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TENSORS, MONADS AND ACTIONS

Dedicated to the memory of Pawel Waszkiewicz

GAVIN J. SEAL

ABSTRACT. We exhibit sufficient conditions for a monoidal monad T on a monoidal
category C to induce a monoidal structure on the Eilenberg-Moore category CT that
represents bimorphisms. The category of actions in CT is then shown to be monadic
over the base category C.

0. Introduction

The original motivation for the current work stemmed from the observation that the
category CM of actions of a monoid M in a monoidal category (C,®, E) is monadic over
its base. When the base monoidal category is itself an Eilenberg-Moore category CT,
the composition of the forgetful functors (CT)™ — CT and CT — C is monadic again
in classical examples: the category of R-modules, seen as a category of R-actions in the
category Set® = AbGrp of abelian groups, is monadic over Set, and the category of actions
of an integral quantale in the category Set” 22 Sup of sup-semilattices is monadic over
Set [15]. These instances suggest the following underlying principle:

The category (CT)M of actions of a monoid M in a monoidal Eilenberg—Moore
category C" is monadic over C.

In order to define actions in CT, we first need a tensor (— ® —) on CT that encodes the
“bilinear” nature of the action morphism M ® X — X. The providential structure is
provided by a monoidal monad on (C, ®, F) that allows the introduction of morphisms in
C that are “T-algebra homomorphisms in each variable”, as originally suggested in [11].

Let us say a word on the technical setting we adopted for this work. In [7, 8, 9, 10],
Kock presents the fundamentals of symmetric monoidal monads in a context of closed
categories. However, closedness does not appear to play an explicit role in the classical
construction of the tensor product on AbGrp or Sup. It also seems reasonable to aim for
an action morphism that occurs as an algebraic structure M ® A — A on A, rather than
as a morphism of monoids M — [A, A] (where [—, —] would designate an internal hom).
Hence, we chose to follow [1] and consider a base category whose monoidal structure is
neither assumed to be symmetric, nor closed. Alas, the result we needed in op.cit. is
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presented with a somewhat obscure proof (in particular, the proposed construction of
the unit isomorphism in CT seems a bit brusque). This lead us to our current version of
Theorem 2.5.5 that, in turn, provided the necessary ingredients to prove the sought result
in Theorem 3.3.3. We note that the hypotheses of Theorem 2.5.5 involve conditions
on the tensor (— ® —) that might not be practical to verify, as the latter is realized
via a coequalizer. To remedy this, Theorem 2.6.4 proposes hypotheses that can be tested
directly on the base category in the non-closed case (to be compared with Corollary 2.5.7).

Our work is thus structured as follows. In Section 1, we establish the relevant def-
initions and notations pertaining to monoidal monads. We also recall that these are
fundamentally linked to monoidal structures of Kleisli categories. In Section 2, we recall
how bimorphisms and the tensor on C' induced by a monoidal monad T are related.
Proposition 2.2.2 then exhibits the link between the tensor proposed in [I 1] with the one
studied in [1]. We also review some useful facts about reflexive coequalizers, and recall in
2.5.3 that the tensor in CT of free algebras is the free algebra of their tensor in C (see [4,
Proposition 21]). This observation is crucial to establish that the tensor on CT is associa-
tive, a fact that is proved in Theorem 2.5.5, and again in Theorem 2.6.4 with alternative
hypotheses. We then consider algebraic functors CT — C° induced by monoidal monad
morphisms S — T, and show that they are themselves monoidal. Once CT is equipped
with the adequate monoidal structure, we turn our attention to actions in Section 3. Our
main result is, as mentioned above, that the monadic functors (CT)* — CT and C* — C
compose to form yet another monadic functor (CT)™ — C. We conclude by showing that
the classical restriction-of-scalars functor between categories of modules is algebraic.

Throughout the text, we illustrate the various notions introduced with the classical
examples mentioned above, that is, with structures related to the free abelian group and
the powerset monads. Example 2.6.5 also demonstrates that binary coproducts in C* can
be interpreted as the tensor induced by binary coproducts in C. Of course, these examples
are far from being exhaustive, but we feel that they adequately represent the concepts
developed, while hinting at further applications.

1. Basic structures

1.1. MONOIDAL CATEGORIES. Let C be a monoidal category, with its tensor denoted by
(—®—):Cx C— C, its unit by F, and its structure natural isomorphisms by

axyz: (X@Y)Z-Xe@Y®Z), M E®X—>X, px : XQF—X.

When the monoidal category C is symmetric, we denote by oxy : X ® Y - X ®Y
the components of its braiding natural isomorphisms (see [13] or [3]). We will denote a
monoidal category (C, ®,«, E,\, p) or (C,®,a, E,\, p,o) more briefly by (C,®, E).

1.1.1. ExAMPLE. The monoidal category recurrent in most of our examples is the cate-
gory (Set, X, {x}) of sets and maps with its cartesian structure.
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1.2. MONOIDAL MONADS. Let (C,®, E) be a monoidal category. A monoidal monad
T = (T, u,m) is a monad in the 2-category of monoidal categories, monoidal functors, and
monoidal transformations; that is, the functor 7' : C — C comes with a family of maps
k= (kxy : TX®RTY - T(X®Y))xyeobc, natural in X and Y, that make (7, k,ng) a
monoidal functor, and u, n monoidal natural transformations (see [13, Section XI.2]).

Similarly, a symmetric monoidal monad T = (T, u,n) is a monad in the 2-category of
symmetric monoidal categories, symmetric monoidal functors, and monoidal transforma-
tions.

1.2.1. EXAMPLES.

(1) The identity monad I = (1¢,1,1) on a monoidal category C is a monoidal monad
via the identity natural transformation (1xgy : X ® Y - X ® Y)xyeobc. The
monoidal monad is symmetric whenever C is.

(2) The free abelian group monad A = (A,>,(—)) on (Set, x,{x}) is a symmetric
monoidal monad via the natural transformation x whose component kxy : AX x
AY — A(X xY) sends a pair (Y, .y N - 2, D yey My - y) (with all coefficients n;
integers) to the element oy (ne: +1ny) - (7,9).

(3) The powerset monad P = (P,|J,{—}) on Set (with its cartesian structure) is a
symmetric monoidal monad via the natural transformation ¢« whose component ¢x y :

PXxPY — P(XxY)sends a pair of subsets (A, B) to their product AxB C X xY.

(4) Any monad T on a category C whose monoidal structure is given by finite coproducts
(so ® = + and E = & is the initial object in C) is monoidal with respect to the
connecting C-morphisms k45 : TA+TB — T(A+ B).

Monoidal monads correspond to monoidal structures of the Kleisli category, as follows.

1.2.2. PROPOSITION. Given a monad T on a monoidal category C, there is a bijective
correspondence between the following data:

(1) families k = (kxy : TX ®@TY - T(X ®Y))xyeonbc of C-morphisms natural in X
and Y making T a monoidal monad;

(2) monoidal structures on the Kleisli category Cr such that the left adjoint functor
Fr: C— Cr is strict monoidal.

Moreover, (T, k) is symmetric precisely when the corresponding monoidal structure on Cr
18 symmetric.

PRrROOF. Given a C-morphism kzy, and C-morphisms f: X — TZ, g : Y — TW, one
can define the C-morphism f®rg :=rzw - (f®g) : XY — T(Z® W), thus equipping
Cr with a tensor ®t for which Fr is strict monoidal. Conversely, if Ct is monoidal with a
tensor ®r, then strict monoidality of Fr forces equality X ®1Y = X ®Y for all C-objects
X and Y, and one can define kxy := lpx ®1 lry. (See for example [/, Proposition 8].)m
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1.3. MONOIDAL MONAD MORPHISMS. Let (S,¢) and (T, ) be monoidal monads on a
monoidal category (C,®,F). A monad morphism ¢ : S — T is monoidal if it is a
monoidal natural transformation.

1.3.1. ExaMPLE. For any monoidal monad (T, x) on (C,®, E), the unit n : (I, 1) — (T, )
is a monoidal monad morphism.

The correspondence of Proposition 1.2.2 extends to morphisms.

1.3.2. PROPOSITION. Given a monad T on a monoidal category C, there is a bijective
correspondence between the following data:

(1) monoidal monad morphisms ¢ : S — T;

(2) strict monoidal functors L : Cs — Cr that commute with the left adjoint functors
from C:

PROOF. The one-to-one correspondence between monad morphisms and functors between
the Kleisli categories is standard (see for example [141, Theorem 2.2.2]): a monad morphism
¢ S — T defines a functor L : Cs — Cg that is the identity on objects and sends a Cs-
morphism f : X — SY to the Cr-morphism ¢y - f : X — T'Y; conversely, a functor L as in
(2) defines a monad morphism ¢ : S — T via its components ¢x := L(lgx) : SX — TY.
One easily verifies that if ¢ is monoidal, then L is strict monoidal, and that the converse
holds, too. [

2. The monoidal structure of CT

The prototypical tensor product that we wish to study is provided by the tensor product
of R-modules. The role of this tensor is to represent bilinear maps. In our setting, the
monoidal structure of the monad allows the introduction of the notion of such a “morphism
in each variable” (as suggested in [11] and [3]).

2.1. BimoORPHISMS. Let (T, k) be a monoidal monad on a monoidal category (C, ®, E),
and denote by C7 its category of Eilenberg—Moore algebras. For T-algebras (A, a), (B, b),
and (C,c), we say that a C-morphism f: A® B — C is a CT-bimorphism® (or simply a
bimorphism) if the diagram

TA®RTB—-T(A® B) o (2.1.1)

- |

A® B ! C

!These bimorphisms should not be confused with the C-morphisms that are at the same time monic
and epic. Since we do not consider the latter, there is little reason to avoid the bimorphism terminology.
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commutes. The set of all bimorphisms f : (A,a) ® (B,b) — (C,c) is denoted by
CY(A, B;0).

2.1.1. EXAMPLES.

(1) For the identity monad I = (1c,1,1) on a monoidal category C, with the identity
natural transformation, C'-bimorphisms are just C-morphisms since C' = C.

(2) For the free abelian group monad A, the category Set® is isomorphic to AbGrp, the
category of abelian groups. Via the natural transformation x of Example 1.2.1(2),
a Set®-bimorphism f : A x B — C'is a map that is additive in each variable.

(3) For the powerset monad P on Set with the natural transformation ¢ of Exam-
ple 1.2.1(3), the Eilenberg-Moore category Set® is isomorphic to Sup, the cate-
gory of complete sup-semilattices. With this interpretation, a Set®-bimorphism
f:Ax B — (' is a map that preserves suprema in each variable.

The next result shows in what sense a bimorphism captures the idea of a “morphism
in each variable”.

2.1.2. PROPOSITION. Let (T, k) be a monoidal monad on a monoidal category (C,®, F).
For T-algebras (A, a), (B,b), and (C,c), a C-morphism f : A9 B — C is a C*-bimorphism
if and only if both diagrams

AeTB=" Y. raeB) Y 10 TA® B rae B — Y 10
1®5J lc and a®1J lc
A®B ! C A®B ! C

commute.

PROOF. If f is a CT-bimorphism, then one can append each of the following commutative
diagrams

AQTB2LTA® TR TA® B-2TA®TB
la@b and Ja@b
1Qb a®1

A® B A® B
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to the left of (2.1.1) to obtain the respective diagrams of the statement. Conversely, if the
two diagrams of the statement commute, then

fa®b)=[-(1a®D) (a® lrp)
=c-Tf -kap - Ma®1lrp) - (a® 1rp)

=c-Tf -kap - (Ta®Tlg)- (Nra® lrp)
=c-T(f-(a®1B)) - krap - (Nra ® 1rp)
=c-T(c-Tf kap-(lra®@ng)) - krap - (Nra® lrp)
=c-Tf pagp-Thap - T(lra @np) - kras - (Mra ® 1rp)
=c-Tf pags-Thap - krars - (Tlra®Tng) - (Nra ® 1rp)
=c-Tf -kap - (pa®@up) Mra®@Tng)=c-Tf - kap .
This shows commutativity of (2.1.1). n

2.1.3. PROPOSITION. Let (T, k) be a monoidal monad on a monoidal category (C,®, E).
Then
Ch(—, —; =) : (CT x C)P x CT — Set
1 a functor defined by
Cg, hik)(f) =k f-(g@h)

for all C*-morphisms g: A’ =+ A, h: B' = B, k: C — (', and bimorphisms f : AQ B —
C.
PRrOOF. The given functor is well-defined. Indeed, for C-morphisms f, g, h, k as in the
claim (and T-algebras (A, a), (B,b), (C,c), (A, d'), (B',V), (C',)), one has

dTk-f-(g@h) kap=k-c-Tf -rkap-(Tg®Th)

=k-f-(a®b)- (TgTh)=k-f-(g®h)-(d 1),

so that C¥(g, h; k) f is indeed in C*(A’, B’; C"). Functoriality is immediate by monoidality
of C. .

2.2. TENSOR PRODUCTS. Consider a monoidal monad (T, x) on a monoidal category
(C,®, E). The tensor product qap: T(A® B) — (A& B,a X b) of T-algebras (A, a) and
(B, b) is given by the following coequalizer diagram

wTk

T(TA®TB)——2T(A® B)——— ArB
T (a®b)

in CT. We often assume that g4 p is implicit and speak of the tensor product (A®B, a > b),
or simply A® B. For C'-morphisms ¢ : (4,a) — (4’,d"), h: (B,b) — (B',V'), one has
qarp - T(g®h) - pags - Thap =qap - pap - TT(gRh) -Trap
=qap - pap - Thap - T(Tg®Th)
=qup T V) - T(TgxTh)
=qapT(g@h) - T(a®Db),
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so there is a unique C'-morphism grh : ARB — A'®B’ with (9®h)-gap = qa p-T(g®h),
and the diagram

T(A® B)—— A= B

T(g®h)l lgh

TA®@B)—5ArB
commutes.

We say that CT has tensors when g4 p exists for all T-algebras A and B. In par-
ticular, if CT has reflexive coequalizers, then it has tensors. For C' to moreover be a
monoidal category, we also need associativity and unit isomorphisms in C* that make the
corresponding coherence diagrams commute. This is the subject of Theorem 2.5.5.

2.2.1. CONVENTION. For the sake of convenience, from now on we say that a diagram
of the form

g
x——y—1 .7
h

commutes if f-g= f-h.

2.2.2. PROPOSITION. Given a monoidal monad (T, k) on a monoidal category (C, ®, F)

and T-algebras (A, a), (B,b), the following statements are equivalent for all C-morphisms
f:T(A® B) — C:

wlk
(i) the diagram T(TA®TB)—_—_———_T(A® B) S commutes;
T(a®b)
T (s (1-001)) ;
(ii) the diagram T(TA® TB) I T(A® B)————— C' commutes.
p T (k- (101-D))

PROOF. Suppose that f - pagp - Tkap = f-T(a®Db). Then one immediately obtains
ftags - T(kap - Ma-a®@lrg)) =f-T(@a®b) = f - pags - T(kap - (lra®@np-b)) .
Conversely, suppose that f-pags-T(kap-(Na-a®1rg)) = f-pags-T(kap-(lra@np-b))

holds. One first notes
[ T(a®b) = f pags - Thags - T(a®Db)
= fpagp T(kap - (Ma®np) - (a®D))
= [ pagp T(kap - (Ma-a®lrp)  (lra @np - b))
=f-tagp - T(kap-(lra®@np-b)-(lra®@np-b))
= f-pagp - T(kap- - (lra®@ns-b)),

SO

f-Tla®1p)=f pagp - T(kap-(lra®np))  and
f-T(@a®b)=f pagp-T(kap-(Ma-a®lrg)) .
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These equalities, together with the fact that

kap=rap  (a®pug)- (Nra®Tng)
= pagns - Tkap - krars - (lrra @ Tng) - (Nra @ 1rp)
= tiagp - T (kap - (lra®ng)) - krap - (Nra @ lrp)

yield

fpasgs -Thap=f pags - T(pass - T(kap - (lra ®np)) - krap - (Nra @ 1rp))
=f - pagp - T(kap: - (lra®nB)) - tirass - T(kras - (NMra ® lrg))
=f-T(a®1p) - prags - T(kras - (Nra ® lrp))
= fpaep - T(kap-(Na-a®lrg)) = f-T(a®b),

as required. -

2.2.3. COROLLARY. Let (T,x) be a monoidal monad on a monoidal category (C,®, F)
such that CT has tensors. Then for T-algebras (A, a) and (B,b), the diagram

T (- (-a®1))
T(TA®TB)—— IT(A®B)—— A& B
T (s-(181-5))

is a coequalizer in CT (with qa p as defined in 2.2).

PRrooF. This is an immediate consequence of the previous Proposition. [

2.2.4. REMARKS.

(1) Corollary 2.2.3 confirms that the coequalizer suggested to define a tensor in [11,
Remark, Section 1] is the same as the one appearing in [1, Proposition 16].

(2) Asremarked by Linton [12], the study of bimorphisms trivializes for certain monads.
For example, suppose that T is a monoidal monad on (Set, x, {x}) whose T-algebras
X have two nullary operations 0, 1 : {x} — X and a binary one (—)*(—) : X x X —
X such that
Oxz=20 and lxx =2

forallz € X. If f: Ax B — C is a bimorphism, then
fla,1)=1 and  f(0,b) =0

for all a € A, b € B, so that 1 = f(0,1) = 0. Hence, if ¢ € C, then ¢ = 1 x ¢ =
0% ¢ = 0. That is, the only bimorphisms f : A x B — C' are those for which C
is a singleton. (See also Remark 2.3.5.) This observation applies in particular to
bimorphisms in the category of semirings.
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2.3. REPRESENTING BIMORPHISMS. A major motivation to the introduction of tensor
products in categories of R-modules is the representation of bimorphisms. Here, we show
that the tensor product of 2.2 plays that role with respect to the bimorphisms of 2.1.

2.3.1. PROPOSITION. Let (T, k) be a monoidal monad on a monoidal category (C, ®, F)
such that CT has tensors. Then

C'(—wm—,—): (C" x C")°P x C" — Set
s a functor.

PROOF. Immediate by functoriality of (— ® —) and T (see 2.2 and Proposition 2.1.3). =

The relation between bimorphisms and the tensor product is the subject of the fol-
lowing results.

2.3.2. LEMMA. Let (T, k) be a monoidal monad on a monoidal category (C,®, E). For T-
algebras (A, a), (B,b), (C,c), the following statements are equivalent for any C-morphism
f:A® B —C:

(i) f is a bimorphism;

wTk -
(i) The diagram T(TA®TB)__—_{T(A® B) ¢ commutes.
T(a®bd)

ProOOF. If f is a bimorphism, then
¢ Tf pagp -Thap=c-Tc-TTf - Thap=c-Tf -T(a®b).
Conversely, if the diagram in (ii) commutes, then
c-Tf-kap=c-Tf pags Mrmes) kap=c-Tf-T(a®0b) nragrs =f - (a®Db),

so f is a bimorphism. n

2.3.3. LEMMA. Let (T, k) be a monoidal monad on a monoidal category (C,®, E) such
that C* has tensors. For T-algebras (A, a), (B,b), and (C,c), the following statements
hold.

(1) If f : A®B — C is a bimorphism, then there is a unique C*-morphism f : ARB — C

such that
T(A® B)—L1C
ArB AN
commutes.

(2) Ifg: A®B — C is a C*-morphism, then g-qap-nNaes : A® B — C' is a bimorphism
that induces g, that is, G- qap - Nags = -
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PROOF. Since ¢- T f is a C'-morphism, the first claim follows directly from Lemma 2.3.2
and the universal property of the coequalizer g4 p.

Given a CT-morphism g : A® B — C, one uses that g4 p is a coequalizer and that
g qap: (T(A® B),pags) — (C,c) is a C'-morphism to write

9 qaB Mg (@®b)=g-qap-T(@a®D) Nragrs
=9-qaB " PasB - T'KaB NrasTs
=9°44,B * MA®B " NIT(A®B) * KA,B
=0-qaB " PasB INags - KaB

=cC- T(g : QA,B) “Tnagp - kKap=cC- T(Q “qAB TIA@B) *KAB

showing that ¢ - g4, B - Nagp is a bimorphism. Since

c-T(9-qaB NawB) =9 9aB - laws - INags =9 qa.B ,

the C'-morphism induced by ¢ - qa 5 - Nags is indeed g. =

2.3.4. PROPOSITION. Let (T, k) be a monoidal monad on a monoidal category (C,®, E)

such that CT has tensors. For T-algebras (A,a), (B,b), and (C,c), there is a bijection
C'(A,B;0) = ("(Ar B,C)

natural in each variable.

PROOF. The required bijection is described in Lemma 2.3.3. Indeed, ifg: ARB — C'is a
CT-morphism, then f = g+ qap - Nagp is a bimorphism, to which corresponds the unique
C"-morphism g : Ax B — C. Conversely, if f : A® B — C' is a bimorphism, then there
is a CT-morphism f: A® B — C such that c¢- T'f = f - qa p; according to Lemma 2.3.3,
one obtains in return a bimorphism

g:f.qA7B.’r]A®B:c.Tf.nA®B:C-nC.f:f

For a C'-bimorphism f : A ® B — C, and C'-morphisms g : A’ — A, h : B — B,
k:C — (', one has

k-f-(9grh)-qup =k -f-qap - T(goh)=k-c-Tf-T(goh)=c -Tk-Tf -T(g®h),

that is, _
k-f-(g@h)=k-f-(guh)

(by unicity of the induced C'-morphism). Hence, the bijection is natural. n
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2.3.5. REMARK. In the trivial cases where the only bimorphisms are C-morphisms f :
A ® B — I into the terminal object of C (as in Remark 2.2.4(2)), Proposition 2.3.4
shows that A= B = I: the identity C'-morphism 1,gp corresponds to a bimorphism
f:A®B > Ar B, so that Ax B = [.

2.4. REFLEXIVE COEQUALIZERS. We recall here some basic results pertaining to reflexive
coequalizers, and thus applying to the coequalizer ¢ defined in 2.2.

2.4.1. PROPOSITION. A functor F : X x Y — Z preserves reflexive coequalizers if and
only if F(X,—) : Y — Z and F(—,Y) : X = Z preserves reflexive coequalizers for all
X eobX,Y eobY.

PROOF. The necessity of the statement is immediate since F(X,g) = F(lx,g) and
F(f,Y) = F(f,1y) for all X € obX, Y € obY. For the sufficiency, see the dual of
[5, Corollary 1.2.12]. =

Since we wish to study the tensor products A ® B defined via the reflexive CT-
coequalizer gap : T(A® B) — A® B, we recall below two results pertaining to the
existence of such colimits.

2.4.2. PROPOSITION. Let T be a monad on C. If C has reflexive coequalizers and T
preserves them, then the forgetful functor C* — C creates them.

PROOF. See [! 1, Proposition 3. "

The next existence result is not used explicitly in this work, but it can prove helpful
for the verification of hypotheses in specific examples.

2.4.3. PROPOSITION. For a regular monad T on C (see [1, Definition 20.21]), C* has all
colimits that exist in C.

PROOF. See [, Proposition 20.33]. "

2.5. THE MONOIDAL EILENBERG-MOORE CATEGORY. Let (T, ) be a monoidal monad
on a monoidal category (C,®, F). Theorem 2.5.5 presents sufficient conditions for the
C'-morphisms

qap:T(A® B) - Ar B

to induce a monoidal structure on C*. The proof of this result relies in part on the explicit
description of the coequalizer grarp : T(TA® TB) - TA®TB defined in 2.5.3.

2.5.1. LEMMA. Let T be a monad on a category C. For C-morphisms r : Z — TY,
s:Z—=Y,andp:TY — X,

(p,U/YTT:pTS) — (pr:pnys) .
PROOF. One simply has

prr=p-py-nry-r=p-py-Tr-nz=p-Ts-nz=p-1y-s.
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2.5.2. PROPOSITION. Let (T, k) be a monoidal monad on a monoidal category (C,®, F).
The following statements hold:

(1) the diagram

wTs Tk
T(TTA® TTB) —— = T(TA® TB) "> T(A® B)
T(p@p)

forms a coequalizer in C*;

(2) if f: A— A and g : B — B’ are C-morphisms, then T(f ® g) : T(A ® B) —
T(A' ® B') is the unique CT-morphism that makes the diagram

wTk

T(TA® TB)“™ T(A® B)

T(Tf®Tg)l lT(f®g)
wTk

T(TAQTB)—T(A ®B)
commute.

PRroOF. By naturality of x and the fact that - 7" = - T, one has

tawB * Thap - raerB - Thrars = tags " Thags - TTkap - TkraTB
= pagp - Thap - T(pa® pp) ,

so the diagram in the statement commutes. Suppose that f: (T(TA® TB), prasrs) —
(C,c) is a CT-morphism that makes

wrTk
T(TTA® TTB) — 3 T(TA® TB) —1—C
T (@)

commute. Setting f := f - T(n4 ® np), one has

frpaep -Thap = [ pass - Trhap - T(Tna ® Tnp)
=c-Tf- TF;A,B . T(TUA ® TWB)
=c-Tf -Tnragre = f

by using the equality f-krars = f Nragrs- (ta®@ug) following from Lemma 2.5.1. Since
pasp - Trap is an epimorphism, the comparison C'-morphism £ is uniquely determined.

The diagram in the concluding statement commutes by naturality of i and x, and the
unicity of the induced map follows from the fact that pagp - T'ka p is epic. n
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2.5.3. IDENTIFYING COEQUALIZERS. In view of Proposition 2.5.2, we can set
qraTB ‘= Mazs - Tkap and TARTB:=T(A® B)
for all A, B € obC. Hence, if f : TA — TA" and g : TB — T B’ are C-morphisms, then
TfeTg=T(f®g): TARTB - TA'®TB' .

If moreover the coequalizer qap : T(A® B) — A® B exists in CT, it follows from
commutativity of

T(TATB) ", (A B)

| Jq

T(A® B)—— ArB
that
gap=a®b.

These identifications will be used without necessarily further mention in the proof of
Theorem 2.5.5.

2.5.4. REMARK. The following result states that, under certain hypotheses, (CT, =, TE)
becomes a monoidal category with associativity and unit structure isomorphisms induced
by those of (C,®, F). The meaning of this term is made clear directly in the proof in an
attempt to avoid a rather cumbersome direct definition.

2.5.5. THEOREM. Let (T, k) be a monoidal monad on a monoidal category (C, ®, E) such
that all the coequalizers qu p exist in CT. If

(w-Tr)Rp -
T(TA®TB)RTTC —— T(A® B)RTC — (AR B)& C
T(a®b)rTc
pR(p-Tk) arq
TTART(TBRTC)—_———_TART(BR(C)——— Ar (Br ()
TarT (b®c)

are coequalizer diagrams and ga pRqc,p are epimorphisms (for all T-algebras (A, a), (B,b),
(C,e) and (D,d)), then (CT',®=,TE) is a monoidal category with structure morphisms
induced by those of (C,®, E).

Moreover, if (C,®, E) and (T, k) are symmetric monoidal, then so is (CT, &8, TE).

PROOF. In this proof, we consider T-algebras (A,a), (B,b), (C,c), (D,d), as well as
(A", d), (B,Y), (C', ).
Associativity. By 2.5.3 and the definitions of a and &, both the inner and outer squares
in
(wTr)Bu

T(TA®TB)® TC) ————T((A® B) ® C)

T(a®b)rTc
Tal lToe
TarT (b®c)

T(TA® (TB®TC)) f T(A® (B®())
wTK)RW
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commute in C'. By hypothesis, gap ® ¢ and a ® g are coequalizers, so there is a
CT-isomorphism @4 g : (AR B)® C — AR (B® C) induced by Ta:

qRc

T(A®B)@(C)—— (Ar B)x C

re| s

T(A® (B®C))—2 s A (Bx ().

Note that for C'-morphisms f : (A4,a) — (A, d), g : (B,b) — (B',b,), h : (C,c) —
(C', ), the diagram

qXc

T(A®B)®@(C)—— (A B)r C
T((f®9)®h)l l(fg)lzh
T(A®B)2C) —2 s (AaB)r(

commutes, and there is a similar diagram for f®(g®h). Naturality of T, commutativity
of the diagrams for (fmg)®h, fR(gxh) and @4 g together with the fact that g4 p®c
is epic yield naturality of a:

(AwB)C —2— Ax (Bx ()

(fg)ﬁhl lf(g@h)

(AmB)8(C' 2+ Ar(Brl).
Commutativity of the coherence diagram

(AmB)®C)8D 2+ (AmB)r(Cr D)2+ Ar (Bx (Cx D))

all Tla

(A (BrC))r D = Ar((BrC)r D)

follows from commutativity of the coherence diagram of T(((A ® B) ® C') ® D), the
definition and naturality of @, the fact that ¢4 5 = a®0b, and the hypothesis that (¢4 5
c)®d=qapRqep is epic.

Unitariness. For a T-algebra (A, a), the composite C-morphism

TERALTERTA—T(E®A) -2 TA-2 4 A

is a bimorphism: on one hand, we have

a-T(a-Tha-kga-(lre®na)) - Kre.a
=a-Thy- HE®A * THE,A *KRTETA (1TTE X T77A)
=a-TAy-kpa- (e @ pa) - (Irre @ Tna)
=a-Tha-kpa-(up®lra),
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and on the other hand,

a-TAa-kga- (lre ®@na) - (e ® a)
=a-Tha-kpa- (lrg®@Ta-nra) - (ug @ 1ra)
a-Ta-TAra-kpra- (lrg @nra) - (e @ 1ra)
a-pia-T(TAa-kpa - Me®Lra)) - kera- (lre @ nra) - (ke @ 1ra)
=a-Tha- ppga - Thpa - krera- (Tne @nra) - (ke @ 1ra)
a-TAa-kpa-(pe®@pa) (Tne @nra) - (Le ® lra)
a-TAg-kpa- (e ® lra) .

By Lemma 2.3.3, there is therefore a unique CT-morphism A4 that makes the diagram

T(TE ® A) T(a-TAr- (1)) TA
| I
TE® A A A

commute. Its inverse is the CT-morphism induced by | := qrp.a - T(ng ® 14) - TA;' :
TA — TE® A. Indeed, since a is a coequalizer in CT of (T'a, 1), and

(grea-T(ne ®1a)-TALY) - Ta
=qrea-T(lrp ®@a) - T(ng @ 1pa) - TALY
=qrpa-T(pe ®a) - T(Tng @ 17a) - T(np @ 1ra) - TAY
=qre.a - preea - Thrpa - T(Tne @ 1ra) - T(nep @ 1ra) - TApy
=qrea-firpsa - TT(Mp ® 14) - Thpa-T(ne @ 1pa) - TATY
= qrea - piresa - TT(np © 14) - TTA,!
= (qre.a-T(ne ® 1ra) - TAZY) - pa

there is a unique induced C'-morphism A — TE ® A (given by [ - n4). Using this
computation, we can also compose [ with T'(a - TA4 - krg.a - (lre ® n4)) to obtain

qre.a-Te ®@14) - TA - T(a-Tha - krpa- (Ire @14))
=qrea-Te @ 14) - TA - TAa - prpea - Thre.a - T(lrg @ 14)
=qrea - presa - Thrpa - T(Tng ®na)
=qrea - T(pe ®a) - T(Tne ®@ na)

=d4rE,A -
Since qrg, 4 is epic, we have [ - 14 ‘M = lrgga. With

a-(T(a-Tha-krpa-(ee®na))) - (Tnp @ 1a4) - TAY') = a,
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we obtain similarly Ay -1 -n4 = 14. Hence, A4 is an isomorphism in CT. Naturality of A

follows from a standard diagram chase involving the defining diagrams of A4, g, the facts

that 17 ® f and f are C"-morphisms, and that ¢rg 4 is epic. The natural isomorphism
4 ARTE — A is obtained symmetrically via the defining diagram

T(a-Tpr-(n®1))

T(A®TE) TA
| I
ARTE P A

Commutativity of
(ARTE)n B——— — Ax (TEx B)

N m

AR B

follows again by a standard diagram chase involving the defining diagrams of the three
given morphisms, and the fact that g4 rg ® b is epic.

Symmetry. By using symmetry of the monoidal monad (T, k), one obtains the exis-
tence of a family of C*-morphisms 45 : AR B — B® A via the diagram

T(A® B) 5 T(B® A)

ql ) lq

A B—2 +BxRA.

Naturality of 7, as well as commutativity of the symmetry diagrams for a symmetric
monoidal category then follows by straightforward diagrammatic arguments. [

The following result is a more memorable version of Theorem 2.5.5.

2.5.6. COROLLARY. Let (T,x) be a monoidal monad on a monoidal category (C,®, F)
such that CT has tensors. If Aw (=) and (=) ® B preserve reflexive coequalizer diagrams
in CT (for all T-algebras A, B), then (C', =, TE) is a monoidal category whose structure
morphisms are induced by those of (C,®, F).

Moreover, if (C,®, E) and (T, k) are symmetric monoidal, then so is (C*,®8,TE).

PROOF. The statement follows directly from Theorem 2.5.5. Indeed, all g4 5 and T-
algebras structures are reflexive coequalizers, so Proposition 2.4.1 yields that ¢4 5 ® c
a®qgpc and g4 ®ge,p are coequalizers of their respective diagrams. [

In the case where (C, ®, E) is closed symmetric monoidal, the closed structure can be
lifted to CT provided that C has equalizers and reflexive coequalizers.

2.5.7. COROLLARY. Let (T, k) be a monoidal monad on a closed symmetric monoidal
category (C,®, E) with equalizers and such that C* has tensors. Then (C', =, TE) is a
monoidal category whose structure morphisms are induced by those of (C,®, E).
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PRrROOF. The equalizer hypothesis allows us to apply the construction of an internal hom
in CT described in [9, Theorem 2.2] that makes Ax(—) left adjoint for any A € CT (see also
the proof of [, Proposition 1.3]). In particular, A ® (—) preserves reflexive coequalizers,
and Corollary 2.5.6 applies. m

2.5.8. EXAMPLES.

(1) In the case where (T,x) = (I, 1) is the identity monoidal monad on a monoidal
category (C,®, E), Theorem 2.5.5 reduces to a tautology, namely that (C,®, E) is
monoidal.

(2) For the free abelian group cartesian monad (A, k) on Set (Example 1.2.1(2)), Corol-
lary 2.5.7 describes the usual tensor product over Z of the category Set® = AbGrp
of abelian groups.

(3) For the monoidal powerset monad (P, ¢) on Set (Example 1.2.1(3)), Corollary 2.5.7
yields the classical tensor product on Set” 2 Sup (see [16]).

2.6. ALTERNATIVE HYPOTHESES. In the case where (C,®, F) is not closed symmetric
monoidal (see Corollary 2.5.7), it might be delicate to verify the more general hypotheses
of Theorem 2.5.5 or even of Corollary 2.5.6 since each of these involve the induced tensor
(— ® —). Theorem 2.6.4 below presents a situation where the hypotheses can be directly
tested on the original data T and (C,®, E). The proof hinges on how certain coequalizers
can be tensored.

2.6.1. PrROPOSITION. Let (T, k) be a monoidal monad on a monoidal category (C,®, F),
and consider coequalizer diagrams

wTr wTr’ /
TZ ——TY 2. X and 77 —TY 25 X'
Ts Ts'

in CT (here, (X,z), (X', 2') are T-algebras, and the objects of the form T A are equipped
with their free structure pa). Suppose that T(— @ —) : CT x CT — CT preserves the
coequalizer diagram of (p,p'), that T(TpRTp') is an epimorphism, and that the coequalizer
gxx T(X®X') - XxX exists.

If the coequalizer of py gy - T(kyyr - (r @ 1)) and T(s ® s') exists C*, then it can be
given by qxx - T(p-ny @ p" - nyr):

wT (k- (r@r')) q-T(pm&p'n)
rzez)— 3T QY)———XuX'.
T(s®s")

ProoF. By hypothesis, there are coequalizer diagrams

(W TrSWTr) /
T(TZ ©TZ) T(TY ® TY") — &%)
T(Ts®xTs')

TX®X').
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and
T (k- (rer’)) '
T(Z & Z’) —>T(Y®Y') _ s X® X
T(s®s")

in C'. We proceed to show that X ® X’ and X ® X’ are isomorphic. Since the diagram

T((pTr)@(uTr'))
T(TZ®RTZ) T(TY @ TY)

T(TsxTs')

t-uTk

X ®X'

commutes, there exists a unique CT-morphism  : T(X ® X’) — X ® X' such that

t-Tpep) =t pyey  Tryy . (2.6.i)

We can therefore consider the diagram

T(TTY @ TTY") 2 (1 X @ TXY)
T(u®u)llu-T K u-TﬂllT(wm’)
T(TY @ TY') — ) (X @ X')

,u,-Tnl J/t
T(Y @Y L X®X

in which the inner- and outer-upper squares commute, as does the lower one; Proposi-
tion 2.5.2 moreover implies that the two left vertical arrows of the large square can be
identified. By hypothesis, T(Tp ® T'p') is an epimorphism, so the vertical CT-morphism
T(TX @ TX') - X ® X' that makes the large square commute is unique, that is,

Tk

17 _
TTX®TX)— 2 T(XX)—-—X®X
T(z®x")

commutes. Thus, the universal property of gx x- yields a unique CT—morphism% cXRX —
X ® X’ such that

i ax.x’ =1.
Let us verify now that 7 is an isomorphism. With (2.6.i1), one obtains
Z- axx - Tlp@p) =t -pyey - Thyy , (2.6.1ii)
and therefore
t=t-qxx-TpRp) Ty @ny) =txx - axx - T(p-1y @p - nyr) .
The equality

gx,x’ T(p TNy ®p/ : ?7Y') Yy’ THY,Y' =d4x,x’ T(p ®pl) ) (2-6-iV)
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with Lemma 2.5.1 shows that

P (e (r) Ty
T(Z@2)————T(Y @Y') L&, v g x!
T(s®s")

commutes. The universal property of ¢ then yields a unique C'-morphism v : X ® X’ —
X ® X’ such that

axx -Tp-ny@p -ny)=u-t,

and we can consider the following commutative diagram:

T(TY @ TY') ¥, r(x @ X') — L s X m X’

u-:ml \ L

T(Y @Y L X®X

T(77®77)l lu
T(TY @ TY") 2" r(Xx 9 X') —* X m X' .

By using (2.6.iv), one then observes
gxx - Tp@p)=u-t-gxx-T(pap),

S0 u - = lygyx because both gx.x and T'(p ® p’) are epimorphisms. By exchanging the
displayed upper and lower diagrams, one obtains similarly that t-u = lxgx/, and can
conclude that ¢ is an isomorphism with inverse u. [

2.6.2. COROLLARY. Let (T,x) be a monoidal monad on a monoidal category (C,®, F)

with reflexive coequalizers. If T(X ® —) and T(— ® Y') preserve reflexive coequalizers in
C (for all X, Y € obC), then

wT(k-(k®1)) ¢ T(gn®1)
T(TARTB)®TC) )T((A®B)®C)—>(AB)C
T((a®b)®c)

and

pT(k(1®kK)) q-T(1®g-n)
T(TA® (TB®TC) ————=T(A® (B ()~ 4% (BxC)
T(a®(b®c))

are coequalizer diagrams in C* (for all T-algebras (A, a), (B,b) and (C,c)).
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ProOF. We prove the statement for the first diagram, the proof for the second following
similarly. For this, we only need to verify that the hypotheses of Proposition 2.6.1 are
verified for the reflexive coequalizer diagrams

wTk H
T(TAQTB)— T(A®B)—~—A®B and TTC—TC——C.
T'(a®b) Tc

Since T' = T'(E ® —) preserves reflexive coequalizers, these lift to C* by Proposition 2.4.2,
and T'(qa.p ® 1¢) is therefore a coequalizer in CT; thus, T'(ga.p ® c) is one too by Propo-
sition 2.4.1. Similarly, T(T'qa,p ® Tc) is a reflexive coequalizer in C* and consequently an
epimorphism. Finally, the coequalizer of

taspyec - T(Kagpo - (kagp ®1c))  and  T(a®b) @ Tc
exists in CT because it is a reflexive pair (split by T'((na ® n8) @ n¢c)). "

2.6.3. COROLLARY. Let (T, k) be a monoidal monad on a monoidal category (C,®, E)
with reflexive coequalizers. If T(X ® —) and T(— ®Y') preserve reflexive coequalizers in

C (for all X,Y € obC), then

T(A® B) ® (C © D)) T4, (A g BYm (Cm D)

is an epimorphism in C* (for all T-algebras (A, a), (B,b), (C,c), and (D,d)).

PROOF. The given morphism is in fact a reflexive coequalizer in C*, obtained by applying
Proposition 2.6.1 to the coequalizer diagrams of ¢4 g and qc p. [

2.6.4. THEOREM. Let (T, k) be a monoidal monad on a monoidal category (C, ®, E) with
reflexive coequalizers. If T(X @ —) and T(— ®Y") preserve reflexive coequalizers in C (for
all X, Y € obC), then (C*,®, TE) is a monoidal category whose structure morphisms are
induced by those of (C,®, E).

Moreover, if (C,®, E) and (T, k) are symmetric monoidal, then so is (C*, &8, TE).

PRrROOF. We verify the hypotheses of Theorem 2.5.5. By Proposition 2.4.2, g4 p exists
and is therefore is a reflexive coequalizer of (pagp - Tkap,T(a ® b)) in CT. With the
convention of 2.5.3, the first coequalizer diagram in Corollary 2.6.2 is in fact

wTKRW c
T(TAQTB)RTTC —— 3 T(A®B)RTC —= (A B)& C .
T(a®b)RTc

Indeed, we already know that T'((¢ ® b) ® ¢) = T'(a ® b) ® T'c; moreover, with grarp =
tags - T'kap in the diagram

T(wTr®u)

T(T(TA® TB)® TTC)

,u-Tnl

T(TA®TB)®TC)

T(T(A® B) ® TC)

Lu,-Tn

T(A®B)® (),

wT (k- (k1))
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we see that pagpec - T(kaes,c - (Fap ® lrc)) = pags - Thap B pe; finally, since ga g
is a CT-morphism and gz c = (a > b) ® ¢, we have by functoriality of (— & —):

Qawi.c - T(qaB - Naes ® 1) = ((axab)®c) - (T(qap - Naws) ® 11¢)
= (qap®c) - ((pags  Tnags) B lrc) = qap®C .

By symmetry, the second coequalizer diagram of Corollary 2.6.2 shows that a ® ¢p ¢ is
the coequalizer of (4 B ppgc - Thpe,Ta®T(b® c)). By using that g4 p = a ® b and
qc.p = c®d are CT-morphisms in Corollary 2.6.3, we obtain that

qa,8 8 qo,p = qarB,cap - 1(qa,B * NazB @ qc,p * NceD)

is an epimorphism. Hence, Theorem 2.5.5 applies. [

2.6.5. ExAMPLE. For the monoidal category (C, +, @) of Example 1.2.1(4), we note that
the functor X + (—) preserves coequalizers for all X € ob C. In general, C is not monoidal
closed (for example, if C = Set and X is a non-empty set, the functor X + (—) is not left
adjoint, as it does not preserve coproducts), so Corollary 2.5.7 does not apply. Neverthe-
less, if CT has tensors, then (— ® —) turns out to be the binary coproduct in C* (see [11,
Proposition 2]). In this case, (CT, =, T@) is monoidal because of the universal property of
coproducts; alternatively, (—&—) is left adjoint to the diagonal functor, so Corollary 2.5.6
applies.

In the case where C has reflexive coequalizers and the monad functor T preserves
them (so that C' has reflexive coequalizers by Proposition 2.4.2), Theorem 2.6.4 states
that (C', =, T@) is monoidal, a result that essentially summarizes the previous discussion.

2.7. MONOIDAL MONAD MORPHISMS AND EILENBERG-MOORE CATEGORIES. Once a
monoidal structure on the Eilenberg-Moore category has been established, it is not sur-
prising that monoidal monad morphisms induce monoidal functors, although these need
not be strict as in Proposition 1.3.2.

2.7.1. PROPOSITION. Let (C,®, E) be a monoidal category, and (S,¢), (T, k) monoidal
monads on C. Suppose that CT and C° both have tensors that make (C', =, TE) and
(C°,®, SE) monoidal categories with structures induced by those of (C,®,E). If ¢ :
(S,t) = (T, k) is a monoidal monad morphism, then the induced functor

c?.C"—C®

(that commutes with the forgetful functors to C) is itself monoidal.

PROOF. Set S = (S,v,6) and T = (T, u,n). Recall that the algebraic functor C? sends
a T-algebra (A,a) to the S-algebra (A,a - ¢4) and is identical on morphisms. For T-
algebras (A4, a) and (B,b), one has ¢pagp - Vags = laeB - ¢r(asB) - SPAen, that is, pags :
S(A® B) = T(A® B) is a C>-morphism. Hence, the inner- and outer-left squares in the
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diagram
v-St
S(SA@SB)—>—>S(A®B)17—>A®B
S((a-9)@(b-9)) :
¢-S(¢®¢>)l laﬁ 9

T(a®b) q <~

T(TA®TB) —§ T(A® B) —— A
wTk

commute in C°. If p4 p denotes the coequalizer of the upper row, there is consequently a
unique C5-morphism ¢, 5 : (A® B, (a - ¢a) > (b- ¢p)) = (AR B, (a 1b) - pagp) that
makes the square on the right commute. These ¢ ap (for A, B €ob CT) are easily seen to
be natural in A and B.

A standard diagram chase involving defining diagrams of the induced structures yields
commutativity of

(AeB) ®C S (AeB) ®C -+ (ArB)=C

«| ) |s

A®(B®C) 2% A% (BrC)—> A= (Br ().

Similarly, commutativity of

SE@ AN TE® A2 STER A A®SE 2 A@TE— 5 ARTE

SO - R

is routinely verified. Hence, the functor C® with ¢ : C*(—) ® C?(—~) — C?(— ® —) and
¢r : SE — TFE is monoidal. [

2.7.2. EXAMPLE. The unit monad morphism 1 : I — T of a monoidal monad T (Ex-
ample 1.3.1) induces the forgetful functor C7 : CT — C! = C that is therefore monoidal
(whenever (CT, ®, TE) is monoidal with structures morphisms induced by (C,®, E)).

2.7.3. REMARK. Example 2.7.2 shows that in the context of Theorem 2.5.5, the forgetful
functor G* : C* — Cis monoidal. Standard diagram chases also show that the left adjoint
FT . C — C" is strong monoidal with respect to % : F'(—-) = F'(—) — F'(— ® —) and
lyp : TE — TE (where xy : (TXRTY, ux < py) = (T(X®Y), uxey) denotes the C-
morphism induced by the bimorphism kxy for all X,Y € obC). Hence, the adjunction
FT 4 G": C" — C is monoidal, mirroring the closed case studied in [9] in relation with
commutative monads.
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3. Actions

3.1. MonoIps. Let (C,®, E') be a monoidal category. The category of monoids
(Mim: MM — M,e: E— M)

in C with their homomorphisms is denoted by Mon(C) (see [13, Section VIL.3]).

3.1.1. EXAMPLES.

(1) For Set with its cartesian structure, Mon(Set) = Mon, the usual category of monoids
with their homomorphisms.

(2) A unital ring R is an abelian group that is also a monoid in which the distributive
laws hold, that is, the multiplication R x R — R is Z-bilinear and is therefore equiva-
lently described as a group homomorphism R®z R — R. Hence, unital rings are pre-
cisely the monoids in AbGrp (with its usual tensor product), and Mon(AbGrp) = Rng
is the category of unital rings and their homomorphisms.

(3) A quantale V' is a complete lattice with a monoid operation (—®—) : V' xV — V that
preserves suprema in each variable; with the tensor product in Sup, the category of
complete lattices and sup-preserving maps, the monoid operation may equivalently
be considered a morphism V ® V' — V in Sup. Hence, one has Mon(Sup) = Qnt,
the category of quantales and their homomorphisms.

3.2. ACTIONS IN A MONOIDAL CATEGORY. Let (C,®, F) be a monoidal category, and
M = (M, m,e) a monoid in C. The category of M-actions

a: MRA—= A

in C (that is, of left actions of M on objects of C, see [13, Section VIL.4]) with their
equivariant C-morphisms is denoted by CM (indeed, a monoid M in a monoidal category
(C,®, F) gives rise to a monad on C whose Eilenberg-Moore category is the category of
M-actions and equivariant C-morphisms, in generalization of the monadic group actions

in Set described in [13, Section VI.2]).

3.2.1. EXAMPLES.

(1) If C = Set, and M is a monoid, the category Set™ is the usual category of M-actions
and equivariant maps.

(2) The monoidal structure of AbGrp is given by the tensor product over Z, and a
monoid R in AbGrp is a ring. Hence, AbGrp® is the usual category R-Mod of left
R-modules.
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(3) Given a quantale V = (V,®, k), that is, a monoid is Sup, the category Sup’ is
described as follows. A V-action X in Sup is a complete lattice X together with a
bimorphism (=) - (=) : V x X — X in Sup such that

(uv)-x=u-(v-x) |, k-z=ux,
forallv eV, x € X, and a sup-map f : X — Y is equivariant whenever

flv-z)=v- f(z)
forallveV,xz e X.

3.3. MONADIC ACTIONS. In general, monadic functors do not compose. In the case of
actions in CT however, they do (Theorem 3.3.3 below).

3.3.1. PROPOSITION. Let (T, k) be a monoidal monad on a monoidal category (C, ®, F)
such that C* has tensors, and (C*,®, TE) a monoidal category whose structure morphisms
are induced by those of (C,®, E).

A monoid (M, €) in (CT,®, TE) induces a monad M ® T on C whose functor is M

T(—) : C = C, and whose multiplication and unit are given by their components at
X € obC as follows:

fix = (m®1lrx) 'aJT/[l,M,TX (I ® (E>px))
. —1
x = (e®1rx) - Apx - nx -

PROOF. The composite of the adjunctions

Mn(-) T
(chM—71 'V 1T C

MrT(—)
yields an adjunction (CT) * 1T C that induces the described monad. n

3.3.2. LEMMA. Let (T,k) be a monoidal monad on a monoidal category (C,®, E) such
that CT has tensors, and (C*, =, TE) a monoidal category whose structure morphisms are
induced by those of (C,®, E).

The C-morphisms (e ® 17x) X;( :TX - MrTX are the components of a monad
morphism 7 : T — M & T.

PROOF. Naturality of the components 7x := (e® 17x) X;; (for X € ob C) is immediate.
Agreement on the units is also easily verified:

_ —1
x = (e®1rx) - Apy - x = Tx " Nx -
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For the multiplications, one has

fx-(1y ®8T7x) - Trx
_ ——1
= (M8 1rx) Uy prrx - (A B ((e®1px) - Apx - pix)) - Trx

— . —1 —1

= (AuR1rx) (lrp®e)®lrx) - arprprx - (loe 8 (Apx - pix)) - Apx
— . —1 —1

=(e®lrx)  (AMrp®1rx) - aT}E,TE,TX “ArEerx T Arx CHX

= (

—1
e®lpx) - Apx - px = Tx * fix
(we use [0] for the penultimate equality), so 7 is indeed a monad morphism. n

3.3.3. THEOREM. Let (T, k) be a monoidal monad on a monoidal category (C,®, E) such
that C* has tensors, and (C*,®8, TE) a monoidal category whose structure morphisms are
induced by those of (C,®, E).

For a monoid (M, €) in (C*,®, TE), there is an isomorphism between the category of
algebras of the monad M ® T and the category of M-actions in C*:

CMIZI']T o~ (CT)M .

In particular, the forgetful functor (CT)M — C is strictly monadic.

PROOF. The comparison functor K : (CH)M — CM®T sends a T-algebra (A, a;) with an
action ay : M ® A — A in CT to the (M = T)-algebra (A, ay - (1) ®a;)). We proceed to
verify that K is an isomorphism.

The monad morphism 7 : T — M & T of Lemma 3.3.2 induces a functor C™ : CM¥T —
CT that sends a (M = T)-algebra (A, a) to the T-algebra (A, a - 74) and commutes with
the forgetful functors to C. Set a; := a - 74, so that

wTk
T(TM®TA) —— 2T(M®A) ——Mr A
T({®a1)

is a coequalizer diagram. There is then a unique CT-morphism a, : M ® A — A such that

T(M ® A) d Mg A

T(1®n)l laz

T(MRTA) - MrTA—2— A

commutes. To see this, we use the universal property of gas 4. Indeed, 74 = (e®1lry4) -X;; :
TA— M®TA is a C'-morphism, so the diagram

T(¢@n) T(1OT((eml) X 1))

T(TM @ TA) T(M & TTA) T(M ® T(M g TA))

T(1®w) lT(1®(£><u))
m l T(1&((e1) A 1))

T(M ®TA) T(M®(MrTA))
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commutes; by definition of a (M = T)-algebra (A, a), the diagram

TMRT(MRTA) ——MrT(MRTA) —= . M eTA

a

T(l@(&mwl m(gm’”l
T(M®(M8TA) —L—— Mg (MrTA))

mrl)-a !
() M ®TA—" 3 A

also commutes. By glueing these diagrams together along T'(15; ® (€ >< 114)), one obtains,
, —1
with aL =a- (6 1TA) . /\TA and qM,TA T(l &® Ta) = <1M TCL) “ M, T(MxTA);

a-qura-T(ly @na) -T(E®ay)
=a-qura-T(ly ®@Tay) - T(EQnra)
) - amrveray - T(1y @ T((e® 1py4) X;;)) -T(E®@n7a)
Uyt arra - Gavsra - T(1y © (€8 174) ) - T(E @ 1p4)

) .
=a-(mRlry) 'aJT/Il,M,TA (Il ®((emlra) X;}Lx)) “qura - T(E® 11a)

=a-(IlyrTa

=a- (MR 1y

_ . —1
=a- (py ®1ra)- a]\/.ll,TE,TA (A ®Apy) - qarra - T(E ® 1ra)

=a-qura-T(E®1p4) .
Since one also has
a- qura- Ty @na) - pivrea - Thara

=a-qura- pymera - Thyvra - T(1ry @ Tna)
=a-qura-T(E®1ra),

the existence and unicity of the required CT-morphism a, follows. Moreover,
a-qura=a-qura- Ty @na)-T(1y @ a)

=ay - qua-T(1y ®a)

=ay- (ly®ay)- qmTA

so @ = ay - (1y ®aq) because gy 4 is epic. Let us verify that ap : M ® A — A defines an
action. For this, we use

a-(IlyrTa)=as - (1y®Ray) - (1y xTa)
=az- (Iy®a)- (1y & (§ > pa))

=ay- (IyRay) (IyR(IyRay)) - (Iy = (E><p0a))

and

a-fia=ay- (M&1a) (Lygar ®ar) - @y pppa - (L ® (€04 p1a))

— 4y (MB 1) Wytyya (L @ (Ly B ar)) - (L (€54 pa)
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Moreover, for any T-algebra structure b : TB — B, the CT'-morphisms T'(1); ® b) is an
epimorphism, so that gara - T'(1y ® b) = (1a ® D) - garra implies that (1) ® b) is epic.
Since a - (1yy ®Ta) = a - fia, and (1p ® (1 ®aq)), (1y ® (€ > pa)) are both epic, we
obtain

as- (lyRag) =ag- (mm1y) -aX/[{M’A ,
the first condition for a, to be an action. The second condition comes from

a-ﬁA:ag-(lMal)-(e1TA)-/\T114-77A:a2~(e1A)-X;1-a1-17,4:a2-(e1A)-X;11

with a - 4 = 14. Finally, any (M = T)-algebra homomorphism f : (A,a) — (B,b) yields
a T-algebra homomorphism f : (4,a-74) — (B,b- 75) that is equivariant: one has

f-ag-(lMal) = f-a = b(lMTf) = bg(lel)(lMTf) = bg(le)(lMal) ,

so that f-as = by (1 ® f) because (1) ®ay) is epic.
Hence, a (M ®T)-algebra (A, a) yields a T-algebra (A, a;) with an action ay : MR A —
A, and K((A,ay),as) returns the original (M & T)-algebra (A, a), since a = ay - (1 Ray).
Conversely, the K-image of a T-algebra (A, a;) with an action as : M ® A — A is a
(M = T)-algebra (A, as - (1p ®aq)). Since
as - (1y ®ay) -TA:ag-(elA)-X;-al =

and the diagram

T(M® A)——T(M® A) 1 Mg A
T(1®n)l Aal) 1 l‘l?
T(M ®TA) d MeTA—2— A

commutes, one recuperates the original triplet ((A, ay),as) from (A, ay - (1 ®ay)); that
is, K is an isomorphism. [

3.3.4. EXAMPLES.

~

(1) Any monoid M in a monoidal category (C,®, F) yields an isomorphism (CH)M
CM =~ CM®L This immediate result is also the T = I case of Theorem 3.3.3.
(2) If T = A is the free abelian group monad and M = R is a ring, the isomorphisms
R-Mod =2 AbGrp® = (Set*)? = Set/t¥24
recall the classical monadicity of R-modules over Set, and describe the free R-module

over a set X as R®y AbX.

(3) For a quantale V, the category Sup” of V-actions (Example 3.2.1(3)) is isomorphic to
the category SetV®". The classical description of the tensor in Sup (see for example
[2]) yields isomorphisms

V ® PX = Sup(Sup(V,Sup(PX,2)),2) = Set(X,V) .

The case where V' is integral was treated in [15], where it is proved that Sup" s
monadic over Set.
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3.4. MONAD MORPHISMS. Suppose that S and T are monoidal monads on (C, ®, ) that
respectively induce monoidal categories (C°, ®, SE) and (C*¥,®,TE). Proposition 3.4.2
below shows that every pair of monoid homomorphism f : N — M and monoidal monad
morphism ¢ : S — T induces a monad morphism (f, ¢) : N®S — M=T, and thus a functor
(CHM — (C5)N between the respective categories of actions. The usual restriction-of-
scalars functor between categories of modules then appears as the S = T = A instance of
this result (Corollary 3.4.3).

3.4.1. LEMMA. Let (C,®, E) be a monoidal category, and (S,t), (T, k) monoidal monads
on C. Suppose that C* and C° both have tensors that make (C*, =, TE) and (C°,®, SE)
monoidal categories with structures induced by those of (C,®, F).

If ¢ :' S — T is a monoidal monad morphism and ((N,¢),n,d) is a monoid in CT,
then (N, (- ¢n) with multiplication n - $N7N and unit d - ¢ is a monoid in C5.

PROOF. Since (N, () is a T-algebra, (N, ( - ¢n) is an S-algebra. The structures d - ¢p :
SE — N and n - $N7N : N® N — N are C°-morphisms (see the proof of Proposi-
tion 2.7.1). Commutativity of the corresponding monoid diagrams in (C°, ®, SE) follows
from commutativity of the monoid diagrams of (N,n,d) in (CT,®, TE) combined with
commutativity of the diagrams showing that the functor C? : CT — C° is monoidal with

respect to ¢ and ¢z (Proposition 2.7.1). =

3.4.2. PROPOSITION. Let (C,®, E) be a monoidal category, and (S,t¢), (T, k) monoidal
monads on C. Suppose that CT and C° both have tensors that make (CT,®,TE) and
(C°, ®, SE) monoidal categories with structures induced by those of (C,®, E).

If ¢ : S — T is a monoidal monad morphism, and f : N — M a monoid homomor-
phism in CT, then there is a monad morphism (f,¢): N®S — M ®T whose components
at X € ob C are given by the CS-morphism $M7TX (f®ox) N®SX > MrTX.

PROOF. By Lemma 3.4.1, N can be seen as a monoid in (C°, ®, SE), thus defining a monad
N ®S. Via the functor C? : CT — C5, the arrows f and ¢y are C5-morphisms, so f ® ¢x
is defined in C®, and so is EM’TX by Proposition 2.7.1. To verify that these components
define a monad morphism, we use our usual notations S = (S,v,9), T = (T, u,n) for
the monads, and (N,n,d), (M, m,e) for the monoids. Moreover, we let the context
differentiate between the induced structure morphisms @, 6 and 5 of CT or C5.

By using the definitions and properties of the involved morphisms, we compute

EM,TX (f ® éx) Hox :aM,TX (f®ox) - (d- o ® lsx) Xg)l( - 0x
= Garrx (€ ® 1rx) - (65 ® 17x) - (Lsp ® 6x) - Agx - Ox
= (e®1rx) - rprx - (95 ® lrx) X;{ “¢x - Ox
)

—1 5
=(emlpx) - Apy - Mx =TNx .
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For the multiplications, we use that

EM,TX (f®ox)-(n- EN,N ® 1sx) 'a]_\f,lN,SX
=(m-(f8f)B1rx) dnanrx - (Onn ® lrx) - Oy yrx - (I ® (Iy ® ¢x))
= (m-(f®f)®lrx)  Tyvrx Oy verx - (Iv @ Onryx) - (v ® (Iy ® dx))
= (m&lrx) 'a&l,M,TX Oy mrx - (I @ Oprrx) - (f ® (f ® ¢x))

and since ¢y px - (f ® ¢x) : N ®SX — M &TX is a C5-morphism,

aM,MmTX (1 ®§_ZSM,TX) (fe(f®ox)) (In®(C oy avy))
= C_bM,MTX (f®((Expx) duerx))  (Iy® S(C_bM,TX (f®ox)))
= (I ® (> px)) 'aM,T(METX) (f ® dumrx) - (In ® S(EM,TX (f®ox))) .

Hence,

Ourrx(f ® ox) - ix
= Oyrx - (f®¢x) - (n- Oy ny®lox) Oylysx - (Iv ® (C- oy >avy))
= fx 'aM,T(MTX) (f ® dumrx) - (In ® S(Q_bM,TX (f®ox))),

so the components ¢ wrx - (f®¢x) satisfy the two conditions for being a monad morphism.
u

3.4.3. COROLLARY. [Restriction of scalars] Let (C,®, E) be a monoidal category, and
(T, %) a monoidal monad on C. Suppose that C* has tensors that make (C*,®, TE) a
monoidal category with structure morphisms induced by those of (C,®, E).

If f: N — M is a monoid homomorphism in CT, then the monad morphism (f, 1) :
N&®T— M&T induces a functor CtH:1r) . (CTHYM — (CTHN,

PROOF. The monad morphism is the ¢ = 1r case of Proposition 3.4.2, and the result
follows from the isomorphisms (C%) 2 CV¢8 and (CT)M =~ CM®T (Theorem 3.3.3). o
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