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NEPNOAbI TAPMOHUYECKKNX
ANDDPEPEHLUMAIOB MPUMA HA KOMIMAKTHOI
PUMAHOBOW MOBEPXHOCTW
B. B. Yyeines

Awnnvoranms: V3yJaroTcs KIacChl IEPUOLOB 3aMKHYTHIX, TAPMOHUYIECKIX U TOJIOMOPd-
HbIX auddepenimanos IIpuma Ha KOMIAKTHON PUMaHOBOM IOBEPXHOCTH JIIOOGOIO pO-
na g > 2 u s JIo0BbIX XapaKTepoB ee (dyHAaMeHTaIbHOH rpynmsel. JlokasbiBaeTcs,
YTO rapMOHIYECKOE BEKTOPHOEe paccJioenue [Ipuma n3 rapmonndeckux guddepennnaion
IIpumma u Koromosiorudeckoe paccyoerue 'annunra OyIyT BEIeCTBEHHO-aHAIUTUIECKA
n3oMopdHbl HaJ 6a30i U3 HETPUBHAJIBHBIX HOPMHUPOBAHHBIX XapaKTEPOB JIsi JIIOOOM
KOMIIAKTHONM PHUMAHOBOI IIOBEPXHOCTH pona ¢ > 2.

KurodeBble cjioBa: KOMIAKTHAs PUMAaHOBa IOBEPXHOCTH, FAPMOHUYIECKHE JuddepeH-
nuaJiel [Ipuma

Bsenenue

[Tepronpr MHOrO3HAUHBIX TapMoHHYecKuX auddepennuaaoB [Ipuma Ha KOM-
MAKTHOM PUMAHOBOI IMOBEPXHOCTU POJIA ¢ > 2 SBJSIOTCS BAXKHBIMHA TPAHCIIEHIEHT-
HBIMHU WHBAPUAHTAMHE, CBSI3aHHBIMU ¢ PUMaHOBO# moBepxHocThio. P. IIpum, P. Poct
[1] Havamu mocTpoeHre TEOPUM TAPMOHMYECKUX M TOJOMOPMHBIX nHTerpasos IIpu-
Ma, TOJIBKO JIJIsi HOPMHUPOBAHHBIX XapaKTepOB (PyHIAMEHTAJBHON TPyl KOMITAKT-
Hoit pumanosoit nosepxuoctu. Jxk. Kemud [2] u 9. Txebmoy [3] mosmyuamiu psiz
CBOWMCTB TEPHOIOB ToJOMOPIHBIX auddepenrmanos [lpuma masa HOPpMUPOBAHHBIX
XapaKTEPOB U JJIs XapaKTEPOB, KOTOPble Ha IOJIOBHHE 0Opasyomux dyHIaMeH-
TaJbHOIN rpynmbl pasHbl eauaune. B 1980 r. P. Tannunar [4,5] nauan usyuenune
rosiomopdHbIX uddepenimaios [puma jiyist TPOU3BOIBHBIX XapaKTEPOB.

B pabore m3sydarorcs KJiacchl IEPUOJOB 3aMKHYTBIX, TaPDMOHUYECKUX ¥ T'OJIO-
MopdHbIX auddepennnaios [Ipuma Ha KOMIIAKTHON PUMAHOBOI IIOBEPXHOCTH JIFO-
6oro poma g > 2 u jjis JiFOOBIX XapaKTepoB ee (pyHIAMEHTAJIbHON Tpymmbl. BbI-
BOAATCH 0bIme hOPMYJIbI, CBA3BIBAIOIINE TEPUOJBI JJIsi JIIOOBIX JIBYX 3aMKHYTBIX
muddepennuanos [Ipuva oTHOCHTETHHO ABYX ITPOW3BOILHBIX XapakTepoB. M3 Hux
TIOJTy9IAI0TCs aHAJOTHM OMIMHEHHBIX COOTHOINeHuit PuMana Ha ciydait rapMoOHHUIe-
ckux u rojomopdubix auddepennuasios [Ipuma. s rapmorutdeckux auddepen-
nuajos [Ipuma OTHOCUTEIBHO HOPMUPOBAHHBIX XaPAKTEPOB JOKA3BIBAIOTCS AHAJIOIT
TeopeMm Xojka u Jie Pama, cTpositcst KaHOHMYecKre 6a3MChl N3 TAPMOHUIECKUX M-
depennuanos Ilpuma, KOTOpBIE JIOKAJIBHO BENIECTBEHHO-AHAJIATHIECKHA 3aBUCAT OT
xapakTepoB. [lokasbiBaercs, 4T0 rapMOHUYECKOEe BEKTOPHOE paccioenue [Ipuma (u3
rapmMonmuecknx juddeperiuanos [Ipuma) u Koromosornveckoe pacciaoenne ['as-
HUHTa OYJIyT BeIeCTBEHHO-aHAJUTUIECKH M30MOPQHBI HaJl 0a30if U3 HETPUBUAIH-
HBIX HOPMUPOBAHHBIX XapPAKTEPOB JJIsi JIIOOOH KOMIAKTHOW PUMaHOBO! ITOBEPXHOCTH
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posa g > 2. Haxomgarcst «IpensiTCTBUsT» KOIUKJIMIECKOTO TUIA K B3aMMHOM OJHO-
3HAYHOCTU OTOOPaKEeHWsT TEPUOJIOB JIsT TapMOHuYecknx mauddepennnanos [Ipuma
OTHOCHUTEIbHO HEHOPMHUPOBAHHBIX XapaKTePOB.

VcraHaBIMBaeTCsI, YTO JIJisl CYIIECTBEHHBIX XapaKTepOB rojioMopdHbie audde-
pennmaibl [Iprma OJHOZHAYTHO ONPENEIISIIOTCS «IIOJIOBUHONY CBOUX OA3WCHBIX ITE€PU-
onoB. CrposTest KaHOHIYIECKHe 6a3uchl u3 roioMopdHbix Juddepennuaios [Ipuma,
JIOKAJIBHO TOJIOMOP(HO 3aBUCSIINE OT CYIIECTBEHHBIX XapaKTEPOB.

§ 1. IIpeaBapurenbHbIE CBEIEHUS

IIycrs [F, {ak,bk}izl] — (dukcupoBanHasi) OTMEYEHHAs] KOMIIAKTHASI PUMa-
HOBa IIOBEPXHOCTBH posa ¢ > 2; I' — ormedennass dykcoBa IpyIia IIepBOro poja,
MHBApUAHTHO JleificTBytomas Ha exuanaHOM qucke U = {z € C : |z| < 1}, Takas,
aro U — yHuBepcaJibHasi HakpbiBawinas 1t F u [ — rpymnna npeobpazoBaHuil Ha-
JIOXKeHus st ecrectBennoil npoekiun 7w 2 U — U/T = F. Bwifop obpa3syoomux B
dbyHIaMEeHTAIBHON TPyIITe

g
m1(F,0) = (a1,...,ag,b1,....bs: [[laj,b;] =1
j=1
OIIpEJIE/IsIeT CIIENUAIBHBIN BHIOOP 0O6pa3yIoNux B IPYIIIe

g
D=(Ay,...,A.B,....By: [[C;=1),
j=1

rze O — dukcupoBannas 6asucHas Touka Ha F, a C; = [A;, B;| = AijAngjfl,
ij=1...,9.

O6osnaunm uepes Hom(T', C*) rpyuiy Bcex OJHOMEPHBIX IIPEACTABICHUN p U3
I' 8 C* = C\{0} c ecrecrBennoii onepanueit ymHoxkennst. OHa siBysieTCst 2g-MepHOi
KOMILJIEKCHO-aHaauTndeckoir rpymmoii Jlu u Ourosomopduo m3omopdmua rpymnme
[C*]?9 ¢ omnepammeii mokoopuHATHOTO yMHOKeHus. ['pymma Hom(I', C*) momycka-
er TakxKe jpyroe omucanme. [l mo6oit Toukn (,y) = (T1,...,Tg;Y1,.--,Yg) €
C9 x CY oupeneneno mpeacrasienue p, , € Hom(I', C*) Takoe, 1ro

pay(Aj) = exp2miz;, pgy(B;) =exp2miy;, j=1,...,9.

Orobpazenue p : (z,y) — pry 3anaer usomopdusm rpynn Hom(I, C*) u C29/729.

O6oznasnm L, = p(Lyg), tne Lo = {(z,y) € C* : y = Qx} — g-mepHOE BeKTOpHOE

nogupocrpancreo B C2, a ) = (€;) — Marpuia u3 B-epuojIoB /1151 KAHOHHIECKOTO

6asmca gy, .. .,5y ToTOMOPMHBIX abeseBrIX MuddepeHnnanos Ha F, 1BOfCTBEHHOTO

c{ag, bp}l_y (re. [ =0k, [ =k, j,k=1,...,9) [6]. Tlonrpymma L, B
ag by,

Hom(I', C*) coBuazaer ¢ MHOXKECTBOM TaK HA3bIBAEMbIX HECYIIECTBEHHBIX XapaKTe-
g
POB pg, mna I, toe z; = ¢, yj = Y, Qgex, j=1,...,9, u (c1,...,¢y) — m0bas
k=1
touxa u3 C9. B [7] nokaszano, aro p — ronxomopduas 6uexkrnus uz Lo ua L,. Ecam
g
Pay € Hom(T',C*)\Ly, 10 x; = ¢j, yj = > Qrckx + g; ¥ gj ¢ Z Rt HEKOTOPOro
k=1

j=1,...,9. DT xapakTepbl HA3bIBAIOTCsI CYNIECTBEHHBIMHU XapakTepamn st [
[4,6,7].

O6osnauum uepes Z1 (T, p) nist p € Hom(T', C*) mHOKecTBO Beex oTobpazkenmit
¢ : I' = C rakux, a0

¢(ST) = &(S) + p(S)o(T),
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S, T € T. Kaxnpiit snement ¢ € Z1(T, p) euHCTBEHHBIM 06Pa30M OIIPe/IeIseTC
YIOPSIIOIeHHBIM HAOOPOM KOMIITEKCHBIX uncell ¢(A1), ..., ¢0(Ay), ¢(B1),...,d(By),
YJOBJIETBOPSAIOIIAX YPABHEHUIO

> {o(Bj)d(A;) — o(A;)p(B))} =0,
j=1

g

KoTopoe mosy4aercs u3 coorHomenust [[ C; = 18T, tne o(T) =1—p(T), T €
j=1

I'. Torma ZY(T,p) — xoMIIeKcHOe BeKTOpHOE (29 — 1)-MepHOe POCTPAHCTBO I

p £ 1 (e p(S) # 1 nna mekoroporo S € T') u 2g-MepHOE IPOCTPAHCTBO JIJIs

p = 1. Tlycrs BY(T, p) — omnomepnoe nommpocrpatctso B Z1 (T, p), mopoxiennoe

snementom o. Torma HY(T, p) = ZY(T, p)/ B (T, p) — KomILIekcHOe BeKTOpHOE (29 —

2)-MepHOe TIPOCTPaHCTBO s p # 1. Bynem nazwisatsh muoxkectso G = |J HY(T, p)
p#1
Ko20MOA02UNECKUM paccaoenuem Lannunza das pumarosot noseprrocmu F [4,7,8].

§ 2. BamkuyTbie nuddepennuasbr [Tpuma

ONPEAENEHUE 1. Judpeperyuarom Hpuma ¢(z) na F dan p € Hom (T, C*)
Ha3biBaeTcd nuddepenimanbias 1-dpopma Ha U Takast, 9To

o(Tz) =p(T)p(2), z€U TeTl.

JIemma 1 [3, c¢. 330]. JIo6oii auddepennuan Ipuma ¢(z) na F kmracca C*
IS p €HHCTBEHHBIM 06pa30M pasJjiaraercs B cyMmMmy aucgpepennnara Ipuva ¢q(2)
tuma (1,0) ma F kracca C™ st p u guppepennnara Ipuva ¢o(z) tuma (0,1) na
F wmacca C™° st p.

JIOKABATENBCTBO. Ha U auddepennuan [puma ¢(z) epuucrBennbiM o6pa-
30M passiaraercd B cymmy juddepennuana ¢1(z) tuma (1,0) u quddepennnaa
¢2(z) Tuna (0,1) : ¢(z) = ¢1(2) + ¢2(2), z € U. IlokaxkeMm, 9TO OHH TakXKe dAB-
asrores guddepenrmanaavu [Ipuma g p. [lpu dukcuposannom T € T umeem
p(T)6(2) = 6(T=) = 61(T2) + 6a(T2) mmt 6(2) = p(T) 161 (T2) + p(T) ' 6a(T2).
Orciona nomydaem, uro ¢1(z) = p(T) 11 (T2) u ¢a(2) = p(T) teo(T2), T € T.
Jlemma 1 mokazasa.

[ycte ¢(2) — 3amruyTHIH quddepernman [Ipuma wa F' kinacca C mst p. [Ipo-
MHTETpUPOBAaB PAaBEHCTBO U3 ompeneaeHuss 1 oT (UKCHPOBAHHONW TOYKH  2(,
7(20) = O, 10 = € U, moaymm, wro f(T2) — [(Tz0) = p(T)(f(z) — f(20)).
o(z) = df(2), z € U, tne f(z) — unrerpan Ilpuma na oguocsszuom kpyre U s
nuddepennmaa [Ipuva ¢(z), KOTOPBI OLIpeesIseTcs ¢ TOYHOCTHIO 10 aIUTHBHO-
ro ciaraemoro. Orciona nist T' € T' Bepro pasencrso f(T'z) = p(T) f(2) + ¢z, (T),
rae ¢r.(T) = f(Tz0) — p(T)f(20). Taxum obpasom, kaxkmomy I € T’ coor-
BETCTBYET 9IUCIO ¢ . (1), a 3HaduT, ompeneneno orobpaxenue ¢y, : [ — C.
D10 oTObparkeHne HA3bIBAETC OTOOpaXKeHueM 1epuoioB g ¢(z). Ono 3aBucur
or Bbibopa unrerpasa IIpuma f(z) ma U u 6asucHoil Touku zg. Ecmm f1(z) =
f(2) + ¢ — apyroit uarerpan Ipuma st Toro xe muddepennumarna puva ¢(z),
10 ¢ f,,2 (1) = f1(T20) — p(T) f1(20) = ¢5,20(T) + co(T), T € . Jlerko nposepurs,
49TO 008 OTOOPAKEHNH P f ) U D¢, - YAOBIETBOPSIOT KOIUKJIMIECKOMY COOTHOIICHUIO
d(ST) = ¢(S5) + p(S)p(T), S, T € T'. D10 03HAYAET, YTO OHU IPUHAJIEKAT IIPO-
crpanctsy Z1(T', p) 1 IpeICTaBIAIOT OJMH W TOT Ke Kiace Tepuosos [¢] us H (T, p)
st madbdepennmana pnva ¢(z) ma F [4, 7).
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st samxuyToro nuddepenrmaia [Ipuma ¢(z) MOXKHO OlpeleuTh TaK HA3bI-

BaeMble Kjaccudeckue repuonbl. g T € I' coorBeTcTByOMUM eMy KJIACCHIeCKUAM
TZ()
nepuoznoM byzer ¢.,(T) = [ ¢(z) u BepHO paBeHCTBO

20

/¢@w:/dﬂa:f@%wﬁu@:¢m4ﬂ—f@@dﬂ.
Orcrona

TZQ

%@@wﬁ%wm:/@@:@@m—ﬂMdn
B
CreioBaTeIbHO, KJIACCHIECKUE IEPUOIbI HEe 3aBUCAT OT BbIOOpa mHTerpasa [Ipumva

f(z) nna muddepennuana Ipuma ¢(z) upu dbukcuposannoii 6a3uCHONi TOYKE Zg.
Jlerko BumeTH, OfHAKO, 9TO ¢, (T') 3aBUCHAT OT BBIOOpa OA3NUCHOM TOUKU 2, TAK KaK

Tz, Tz, z1
[o= [ o) -0 [ oo

13 nocaieneit bopmyist caegyer, 9to ¢ ., (1) = ¢y . (T), 1. €. ¢¢ ., (T) He 3aBUCHT
or BBIOOpa 2o npu dbukcupoBanHoM uHTerpasie Ilpuma f(z) ana muddepennuaa
IMpuma ¢(z) na F. 3areMm npuxoiuM K PaBEHCTBY

TSZO TZ() SZO

L/M@zW&ﬂWJwMMﬂ=/¢@—dﬂ/¢@,
Szo ) 20

HIEPEIHCHIBAsT KOTOPOE, MOLYIUM, IT0 @54, (1) = ¢ (T) — o(T) b2, (S), S, T € T.
CuenoBarenbo, orobpazkennst Buga 1 — ¢ ., (T') (nepuozapr no Nanuunry [4])
TZ[)
usnna T’ — [ ¢(2) = ¢.,(T) (knaccuiaeckue nepuogst [3]) onpenensior oxus u
Z0
TOT Ke Kacc nepuoyios [¢] € H(T, p) nis qudbdepentmana [puva ¢(2) na F st
p. Tosromy koppekTHO omnpezesnero C-nmHeitHoe oTobpaxkenue p : ¢(z) — [¢] u3
BEKTOPHOTO MMPOCTPAHCTBA 3aMKHYTHIX quddepennmanos [Ipuma ¢(z) na F mis p B
BekTopHoe npoctpanctso H(T, p).
Kpowme toro, Beibupas f(zg) = 0, nonaygaem

TZ()

¢Mﬂ:/¢@:@@@%

T. €. YTO KJIACCHYECKUE IIePHObl COBIAIAIOT C IIEPUOJAMU 110 [aHHUHTY.
Hakomnen, giusa mobeix A, B,C, D € I" umeem

[4,B]zo
¢ ([A, B]) = / ¢(2) = b5, ([A, B]) — f(20)0([4, B]) = 5.2 ([A, B]) = &([A, B])

n ¢([A, B][C,D]) = ¢([A, B]) + ¢([C,D]), 1. e. Ha KOMMyTaTOpax KJACCHIECKHE

eprosibl paBHBI IepronaM 1o ['aHHWHTY W He 3aBHCAT HHU OT BBIOOpA 2, HH OT



Ilepuonpr rapmonndeckux muchgepeniuasioB Ilpuna 941

Boibopa unrerpaia [Ipuma mia auddepenimana Ipuma. IIpu srom ¢ : [[T] —
C (orpannvenue ¢ na xommyTant [[',I'] rpynmsr I') siBastercst romomopdusMom u3
rpynust [I,T] B (C,+) u ¢(T) =0 mua T € [T, TV], TV = [[,T] < T [3,4].

Hazosem muddepentman puma ¢(z) na F xuacca C° st p myavmunauka-
muehno mownowm Ha F ans p, ecmu ¢(z) = df (2) u f(Tz) = p(T)f(2), T €T, z€ U,
1. e. f — MynbrummkaruBHas GyHKIMA Ha F' kitacca C'°° mist p.

Jlemma 2. Ecin ¢(z) — samrnyroiii quppepennman Ipuma na F kiracca C*
aast p u @] = 0 B HY(T, p), 10 ¢(2) sABASIETCH MYABTHIIMKATHBHO TOYHBIM Ha F
JUI .

JIOKABATEJIBCTBO. Tak Kak ¢(z) — 3aMKHyTbIi 0HO3HAYHBIN ddepeHu-
an #Ha U, 10 oH Gymer Tounbm Ha U, 1. e. ¢(2) = df(z) na U, tne f € C°(U).
IMokaxkem, uro unHTerpas Ilpuma mis nuddepennmana IIpuva ¢(z) MOXKHO BBI-
GpaTh Kak MyJbTHIUIMKAaTUBHYI0 (yHKImio Ha U mis p npu ycnosnu [¢p] = 0 B
HY(T, p). Heitcrurensuo, no yeaosuio f(Tz) = p(T)f(z) + co(T), T €T, z € U,
wm f(Tz) —c=p(T)(f(z) — ¢). Unurerpan fi(z) = f(z) — ¢ aBisiercs MyJIbTHILIH-
kaTuBHON dyHKnueit Ha F' na p. Jlemma 2 nokazana.

Teopema 1. Eciu ¢(z2),v¢(z) — 3amrnyrbpie agucpgepennuasnr [puma na F
kaacca C'™ jjist p1 U pa COOTBETCTBEHHO, TO

J fonser= [

>0 -pets) / BEe) — (= pupald) [ 0]

=1

<.

z€aj z€b;
+ 3 {H(C - Cia)(1 = pa(By)) = 2B G(Cy) + 6n(By)) / o(2)
l(pa(Ay) — DO(Ch .. Cyr) + palA))dn(Ay) — 6(C)] / (=)},
ZGij

nae A — ¢ukcupoBannas gpynnamentaiabaas obaacts st I B U; ¢(z) = dh(z) Ha
U, h(Tz) =p(T)h(z) + op(T), T € T

A]’ Z0 Bj Z0

/ v = [ v / v = [ v

IIpHYEM 9TO PABEHCTBO HHBAPHAHTHO OTHOCHTEJBHO BbIGOpa uHTEerpasa h(z) s
@(2) ¢ TOYHOCTBIO JIO AIJIUTHBHOIO CJIAIaeMOIO.

JIOKA3ATEJILCTBO. ['panurna (byH,ZLaMeHTaJIbHOfI objactu A wuMeer BHJ,
8, c. 153; 9, c. 129] OA = afbfay by ...afbla; by

9999’

+ i - _ -1~
a]- —C’l...C’j_laj, aj —Cl...Cj_lAijAj Qj,

bj_:O1.-~Cj—1Ajbja bj_:C’l...C'jbj,



942 B. B. Yyemen

HpUYeM ; — NOJHATUE a; C HAYMAJIOM B TOYUKE Z) U KOHIOM B A;zg, b; — noxusrue
b; ¢ Ha4aIOM B TOYKe Zy M KOHIOM B Bz ma U. Torma mo reopeme Crokca [6] ¢
YHETOM COOTHOIIEHUSI JIJIsl TIePHOJI0B [3 4 7] mmeem

/A/¢<z>w<z>—/ -y [

J=1 atbta" b
JbJa]bJ

i / Ci_12)(Cy ... Cj_12)

JleEaJ

- h(C’1 e Oj_lAijA;12)¢<Cl e C’j_lAijAj_lz)]

Y /[h(cl...cj_lAjz)w(cl...cj_lAjz)—h(cl...cjz)¢(cl...cjz)]

j=1 Y~

|
+Zg:{[¢(cl~-cj— ) = p2(Bj)¢n(C1 ... Cj_14; B A} / b(2)

z€a~j

+ [pQ(AJ)QSh(Cl N ijlAj) - ¢(Cl ce C])] / w(z)}7
zEl;;'
rie (bh(Cl Cj 1A B A ) j 1)+¢h(0 B ) ¢(Cle,1)+¢(C])
+ ¢n(B;), on(Cr...Cj- 1A ) = ( Cj-1) + on(4;).
Eciu h(z) 3amenurs Ha h(z) —|— ¢, TO JieBasl CTOPOHA HAIIEI0 PABEHCTBA U3Me-

HUTCs Ha caaraemoe ¢ [ (z) = (H3 -32 OCHOBHOT'O KOITUKJIMYECKOTO YCJIOBHS Ha
oA
nepuosbl 3amMkayToro quddepennunasa [Ipuma 1(z)). IlpaBas cropona Toxe m3me-

HUTCsA Ha CJiaraemMoe BuJia

i[(l—m(&)) [ ev@ - 1= ppalay) / e >]

ZG&:}‘ z€b

) )
—I—Z —p2(Bj)coi (B / V(2 +Z p2(Aj)coi(A / Y(z
j=1 Jj=1

zea] z€b

ey |a-m@) [ v -0-n) [ o)

z€aj z€b;
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+i{p2(3j)al(3j)c [ ¥(z) — pa(Aj)o1(4;)e / 1/,(2)}

zZEaj 26@

“palB)en(B) [ 0+ D pen(ay) [ v =0,

26@

+

g
i=

1 ~
z€bj
rae o1(T) =1—p1(T), T € T, Tak Kak nepsas cymma paBHa 0 13-3a KOIUKINIECKOTO

YCJIOBHs Ha NEepUOJbL jijisd 1)(z), a HOC/eJHue TPU CYyMMbI B3aMMHO COKPAIIAIOTCS.
Teopema 1 mokaszama.

SAMEYAHUE 1. g ps = ,01_1 u3 9T0i (POPMYJIBI TOJydaeTcss OUIMHEITHOe
cuapuBanue [anaunra [4].

§ 3. Ilepuonsr rapmonnveckux auddepeniuanos IIpuma

ONPEAEJNEHUE 2. lapmonuveckum duppepenyuarom Ilpuma na F das p €
Hom(I',C*) wmaspiBaercs rapMonudeckas (oaHo3HauHas) auddepennuaibHast
1-bopma ¢(z) ma U takag, aro ¢(Tz) = p(T)¢(z), T €T, z € U.

Tapmonnuecknit juddepennuain puma ¢(z) na U npejicrasisiercs B Buze ¢(z)

= ¢1(2) + ¢2(2), tie ¢1(2) = df1(2), ¢2(z) = dfa2(2), f1(z), f2(z) — ronomopdubIE
dyukyn Ha U, KOTOpPbIE OIPEIEIAIOTCS ¢ TOYHOCTBIO JI0 &I IUTUBHBIX KOMILJIEKCHBIX
koHcTaHT. [lostomy ¢(z) = df (z) Ha U, tme f(z) = f1(2)+ f2(z) — kOMIUIEKCHO3HAY-
Hast rapMonudeckas Gyukius na U (rapmonudeckuii uarerpad Ipuma s nudde-
pennmana ¢(z) va F'). UaTerpupyst or GUKCHPOBAHHON TOUKH 2( 10 TeKyIedi z B U,
nosryanm cootrommenue f(Tz) = p(T)f(z)+¢(T), tae ¢(T) = f(Tz0) — p(T) f(20) =
01(T) + ¢2(T), ¢1(T) = fi(T20) — p(T) f1(20), 2(T) = [f2(T20) — p(T) f2(20),
m(z0) =0, T €.

Tak xe, Kax g 3aMKHYTHIX muddepennuanos [Ipuma, mokasbiBaeTcs, ITO
C-nmmeitnoe orobpazkennue p : ¢(z) — [¢] € H(T, p), koTopoe rapmoHmtecKuii gud-
dbepennman Tpuma ¢(z) 171st p NEPEBOAUT B €ro KJace MEPUONOB [¢], KOPPEKTHO
omnpeeseHo [7].

Hnsa p = 1 rapmonndeckuii qucpdepennuasn [Ipuma wa F' — ogHO3HAYHBIH rap-
MoHnveckuit muddepennuan Ha F, KOTOPBII paBeH CyMMe TOJIOMOP(HOIO U aHTHU-
rosiomopduoro auddepenimanos ua F [6].

MuozkecrBo Beex rapmonndeckux auddepennuanos [Ipuma ¢(z) va F st p €
Hom(T", C*) obpasyer KOMILTEKCHOe BeKTOpHOe TipoctpancTso I'(F, 571 (p)) pasmep-
nocru (29—2) upu p ¢ L,UL,, tak kak I'(F, 7 (p)) = T(F,0%(p)) T (F,0%(p)),

rae Ly — o6pas rpynns L, npu orobpaxkenuu p — p. Bribepem, Kax B [4, 5], 6azuc
{6(p; 2) }jg-;ll s T(F, O10(p)), rosiomopdno saBucsiimuit or p B KazkJI0i 10CTATOTHO

matoit omHocBazHoit okpectroctn U(pg) C Hom (T, C*)\(L, U L,). OamoBpemento
BeIOepeM Gasuc {¢;(p; z)}f;ll 5 I'(F,010(p)), ronromopduo 3aBucsimmit oT p B Kazk-

noft okpecrroctu U(pg) (06pas U(pg) upu orobpaxkennu p — p). Ilosromy nabop
rapmoumnveckux muddepennuasios [Ipuma

D1(p32), -+ Gg—1(p3 2); $1(P5 2), - - -, Bg—1(p; 2)
obpasyer 6a3uc, rosomopduo 3asucsamumit ot p € U(pg). Takum obpazom, HA KOM-
IJIEKCHOM BEKTOPHOM DACCIOEHUH (3TO TAK HA3bIBAEMOE TAPMOHUIECKOE PACCIOEHHEe
IMpuma pig dbukcupoBanHoil nosepxHocru F)
HP= | T(F,2"(p))=Pio® P
P¢L9UZ§
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panra 2g — 2 naj npocrpancrsom Hom(I', C*)\(L, U L,) onpesenena cTpyKTypa
rojioMopdpHOI0 BEKTOPHOI'O PACCJIOCHHUS.
Cxassiproe Tipoussesienne B cioe I'(F, 71 (p)) onpeseneno no dbopmyiie

(0iein(e) = [ [ nsm@ =i [ [+ o)z n T
A A

rie A — dukcupoBanHas GyHIAMEHTATbHAsT 00acTh 1715t I' B U, rpanuria A — moj-

g _
HATHE I KOMMYTaTopHOro myTr || [a;,b;] u3 2o Ha U; ¢;(2) = u;(2)dz 4+ v;(z)dz,
j=1

j = 1,2; * — omeparop Xomka. B [7] mokazano, uto G (paccioenune I'anHUH-
ra) ectb rojoMopdHOe BEKTOpHOe paccioenune panra 2g — 2 uazg Hom(T, C*)\1,
a HP — »pMuroBO roj0MOpP(QHOE BEKTOPHOE PACCIOEHWE paHra 2g — 2 HaJ

Hom(T',C*)\(L, U L,), aBasiomneecst IpsAMOi CyMMOl OPTOTOHATBHBIX SPMHTOBBIX
roJIoMOP(MHEBIX *-HHBapUAHTHBIX BEKTOPHBIX Ionpacciioenuit P o u Py ; panra g — 1
"ns ukcupoBaHHoil moBepxuoctu F poma g > 2. Kpowme Toro, mokazaHo, UTO
oToGpazkeHue IEepUOJIOB P ABJISETCS T'OJOMOP(MHBIM HHHLEKTUBHBIM OTOOparKeHUeM
paccioennit Py g u Py1 B G nag Hom(I',C*)\(Ly U L,) anis moGoro poxa g > 2.

Teopema 2. Ilyctp F' — KoMHaKTHas pHMaHOBa MOBEPXHOCTH poJda ¢ > 2,
¢(z) — rapmonmaecknit mupcpepernman Ipmva st p € [SY29, m [¢] = 0 8 HL(T, p).
Torna ¢(z) =0 ma F.

JTOKABATEJILCTBO 1. Io semme 1 ¢(z) = w(z2) + ¢(2), nae w(z) u ¢(z) — ro-
somopdubie quddepennuan [Ipuma st p u p coorBercrBerno na F'. U3 ycmoBus
[¢0] = 0 u memmbIL 2 ciregyer cyliecTBOBaHUe MyJIbTUILIMKATUBHON dynkinuu f Ha F

s p Takoii, uro w(z) + ¢(z) = df (z) ma U. Ilokaxewm, uro w(z) = 0 = ¢(z) Ha
U. Ilposenem mokazaresbcrBo or nporusHoro. IIpeanosnoxum, uro ¢(z) # 0 na A
(nmm wa F'). Torma, nonoxus ¢(z) = g(z)dz Ha A, nmeem

%//¢A¢://\g(z)|2dxAdy>O.
A A

C nmpyroit croposl, p AP =p Aw+ o A@ = o Adf = —d(fy). Orcrona

/A/soMD—/A/stf—QZfso—O

o Teopeme 1, Tak Kak p1 = p, p2 = p, pp = 1 u s quddepennnana df Bce A- u
B-nepuojpt pasabl 0. Iosyanin nporuBopedne.

Buaunr, ¢(z) = w(z). IloBropsist mpepLLyITe PACCYKIEHHs € t0(Z), HOJIYInM,
aro w(z) = 0 ma U. Dro ke caepyer us [7, c. 469; 4].

JOKABATEJBLCTBO 2. Ucnonas3yss 0603HaAYEHNS MPEIBIIYINErO JOKA3ATETbCT-
Ba, MMOJIYIUM, 9TO

0< (6(2). 6(2)) = / / 8(2) A +3(z) = / F(2)(53(z) = 0.
A OA

ITocnennee paBeHCTBO CHOBa BBIBOAUTCs 110 Teopeme 1. Orcrona (¢(z), ¢(z)) = 0 Ha
A u ¢(z) =0 va A. Cuenoarensho, ¢(z) = 0 va F. Teopema 2 jroka3aHa.

W3 teopeMm 1, 2 BBITEKAIOT HEKOTOPHIE CJIEICTBUS O MEPUOJAX TAPMOHUIECKUX

muddepennuanos [Ipuma n o rapMoHmYIecKOM BeKTOpHOM pacciaoernu [Ipuva H P
mag [S1]29\1.
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CaencrBue 1. apmonmnyeckuii gupdepennman Ilpuma ¢(z) ma F s
p € [SY)* eauncrsento onpenensiercst ceonm Kiaccom mepuosos [¢] € HY(T,p) n
L(F, % (p)) = H'(T, p).

JOKABATEJBLCTBO. Tak kak orobpaxkenue mmepuoioB p — C-ymneiinoe nHbEK-
TuBHOE OTOGpakenne (2g — 2)-MepHOrO BekTOpHOTrO Tpoctpanctsa I'(F, 71 (p)) B
(2g — 2)-mepnoe BekTopHOe ipoctpanctso H (T, p), To I'(F, 71 (p)) = HY (T, p) nua
p € [S1]%9. Cnencreue 1 nokazaso.

[epsas rpymma H1 r(F, p) xoromosoruit ne Pama Ha F' 17151 p olpeiesisieTcst Kak
dakTop-tipoctpanctso mpoctpanctsa A(F, p) (Bcex 3aMKHYTHIX mucdhepeHmaios
ITpuma wa F xaacca C° st p) o nogupocrparctsy dC(F, p) (o6pa3 npocTpas-
crBa C°(F, p), COCTOSIIEro U3 BCeX MyJIbTUILIMKATUBHBIX dbyHKIuii Ha F' kiacca C
g p, no oneparopy auddepennuposanus d). o semme 2 s yio6oro p orob-
paxkenme nepuomnos p : AY(F, p)/dC>(F,p) — H'(F, p) KOPpPEeKTHO OmpeeseHo u
MHBEKTUBHO. B cmity mokazaTenbcTsa TeopeMbr 2 s p € [S1]?9 ecrecTennoe 0To6-
paxkenue I'(F, ' (p)) — H}, 5 (F, p), KOTOPOE CONOCTABIISIET TAPMOHUYECKOMY Jiib-
depennmany Ipuma ¢(z) mist p ero kirace koromosoruit [¢(z)] = {d(z)+dC>(F, p)},
Oyaer mabekTUBHBIM. CocTaBuM Ielh MHHEKTUBHBIX C-JIMHEHHBIX 0TOOparKeHui

L(F,. " (p)) — Hpp(F,p) & H'(T, p).

Hasip € [S 1]29 KOMILJIEKCHBIE BEKTOPHBIE ITPOCTPAHCTBA, Ha, KOHIIAX 9TOU IEITH UMEIOT
onmHAKOBBIE pazMepHocTH. OTCIOIa HEOCPEJICTBEHHO MOy IaeM

Caencrsue 2 (amasoru Teopem ne Pama u Xomka). s p € [SY]?9 seprbt
coorromennst I'(F, Y (p)) = HLp(F,p) = HY(F,p), u mis m060ro 3aMKHYTOrO
audpepenruana Hpuva ¢(z) na F knacca C™ miIst p CyImecTByeT eIMHCTBEHHOE Pa3-
noxxerne Xomka ¢(z) = ¢o(2) +df (2), ne ¢o(z) € T(F, 51 (p)), f(z) € C®(F,p), a
Taxke Jis joboro Kaacca nepuosios (] € HY(T, p) cymecTByer 3aMKHYTBIi -
depenrman Ipuva ¢(z) na F xnacca C™ s p Taxoit, aro [¢] =[] 8 H(T, p).

Amnanor teopemsl XomKa moIydeH B [3] ¢ HCIOIBL30BAHMEM CJIOKHOM TEXHUKH
AHAJIMTUYECKUX JIMHEHHBIX PACCTOCHU HA PUMAHOBBIX MOBEPXHOCTSX, AHAJIOT TEOPe-
Mol sie Pama — B [8] ¢ ucnonpzoBanueM Koromosioruit ¢ KoadduimeHTaMu B Iy 4kax
na F'. Hamre mokazaTenbcTBO He TpeOyeT TaKO# CJIOKHON TEXHUKU.

Teopema 3. Bekropubie paccioenus Lannunra G u Ipuva HP mag [S1]29\1
OyyT BEIeCTBEHHO-aHAJUTHIHO H30MOpGHbIME, U pacciaoenne lamumura G Haz
[S1)29\1 paBmO mpsMOIi cymMMe ABYyX BeNeCTBEHHO-aHATHTHIECKHX KOMILICKCHBIX
BEKTOPHBIX TIOJpaccjaoeHuii panra g — 1 st jirob0i KOMIOAKTHOH DHMAHOBOMH II0-
BepxHoctu F' pona g > 2.

JIOKA3BATEJIBCTBO. 3auaaum KoHeuroe nokpbitue misg Hom (T, C*)\1 orkpsi-
teivu okpectrocTsvu U; = {p : p(A4;) # 1}, Ugy; = {p : p(B;) # 1}, j =
1,...,9 [7]. VImeem

[S']29\1 € Hom(T',C*)\(L, U L,) € Hom(T',C*)\1,

qTO cpasy caexyer u3 teopembl Papkama — Kpa [6, ¢. 130], mo xoTopoit Jro6oit
HOPMUDOBaHHbIH HeCyIecTBeHHbIH XapakTep Oyjer TpusnaibabiM. Ha [S1]29\1 ecth
€CTEeCTBEHHAs BEIIeCTBEHHO-aHAJIUTUIECKAs CTPYKTYPa, COrJIACOBAHHAS € KOMILJIEKC-
Ho-aHajuTHIecKol crpykTypoit ma Hom(I', C*)\(Ly U Ly). Hosromy ronmomopdmsre
BekTOpHBIe paccioennsst G u HP wan Hom(I',C*)\(Ly U L), orpaHnudeHHbBIe Ha
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[S1]29\1, 6ymayT BemecTBeHHO-aHATUTHICCKAMI KOMILTCKCHBIMH BEKTODHBIME DAac-
coernsivm [10], a nocroiiabiit C-nuHeRHBIH M30MOPMOU3M P BEIECTBEHHO-AHAINTHA-
weckuM nzoMopduzMom paccitoennit G u H P mag [S1]29\1.

Bropoe yrBepKenue cieayer u3 reopeM 1, 2 B [7] u Teopemsr 2. Teopema 3
JOKa3aHa.

3AMEYAHUE 2. U3 teopemsbl 1 BbITEKaAET, YTO YCIOBUE

Z{l—pp ) [ 1) <T@ - (1~ pola /f ) &z }#

=1
J zea] z€b

SBJIAETCS HEKOTOPBIM KOIUKJINIECKUM <IIPElsITCTBUEM» K B3AUMHOMN OJIHO3HAYHOCTH
orobpazkenus nepuosos p : I'(F, #(p)) — HY(T, p) nas p € [Hom(I',C*)\(Ly, U
Lg)\[S]?9, tae ¢(2) = df (2) € d(C>(F, p)) NT(F, 77 (p)).

3 Teopembl 1 nosydarorcs aHaaorn OUIMHEHHBIX coOoTHOIICHUH Pumana s
caydasi mucddepentnuaios [Ipuma.
1
p1’
anbo ps = p1, p1p1 = 1, TO AJ1s JIFOOBIX JBYX TOJIOMOPDHBIX AH(DGEpPEeHITNATIO0B
IIpuma ¢(z) u Y(z) aus p1 u pa coorBercrBerHo npu ¢(z) = dh(z), ¥ (z) = dg(z),
9(z0) = 0 = h(z9) Ha U BepHo pasercrso Ilpnma

CanencrBue 3. 1. FEciam jgmubo p; u py B3aHMHO OOpaTHBI, T. €. po =

Z{ ~1)(1 = pa(Bj)) = p2(B;)(¢(C5) + 6(B)))|(4;)

+ [(p2(45) = De(Cr ... Cj1) + p2(A;)d(4;) — (C)]P(B))} = 0;

2. st smo6oro rapmonudeckoro guggepenruaia Ipuma ¢(z) = ¢1(2) + da(2),
d(2) = df (2), f(20) =0, *¢(2) = df1(z), fi(20) = 0, pu p, |p| = 1, BepHO Hepasen-

crso Ilpuma

iy [6(Cr...Ci1)(L = p(B))) — p(By)(#(Cy) + &(B))(61(4;) — d2(4;))

+1(p(A)) = DO(Cr ... Cjm1) + p(A))$(A7) — 6(C)))(61(B)) — ¢2(B;))} = 0.

3AMEYAHUE 3. Ecau 6pars p; u po IPOU3BOIBHO, TO PABEHCTBO U HEPABEHCTBO
[ITpuma nostygatorcss B obIieM Bujie U3 TeOpeMBbI 1.

3AMEYAHUE 4. U3 mepasencrBa Ilpuma myis ciaydas rosomopdubix mudde-
penrmasnos [Ipuma ¢(z) mpu yenosun, uro ¢p(A4;) = 0,7 =1,...,9, mus p, |p| = 1,
BBIBOJINM HEPABEHCTBO

0< (¢(Z),¢(Z))

JO(B1) + -+ 0(Aj-1)0(Bj-1)) + 0 (4;)6(B;)|¢(B;)-

Ecau monomunrensuo B3ath p(A;) = -+ = p(4y) = 1, 10 6ymer ¢(z) = 0. Dror
ClIeNUAIbHBIH cirydait noiayden B [3], rue ronomopdubiit nuddepentuan Ipuma ¢(2)
o p, |p| = 1, emuscTBerHO ompenesnsercs mo ¢(A1), . .., ¢(Ay), yOOBIETBOPSIOMIM

YCJIOBHIO i o(B;)e(4;) =0.
j=1
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Caenctsue 4. s moboro py € [S129\1 cymecrsyer oxpecrrocts U(pg) C
[S129\1 rakas, uro aus p € U(pg) N Uy B T'(F, 5 (p)) cymecrByer 6azuc rapmo-

HrIecknx jugdepennuanos Ipuma ¢1(p;2), ..., ¢2g—2(p; 2), BelleCTBEHHO-aHAH-
THYECKH 3aBUCAIHI OT ) ¥ HMEIOIINIT MATPHLLY MEPHOJOB OTHOCHTEIBHO Ag, . .., Ay,
By,...,By Buna Io,_o (eguuuinoif MaTpHIBI HOPAAKa 2g — 2).

JIOKA3BATENBCTBO. Han U(pg) Boibepem 6a3uc rapmonundeckux muddepeHiu-
ajoB IIpuma

G1(032)s -+ Dg—1(032), 0175 2)s -+ s Dg—1(; 2)

Ha F' s p, BellecTBEHHO-aHAIUTUYECKN 3aBucsuii or p (Teopema 3). Cocrasum
A B
OJIOYHYIO MATPHUILY ¢ D ) KIACCHIECKUX NEPHOJOB OTHOCHTEIILHO Ao, .. Ay,

By, Bs, ..., By nns storo 6asuca, tae A = (amk), B = (b)), C = (cmk), D = (dm1),
m=1,...,9—1, k=2,3,...,9, 1l =1,2,...,¢g, Tak KaKk mjsg p € U; MOXKHO BbI-
6paTh MpeJICTABUTENb B KJIACCE [IEPUOJIOB Takoil, uro mepuoj, na A; Oyrer pasen 0.
Ecmu cymecrByer smneitnas 3asucumocts Hag C st 2g — 2 ¢Tpok, T. €. rapMo-
Hudeckuit nuddepennuai Ilpuma ¢ Hy/eBbIME OA3MCHBIMU IIEPUOJIAMHU, KOTOPBII
o TeopeMe 2 TOXKJIeCTBeHHO paeH (), a 9TO HEBO3MOXKHO W3-3a BbIOOpa Oasuca B
[(F, 7 (p)). Takum o6pasom, MaTpuIa (amk b ) =M, tnem=1,...,9—1,
Cmk dmk

k=223,...,g, umeer 2g — 2 juueiiHo He3aBucuMmbix HaJ C cTpOK, U ee ompeesn-
Tess He pasen 0. ClesaB HEBBIPOKIEHHOE JTMHelHOE mpeobpasosanme B I'(F, 221 (p))
¢ marpureit M !, momyumMm Tpebyemblit 6a31uC rapMOHHUECKHX M bepeHInaionB
[Ipuma. Crencrsue 4 1oKa3aHo.

CaenctBue 5. lapmonudeckoe pacciaoernue Ilpuma H P 6ymer BerecTBeHHO-
AHAJINTHYEeCKH H30MOP(HO TPHBHAJIBLHOMY BEKTODHOMY paccaoennio vas [S1]29 NU;
Jtst iroboro j = 1,...,2g.

JIOKA3ATEJBCTBO 1. locTaTouHo mokasaTh yTBep:KaeHue st p € Uy = {p:
p(Ay) # 1}. Nmeem oTobGpaskeHnst

$(2) B (0] = (B(A2), ..., 8(Ayg), ¢(B2), ..., d(By)).

IlepBoe oTobOpaskeHne p MHBLEKTHBHO 10 Teopeme 2 Haj [S']?9, Bropoe — BBHIY
1 g
¢(B1) = (A7) > [0(B))$(4;) — o(A;)6(B;)]

=2
man U;. Ilpuduem oba oTobOpakeHHUS BEIIECTBEHHO-AHAJIUTUYIECKHU 3aBUCAT OT p €

[S1]?9 N U;y. Taxum obpazom, HP =2 ([S1]29 N Uy) x C?972.

JOKA3BATEIBCTBO 2. Ilo Teopeme 3 H P BemecTBEHHO-aHAJIUTHICCKU U30-
mopduo G uag [S1]29\1, a o Teopenme 1 u3 [7] G naj Uy KOMILIEKCHO-aHATATHICCKH
msomopduo Uy x C2972, Cregcrsue 5 DOKa3aHo.

Cunencrsue 6. Ilycts p ynosiersopser yciaosuam p° = 1, p(A;) = —1. To-
raa crosbisr B Marpuie nepuoios {(ai;); (bij) Yiz1,... (g—1)ij=2,...,¢ U3 caegcTsus 4
R-J1MHEHO HE3aBUCHMABL.

JIOKABATEJIBCTBO IMPOBOIUM OT MPOTUBHOTO. [IpemnooKumM, 9To 3Ta MaTpu-
Ia, IpeCTaBJICHHAs KakK HAbOp CTOIOLOB (71, ..., Tag_2), UMeeT R-IuHEHHO 3aBU-
CHMBIE CTOJONBI, T. €. CYWIECTBYIOT He Bce HyneBele 2; € R, j = 1,...,29 — 2, &
2171 + -+ + Zog_oMag—2 = 0, rme m; = m;(p). 13-3a BEIOOpa crermanbHOrO Hasuca
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B ['(F, 7 (p)) mmeem z171(p) + -+ - + Tog_2mag—2(p) = 0. OGpasyeMm KBajgpaTHyIO
MAaTPHILY
(m(p) mgz(p)) _
mi(p) ... mg-2(P)

mopsijika 2g — 2. V3 mpeapliynux JABYyX PaBEHCTB CJIEJIYeT, YTO CYIIECTBYET JId-
HelfHasg KOMOMHANUSA 2g — 2 CTOIOIOB C BEIeCTBEeHHBIMU KoM duimenTamMn ;, j =
1,...,2g—2, koropas pasua 0. CremoBarenbuo, paur M menbire, gem 2g—2. [ToaTo-
My HaflIyTCsl KOMIUIEKCHBIE HTHCIIA 21,...,%Zg—1, W1, ..., Wq—1 (HEe BCe HYJIN) TaKWe,
9TO CYIIECTBYET JIMHEHHass KOMOUHAINSA 29 — 2 CTPOK C 3THUMHU KO DUIIHEeHTAMN
paBHag 0, T. e.

g—1 g—1
/(sz¢j(072)+zwj¢j(ﬁ,2)> =0, i=1...,2g.
j=1

N, V=L
ITosto:xus
g—1 g—1
0(2) = z6i(p2), b(z) =Y We;(p,2),
j=1 j=1

Hostomy u3 memmsr 2 crepyer, uto ¢(z) +¥(z) = df, f € C®(F, p). Ilo Teopenme 2
nmeeM @(z) = 0 = ¢(z) ma F. Ho sr1o mporusopeunt smbo C-ruueiiHoit Hesa-
BHCHMOCTH ¢1(p, 2), ..., 0g—1(p, 2), mubo C-numneitnoit mesasucumocta ¢1(p, 2), . ..,
¢g—1(p, z). Caencraue 6 jpokazaHO.

U3 3T0r0 CIIeICTBUS JIJISA P, CBSI3AHHBIX CO CIIMHOPHBIMU CTPYKTYPaMu (CM. Tak-
ke npumep [6, c. 133, 350]) MOJIy9aeTCs, ITO CTOJI6LLBI T, ..., Mag—2 38JAIOT LEJIO-
amcstenmyto perterky L mepuogos B C9~1 u €9~ 1y L — KOMILIeKCHBIH KOMIAKTHDII
Top pa3mepuoctu g—1. Ero ecrecTBento HazpiBaTh MHOTOOOpa3ueM Axobu — IIpuma
s F

§ 4. Ilepuoasr rosomopdubix auddepennuaioB ITpuma

Nsgecrro [4,7], uro romomopdusiii muddepenmman puva ¢(z) s cyme-
CTBEHHOI'O XapaKTepa p eJMHCTBEHHO ONPEJIEsIsAeTCsi CBOUM KJIACCOM IIEPHOJIOB [¢].
B [7] mokazano, uro kiacc [¢] upu p € Uy 3a1aercsd eIMHCTBEHHBIM 06Pa30M uepes3
csou Gasucusle nepuonsl ¢(A1) = 0,¢(Az),...,¢(Ay), ¢(B1),...,0(By). Beracuum,
KAKOe MUHUMAJBHOE UHCJIO0 GA3UCHBIX EPUOJOB HAJO0 33JaTh, YTOOBI IIOJHOCTHIO
onpenenuth auddepernuan [Ipuma ¢(z).

ITycrs ¢(z) — rosomopdubiii nuddepentman [Ipuma s CymecTBEHHOIO Xa-
paktepa p, p € U;. Boibepem 6asuc rosomopdubix guddepennuasnos [Ipuma ¢ (z),

.oy ¢g—1(2) nust xapakrepa p~' € U;. Torya GasucHble KJIacCHUeCKHe HEPUOJIBI
G20 (A1)s o D2 (Ag)s D20 (B1), ..., ¢z, (By) CBA3aHBI CHCTEMO}i ypaBHEHMI

0—//¢m YAG(z), m=1,...,9—1,
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3 [0(B)) s (A)) — 0(A7)824(B))] = 0.

Jj=1
ITo Teopeme 1 nepsbie g — 1 ypaBHEHUIT MOKHO 3aIIMCATh B BUJE CHCTEMbI ¢ — 1 Jjin-
HeMHBIX ypaBHEHUIT ¢ 2g HeU3BECTHBIMU ¢4 (A1), ..., ¢z (Ag), G20 (B1), -5 &2 (By):
g

D Al6m(Cr-.. Cim1)(1 = p(By) = p(B1) ($m(Cy) + S (Bi)]dz (4))

+ [(p(A5) = Dom(Cr ... Cj1) + p(A;j)dm(A)) — om(C))0=(B;)} = 0, (%)
m=1,...,9—1.

Eciu ¢.,(A1) # 0, To BBIGEpeM Apyryro GA3UCHYIO TOYKY 2z C YCJIOBHEM

¢z (A1) = 0, tae 5oy éz (A1) + f(20) = f(z1), ¢(2) = df(2) ma U. Baduxcn-

pOBaB z1 JyId Kaxkaoro m = 1,...,g— 1, ornensuo Boibepem uarerpai puma f, (z)
IS Oy (2) € yermoBueM (¢n,) ¢, 2 (A1) = 0. Taxk, ecm/I (dm) fon,z1 (A1) # 0, TO 3ame-
HAM fm(z) Ha fm(z) + ¢m C YCIOBHEM Cp, = U(A (¢7n)fm z1 (Al) B nanbreitmem

JJIA KpaTKOCTI/I 3allucu 6yﬂ€1\l OHyCKaTb MHJIEKCBI fm n zx y HepI/IO,HOB.
IMocsie »Toro BEIGOpA IpeAbLAyINas cucreMa (*) OyJer UMeTh MATPUILy BHIA
(@mi; bmi), TIe

amk = [$m(C1 ... Cr—1)(1 = p(Bk)) — p(Bi)(¢m(Ck) + dm(Br))];

bt = [@m (C1 - .. Ci1)(p(A1) = 1) + p(A1)dm (A1) — ¢ (C1)],
k=2,...,9,l=1,...,9,m=1,...,g—1. Ilokaxkem, 9T0 paHr 3TOil MATPUIILI PABEH
g — 1. [eiticTBuTenbHo, mycTh panr ¢crporo Mmenbie, geM g — 1. Torma cymecTByer

JinHelHas KOMOMHAIMA U3 CTPOK ITOI Marpwuilsl, paBHas (, U mOgydaeM CHCTEMY
ypasrenuit (1y1s1 rosjomopduoro guddepennunana [puma ¢(z) as p~1 ¢ kiraccom

epuoios [¢]):

_5(01 e Cgfl)U(Ag) + p(Ag)g(Ag) - %(Cg) =0.

Yuuremas, aro ¢(1) = 0, 0(A;) # 0, ¢(A;) = 0, U3 g-TO ypABHEHHS IOTYTIM
#(C1) =0 u ¢(By) = 0. U3 nepporo u (g + 1)-ro ypasHenuil BLIBOIUTCS, 9TO
U(B2)~ ~ 1 ( J(BQ)>~ O'(AQ)'V
- Az) + (B =0, As) + Ap) — By) =0,
o(Bo) U OB AR H B,y ) ) ) P
a suauut, p(Ay) = 0 = ¢(B,). Barem us (m — 1)-ro u (g + m — 1)-ro ypasuenmuit
HOJIyIa€M CHCTEMY
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njmm CUCTEMY

o(Bm) ~ e ( U(Am)> e Py
— A, Bn)l(1 =0, Am Am B,) =0,
TR (A + 3 1+ 3 p(Am)BA) + 3By
a 3HAYUT, 5(Am) =0= %(Bm) ansm = 3,4,...,g. Takum o6pasom, ronomopdubrii

muacddepentman [puma ¢(2) mas p~ L Gymer nvers Krace epuoios [¢] = 0. ITostomy

¢(z) = 0 Ha A, HO 9TO IPOTUBOPEYUT JHHEHHON HezaBucuMocTy AuddepeHIyaion

Hpuma ¢1(2), ..., ¢g—1(2) mas p— L.

Ciie1oBaTeIbHO, IO TEOPEME O PAHTe MATPHIIBI OyJIET CyIIeCTBOBATH TOYHO g — 1
JIMHEHO HE3aBUCHMBIX CTOJIOIOB MATPUIbLI cucreMbl (*). BpimosHss siementap-
Hble NIpeoOPaA30BaHUs HaJ CTOJIOIAME, IPUXOIUM K TOMY, YTO T4 MATPUIQ IKBU-

BajienTHa Marpuie IIpuma u3 6a3ucHbIX mepromoB Hs 6asuca ¢1(z),. .., ¢qe—1(2) :
(dm(Ag); dm(By)), tnem=1,...,g—1, k=2,...,9,l=1,...,g. B marpuue IIpu-
Ma MOXKHO y6pars croubern (¢1(Bi),. .., ¢g—1(B1))’, TaK Kak OH sABJISETCS JIHHEHHON

KOMOMHaIel oCTaJbHBIX CTOJIOO0B. BBeeM 00o3HaueHms
{Nla-“ngqu-i-la-- '7N2_q} = {AlaA27"'aAgaBlaBQa"'7Bg}

(ar0 paBeHcTBO yHOpsoUeHHBIX Hab0poB). CyinecTByer POBHO g — 1 MHIEKCOB
i1,...,9g-1 3 {2,3,...,9,9+ 2,9 + 3,...,2g}, KOTOpble COOTBETCTBYIOT JIMHEHHO
He3aBHCHMBIM CTOJIOnaM Hocseguelt Marpunsl. Torma, momoxkus ¢(N;) = 0 myst Becex
J & {in,... ig—1}, 7 €1{2,3,...,9,9+ 1,9+ 2,...,2g}, u3 cucremsl (*) IOTyInM
oJHOpOJIHYI0 cucTemy u3 g — 1 ypasmennit ¢ ¢(Ny, ), ..., ¢(N;, ) HemssecTHBIMU U
onpesiesmrenem, re papubiv 0. Orciona ciejyer, uto Bee ¢(Ny, ), ..., ¢(Ny, ) Toxke
pasubl 0. TToaromy [¢] = 0 u ¢(2) s p Toxke ToxKmecTBeHHO paseH 0.

Teopema 4. Jlupdepenrman [Ipuma ¢(z) € T(F,010(p)) ast cymecrsentoro
xapakTepa p, p € Uy, onpenensercss eIHHCTBEHHBIM 00pa30M <IIOJOBHHOM» CBOHX
basucrpix nepnoaos ¢(Nj, ), ..., ¢(Nj,_,), rae

0(A1) =0, {Ni,...,Ng,Ngy1,...,Nog}t ={A1,49,...,Ay,B1,Bs,...,B,}

a{ji,...,jg—1} — (9—1)-amemenrroe mogmuOKecTBO B{2,3,...,9,9+2,9+3,...,29},
sapucstinee ot Beibopa 6azuca B T'(F, 010 (p~1)).

JJOKA3ATEJ/ILCTBO. PaccMoTrpuMm cucTeMy ¢ pacIImpeHHON MaTpurei

a1 a2 . aig b11 Ce blg ¢(A1)
o4 | _,
¢(B1)
ag,1’1 ag,m ag,l’g bg,1’1 bgfl’g
o(Bi1) o(B2) ... o(Bg) —o(A1) ... —o(Ay) ¢(B,)

Bagas nopxongniyio smueiinyo komOunaruio nepsoro u (g + 1)-ro cronbos,
noayauM BMecTo (g + 1)-ro crosbua HOBBIHA CTOJIOEIN, Y KOTOPOrO BCE 3JIEMEHTHI
paBabl 0, KpOMe MOCTEHEr0. DTOT MOCIETHUN 9JIeMEeHT Oy/IeT UMETh BUJ

—o (A1) - —o(A)
p(B141) } —old) = p(ABy) 70

upu p € Up. YiKe JI0KA3aHO, YTO PAHI MATPUIBL (Amk; bmi), THe M = 1,..., (9 — 1),
k=23,...,9,l = 1,2,...,g, paBea g — 1, a 3HaYUT, OHA MMeeT POBHO ¢ — 1

{[a(Bn T o(B)o(A)]
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JIMHEHHO HEe3aBUCUMBIX CTOJIOMOB. IlepecTramoBKoil CTOJOIOB pACIIMPEHHON MaT-
PHUIILI TTOCTABUM 3TH JIMHEHHO HE3aBUCHMBIC CTOJIOIBI ¢ HOMEPAMH iy,...,Ig—1 C
{2,3,...,9,9+2,9+3,...,2g} Ha mecro 2,3, ...,g. Torma marpura

711’1'1 e TLLZ‘g_1

0
0
Ng—14 -+ MNg—14,, 0
* * * my

rae, Hampumep, (@11 ... a@ig bii ... big) = (R11 ... Ni2g), EMeET HeHyJIeBOi
onpezesnrenb. ITockombky ¢(A1) = 0, To, B3sB ¢(N;) = 0, j € {2,3,...,9,9 +
2,9+3,...,29}, 7 ¢ {i1,...,i4-1}, momyunm, uro ¢(N;,) =0, k=1,...,9g— 1L
IMosromy [¢] =0 u ¢(z) = 0 ma A. Teopema 4 jokazaHa.

SAMEYAHUE 5. @opMmyaumpoBKa TeopeMbl 4 U JIpyroe ee JI0Ka3aTeIbCTBO B
HesiBHOIT bopMe cozepkarcst B Teopeme 1 u3 [7]. IIpuBenenHOe 37ech T0Ka3aTE b
cTBO HOJIee MPOCTO U TIOKA3BIBAET SBHYIO CBsA3b ¢ Mmarpureil [Ipuma m3 OasmcHbIX
epuoIoB i 6asuca rogomopdubx auddepenimanos [Ipuma mis obparHOro xa-
pakTepa.

Harnomuum, uro B 7] aust 6asuca ¢1(z2),...,¢4-1(2) B D(F,00(p)) ana p €
Ui\ L4 nccienoBaiach MaTpUIa U3 KOMMYTATOPHBIX IIEPHOJIOB

(@m([Ak, A1]); O ([B, A1) = (A1) (dm (Ar); dm(Br)),

o(A1) # 0, tme m = 1,2,...,9g — 1,k = 2,3,...,g9. Iocnennsiss MmaTpuna mmMeer

paHr g — 1, u, mepecTaBIIdAsa JIMHEHHO HE3ABUCUMbIE CTONOIBI ¢ HOMEPAMU 41, . . ., 1g—1
Ha JIEBYIO TIOJIOBUHY 9TOH MATPHUIBI, TOJIYIUM SKBUBAJIEHTHYIO MATPUILY (G (N, )),
m=12,...,9—1,k=1,2,...,29 — 2. 3xech i1,...,i2g—2 — TEPECTAHOBKA CHM-

BosioB 2,3,...,9,9 + 2,9 + 3,...,29. O6oznauum sty marpuiy uepes (My, Ms),
det M7 # 0. B3siB HOBBIIl Gasuc

(‘ZI(Z)’ R (Zg,1(z>>l = (¢1(z>7 R ¢g*1(z)) {’

rae ' 03HAYaeT TPAHCIOHUPOBAHWE MATPHUIILI, TOJYINM TaK HA3BIBAEMBII KAHOHU-
qeckuit 6azuc guddepennnanos [Ipuma, KOTOpBIT nMeeT MaTPUILy MEPUOIOB BUIA
(Ig-1, Mngl)7 OTHOCHTEIHHO HEKOTOPO IEPEeCTAHOBKHU A A3, ...,0g,b2,...,bg
Ha F. Orcrooma BeITEKaET

Canencreue 7. s moboro py ¢ Ly cymecrByer takas okpecrrocts U(pg) C
Hom(T', C*)\ Ly, uro mst p € U(py) cymecTByeT KAHOHHIECKHI 6a3HC IOJTOMOP(HBIX
aucppepennuasios Ipuma va F, romomopgno 3asucsiuii or p € U(pg), npu Jio6om
g =2

JLOKABATENBCTBO. C y4eTOM IPE/IBIIYIEr0o PACCY 2K /IEHNS 9TO CIIEYET U3 J10-
KazaTesabCcTBa TeopeMbl 1 B 7] u mocrpoenust 6asuca rosomopdubix quddepernna-
soB ITpuma, rosoMopdHO 3aBUCSIIMX OT XapakTepa p, B [11].

Bamernm, 910 3TOT pesyabrar (ciencrsue 7) mosayden P. Tamamarom [5], HO
€ro JI0Ka3aTebCTBO Tpebyer MmocTpoeHus OGa3uca roJoMopdHbIX auddepeHIaaos
[Tpuma gepes cioxKHBINM anmapar 0O0OIIEHHBIX TITa-PYHKIUNE 1 Oa3UC TOJIOMOPMOHO
3aBUCUT TOJBKO OT XapakTepoB. Hairre 0ka3aTebecTBO UCIOIL3YeT JIPYroii 6asuc
romomMopdHBIX muddepenimaaos [Ipumva, KOTOPBIH 3aBUCUT TOJTOMOPGPHO HE TOJIHKO
OT XapaKTepOB, HO M OT MOJLyJIell KOMIIAKTHBIX PUMAHOBBIX IIOBEPXHOCTEN.
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CaencrBue 8. Bekropnoe paccioenue Ilpuma Pyg (u Pyy) paxra g — 1 6yaer
BEINECTBEHHO-aHAJTATHIHO H30MOP(HO TPUBHAJIHHOMY BEKTODHOMY PACCIOCHHIO HAJT
((1,...,1) x [SY9) N Uy npu mobom j =1,....g.

JLOKA3ATEJ/JIBCTBO. JlocTaTovuHO MO0Ka3aTh yTBEp:Kaenue npu j = 1. U3 npe-
aoxkennst 3 B (3] mwmm u3 3amedanus 4 upu |p| =1, p(4;) = 1,5 =1,...,9, creny-
et, uto rojoMopdubil quddepennnan Ipuma ¢(z) 1uIst p eMHCTBEHHBIM 00PA30M
omnpefensercs nabopoM coux A-mepuonos ¢(A1), ..., ¢(Ay) ¢ ycaoBuem

T 2 (B)olA,)

j=2

$(A1) =

Orciona Pjo BeECTBEHHO-aHAINTHIECKH M30MOPGMHO TPHBHAILHOMY BEKTOPHOMY
paccioennio {[(1,...,1) x [S19] NUy41} x CI971. Cuencrsue 8 nokazano.
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