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TENSOR-TRIANGULATED CATEGORIES AND DUALITIES

BAPTISTE CALMES AND JENS HORNBOSTEL

ABSTRACT. In a triangulated closed symmetric monoidal category, there are natural
dualities induced by the internal Hom. Given a monoidal exact functor f* between
two such categories and adjoint couples (f*, f.), (f«, f'), we establish the commutative
diagrams necessary for f* and f, to respect certain dualities, for a projection formula to
hold between them (as duality preserving exact functors) and for classical base change
and composition formulas to hold when such duality preserving functors are composed.
This framework allows us to define push-forwards for Witt groups, for example.

Contents

1 Adjunctions and consequences 141
2 Dualities 156
3 Consequences of the closed monoidal structure 159
4 Functors between closed monoidal categories 163
5 Relations between functors 173
6 Various reformulations 187
A Signs in the category of complexes 195
Introduction

Several cohomology theories on schemes use the concept of a duality in their definition.
In fact, these cohomology theories are usually defined at a categorical level; a group is
associated to a category with some additional structure, including a duality which is then
a contravariant endofunctor of order two (up to a natural isomorphism) on the category.
The main example that we have in mind is the Witt group, defined for a triangulated
category with duality, the (coherent or locally free) Witt groups of a scheme then being
defined by using one of the various bounded derived categories of a scheme endowed with
a duality coming from the derived functor RHom. Of course, most of the structural
properties of these cohomology theories should be proved at a categorical level. For
example, Paul Balmer has proved localization for Witt groups directly at the level of
triangulated categories by using localization properties of such categories [300]. In the
rest of the article, we only discuss the example of Witt groups, but everything works
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exactly the same way for Grothendieck-Witt groups. The reader should also have in mind
that similar considerations should apply to hermitian K-theory and Chow-Witt theory,
etc.

We are interested in the functoriality of Witt groups along morphisms of schemes. At
the categorical level, this means that we are given functors between categories (such as
the derived functors of f* or f.) and that we would like to use them to induce morphisms
between Witt groups. Let us elaborate on this theme. The basic ideas are:

e a functor between categories respecting the duality induces a morphism of groups
and

e two such morphisms can be compared if there is a morphism of functors between
two such functors, again respecting the duality.

By “respecting the duality”, we actually mean the following. Let (C, D, @) be a category
with duality, which means that D : C — C is a contravariant functor, that @ : Ide — D?
is a morphism of functors' and that for any object A, we have

D(WA)OWDA:]dDA. (1)

A duality preserving functor from (Cy, Dy, @) to (Co, Do, ws) is a pair {F, ¢} where F :
C; — Cy is a functor and ¢ : F'D — DF is a morphism of functors, such that the diagram
of morphism of functors

F—"L FD\D, (2)
WQF\L J/¢Dl
DyDoF 2% Dy F D,

commutes. In practice, the functor F' is usually given. For example, in the context of
schemes, it can be the derived functor of the pull-back or of the push-forward along a mor-
phism of schemes. It then remains to find an interesting ¢ and to check the commutativity
of diagram (2), which can be very intricate.
A morphism of duality preserving functors {F, ¢} — {G, ¥} is a morphism of functors
p: F' — G such that the diagram
pDy

FD, =% GD, (3)

‘| |+

DQF E DQG

commutes. This situation with two functors arises when we want to compare what two
different functors (respecting the dualities) yield as Witt group morphisms. For example,

By default, all dualities considered in this article are weak, which means that we do not require @ to
be an isomorphism, because we are only interested in the commutativity of diagrams.
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we might want to compare the composition of two pull-backs and the pull-back of the
composition, in the case of morphisms of schemes. In this kind of situation, usually {F, ¢}
and {G, v} are already given, p has to be found and the commutative diagram (3) has to
be proved.

It turns out that in the context of closed symmetric monoidal categories, this type of
diagram commutes for certain dualities, functors and morphisms of functors arising in a
natural way. The main object of this article is to prove it. The main results of the paper
are in sections 4 and 5 and the reader might want to have a quick look at them before
reading the other sections.

Our original motivation for dealing with the questions of this paper was to define push-
forward morphisms for Witt groups with respect to proper maps of schemes and study
their properties, which in turn should be useful both for general theorems and concrete
computations of Witt groups of schemes. The article | | uses the results of this article
to establish these push-forwards. We refer the reader to loc. cit. for details. As Witt
groups are the main application that we have in mind, we have stated in corollaries of
the main theorems what they imply for Witt groups. The proofs of these corollaries are
trivial, and just rely on the classical propositions 2.2.3 and 2.2.4. This should be seen
as some help for the reader familiar with cohomology theories and geometric intuition.
The reader not interested in Witt groups or other Witt-like cohomology theories might
just skip the corollaries. In all of them, the triangulated categories are assumed to be
Z[1/2]-linear (to be able to define triangulated Witt groups). Also note that our formalism
applies to other settings such as Witt groups in topology.

We now give a more precise description of the functors and morphisms of functors we
consider.

DUALITIES. Assume we are given a closed symmetric monoidal category C where the
tensor product is denoted by ® and its “right adjoint”, the internal Hom, is denoted by
[—,—]. Then, as recalled in Section 3, fixing an object K and setting Dx = [—, K], a
natural morphism of functors wg : Id — Dg Dk can be defined using the symmetry and
the adjunction of the tensor product and the internal Hom and the formula (1) is satisfied.
This is well known and recalled here just for the sake of completeness.

PULL-BACK. Assume now that we are given a monoidal functor denoted by f* (by analogy
with the algebro-geometric case) from C; to Cy, then, for any object K, as explained above,
we can consider the categories with duality (Ci, Di, wk) and (Co, D+, @+ ). Thereis a
natural morphism of functors i : f*Dx — Dy+k f* such that diagram (2) is commutative
(see Proposition 4.1.1 and Theorem 4.1.2). In other words, { f*, Bk } is a duality preserving
functor from (Cy, Dk, wk) to (Co, Dy, Weeic ).

PUSH-FORWARD. Assume furthermore that that we are given a right adjoint f,, then
there is a natural morphism of projection 7 : fi(—) ® ¥ — f.(— ® f*(x)) (see Proposition
4.2.5). When f, also has a right adjoint f', we can consider the categories with duality
(C1, Di,wk) and (Ca, Dy, wpg ). There is a natural isomorphism (g @ foDpx — Dig f.
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such that diagram (2) is commutative. In other words, {fs, (x} is a duality preserving
functor from (Co, Dy, wy) to (Cr, D, wk).

ProbpucT. Theorems involving products of dualities are stated. Given a pair of categories
with duality (Cy, D1, w;) and (Cq, Do, ws), there is an obvious structure of a category
with duality (C; x Co, Dy X Do,y X wy). If C is closed monoidal symmetric, there is
a natural morphism of (bi)functors 7k : Dx ® Dy — D(— @ —)kem (see Definition
4.4.1). Proposition 4.4.6 recalls that {— ® —, 7k s} is a duality preserving functor from
(CxC,Dg x Dy, wog X wp) to (C, Dxken, Wrken ). This gives a product on Witt groups.

We now explain relations between the functors {f*, 5}, {f., (} and {®, 7} in different
contexts. Before going any further, let us remark that a morphism ¢ : K — M induces a

morphism of functors 7 : Dx — D), which is easily shown to yield a duality preserving
functor I, = {Id, i} from (C, Dk, wk) to (C, Dy, ).

CoOMPOSITION. There is a natural way to compose duality preserving functors given by
{F, f}o{G,g} := {FG,gF o fG}. Suppose that we are given a pseudo contravariant
functor (—)* from a category B to a category where the objects are closed symmetric
monoidal categories and the morphisms are monoidal functors. As usual, “pseudo” means
that we have almost a functor, except that we only have a natural isomorphism ag ; :
f*g* ~ (gf)* instead of an equality. Then an obvious question arises: can we compare
{(gf)", Bx} with {f*, By} o {g*, Bk} for composable morphisms f and ¢g in B. The
answer is that the natural isomorphism a is a morphism of duality preserving functors
from 1, . o {f*, Byx} o {g" B} to {(gf)", Bk}, i.e. the diagram (3) commutes (see
5.1.3) with p = a. The correction by I, , . is necessary for otherwise, strictly speaking,
the target categories of the two duality preserving functors are not equipped with the
same duality.

A similar composition question arises when some f € B are such that there are ad-
junctions (f*, f.) and (f., f'). On the subcategory B’ of such f, there is a way of defining
natural (with respect to the adjunctions) pseudo functor structures b : (gf). ~ g.f. and
c: f'gt = (gf)', and we can compare {(gf)s,Cx} and {g.,(, prc} © {f+, (s} using the
natural morphism of functors b up to a small correction of the duality using ¢ as above
(see Theorem 5.1.9).

BASE CHANGE. A “base change” question arises when we are given a commutative diagram

in B such that g and g are in B’. Then, there is a natural morphism ¢ : f*g, — g, f* (see
Section 5.2). When ¢ is an isomorphism, there is a natural morphism 7 : f*¢' — g'f*.
Starting from an object K € Cz, the morphism of functors v is used to define a duality
preserving functor I, from (Cv, Dy gy, @ gc) to (Cv, Dgpee, Wg ). How can we
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compare {f*, Bk} o {g«,(x} and {g, (p+x} 0o I, © {f_*,ﬁg!K}? Theorem 5.2.1 proves that
¢ defines a duality preserving functor from the first to the second.

PULL-BACK AND PRODUCT. Given a monoidal functor f* the isomorphism making f* a
monoidal functor and called v : f*(—) ® f*(—) — f*(— ® —) defines a duality preserving
functor 1., ,, from (C,Dp g, @rrosr-m) 10 (C, Dp(konm), @p(kon)). Proposition
5.4.1 shows that the morphism of functors a then defines a duality preserving morphism
of functors from I, ,, 0{ —®—, Tpx pear ol f* ¥ f*, B X Bur } to { f*, Bronm fo{ —@—, T ar }-
It essentially means that the pull-back is a ring morphism on Witt groups.

PROJECTION FORMULA. Given a monoidal functor f* with adjunctions (f*, f.), (f., f')
such that the projection morphism 7 is an isomorphism, there is a natural morphism of
functors 6 : f'(=) ® f*(=) — f'(— ® —). This defines a duality preserving functor Iy, ,,
from (Cy, Dypiggpens, @rikspr) 10 (Co, Dy (ko) @ (ko). Theorem 5.5.1 proves that m
is a duality preserving morphism of functors from {— ® —, 7k p} o {fx X Id, (x x id} to
{fe,Cronm}o Tgy oy © {—® —,Tf!K,f*M} o{ld x f*,id x By}

SUSPENSIONS AND TRIANGULATED STRUCTURES. As it is required for the example of
Witt groups, all the results are proved as well in the setting of triangulated symmet-
ric monoidal categories, functors and morphisms of functors respecting the triangulated
structure. This means essentially two things. First, the categories are endowed with
an autoequivalence T' (called suspension in the article) and the tensor products defining
monoidal structures respect this suspension, i.e. such a tensor product comes equipped
with a pair of isomorphism of functors such that a certain diagram anticommutes (see
Definition 1.4.12). As proved in the article, it follows that all the other functors (or bifunc-
tors) mentioned above can be endowed by construction (see Point 1 of Propositions 1.5.3
and 1.5.8) with morphisms of functors to commute with the suspensions in a suitable way
involving commutative diagrams (similar to (2) with 7" instead of D). All the morphisms
of functors involved then also respect the suspension, i.e. satisfy commutative diagrams
similar to (3). This is important, because in the main applications, checking this kind of
thing by hand amounts to checking signs involved in the definitions of complexes or maps
of complexes, and it has been the source of errors in the literature. Here, we avoid such
potential errors by construction (there are no signs and no complexes). Second, using
these morphisms of functors to deal with the suspensions, the functors should respect the
collection of distinguished triangles. This is easy and has nothing to do with commuta-
tive diagrams. It is again obtained by construction (see Point 2 of Propositions 1.5.3 and
1.5.8), except for the first variable of the internal Hom, for which it has to be assumed.
The reader who is not interested in triangulated categories, but rather only in monoidal
structures can just forget about all the parts of the statements involving 7. What remains
is the monoidal structure.

These functors and morphisms between them are discussed in the first five sections
of this article. Section 6 is devoted to reformulations of the main results when the base
category B is enriched in order that the objects also specify the duality: they are pairs
(X, K) where K € X* is used to form the duality Dg. The morphisms can then be
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chosen in different ways (see Sections 6.1, 6.2 and 6.3). These sections are directed
towards geometric applications. In particular, the object w; introduced at the beginning
of 6.1 has a clear geometric interpretation in the case of morphisms of schemes: it is the
relative canonical sheaf. Finally, we have included an appendix to recall closed symmetric
monoidal structures on categories involving chain complexes and to relate the sign choices
involved with the ones made by various authors working with Witt groups.

REMARKS ON THE PROOFS. Nearly every construction of a morphism in the article is
based on variations on a single lemma on adjunctions, namely Lemma 1.2.6. Its re-
finements are Theorem 1.2.8, Lemma 1.3.5 and Theorem 1.5.10. Similarly, to establish
commutativities of natural transformations arising from by Lemma 1.2.6 the main tool is
Lemma 1.2.7. The whole Section 1 is devoted to these formal results about adjunctions.

In some applications, certain natural morphisms considered in this article have to be
isomorphisms. For example, to define Witt groups, one requires that the morphism of
functors wy is an isomorphism. This is not important to prove the commutativity of the
diagrams, therefore it is not part of our assumptions. Nevertheless, in some cases, it might
be useful to know that if a particular morphism is an isomorphism, then another one is
also automatically an isomorphism. When possible, we have included such statements,
for example in Propositions 4.3.1 and 4.3.3. The attribute “strong” in Definitions 2.1.1,
2.2.1 and 2.2.2 is part of this philosophy. By contrast, two isomorphism assumptions
are important to the abstract setting regardless of applications. This is the case of the
assumption on 7, since the essential morphism @ is defined using the inverse of m, as well
as the assumption on ¢ whose inverse is involved in the definition of 7. These isomorphism
assumptions are listed at the beginning of Section 4 and are recalled in every theorem
where they are used.

Considering possible future applications (e.g. motivic homotopy categories or the
stable homotopy category), we have presented some aspects in as much generality as
possible. Conversely, we do not attempt to provide a complete list of articles where parts
of the general framework we study has already been considered. See however | ] for
a recent reference written by homotopy theorists which contains many further references.

Finally, let us mention a question a category theorist might ask when reading such
a paper: are there coherence theorems, in the spirit of | ], that would prove sys-
tematically the needed commutative diagrams? As far as the authors know, there are no
such coherence theorems available for the moment. Although it is certainly an interesting
question, it is unclear (to the authors) how to formulate coherence statements. The in-
terested reader might consider this article as a source of inspiration for future coherence
theorems.

1. Adjunctions and consequences

1.1. NOTATIONS AND CONVENTIONS. The opposite category of a category C is denoted
by C°.
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When F' and G are functors with same source and target, we denote a morphism of
functors between them as t : F' — G. When s : G — H is another one, their composition
is denoted by sot. When F},F, :C — D, G1,Gy:D — &, f: F1 — Fyand g : G; — Go,
let g f denote the morphism of functors defined by (fg)a = G2(fa)ogr (a) = gma)0G1(fa)
on any object A. When F} = Fy, = F and f = idp (resp. G; = Gy = G and g = idg), we
usually use the notation gF (resp. G f). With this convention, gf = Gy fogF; = gF»0G, f.
When a commutative diagram is obtained by this equality or other properties immediate
from the definition of a morphism of functors, we just put an label on it and avoid
further justification. To save space, it may happen that when labeling maps in diagrams,
we drop the functors from the notation, and just keep the important part, that is the
morphism of functors (thus FgH might be reduced to g). Many of the commutative
diagrams in the article will be labeled by a symbol in a box (letters or numbers, such
as in or [3]). When they are used in another commutative diagram, eventually after
applying a functor to them, we just label them with the same symbol, so that the reader
recognizes them, but without further comment.

1.2.  USEFUL PROPERTIES OF ADJUNCTIONS. This section is devoted to easy facts and
theorems about adjunctions, that are repeatedly used throughout this article. All these
facts are obvious, and we only prove the ones that are not completely classical. A good
reference for the background on categories and adjunctions as discussed here is | ].

1.2.1. DEFINITION. An adjoint couple (L, R) is the data consisting of two functors L :
C — D and R:D — C and equivalently:

e a bijection Hom(LA, B) ~ Hom(A, RB), functorial in A € C and B € D, or

o two morphism of functors n: Ide — RL and € : LR — Idp, called respectively unit

and counit, such that the resulting compositions R " RIRS Rand L X LRL 5 I
are identities.

In the couple, L is called the left adjoint and R the right adjoint. When we want to
specify the unit and counit of the couple and the categories involved, we say (L, R,n,€) is
an adjoint couple from C to D.

When the commutativity of a diagram follows by one of the above compositions giving
the identity, we label it [ad;].

1.2.2.  REMARK. Adjunctions between functors that are contravariant can be considered
in two different ways, by taking the opposite category of the source of L or R. This does
notlead to the same notion, essentially because if (L, R) is an adjoint couple, then (R°, L°)
is an adjoint couple (instead of (L°, R°)). For this reason, we only use covariant functors
in adjoint couples.
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1.2.3. LEMMA. Let (L, R,n,€) and (L', R',n/, €') be two adjoint couples between the same
categories C and D, and let | : L — L' (resp. v : R — R') be an isomorphism. Then,
there is a unique isomorphism r : R — R’ (resp. | : L — L') such that W’ = rlon
and ¢ = eol~r=t. In particular, a right (resp. left) adjoint is unique up to unique
1somoprhism.

PROOF. The morphism 7 is given by the composition R'e o R'l"*R o1/ R and its inverse
by the composition Re’ o RIR onR'. ]
1.2.4. LEMMA. An equivalence of categories is an adjoint couple (F, G, a,b) for which
the unit and counit are isomorphisms. In particular, (G, F,b,a) is also an adjoint couple.

1.2.5. LEMMA. Let (L, R,n,€) (resp. (L',R',n',€')) be an adjoint couple from C to D
(resp. from D to E). Then ('L, RR', Rny'L on,€e o L'eR’) is an adjoint couple from C to
E.

We now turn to a series of less standard results, nevertheless very easy.
1.2.6. LEMMA. (mates) Let H, H', Jy, Ky, Jo and Ky be functors with sources and

targets as on the following diagram.

¢, ¢,

e e

!/ /
Cl H' CQ

Consider adjoint couples (J;, K;,mi,€;) for i = 1,2, Assume a : JoH' — HJ; (resp.
b: HK, — KyH) is a morphism of functors. Then there exists a unique morphism of
functors b: H' Ky — KyH (resp. a: JoyH' — H.Jy) such that the diagrams

LHK, -2~ J, K, H m—"" B,
akKi J/ lng and nzH/l ile
HJlKlﬁH KgJQHlTw)KgHjl

are commutative. Furthermore, given two morphisms of functors a and b, the commuta-
tivity of one diagram is equivalent to the commutativity of the other one. In this situation,
we say that a and b are mates with respect to the rest of the data.

ProOOF. We only prove that the existence of a implies the uniqueness and existence of
b, the proof of the other case is similar. Assume that b exists and makes the diagrams
commutative. The commutative diagram

H'K, —2 e gk 8 e

| | |

KQJQH,Kl m KgHJlKl m KQH



144 BAPTISTE CALMES AND JENS HORNBOSTEL

in which the upper horizontal composition is the identity of H'K; (by adjunction) shows
that b has to be given by the composition

noH' K, KoaKy KoHe

KQJQH Kl — KQHJlKl — KQH

H' K,
This proves uniqueness. Now let b be given by the above composition. The commutative

diagram
g )

JngKl —_— JQKQJQH,KI —_— JQKQHJlKl —_— JQKQH

~E m | m |

JoH' K4 HJ K, H

proves [# ] and the commutative diagram

( by

H,K1J1 4>K2J2H K1J1 HKgHlel 1 4>K2HJ1

| | =

H' KyJyH' KyH J,

proves | #']. The fact that the commutativity of one of the diagrams implies commutativity
to the other is left to the reader. ]

1.2.7. LEMMA. Let us consider a cube of functors and morphisms of functors

e —>0 o———>0

o —>0

front back

that is commutative in the following sense: The morphism between the two outer composi-
tions of functors from p to q given by the composition of the three morphisms of functors
of the front is equal to the composition of the three morphism of functors of the back.
Assume that the vertical maps have right adjoints. Then, by Lemma 1.2.6 applied to
the vertical squares, we obtain the following cube (the top and bottom squares have not

changed).
’
l

ront back

|

N
N

|

~ O<—"0



TENSOR-TRIANGULATED CATEGORIES AND DUALITIES 145

This cube is commutative (in the sense just defined, using r and s instead of p and q).

Proor. This is straightforward, using the commutative diagrams of Lemma 1.2.6, and
left to the reader. [

We now use Lemma 1.2.6 to prove a theorem, which doesn’t contain a lot more than
the lemma, but is stated in a convenient way for future reference in the applications we
are interested in.

1.2.8. THEOREM. Let L, R, L', R, Fi, G1, Fs, G5 be functors whose sources and targets
are specified by the diagram

C1 :)CQ

el

/I —— > 7/

We will study morphisms of functors fr, f1, 9., 91, fr, [r, 9r and g whose sources and
targets will be as follows:

fr 91,
LF\—FL L'Gi——=G)L
f/L gL
I 9R
Ir 9r
Let us consider the following diagrams, in which the maps and their directions will be

the obvious ones induced by the eight maps above and the adjunctions accordingly to the
different cases discussed below.

BRLG, LF\G, L GoFy L/
E,GLL L L'G Fy G2 LFy
FiR'Gy —— RFG, R G\ R
FiG\R R R'GoF, G1RF,
Gy G1RL L'GiR——G2LR
| l
R'L'G, R'GyL L'RGy— Gy
Fy,—— kR LR — LR

= = |

RLF, RFEL' LRF, Fy
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Then

1. Let (G, F}), i = 1,2 be adjoint couples. Let gr, (resp. fr) be given, then there is a

unique fr, (resp. gr) such that [L] and are commutative. Let gr (resp. fr) be
given, then there is a unique fr (resp. gr) such that and are commutative.

1°. Let (F;,G;), i = 1,2 be adjoint couples. Let g} (resp. f1) be given, then there is a

unique f; (resp. ¢y ) such that[L] and are commutative. Let gy (resp. ff) be
given, then there is a unique fg (resp. gy) such that[RrR] and are commutative.

2. Let (L,R) and (L', R') be adjoint couples. Let fr, (resp. fr) be given, then there is

a unique fr (resp. fr) such that|[r | and [F;] are commutative. Let g} (resp. gr) be
given, then there is a unique gr (resp. gy ) such that and are commutative.

3. Assuming (G4, F;),i=1,2, (L, R) and (L', R') are adjoint couples, and g, ¢, = g;"
are given (resp. fr and fr = fr'). By 1 and 2, we obtain fi, and gr (resp. gr and
fr). We then may construct fr and ff, (resp. gr and g7 ) which are inverse to each
other.

3. Assuming (Fy,G;),i=1,2, (L, R) and (L', R') are adjoint couples, f, and f} = f; '
are given (resp. gr and gy = gg'). By 1’ and 2, we obtain g} and fj (resp. fr and
gy ). We then may construct gy and gg (resp. f1 and fr) which are inverse to each
other.

PROOF. Points 1, 1’ and 2 are obvious translations of the previous lemma. We only prove
Point 3, since 3’ is dual to it. Let (L, R,n,¢€), (L', R',n/,€) and (G;, F;,m;, €;), i = 1,2, be
the adjoint couples. Using 1 and 2, we first obtain f;, and gr, as well as the commutative

diagrams ], [] (both involving g, = (g})~!), and (both involving ¢} = (g)™1).

The morphisms of functors f, and fr are respectively defined by the compositions

nk R’ RFy€e

AR pre Y re R BPS RE,

and
mAREF, FigrF» 1R ey

RFQ —— FlGlRFQ —— FlR,GQFQ —— FlR/ .

We compute fro f5 as the upper right composition of the following commutative diagram

n fr

RLFR RF,I/R —~ RF,
| | | |
FlGlFlR/HFlGlRLFlR/*>F1G1RF2L/R/*>F1G1RF2
J J Jor
FlR,G}lLFlR/ I FlR/GQFQL/R, I F]_R,GQFQ
(QL)VZQL i J/62
FRL'GFiR FRLR Fi R

€1 e
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The lower left composition in the above diagram is the identity because it appears as the
upper right composition of the commutative diagram

AR —" PGP\ R —" F,RI/G.F\R' .

~) |

PR FRLR

KR

The composition fj o fr = id is proved in a similar way, involving the diagrams and
@) -

The reader has certainly noticed that there is a statement 2’ which we didn’t spell out
because we don’t need it.

1.3. BIFUNCTORS AND ADJUNCTIONS. We have to deal with couples of bifunctors that
give adjoint couples of usual functors when one of the entries in the bifunctors is fixed. We
need to explain how these adjunctions are functorial in this entry. The standard example
for that is the classical adjunction between tensor product and internal Hom.

1.3.1. DEFINITION. Let X, C, C' be three categories, and let L : X x C' — C and
R:X°xC — C be bifunctors. We say that (L, R) form an adjoint couple of bifunctors
(abbreviated as ACB) from C' to C with parameter in X if we are given adjoint couples
(L(X,—),R(X,—),nx,€ex) for every X and if furthermore n and € are generalized trans-

formations in the sense of [ /], i.e. for any morphism f: A — B in X, the diagrams
I L(f,id) na )
L(id,R(f,id)) J/ gen leg nB l gen R(id,L(f,id))
L(A, R(A,C)) —“—~C  R(B,L(B,C") " R(4, L(B,C")

commute. We sometimes use the notation (L(*,—), R(*, —)), where the x is the entry in
X and write

C_ C'

R
i diagrams.
1.3.2. EXAMPLE. Let C = C' = X be the category of modules over a commutative ring.

The tensor product (with the variables switched) and the internal Hom form an ACB,
with the usual unit and counit.

1.3.3. LEMMA. Let F : X' — X be a functor, and (L, R) be an ACB with parameter in
X. Then (L(F(x),—), R(F°(x),—)) is again an ACB in the obvious way.
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1.3.4. LEMMA. Let (L, R) be an ACB from C' to C with parameter in X and let (F,G)
be an adjoint couple from D to C', then (L(x, F(—)),GR(x,—)) is an ACB with unit and
counit defined in the obvious and natural way.

PROOF. Left to the reader. ]
We now give a version of Lemma 1.2.6 for ACBs.

1.3.5. LEMMA. Fori =1 or2, let (J;, K;,n;,€;) be an ACB from C. to C; with parameter
in X, let H:Cy — Cy and H' : C; — C} be functors. Let a : Jo(x, H'(—)) — HJy(%,—)
(resp. b: H'Ki(x,—) — Ks(x, H(—))) be a morphism of bifunctors. Then there ezists a
unique morphism of bifunctors

b: HK (x,—) — Ky(x, H(—)) (resp. a: Jo(x, H'(=)) — HJy(x,—))
such that the diagrams

T(X, H'Ey (X, =) =25 Jo(X, Ko(X, H(-)))

aKl\L lnzH
HJL (X, Ki(X,—)) H

Heq

and
H'm

H' H'K(X, 1(X,-))

n2H’J/ J{bgh
Ky(X, Jo(X, H'(=))) 5= Ka(X, HA (X, —))

are commutative for every morphism X € X.

Proor. We only consider the case when a is given. For every X € X, we apply Lemma
1.2.6 to obtain b : H'K;(X, —) — K3(X, H(—)). It remains to prove that this is functorial
in X. This is an easy exercise on commutative diagrams which we leave to the reader (it
involves that both 7, and e; are generalized transformations as in Definition 1.3.1). n

1.3.6. LEMMA. Let (L,R,n,€) and (L', R',n',€') be ACBs, and let |l : L — L' (resp.
r: R — R') be an isomorphism of bifunctors. There is a unique isomorphism of bifunctors
r:R— R (resp. | : L — L) such that ny = rxR(X,)nx and e = ex L(X,ry")Iy" for
every X € X. In other words, a right (resp. left) bifunctor adjoint is unique up to unique
isomorphism.

PROOF. We only give the proof in case [ is given, the case with r given is similar. Apply
Lemma 1.3.5 with H and H’ being identity functors. Starting with (!, we get r, and
starting with [ we get a morphism 7/ : " — R. The morphisms r and " are inverse to
each other as in the usual proof of the uniqueness of adjunction (which applies to every
parameter X € X). =
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1.4. SUSPENDED AND TRIANGULATED CATEGORIES. We recall here what we need about
triangulated categories. The reason why we make a distinction between suspended cat-
egories and triangulated ones is because all the commutative diagrams that we are in-
terested in are just related to the suspension, and not to the exactness of the functors
involved. So when we need to prove the commutativity of those diagrams, we forget about
the exactness of our functors, and just think of them as suspended functors, in the sense
described below.

1.4.1. DEFINITION. A suspended category is an additive category C together with an
adjoint couple (T,T~Y) from C to C which is an equivalence of category (the unit and
counit are isomorphisms).

1.4.2. REMARK. We assume furthermore in all what follows that 77! and T~!T are
the identity of C and that the unit and counit are also the identity. This assumption is
not true in some suspended (triangulated) categories arising in stable homotopy theory.
Nevertheless, it simplifies the exposition which is already sufficiently technical. When
working in an example where this assumption does not hold, it is of course possible to
make the modifications to get this even more general case.

Between suspended categories (C,T¢) and (D, Tp), we use suspended functors:

1.4.3. DEFINITION. A suspended functor (F, f) from C to D is a functor F together
with an tsomorphism of functors f : F'le — TpF. We sometimes forget about f in the
notation.

Without the assumption in Remark 1.4.2, we would need yet another isomorphism
' FT7' — T7'F and compatibility diagrams analogous to the ones in Lemma 1.2.6.
Then, we would have to carry those compatibilities in our constructions. Again, this
would not be a problem, just making things even more tedious.

Suspended functors can be composed in an obvious way, and (T, idz2) and (T}, idq)
are suspended endofunctors of C that we call T and T~! for short.

1.4.4. DEFINITION. To a suspended functor F', one can associate “shifted” ones, com-
posing F by T or T~ several times on either sides. The isomorphisms T'FT7 ~ TFFT!
with i +j = k + 1 constructed using f, f~4, T7'T = Id and TT~' = Id all coincide, so
whenever we use one, we label it “f” without further mention.

1.4.5. DEFINITION. The opposite suspended category C° of a suspended category C is
given the suspension (T;')°.

With this convention, we can deal with contravariant suspended functors in two differ-
ent ways (depending where we put the "op”), and this yields essentially the same thing,
using the definition of shifted suspended functors.
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1.4.6. DEFINITION. A morphism of suspended functors h : (F,f) — (G,g) is a mor-
phism of functors h : I — G such that the diagram

FT—t-7F

hT\L sus iTh

GT?TG

18 commutative.

1.4.7. LEMMA. The composition of two morphisms of suspended functors yields a mor-
phism of suspended functors.

PRrROOF. Straightforward. [

A triangulated category is a suspended category with the choice of some exact trian-
gles, satisfying some axioms. This can be found in text books as | ](see also the nice
introduction in [B00, Section 1]). We include the enriched octahedron axiom in the list
of required axioms as it is suitable to deal with Witt groups, as explained in loc. cit.

1.4.8. DEFINITION. (see for example [ , 1.1]) Let (F,f) : C — D be a covariant
(resp. contravariant) suspended functor. We say that (F, f) is d-ezact (0 = £1) if for
any exact triangle

A5 B-H50-5TA

the triangle

FAT pp I po 2t pRag
respectively
FC I pp I pA et ppe
18 ezact.

1.4.9. REMARK. With this definition, 7" and T~! are (—1)-exact functors, because of the
second axiom of triangulated categories, and the composition of exact functors multiplies
their signs. Thus, if F is d-exact, then T"FT7 is (—1)"*§-exact.

To define morphisms between exact functors F and G, the signs 0 and dg of the
functors have to be taken into account, so that the morphism of functors induces a mor-
phism between the triangles obtained by applying F' or G to a triangle and making the
sign modifications.

1.4.10. DEFINITION. We say that h : F' — G is a morphism of exact functors if the
diagram in Definition 1.4.6 is dpdg commutative.

On the other hand, we have the following lemma.

1.4.11. LEMMA. Let h: F' — G be an isomorphism of suspended functors such that
1s v-commutative. Assume F' is 6-exact. Then G is dv-exact.
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PRrROOF. For any triangle
A B-50C-5TA
the triangle
GA E% GB % PO 25 G A

is easily shown to be isomorphic to

V5onFw

FA—>FB—>FC TFA

We also need to deal with bifunctors from two suspended categories to another one.
These are just suspended functors in each variable, with a compatibility condition. Ex-
amples are the internal Hom or the tensor product in triangulated categories.

1.4.12. DEFINITION. Let Cy, Co and D be suspended categories. A suspended bifunctor
from Cy x Cy to D is a triple (B,by,by) where B : C; X Co — D is a functor and two
morphisms of functors by : B(T'(—),*) — TB(—,*) and by : B(—,T(x)) — TB(—,*),
such that the diagram

B(TA, TC) 2™ £ TB(TA,C)
bl,A,TCi -1 J/bl,A,C

anti-commutes for every A and C.

1.4.13. REMARK. As in Definition 1.4.4, we have shifted versions of b; (or by) which we
will sometimes label “b;” (or “by”) below. It is important to describe precisely in which
order morphisms are applied when combining b; and bs.

1.4.14. DEFINITION. A morphism of suspended bifunctors from a suspended bifunctor
(B, b1, by) to a suspended bifunctor (B', by, by) is a morphism of functors f : B — B’ such
that the two diagrams

2AC

B(TA,C) 2*S TB(A, C) 2% B(A, TC)
fra, ci J/TfAC lfA,TC
B/(TA, C)—>TB’(A ) <22 a0 B'(A,TC)

are commutative for every A and C.

By composing with a usual suspended functor to C; or Cy or from D, we get other
suspended bifunctors (the verification is easy). But, if we do that several times, using
different functors, the order in which the suspended functors to C; or C, are used does
matter. For example, as with usual suspended functors, it is possible to define shifted
versions by composing with the suspensions in each category as mentioned in Remark
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1.4.13. This can be useful. Unfortunately, according to the order in which we do this (if
we mix functors to C; and to Cy), we don’t get the same isomorphism of functors, even
though we get the same functors in the pair. One has to be careful about that.

1.5. SUSPENDED ADJUNCTIONS. As with usual functors, there is a notion of adjunction
well suited for suspended functors.

1.5.1. DEFINITION. A suspended adjoint couple (L, R) is an adjoint couple in the usual
sense in which L and R are suspended functors and the unit and counit are morphisms of
suspended functors.

1.5.2. DEFINITION. When (L, R) is an adjoint couple of suspended functors, using
Lemma 1.2.5 we obtain shifted versions (T*LT7, T~ RT~%). Using Definition 1.4./, we ob-
tain isomorphisms exchanging the T’s. Applying Lemma 1.2.3 to them, we get an adjoint
couple of suspended bifunctors (T'LT?, T~*RT 7).

The following proposition seems to be well-known.

1.5.3.  PROPOSITION. Let (L, R) be an adjoint couple from C to D (of usual functors)
and let (L,1) be a suspended functor. Then

1. there is a unique isomorphism of functors r : RT — TR that turns (R,r) into a
suspended functor and (L, R) into a suspended adjoint couple.

2. if furthermore C and D are triangulated and (L,l) is d-exact, then (R,r) is also
d-exact (with the same ).

(When starting with a suspended functor (R,r), the dual statement holds.)

PROOF. Point 1 is a direct corollary of Point 3 of Theorem 1.2.8, by taking L = L/,
R=R,F =T, G =T, F, =Tp, Gy =Ty, g1 = (¢;,)"" = T"UT~'. This gives
fr = r. The commutative diagrams and exactly tell us that the unit and counit
are suspended morphisms of functors with this choice of r. To prove Point 2, we have to

show that the pair (R,r) is exact. Let
A5 B-5H 05 TA
be an exact triangle. We want to prove that the triangle
RA -5 RB - RC "%’ TRA
is exact. We first complete RA —— RB as an exact triangle
RA - RB - ¢ L TRA

and we prove that this triangle is in fact isomorphic to the previous one. To do so, one
completes the incomplete morphism of triangles

LRu v fraoLRw

LRAXEL L RBLE LC! TLRA .

R |

A B C _ TA
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Looking at the adjoint diagram, we see that ad(h) : C" — RC is an isomorphism by the
five lemma for triangulated categories. [

1.5.4. THEOREM. Lemma 1.2.6, Lemma 1.2.7 and Theorem 1.2.8 hold when we replace
every functor by a suspended functor, every adjoint couple by a suspended adjoint couple
and every morphism of functor by a morphism of suspended functors.

PROOF. The same proofs hold, since they only rely on operations and properties of func-
tors and morphism of functors, such as composition or commutative diagrams, that exist
and behave the same way in the suspended case. [

We now adapt the notion of an adjoint couple of bifunctors to suspended categories.

1.5.5.  DEFINITION. Let (L, R) be an ACB from C' to C with parameter in X, where
C,C" and X are suspended categories. Assume moreover that (L,ly,ls) and (R,r1,72) are
suspended bifunctors. We say that (L, R) is a suspended adjoint couple of bifunctors if

1. ((L(X,—),la), (R(X,—),r2)) is a suspended adjoint couple of functors for every pa-
rameter X,

2. the following diagrams commute:

Nx,TC

TC —2C L R(X,L(X,TC)) —~TR(TX, L(X,TC))
T"]TX,C\L

TR(TX,L(TX,C))

lTR(TX,lg)

TR(X11) TR(TX,TL(X,C))

it

TL(X,R(TX,C))

121J/

L(X, TR(TX,C)) ™= L(X, R(X, )

L(TX,R(TX,C))

lGTX,C

C

ex,c

1.5.6. REMARK. Note that (2) ensures the compatibility of the suspension functor on
the parameter with the other ones.

1.5.7. LEMMA. Let (F,f) : X' — X be a suspended functor, and (L, R) a suspended
ACB with parameter in X. Then (L(F(x),—), R(F°(x),—)) is again a suspended ACB in

the obuvious way.

PROOF. Left to the reader. n
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The following proposition is an analogue of Proposition 1.5.3 for suspended bifunctors.

1.5.8.  PROPOSITION. Let (L, R) be an ACB such that (L,li,ls) (resp. (R,r1,72)) is a
suspended bifunctor. Then

1. there exist unique 11,79 (resp. li,la) such that (R,ry,re) (resp. (L,l1,ls)) is a
suspended bifunctor and (L, R) is a suspended ACB,

2. if (L(X, =), 1) is 0-exact for some object X, then so is (R(X, —),rs).

PROOF. The existence and uniqueness of 5 follows (for every parameter X') from Point 1 of
Proposition 1.5.3. That r; is also natural in the first variable follows from a large diagram
of commutative squares of type and [gen] This yields in particular morphisms of
suspended functors ny and ex for every X. For the existence and uniqueness of r;, we use
Lemma 1.3.5 applied to H' =T, H = Id, J, = L(*,—), K; = R(*,—), Jo = L(T7 (%), —),
Ky = R(T7(x),—) and a = “l;”“ly” (the order is important). We obtain two diagrams
which are easily seen to be equivalent to the ones required for (L, R) to be a suspended
ACB (Point 2 of Definition 1.5.5). The anticommutativity required by Definition 1.4.12
for ro and r; may be proved using the anticommutativity of /; and [, and the fact that
nx and ep-1x are morphisms of suspended functors. Point 2 is proved in the same way
as Point 2 of Proposition 1.5.3. [

We need a version of Lemma 1.3.5 for suspended bifunctors.

1.5.9. LEMMA. Lemma 1.3.5 holds when all the functors, bifunctors and adjunctions
become suspended ones.

PRrROOF. The proof of Lemma 1.3.5 works since it only involves compositions and commu-
tative diagrams that exist in the suspended case.
]
Finally, there is also a version of Theorem 1.2.8 for (suspended) bifunctors, which is
our main tool for the applications. For this reason, we state it in full detail.

1.5.10. THEOREM. Let L, R, L', R', F\, Gy, F», Gy be (suspended) functors whose
sources and targets are specified by the diagram (recall the notation of Definition 1.3.1),

Cl<762

R
F1TXiG1 FQTXiGz
ILC/

-
1 - 2

R

and let fr, f1, 9r, 97, fr, frs gr and gy be morphisms of bifunctors (resp. suspended
bifunctors) whose sources and targets will be as follows:

fr 9L
LFl(*v_)'TFQ(*7L/(_)) L/Gl(*7_)<gTG2<*7L(_>)

Fi(s, R'(-)) EL I RFy(x,—)  Gi(*, R(=)) === R'Gs(*, —)

Ir 9r
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Let us consider the following diagrams, in which the maps and their directions will be the
only obvious ones in all the cases discussed below.

B(X,L'G1(X,-)) — L1 (X,G1(X,—))  Gi(C,—) G1(C, RL(-))
T i
Fy(X, Go(X, L(—)) L R'L'Gy(C,—) —— R'G»(C, L(-))

Fl(XaR/GQ(Xvi))7RF2(X7G2(X7_)) Fl(C7_)

= | | ®

Fi(X,G1(X,R(-))) R RLF\(C,—) —— RF>(C,L'(-))

Fi(C,R'L'(—))

r G (X, F>(X, L'(-))) L'G1(C,R(—)) —— G2(C, LR(-))
T |
L'Gi(X, Fi(X,—)) —— Go(X,LF\(X,—)) L'R'Go(C,—) Go(C, —)
R G1(X, Fi(X,R'(-))) LFi(C, R (=) — F5(C, L'R'(-))
T |
R'Go(X, Fy(X,-)) —— G1(X,RFy(X,—)) LRFy(C,—) R(C,-)

Then

1. Let (G, F;), i = 1,2 be ACBs (resp. suspended ACBs). Let gr, (resp. fr) be given,
then there is a unique (suspended) fr (resp. gr) such that [L] and are commau-
tative for any X. Let gr (resp. fr) be given, then there is a unique (suspended) fr
(resp. gr) such that[R] and are commutative for any X .

2. Let (L,R) and (L', R') be adjoint couples (resp. suspended adjoint couples). Let
fr (resp. fr) be given, then there is a unique (suspended) fr (resp. fr) such that
and are commutative. Let g (resp. gr) be given, then there is a unique
(suspended) gr (resp. g7 ) such that and are commutative.

3. Assuming (G;, F;), i = 1,2, are ACBs (resp. suspended ACBs), (L, R) and (L', R')
are (suspended) adjoint couples, and g;, and g, = g;' are given (resp. fr and
fr = fr'). By 1 and 2, we obtain f; and gr (resp. gr and fr). We then may
construct fr and fg (resp. gr and g7 ) which are inverse to each other.

PROOF. The proof is the same as for Theorem 1.2.8, but using Lemma 1.3.5 (or 1.5.9)
instead of Lemma 1.2.6 for Points 1 and 2. n
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1.5.11. REMARK. We didn’t state the analogues of Points 1’ and 2’ of Theorem 1.2.8
in this context because we don’t need them.

2. Dualities

We now introduce our main subject of interest: duality. As before, we state everything
for the suspended (or triangulated) case and the usual case in a uniform way.

2.1. CATEGORIES WITH DUALITY.

2.1.1. DEFINITION. A category with duality is a triple (C, D, w) where C is a category
with an adjoint couple (D, D° w,w®) from C to C°. When w is an isomorphism, D is
an equivalence of categories and we say that the duality is strong. A suspended (resp.
triangulated) category with duality is defined in the same way, but (D,d) is a suspended
(resp. 0-exact) functor on a suspended (resp. triangulated) category C, and the adjunction
18 suspended.

2.1.2. REMARK. Observe that the standard condition (D°w®)o(w®D) = idp. is satisfied
by the definition of an adjunction. The only difference between our definition and Balmer’s
definition [B00, Def. 2.2] is that we don’t require the isomorphism d : DT — T~'D to be
an equality in the suspended or triangulated case. Assuming that duality and suspension
strictly commute is as bad as assuming that the internal Hom and the suspension strictly
commute, or (by adjunction) that the tensor product and the suspension strictly commute.
This is definitely a too strong condition when checking strict commutativity of diagrams in
some derived category. Dropping all signs in this setting when defining these isomorphisms
just by saying “take the canonical ones” may even lead to contradictions as the results of
the Appendix show. When d = id, we say that the duality is strict.

2.1.3. DEFINITION. Let (C, D, w) be a triangulated category with duality for which (D, d)
is d-exact. By Definition 1.5.2 we get T(D,D°) = (T'D,TD° @', (@w')?), the shifted ad-
joint couple. We define the suspension of (C,D,w) as T(C,D,w) = (C,TD,—déw’). Note
that (T'D,T4d) is (—0)-ezact because T is (—1)-ezxact.

2.1.4. REMARK. This is the definition of | , Definition 2.8] adapted to cover the non
strict case, and the next one generalizes [B00, Definition 2.13] to the non strict case.

2.1.5. DEFINITION. For any triangulated category with strong duality (C, D, w), we de-
fine its i-th Witt group W' by W'(C, D, @) := W(T"(C, D,w@)) (extending [B00, 2.4 and
Definitions 2.12 and 2.13] in the obvious way). If D and w are understood, we sometimes

also write W'(C) or Wi(C, D)) for short.

2.1.6. REMARK. In concrete terms, this means that the condition of loc. cit. for an
element in W1 (C) represented by some ¢ to be symmetric is that (T'dT')o¢ = (D°T'¢)ow
whereas in the strict case the (T'dT~') may be omitted.
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2.1.7. REMARK. To define a Witt group, the duality has to be strong (that is w has to
be an isomorphism), but this is not necessary to prove all sorts of commutative diagrams,
so there is no reason to assume it here in general.

2.2. DUALITY PRESERVING FUNCTORS AND MORPHISMS.

2.2.1. DEFINITION. A duality preserving functor from a (suspended, triangulated) cat-
egory with duality (Cy, D1, w1) to another one (Cy, Do, ws) is a pair {F, f} where F is
a (suspended, 0-exact) functor from Cy to Cy, and f : FD$ — D3SF° is a morphism (in
Cy) of (suspended, d-exact) functors where f and f° are mates as in Lemma 1.2.6 (resp.
Theorem 1.5./) when setting J, = Dy, K1 = DS, Jo = Dy, Ko = D3, H=F°, H = F,
a = f°and b= f. In other words, the diagram (equivalent to [u']) of Lemma 1.2.6
must commute:

F—"" FDoD,

ngl l Dy
D$DyF *>D§f" DSF°D,

We sometimes denote the functor simply by {F'} if f is understood. When f is an iso-
morphism, we say the functor is strong duality preserving.

When the dualities are both strict and strong and the functor is strongly duality
preserving, then this coincides with the usual definition (see for example [(02, Definition
2.6] where Point 2 corresponds to the fact that f is a morphism of suspended functors in
our definition and is only used in the suspended case). Duality preserving functors are
composed in the obvious way by setting {F’, f}{ F, f} = {F'F, f'F°o F'f}.

2.2.2. DEFINITION. A morphism of (suspended, exact) duality preserving functors from
{F, f} to {F', f'} (with same source and target) is a morphism of the underlying (sus-
pended, exact) functors p: F' — F' such that the diagram

FD? 7t . pgpo

pD‘fi ngp"
F'D§ — DY(F')°

commutes. We say that such a morphism is strong if the underlying morphism of functors
18 an isomorphism.

Composing two morphisms between duality preserving functors obviously gives an-
other one, and composition preserves being strong.

The proofs of following two propositions are straightforward (see also | , Theorem
2.7] for a proof of the first one in the strict case).

2.2.3. PROPOSITION. A 1-ezact strong duality preserving functor {F, f} between trian-
gulated categories with strong dualities induces a morphism on Witt groups by sending an
element represented by a form 1 : A — D1(A) to the class of the form fa o F(1).
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2.2.4. PROPOSITION. A duality preserving isomorphism between 1-exact strong duality
preserving functors ensures that they induce the same morphism on Witt groups.

The following definition and lemma will be used when deriving applications of the main
theorems : often, the strongness assumptions on the functors and morphisms necessary
to define Witt groups, morphisms of Witt groups and to compare them only hold on
subcategories that are not stable by the tensor product.

2.2.5. DEFINITION.

1. Let (C,D,w) be a triangulated category with duality and let A be a full triangulated
subcategory of C preserved by D. Then, (A, D|a,w|4) is trivially a triangulated
category with duality, and we say that the duality of C restricts to A.

2. Let {F,f} : (Ci,D1,w1) — (Cay, Do, w2) be a duality preserving functor between
triangulated categories with dualities as in Definition 2.2.1. Assume that there are
full triangulated subcategories A; C C;, i = 1,2 such that D; restricts to A; and such
that F|a, factors through Ay. Then we say that the duality preserving pair {F, f}
restricts to the subcategories Ay and A,.

3. Let p be a morphism between two such restricting functors {F, f} and {F', f'}, as
in Definition 2.2.2, then the restriction of p automatically defines a morphism of
exact duality preserving functors between the restricted functors.

2.2.6. LEMMA. Let {F, f} : (C1, D1, @1) — (Ca, D2, w3) be a duality preserving functor
between triangulated categories with duality that restricts to the subcategories Ay and As.

1. Assume that the restricted dualities on Ay and Ay are strong and that f|pas) is
an isomorphism. Then the restriction of the duality preserving pair {F, f} to A;
and Ay 1s a strongly duality preserving functor between triangulated categories with
strong duality and therefore induces a morphism

W(Ala D1|A17w1|A1) _— W(A27 D2|A27w2|A2)

on Witt groups.

2. If a morphism p between two such duality preserving functors is strong when re-
stricted to Ay, then they induce the same morphisms on Witt groups.

PROOF. One has to check that certain diagrams in Ay are commutative. This follows
as they are already commutative in C, by assumption. Now Propositions 2.2.3 and 2.2.4
prove the claims. [
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3. Consequences of the closed monoidal structure

We now recall a few notions on tensor products and internal Hom functors (denoted by
[—, *]) and prove very basic facts related to the suspension. A category satisfying the ax-
ioms of this section deserves to be called a “ (suspended or triangulated) closed symmetric
monoidal category”. Then we prove that the dualities defined using the internal Hom on
such a category are naturally equipped with the necessary data to define (triangulated)
categories with dualities.

3.1. TENSOR PRODUCT AND INTERNAL HoM. Let (C,®) be a symmetric monoidal
category (see | , Chapter VII]) with an internal Hom [—, —] adjoint to the tensor
product. More precisely, we assume that (— ® x, [, —]) is an ACB. Let s = s~! denote
the symmetry isomorphism and call this datum a “closed symmetric monoidal category”.

When talking about a “suspended closed symmetric monoidal category”, we assume
that we have a suspended bifunctor (— ® *,tp,,tp,) (see Definition 1.4.12) such that the
diagram

(TA® B)®C TA® (B®(C)
tp1®z‘dj/
T(A® B)® C tpy

tpy J/

T(A®B)® () ——=T(A® (B®C))

commutes, as well as the two similar ones in which the suspension starts on one of the
other variables. We also assume that the diagram

T(—)@* =% T(—)
tp1l itPQ
T(— ® %) TS>T(>|< ®—)

commutes. By Proposition 1.5.8, we get morphisms
thy : [T71(x), —] — T[*, —] thy : [, T(=)] — T[*,—]

that make ([, —],thy,ths) a suspended bifunctor and (— ® x, [*, —|) a suspended ACB
(Definition 1.5.5). Using s, we obtain a new suspended ACB (x ® —, [, —]) from the
previous one.

If C is triangulated, we furthermore assume that ® is exact in both variables (by sym-
metry it suffices to check this for one of them). By Proposition 1.5.8, [, —| is suspended
in both variables and automatically exact in the second variable. We assume furthermore
that it is exact in the first variable, and say that we have a “triangulated closed symmetric
monoidal category”.

The morphisms

e [AKI®A— K coevly o 1 K — [A, K @ A]
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respectively

evig A®[A K] — K coeviy g K — [A,A® K]
induced by the counit and the unit of the (suspended) ACB (— ® x*,[*, —]) (or resp.
(* ® —, [, —])) are called the left (resp. right) evaluation and coevaluation.

3.1.1. LEMMA. The following diagrams are commutative.

tpy

(TIA,K)) @ A T(A, K] @A) A® (TIAK]) " T(A @ [4, K))
tha ®idT lTev WK idDths T lTev K

[ATK]® A— TK A®[ATK]— TK
eviy T VA TK
coev! coev’,
TK —"5%[A,TK @ A] TK —"5% A, A® TK)]
Tcoevl, Kl/ \Ltpl Tcoev’y K‘L i/th
TAK® A 5 ATAK)] T4 ASK] ~[ATKe A)

(T[A,K])) @ TA 22 T(T A, K] © A) = [A, K] ® A

T*lthl,TAJ(@idi/ \LGV%’K
[TAK]®TA K

1
eVra K

(TAT-1A, K)) " T(A® T A, K]) ™ A® [A, K]

id®T71th1,TA,Kl/ @ j{eVA,K
TA® [TA, K] - K
eVra K
COeVl
K TAK [TA, K ®TA]
coele’K\L Tty . iT thy %”A JKQTA

A, K @ A]— T VA, T(K ® A)] 2 T-VA, K @ TA]

r
coevTA K

K : [TATA® K]

coev’;\,KJ/ T-thy? 1 iT hy T amasK
A, A K| —T7 1A T(A® K)] 4>T A TA® K]

PRrROOF. This is a straightforward consequence of Point 1 of Definition 1.5.5 for the first
four diagrams and of Point 2 of Definition 1.5.5 for the other four. [
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3.2. BIbuAL 1SOMORPHISM. We still assume that (C,®) is a monoidal category with
an internal Hom as in the previous section. We now show that the functor Dg = [—, K]
naturally defines a duality on the category C, and that in the suspended case that the
dualities Dypg and T' Dk are naturally isomorphic.

To form the adjoint couple (Dg, D%, wk,w% ), we define the bidual morphism of
functors wyx : Id — D% Dk as the image of the right evaluation by the adjunction
(— ® *, [*, —]) isomorphism

Hom(A ® [A, K], K) — Hom(A, [[4, K], K]) .

It is functorial in A and defines a morphism of functors from Id to D% Dg. Note
that its definition uses the adjunction (— ® *, [, —]) and the right evaluation, which is
not the counit of this adjunction but of the one obtained from it by using s; so the fact
that the monoidal category is symmetric is essential, here. One cannot proceed with only

one of these adjunctions. In the suspended case, Dg becomes a suspended functor via
T='thi! (T : DT — T D.

3.2.1. PROPOSITION. In the suspended (or triangulated) case, wy is a morphism of
suspended (or exact) functors.

PRrOOF. First note that in the exact case, whatever the sign of Dy is, D% Dy is 1-exact,
so there is no sign involved in the diagram

wgT

TA [TA, K], K]
TwK\L i/T*lthl,TA,K
T([A, K, K] ———— [T[A, K], K
1,[A,K],K

that we have to check (see Definitions 1.4.10 and 1.4.6). It is obtained by (suspended)
adjunction from Diagram [¢]|in Lemma 3.1.1 [

3.2.2. DErINITION. We say that K is a dualizing object when wy is an isomorphism
of (suspended) functors.

3.2.3.  PROPOSITION. The functors [—,*] : C x C° — C° and [—,*]° : C° x C — C form
a (suspended) ACB with unit w and counit w®.

PROOF. We first have to prove that (Dg, D}, wk, w9 ) is an adjoint couple in the usual
sense. We already know that wg is a suspended morphism. Consider the following
diagram, in which all vertical maps are isomorphisms. Let f* : Hom(F’, G) — Hom(F, Q)
and fy : Hom(G, F') — Hom(G, F") be the maps induced by f : F' — F’. The unlabeled
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morphisms are just adjunction bijections, and we set wa g 1= (Wi ) 4.

([wa,x IdK])s

Hom([4, K], [A, K]) Hom([4, K7, [[[A, K], K], K1)

T T

Hom([A, K] ® A, K) Hom([4, K] ® [[4, K], K], K)
i (Id[a, k)@ A, K )
SA,[A,K]T TS [[A,K],K],[A, K]
Hom(A &[4, K], K) Hom([[4, K], K] @ [A, K], K)
i (wa,xk®Ida r))*

:
Hom(A, [4, i, K]) Hom([[4, K], K. |4, K], K))

(wa,x)*

The diagram commutes by functoriality of s and the adjunction bijections. Now Idjja ],k
in the lower right set is sent to @4 x],x in the upper right set, which is in turn sent to
[wax, K]o @(a,k],k 10 the upper left set. But Id[4 k1 k) is also sent to @y i in the lower
left set, which is sent to Idj4 k] in the upper left set by definition of w4 x. This proves
the two required formulas (see Definition 1.2.1) for the composition of the unit and the
counit in the adjoint couple (which are identical in this case). We leave to the reader
the easy fact that wy x is a generalized transformation (in K) (just using that the unit
of the adjunction (— & x*, [, —]) is one). The adjoint couple is then a suspended adjoint
couple by Proposition 3.2.1. This proves Point 1 of Definition 1.5.5. Point 2 is proved
using diagrams [¢] and [7]. [

3.2.4. COROLLARY. The triple (C, Dk, wk) is a (suspended) category with duality (see
Definition 2.1.1). When C is triangulated closed, Dy is exact, and (C,Dg,wk) is a
triangulated category with duality which we often denote by Cx for short. When K is a
dualizing object, the duality is strong.

3.2.5. PROPOSITION. The functors Di and Drg are exact. The isomorphism thy :
[—,T(%)] — T[—,*| defines a suspended duality preserving functor {Idc,ths _ '} from
Crix to T(C,Dk,wk). This functor is an isomorphism of triangulated categories with
duality and therefore induces an isomorphism on Witt groups.

PROOF. We know by 1.4.9 that T Dk is (—1)-exact. Diagram should therefore be
anti-commutative (see Definition 1.4.10). It follows from the fact that ([—, %], thy,ths) is
a suspended bifunctor. A square obtained by adjunction from [2]in Lemma 3.1.1 then
implies that thy defines a duality preserving functor (see Definition 2.2.1). =

We conclude this section by a trivial lemma for future reference.

3.2.6. LEMMA. Let ¢ : K — M be a morphism. Then I, = {Id,i}, where i: Dx — Dy
18 induced by t, 1s a duality preserving functor. This respects composition: if k : M — N
1s another morphism, then I, = I.1,. Let v be an isomorphism, then if K is dualizing
and Dy d-exact, the same is true for M and Dy, and I, induces an isomorphism on Witt
groups denoted by IV.
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4. Functors between closed monoidal categories

Assume from now on that all categories C (maybe with an index) are symmetric monoidal
and equipped with an internal Hom, satisfying the set-up of the previous section. We
say that a functor f*:C; — Cs is a symmetric monoidal (suspended, exact in both vari-
ables) functor when it comes equipped with an isomorphism of (suspended) bifunctors
a: f*(=)® f*(x) — f*(—®x) and, when a unit 1 for the tensor product is considered, an
isomorphism f*(1) ~ 1 making the standard diagrams commutative (see | , section
X1.2] for the details where such functors are called strongly monoidal).

We will consider the following assumptions (used in the definition of some morphisms
of functors):
(Ay) The functor f*: C; — Cy is symmetric monoidal (suspended, exact in both vari-
ables).
(Bf) We have a functor f. : C, — C; that fits into an adjoint couple (f*, f.,n}, €5).
(Cs) We have a functor f':C; — C, that fits into an adjoint couple (f., f', 7}, €.).
(Dy) The morphism 7 : f.(—) ® * — f.(— ® f*(*)) from Proposition 4.2.5 is an isomor-
phism (the “projection formula” isomorphism).
(Ef,) The morphism of functors € of Section 5.2 is an isomorphism.

In the following, we will define several natural transformations and establish commu-
tative diagrams involving them. Since there are so many of them, for the convenience of
the reader, we include a Table 1, which displays (from the left to the right): the name of
the natural transformation, its source and target functor, the necessary assumptions to
define the natural transformation and where it is defined.

4.1. 'THE MONOIDAL FUNCTOR f*. In this section, we obtain duality preserving functors
and morphisms related to a monoidal functor f*.

4.1.1. PROPOSITION. Under Assumption (Ay), there is a unique morphism
B e = = 17 (), f(=)]

of (suspended) bifunctors such that the diagrams

FX (- X)) =X -0X]  [(-) XS (@S X

| =] T o

X (=) @ frX] f=) X -leX) -l X
commute for every X € Cy. For any A and B, ( is given by the composz'tion

JYIA Bl <25 (A, 1A B) @ [ Al == (1A, (|4, Bl @ A)] - [f*A, f*B].

PROOF. Apply Lemma 1.3.5to H =H' = f* J1 = —®x, K1 = [*,—], Jo = (— ® f*(x)),
Ky = [f*(x),—] and a = « (recall that in an ACB, the variable denoted * is the parameter,
as explained in Definition 1.3.1). Then define g = b. n
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defines a duality preserving functor {f*, Bk} of (suspended, triangulated) categories with

Bk ["Dg — Dege(f7)°

duality from (C1)k to (C2) k-

4.1.3.

COROLLARY. (Pull-back for Witt groups) When the dualities and the duality pre-
serving functor are strong (i.e. wg, wsx and Bx are isomorphisms), {f*, Bk} induces

a | [f()@f(x) = ff(=®x) (Ay) Section 4

ﬁ f*[_> } - [f* _)>f*(*)] (Af) PI"Op 4.1.1

A f(5)® filx) = fu(— @ %) (A;) (By) Prop. 4.2.1

H f*[_a ] _ [f*(_)vf*(*>] (Af) (Bf) Pl"op. 4.2.2

T | fulm) @ % = fui(— @ f*(x)) (Ay) (By) Prop. 4.2.5

K (= fe(0)] = Ll (=). 4] (Ay) (By) Prop. 4.2.5

¢ fole, FTO)] = [fl¥), -] (A (By) (Cy) Thm. 4.2.9

0 [ fHef (- (=% (A;) (By) (Cy) (D;) | Prop. 4.3.1

v fTe =] = [ (), £1(+)] (Ay) (By) (Cy) (Dy) | Prop. 43.1

TK,M D @ Dy — Dgom Def. 4.4.1
- (57 (A7) (A,) (&)

§ grr—=rg (B,) (By) (Cy) (Cyp) Section 5.2
(Af) (Ap) (Ag) (Ag)

5 I 9 — Guf” (By) (By) (Cy) (Cyp) Section 5.2

(Ar) (Ap) (Ag) (Ag) (By)
Y g —gf (Bg) (Cy) (Cp) (Efy) Section 5.2
Table 1: Morphisms of functors
4.1.2. THEOREM. (ezistence of the pull-back) Under Assumption (Ay), the morphism

a morphism of Witt groups fy, : W*(Cy1, K) — W*(Co, f*K) by Proposition 2.2.3.

PrROOF PROOF OF THEOREM 4.1.2. We need to show that the diagram

oK

f'*

wa*i

[*D% Dk
lﬁKDK
D% (f*)° Dk

D B
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commutes. This follows from the commutative diagram (for all A in C;)

FeA coey! A K], A [A, K] - f[[A, K], K]
coevt 5) |5
[f*[A, K], f*fA® f*[A, K]] =~ K], f*(A A, K]fK]
d -/////
[f[A, K], frA® [f*A, K fAﬁ “K]

51 //
ev”

(/A f K], frA® [f*A, [*K]]

where is obtained from by using the compatibility of o with s. By functoriality of
coev, the counit of the adjunction of bifunctors (— ® %, [—, %|), we can complete the left
vertical part of the diagram as a commutative square by a morphism coev’ from f*A to
the bottom entry. The outer part of this bigger diagram is therefore the one we are looking
for. In the suspended (or triangulated) case, § is a morphism of suspended functors by
Proposition 4.1.1. n

4.2. ADJUNCTIONS (f*,f.) AND (f.,f') AND THE PROJECTION MORPHISM. In this
section, we will assume that we have adjoint couples (f*, f.) and (f., f'), and obtain the
projection morphism f,(—) ® x — f.(— ® f*(x)) as well as several related commutative
diagrams. We also construct the morphism ¢ which turns f, into a duality preserving
functor (Theorem 4.2.9).

4.2.1. PROPOSITION. Assume (Ay) and (By). Then there is a unique morphism of
(suspended) bifunctors

A fi(5) @ ful=) = il )
such that the diagrams

—®X fI (2@ Lf X F(f(=) @ LX) — F7 L) © F7 X
| _ |
ff (0 X) 2= L(f(=) @ ['X) [ f(-©X) —®X

commute for every X € Cy. For any A and B, X is given by the composition

[A® LB [ (LA [.B) "> f.(f*f.A® [*}.B) “2% [.(A@ B).

PROOF. Apply Lemma 1.2.6 (resp. Theorem 1.54) to H =H' = (—® —), J1 = f* x f*
Ky = fi X fu, Jo = [*, Ky = f,, and a = o' to obtain a unique A = b satisfying
and and given by the above composition. In the suspended case, A is a morphism
of suspended bifunctors because it is given by a composition of morphisms of suspended
functors and bifunctors. [
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4.2.2. PROPOSITION. Assume (Ay) and (By). Then, there is a unique morphism

JU f*[*, —] - [f*(*):f*(_)]

of (suspended) bifunctors such that the diagrams

X (-0 X)]<—AX, -0 X]  fu-) [£.X, £ ()] ® f.X
| . s

[f*Xaf*(_)®f*X] f*(_) f*([Xv_]®X) f*[Xv_]®f*X

commute for every X € Cy. For any A and B, i is given by the composition

f.IA, B] S £ A, £.JA, Bl ® f.A] 2> [f.A, f.([A, B] ® A)] > [f.A, f.B].

PROOF. Apply Lemma 1.3.5 (resp. Lemma 1.5.9) to the functors J; = (—®x), K; = [*,

Jo = (—® fu(x)), Ko = [fu(x),—], H=H' = f. and a = \.
4.2.3. LEMMA. The diagram
fA® f.B—>f.(A® B)

S(fa«@f*)l if*s
fB® f,A—2> f(B® A)
15 commutative.

PROOF. Apply Lemma 1.2.7 to the cube

Co ><C24>Cz

Rz

CQ X CQ —>C2

Clxcl\ Foxs r* f*
N N/ AN
Cl><61®—>C1 Cl><01®—>Cl

_]7

where x is the functor exchanging the components. Note that the morphism of functors
fo(— ® %) — fi(—) ® fi(*) obtained on the front and back squares indeed coincides with

A by construction.

4.2.4. PROPOSITION. In the suspended case, under Assumption (By) there is a unique
way of turning f. into a suspended functor such that (f*, f.) is a suspended adjoint couple.
If further Assumption (Cy) holds, then there is a unique way of turning f' into a suspended

functor such that (f., f') is a suspended adjoint couple.

PROOF. Both results follow directly from Proposition 1.5.3.



TENSOR-TRIANGULATED CATEGORIES AND DUALITIES 167

4.2.5. PROPOSITION. Under assumptions (Ay) and (By), there is a unique morphism
T fa(=) @ % = fu(=® [ (%))
and a unique isomorphism
fc s L)) = LI (),

of (suspended) bifunctors such that the diagrams

4 T -

—oX LF(OX P9 X) — L)@ FX
| ) | |
ff (=@ X) == f(f (=)@ f*X) f fi(=® fX) —-® X
[X?_] [Xaf*f*<_)] f*[X7f*(_)]?[f*Xaf*f*(_)]
N
f*f*[X7_}*>f*[f*X7f*(_)] f*f*[f*Xv_] [f*Xv_]

commute for any X € C;. For any A and B, w is given by the composition

fA® B> ff(f.A® B) > f(f"fLA® f*B) > f.(A® f*B)

K by
(A, £.B] = £ (A, £.B] 2= L.[f*A, f*f.B] <~ [.[f*A, B]

1

and K~ by

* coev! * T % * evl
LA Bl == [A, L[* A, Bl @ Al = [A, f([f*A, Bl @ [*A)] = [A, f.B].
PRrROOF. Apply Point 3 of Theorem 1.5.10 with L = L' = f*, R = R' = f,, G1 = — ® x,

G2 =—Q f*(*)v Fl = [*a _]a F2 = [f*(*)7_]7 gL = (g/L)il = . Then define m = IR and
K= fp. [
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4.2.6. LEMMA. The composition

1d®n;

fo(2) @ (2) =5 fu(2) @ fuf (=) 2 fu = @ (=)
cotncides with .
PRroOF. This follows from the commutative diagram (for any A and B in Cy)
[A® B [A® f.f*B
! i
f " (f+A® B) S (LA [ f*B) N\
(e o
Ff [A® [P B) — f([*fLA® [*f.[*B)
! i

fi(A® f*B) (A f*fif*B) fi(A® f*B)
adj
1d
in which the curved maps are indeed A and 7 by construction. [
4.2.7. LEMMA. The composition
JA(=) @ (=) —T= fu(= @ f () TR (- 2 )
coincides with A.
ProOF. This follows directly from the construction of 7 and diagram [11]. n

4.2.8. LEMMA. The composition

FLF ()] = [ (2), ()] = [ fu()]
coincides with k.

PRrROOF. This follows from the commutative diagram (for any A in C; and B in Cs)

f.lf*A, B] 0. [A, f.[f*A, B ® A

! gen n: \
(L f AL A B @ Lf A=A LI A Bl @ fuf* Al )r

n A A /

£ A LA, Bl @ frA)] —[A, fu([f*A, B] ® f*A)]
evl evl

[f.f*A, £.B] - A, f.B]

in which the left curved arrow is p by construction, the right one is 7 by Lemma 4.2.6 and
the composition from the top left corner to the bottom right one along the upper right
corner is then s by construction. [
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4.2.9. THEOREM. (existence of the push-forward) Under assumptions (Ay¢), (Bf) and
(Cy), let ¢ be the (suspended, exact) bifunctor defined by the composition

Rl PO ), £ P ] = (),
Then { f.,Ck} is a (suspended, exact) duality preserving functor from (Co, Dy, wpy) to
(Cl, DK, YEK)

PROOF. We need to prove that the diagram in Definition 2.2.1 is commutative. We
consider the commutative diagram

fAd—— LA, f K] A® A, £ K] £]A K], K]
Coevll/ n
[f*[A, f!K], [iA® f*[A, f'KH - [f*[A7 f!K], Je
id®u¢ 14/ ev”

™
=
=
=

A LK) FA® [£A LK) -
id@e{ki E!*
A, PE) LA® [fA K] —— [£[A, f

where is obtained from by using s. The top row is f,w; and the composition
from the top right corner to the bottom one is ¢, both by definition. The result follows if we
prove that the composition from the top left corner to the bottom right one, going through
the bottom left corner, is wg f. followed by D%(°. This follows from the commutative
diagram
foA 2 [L[A, F'K], LA® LA FK]
coev! i gen \Lid@(

/A, K], LA® [fA K] — > [£[A, f'K], LA® [f.A, K]

ev” l/ lev"
¢

[f.A, K], K] [fi[A, fK], K]

in which the left vertical composition is wg f. and the composition along the upper right
corner is the composition along the lower left corner of the previous diagram. [

4.3. WHEN THE PROJECTION MORPHISM IS INVERTIBLE. In this section, we prove that
the projection morphism is an isomorphism if and only if the morphism ( is. In that case,
we obtain a new morphism # that will be used in Section 5.5 to state a projection formula.

4.3.1. PROPOSITION. Under assumptions (A¢), (Bf) and (Cy), there is a unique mor-
phism
* ! !
v [f (*)7f (_)] - f [*7 _]
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of (suspended) bifunctors such that the diagrams
(X, =] —— X, F ()] LX) X L ()]
BN
PRFX A== PIX L] AFIX ] X~

commute for any X € Cy. The morphism of bifunctors v’ is invertible if and only if 7 is
invertible (Assumption (Dy)). In that case, let v denote the inverse of V', and there is a
unique morphism of (suspended) bifunctors

0: f(=) @ f(x) = f(- 2%

such that the diagrams

X (=@ X)) <5 fIX,-®X] f X))o ffX
/ ] :

f! X -loX)<"—fIX, -] ® fX

/X, (=)@ fX]

—® fX FRE) @ X L) 0 FX) = LF () eX
| T |
R0 X)) "= () ®X)  ff(-®X) o X

commute for any X € C,. For any A and B, V' is given by the composition

A F B P LA, £ B] S PIA £ B -~ f'[A, B

and 0 by

FA® B ('A% [*B) > ['(f./'A® B) "~ f'(A® B)

or equivalently by

l

flA® f* B '[B,A® B]® f*B > [{"B, f(A® B)]® f*B > ['(A® B).

PROOF. Apply Point 2 of Theorem 1.5.10 with L = L' = f,, R=R' = f', G; = =@ f*(%),
Gy = —®x%, Fy = [f*(x),—|, Fo = [x,—] and f;, = k™! to obtain v/ = f} and diagrams
and [23]. Then Point 3 of the same Theorem tells us that v/ = f}, is invertible if and
only if 7 = g1, is (Note that 7 and k! indeed correspond to each other through Point 1
of the Theorem by construction). In that case, we can use Point 2 to obtain § = gg from

7! = ¢} and diagrams [24], [25], [26] and [27]. n
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In particular, under Assumption (Dy), this gives for each K an isomorphism of func-
tors v : f' D% — D% (f7)° (in Ca).

4.3.2. LEMMA. The composition
e PN =2 LU £, P = £ P (=), ] = [£(=), ]

coincides with (.

PROOF. This follows from the commutative diagram (for every A in C and K in C)

LA F K]~ LI LA K] —— P ILA K]

ui J/u

[f*A7f*f!K]4>[f*f*f*Aaf*f!K] €
\ J/n: ¢!
([ A, fof K] ——= [ A K]

identifying the vertical composition in the middle with k= by Lemma 4.2.8 to recognize
[23]. [
4.3.3. PROPOSITION. Under assumptions (Ay), (By), (Cy), ¢ is an isomorphism if
and only if (Dy) holds.

4.3.4. COROLLARY. (Push-forward for Witt groups) When the dualities Dy and Dy
are strong and Assumption (Dy) is satisfied, then {f.,C(k} is a strong duality preserving
functor and thus induces a morphism of Witt groups

VW (Co, fK) — WH(C, K).

PRroOOF. This follows from Definition 2.1.5, Theorem 4.2.9, Proposition 4.3.3 and Propo-
sition 2.2.3. -

PROOF PROOF OF PROPOSITION 4.3.3. Let us first recall that ([—, %], [—, %|°, w0, @®) is
a (suspended) ACB from C; to C¢ with parameter in C¢ by Proposition 3.2.3, and thus
([=, (f)°)], [=, f(%)]°, @, @°) is a (suspended) ACB from C, to Cg with parameter in C?
by Lemma 1.5.7. We then apply Theorem 1.5.10 with the square

f*
C1 CQ
f*
[_’*}OTCfl[_’*} [—J%*)]"TCi’l[—,(f’)o(*)]
(f1°
Cy C3

fe

starting with ¢7 = (¢/)°. By Point 2 of loc. cit., we obtain a unique gg such that diagrams
and commute. This gr coincides with (° by Lemma 4.3.2. By Point 1 of loc.
cit., we then obtain a unique fg such that diagrams and commute. But fg has to
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coincide with ¢ by uniqueness, since those commutative diagrams were already proven in
Theorem 4.2.9 with ¢ and (°. By Point 3 of loc. cit., fg is an isomorphism if and only if
gy, = (V')° is, which is an isomorphism if and only if (D) holds by Proposition 4.3.1. We
have thus proved that ¢ is an isomorphism if and only if (D) holds. =

4.4. ProbpucTts. We now define one more classical morphism related to products for
Witt groups. It is easily checked that since (— ® x, [, —|) forms an ACB from C to C with
parameter in C, ((—1 ® *1) X (—2 ® *3), [*1, —1] X [*2, —2]) forms an ACB from C x C to
C x C with parameter in C x C, and (— ® (%1 ® *3), [*1 ® *9, —]) forms an ACB from C to
C with parameter in C x C. We can thus consider the situation of Lemma 1.3.5 applied
to the square

CxC ® C
(—1®%1) X (—2®%*2) [CXC| [*1,—1] X [*2,—2] —®(*1®*2)TC\L[*1®*27—]
CxC 2 C

and to the morphism of bifunctors ¢ : (—1 ® —2) ® (%1 @ *9) — (—1 @ %1) ® (—2 ® *q). We
thus obtain its mate, a morphism of bifunctors

T [k, —1] @ [k, —2] — [¥1 ® *2, —1 ® —9]

which, for any A, B, K, M is given by the composition

[A, K] ® [B, M] —< ~ [A® B, ([A, K] ® [B, M]) ® (A® B)|
l 1 ¢“Q
[A® B, K @ M] <2 [A® B, ([A, K] ® A) ® ([B, M] ® B)]

and obtain the following commutative diagrams

([ X1, K] ® [ X2, M]) @ (X7 ® Xo) — [X; ® Xo, K @ M] @ (X1 ® Xa)

oy Jev!
([X1, K] @ X1) @ ([Xo, M] ® X3) P KoM
COeVl COeVl
K®M = (X1, K ® X1] @ [ X, M @ Xo)
coevl\L \LT

(X @ Xo, (K M)® (X ® X)) T>[X1 ® X, (K ® X7) ® (M ® X5)]

as well.

4.4.1. DEFINITION. Consider objects K, M € C. We write 7x ar for the morphism of
functors D (—1)®Dp(—2) — Drggu(—1®—2) defined above where — = K and —y = M.

The proofs of the next two results are left to the reader. They are not difficult although
they require large commutative diagrams.
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4.4.2. PROPOSITION. The morphism Tg 15 a morphism of suspended bifunctors.
The proof of the following lemma uses the unit of the tensor product.

4.4.3. LEMMA. If K is dualizing, M is dualizing and g ar i an isomorphism, then the
object K @ M s dualizing. If By, By and T are isomorphisms, then By xenm is an
1somorphism.

In | |, Gille and Nenashev define two natural products for Witt groups. These
products coincide up to a sign. We just choose one of them (the left product, for example),
and refer to it as the product, but everything works fine with the other one too. Let us
recall the basic properties of the product, rephrasing | | in our terminology.

4.4.4. THEOREM. (] , Definition 1.11 and Theorem 2.9]) Let Cy, Cy and Cs be
triangulated categories with dualities Dy, Dy and Ds. Let (B,by,by) : C; X Co — C3
be a suspended bifunctor (see Definition 1.4.12) and d : B(D{ x D3) — D$B° be an
isomorphism of suspended bifunctors (see Definition 1.4.1/) that makes {B,d} a duality
preserving functor (see Definition 2.2.1, here C1 X Co 1s endowed with the duality Dy X Ds).
Then {B,d} induces a product

W(Cy) x W(Cy) — W(Csy).
The following proposition is not stated in | ], but easily follows from the con-

struction of the product.

4.4.5. PROPOSITION. Let 0 : B — B’ be an isomorphism of suspended bifunctors that
is duality preserving. Then B and B’ induce the same product on Witt groups.

Let us now apply this to our context.

4.4.6. PROPOSITION. (product) The morphism of functors T turns the functor &
into a duality preserving functor {— @ —a, T} from (C X C, Dg X Dy, wg X war) to
(C,DK®M,WK®M)-

4.4.7. COROLLARY. (product for Witt groups) By Theorem /.J.4, when the dualities
and the functor are strong (i.e. wx, wy and Tk pr are isomorphisms, and thus Wxkey as
well by Lemma 4.4.3), {—1 ® —2, Tk m } induces a product

W(C,Dk) x W(C,Dy) — W(C, Dxgum)

on Witt groups.

5.  Relations between functors

In this section, we prove the main results on composition, base change, and the projection
formula.
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5.1. CoMPOSITION. This section studies the behavior of pull-backs and push-forwards
with respect to composition. Let K be a category whose objects are (suspended, trian-
gulated) closed categories as in Section 3.1, and whose morphisms are (suspended, exact)
functors. Let B be another category, and let (—)* be a contravariant pseudo functor from
B to IC, i.e. a functor, except that instead of having equalities f*¢* = (¢f)* when f and ¢
are composable, we only have isomorphisms of (suspended) functors a, ¢ : f*¢* — (g9f)".
We also require that (—)* sends the identity of an object to the identity. Let X* be
denoted by Cx. When, moreover, the diagram

Froths = (gf)*h
ah,gl J/ah,gf
Fr(hg)* L (hg f)*

is commutative, we say that the pseudo functor is associative.

5.1.1. REMARK. An example for this setting is to take for B the category of schemes
(or regular schemes) and Cy = D?(Vect(X)) (or Cx = D*(Ox — Mod)).

We require that (—)* is a monoidal associative pseudo functor, which means that each
f* is symmetric monoidal (Assumption (Af)) and that the diagram

Fregff——g(f o) ——=gf(-o-)

a®ai la
(fo) @ (f9)" - (fo) (=)

commutes for any two composable f and g.

5.1.2. NOTATION. Let X be an object in B and K an object in Cx. Let Cx x denote
the (suspended, triangulated) category with duality (Cx, Dk, @) obtained by Corollary
3.2.4. When K is dualizing, let W¥(X, K) denote the i-th shifted Witt group of Cx k.

We have already seen in Theorem 4.1.2 that under Assumption (Ay), the couple
{f*, Bk} is a duality preserving functor between (suspended, triangulated) categories
with dualities. Recall the I-notation of Lemma 3.2.6.

5.1.3. THEOREM. (composition of pull-backs) For any two composable f and g in B, the
isomorphism of functors ay s : f*g* — (gf)* is a morphism of duality preserving functors

fmm [ag}ny{f*aﬁf,g*K}{g*a ﬁg,K} to {(gf)*:ﬂgva}

5.1.4. COROLLARY. (composition of pull-backs for Witt groups) By Proposition 2.2.,
for composable morphisms f and g in B, the pull-back on Witt groups defined in Corollary

4.1.3 satisfies (gf )iy = ]XZLKJC[?/Q;;V'
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PrROOF PROOF OF THEOREM 5.1.3. The claim amounts to checking that the diagram
o= Kl ——flg"(=), g’ K] ——=[f*g"(—), " K]
*\L p * * a® * ok \L *
() [= K]l ——=1gf) (=) (0f) K] = [f*g" (=), (9.f) K]
is commutative. Since by construction of 3 (Proposition 4.1.1), @ and 3 are mates, this
commutativity follows from Lemma 1.2.7 applied to the cube

()

Cy 7 Cx Cy - Cx
which is commutative as Diagram is. (]

A covariant pseudo functor (—), is defined in the same way as a contravariant one,
except that we are given isomorphisms in the other direction: b, ¢ : (gf)« — gu [

5.1.5. DEFINITION. Let (—)* (resp. (—)«) be a (suspended, exact) contravariant (resp.
covariant) pseudo functor from B to K. We say that ((—)*, (—)+«) is an adjoint couple of
pseudo functors if (f*, f.) is a (suspended, exact) adjoint couple for every f (in particular
(=)* and (=), coincide on objects), and the diagrams

Id—(9f)«(gf)* £ 9 (9f)e =2 f*a" g fo
lb and al l
Gufuf 9 ——gu fu(gf)" (9 (gf)e —1Id

commute for any composable f and g.

Spelling out the symmetric notion when the left adjoint pseudofunctor is covariant
and the right one contravariant is left to the reader.
As usual, the right (or left) adjoint is unique up to unique isomorphism.

5.1.6. LEMMA. Let (—)* be a contravariant pseudo-functor. Assume that for any f*,
we are given a right (suspended, exact) adjoint f. which is the identity when f is the
identity. Then there is a unique collection of isomorphisms by s : (gf)« — g«fs such that
((=)*, (=)«) forms an adjoint couple of pseudo functors.

PrOOF. Apply Theorem 1.2.8 (or 1.5.4 in the suspended case) to (L,R) = (f*, f.),
(FlaGl) = (9*79*)7 (F2>G2) = ([da Id) and (LlaR/) = ((gf)*>(gf)*) This gives the
required isomorphism (gf). — g.f. and the diagrams and [33]. m
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5.1.7. LEMMA. The right (resp. left) adjoint of an associative pseudo functor is asso-
ciative.
PROOF. Left to the reader. ]

5.1.8.  LEMMA. Let ((—)*, (—)«) be an adjoint pair of pseudo-functors (left contravariant
and right covariant). If (—)* satisfies the commutativity of [31], then the diagram

(9f)A® (9f)-B A (9f)+(A® B)
o !

9. fA® 9. f.B—>g.(fA® f.B) > g.f.(A® B)

1s commutative for every A and B.

PROOF. The commutative diagram

g (A® B) FA® g B2 (gt A® fuffg B
| | I

g (A® B) — ff*(g *A®g*B)—>f*(f*g*A®f*g*B) fra@fra
fua) Gy —

f(9f)"(A® B) = f.((9f)"A® (gf)" %iﬂ@ﬂA®ﬂ@ﬁ%

shows that the cube

CXxCX4> CXXCXL)CX

f*xf*/ \

(9)* x(gf)* Cy x Cy 4>Cy (9)*x(gf)* B
(nx

(l
Xm

Cz><CZ g~ Cz><024> VA g*
g xg*
IdxId Idxx / \
Cz><CZ_4>CZ 62X024>CZ

®_

is commutative. We apply Lemma 1.2.7 to it and obtain a new commutative cube which
is Diagram [34] Note that the morphism of functors on the left face of our first cube
indeed gives b in the resulting cube, by construction of b. [

Let us now consider the subcategory B’ of B with the same objects, but whose mor-
phisms are only those f : X — Y satisfying assumptions (Ay), (By) and (Cy). We then
choose successive right adjoints f, and f' for each morphism f (they are unique up to
unique isomorphism, and we choose (Idx), = Idy = Idc, for simplicity), and by Lemma
5.1.6, using (—)*, we turn them into (suspended, exact) pseudo functors

(=) B =K (-):B =K

with structure morphisms b, 5 and ¢, ;. They are associative by Lemma 5.1.7.
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5.1.9. THEOREM. For morphisms f : X — Y and g : Y — Z in B’ and K an object
of Cz, the isomorphism of functors by ¢ : (gf)« — g« f« defined above is a morphism of
duality preserving functors from {(gf)«, Cx }He, ;  t0 {9, Cx H fos G }-

5.1.10. COROLLARY. (composition of push-forwards) By Proposition 2.2.4, for compos-
able morphisms f and g in B', the push-forward on Witt groups defined in Corollary 4.53./

satisfies (g )V 11V = g [V,

PROOF PROOF OF THEOREM 5.1.9. We have to prove that the diagram of Definition
2.2.2 which is here

(9)+[A, f'g' K] == (gf).[A, (9)'K] = [(9/). A, K]

bl Tb”
gufolA, f'9'K] 9. [LA, ¢ K] 9. [ A, K]

is commutative (for any A and B). The commutative diagram may be written as the
commutative cube

Z >

—-®f*B
o(1d®b)

cxl—> \\ cton.

out of which we get a new commutative cube by Lemma 1.2.7, whose commutativity is
equivalent to that of Diagram [35]. [

C
gx f*( ®B

Cx ————Cy

()«

5.2. BASE CHANGE. The next fundamental theorem that we will prove is a base change
formula. In this section, we fix a commutative diagram in B with g and g in 5.

HY
|= )
*>gZ

~h

Using Lemma 1.2.6 (or its suspended version 1.5.4) with J; = ¢g*, K1 = g., J» = g",
Ky =g., H=f*, H = f* and the isomorphism of (suspended) functors

g =9 =)= [y
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for a, we obtain its mate, a morphism

£ 79— g*f_*
and two commutative diagrams. Assuming (Ey,) (i.e. € is an isomorphism) and applying
the same lemma to Jy =g, K1 =¢', Jo=0,, Ko =¢', H=f*, H = f*anda=¢"", we
obtain a morphism

v g —gr
and two commutative diagrams.
— x| 2 — —| rx L% rx |
9GS —=39:9 1799
Ta] =]
— -1
frgeg —= 1" I e

5.2.1. THEOREM. (base change) Let f and f be morphisms in B and g and g be mor-
phisms in B' fitting in the commutative diagram such that Assumption (Ey,) is sat-
isfied. Then, the isomorphism of functors € : f*g. — g.f* from {f*, Bx}{ g Cx} to
{94, Cror Mo A S, Byic }is duality preserving.

This together with Proposition 2.2.4 immediately implies the following.

5.2.2. COROLLARY. If in the situation of the theorem above vk : f*¢'K — §'f*K is an
isomorphism, then the pull-backs and push-forwards on Witt groups defined in corollaries

4.1.5 and 4.3.4 satisfy fy,97 = gi LV fry.
PrROOF PROOF OF THEOREM 5.2.1. We have to prove that the diagram

¢ B

f*9:A, ¢'K] [*9:A, K] [f*g. A, f*K]
e . ) .
3. A, ¢ K] —=0.[f*A, [F¢'K] —= g.[[*A. g [* K] —= [3.[* A, K]

(corresponding to Diagram of Definition 2.2.2) is commutative. We first prove the
two following lemmas.

5.2.3. LEMMA. The composition

3. () @ F (1) =" 5 f*(= @ %) = [7gu(~ %)
and the composition

Pl g1 ()] =2 [ (%), g ()] === [F (), 3 F*(—)]

are mates in Lemma 1.5.5 when J; = g.(— @ *), K; = 5,6 (=), o = Gul(— ® F*(%)),
Ky = [[*(+),6/(=)], H = f* and H' = f".
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PROOF. By uniqueness, this follows from the proof of one of the commutative diagrams
in Lemma 1.3.5. We choose which is as follows.

(X9 A ® [ X) = (X, g Al ® [X) 2= g.(fX. g/ Al © f*X)

a) [10] } [m] }
3. (X, g4 @ X) 3.fg'A s 3.9 f*A

=y ] e Ed J
fa(X,¢'A] ® X) frg.g'A f*A

5.2.4. LEMMA. The composition

9:(=) ® f19u(¥) = 5.(=) © 4. () == Gu(— © [ (x)
and the composition

¢

G lF7 (5,3 ()] == [3f* (), =] == [f*gu(x), -]

are mates in Lemma 1.5.5 when using the functors J, = §.(—@f*(x)), K1 = [f*(x),3'(—)],
Jo = (= ® f*g.(x)), Ko = [f*g«(x),—], H=1Id and H' = g,.
PRrROOF. Similarly to the proof of the previous lemma, this follows from the commutative

diagram

G X, 3 A @ f9.X g X,

Al
1d®z—:\L \L
3l X, 5 A @ 4. f*X 9. f X ]

,\J/

9+ A

®fg*X4>[f g*X A]®fg*

gen

where is easily obtained from [14/] by looking at the definition of ¢ in Theorem 4.2.9. m
The commutative diagram easily implies (by definition of &) that the diagram

G (fA® f*B) > g A2 g f*B-% Fegr A g frg'B

o 5 |

f9"(A® B) —"—> [*(¢"A® ¢"B)
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is commutative for any A and B. It can be written as the commutative cube

Cx X Cx — Cx xCx —2= = Cy

\/\

C\/XCV—>

CZ XCZ\
frx

* % *

g

f*X\ / \

CyXCyTCY CyXCy—>CY

out of which Lemma 1.2.7 gives the commutative cube

_®_

CXxCX—>CX CXxCX—>CX

N N N,
Gx X G Cy X CV—> gx X gx A g Cv

Vi /
% G X :

CZ X CZ 5\ gx CZ X CZ—> A
f*xk f*X\ / \
CyXCYTCY nyCy—>

The commutativity of the last cube implies the commutativity of the following cube for
any A.

C

TR

g+(—®A) Cz——Cy

—®g*14

where x is the first composition in Lemma 5.2.3 and y is the first composition in Lemma
5.2.4. Applying Lemma 1.2.7 to this new cube gives a cube in which the mates of x and
y may be described using lemmas 5.2.3 and 5.2.4, and whose commutativity is the one of

Diagram [39]. [
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Let us now establish two more commutative diagrams that will be useful in applica-
tions. In geometric situations they allow us to check whether # is an isomorphism by
restricting to open subsets.

5.2.5. PROPOSITION. The diagram

Fa.(=) @ f(x) ——=a.f* (=) @ [*(x) — g*(f*(—)j?g*f*(*))
¢

o g*(f_*(—)j@f*g*(*))
S (g:(—) ® %) . Jrg.(—= @ g7 (%)) : G (— ® g*(¥))

is commutative. If furthermore € is an isomorphism (Assumption (Egs,)), v is defined
and the diagram

£k L% % ®£_1 —| rx —% L% 0 — * *
Fg(=)® frg () ————=g'f (=) @ g* f*(x) ——=G(f*(=) ® f*(x))
o e
* * 0 L% v —1 rx
(g (=) @ g* (%) g'(—@x) gri(—o%
18 commutative.
PRrROOF. To get the first diagram, apply Lemma 1.2.7 to the cube
Cx x C, ey x ¢y Cx x C, ey x ¢y
Xd{@g* / ) \hieag*f* \hi@*f*
o —% I
g*xld[\ CX T)CV g*xId exid g CV
° f*xId

CZ XCZHCY ><CZ

ENP TN
Cz f)

QI

szi\g*

CZT>CY

Cy

which is commutative by (using fg = gf). This gives a cube whose commutativity is
the one of [40] Exchanging the top and bottom faces of this new cube (thus reversing the
vertical arrows), inverting the front (¢), back (¢ x Id) and sides (7) morphisms of functors
and applying again Lemma 1.2.7 to this new cube shows that is commutative too. m

5.3.  ASSOCIATIVITY OF PRODUCTS. We now establish a few commutative diagrams
implied by the compatibility of f* with the associativity of the tensor product. For
simplicity, we hide in diagrams all associativity morphisms and bracketing concerning the
tensor product (as if the tensor product was strictly associative).
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Since f* is monoidal, the diagram (involving «)

ffFA® B f*"C — f*(A® B)® f*C
! J
ffFAR ff(Be(C)—— f*(A® B ()
is commutative.

5.3.1. LEMMA. Under assumptions (Ay) and (By), the diagram (involving \)
[A® fiB® f,.C — f.(A® B) ® f.C

! !
LA® [(B®C)——fi(A®B®C(C)

18 commutative
PROOF. Left to the reader. m

5.3.2. PROPOSITION. Under assumptions (Ay) and (By), the following diagrams are
commutative.

LA B®C—— f[.(A® f*B)® C
| ;

-1

f(A® f{(B®C)) "= fi(A® f*B® f*C)

f*A®f*B®CWf*(A®B) ®C
id®7rl l/T(
f(A® f(B® f*0) 2~ f(A® B® f*C)

ProOF. Using Lemma 4.2.6 to decompose m, Diagram is

fA®B®C—L A f.['B&C—> (A ["B)®C
ni‘l ini
: FA® L' B@ [.fC—[.(A® [*B)® [.[*C
,\J( i,\
FA® L (B®C)> LA f(fB® fC) —= f(A® f*'B® f*C)

\;%

f(Ae f1(B®C))

and Diagram is

AR FB®C 5 fA® [ B® f.f*C 2> fLA® f.(B® f*C)
A 12 A
f(A®B)®C—" f.(A® B)® f.f*C —— f.(A® B® f*C)
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5.4. THE MONOIDAL FUNCTOR f* AND PRODUCTS. We have the following diagram of
duality preserving functors

{—®*,7r, M}

(C)r x (Ci)m (C1)kem
{f*xfx, BKXIBNI}\L {—®%,7pe k. pear} i,{f*vﬁKébM}
(Ca)pere % (Ca) perr — (Ca) persogerr ——= (Ca) p=(xcnr)

where I, : (Co)kopm — (C2)f+(kom) is the duality preserving functor induced by a by
Lemma 3.2.6).

5.4.1. PROPOSITION. (the pull-back respects the product) Under Assumption (Ay), the
isomorphism of suspended bifunctors o : f*(—) ® f*(x) — f*(— ® %) is an isomorphism
of duality preserving functors between the two duality preserving functors defined by the
compositions above.

5.4.2. COROLLARY. The pull-back and the product defined in Corollary 4.1.5 and Propo-
sition 4.4.0 satisfy

filzy) = I, (fiv (2)-fiv (v))
for all x € W((C1)k) and y € W((Cy1)n) by Proposition 2.2.J provided all necessary
assumptions about being strong are satisfied.

PrRoOOF PROOF OF PROPOSITION 5.4.1. We start with a lemma.

5.4.3. LEMMA. The composition

f{(2)® (fFA® f'B) 5 () ® f(A® B) —*= f*(~ ® (A® B))
and the composition

fA® B, -] 2= [f*(A® B), f*(-)] <> [f*A® f*B, -]

are mates in Lemma 1.2.6 when J; = —®(A®B), K1 = [A®B, -], J, = —@(f*"A® f*B),
Ky =[f"A® f*B,—], H= f* and H' = f*.
PRrROOF. By uniqueness, it suffices to establish the commutativity of diagram which is

flA@B,-]® (f*A® f-B) 2%

[fr(AeB), f(=)]e (A0 [*B

\L \de@a
F[A®B,—]® f(A® B) F(A® B), (- A@E?\o
|

«

fWM®Br?®M®B) [*A® B, ()@ (' A® JB)
f%ﬂe/////gg///
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Now, according to Definition 2.2.2, we need to prove that the following diagram is
commutative for any A, B, K and M.

FA K] @ 1B, M f*A, K] @ [f*B,f*M];[f*A®f*B,¢f*K®f*M]
o [f*A® f*B, f*(K ® M)]
aOT
(A, K] ® [B, M) —— f[A® B,K © M| —"— [f*(A® B), f*(K & M)
We apply Lemma 1.2.7 to the cube

CxC—— Clx01—>

Nf*xf*% \ (1eB)

CQ X CQ ><( ®®AB) 0

(f* A®f* ao(id®a)

Clxcl\ 1X61% \ R(f*A®f*B

(—®f*A)

Frx —®f*B) ij\ / \
CQXCQ?CQ CQXC2—>CQ

which is easily shown to be commutative using the compatibility of f* with the symmetry
and the associativity of the tensor product (diagrams [15] and [42]). This yields a new cube
whose commutativity is the one of using Lemma 5.4.3 to recognize the right face. m

5.5.  PROJECTION FORMULA. The last theorem we want to prove is a projection formula.

5.5.1. THEOREM. (projection formula) Let C; and Cy be closed categories and let f* be
a monoidal functor (Assumption (Ay)) from Cy to Cy satisfying Assumptions (By), (Cy)
and (Dy). Let K and M be objects of Ci. Then, 7 is a morphism of duality preserving
functors from

{]d® ]d, TK,M}{f* X ]d, CK X ’Ld}
to

{fer Ckona How , AId @ Id, Ty peng JH{Id X f7,id X Bar}.

5.5.2.  COROLLARY. (projection formula for Witt groups) By Proposition 2.2./, under
strongness assumptions necessary for their existence and when furthermore the morphism
Okn : f'K® f*M — f{(K ® M) is an isomorphism, the pull-back, push-forward and
product on Witt groups defined in corollaries 4.1.3, /.53.4 and Proposition j./.6 satisfy the

equality
NIy (@ fiv () = £ (2).y
m W((CI)K®M) fOT all x € W((CQ)f'K) and Yy < W((Cl)M>
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PROOF PROOF OF THEOREM 5.5.1. According to Definition 2.2.2, we have to prove that
the following diagram is commutative for any A, B, K and M.

flA f'K]® [B, M] A, K] ® B, M] [f\A® B,K ® M|
| =
f([A, K] @ f*[B, M]) [fi(A® f*B), K ® M|

5 I
LA PR ®[f*B, f*M)) = f[A® f*B, f'K @ f*M] %> f.[A® f*B, f'(K ® M)]
Decomposing ¢ as in its definition (see Theorem 4.2.9) and using a few diagrams and

Diagram [27], it is easy to reduce this to the commutativity of the following diagram (with
N = f'K).

fJA Nl @ [B, M] [f+A, [N ® [B, M] [+ A® B, f.N @ M]

wj/ Tﬂo

f([A, N @ f*[B, M]) [f(A® f*B), f.N @ M]

| e
[

LA N @ [f*B, f*M]) = fJA® f*B,N ® f*M] > [f.(A® [*B), f.(N ® f*M)]

which requires the following preliminary lemmas.

=

5.5.3. LEMMA. The composition

f(—1®—2)® f(A® f*B) 2> f((—1 ® —2)¢® (A® f*B))
fi(1®A) @ (-2 ® f*B))

and the composition
F([A =] @ [f*B,—2]) > f[A® [*B,—1 @ =] > [fu(A® [*B), fu(—1 ® —2)]

are mates in Lemma 1.2.6 when J; = (—1 ® A) X (=2 ® f*B), K1 = [A, —1] x [f*B, =],
Jo = _®f*(A®f*B)7 Ky = [f*<A®f*B)7_]7 and H = H' = f*(_l ®_2)

PRrROOF. By uniqueness, it suffices to prove Diagram which is here

J([A, ] ® [f'B,—2]) ® f.(A® [*B) + £.[A® [*B,—1 © -] ® f.(A® [*B)
A Ai \
FA -0 1fB ) 8 (A6 ['B) = (A8 1B -1 © ]9 (48 f7B)) )

o [14] e

f((A =@ )@ ([f*B, =] ® [*B)) [f.(A® [*B), f.(-1® =) ® f.(A® f*B)

LS
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5.5.4. LEMMA. The composition

(—1®—2)®f(14®f* ) (—1®—2) (f*A®B)£\(—1®f*A)®(—2®B)

and the composition

[f+A,—1] ® [B, =] /= [[LAR B, —1 ® —g] —> ) [f+(A® f*B), —1 ® —2]
are mates in Lemma 1.2.6 when J; = (—1 ® fA) X (—2 ® B), Ky = [f.A, —1] X [B, —2],
Jo=—® f,(A® [*B), Ko = [f.(A® f*B),—], and H = H = ®.

PROOF. By uniqueness, it suffices to prove that diagram commutes, which is

([fsA, =] @ [B, =2]) ® fu(A® f*B) = [fLA® B, =1 ® —2] ® f.(A® f*B)
(MA—J®wfﬂwﬂﬂA®m4$MA®qu®nMNﬂA®m\wﬂo
0 % gon

([fed, =] ® [LA) @ ([B, —2) @ BL[f:(A® f*B), =1 ® =] @ [.(A® f*B)

evl

evl

(— ® —2)
| |
The cube
C2><C24> Cz><(324>cz
®f 1%’ \ fMef B \ \(f Mef*B)
frx s Cz ® Cq frx f* CQ
aIxa~ 1 (zd®a
) x c1 N O e —>c1
(—@M)x(— \ / (MEB),
axa—g—»a axa———»a

is commutative by a classical exercise on monoidal functors, symmetry and associativity.
Applying Lemma 1.2.7 to it, we get a new cube, in which the morphism of functors on
the right face is (id ® a™1) o7, simply because 7 is the mate of a~! (by Proposition 4.2.5)
and (id ® a™!) is just a change in the parameter. The commutativity of the cube thus
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obtained can be rewritten as the commutativity of the cube

« X Id «xId
c, x 0, e % e cz><clf—x>cl><c1

\% ) / \ \ (—®f*A)
X (—®B)
CQ X CQ —> Axid
o N
CQXCl (—®A) ’ CQXCl—>Cl><Cl
x(—®B)
Id><f* Id><f\\ / \

CQXCQWCl CQXCQ—>Cl

*

(—®A4)
x(—®B)

Ci

fexId
—®f«(A®f*B)

where x and y are the first compositions in lemmas 5.5.3 and 5.5.4. Applying one more
time Lemma 1.2.7 to this new cube yields another one whose commutativity is the one of

3] .

6. Various reformulations

This section is devoted to reformulations of the main theorems in view of applications.
The corollaries on Witt groups show that these reformulations are useful. The reformu-
lations are obtained by changing the duality at the source or at the target using functors
I, (see Lemma 3.2.6) with ¢« adapted to the situation. For this reason, deriving those
reformulations from the original theorems is very easy and most of the times follows from
simple commutative diagrams involving functors of the form I,. We therefore leave all
proofs of Sections 6.1, 6.2 and 6.3 as exercises for the reader.

6.1. REFORMULATIONS USING f' OF UNIT OBJECTS. In this section, we use the unit
objects in the monoidal categories to formulate the main theorems in a different way.
In the application to Witt groups and algebraic geometry, this will relate f' to f* using
canonical sheaves. Let B” denote the subcategory of B’ in which the morphisms [ are
such that (Dy) is satisfied (7 is an isomorphism).

For any morphism f: X — Y in B’, we define

Wi = f(1ly).

To every morphism f, we associate a number d; such that dy; = df + d, for composable
morphisms f and g. For example, for every object X we may choose a number dx and
set dy = dx — dy. We define

=T~ f'(1y).

6.1.1. REMARK. In applications to schemes, dy can be the relative dimension of a mor-
phism f and dx can be the relative dimension of a smooth X over a base scheme. In
that case, w} is isomorphic to a shifted line bundle and w; to a line bundle (the canonical
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sheaf). This explains why we introduce d; and wy. On the other hand, it is always pos-
sible to set dy = 0 for any morphism f, in which case wy = w}, thus statements in terms
of wy also apply to w}.

For any two composable morphisms f and g in B”, let us denote by i’g’ s the composition
* ! * 0 g ! ¢ !
Wi @ fH(wh) = f(1y) @ f1 (W) = flwy) = g (12) = (9f) (12) = w);
and

lg.p =W @ [ (wg) — wyy
the composition obtained by the same chain of morphisms and then desuspending.

6.1.2. LEMMA. For any composable morphisms X Ty 9.7 " vin B", the dia-
gram of isomorphisms

thg,f wr ® f*(whg) id®f*in g wr @ f*(wy @ g*(wn))
Whyf ' 2 j/ (id®a)o(idwa~1)

o gy ® (9) () 22— w0y @ f(w,) @ (9f)" ()

is commutative. In other words, i,y (as well as i, ;) satisfies a cocycle condition.

We can then reformulate the main theorems 4.2.9, 5.1.9, 5.2.1 and 5.5.1 and their
corollaries for Witt groups as follows.

6.1.3. DEFINITION. (push-forward) Let f : X — Y be a morphism in B"” and K be an
object in Cy. We define a duality preserving functor CX,M}@MK — Cy.x by the composi-
tion { f«,Cx o, .- We denote it simply by {f.} in the rest of the section (K is always
understood).

6.1.4. DEFINITION. (push-forward for Witt groups) When the dualities are strong and
01,k is an isomorphism, {f.} induces a push-forward

VW (X wp @ fFK) — WYY, K)

on Witt groups (recall Proposition 3.2.5 to switch from suspending w} to the suspended
duality used in Definition 2.1.5 of shifted Witt groups).

6.1.5. THEOREM. (composition of push-forwards) Let f : X — Y and g 1Y — Z be
morphisms in B" and K be an object of C;. The morphism by @ (gf)s — gufs (see
Section 5.1) is duality preserving between the compositions of duality preserving functors
in the diagram

1,
Cxwier wyee k) ——Cxw e K

(.} % |t@n-y

Ywig*K —— V> CZ7K

{g+}
where v 1s the composition

* * a~t * * ok i./7®a’f *
Wy @ frw, @ g K) B @ fwl e fret K W @ (gf) K.
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6.1.6. COROLLARY. (composition of push-forwards for Witt groups) For f and g as in
the theorem, the push-forwards on Witt groups of Definition 6.1./ satisfy

gl 1V = (o).

6.1.7. THEOREM. (base change) In the situation of Theorem 5.2.1, with furthermore g
and g in B", the morphism of functors € : g.f* — f*g. is duality preserving between the
two compositions of duality preserving functors in the diagram

1,

Cv, (w9 K) Cvwpegt K

L T

Cx o 00+ C
Fowp@gTi {9} ZK )

Cv.pk

where 1 1s defined as the composition

a”l 7y £x %
fwy® g K) = frw; @ frg"K
1€

y1®Id

6.1.8. COROLLARY. (base change for Witt groups) In the situation of the theorem, when
furthermore 1 : f*¢'1 — G f*1 is an isomorphism, the push-forwards and pull-backs for
Witt groups of Definition 6.1./ and Corollary 4.1.5 satisfy

fivg =g 1" fiv.

6.1.9. THEOREM. (projection formula) In the situation of Theorem 5.5.1, m is a mor-
phism of duality preserving functors between the two compositions in the diagram

® Trigag,

Cw}@f*K X Cf*M %Cw}(@f*K@f*M $CW}®f*(K®M)
« X Id

Cotap X Cu U xtd} Cx X Cy ) Crom

6.1.10. COROLLARY. (projection formula for Witt groups) In the situation of the theo-
rem, the push-forward, pull-back and product on Witt groups of Definition 6.1./, Corollary
4.1.3 and Proposition 4.4.0 satisfy

P Hasae o (@ Fivy (v) = £ (2).y
in WH(Y, K @ M) for any x € W (X, wr @ f*K) and y € W/(Y, M).

6.2. REFORMULATIONS USING MORPHISMS TO CORRECT THE DUALITIES. We now
reformulate the main results using a convenient categorical setting which allows us to
display the previous results in an even nicer way. This will be useful in applications.

We define new categories.
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6.2.1. DEFINITION. Let B* be the category whose objects are pairs (X, K) with X € B,
K € Cx, and whose morphisms from (X, K) to (Y, L) are pairs (f, ) where f : X — Y is
a morphism in B and ¢ : f*L — K is a morphism in Cx. The composition is defined by
(9, 0)(f, @) = (9f o f*() o (ags)™"). The identity morphism on (X, K) is (Idx, Idy)

and the composition is clearly associative.

6.2.2. DEFINITION. Let B' be the category whose objects are pairs (X, K) with X € B/,
K € Cx, and whose morphisms from (X, K) to (Y, M) are pairs (f,¢) where f : X —Y
is a morphism in B' and ¢ : K — f'M is a morphism in Cx. The composition is defined
by (g,0)(f,0) = (g9f,cq.s 0 f' (1) 0 ). The identity morphism on (X, K) is (Idx, Idy)
and the composition is clearly associative.

For applications to Witt groups, we need the objects defining the dualities to be
dualizing and the duality preserving functors to be strong. We thus define two more
categories.

6.2.3. DEFINITION. Let B}, denote the subcategory of B* in which the objects (X, K) are
such that K is dualizing (wg is an isomorphism) and the morphisms (f, ®) from (X, K)
to (Y, L) are such that ¢ and By, are isomorphisms.

6.2.4. DEFINITION. Let By, denote the subcategory of B' in which the objects (X, K)
are such that K is dualizing (wk is an isomorphism) and the morphisms (f, ¢) are such
that ¢ is an isomorphism.

Using the categories B' and B* and their subcategories, the main theorems 4.1.2, 4.2.9,
5.1.3,5.1.9, 5.2.1, 5.5.1 and their corollaries on Witt groups can be rephrased as follows.

6.2.5. DEFINITION. (pull-back) For any morphism (f,¢) : (X, K) — (Y, L) in B*, we

define a duality preserving functor |f, ¢|" : Cy, — Cx i by the composition

{f*z/BL} I¢

Cvr Cx p1 Cxk-

6.2.6. DEFINITION. (pull-back on Witt groups) For any morphism (f,®) from (X, K)
to (Y, L) in By, the duality preserving functor |f, ¢| induces a morphism

£, ol WY, L) — W'(X, K)

on Witt groups.

6.2.7. THEOREM. (composition of pull-backs) Let (f,$) and (g,) be composable mor-
phisms in B*. The morphism agz ¢ : f*g* — (gf)* is a morphism of duality preserving
functors as in the following diagram.

Y[ Crr [ f.0l"
/ a97N
"

lg
C
M T G (o)

XK
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6.2.8. COROLLARY. (composition of pull-backs for Witt groups) Let (f,$) and (g,v) be
composable morphisms in Byy,. Then the pull-backs for Witt groups of Definition 6.2.6
satisfy (g, 0)(f, )l = |fslwlg, ¥y In other words, W* is a contravariant functor
from By, to graded abelian groups.

6.2.9. DEFINITION. (push-forward) For any morphism (f,¢) : (X, K) — (Y, L) in B',
we define a duality preserving functor |f, ¢|, : Cx.x — Cy.r by the composition

Iy

Cxi o Cypy I

CY,L-

6.2.10. DEFINITION. (push-forward for Witt groups) For any morphism (f,¢) from
(X,K) to (Y, L) in By, the duality preserving functor |f,¢|, induces a morphism on
Witt groups |f, ¢ : Wi(X, K) — Wi(X, L).

6.2.11. THEOREM. (composition of push-forwards) Let (f, ) and (g,v) be composable
morphisms in B'. The morphism by (gf)« — gufs is a morphism of duality preserving
functors as in the following diagram.

A
fﬂ .

i
C
XE T ewtel, M

6.2.12. COROLLARY. (composition of push-forwards for Witt groups) Let (f,$) and
(9,9) be composable morphisms in Biy,. Then the push-forwards for Witt groups of Def-
inition 6.2.10 satisfy |(g,¥)(f, ¢)|ZV = |g,w|zv|f,qb|zv. In other words, W* is a covariant
functor from By, to graded abelian groups.

6.2.13. 'THEOREM. (base change) Let (f, ) and (f, ) be morphisms in B*, (g,v), and
(g,7) be morphisms in B' fitting in the diagram

v, N) 2% (v, 1)

By |t

X7 M) (ng) (Z7 K)

I~

(

~~ =
=

such that f§g = gf € B, such that Assumption (Eyq) is satisfied and such that the diagram

()

6 ['M [gK
N< e
b G'L 7K

g'(o)
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1s commutative. Then the morphism ¢ : f*g. — g.f* is duality preserving between the
compositions of duality preserving functors in the diagram.

*

19,0,
CV,N —_— CY,L

Fat NG e

Cxm —=Cz i
lg,9],

6.2.14. COROLLARY. (base change for Witt groups) In the situation of the theorem,
assuming furthermore that (f, ¢) and (f, ) are in By, (g,v) and (g,v) are in By, and
vi : f*¢'K — §' f*K is an isomorphism, the pull-backs and push-forwards on Witt groups
of definitions 6.2.6 and 6.2.10 satisfy ]g,@mf,qﬂ;, = ]f,qb]%g,w\f/.
6.2.15. 'THEOREM. (projection formula) Let f : X — Y be a morphism in B”. Let
K, M € Cx and L, N € Cy be objects,
¢:f'L—-K, :M—fN and x: MK — f(N®L)
be morphisms such that
Mo K—>f(NoL)
Id®¢T On,L
Mo LY fN g L
15 commutative.
Then, the morphism m is duality preserving between the compositions in the diagram

{®}
y Cxm X Cx i Cx, MoK
x|f.9] ”ﬂ %
[fl, xId {®}
Cx.m X Cyr Cyn X Cyp CyneL

6.2.16. COROLLARY. (projection formula for Witt groups) In the situation of the the-
orem, assuming furthermore that (f,¢) is in By, and (f,%) and (f,x) are in By, the
push-forward, pull-back and product for Witt groups of Definition 6.2.10, Definition 6.2.6
and Proposition 4.4.6 satisfy | f,x|% (z.|f, ¢l5 () = |f, 0| (x).y in WH(Y,N @ L) for
any v € WYX, M) and y € W/ (Y, L).

6.3. REFORMULATIONS USING A FINAL OBJECT. When the category B has a final object
denoted by Pt that is also a final object for the subcategory B”, there is a reformulation
of the main results using absolute (that is relative to the final object) canonical objects
rather than relative ones as in section 6.1. For any object X € B, let px denote the
unique morphism X — Pt. We define dx = d,, Wy = w, and wx = w,,.

6.3.1. DEFINITION. Let B, be the category whose objects are pairs (X, K) with X € B”,
K € Cx, and whose morphisms from (X, K) to (Y, L) are pairs (f,p) where f : X — Y is
a morphism in B"” and ¢ : K — f*L is a morphism in Cx. The composition is defined by
(g9, 0)(f, @) = (gf, by ) [*()p. The identity of (X, K) is (Idx,Idk) and the composition

1s clearly associative.
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6.3.2. DEFINITION. Let BY be the subcategory of B, in which the objects (X, K) are
such that wx ® K is dualizing and the morphisms (f,¢) : (X, K) — (Y, L) are such that
L defined as the composition

(C P
Sy @ K I pg g gL flwy @ L).

18 an isomorphism.
6.3.3.  DEFINITION. (push-forward) For any morphism (f,¢) : (X, K) — (Y, L) in B.,

we define a duality preserving functor |f, ¢|, : Cxw ox — Cyuyer by the composition

{f* Cw’ L}
Cxw ®K;>CX)‘(W ®L)—®> Y,L-
where ¢ is defined as in Definition 0.5.2 (but not necessarily an isomorphism).
6.3.4. DEFINITION. (push-forward for Witt groups) Let (f,®) be a morphism in BY.
Then the duality preserving functor |f, ¢|, of Definition 6.5.5 induces a morphism
8l s WS (X wx @ K) — W (Y,wy @ L)

on Witt groups.

6.3.5. THEOREM. (composition of push-forwards) Let (f,$) and (g,v) be composable
morphisms in B.. Then the morphism by : (gf)s — gufe is a morphism of duality
preserving functors as in the following diagram.

CYw QL |
9,
/ Qfﬂ \
C w C W’
XK T, 2wz @M

6.3.6. COROLLARY. (composition of push-forwards for Witt groups) Let (f, @) and (g,1))
be composable morphisms in BY. Then the push-forwards of Definition 6.5./ satisfy

(g9, ¥)( [, ¢)|ZV = |97¢|*W|f7¢\*w- In other words, W* is a covariant functor from BY to
graded abelian groups.

To state a base change theorem, we need the following. Let (f, ) and ( f, o) be
morphisms in B* and (g,1) and (g,%) be morphisms in B, with sources and targets as
on the diagram

(V,wl, ® N) v, N 20 (v ) (Y,w) ® L)
(7.d)| | o)

Ky @M) (X, M)—=(2K) (2w 8K)
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such that fg = gf € B and such that Assumption (E;,) is satisfied. The morphism ¢
induces a morphism “¢” defined by the composition

Pk (] * a”! £, |1 I % I (epg,g) ' ®1d Fx 1 P %
Wy ® g K) [uy ® ffg' K frowy; @ frg°K
e
7wy ®L) o) 9 f(wy®K) — g, @g K

The morphism % induces a morphism “¢»” defined by the composition

’ (pr,g)_l(g"z _1 —x 0 _ /
wy @ N gwy ® g*L g (wy ® L)

6.3.7. THEOREM. (base change) Let (f,¢), (f,®), (g,%) and (g,) be as above. We
assume that the diagram

[I3RL)

wi, ® N G'(wy ® L)

f kK

£% Y £x *

[y @ M) — f*(wx ® ¢"K)

is commutative. Then, € : f*g, — G.f* is a morphism of duality preserving functors as
in the following diagram.

13,9
Cviut,on —=Cyut oL

Fart SN e

CX,w’X(X)M — CZ,w’Z(X)K
lg, ¥,

6.3.8.  COROLLARY. (base change for Witt groups) In the situation of the theorem, as-
suming furthermore that (f,¢) and (f,®) are in By, and (g,%) and (g,v) are in BY and
Yoy 9wz — G f'wyz is an isomorphism. Then the pull-backs and push-forwards on
Witt groups of definitions 6.2.6 and 6.5.4 satisfy

_ W5 7* *
6.3.9. THEOREM. (projection formula) Let f : X — Y be a morphism in B". Let
K, M €Cx and L, N € Cy be objects,
¢o:f'L—K, ¢v:M—fN and x: MK — f*(N®L)

be morphisms such that
M®K—>f(N®L)

¢®1dl Ja
FNo K1 pN e L
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1s commutative. Then, the morphism m is duality preserving between the compositions in
the diagram

{®}

Cxuwiom X Cx i Cx oMK
Idx|f.4/" W £,
v
c C/ |fl, xId (®} \
xwiyem X Cyp Cyvv X CyL Cy.NoL

6.3.10. COROLLARY. (projection formula for Witt groups) In the situation of the the-
orem, assuming furthermore that (f, ®) is in By, and (f,v) and (f,x) are in BY . Then
the pull-back, push-forwards and product for Witt groups of definitions 6.2.6, 6.5.4 and

Proposition J./.6 satisfy |f,x]ZV(x.\f,¢\;V(y)) = ]f,w\rv(x).y.

A. Signs in the category of complexes

Let £ be an exact category £ admitting infinite countable direct sums and products, with
a tensor product e adjoint to an internal Hom (denoted by h) in the sense of Definition
1.3.1. In this section, we explain how certain signs have to be chosen in order to induce
a suspended closed symmetric monoidal structure on the category of chain complexes of
& (resp. the homotopy category, the derived category). We use homological complexes,
as it is the usual convention in the articles about Witt groups, so the differential of a
complex is

d? . Az — Ai—l-

The suspension functor 7' is

(TA)n = An—l

and the tensor product and the internal Hom are given by

(A® B), @A.B

i+j=n

= ]I n4.B)

j—i=n

and

In table 2, we give a possible choice of signs for the translation functor, tensor product, the
associativity morphism (denoted by asso), the symmetry morphism and the adjunction
morphism (denoted by ath), and what it induces on the internal Hom using Proposition
1.5.8. In table 3 further below, we state the compatibility that these signs must satisfy
to ensure that all axioms of suspended closed symmetric monoidal categories considered
hold.

Balmer [B00], [B01], Gille and Nenashev [G02] | ] always consider strict dualities,
that is €™ = 1. The signs chosen in [ , 2.6] imply that e/, = 1. The choices made by
[ , Example 1.4] are €/9 =1 and €, = (—1)". In [G02, p. 111] the signs ¢/ = 1 and
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Definition of | Sign Choice Locus
TA e 1 AT = €T A
A®B 65 1 e 5d! e idp,
ef‘? (—1)° ef’?idAi ° df
thy B efﬁl 1 e’;‘:’}lid AeB;
1Dy 4B ‘525‘2 (_1)i EZJJ‘QMA@--BJ'
assoa p.c €45 1 efjs,?((AZ eB;)e () — A e (Bje(y))
5A.B € (—1)% efj(Al- e B, — Bje A
athapc e?fjh (—1)1G=1/2 e?”}h(Hom(Ai e B;,Ciij)
— Hom(A;, h(B;, Cisj)))
[A, B] €ily 1 €y (diy)f
ey | (=pTT eri(d7):
thiap ef@l 1 ef@lidh(Ai,Bj)
thoap 67}2 (—1)ti ef}fidh(Ai,Bj)

Table 2: Sign definitions

2 — (—1)"9*+1 are chosen. Finally, the sign chosen for @ in [G02, p. 112] corresponds

17]
via our definition of @ (see Section 3.2) to the equality €4, e/ €5, = (—1)70-D/2 Tt is

possible to choose the signs in a way compatible with all these choices and our formalism.
It is given in the third column of Table 2. More precisely, we have the following theorem.

A.0.11. THEOREM. Let a,b € {+1,—1}. Then

€

qe =1 =
2 ; tp2 ;
E’i’;{@ =(-1) eif}%l =a(-1)"
t
Gp=1 €5 =1 "
6123 — (_1)z+?+1 6%2 — a(—l)lﬂ
ezz;h — b(_l)z(zfl)/Q €§7j _ (_1)z]
eiT =—-1
satisfies all equalities of Table 5 as well as e;lt_};zefg}izej_” = (—=1)2U=Y/2_ Therefore,

for any exact category E the category of chain complexes Ch(E) and its bounded variant
Chy(E) may be equipped with the entire structure of suspended symmetric monoidal cat-
egory discussed in Section 5.1. Moreover, all signs may be chosen in a compatible way
with all the above sign choices of Balmer, Gille and Nenashev.

PROOF. Straightforward. n
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These structures trivially pass to the homotopy category. If the exact category £ one
considers has enough injective and projective objects, one obtains a left derived functor
of the tensor product and a right derived functor of the internal Hom which are exact in
both variables.
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compatibility reason
1 5}?633_16?7?5??17]. S—— A ® B is a complex
2 eff’jl ef?jl +k€§§+1j,k€?,§,slg ik asso is a morphism
B | R R GKEk Lk
4 Efifj,kefge? j2+k€;‘z,§',sl? ijk—1
5 | eRersthacinrel iy = 1 | the pentagon of | , D- 252] commutes
6 6}7?55%5573‘65_173‘ =1 54,p 1s a morphism
7 €€ 6036041 = 1
8 €6, =1 s is self-inverse
9 € RE ki kT ko Eing = the hexagons of | , D- 253] commutes
10 e?eﬂjeg,?eilﬁ,jeﬁgle?ill’j =1 tpy ap is a morphism
11 EiT+j€??€?§1 j€§§1€§%1—1 =
12 eJTeiTije??ei%leﬁ?efﬂ{l = tpy 4 p is @ morphism
13 6?+j€}?€}?+16223'26?121j =1
14 eﬁp»letip»l Pl R | the square in Definition 1.4.12
,J i, +1%4,5 Vi1,
anti-commutes
15 efglefﬁlj’ke?jik e =1 et al. commute
16 EEZ‘QEKIj,kEZQJrkEZJkI gk ik = 1
17 63’@- ke?ﬁrkezps €i gk i1 = 1
18 63316;{),-26?&6% =1 the square [5] commutes
19 e})’}e}f}fle?’?e?ﬁm =1 [A, B] is a complex
20 | e§eTelh, et eth = —1 ath is well defined
21 e eth et =1

Table 3: Sign definitions
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