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DERIVATIONS OF CATEGORICAL GROUPS

Dedicated to Aurelio Carboni on the occasion of his sixtieth birthday

A.R. GARZON, H. INASSARIDZE AND A. DEL RIO

ABSTRACT. In this paper we introduce and study the categorical group of derivations,
Der(G, A), from a categorical group G into a braided categorical group (A, ¢) equipped
with a given coherent left action of G. Categorical groups provide a 2-dimensional vision
of groups and so this object is a sort of 0-cohomology at a higher level for categorical
groups. We show that the functor Der(—, A) is corepresentable by the semidirect product
A x G and that Der(G, —) preserves homotopy kernels. Well-known cohomology groups,
and exact sequences relating these groups, in several different contexts are then obtained
as examples of this general theory.

1. Introduction

In many algebraic structures such as groups, associative algebras and Lie algebras, the
notion of derivation has played an important role in the study of extensions and cohomol-
ogy [1, 19, 25]. The abelian group Der(G, A) of derivations (or crossed homomorphisms)
from a group G into a G-module A appears in the lowest dimensions of the well-known
long exact sequences, in both variables, in group cohomology and so this group is, perhaps
up to a shift-dimension, the 0-cohomology group of G' with coefficients in A, [1].

Categorical groups are monoidal groupoids in which each object is invertible, up to
isomorphism, with respect to the tensor product [3, 21, 28, 29] and this kind of structures
have been shown to be relevant in diverse fields such as ring theory, group cohomology and
algebraic topology [6, 7, 9, 16, 22, 27, 29, 30, 31]. Categorical groups (sometimes equipped
with a braiding or a symmetry) form a 2-category that can be seen as a 2-dimensional
analogue of the category of (abelian) groups.

In this paper we are led, from the consideration of (braided or symmetric) categorical
groups, to the notion of derivation in this setting. Thus, we introduce the categorical
group of derivations Der(G, A) as a sort of 0-cohomology for categorical groups which
is not in fact a group but a categorical group. The coefficients we take are G-modules,
that is, braided categorical groups (A, ¢) equipped with a given coherent left action of a
categorical group G and so this cohomology is, in a weak sense, “abelian” cohomology for
categorical groups.
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When the categorical group Der(G, A) is suitably specialized and we take m and 7,
then both Eilenberg-Mac Lane’s [13] (in low dimensions) and Dedecker’s [12] cohomology
groups appear as projections, on the category of (abelian) groups, of that categorical
group. This kind of results also hold for suitably defined categorical groups of invariant
objects and also of derivations module inner derivations (see [17]). Further, they should
be valid in next dimensions in the sense that already studied cohomology groups with
coefficients in braided or symmetric categorical groups [6, 8, 9, 30] should be, through
and 7y, projections on the category of (abelian) groups of a cohomology that lives at this
higher level of categorical groups.

The paper is organized as follows. Section 2 is devoted to fixing notations and recalling
the main notions and results we use throughout the paper.

In Section 3 we introduce the categorical group of derivations and make clear the
relevance of considering braided (non-symmetric) categorical groups as coefficients. We
include several examples, that shall be useful to illustrate the theory developed, showing
the relationship between this cohomology theory and many other more classic ones. Then
we analyze the group categorical structure of the homomorphisms, in the comma category
of categorical groups over a categorical group G, with range the projection A x G = G,
and we show that there is an isomorphism of categorical groups

H AxG
Dery(H, A) = Hom g g) lT , lpr
G G

In particular, we obtain the universal property of the categorical group semidirect product
A x G and show that the categorical group Der(G, A) is corepresentable by A x G, two
results that generalize the corresponding well-known results at the level of groups.

The above isomorphism reveals that the functor Der(G, —) must have certain left-
exactness properties. The notion of 2-exactness in the setting of categorical groups was
introduced in [22, 31], and we show in Corollary 4.5 that there exists a 2-exact sequence

Der(G, K(T)) 2% Der(G, A) =% Der(G, B)

associated to any homomorphism of G-modules T : (A, ¢) — (B, ¢) with kernel K(T).
Associated to such a 2-exact sequence there is then an induced exact sequence connecting
the homotopy groups at dimensions 1 and 0 that specializes to well-known exact sequences
both in group cohomology and Dedecker’s cohomology.

2. Preliminaries

Let us start by recalling that, in a monoidal category G = (G,®,a,I,l,r), an object
X is termed invertible if the functors ¥ — X ® Y and Y — Y ® X are equivalences
(the natural isomorphisms of left and right unit say precisely that the unit object I is
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an invertible object). A (right) inverse for an invertible object X consists of an object
X* and an isomorphism 7, : X ® X* = [. Tt is then possible to choose an isomorphism
v, : X*®X — I insuch a way (X, X*,vx,Vx) is a duality in G. In particular there are
natural isomorphisms X = (X*)* | (X ®Y)* 2 Y*® X* and we choose [* = I.

A categorical group (see (2, 3, 21, 23, 24, 28, 29] for general background) is a monoidal
groupoid G = (G, ®,a,I,l,r) where every object is invertible. A categorical group is
termed strict when the isomorphisms of associativity and left and right unit are identity
arrows and the isomorphisms v, and ¥, can be chosen as identities.

A categorical group G is said to be a braided categorical group if it is also equipped
with a family of natural isomorphisms ¢ = ¢, , : X ® Y — Y ® X (the braiding) that
interacts with a, r and [ such that, for any X,Y, Z € G, the following equalities hold:

(1 ® CX,Z) Ay x gz (CX,Y ® 1) = Ay, x " Cxygz " Oxyz >

(Cyx ®1)- a;;’z (1I®c, )= a;}y,z “Cyozx CL;}Z’X )

A braided categorical group (G, ¢) is called a symmetric categorical group if the condition
c? = 1 is satisfied.

If G and H are categorical groups, then a homomorphism T = (T, i) : G — H consists
of a functor T': G — H and a family of natural isomorphisms

=y TX®Y) — T(X) @ T(Y)

such that the usual coherence condition holds (observe that a canonical isomorphism
o : T(I) — I can be deduced from the family x,, and also, for any object X € G,
there exists an isomorphism A\, : T(X*) — T(X)*). If G and H are braided categorical
groups, then compatibility of u, , with the braiding is also required.

Below we will denote by CG (resp. BCG) the 2-category of (braided) categorical
groups where the arrows are the homomorphisms (7', ) : G — H and the 2-cells (here
called morphisms) from (T, ) to (1", p’) are natural transformation € : 7' = 7" such that,
for any objects X,Y € G, (€, ®€,) iy, = pty | €xgy -

Recall that if G € CG, then the set of connected components of G, m(G), has a group
structure (which is abelian if G € BC'G) where the operation is given by [X]-[Y] = [X®Y].
Also, the abelian group m1(G) = Autg([/) is associated to G.

The kernel (K(T),j,€) of a homomorphism T : G — H was defined in [22, 31] and we
now recall an explicit description of this universal object. K(T) is the categorical group
whose objects are pairs (X, u, ) where X € G and u,, : T'(X) — [ is an arrow in H; an
arrow f: (X,u,) — (Y,u,) is an arrow f : X — Y in G such that u, = u, - T(f); the
tensor product is given by (X, u, )®(Y,u, ) = (X®Y,u, -u, ), where u, -u, : T(XQY) —

w Uy Qu r.=l
I is the composite T(X V) > T(X) @ T(Y) =T ® I ——+1; the unit object is
(1, ,) and the associativity and left-unit and right-unit constraints are given by a, .. ,, [,
and 7, respectively; an inverse for any object (X, u, ) is given by (X*, (u%)~'), ), where

X* is an inverse for X. As for j: K(T) — G, it is the strict homomorphism sending f :
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(X,uy) — (Y,u,) to f : X — Y. Finally, € : Tj — 0 is the morphism whose component
at (X, u,) is given by u,. If G and H are braided (symmetric) categorical groups, then
K(T) is also a braided (symmetric) categorical group, where the braiding (symmetry)
€ = Clxuyytvay) (X,uy) @ (Yyu,) — (Yu,) ® (X,u,) is exactly c and j is a
homomorphism of braided (symmetric) categorical groups. The categorical group K (T)
just described is a standard homotopy kernel and so it is determined, up to isomorphism,
by the following strict universal property: given a homomorphism F : K — G and a
morphism 7 : TF — 0, there exists a unique homomorphism F’ : K — K(T) such that
jF/ =F and eF' = 7.

In [22], the following notion of exactness for homomorphisms of categorical groups was

X,V

introduced. Let K —— G —— H be two homomorphisms and 7 : TF — 0 a morphism.
From the universal property of the kernel of T, there exists a homomorphism F’ making
the following diagram commutative:

which is given, for any X € K, by F'(X) = (F(X),7,), for any arrow f in K, by
F'(f) = F(f) and where, for any X,Y € K, (i, )xy = (4z)xy- Then, the triple

(F,7,T) (or sometimes just the sequence K .6 L Hifris understood) is said to
be 2-exact if F’ is full and essentially surjective. Note that if (K(T),j,€) is the kernel of
T : G — H, then the triple (j, ¢, T) is 2-exact and there exists (see [27]) an induced exact
sequence of groups

0 ——m(K(T) 22y (6) 22 1y (H) (1)

mo(K(T)) 2% 70(G) ™2 o (B)

where, for any u € m;(H), 6(u) is the connected component of the object (1, u-p,) € K(T).
Moreover, if the functor 7' is essentially surjective, the above exact sequence is right exact.
In general, if (F, 7, T) is a 2-exact sequence of categorical groups, then 7y(K RN LN H)
and (K LNy LN H) are exact sequences of groups.

Let G be a fixed categorical group. A G-module (see [9, 17]) is defined as a braided
categorical group (A, ¢) together with a homomorphism (a G-action) (T, 1) : G — Eq(A, ¢)
from G to the categorical group £q(A,c) of the equivalences of the braided categorical
group (A, c).

It is straightforward to see that giving a G-module (A, c¢) is equivalent to giving a
functor

ac: Gx A — A | (X,A)HXA,(f,u)Hfu,
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together with natural isomorphisms

(X®Y) X, Y

S=yya: A= (A by =0 Am A P=1,,,: (A®B)— A® B,

which satisfy certain coherence conditions [9, 14| (note that, for any X € G, an isomor-
phism ¢, =1,  : *1 — I can be deduced from the family ¢, , ,).

If (A, c) and (B, c) are G-modules, then a homomorphism of G-modules from (A, c)
to (B, ¢) is a homomorphism of braided categorical groups T = (T, pu) : (A,¢) — (B, ¢)
that is equivariant in the sense that there exists a family of natural isomorphisms

X

v=uv,,:T("A) — "T(A),

such that, for any objects X,Y € G and A, B € A, the following conditions hold:
. X
‘v

Z) ¢X,Y,T(A) "Vxeva = Vya YA T(¢X,Y,A) )

”) ¢O,T(A) "Via = T(¢O,A) )

ZZZ) (VX’A ® VX’B) . ,UXA, Xy T(wx,A,B) = wX,T(A),T(B) ) XMA,B "Vx agp >
iv) XT(CA,B) "Vx ags — Yx Bga 'T( XCA,B) .

Let us observe that, if (T, v) : (A, ¢) — (B, ¢) is a homomorphism of G-modules and

we consider the kernel (K (T),j) of the underlying homomorphism of braided categorical
groups T, then K (T) is also a G-module with action given by (A, u) = (*A,v) where v =
Yy x - “u- Vy .- The homomorphism j is equivariant, where the isomorphism j( X(A, u)) —
“j(A,u) is given by the identity idXA.

3. The categorical group of derivations
In the setting of categorical groups we establish the following notion of derivation.

3.1. DEFINITION. A derivation from a categorical group G into a G-module (A, c) is
a functor D : G — A together with a family of natural isomorphisms

=0, DX®Y)—-DX)® DY), X,YeG,
such that, for any objects X,Y,Z € G, the following coherence condition holds:
(1 ® wxyD(y)’YD(Z)) ’ (1 ® Xﬁy,z) ’ /BX,Y®Z ’ D(ax,y,z) = (2)

(1 ® (1 ® ¢x,y,D<z))) a (ﬁX,Y 2 1) 'ﬁxqu,z :

If (D,f) is a derivation, there exists an isomorphism 3y : D(I) — I determined
uniquely by the two following equalities:

D(TX> = Tox)” (1 ®¢0,X) ’ (1 ® XBO) ’ 6){,1 ; D(lx) = lD(X) ) (1 ® ¢0,D(X)) ’ (BO ® 1) ’ 51,){ .

D), XD(v), XY D(z)

The derivation (D, 3) is normalized if the isomorphism [, is an identity.



DERIVATIONS OF CATEGORICAL GROUPS 91

Given two derivations (D, ), (D', ') : G — A, a morphism from (D, 3) to (D', ')
consists of a natural transformation € : D = D’ such that, for any objects X,Y € G, the
following condition holds:

X

(EX ® EY) .ﬁX,Y = /6;()/ “€xpy - (3)

The vertical composition of natural transformations determines a composition for mor-
phisms between derivations so that we can consider the category Der(G, A) of derivations
from G into (A, c), which is actually a groupoid. It is a groupoid pointed by the trivial
derivation (D,, 3,), where D, : G — A is the constant functor with value the unit object

-t 1@}
I €A and, forany X,Y €G, (B)yy = ———T0I —"=

Even more, we have:

I'® *I).

3.2. THEOREM. Let G be a categorical group and (A, c) a G-module. There is a tensor
functor

® : Der(G, A) x Der(G,A) — Der(G, A)
such that the groupoid Der(G, A) becomes a categorical group, (Der(G,A), ®), called the

categorical group of derivations

PROOF. Given objects (D, 3), (D', ") € Der(G, A), we define
(D) & (D, f)=DeD,feF),

where D ® D' : G — A is the functor given, for any X € G, by (D ® D')(X) =
D(X) ® D'(X) and, for any arrow f, by (D ® D')(f) = D(f) ® D'(f), whereas f ® ' =
B3y (DOD)NXQY) — (D®D')(X)®X(D® D')(Y) is the family of natural
isomorphisms determined, for each pair of objects X,Y € G, by the following equality:

(1 ® wxyp(y),p/(yﬂ ’ (ﬁ ® ﬁ/>x,y = (1 ® CXD ® 1) ) (6X,Y ® ﬁ;y) ’

(Y),D'(X)

To check that § ® [ satisfies (2) follows, assuming that all canonical isomorphisms
are identities, of the commutativity of the diagram

1
X XQY x ®CX®YDZ~D,X®XD/Y x x XQY
DY ® DZ®@D'X® DY DY®D'X® DY® DZ
1®CX®YDZ,D’X®1 @ }((gYDZ,XD/Y
an .
“Xpve X®YDZ,D’X®1 XDY®D’X® X®YDZ® *py CXDY,D’X(X):[

ey (I11)

/ Y

D'Xx® Dye " pze DYy D'X® Dy e Dy “® Dz,

1®c
X®YDZ,XD’Y

DY,D’'X
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which actually is commutative since regions (I) and (II) are commutative due to the
coherence conditions of the braiding, and region (III) so is because the naturality of the
isomorphisms ¢, .. Thus (D ® D', 3® (') is a derivation from G into (A,c).

On the other hand, given morphisms between derivations, € : (D, ) = (F,«) and
¢ (D) = (F',d), we define e @€ : (D@D, ,fepF) = (F®F,a®d) by
(e®€)y =6, @€, D(X)®D'(X) — F(X)®F'(X). Both the naturality of € and ¢ and
the functoriality of ® in A imply that e®¢€ is natural and to check that the corresponding
equality (3) for e ® € holds is routine.

The above data define a categorical group

Der(G, A) = (Der(G,A),®,a,1,1,7),

where a : (D, 0) @ (D', ) ® (D", 5") = (D, ) ® (D', ") @ (D", ")) is the morphism
determined by the natural transformation a : (D ® D') @ D" = D ® (D' ® D") given
by a, = iy b (0,07 () X € G; the unit object I is the trivial derivation; the left unit
constraint | = Z_(D,m : (Do, fo) ® (D, ) = (D, ) is the morphism determined by the
natural transformation [ : Dy ® D = D given by [, = l,x,: the right unit constraint
=Ty, 0 (D,8)® (Do, f) = (D,B) is the morphism determined by the natural
transformation 7 : D ® Dy = D given by 7 =1, ...

An inverse for any object (D, ) € Der(G,A) is given by (D*, «), where D*(X) =
D(X)*and o, : D(X®Y)" = D(X)*® *D(Y)* is given by B, and canonical isomor-
phisms.

m

3.3. REMARK. If (A, ¢) is a symmetric categorical group, then Der(G, A) is a symmetric
categorical group where the symmetry

Ol

= . !/ / !/ /

C = (D,ﬁ),(D/,ﬂ/) . (1975)(®<1)7ﬂ)j (D7ﬁ)®(D7/6>

is the morphism determined by the natural transformation ¢ : D ® D' = D’ ® D whose
component at X is ¢, = ¢, o, + D(X) @ D'(X) — D'(X) @ D(X). However, if ¢ is
just a braiding in A (but not a symmetry), then ¢ is not a braiding in Der(G, A) because,
in such a case, ¢ = is not a morphism between derivations since (3) does not

hold.

C(D,ﬁ)y(D’,ﬁ’)

The above remark suggest that, if (A, ¢) is just a braided (non-symmetric) categorical
group, then the groupoid Der(G, A) has another different monoidal structure of that
defined in Theorem 3.2. More precisely, we have:

3.4. THEOREM. Let G be a categorical group and (A, c) a G-module. Then the functor

Der(G, A) x Der(G, A) © Der(G, A)
((D7 6)? (Dla 6/)) — (D®D/7 6®6/)
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where (D@D')(X) =D'(X)® D(X), X € G, and
(BB xy - (DED)(X @Y) — (DBD')(X) ® "(DRD)(Y),
is the family of natural isomorphisms given, for any X,Y € G, by

(BB ) xy = 1OV ) (lec ®1)- (B, ®Bxy) (4)

X,D'(Y),D(Y) D(X), XD/ (Y)
defines a monoidal structure such that Der(G, A) becomes a categorical group denoted by
(Der(G, A),®). Moreover, the family of natural transformations

Cpp it D® D' = DD’
given, for any X € G, by
:D(X)® D'(X) — D'(X) ® D(X),

(ED,D/>X = Chx)pi(x)

1s such that
(id,, ) : (Dex(G, A), ®) — (Dex(G, A), ®)

»“p. D!

1s a monoidal isomorphism.

PROOF. The proof that (Der(G,A),®) is a categorical group is similar to the one
written down in Theorem 3.2.

Now, for any (D, (), (D’,3') € Der(G,A), C,p t D® D = DRD'is actually a
morphism between derivations since condition (3) holds. In fact, the following diagram is
commutative

D(x@Y),D!(X®Y)

DX®Y)eD'(X®Y) D(X®Y)oDX®Y)

(1)

Bxy®By y By y®Bxy

C
DX® XDY,D'X® XD'Y

D'X® DY ®DX® DY

DX® ‘DY ®@D'X® DY

\ /
CDX®XDY,D'X®1 () 1®CDX®XDY,XD’Y
1®CXDY,D’X (1) DX ® DX ® DY ®X DY (1) 1®CDX,XD/Y
°px,p'x ®1/7 \1®Cx X
, 1v) DY, D'Y
DX ®D'X® DY @ "DY R T— D'X®DX® DY @ DY
DY® " D'Y

1®w;(,1DY,D’Y V) 1®¢;(,1D’Y,DY

DX ®D'X® (DY @ D'Y) - D'X ® DX ® "(D'Y ® DY),

°pxeD'X (CDY,D/Y)
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because regions (I) and (IV) are clearly commutative and regions (II), (III) and (V)
are commutative due to the coherence conditions of the braiding and the compatibility
condition between the braiding and the canonical isomorphism ¢ =1 , , of the action.

Moreover, (id, ¢) is a monoidal isomorphism between (Der(G, A), ®) and (Der(G, A), ®)
because the required coherence condition, expressed in the following diagram, holds. In

fact, the diagram

D(X)® D'(X) ® D'(X) TeER 0D D"(X)® D(X) @ D'(X)
8¢ (x), 07 x) @ ‘()0 (x) 9!
°D(X),D/ (X)®D"(X) D(X)® D"(X)® D'(X) (D 19¢px) pr(x)
(I11) “p(x), D" (X)@D!(X)

D'(X)® D"(X)® D(X) D"(X)® D'(X)® D(X)

“p1(x), 01 ) ©!
is commutative due to naturality (region (III)) and the coherence conditions of the braid-

ing (regions (I) and (II)). n
3.5. EXAMPLE.

i) Groups as categorical groups: Derivations.

If G is a group, the discrete category it defines, denoted by G[0], is a strict categorical
group where the tensor product is given by the group operation. When A is an abelian
group, A[0] is braided (even symmetric) due to the commutativity of A. It is easy to
check that £q(A[0]) = Aut(A)[0] and a G[0]-action on A[0] is actually a G-action, in the
usual sense, on A, that is, a G-module structure on A. In such a case Der(G|0], A[0]) =
Der(G, A)[0], since an object of Der(G[0], A[0]) only consists of a map d : G — A such
that, for any z,y € G, d(zy) = d(x) *d(y) and all morphisms are identities.

If A is an abelian group, the category with only one object it defines, denoted by A[1],
is also a strict braided (even symmetric) categorical group where both the composition
and the tensor product are given by the group operation.

The categorical group £q(A[l]) can be described as follows: The objects are pairs
(a, f) € A x Aut(A); the set of arrows from (a, f) to (b, g) is empty if f # g and the
one point set, {(a,b, f)}, if f = g; composition is given by (a,b, f) - (b,c, f) = (a,c, f);
the tensor product on objects is (a, f) ® (b,g9) = (g(a) + b, gf), while on morphisms it is
(a,b, f) @ (c,d,g) = (9(a) + ¢, g(b) + d, g f).

If G is a group, it is not difficult to see that a G[0]-action on A[1] is the same thing
as a G-action on A together with an Eilenberg-Mac Lane 1-cochain of G with coefficients
in the G-module A. Thus, we can consider the categorical group Der(G[0], A[1]). An
object of this category consists of a map 5 : G x G — A, (z,y) — [.,, such that, for
any z,y,2 € G, By . + Buys = Bay.» + Buy, that is, an Eilenberg-Mac Lane 2-cocycle of G
with coefficients in A. This 2-cocycle is normalized (i.e., 5,1 = 0 = ;) if the derivation
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is normalized. A morphism between two objects [ and (3 consists of amapd: G — A
such that, for any z,y € G, 3, , + d(zvy) = d(z) + “d(y) + Bry, that is, a 1-cochain
showing that 5 and (3’ are cohomologous. Thus, mo(Der(G[0], A[1])) = H*(G, A) the 2-nd
Eilenberg-Mac lane cohomology group of G with coefficients in A. On the other hand,
since the unit object is the trivial 2-cocycle, m(Der(G[0], A[1])) = Der(G, A).

ii) Categorical groups associated to crossed modules: Derivations.

Recall that a crossed module of groups is a system £ = (H,G, ¢, ), where 6 : H — G
is a group homomorphism and ¢ : G — Aut(H) is an action (so that H is a G-group) for
which the following conditions are satisfied:

6(h) = zs(h)xt , SWR = 'Rt

It is well-known that crossed modules of groups correspond to strict categorical groups.
Given a crossed module £, the corresponding strict categorical group G(L£) can be de-
scribed as follows: the objects are the elements of the group G; an arrow h : x — y is
an element h € H with x = d(h)y; the composition is multiplication in H; the tensor
product is given by

h ;R ) hYR
(r —y) @@ —y)=(xz" —yy) .

A crossed module £ together with a map {—,—}: G x G — H satisfying certain
equalities (see [11]) is called a reduced 2-crossed module. Reduced 2-crossed modules
(L,{—,—}) (also called braided crossed modules in [4]) correspond to strict braided cat-
egorical groups G(L, {—,—}) = (G(L), ¢) where the braiding ¢ = ¢, : xy — yz is given
by ¢z, = {z,y} (see [5, 15]).

If A is an abelian group, A[1] is the strict braided categorical group associated to the
braided crossed module 4 > 0 (this is actually a stable crossed module [11] with the
identity as symmetry). More generally, any homomorphism of abelian groups 6 : A — B,
together with the trivial action of B on A and the zero homomorphism 0 : BxB — A, is a
stable crossed module. The associated symmetric strict categorical group is precisely the
kernel of the homomorphism of symmetric categorical groups A[l] — BJ[1]. Note that,

in this case, sequence (1) specializes to the exact sequence 0 — Ker(d) — A % B>
Coker(d) — 0.

The actor crossed module, Act(L), of a crossed module £ = (H, G, ,d) was intro-
duced in [26] and was shown to be the analogue of the automorphism group of a group.
This crossed module Act(L) is precisely (see [3]) the crossed module associated to the cat-
egorical group Aut(G(L)) (where Aut(A, ¢) stands for the categorical subgroup of £¢(A, ¢)
whose objects, called automorphisms, are the equivalences (7', i) that are strict and where
T is an isomorphism). It consists of the group morphism A : D(G,H) — Aut(L)
[18], where D(G, H) is the Whitehead group of regular derivations (that is, the units
of the monoid Der(G, H)), Aut(L) is the group of automorphisms of £ (that is, pairs
of group automorphisms ¢y € Aut(G) and ¢; € Aut(H) such that ¢g -6 = 0 - ¢
and ¢1(*h) = %@ (h)), A is given by A(d) = (04,04), where o4(x) = 6(d(x))z and
04(h) = d(6(h))h, and the action of Aut(L) on D(G, H) is given by (¢09)d = ¢, - d - ¢ .
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Now, if (£,{—,—}) is a braided crossed module, we can consider the crossed mod-
ule Act(L,{—,—}) defined, as above, by the group homomorphism A : D(G,H) —
Aut(L,{—,—}), where this last group is the group of automorphisms of (£,{—,—}),
that is, automorphisms (¢g, ¢1) of £ such that ¢1({z,y}) = {¢o(z),do(y)}. Note that,
for any d € D(G,H), 04,({z,y}) = {oa(x),04(y)} and so A(d) € Aut(L,{—,—}).
Thus, Act(L,{—, —}) is precisely the crossed module associated to the categorical group
Aut(G(L, {—, —}))-

Using the actor of a crossed module, in [26] the notion of action of a crossed
module £ on another one A is defined as a morphism of crossed modules £ —
Act(A). In the same way, if (A,{—,—}) is a braided crossed module, we can
consider the crossed module Act(A,{—,—}) and define the notion of action of L
on (A,{—,—}). Now, since Act(A,{—,—}) is precisely the crossed module associ-
ated to the categorical group Aut(G(A,{—,—})), then, by considering the inclusion
Aut(G(A, {—,—})) — Eq(G(A, {—,—1})), any action of a crossed module £ on a braided
crossed module (A, {—, —}) determines an action of G(L£) on the braided categorical group
G(A {= —}) = (G(A),¢).

Thus, in such a case of having an action of a crossed module of groups £ = (H ENVe! ) on
a braided crossed module of groups A = (L 2 M, {—, —}), we can consider the categorical
group Der(L, A) = Der(G(L),G(.A)) whose objects are triplets of maps d : G — M,
f:H— Land!l:G*— L, (z,y) — lyy, such that: 1) d(zy) = p(l,,)d(x) %d(y); ii) fis a
group morphism; iii) L, . 4, ) = ly .Ley; iv) p(f(h))d(z) = d(6(h)z). Note that this
last condition implies that p- f = d-46. A morphism from (d, f,[) to (d', f’,1') is a map
€:G — L, v+ ¢, satisfying that: i) d(z) = p(e,) d'(2); i) Loy e @ (%,) = €4y U
iii) f(h)ex = esmyaf' ().

In the particular case that £ = (0 2 (G) and the action is the trivial one, an object
of Der(L, A) is precisely a Dedecker 2-cocycle [12], that is normalized if the derivation is
also, and a morphism is precisely an equivalence [12] between the corresponding Dedecker
2-cocycles. Thus, in this case, mo(Der(L,A)) = H*(G, (A,{—, —})) the 2-th non-abelian
cohomology set (group in this case)[5] of G with coefficients in the reduced 2-crossed
module (A,{—,—}). The product in this group is given by [(d,)][(d',l")] = [(d,]) ®
(@,0) = [([de &, D], where (d& d)(z) = (@) (x) and Ly = L, @O ““d(y),d (2)}
(c.f. [5, Propositions 2.1 and 2.4]).

Moreover, when £ = (0 - G) then, for any action of £ on A, mi(Der(L, A)) =
Der(G, Ker(p)) (note that G acts on L and then on Ker(p), so that Ker(p) is a G-module).

iii) Semidirect product of categorical groups: Relative derivations.

Let G be a categorical group and (A, ¢) a G-module. The semidirect product of (A, c)
by G (c.f. [14]) is the categorical group, denoted by A x G, whose underlying groupoid is
the cartesian product A x G. The tensor product is given by

(A7X)®(B’Y) = (A® XB7X®Y) ) (u7f)®(vvg) = (u® fv7f®g)'

The unit object is the pair (I, ) and the associativity and left and right unit constraints
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are obtained from those of A and G and the canonical morphisms defining the action.
Note that if G is a group and A a G-module, then A[0] x G[0] = (A x G)[0], whereas
A[l] x G[0] = G(L), where L is the crossed module given by the zero homomorphism

A% G and the action of G on A.
If (A, c) is a G-module, it is clear that, for any homomorphism T = (T, ) : H — G,

(A, ¢) is an H-module via the composite H LN LN Eq(A, c) and we will denote by
Derr(H, A) the corresponding categorical group of derivations. In particular, by consider-
ing the semidirect product A x G and the canonical projection pr : A xG — G, the other
projection 0 : A x G — A, (A, X) — A, defines a derivation (0, id) € Derp (A X G, A).

iv) Derivations into the Picard categorical group of a commutative ring.

If S is a commutative ring, there is a symmetric categorical group (c.f. [30, 10])
Pic(S) = (Pic(9), ®s, a, S, 1, r) where Pic(.S) is the category of invertible S-modules (i.e.,
finitely generated projective S-modules of constant rank 1), ®g is the tensor product of
S-modules, the unit object is the S-module S, the associativity and unit constraints are
the usual ones for the tensor product of modules,

“P,Q,T Tp lp

(PRsQ)®@sT — PRs(Q®sT), PRsS—P«— S®gP,

an inverse for any object P is given by the dual module P* = Homg(P,S) and the
symmetry c,, : P ®5Q — @ ®g P is the usual isomorphism. Note that my(Pic(S)) =
Pic(S), the Picard group of S, and for any invertible S-module P, Aut P)=U(S)
the group of units of S. In particular, m(Pic(S)) = U(S).

Let G be a group operating on a commutative ring S by ring automorphisms. Then,
Pic(S) is a G[0]-module with action G[0] x Pic(S) — Pic(S), (o, P) — P, where “P is
the same abelian group as P with action from S by s-x = o7 (s)z, s € S, x € P. Note
that this action is strict in the sense that the natural isomorphisms ¢ . 'P— 7 ('P),
¢op: P—Pandy, ,,: (P®sQ) — "P®s Q are identities.

Thus, in the above conditions, Pic(S) is a G[0]-module and we can consider the (sym-
metric) categorical group Der(G|0], Pic(S)). An object of this categorical group consists
of a family of invertible S-modules { P, },c¢ together with S-isomorphisms 3, : B,; —
P, ® °P; such that, for any o,7,7v € G, (1 ® 96;,) * Bory = (Bor ® 1) - Bor. Given
objects (P,, f,-) and (Qy,,.r), a morphism between them consists of a family of S-
isomorphisms €, : P, — @, such that (e, ® %) - Byr = Q. - €,. In the case where
G is finite and S a Galois extension of R = €S, there is a surjective homomorphism
mo(Der(G[0], Pic(S))) — Br(S/R), the Brauer group of S/R-Azumaya algebras and, in
fact,

Pic(S)(

o,7,P

mo(Der(G[0], Pic(S))) = Z%(S, G) = Br(S/R)

where the latter denotes the abelian group of S-isomorphism classes of S/R-Azumaya
algebras (c.f. [20]).
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4. Derivations and semidirect product. Exactness.

Let G be a categorical group and let us consider the comma 2-category, (CG,G), of
categorical groups over (G, whose objects are the homomorphisms of categorical groups
(T, ) : H — G and whose arrows are the commutative triangles of homomorphisms

(F n)
N / Tl l

A 2-cell from F; to Fg is a morphism ¢ : F; = F5 between these homomorphisms such
that T"(ey) = idp) for any H € H. Then, for any G-module A, we have a category,

H AxG H AxG
Hom cq ) lT , lpr , whose set of objects is Hom g g) lT , lpr and whose
G G G G

arrows, from F; to Fa, are the 2-cells between them. This category is actually a groupoid
and, even more, we have:

4.1. PROPOSITION.  There is a tensor functor

H AxG H AxG H AxG
Homcg,g) lT7 lpr x Homcg,g) lT, lpr 2, Homcg,g) lT, lpr
G G G G G G
H AxG
such that the groupoid Homq ) T, lpr becomes a categorical group.
G G
H AxG
PROOF.  If (Fy, 111), (Fa, piz) € Homee,g) lT , l we define (Fy, 1) ® (F, piz) =
G G

(Fy ® Fy, 1), where F} ® Fo : H — A x G is the functor given by (F} ® F3)(H) =
(OF1(H) ® 0F(H),T(H)) (see Example 3.5 iii)) and, for any H,G € H, g = fi,, :
(AR F)(H®G) — (F1® F)(H)® (F; ® F3)(G) is the family of natural isomorphisms
s that 0y o) = (L0070 e ) 08y 1) (D) © Dz, )

and pr(fiy ) = Hy - To check that u satisfies the required coherence condition is straight-
forward.

On the other hand, given morphisms € : (Fy, 1) = (Fy, po) and € = (FY, py) = (Fy, 1h),
€® 6, : (Fl & F{7ﬂ1) = (F2 & FQIMELQ) 18 given by (6 ® El)H = (8(6H> ® 8(6/ ) ZdT(H)) .
(OF\(H)®OF|(H),T(H)) — (0F2:(H)® 0F3(H),T(H)). It is routine to check that e ® €

is natural and satisfies the appropriate coherence condition.
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The above data define a categorical group

H AxG H AxG
Homceq,g) lT , lpr = | Homg,c) lT , lpr ,®, a, l:, _, T
G G G G

where a : ((F, p1) @ (Fa, p2)) @ (Fs, ps) = (F1, 1) ® ((Fy, o) ® (F3, pi3)) is the morphism
determined l}y the natural transformation given by a, = Qo (1), 0 (E1),0F () H € H; the
unit object I is the homomorphism Fy = (Fy,n0) : H — A x G, where Fy(H) = (I,T(H))
and (1) 0 ¢ (I, T(H & G)) — (1 & "I, T(H) & T(G)) is given by (n0),,q — (1@ ;1]
71ty o); the left-unit constraint l=1,:Fy®F = F is the morphism determined by
the natural transformation [ : Fy ® F' = F given by I, = (I, 1d. ., ); the right-unit
constraint 7 = 7, : FQFy = F is the morphism determined by the natural transformation
7o F®Fy= Fgivenby 7, = (v, iy )-

An inverse for an object (F}, ) is given by (F},n) where, for any H € H, F;(H) =
((OF\(H))*, T(H))and n, . : FY(H®G) — F(H)QF(G) is given by p1,, . and canonical
isomorphisms. [

The above construction gives a contravariant functor

AxG
Hom(CG,G) -, lpr : (CG, G) — CG.
G

We also have, using Example 3.5 iii), another contravariant functor
Der(—,A) : (CG,G) — CG

that is given, on objects, by Der(T, A) = Dery(H, A). For any arrow F = (F,n) : T — T,
Der(F,A) : Derp(H',A) — Dery(H, A) is the homomorphism of categorical groups
(T, 1), where T'((D, 8)) = (DF, 3) with 3, , = Becorr D(nyy) and pi = ZZ(D,B),(D’,E’) is
the morphism determined by the identity id : (D ® D')F = DF @ D'F.

The following theorem shows that these two functors are naturally isomorphic.

4.2. THEOREM.  For any G-module (A, c) and any object HT:—(T’@G € (CG,G), there
exists an isomorphism of categorical groups

H AxG
Dery(H, A) = Hom e g T , lpr
G G

given by (D, 3) — (F,n), where F(H) = (D(H),T(H)) and, for any H,G € H, 0, , =
(Brr o Hoarc)-
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Proor. We shall define homomorphisms of categorical groups

H AxG H AxG
Dery(H, A) il Homcq ) lT , lpr , Homce ) lT , lpr =4 Derr(H, A)
G G G G

such that (k,0) - (X,¢) =id and (2,() - (k,0) = id.

For any obJec (D,B) € Derp(H, A) we define x((D, ) = (F,n), where F(H) =
(D(H),T(H)), F(f) = (D(f), T(f)) and 1, ; - F(H @ G) — F(H) @ F(G) is given by
Nua = (6H,G7N’H,G) For any morphism € : (D7ﬁ) = (Dl7ﬁ/)a ’i(e) : (F7 77) = (F/’nl) is
the morphism determined by the natural transformation given by x(e), = (€,,id, ).
Moreover, since x((D, ) @ (D', 3')) = &((D,B)) @ (D', 3')), we take 0, = ., ., = id,
that is, (0 = (id id

D(H)®D'(H)’ T(H))'

(D,B%(D’,ﬁ’))H

X G
lpr , we define X((F,n)) = (D, ),

G
where D(H) = 0F(H), D(f) = 0F(f) and 3, : D(H ® G) — D(H) ® "D(G) is given
by 8, = 0(n,). For any morphism 7 : (F,n) = (F',7), X(7) : (D,B) = (D', 3)
is the morphism determined by the natural transformation given by X(7),, = 9(1,).
Moreover, it is easy to see that X((F,n)® (F',n')) = L((F,n) @ X((F’,n')) and so we take
Copm iy = 1 that'is, (C )i = 1oy

Finally it is straightforward to check that (k,6) and (3, () are inverse to each other.m

H A
Now, for any object (F,7n) € Hom g g lT ,
G

4.3. COROLLARY. (Universal property of the semidirect product) Let G be a categorical
group and let (A, c) be a G-module. Then, for any homomorphism T : HH — G and any
T-derivation D : H — A, there exists an unique homomorphism, up to isomorphism,
F:H — A x G, such that the following diagram is commutative:

H
2K
F
A<~ AXGZ>G .
By taking H = G and T = id, we obtain:

4.4. COROLLARY. For any G-module (A, c), there ezists an isomorphism of categorical
groups

G AxG
Der(G, A) = HOID(CG&U H s lpr
G G

If (T = (T,p),0) : (A,¢) — (B,c¢) is a homomorphism of G-modules, there is an
induced homomorphism of categorical groups

T, = (T\, i) : Der(G, A) — Der(G,B)



DERIVATIONS OF CATEGORICAL GROUPS 101

where T*(D> ﬁ) = (TD7 B) with BX,Y = (1 ® 5X,D(Y)) C 'T(ﬁx,y) and T*(E> =Tk,

D(X), DY)

for any morphism € : (D, 3) = (D', 3'). On the other hand,
la = IEL(D,/}),(D/”@/) : T*((D7ﬁ) ® (Dl7ﬁ/)) = T*(D7B) ® T*(D/7ﬁl)

is the morphism determined by the natural transformation 7'(D ® D') = TD ® T D" with

component at X given by Popixy.prox) -

Recalling that the kernel of a homomorphism of G-modules is also a G-module and
using the isomorphism in the above Corollary we have (c.f. [27, Proposition 3.1.2]):

4.5. COROLLARY. Let G be a categorical group and (T, ) : (A, c) — (B, c) a homomor-
phism of G-modules with kernel (K(T),j,€). Then, the categorical group Der(G, K(T))
15 1somorphic to the kernel of the induced homomorphism

T, = (T\, i) : Der(G,A) — Der(G,B).
In particular, the sequence
]Der(G,K(T)) 2, Der(G, A) =5 Der(G, B)
1s 2-exact and there is an induced exact sequence of groups

71 (Tx)

0 ——m(Der(G, K(T))) n@- 1(Der(G, A)) —— 71 (Der (G, B))

/
0(.] ) ™ T*)

7o(Der(G, K(T))) — mo(Der(G, A)) — mo(Der(G, B)).

4.6. EXAMPLE. As an example of the sequences in the above corollary, let us consider

6= (61,00) : A= (LD M {—,—}) — B= ("2 M" {-,-}),

a surjective morphism of reduced 2-crossed modules of groups (i.e., a morphism ¢ with
¢o : M — M" and ¢y : L — L” epimorphisms). Let G be a group and suppose that
the crossed module £ = (0 — G) acts on (A, {—,—}) and (B,{—, —}) (see Example 3.5
ii)) in such a way that ¢ preserves the action. If L' = Ker(¢;) and M’ = Ker(¢y), let
F =L LA M';{—,—}) be the 2-reduced crossed module fiber of ¢ (where M’ acts on
L’ by restriction of the action of M on L and {—,—} : M’ x M’ — L' is also induced by
restriction). Then £ also acts on (F,{—, —}) and it is easy to check that G(F,{—,—})
is equivalent to the kernel of the induced homomorphism of (G(£) = G[0])-modules
G(A,{—,-}) — G(B,{—,—}). Thus, according to Corollary 4.5, there is a 2-exact
sequence

Der(G[0), G(F, {—=, =})) —Der(G[0], G(A, {—, —})) — Der(G[0], G(B, {—, —}))
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and therefore, when the action is the trivial one, there is a group exact sequence (see
Example 3.5 ii))

0 — Hom(G, Ker(p')) —— Hom(G, Ker(p)) — Hom (G, Ker(p"))

H2(G7 (F’ {_7 _})) - H2(Gv ("47 {_7 _})) - HQ(G7 (87 {_7 _}))

In the particular case that A = (A — 0) and B = (A” — 0), where both A and
A" are G-modules and ¢ : A - A” is an epimorphism of G-modules, the fiber crossed
module is F = (A" — 0), where A’ = Ker(¢). Then, the above sequence specializes to the
well-known exact sequence

0 — Der(G, A’) — Der(G, A) — Der(G, A”)

H2(G, A') == H2(G, A) —~ H?(G, A").

Note that in this last case of A and B being crossed modules associated to G-modules
A and A" but ¢ : A — A” being any morphism of G-modules, the kernel K(¢) of the
induced homomorphism of categorical groups ¢ : A[l] — A”[1] is (see Example 3.5 ii))
the strict symmetric categorical group associated to the crossed module defined by ¢ and
the trivial action of A” on A. Then the 2-exact sequence

Der(G[0], K(¢)) — Der(G[0], A[1]) — Der(G[0], A"[1])
induces the exact sequence of groups

0 — Der(G, A’) —— Der(G, A) — Der(G, A”)

H*(E(¢.)) —= H*(G, A) — H*(G, A")

since it is plain to see that m;(Der(G[0], K(¢))) = Der(G, A’) and m(Der(G[0], K(¢))) =
H?(E(¢.)), the 2"¢ cohomology group of the mapping cone E(¢,) (see [25]) of the cochain
transformation ¢, : Hom,(B., A) — Hom, (B,, A”), where B, is a free resolution of the
trivial G-module Z.
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