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EVERY SMALL Sl-ENRICHED CATEGORY IS MORITA
EQUIVALENT TO AN Sl-MONOID
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birthday

BACHUKI MESABLISHVILI

Abstract. We show that every small category enriched over Sl—the symmetric monoidal
closed category of sup-lattices and sup-preserving morphisms—is Morita equivalent to
a Sl-monoid. As a corollary, we obtain a result of Borceux and Vitale [1] asserting that
every separable Sl-category is Morita equivalent to a separable Sl-monoid.

1. Theorem

We use [2] as a reference for enriched category theory.
Let Sl = (Sl◦,−⊗−, I) denote the symmetric monoidal closed category of sup-lattices

with sup-preserving maps.
It is well-known [3] that Sl◦ is a complete, cocomplete pointed category. Moreover,

(small) coproducts are biproducts; that is, if {xi} is a (small) family of objects of Sl◦, the
unique morphism

δ :
∐

xi ��
∏

xi

with components δii = 1xi
and δij = 0 otherwise is an isomorphism. For any small Sl-

category A, this property transfers to the Sl-functor category [Aop,Sl], since limits and
colimits there are computed pointwise.

We will write ⊕xi for the biproduct of the family {xi}.
1.1. Theorem. Every small Sl-category is Morita equivalent to an Sl-monoid.

Proof. We first observe that for each pair of objects c, c′ of an Sl-enriched category C,
the set C◦(c, c′) is non-empty because every sup-lattice contains at least the element 0.

Now let A be a small Sl-category. Define the Sl-functor PA : Aop ��Sl to be
⊕

a∈AA(−, a). Since arbitrary (small) coproducts (=products) of representable Sl-functors
are in the Cauchy completion A of A (see [4]), PA is in A. Thus the Sl-functor PA is
small projective in [Aop,Sl].
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Next, by the observation at the beginning of the proof, no
[Aop,Sl](A(−, a),A(−, a′))

is empty. Moreover, the small Sl-full subcategory determined by the representable Sl-
functors is dense in [Aop,Sl]. So that, in view of Proposition 5.22 of [2], the Sl-full
subcategory [PA] ⊆ [Aop,Sl] generated by the Sl-functor PA is dense, and a fortiori
strongly generating, in [Aop,Sl]. Thus PA : Aop ��Sl, besides being small projective in
[Aop,Sl], is a strong generator for [Aop,Sl]. It now follows from Theorem 5.26 of [2] that
the Sl-functor

NA : [Aop,Sl] ��
[
[PA]op,Sl]

given by

NA(F ) =
[Aop,Sl](PA, F

)

is an equivalence of Sl-categories. Whence A is Morita equivalent to the Sl-monoid
[Aop,Sl](PA, PA).

1.2. Remark. There is precisely an analogous result wherein Sl is replaced by the
symmetric monoidal closed category of abelian groups, Ab, and A by an Ab-enriched
category with finitely many objects (see, for example, [5]); and still another with Sl
replaced by the symmetric monoidal closed category of commutative monoids, once again
in the finitely-many-object case.

2. Application

Let V = (V◦,−⊗−, I) be a symmetric monoidal closed category whose underlying ordinary
category V◦ is locally small, complete and cocomplete. Write Bim(V) for the bicategory
of small V-categories, V-bimodules and V-natural transformation between them.

Recall [1] that a small V-category A is separable when the canonical V-functor

A(−,−) : Aop ⊗A ��V

is small projective in the V-functor category [Aop ⊗A,V ].

2.1. Proposition. Separability is invariant under Morita equivalence.

Proof. Recall (for instance from [2]) that two small V-categories A and B are Morita
equivalent if and only if there exist bimodules φ : A B� �� and ψ : B A� ��

such that ψ ◦ φ � A and φ ◦ ψ � B. Then

[Aop ⊗A,V ] � Bim(V)(A,A)
−◦ψ
� ��Bim(V)(B,A)

φ◦−
� ��Bim(V)(B,B) � [Bop ⊗ B,V ],

and (up to isomorphism) this composite takes the V-functor A(−,−) : Aop⊗A ��V to
the V-functor B(−,−) : Bop ⊗ B ��V . The result now follows from the fact that any
equivalence of cocomplete V-categories preserves and reflects the property of objects of
being small projective.



EVERY SMALL Sl-ENRICHED CATEGORY MORITA EQUIVALENT TO AN Sl-MONOID171

It follows from Theorem 1.1 and Proposition 2.1 that

2.2. Theorem. [1] Every separable Sl-category is Morita equivalent to a separable
Sl-monoid. In particular, every Azumaya Sl-category is Morita equivalent to an Azumaya
Sl-monoid.
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Département de Mathématique, Université catholique de Louvain, Chemin du Cyclotron
2, 1348 Louvain-la-Neuve, Belgium.

Email: bachi@rmi.acnet.ge, bachuki@math.ucl.ac.be

This article may be accessed via WWW at http://www.tac.mta.ca/tac/ or by anony-
mous ftp at ftp://ftp.tac.mta.ca/pub/tac/html/volumes/13/11/13-11.{dvi,ps}



THEORY AND APPLICATIONS OF CATEGORIES (ISSN 1201-561X) will disseminate articles that
significantly advance the study of categorical algebra or methods, or that make significant new contribu-
tions to mathematical science using categorical methods. The scope of the journal includes: all areas of
pure category theory, including higher dimensional categories; applications of category theory to algebra,
geometry and topology and other areas of mathematics; applications of category theory to computer
science, physics and other mathematical sciences; contributions to scientific knowledge that make use of
categorical methods.

Articles appearing in the journal have been carefully and critically refereed under the responsibility
of members of the Editorial Board. Only papers judged to be both significant and excellent are accepted
for publication.

The method of distribution of the journal is via the Internet tools WWW/ftp. The journal is archived
electronically and in printed paper format.

Subscription information. Individual subscribers receive (by e-mail) abstracts of articles as
they are published. Full text of published articles is available in .dvi, Postscript and PDF. Details will
be e-mailed to new subscribers. To subscribe, send e-mail to tac@mta.ca including a full name and
postal address. For institutional subscription, send enquiries to the Managing Editor, Robert Rosebrugh,
rrosebrugh@mta.ca.

Information for authors. The typesetting language of the journal is TEX, and LATEX2e is
the preferred flavour. TEX source of articles for publication should be submitted by e-mail directly to
an appropriate Editor. They are listed below. Please obtain detailed information on submission format
and style files from the journal’s WWW server at http://www.tac.mta.ca/tac/. You may also write
to tac@mta.ca to receive details by e-mail.

Editorial board.
Michael Barr, McGill University: barr@barrs.org, Associate Managing Editor
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