™ isin S for all m > 0, so is A™ and then
also /. To finish, let us see that ¢ € S. In this case, taking X* = X° for all & we get
that f € S as well. Note that ¢ is the diagonal of the bisimplicial morphism G given in
bidegree (n,m) by G, : (hocolimyX?),, — colimyX:. Then it suffices to prove that
G, is in S for each n > 0. Therefore, we may assume that our sequence {X* a*}y>o
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is A - A°TM A" — .- — A°[---T[A* — ---. Hence, colimX* = [],5,A’, and
{XP* a*}r>0 is the coproduct of the sequences

I-1
TA: 00— 50— A5 A5 A
Since by definition hocolim) commutes with coproducts,

hocolimy X*® = HhocolimngA = H Al ® N(I/N)

1>0 1>0

Then g = [;5, gV € S, since g : A'l@N(I/N) — Al is a simplicial homotopy equivalence.
"

3. Characterization of realizable homotopy colimits.

We are now ready to prove the main result of the paper, characterizing homotopically
cocomplete relative categories which are closed by coproducts.

3.1. THEOREM. For a relative category (C, W) closed under coproducts, the following are
equivalent:

i. (C,W) has realizable homotopy colimits, which satisfy the cofinality property.

ti. (C,W) is a simplicial descent category.
More concretely, if i holds then hocolim; = sII is a realizable homotopy colimit. Con-
versely, if i holds then s = hocolimae is a simple functor for (C,W).

The dual result applies to relative categories (C, W) closed under products, and states
that (C, W) has realizable homotopy limits satisfying the (dual) cofinality property if and
only if (C, W) is a cosimplicial descent category.

The proof of previous theorem needs some preparatory material on simplicial descent
categories and will be given later. Once this is done we show in Theorem 3.16 that, under
the previous equivalent conditions, (C,WW) produces a right derivator. Before going into
further detail, let us first explore some consequences of Theorem 3.1. We begin with the
following result about preservation of homotopy colimits by relative functors.

3.2. COROLLARY. Let F' be a relative functor between relative categories that satisfy the
equivalent conditions of the previous theorem. Then F commutes with homotopy colimits
if and only if it commutes with homotopy coproducts and A°-homotopy colimits.

Proor. If F': (C,W) — (D,W) commutes with homotopy coproducts, then given X :
I — C and n > 0 the canonical morphism

HZO_>_>MF(X(10)) — F<Hzo—>—>an<ZO))

is a weak equivalence. Hence, the canonical morphism € : II’ I — FII! is a pointwise weak
equivalence. By assumption, hocolimQ,I1! and hocolimR.IT! are I-homotopy colimits.
Then pL is a relative isomorphism since it is the composition of the weak equivalence
hocolim&.+e with the relative isomorphism pg 117 n
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3.3. REMARK. Theorem 3.1 together with previous corollary can be stated as an equiv-
alence of categories between the category formed by the relative categories satisfying
hypothesis 4, and the one formed by the relative categories satisfying hypothesis ii.

A second consequence of previous theorem concerns the relation between homotopy
colimits and triangulated structures. Recall that if (C, W) produces a stable Grothendieck
derivator (in particular both homotopy colimits and homotopy limits are assumed to exist)
then C![W™1] carries a natural triangulated structure. However, for a right derivator (that
is, only homotopy colimits are required to exist) it is not clear how to construct cofiber
sequences in C![W™!], and hence triangulated structures.

One of the advantages of working with the stronger notion of realizable homotopy
colimit is that, by contrast, cofiber sequences can be defined in a natural way. Namely,
if (C,W) satisfies the hypothesis of Theorem 3.1 and C is a pointed category, the Cone

functor FI(C) — C is just Cone(f) = hocolim{x < X EN Y} and the suspension is
YX = Cone(X — x). Since (C,W) is a simplicial descent category, [R, Corollary 5.6]
implies that these cofiber sequences endow C[W™!] with a left triangulated structure,
which is triangulated if 3 : C(W™!] — C[W~!] is an equivalence of categories.

3.4. SIMPLICIAL DESCENT CATEGORIES. Next we recall the definition of simplicial de-
scent category, whose main feature is that it comes equipped with a simple functor
s : A°C — C that is a well behaved ‘geometric realization’.

3.5. DEFINITION. Let (C,W) be a relative category closed under finite coproducts. A
simplicial descent structure on (C, W) is a triple (s : A°C — C, p1: sD --» ss, A : s¢ --» 1¢)
satisfying the following axioms:

(S1) The canonical morphism sX IIs(Y) — s(X IIY) is in W for all X,Y in A°C.
(S2) The simple functor s : (A°C, W) — (C,W) is a relative functor.

(S3) p:sD --» ss is a relative isomorphism.

(S4) X :sc--» 1¢ is a relative isomorphism, compatible with p in the sense of (3.6).
(S5) For each object A of C, s(di') : s(A) — s(A ® A[1]) is in W.

A simplicial descent category is a relative category closed under finite coproducts and
endowed with a simplicial descent structure. It will be denoted by (C,W,s, u, \), (C,W,s)
or even by (C, W) for shortness.

3.6. COMPATIBILITY BETWEEN p AND A. Given a simplicial object X, we have that
ssc(X) = s(n — sc(X,,)) and ssc!(X) = scs(X). The compositions

scs(X) Do) s(X) s(X

el (x) Hell(x) s(Ax)
—_— ——> S —_—

s(X) s(X) (3)

give rise to relative isomorphisms of s. Then, X is said to be compatible with pu if these
isomorphisms are the identity in RelCat.

sc(X)
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3.7. REMARK. We use here a slight variant of the notion given in [R], more suitable
for the setting of relative categories. More concretely, the only difference is that the
transformations g and A of (S3) and (S4) are now assumed to be relative isomorphisms
instead of zigzags of natural weak equivalences as in loc. cit.

Previous axioms ensure that the simple functor has the correct homotopical meaning.

3.8. THEOREM. Let (C,W,s) be a simplicial descent category. Then
1. The simple functor is a realizable homotopy colimit.
ii. (s,c) is a relative adjoint equivalence between (A°C,S = s™'W) and (C,W).

PROOF. The proof is the same as the one of [R, Theorem 5.1]. [
By the next result, simplicial descent categories are closely related to A-closed classes.

3.9. PROPOSITION.
i. Let (A°C,S) be a relative category closed under finite coproducts. Then S is A-
closed if and only if (A°C,S,D : A°A°C — A°C) is a simplicial descent category.
1. If (C,W,s) is a simplicial descent category, the class S = s™*W of A°C is A-closed.
If in addition W is closed under coproducts, then so is S.

PROOF. The last statement of i follows from Lemma 3.10. The remaining assertions of
the proposition are proved in [R, Theorem 4.2]. n

3.10. LEMMA. Let (C,W,s) be a simplicial descent category closed under coproducts.
Then, the simple functor preserves all small coproducts up to weak equivalence. That is,
given a family {X*}aen of simplicial objects, the canonical morphism below is in W

[[s(x*) — s(JTx*) -

PROOF. Being W closed under small coproducts, these are preserved by the localization
functor C — C[W™!|. The same applies to A°C[W~!]. By Theorem 3.8 and Lemma 1.9,
s: A°CIW™| — C[W™1] is a left adjoint, so it preserves coproducts. Then, [ ], s(X*) —
s(I], X*) is an isomorphism in C[W™!], and hence a weak equivalence by saturation. m

Also, simplicial descent structures are inherited by diagram categories. The proof is a
formal consequence of the axioms, and is left to the reader.

3.11. PROPOSITION. Let I be a small category and let (s, u, \) be a simplicial descent
structure on (C,W). Then, the triple (s', u’, \) defined pointwise is a simplicial descent
structure on (CT,W).

3.12. PROOF OF THEOREM 3.1. Let (C, W) be a relative category closed under coprod-
ucts. Assume that (C, W) has realizable homotopy colimits, which satisfy the cofinality
property, and let us show that (C,) has a simplicial descent structure with simple func-
tor hocolimpo : A°C — C.

(S1): This is proved in the same way as Lemma 3.10, using that hocolimpe : A°C[W™!| —
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CW™1] is a left adjoint by Lemma 1.15.

(S2): By hypothesis, hocolimpao : (A°C, W) — (C, W) is a relative functor.

(S3): The diagonal d : A° — A° x A° is a homotopy right cofinal functor (see [T,
Lemma 5.33]). Then, hocolim(d) : hocolimpaeD --+ hocolimpoxae is a relative iso-
morphism. It follows from Proposition 1.25 that there is a unique relative isomorphism
k : hocolimpaoxao --» hocolimaohocolimae compatible with the adjunction morphisms.
We define p as the composition of k& with hocolim(d).

(S4): Define A : hocolimpe ¢ --» 1¢ as the adjunction morphism of (hocolimao,c).
We claim that A is a relative isomorphism. Note that the trivial functor 7 : A° — [0]
is homotopy right cofinal because (7/0) = A° has an initial object. Then hocolim(r) :
hocolimpo7™ = hocolimpaoc -+ hocolimy is a relative isomorphism. On the other hand,
the adjunction morphism u : hocolimy --+ 1l¢ of (hocolimyy, 1¢) is a relative isomor-
phism as well. Finally, the claim follows from the equality A\ = uhocolim(mw).

The compatibility between p and A follows from the Fubini property of hocolim (see
Proposition 1.25) together with the fact that d : A° — A° x A° composed with the
projections pq, ps : A° X A° — A° is the identity.

(S5): Denote by iy : * — A° the inclusion of the object [1] in A°. Then (ij)i(A)
exists and agrees with A ® A[l], for each A € C. Since it is a relative functor, we have
that (— ® A[l], i) is a relative adjunction, hence hocolimae(— ® A[1]) is isomorphic in
RelCat to the identity because it is relative left adjoint to e = le.

Conversely, if ii holds then sII’ is a realizable homotopy colimit by Proposition 3.14 below
applied to the trivial functor f : I — [0]. And sII! = shocolimy c satisfies the cofinality
property because, by Corollary 2.23, hocolim) does. 0]

3.13. DEFINITION. Let I be a small category and (C, W, s) be a simplicial descent category
such that (C, W) is closed under coproducts (or drop this assumption if I is finite). Define
hocolim; : C! — C as the composition

L[I

Ct AC—=C

of the simple functor with the simplicial replacement. Note that hocolim; : (CI, W) —
(C, W) is a relative functor by (S2). More generally, given f : I — J, the relative functor
fi: (CE W) — (C7, W) is defined as

(/iX)(j) = hocolims/ju; X
where u; : (f/3) = 1 maps {f(i) — j} toi.
3.14. PROPOSITION. Under the previous assumptions, (fi, f*) is a relative adjunction.

PROOF. By Proposition 3.9, the class S = s™!W is A-closed and it is closed under
coproducts if W is. Given f : I — J, consider the following diagram of relative functors

A%

C fg SJ
(CT, W) ——= (A°C!,S) <T_> (A°C/,§) —= (", W)

st
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By Theorem 2.14, (fV, f*) is a relative adjunction. By Proposition 3.11, (C!,W) and
(C7, W) are simplicial descent categories with simple functor defined pointwise. Note that
(sT)™1W agrees with the class of A°C! defined pointwise by S, and analogously for J. We
conclude by Theorem 3.8 that the pairs (c,s’) and (s7, ¢) are relative adjoint equivalences
of categories, and in particular relative adjunctions. It turns out that s’ f¥ ¢ = f; and
s’ f*c form a relative adjunction as well. But s’ f*c = s’cf* is isomorphic in RelCat to
f* by (S4). Hence, (fi, f*) is a relative adjunction. m

3.15. GROTHENDIECK DERIVATORS. We study here the link between simplicial descent
categories and Grothendieck derivators ([G]). Recall that a prederivator is a strict 2-
functor D : cat® — Cat, and that a right derivator (see [M, Definition 4.28]) is a pred-
erivator I such that:

Der 1. Given A, B in cat, the functor (i*, %) : D(AII B) — D(A) x D(B) induced by the
canonical inclusions 7 : A - AIl B, j : B — AIl B is an equivalence of categories.

Der 2. Given A in cat and a € A, denote also by a : [0] — A the functor 0 — a. Then,
a morphism F of D(A) such that a*F is an isomorphism in D([0]) for each a € A is
an isomorphism in D(A).

Der 3d. Given w : A — B in cat, w* : D(B) — D(A) has a left adjoint wy : D(A) —
D(B).

Der 4d. Given w: A — B in cat and b € B, consider the diagram

(b/w) ———[0]
| e )
A B

where oy @) = 7. It gives rise by adjunction to the morphism mu; — b*w, of
D([0]), which is assumed to be an isomorphism.

The following additional condition must be also satisfied. Given D in cat, denote by
pP : D — [0] the trivial functor. Consider a commutative triangle in cat

A

“ B

C
such that for each ¢ € C, the induced morphism p!(”/ Apw/a* p!(w/ 9p®/9* is an isomor-
phism. Then, the induced morphism p4,v* — ppw* is required to be an isomorphism.

In this notion cat may be more generally a suitable sub-2-category dia of cat. We will
only use the cases dia = cat and dia = caty, the 2-category of finite categories.

3.16. THEOREM. If (C, W) is a simplicial descent category, the 2-functor D : cat} — Cat,
A v CA W] is a right derivator. If moreover (C,W) is closed under coproducts, then
D : cat® — Cat, I — C*°[W™1Y] is a right derivator
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PROOF. Der 1 is clear from the definition of ID. To see Der 2, consider a morphism F' of
D(I) = C[W™1]. By Lemma 3.17, F = 7F'7’, where F’ is a morphism in C! and 7, 7/ are
isomorphisms in C![W™!]. If i*F = F; = 7,F;7'; is an isomorphism for each i € I, then
F! is an isomorphism as well. Since W is saturated, F/ € W for each i. Hence, F” is an
isomorphism in C![W~!] and consequently so is F' = 7F'7’. To see the remaining axioms,
consider f : I — J in cat. By Proposition 3.14, fi : (C7,W) = (CI,W) : f* is a relative
adjunction where f; is defined pointwise. By Lemma 1.15, f, : CI[W=1] 2 C/[W=1] : f* is
an adjunction, so Der 3 and Der 4 hold. To finish, the last axiom follows from Theorem
2.19 and the fact that p{* = hocolim,. agrees with shocolims c. ]

3.17. LEMMA. Let (C,W) be a simplicial descent category. If I is a small category and F
is a morphism in C'W™Y|, there exist isomorphisms T and 7' of C![W~] and a morphism
F' of C! such that F = 7F'7’.

PROOF. Given a small category I, Proposition 3.11 implies that (C', W) is again a simpli-
cial descent category. Therefore we may assume that I = [0], and that F' is a morphism
of CW™!]. If s : A°C — C is a simple functor on (C,W), then (A°C,S§ = s™'W) is
a Brown category of cofibrant objects by Propositions 3.9 and 2.9. In particular each
morphism T of A°C[S™!] is represented by a length-two zigzag (see [Br, Theorem 1]).
Consequently, ¢(F) = w™'T" in A°C[S™!] where T",w are morphisms of A°C and w is in
S. Hence, sc(F) = (s(w))™'s(T”). Using the relative isomorphism A of (S4) we obtain
the equality Agsc(F) = F A4 in C[W™!]. We conclude that F = Ap(s(w))~'s(T")\;* and
the statement holds for 7 = Ap(s(w))~, F' = s(T") and 7/ = \". n

3.18. REMARK. The above lemma says that the functor C**MpW=1] — (/W) is
essentially surjective. Using a similar argument it may be proved that this functor is also
full. The combination of these two properties is sometimes included as axiom Der 5 in
the notion of Grothendieck derivator.

3.19. REMARK. One could consider a notion of ‘realizable’ right derivator, i.e. a strict
2-functor D : cat® — RelCat (instead of cat® — Cat) satisfying the corresponding axioms.
Then, in this context previous results come to say that for prederivators induced by
relative categories closed under coproducts, to be a realizable right derivator is exactly
the same thing than to be a simplicial descent category.

Recall that a morphism of right derivators is called right exact if it preserves homotopy
left Kan extensions.

3.20. COROLLARY. Let F': (C,W) — (D, W) be a relative functor between relative cat-
egories satisfying the hypothesis of the previous theorem. If F' commutes with homotopy
coproducts and A°-homotopy colimits, the functors FA" : CA° W1 — DA [W™!] produce
a right exact morphism of right derivators.

PRrOOF. By [C, Proposition 2.6] it suffices to see that F' preserves homotopy colimits,
which holds by Corollary 3.2. ]
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4. Examples.

In this last section we describe in some specific examples what the homotopy (co)limits
obtained look like. We already deduced in Section 2 the formula hocolim; = DII’ for
relative categories (A°C,S) where S is A-closed. For (A°C,S) = (A°Set, W), this re-
covers the original Bousfield-Kan formula for homotopy colimits given in [BK, XII.5.2].
Hirschhorn’s generalization of Bousfield-Kan formula for model categories also fits in our
setting.

4.1. BOUSFIELD-KAN HOMOTOPY COLIMITS FOR MODEL CATEGORIES. The fact that a
model category (M, W) has all realizable homotopy limits and colimits is not surprising
and may be proved, for instance, by adapting the arguments in [C], [DHKS] or [CS] to
the setting of relative categories.

It holds moreover that these realizable homotopy colimits are given by the Bousfield-
Kan construction. Recall from [H, Chapter 19] that the (corrected) Bousfield-Kan homo-
topy colimit chocolimP® : M! — M is given by the formula

chocolimPF X = / QX (i) @ N(i/I)° (4)

where ~ : M — AM is a functorial cosimplicial frame, QX is a functorial cofibrant
replacement of X and ® : AM x A°Set —+ M is given by X ® K = colimag 7 X.

4.2. THEOREM. Realizable homotopy colimits exist in any model category, and may be
computed by the Bousfield-Kan formula (4).

PROOF. We sketch here a proof based on Theorem 3.1 and the results of [H]. If M.,
denotes the full subcategory of M of cofibrant objects, then the restriction of chocolimP*
to A° M, gives a functor s = hocolim&E : A°M, — M,. Using the results of [H], it
may be proved that s is indeed a simple functor for (M., W). Since weak equivalences
between cofibrant objects are closed under coproducts, Theorem 3.1 applies and tells
us that realizable homotopy colimits exist in (M., W), and are given by the formula
hocolim¥XIT. But it is easily seen that there is a relative isomorphism hocolimPH ~
hocolimBXTI! : (ML W) — (M., W). Consequently, the former is a realizable homotopy
colimit for (M., W) as well. To finish, one uses that the inclusion (M., W) — (M, W)
and a functorial cofibrant replacement @ : (M, W) — (M., W) are inverse equivalences
of relative categories to conclude that ;hocolimPX is a realizable homotopy colimit. m

4.3. REMARK. A direct consequence of previous theorem is the known fact that the
Bousfield-Kan homotopy colimit (4) is a left derived functor of the colimit.

4.4. REMARK. In analogy with the closed-under-coproducts case, in this case the follow-
ing equation holds
hocolim; ~ hocolimpe 117 Q



REALIZABLE HOMOTOPY COLIMITS 631

4.5. REMARK. Combining Theorems 4.2, 3.1 and 3.16 (and their duals) one gets another
proof of the well-known fact that a model category produces a Grothendieck derivator

(ct. [C]).

4.6. FURTHER EXAMPLES. Despite the abstract way in which simple functors are defined,
in the examples they turn out to be familiar constructions which have already been used
in a variety of applications, inside or outside homotopy theory.

CHAIN COMPLEXES. Positive (or uniformly bounded below) chain complexes on an abelian
category A together with the quasi-isomorphisms as weak equivalences form a simplicial
descent category where the simple functor s : A°C, (A) — C.(A) is just the total complex
associated with a double complex. Hence, if A is an (AB4) abelian category then I —
D, (A®") defines a right derivator with domain cat, for which hocolim; = TotI1!. Dually,
if Ais (AB4*) then TotIl! computes holim; in C*(A) for any small category I. A similar
result is proved in [Ne, Lemma A.3.2] and states that 1im" : A/ — A exists for any
(AB4*) abelian category and may be computed as 1im"F = H"(II' F).

(FILTERED) COMMUTATIVE DIFFERENTIAL GRADED ALGEBRAS. If £ is a field of charac-
teristic 0, the relative category (Cdga,, W) of (positively graded) commutative differential
graded k-algebras and quasi-isomorphisms is a cosimplicial descent category (recall that it
is indeed a model category). A formula for the simple functor is Navarro’s Thom-Whitney
simple ([N, (2.3)]), given by the end

where L, is the dg-algebra of polynomial differential forms on the n-simplex. This yields
that sy 117 is a formula for the homotopy limit, for any small category 1.

An advantage of this approach is that adding filtrations to the picture does not take
one outside the cosimplicial descent setting. If FA(k) denotes the category of filtered
commutative differential graded k-algebras, recall from [N, (6.6)] that a decreasing multi-
plicative filtration A of L induces (syw, A) : AFA(k) — FA(k), (A, F) — (srw(A), A% F)
where (A % F)*spy (A) is defined over L, ® A™ by 37, ., AL, @ FIA™,

For the trivial filtration € and the béte filtration o, one can prove using the results
in loc. cit. that (syw,e) and (srw, o) are again simple functors for (FA(k),E;) and
(FA(k),E,), respectively. Here E; denotes the class of morphisms that induce an iso-
morphism between the ith-steps of the corresponding spectral sequences associated with
the filtrations (in particular E; = { graded quasi-isomorphisms}). Hence these relative
categories induce left derivators, where the homotopy limits over a small category I are
given by (spw, e)II! and (spy, o)1, respectively.

MixED HODGE COMPLEXES. This constitutes an interesting example in which finite ho-
motopy limits exist, but usual finite limits do not exist. Recall that a mized Hodge complex

is a triple K = ((Kq, W), (K¢, W, F), ) where
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1. (Kg, W) is a biregularly filtered positive cochain complex of Q-vector spaces such
that H*(Kgq) is finite dimensional for all k& > 0.

2. (K¢, W, F) is a biregularly bifiltered positive cochain complex of C-vector spaces,
where W (resp. F) is an increasing (resp. decreasing) filtration, called the weight
(resp. Hodge) filtration.

3. a= (ag,a, (I?,W)) is a zigzag
(Ko, W) <— (K, W) —* (K¢, W) @ C

where «; is a filtered quasi-isomorphism for i = 0, 1.

In addition, for each n > 0 the boundary map of the graded complex wGr, K¢ must
be compatible with filtration F, and the induced filtration F on wGr,H*K¢ is a Hodge
structure of weight n + k. That is,

rGr’=GriywGr, H*Kc =0 for p+q#n+k .

A morphism f = (fo, fc,f) : K — K’ of mixed Hodge complexes consists of mor-
phisms fg : (Kq, W) — (Ko, W), fc : (K¢, W,F) — (K¢, W, F') and f : (K,W) —
g? '"W’) of (bi)filtered complexes, such that the two squares built up using «, o', fc,

f and fg ® C commute. The resulting category Hdg together with the class of weak
equivalences

Enag = {f = (fo fc, fv) | fo is a quasi-isomorphism of cochain complexes}

is by [R, Theorem 2.10] a cosimplicial descent category. Note that Hdg is closed only
under finite products because of the finite-dimensional assumption in (1).

The simple functor is Deligne’s cosimplicial construction syq, : AHdg — Hdg ([De
(8.1.15)]). It is defined on K = ((Kq, W), (K¢, W, F),a) by

suag(K) = ((s(Kq), 0W), (s(Kc), W, s(F))) , where

s(K)" = @D K2 ; (SW)il = P WinKY | if xisQorC
p+qg=n i+j=n
(s(F)*(s(Ke))" = @ FPRET
p+g=n

Therefore, for a finite category I, we conclude by the previous results that sz, [T’
computes holim;, and that D*4 : cat; — CAT, DM9(I) = Hdg"” [E;tbg} is a left
Grothendieck derivator.
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