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SPAN, COSPAN, AND OTHER DOUBLE CATEGORIES

SUSAN NIEFIELD

ABSTRACT. Given a double category D such that Dy has pushouts, we characterize
oplax/lax adjunctions D ——= Cospan(Dg) for which the right adjoint is normal and re-
stricts to the identity on Dy, where Cospan(Dg) is the double category on Dy whose
vertical morphisms are cospans. We show that such a pair exists if and only if D has
companions, conjoints, and 1-cotabulators. The right adjoints are induced by the com-
panions and conjoints, and the left adjoints by the 1-cotabulators. The notion of a
1-cotabulator is a common generalization of the symmetric algebra of a module and
Artin-Wraith glueing of toposes, locales, and topological spaces.

1. Introduction

Double categories, first introduced by Ehresmann [2], provide a setting in which one can si-
multaneously consider two kinds of morphisms (called horizontal and vertical morphisms).
Examples abound in many areas of mathematics. There are double categories whose ob-
jects are sets, rings, categories, posets, topological spaces, locales, toposes, quantales, and
more.

There are general examples, as well. If D is a category with pullbacks, then there is
a double category Span(D) whose objects and horizontal morphisms are those of D, and
vertical morphisms Xy —= X are spans, i.e., morphisms Xo<—X—X; of D, with vertical
compositions via pullback. If D is a category with pushouts, then Cospan(D) is defined
dually, in the sense that vertical morphisms Xy —= X; are cospans Xy — X <— X; with
vertical compositions via pushout. Moreover, if D has both, then pushout of spans and
pullback of cospans induce an oplax/lax adjunction (in the sense of Grandis-Paré [5, 12])

Span(D) % Cospan(D)

which restricts to the identity on the horizontal category D.

Now, suppose D is a category with pushouts, and we replace Span(D) by a double
category D whose horizontal category is also D. Then several questions arise. Under what
conditions on D is there an oplax/lax adjunction D == Cospan(D) which restricts to the
identity on D? In particular, if D has cotabulators, then there is an induced oplax functor
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F:D—Cospan(D), and so one can ask when this functor F has a right adjoint. Similarly,
if D has companions and conjoints, there is a normal lax functor G: Cospan(D)—D which

takes a cospan Xy — X <= X, to the composite X, 2 XaclaXl, and so one can ask
when the induced functor GG has a left adjoint.

We will see that these questions are related. In particular, there is an oplax/lax
adjunction

D % Cospan(D)

such that GG is normal and restricts to the identity on D precisely when D has 1-cotabula-
tors, conjoints, and companions (where for 1-cotabulators we drop the tetrahedron con-
dition in the definition of cotabulator). Moreover, if D has pullbacks, then the result
dualizes to show that there is oplax/lax adjunctions Span(D) === D whose left adjoint is
opnormal and restricts to the identity on D precisely when D has 1-tabulators, conjoints,
and companions.

The double categories mentioned above all have 1-cotabulators, companions, and con-
joints, and the functors F' and G are related to familiar constructions. In the double
category of commutative rings (as well as, quantales), the functor F' is given by the sym-
metric algebra on a bimodule and G is given by restriction of scalars. For categories
(and posets), F' is the collage construction. In the case of topological spaces, locales, and
toposes, the functor F' uses Artin-Wraith glueing.

The paper proceeds as follows. We begin in Section 2 with the double categories un-
der consideration, followed by a review of companions and conjoints in Section 3. The
notion of 1-tabulators (dually, 1-cotabulators) is then introduced in Section 4. After a
brief discussion of oplax/lax adjunctions in Section 5, we present our characterization
(Theorem 5.5) of those of the form D=—Cospan(D) such that right adjoint is normal and
restricts to the identity on D. Along the way, we obtain a possibly new characterization
(Proposition 5.3) of double categories with companions and conjoints, in the case where
the horizontal category D has pushouts, as those for which the identity functor on D ex-
tends to a normal lax functor Cospan(D)—D. We conclude with the dual (Corollary 5.6)
classification of oplax/lax adjunctions Span(D) —=D whose left adjoint is opnormal and
restricts to the identity on D.

2. The Examples of Double Categories

Following Grandis-Paré [5, 12] and Shulman [13], we define a double category D to be a

weak internal category
do
C —_—
|D1 X[Do |D1 — |D1 <A— |D0
d1

in CAT. It consists of objects (those of Dy), two types of morphisms: horizontal (those of
Dy) and vertical (objects of Dy with domain and codomain given by dy and d; ), and cells
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(morphisms of D) denoted by
Xo - Y
gy

Xi—N

Composition and identity morphisms are given horizontally in Dy and vertically via ¢ and
A, respectively.

The objects, horizontal morphisms, and special cells (i.e., ones in which the vertical
morphisms are identities) form a 2-category called the horizontal 2-category of D. Since
D is a weak internal category in CAT, the associativity and identity axioms for vertical
morphisms hold merely up to coherent isomorphism, and so we get an analogous wvertical
bicategory. When these isomorphisms are identities, we say that D is a strict double
category.

The following double categories are of interest in this paper.

2.1. ExAMPLE. Top has topological spaces as objects and continuous maps as horizon-
tal morphisms. Vertical morphisms Xy —s= X; are finite intersection-preserving maps
O(Xp) —= O(X;) on the open set lattices, and there is a cell of the form (%) if and only
if filn Cmfyt.

2.2. EXAMPLE. Loc has locales as objects, locale morphisms (in the sense of [8]) as
horizontal morphisms, and finite meet-preserving maps as vertical morphisms. There is a
cell of the form (%) if and only if fin < mf;.

2.3. ExaMmPLE. Topos has Grothendieck toposes as objects, geometric morphisms (in
the sense of [9]) as horizontal morphisms, finite limit-preserving functors as vertical mor-
phisms, and natural transformations fin—mfj as cells of the form ().

2.4. EXAMPLE. Cat has small categories as objects and functors as horizontal morphisms.
Vertical morphisms m: Xy —= X; are profunctors (also known as distributors and rela-
tors), i.e., functors m: Xg¥ x X; — Sets, and natural transformations m —n(fo—, f1—)
are cells of the form ().

2.5. EXAMPLE. Pos has partially-ordered sets as objects and order-preserving maps as
horizontal morphisms. Vertical morphisms m: Xy —= X are order ideals m C X" x Xj,
and there is a cell of the form (x) if and only if (xg,x1) € m = (fo(xg), f1(z1)) € n.

2.6. EXAMPLE. For a category D with pullbacks, the span double category Span(D) has
objects and horizontal morphisms in D, and vertical morphisms which are spans in D, with

idx

composition defined via pullback and the identities id®*: X —s= X given by X Mx x X x
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The cells m —n are commutative diagrams in D of the form

e XO fO K)
T X ——1

In particular, Span(Sets) is the double category Set considered by Paré in [12], see also
[1].

2.7. EXAMPLE. Cospan(D) is defined dually, for a category D with pushouts. In particu-
lar, Span(Top) is the double category used by Grandis [3, 4] in his study of 2-dimensional
topological quantum field theory.

2.8. EXAMPLE. For a symmetric monoidal category )V with coequalizers, the double cat-
egory Mod(V) has commutative monoids in V as objects and monoid homomorphisms
as horizontal morphisms. Vertical morphisms from X, to X; are (Xo, X;)-bimodules,
with composition via tensor product, and cells are bimodule homomorphisms. Special
cases include the double category Ring of commutative rings with identity and the double
category Quant of commutative unital quantales.

3. Companions and Conjoints

Recall [6] that companions and conjoints in a double category are defined as follows.
Suppose f: X —Y is a horizontal morphism. A companion for f is a vertical morphism
fi: X ==Y together with cells

X9 x x-toy
id% n f f*i 15 idy,

whose horizontal and vertical compositions are identity cells. A conjoint for f is a vertical
morphism morphism f*:Y —= X together with cells

idy

x- Ly y 4y
dx !« if* f*i Ié] iid;
F;X XT>Y

whose horizontal and vertical compositions are identity cells. We say D has companions
and conjoints if every horizontal morphism has a companion and a conjoint. Such a double
category is also known as a framed bicategory [13].
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If f has a companion f,, then one can show that there is a bijection between cells of
the following form

L e
o x Ly if*
mi o in mt %Y
. . ! in
S

Similarly, if f has a conjoint f*, then there is a bijection between cells

_ 9 .
g in
XY a
Th

There are two other cases of this process (called vertical flipping in [6]) which we do not
recall here as they will not be used in the following.

All of the double categories mentioned in the previous section have well known com-
panions and conjoints. In Top, Loc, and Topos, the companion and conjoint of f are
the usual maps denoted by f, and f*. For Cat, they are the profunctors defined by
felz,y) =Y (fx,y) and f*(y,z) = Y(y, fx), and analogously, for Pos. If V is a symmet-
ric monoidal category and f: X — Y is a monoid homomorphism, then Y becomes an
(X, Y)-bimodule and a (Y, X)-bimodule via f, and so Y is both a companion and conjoint
for f. Finally, for Span(D) (respectively, Cospan(D)) the companion and conjoint of f are
the span (respectively, cospan) with f as one leg and the appropriate identity morphism
as the other.

4. 1-Tabulators and 1-Cotabulators

Tabulators in double categories were defined as follows in [5] (see also [12]). Suppose D
is a double category and m: Xy —= X; is a vertical morphism in D. A tabulator of m is
an object T' together with a cell

Xo

T 7 tm
X1
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such that for any cell
Xo
Y /4; lm
\
X1

there exists a unique morphism f:Y — T such that 7f = ¢, and for any commutative

tetrahedron of cells
Yo —Xo

a8

Yi— X,

there is a unique cell ¢ such that

Y Xy

gives the tetrahedron in the obvious way.

Tabulators (and their duals cotabulators) arise in the next section, but we do not
use the tetrahedron property in any of our proofs or constructions. Thus, we drop this
condition in favor of a weaker notion which we call a 1-tabulator (and dually, 1-cotabulator)
of a vertical morphism. When the tetrahedron condition holds, we call these tabulators
(respectively, cotabulators) strong.

It is easy to show that the following proposition gives an alternative definition in terms
of adjoint functors.

4.1. PROPOSITION. A double category D has I-tabulators (respectively, 1-cotabulators)
if and only if A:Dy — Dy has a right (respectively, left) adjoint which we denote by ¥
(respectively, T').

4.2. COROLLARY. Mod(V) does not have 1-tabulators.

PROOF. Suppose (V,®, 1) is a symmetric monoidal category. Then I is an initial object
Mod(V)o, which is the category of commutative monoids in V. Since Al is not an initial
object of Mod(V);, we know A does not have a right adjoint, and so the result follows
from Proposition 4.1. n

The eight examples under consideration have 1-cotabulators, and we know that 1-
tabulators exist in all but one (namely, Mod())). In fact, we will prove a general propo-
sition that gives the existence of 1-tabulators from a property of 1-cotabulators (called
2-glueing in [11]) shared by Top, Loc, Topos, Cat, and Pos. We will also show that the
1-cotabulators in Ring are not strong, and so consideration of only strong cotabulators
would eliminate this example from consideration.
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The cotabulator of m: Xy —= X; in Cat (and similarly, Pos), also known as the collage,
is the the category X over 2 whose fibers over 0 and 1 are Xy and X, respectively, and
morphism from objects of X to those of X; are given by m: Xg¥ x X; — Sets, with the
obvious cell m —idY.

Cotabulators in Topos, Loc, and Top are constructed using Artin-Wraith glueing (see
9], [10], [11]). In particular, given m: Xy —= X; in Top, the points of I'm are given by
the disjoint union of Xy and X; with U open in I'm if and only if Uj is open in X, U is
open in X, and U; € m(Uy), where U; = U N X;.

For Cospan(D), the cotabulator of Xy—> X < X is given by X with cell (co,idx, c1).
If D has pullbacks and pushouts, then the cotabulator of X, <> X - X in Span(D) is
the pushout of sy and s.

The situation in Mod(V) is more complicated. The following example (which gener-
alizes to any V with a “symmetric algebra” functor) shows that Ring has 1-cotabulators
which do not satisfy the tetrahedron condition.

4.3. EXAMPLE. Suppose M: Xy—= X; is a vertical morphism in Ring, i.e., M is an
(Xo, X1)-bimodule. Then M is an X, ® X;-module, and so we can consider the symmetric
Xo ® Xi-algebra

SM = P me"

n>0

together with the canonical inclusion ¢: M — SM, where M®° = X, ® X; and M®" is
the tensor product over Xy ® X; of n copies of M. We claim that the corresponding cell

Xo

\
Mt —> SM
7

X1

is a 1-cotabulator of M: Xy—= X;. Since Xy ® X; is the coproduct of X,y and X; as
commutative rings and S is left adjoint to the forgetful functor from X, ® X;-algebras to
Xy ® Xi-modules, we know that any cell

Xo

PN

Mt —> Y
X1

corresponds to an Xy ® Xj-module homomorphism ¢: M — Y, and hence, a unique
Xo ® Xj-algebra homomorphism f: SM — Y such that fu. = ¢. Thus, SM has the
desired structure of a 1-cotabulator in Ring.

To see that the tetrahedron condition does not hold, consider the 1-cotabulator of
0: Z —= Z, where S0 = Z and ¢ is the unique homomorphism 0—Z. Taking ¢1(n) = (n,0)
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and ¢2(n) = (0,n), the diagram

7—7 7—7
Zl 4 izeaz ol J/Z
71—7 = 7—>7
oi 2 iz zl ‘2 J/Z@Z
I —7 I —7

defines a commutative tetrahedron which does not factor as

l\ /{

—_—

Z/ \Z

for any homomorphism &: 7 — 7 @ Z. Thus, the 1-cotabulators are not strong in Ring.

Now, suppose D has 1-cotabulators and a terminal object 1, and let 2 denote the image
under I' of the vertical identity morphism on 1, where I': D; — Dy is left adjoint to A (see
Proposition 4.1). Then I' induces a functor D; — Dy /2, which we also denote by I'. If
this functor is an equivalence of categories, then we say D has 2-glueing.

In Cat (and similarly, Pos), 2 is the category with two objects and one non-identity
morphism. It is the Sierpinski space 2 in Top, the Sierpinski locale O(2) in Loc, and the
Sierpinski topos S? in Topos. That Cat has 2-glueing is Bénabou’s equivalence cited in
[14]. For Top, Loc, and Topos, the equivalence follows from the glueing construction (see
9], [10], [11]). Note that in each of these cases, 2 is exponentiable in Dy (see [7, 9]), and
so the functor 2*: Dy —Dgy/2 has a right adjoint, usually denoted by II5.

4.4. PROPOSITION. If D has 2-glueing and 2 1is exponentiable in Dy, then D has
1-tabulators.

PRrROOF. Consider the composite F': IDongo /2 ~ Dy. Since it is not difficulty to show that
I' takes the vertical identity on X to the projection X x 2—2 it follows that F = A, and
so A has a right adjoint %, since 2* does. Thus, D has 1-tabulators by Proposition 4.1. m

Applying Proposition 4.4, we see that Cat, Pos, Top, Loc, and Topos have 1-tabulators
(which can be shown to be strong). Unraveling the construction of 3 given in the proof
above, one gets the following descriptions of 1-tabulators in Cat and Top which can be
shown to be strong.

Given m: Xo—= X; in Cat (and similarly Pos), the tabulator is the category of ele-
ments of m, i.e., the objects of ¥m are of the form (xg, 1, ), where zy is an object of
Xo, o1 is an object of X, and o € m(zg, x1). Morphisms from (x¢,x1, ) to (zf, 2}, )
in ¥m are pairs (o — z(, 1 — ) of morphisms, compatible with a and «’.
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The tabulator of m: Xy —= X7 in Top is the set
¥m = {(xo,21) | YUy € O(Xo),z1 € m(Up) = 70 € U} C Xo X X3

with the subspace topology. Note that one can directly see that this is the tabulator of
m by showing that (fo, f1): Y — Xo x X; factors through Ym if and only if f; 'm C f;'.

Although Span(D) and Cospan(D) do not have 2-glueing (since I'(id}) = 1), and so
Proposition [11] does not apply, the construction of their tabulators is dual to that of
their cotabulators. Finally, Ring and Quant do not have 1-tabulators, as they are special
cases of Corollary 4.2.

5. The Adjunction

Recall from [5] that a laz functor F:D — E consists of functors F;: D; —[;, for i = 0,1,
compatible with dy and d;; together with identity and composition comparison cells

px:idyy — F(id%) and  pp: Fm/sFm— F(m'em)

for every object X and every vertical composite m/sm of D, respectively; satisfying nat-
urality and coherence conditions. If px is an isomorphism, for all X, we say that F' is
a normal lax functor. An oplax functor is defined dually with comparison cells in the
opposite direction.

An oplaz/lax adjunction consists of an oplax functor F: D—E and a lax double functor
G:E—D together with double cells

Xo L GFX, FGY, —%Y,
mi Nm, iGFm FGni €n in

satisfying naturality and coherence conditions, as well as the usual adjunction identities
(see [6]).

5.1. EXAMPLE. Suppose D is a double category with 1-cotabulators and Dy has pushouts.
Then, by Proposition 4.1, the functor A: Dy — D; has a left adjoint (denoted by I'), and
so there is an oplax functor F: D — Cospan(Dy) which is the identity on objects and
horizontal morphisms, and defined on vertical morphisms and cells by

fo
Jo Xg—— X! .
X — X’ 0 0 )
0 0 $ f\OA )
mi © im/ — . I'm——=TIm

Xi—=X] X, V=X n
1
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where f is induced by the universal property of the 1-cotabulator. The comparison cells
F(id%) —=idyy and F(m'sm)— F'm’«F'm also arise via the universal property, with the
latter given by the horizontal morphism I'(m’«sm) —= P corresponding to the diagram

idx,

Xo— Xo

my L, I'm
- \P
. ,/

m' ¢ Lm/ Fm

Xo— Xy

idx,

where P is a pushout and the large rectangle is the canonical cell.

Dually, we get:

5.2. EXAMPLE. Suppose D is a double category with 1-tabulators and Dy has pullbacks.
Then there is a lax functor F': D—Span(Dy) which is the identity on objects and horizontal
morphisms and takes m: Xy —= X; to the span Xy <— Xm — X, where X is the right
adjoint to A.

5.3. PROPOSITION. Suppose D is a double category and Dy has pushouts. Then D has
companions and conjoints if and only the identity functor on Dy extends to a normal lax
functor G: Cospan(Dy) —D.

PROOF. Suppose D has companions and conjoints. Then it is not difficult to show that
there is a normal lax functor G:Cospan(Dy) — D which is the identity on objects and
horizontal morphisms, and is defined on cells by

Y, 2.y
Y,y ’ ¥
0 0 \06 Co*i 77210 IC/O*
0/1 Y —>> Y — Y-y
, c’{i Y1 ic’l*
}/1 g1 }/1/ a Y Y/
17 g 1

where 9y and 1, arise from the commutativity of the squares in the cospan cell, and the
definitions of companion and conjoint.

Conversely, suppose there is a normal lax functor G: Cospan(Dg)—D which is the iden-
tity on objects and horizontal morphisms. Then the companion and conjoint of f: X —Y
are defined as follows. Consider

idy idY

fo=GX Ly 2y Xy =Gy Lyl x)y-Xx
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Applying G to the cospan diagrams

f
+ ld\x X \ " % idyidy
LA St
Xy Yo -y
f idy
and composing with px and py', we get cells
X x X x x—1.oy 4y
idg(i oy idx, jc(idx%” if* f iG(,f,idy,idy)JidY* pit iid;,
X*)idx X*>f Y Y o Y o Y

which serve as n and e, respectively, making f, the companion of f. Note that the
horizontal and vertical identities for 1 and ¢ follow from the normality and coherence
axioms of G, respectively.

Similarly, the cells a and S for f* arise from the cospan diagrams

id id

idx
/ /f‘/ / 4:
X——X
idx
and it follows that D has companions and conjoints. [

5.4. COROLLARY. Suppose D is a double category and Dy has pullbacks. Then D has
companions and conjoints if and only the identity functor on Dy extends to an opnormal
oplaz functor Span(Dgy) —D.

PRrROOF. Apply Proposition 5.3 to DP. [
5.5. THEOREM. The following are equivalent for a double category D such that Dy has

pushouts:

F
(a) there is an oplaz/lax adjunction D%Cospan(l])o) such that G is normal and restricts

to the identity on Dy;

(b) D has companions, conjoints, and 1-cotabulators;

(¢) D has companions and conjoints, and the induced normal lax functor Cospan(lDo)ilD
has an oplax left adjoint;
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(d) D has companions, conjoints, and I-cotabulators, and the induced oplax functor

D £~ Cospan(Dy) is left adjoint to the induced normal laz functor Cospan(Dy) - D;

(¢) D has 1-cotabulators and the induced oplaz functor D> Cospan(Dy) has a normal
lax right adjoint.

PRrROOF. (a)=(b) Given F' +H G such that G is normal and restricts to the identity on
Do, we know D has companions and conjoints by Proposition 5.3. To see that D has
1-cotabulators, by Proposition 4.1, it suffices to show that A: Dy —D; has a left adjoint.

Since A factors as Dy = Cospan(Dy) S D4, by normality of GG, and both these functors
have left adjoints, the desired result follows.

(b)=(c) Suppose D has companions, conjoints, and 1-cotabulators, and consider the in-
duced functor F: D—= Cospan(Dy). Given m: Xy —= X; and Yy ~>Y <1V}, applying the
definition of 1-cotabulator, we know that every cell in Cospan(Dy) of the form

corresponds to a unique cell

and hence, a unique cell

X1 —="

by vertical flipping, and it follows that F' 4 G.

(c)=-(d) Suppose D has companions and conjoints, and the induced normal lax functor
G has an oplax left adjoint F. As in the proof of (a)=-(b), we know that D has 1-
cotabulators, and so, it suffices to show that F' is the induced functor. We know F' takes

m: Xog—= X1 to a cospan of the form X 2 I'm<~ X, since F is the identity on objects

and the left adjoint of A: Dy—=Cospan(Dy) takes Xo-2T'm<=X; to X, and so the desired
result easily follows.
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(d)=(e) is clear.

(e)=(a) Suppose D has 1-cotabulators and the induced oplax functor F' has a normal lax
right adjoint (G. Since F’ restricts to the identity on Dy, then so does GG, and the proof is
complete. [

Note that this proof shows that if there is an oplax/lax adjunction
F
D %) Cospan(Dy)

such that GG is normal and restricts to the identity on Dy, then F' is the induced by
1-cotabulators and G by companions and conjoints. Since the double categories in Exam-
ples 2.1-2.8 all have companions, conjoints, and 1-cotabulators, it follows that they each
admits a unique (up to equivalence) oplax/lax adjunction of this form and it is induced
in this manner.

Applying Theorem 5.5 to D, we get:
5.6. COROLLARY. The following are equivalent for a double category D such that Dy has
pullbacks:

G
(a) there is an oplaz/lax adjunction Span([Do)%ﬂD such that G is opnormal and restricts

to the identity on Dy,
(b) D has companions, conjoints, and 1-tabulators;

(¢) D has companions and conjoints, and the induced opnormal oplaz functor

Span(Dy) =D has a laz right adjoint;

(d) D has companions, conjoints, and I1-tabulators, and the induced lax functor

IDiSpan(lDo) is right adjoint to the induced opnormal oplax functor Span(lDo)ng;

(¢) D has 1-tabulators and the induced lax functor D->Span(Dy) has an opnormal oplaz
left adjoint.

As in the cospan case, if there is an oplax/lax adjunction
a
Span(Dy) ? D

such that G is opnormal and restricts to the identity on Dy, then F' is the induced
by 1-tabulators and G is by companions and conjoints. Since the double categories in
Examples 2.1-2.7 (i.e., all but Mod(V) ) have companions, conjoints, and 1-tabulators,
it follows they each admits is a unique (up to equivalence) oplax/lax adjunction of this
form, and it is induced by companions, conjoints, and 1-tabulators.
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