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COHERENCE FOR PSEUDODISTRIBUTIVE LAWS REVISITED

F. MARMOLEJO AND R. J. WOOD

ABSTRACT. In this paper we show that eight coherence conditions suffice for the defi-
nition of a pseudodistributive law between pseudomonads.

1. Introduction

The definition of a pseudodistributive law of one pseudomonad over another is given in
[Marmolejo, 1999]. We find there the four familiar diagrams given in the original definiton
of a distributive law of [Beck, 1969], but commutativity is replaced by invertible 2-cells.
These are required to satisfy coherence conditions; precisely the issue that [Marmolejo,
1999] addressed. There we find nine coherence conditions and a justification of why they
should suffice. In the thesis [Tanaka, 2005] it is suggested that the nine coherence axioms
given in that paper are incomplete, in the sense that one of the coherence axioms is
missing, a concern echoed in [Tanaka, Power, 2006], now in the form one aziom may be
missing. This kind of criticism casts doubt on the whole integrity of [Marmolejo, 1999
without pointing out where the mistake might be. We find this unacceptable. It is our
contention that [Marmolejo, 1999] is fundamentally correct, if a little conservative in its
efforts to provide a complete set of axioms. For here we show that in fact eight of the
nine axioms of [Marmolejo, 1999] suffice.

We show here that the contentious condition (H-2) of [Tanaka, 2005] and, by duality,
(coh 8) of [Marmolejo, 1999] are redundant. Our technique involves showing that given
pseudomonads D on A and U on B, a lifting of a 2-functor F' : A — B to the corresponding
2-categories of pseudoalgebras is classified by a strong transformation r : UF — FD
together with two invertible modifications subject to two coherence conditions. Readers
familiar with [Street, 1972] will at once recognize (F,r,---) as a pseudo version of the
notion of morphism of monads. When we apply this to the particular case A = B and
D = U, the corresponding classifying transformation r : UF — FU is what was defined
in [Tanaka, 2005] as a pseudo-distributive law of U over F' — except that the condition
(H-2) in that paper turns out to be redundant.

Incidentally, while it is true that [Marmolejo, 1999] does not give the definition of
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pseudoalgebra for a pseudomonad, such a definition does appear in [Marmolejo, 1997].
Perhaps this reference should have been more prominent. We also point out [Marmolejo,
2004], where we find a study of the algebras for the composite pseudomonad resulting
from a distributive law.

For simplicity, we work in the context of 2-categories, 2-functors, strong transforma-
tions and modifications, but the results are true in the general context of bicategories,
homomorphisms of bicategories, etc. Also for simplicity, we refrain in this paper from
producing higher dimensional structures as in [Marmolejo, 1999] or [Tanaka, 2005], but
we do feel that the paper would be incomplete without a proof of the equivalence between
liftings and the transformations that classify them, so we include this in the paper.

2. From transitions to liftings to algebras

Let A and B be 2-categories, U = (U, u,n, By, nu, ty) a pseudomonad on A, and D =
(D, d, m, By, np, pp) a pseudomonad on B. Thus

ulU 2 Uu

U U U3 U?
Bu nu

1 / n\ 1 nt /”U/ "

U U? m U,

with [y, nu, and py invertible modifications satisfying the coherence conditions found in,
say, [Marmolejo, 1997] and similary for D. Let F': A — B be a 2-functor.

2.1. DEFINITION. A transition from U to D along F' : A — B is a strong transformation
r:DF — FU together with invertible modifications

F—" ~DpF D*F —2"~ DFU —"“— Fu?
WLT mFL w% lpn (1)

FU, DF - FU

that satisfy the following coherence conditions:
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D3F DQFU\ Dir 2L prry
DrU DrU
mDF . /DF< mDF iy DIIUQ .
w2 DFn mrzl/ U2 "
DF . DFU = pp 2 ppy ™/ FU° "/ DFU
V i v S| e v
N U ~ FU? P, FU?
% \LFn / o J/Fn
DF ———~FU DF—"+FU

In the case A = B a transition from U to U is the same thing as a distributive law of
U over F in the sense of Definition 5.1 in [Tanaka, 2005] without the coherence condition

(H-2). We will show shortly that this condition follows from the other two.

A transition induces a lifting of F' to algebras, ﬁ, whose definition is given by the

following proposition. (See [Marmolejo, 1997| for the definition of algebras.)

2.2.  PROPOSITION. Let (r,wi,ws) be a transition from U to D along F : A — B. We

define F:AY - BP gs follows. For an object
UA U?A—>UA

Ao o

A UA A

A

in AY, we define ﬁ(A,a,al,ag) as

FA—4 pDFa DQFA PApFUAPS DA
FuA wl/ rA rUA r;l/ rA
FUA , mpa FU?A—>FUA

1 FV Fn
Fa w2% Fas Fa

FA DFA?FUATFA.
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For (fa fl) : (A7a>a17a2) - (Bab7 blvbQ) in AU; we deﬁne ﬁ(f) fl) as

DFf

DFA DFB
rA T’;l rB
Ff, FUA—p7~FUB |,
Fa Ff1/ Fb
FA———FB

For &:(f, f1) — (g9,91) in AY, define ]35 = F¢. Then F: AV 5B isa 2-functor such
that the diagram

AU > pp (4)

L

A—F—B
commutes, where the vertical arrows are the usual forgetful functors.

PROOF. We prove that F is well defined on objects and leave the rest to the reader. Thus,
we must show that FI(A, a,ay,as) is a D-algebra. Paste npFA~! on the left of the second
coordinate of the above pasting. Use (2). Since (A, a, a1, az) is a U-algebra, we can replace
the pasting of FnyA~! and Fay by Fao FUay. Then replace the pasting of r,4~ !, r;*
and FUay, by rA o DFay. This gives us one of the equations.

For the other, paste D of the second coordinate of the above pasting with the second
coordinate of the above pasting, and with upF'A. Use (3). Using that (A4, a,aq,a9) is a
U-algebra, replace the pasting of DFasy, 7,1, T;j, Fay and FuyA by the pasting of r !,
T&é, Fay, Fn,' and Fa,. Conclude the calculation replacing the pasting of Dr; !, T&;,
Fn_; ' and wyU A by the pasting of wyA, m;}l and r; 1. [

We show now the missing condition.

2.3. 'THEOREM.
dDF

DF D?*F
DF -5 p2p P pry L dr | Dr
ﬁDF/ ; rU FU W) DFU

1 FU? = (5)
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PROOF. Lemma 9.1 of [Marmolejo, 1997], applied to ﬁ(UA, nA, BuA, uyA) for every pos-
sible A gives us

DFU -2E% prpy

rU dy DrU
dDFU DFn

DFU —"%~ D2FU —""= DFU? —"">DFU  FU? ———> DFU
B FU rU? rat rU Fn dpn DFn
/ mFU / /
X FUS————=FU? = FU-———=DFU
wV FnU F,uU/ Fn rU
DFU ——— FU? ———— FU FU?
Fn
FU.

Precompose both sides with DFu. On top of both sides paste first with dpg,, then with
Dr,, and then with DFny. On the left and down of both sides paste first with 7! and
then with Fnﬁl.

On the left replace the pasting of Dr,, dppy, woU, fpFU and r; ! by the pasting of
7’(?11” Fn,', ws and BpF. Observe that the pasting of all the 2-cells left with the exception
of fuF and w- is an identity.

On the right, replace the pasting of Dr,, dpry, d, and 7! by the pasting of d, and
dryy. Now the pasting of DFny, dry., dr, and Fnﬁjl cancels out. n

3. Transitions and liftings are essentially the same

3.1.  DEFINITION. Transitions (r,wi,ws) and (s,m,m) from U to D along F are said
to be coherently isomorphic if there is an invertible a:r — s such that
Dr rU
P T T T
DF D?F pa), DFU ovl _ FU?
W) = 7r%8‘/<04:\”‘ W9 = mF \Eﬁ 7: an
PN\ -7

U, DF a1 FU.

F dF

3.2. PROPOSITION. If a : (r,w;,ws) — (8,71, m2) is a coherent isomorphism between
transitions from U to D along F, and G, H: AV — BY are the corresponding induced
liftings, then there is a 2-isomorphism ¢ : G — H such that

B
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1s the identity, where the rightmost arrow s the usual forgetful functor.
PROOF. For any (ay,as) = (A, a,a1,as) € AY, define ¢(ay, az) = (Idpa, Fao aA). [

We now produce a transition from a lifting. Assume G : AY — BP such that

AUgBD

L

A——B

commutes. For every A € A we have (ByA, ppA) = (UA,nA, ByA, ppA) € AV, Thus we
have the D-algebra G(BuA, puA) = (FUA, G(BuA, puA)o, G(BuA, puA)r, G(BuA, puA)s):

A
FUA YA prra D2FUAMDFUA
AN
\\G(ﬁUAvl“UA)% LG’(B&JA#UA)O : mFUAl G(BUA,#UA)Q/ ‘(G(BUAJLUA)O
! FUA DFUA 45— FUA

For f:A — B in A, we have (Uf, n;l) (BuA, pyA) — (BuB, pyB) in AV. Applying

GG we obtain

pruA-22 pruB
FU{, G(ﬁUA,uUA)oJ G(Uf’”fl)/ LG(ﬁUB,uUB)o :G(BuA, pwA) — G(BuB, i B)
FUA FUB

in BP. Given A € A, we define

u Ay Ao
rA = ( DFA—L2E ppp A2 prr gy
and, for f: A — B a 1-cell in A, we define

DFuA G(BuA,uvA

DFA DFUA—>FUA

A DFur GWUfmn, )
rpi= DFfL / lDFUf f / lFUf

For any p:f — g: A — Bin A,
Dy:(Df,Dn;') — (Dg, Dn,*): (BuA, puA) — (BuB, pyB)

is a 2-cell in AY. Applying G to Dy it follows that FU¢ is a 2-cell in BP. It is now easy
to see that with the given definitions:

3.3. LEMMA. r: DF — FU is a strong transformation. [
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For A € A, define
dF A

FA DFA
FuAl dFu% DFuA
wiA:= FUA FUA DFUA
G(BuApuA)n G(BuA,puA)o
Y
FUA

Observe that (nd, uwA): (BuUA, jwUA) — (BuA, pwA) in AY. Apply G to (nd, uyA)
and define wy A as the pasting

D FuA G(BuA,nuA)o DFuUA G(BuUA,ppUA)o
_—

D?FA—— D2FUA—>DFUA DFU?A———FU?A
DFByA
DFnA
mFUA 1
mEFA DFUA G(nA, MUA) FnA
MEua G(ByAuyA)s
G(BuA,puA)o
DFA 55— DFUA BoAzm)s FUA.
3.4. ProposITION. If G: AY — BP is a lifting of F: A — B to algebras and r,w,, and
wy are defined as above, then (r,wy,ws) is a transition from U to D along F. [

3.5. THEOREM. Let (r,wy,ws) be a transition from U to D along F and write G : AV —
BY for the corresponding lifting. If (s, w1, 72) is the transition induced by G, then (r, wy, ws)
and (s, my,m) are coherently isomorphic. Let G: AY — BP be a lifting to algebras of
F: A — B and write (r,wy,wsq) for the transition from U to D along F induced by G. If
H is the lifting induced by (r,wi,ws), then there is a 2-natural isomorphism ¢ :G — H
such that UP o) is the identity.

PROOF. In one direction, define o: 7 — s as the pasting

r

DF FU
FUu 1
DFU U FU? o FU.

In the other, start with (4, a, a1, as) € AY. Now (a,az): (BuA, ppA) — (ai,as) is a 1-cell
in AY. We define ¥ (ay, as) as

DFU AR prr g
]'dFA’ DF'M/ \ G(a a2 /\
DFa1
DFA DFA

1 G(a1,a2)o0
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4. Op-transitions

Dually, we have op-transitions:

81

4.1. DEFINITION. An op-transition from U to D along F is a strong transformation

r: FU — DF together with invertible modifications

F——FU FU? DFU D*F
N o |
DF, FU - DF
that satisfy the following coherence conditions:
FU —" FU?
FU—FY . pi2 VU ppp r M U
FV o DF . DFU
1 o D*F = \\/ D
w2 T
l/mF _ dDF
FU———DF }\ﬂ”’)\iDzF
mF
DF
FU3 DFU? FU3 "% DFU?
\fi)rU DrU
FUn DQFU FUn prn D*FU
wﬂ% y J(DQNmFi]
- FU2 DFU = e % pru S/ D’F "y DFU
Fug” iD v D F\L \ \LD
/ i Dr ¢ mDF N '
D2F p DQF“DF/D2
A s N
DF FU——DF

We obtain the dual of Theorem 2.3
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4.2. PROPOSITION.

5. Distributive laws

We are now in a position to explain why there are eight coherence conditions for a pseu-

dodistributive law.

5.1. PROPOSITION. A distributive law of U over D consists of a transition (r:UD —
DU, wy,ws) from U to U along D, together with an op-transition (r,ws,ws) from D to D

along U that satisfy the following coherence conditions:

v—2%~uUD

/\/l /\

D—p - DU,
2
» U2 ﬂ) U2D .
d T
/UWQ u\ \UDU
U? Ul UDU
woU " np lrU
v / lrU B % DU?
! DU? W%
U Ua UD \LDn

(10)
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uD?
_—

U D> D? UD?

uD? rD rD
7S \DUD
et lm . / . lD’“ (12)

D=y
m DU
2 wyq
m—l D U D UD / \L .
/ l/mU w%\
D————DU
and
U2D* “FUDUD™ DU2D
UDX\ rr/\
DrU
UD?U 7z, DUDU — D?U?
v \m /\ (13
U2D? UDUD U?D—>UDU DU?
JnD V an
nD? DU?D z DU
wﬂ%
UD? DUD -
DUt
Pt pu?
Um mn
/ an
UD ; DU
PROOF. The references (cohl), ..., (coh9) are to the paper [Marmolejo, 1999]. The

coherence conditions for the transition of U to U along D correspond to the coherence
conditions (coh2) and (coh4). The coherence conditions for the op-transition from D to
D along U correspond to the coherence conditions (coh7) and (coh9). The coherence
condition (coh8) follows from these last two according to Proposition 4.2. (10), (11), (12)
and (13) are (cohl), (coh3), (coh5) and (coh6) rewritten. n
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