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Abstract. We derive by the traditional algebraic Bethe ansatz method the Bethe equa-
tions for the general open XXZ spin chain with non-diagonal boundary terms under the
Nepomechie constraint [J. Phys. A 37 (2004), 433-440, arXiv:hep-th/0304092]. The tech-
nical difficulties due to the breaking of U(1) symmetry and the absence of a reference
state are overcome by an algebraic construction where the two-boundary Temperley—Lieb
Hamiltonian is realised in a new Ugslp-invariant spin chain involving infinite-dimensional
Verma modules on the edges [J. High Energy Phys. 2022 (2022), no. 11, 016, 64 pages,
arXiv:2207.12772]. The equivalence of the two Hamiltonians is established by proving Schur—
Weyl duality between Ugsly and the two-boundary Temperley-Lieb algebra. In this frame-
work, the Nepomechie condition turns out to have a simple algebraic interpretation in terms
of quantum group fusion rules.

Key words: quantum integrable models; non-diagonal K-matrices; Verma modules; Temper-
ley—Lieb algebras
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1 Introduction

Let us consider the open XXZ Hamiltonian acting on H := (C2)®" with the most general
boundary fields

N-1
1
Hya. = 3 (oF0f +olol | + cosh(h)ofof, + sinh(h) (07, — 07))
=1
sinh(h) Byt kO — |
h(h(9, z
2sinh(hd;) cosh(hky) (e of +e oy 4 sinh(h( l+”l))‘71)
sinh(h)

ol + e Moy — sinh(h(6, + Kr))ok) (1.1)
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depending on 7 parameters h, d;/,, £y, and 6;/,, where

0 1 0 —i 10
T __ Yy __ zZ _
il () B V) R

are Pauli matrices and

1 0 1 1 00
+— (4T L iqY) — — — 2 (5% _isY) =
o —2(0 +i0Y) (0 0), o 2(0 io?) <1 0)

are raising and lowering matrices. Performing a rotation of angle 6 around the z-axis shifts 6,
by 6 while leaving the other 5 parameters unchanged so one can always set, for example, 6, to 0.
In other words, the spectrum of H, 4 only depends on the difference

©:=0,—0, (1.2)

and so there is actually only 6 relevant parameters.

While it is known from Sklyanin’s boundary Bethe ansatz formalism [58] and the subsequent
construction of boundary K-matrices [21, 22] that H), q. is integrable, the rigorous implementa-
tion of this procedure for the most general choice of parameters is far from being straightforward.
The main reason is that the non-diagonal boundary terms in (1.1) containing crfE and a]j\tf break
the U(1) invariance of the usual XXZ model and so \T>®N is not an eigenvector of H,, q. anymore
and cannot be used as a reference state (also sometimes called “pseudovacuum”) for algebraic
Bethe ansatz (ABA).

In the last twenty years, various new approaches have been proposed to circumvent this
problem. A first major breakthrough was made in [53, 54] and independently in [10], with the
derivation of the Bethe ansatz equations (BAE) under the assumption

O +kK +0+K £O0=2M+1—N € Z, (1.3)

where M > 0 is the magnon number, a constraint informally known as the “Nepomechie con-
dition”.? Later on, the BAE for any choice of parameters were derived [60] and it turned out
that if the constraint (1.3) is not satisfied they contained an additional “inhomogeneous” term,
which moreover fixed the magnon number to M = N (see more details in Appendix C). The
same equations were also obtained using various forms of coordinate Bethe ansatz [16, 20, 57]
and the separation of variables method [44]. Additionally, the closely related modified algebraic
Bethe ansatz formalism was developed [2, 6, 7, 8] as well as an algebraic framework based on
the so-called g-Onsager algebra [5].

Although these methods provide a satisfactory solution to the spectral problem of H,, 4 it is
fair to say they are rather indirect and still lack a simple representation-theoretic understanding.
Indeed, in the above-mentioned works, the BAE are either derived by analytically continuing
some truncated functional relations and fusion rules at roots of unity [53, 54], by using an intri-
cate dynamical gauge (or face-vertex [31]) transformation [8, 10] or by writing the most general
form for the eigenvalues of the transfer matrix respecting certain analyticity conditions and
asymptotics [60]. In all these different approaches, the Nepomechie condition (1.3) naturally
appears at some step of the computation but its representation-theoretic meaning remains elu-
sive. Notice that the role of Nepomechie condition (1.3) was also touched upon from different
perspectives in several other works [2, 3] (see also [33] for the XXX case).

In this paper, we will rigorously derive the BAE for all Hy, 4., under the constraint (1.3) by
standard algebraic Bethe ansatz and explain the algebraic origin of this condition.

One can also show that the spectrum of Hy, 4. does not depend on the sign of © (see end of Section 2.1).
2Note that the notations a, B+, 6+, 1 in [54] correspond here to 0t/rs Kijrs 0iyr, h respectively and that
k=2M + 1 — N according to [54, equation (3.31)].
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Our first step is to reinterpret Hy 4. as (a representation of) an abstract element

N-1

H := —ub — prbr — Z €
=1

belonging to a certain lattice algebra, namely the two-boundary Temperley—Lieb algebra
2Bsy, Yo evaluated in a specific 2V-dimensional representation (Wo, pw,) called the vacuum
module (see definitions in Section 2.1). Concretely, this means that, with some (explicit) map-
ping of parameters (h, &;/,, K1/7, ©) < (0, yi/r, Y, pi/r), we have Hy q. = pw,(H) (see Theorem 2.1
which is due to [19]).

The next step is to repackage all the H,, 4. satisfying (1.3) into sectors of a different spin chain
whose Hilbert space

Hop := Vo, @ (CH®N @V,

is constructed from N Spin—% representations and two infinite-dimensional Verma modules V,, I
of the Uysly quantum group and whose Hamiltonian Ho, commutes with the action of Ugsly
on Hap (Sections 2.2 and 2.3). As a representation of Ugsly, Ho, decomposes into an infinite
direct sum of irreducible representations, with some multiplicity spaces Hps, M > 0 (2.36).
It was shown in [14]% that H,s carries an action of the two-boundary Temperley-Lieb algebra
2Bsy,,,,va, v for some explicit value Yas of the Y parameter (2.38). Under explicit assumptions
on the generic values of the bulk parameter q and of the boundary parameters «;,, we prove
in Theorem 2.3 that Hjy, as a 2Bs,, oY, n-module, is isomorphic to the (irreducible) vacuum
module Wy if M > N and to an irreducible piece of Wy if 0 < M < N —1, thereby confirming [14,
Conjecture 1]. This new Schur-Weyl duality between Uysly and the two-boundary Temperley—
Lieb algebra is the main algebraic result of this paper.?

Using this theorem, we can interpret the restriction of Hy, to H s as a representation of H and
thus identify it with H,, 4. satisfying (1.3) for M > N and with an irreducible subblock of Hy, 4.
satisfying (1.3) for 0 < M < N —1 (Corollary 2.4). By a simple algebraic transformation, we are
also able to reach the remaining block of H,, 4. for 0 < M < N —1 as well as negative values of M,
thus realising any Hy, 4. satisfying (1.3) as some subsector of Hg, (Corollary 2.5). In other words,
the spectral problem of H,, 4. for all values of the parameters subject to the constraint (1.3) is
equivalent to diagonalising Hoy,. But this is a simpler task, since Hop, as a representation of H,
is integrable [24], and, as an operator acting on Hap, is Uyslo-invariant and so has a suitable
highest-weight reference eigenvector to implement ABA. This formalism also gives an algebraic
interpretation of the Nepomechie condition: it is just a direct consequence of the fusion rules for
the Uysla-modules entering the construction of Hoy, in particular Verma modules, which restrict
the possible values of the Y parameter of 2B;s,, YN to the discrete set {Yyr, M € Z}.

It is worth mentioning that the idea to use the two-boundary Temperley—Lieb algebra to
derive the BAE for H, 4. and to understand the Nepomechie condition from an algebraic point
of view was previously explored in [20]. However, the lack of a suitable Ugsl-invariant repre-
sentation in that paper makes it necessary to use coordinate Bethe ansatz in a given basis and
keeps the relevant underlying algebra hidden.

The paper is divided into two parts. The first (Section 2), purely algebraic, introduces the
objects and states the theorems we need to make a precise connection between H,, 4 and Hoy.
The second (Section 3) is devoted to the diagonalisation of Hap, first by implementing the ABA

3The analysis in this reference was performed for even N only, however it can be extended rather straightfor-
wardly to the odd N case too.

Tt is worth mentioning that a similar Schur-Weyl duality theorem but with finite-dimensional spin-j rep-
resentations of Uyslz at the boundary has been recently proven by Daugherty and Ram [17, Theorem 5.1] (see
also [18]).
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procedure for the simpler one-boundary Hamiltonian Hj (Section 3.1) and then by extending
it to the two-boundary Hamiltonian Hyj, (Section 3.2). We also discuss the completeness of
the BAE in both cases. The main text is supplemented by three technical appendices, the
first (Appendix A) containing the proof of Theorem 2.3, the second (Appendix B) carrying out
ABA for the most general integrable Uyslp-invariant highest-weight spin chain and the third
(Appendix C) discussing an alternative form of BAE for H,, 4. also appearing in the literature.

Notations

N: length of bulk of spin chains.

o?=(14), 0¥ = (? _é), 0% = ((1) _(1]): Pauli matrices.
1 1
ot = Q(Ux +i0Y) = (8 (1))7 oT = 5(090 —io¥) = (9 8): raising and lowering matrices.

H := (C?*)®N: Hilbert space of the open XXZ spin chain of length N.
H, q.: open XX7 Hamiltonian with non-diagonal boundary terms.
HIE%): H, 4. under the Nepomechie constraint (1.3) for M € Z.

TLs n: Temperley-Lieb (TL) algebra on N sites with loop weight 4.

e;, 1 <1 < N — 1: generators of the Temperley—Lieb algebra or their spin-chain represen-
tatives.

Bs,y,nv: blob algebra on NN sites with loop weight § and blob weight y.
b, b := 1 — b: blob/anti-blob generator or its spin-chain representative.

2Bsy, s YoN two-boundary Temperley—Lieb algebra on N sites with loop weight 0, left /right
blob weights y;/, and two-blob weight Y.

bijry byjr = 1 — by: left/right blob/anti-blob generators (b := b) or their spin-chain
representatives.

le?b, WJI?B, Wfb, WJZ’B, 1 <j < N/2, and Wy: standard 2Bsy,, v, y-modules.

H = —wb — ub, — Zf\:ll ei € 2Bsy, YN abstract two-boundary Temperley—Lieb
Hamiltonian.
};I;il/ n: universal two-boundary Temperley-Lieb algebra on N sites with loop weight 0

and left/right blob weights y;/,. and central element Y.

q = " deformation parameter of the XXZ spin chain.

[z]q = q::qq:f: g-deformed numbers.
{z}i=q"—q7"

Ugsla: quantum group, a g-deformation of SU(2).

E, F, K, K~!: generators of Uyslo.

C: Casimir element of Uysls.

V. infinite-dimensional Verma module of Uysly of highest-weight qe L

Hxxz: Ugsla-invariant open XXZ Hamiltonian.

Hy, =V, ® (C?)®N: Hilbert space of the one-boundary spin chain of length N.
Hy := —pub + Hxxyz: Ugslz-invariant one-boundary Hamiltonian with coupling .

Hop := Vo, @ (C?)®N ® V), : Hilbert space of the two-boundary spin chain of length N.
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o Hyoy := —ub; + Hxxz — prbr: Ugslo-invariant two-boundary Hamiltonian with couplings
Ky -
e M, M > 0: subspaces of highest-weight vectors of weight quTorN=2M=2 of 77,

2 Algebraic setting

In this section, we present the necessary algebraic tools:

e the relevant lattice algebras, namely the Temperley-Lieb (TL) algebra, the Blob algebra
and the two-boundary Temperley—Lieb algebra and their representations (Section 2.1),

e the Uysly quantum group and its representations (Section 2.2),

o Ujslo-invariant spin chains with Hilbert spaces H, Hjp, Hop and corresponding Hamiltoni-
ans Hxxz, Hy, Hop (Section 2.3),

e Schur-Weyl duality between the Uysly and lattice algebra actions on these spin chains
(Section 2.3).

Most of the formalism and results were introduced in [14] and we will often refer to this paper for
additional details. To simplify the exposition we will always assume that IV is strictly positive
and even, but our construction can be extended to the odd N case too.

2.1 Lattice algebras

The TL algebra [59], denoted TLs x, is defined by generators (e;)i1<i<n—1 and relations
612 = (561', €,€;+1€; = €4, [ei,ej] =0 V|’L — j| Z 2, (21)

with é € C some parameter. If we set

U
[

1 1+1

these relations are neatly expressed by the graphical rules

M

The parameter ¢ is then interpreted as the weight of a closed loop.
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The TL can be shown to be finite-dimensional and all its irreducible representations, called
standard modules, have been classified. They are indexed by an integer 0 < j < N/2 interpreted
as half the number of through lines propagating in a TL diagram. Concretely, the standard
module W; has a basis of so-called link states which are half-diagrams containing exactly 2j
through lines. For example, for N = 4, these are given by

Wo = C(\J U\ U ),
wi=Cc(\U YU DT U)
We=C({I [ ]1])

A TL diagram then acts on these link states by propagating them with the diagrammatical rules
of the TL algebra, with the additional condition that if two through lines are contracted then
the diagram acts by 0. For example,

S8y
U
e\ U =t S = U
U
S8

et 1] =

es \J | ] = ﬂ:o.

By some standard combinatorial arguments one can show that

o) (5 )

Let us now define some boundary extensions of the TL algebra. The simplest one is the blob
algebra introduced in [47] and denoted Bj, n. It has an additional generator b called the blob
satisfying

b’ =, eirber = yey, [b,ei] =0 for 2<i<N—1, (2.3)

with y € C some parameter. Graphically, b is represented by
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and the rules (2.3) mean that

y - (2.4)
[

DO C

The parameter y is then interpreted as the weight of a closed loop carrying a blob. One often
introduces the anti-blob b = 1 — b, represented by

which also satisfies relations (2.3) but with the blob weight y replaced by § — y. Moreover,
bb = bb = 0 so diagrammatically

which justifies the anti-blob terminology.

The blob algebra is also finite-dimensional and the classification of its standard modules
is very similar to the analogous construction in the TL algebra. They are also indexed by
0 < 7 < N/2 and constructed using link states with 2j through lines but now we also have
to decorate all the cups and through lines which can touch the left boundary by blobs and
anti-blobs. Since only the leftmost through line can touch it, we have two types of standard
modules: WJI-’ where the leftmost through line carries a blob and W]l-’ where it carries an anti-blob.
For j = 0, there are no through lines so we just have Wy.> For example,

WE=C(Ry ¢ 1)V ¢ 18 WU 10 1 U,
wWh=cl ¢ 1'% ¢ 108 U 1D WU

The action of the blob algebra on W]I-’, WE, with 1 < 7 < N/2, and W) is defined in the same
way as for the TL algebra with the additional diagrammatical rules (2.4) and (2.5). Moreover,
one can show [38, 47] that

7 N N
. b . b .
dim W} = dim W = (N/Q—i—j)’ dim Wy = (N/2>' (2.6)

®We will often slightly abuse notation and denote Wy the module with no through lines irrespectively of the
lattice algebra we consider.
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We can further extend the blob algebra by working with two blobs, one on the left, de-
noted b; := b, with weight y; := y and one on the right, denoted b, and represented by

and satisfying an analogue of (2.3) and (2.4) but on the right

b2 = by, en—1breny—1 = yren—1,
[by, br] =0, [br,ei] =0 for 1<i< N -2, (2.7)

with a weight g, for a loop carrying the right blob B. One of course also has a right anti-blob
b, = 1—b, represented by [J and satisfying (2.7) with weight 6 —, together with b.b, = b.b, = 0.
This is not sufficient from a diagrammatical point of view however as we also need to assign
some weight Y € C to a closed loop carrying both the left and the right blob. Formally, this
non-local relation is given by

N/2 N/2-1 N/2 N/2
( H 62i1> by ( H €2i> by < H 62i1> =Y H €21 (2.8)
i=1

=1 i=1 i=1

The generators (e;)1<i<y—1 and by, with relations (2.1), (2.3), (2.7) and (2.8), then define a fi-
nite-dimensional algebra called the two-boundary Temperley-Lieb algebra denoted 2Bs ,, JrY,N-

The classification of standard modules of the two-boundary TL algebra is a natural gen-
eralisation of the blob algebra case [19, 27]. Namely, for 1 < j < N we have four types of
modules, namely le-’b, W;-’b, W]bb and W;-’b, with 25 through lines depending on whether the
leftmost /rightmost line carries a blob/anti-blob, as well as a single module W, with no through
lines, all of these being constructed from link states decorated by left/right blob/anti-blob in all
allowed ways. The action of 2B;,, JmY,N Ol these representations is again given by the defining
diagrammatical rules of the algebra. One can show [19, 27] that

N/2

; ; . N
- b _ 3; b _ 3; b _ q; bb _ - _ 9N
dimW;” = dimW;” = dim W;” = dim W —kE A(N/2+k>’ dim Wy = 2. (2.9)
=j

Wy is called the vacuum module. It is generically irreducible but can become reducible but
indecomposable for certain values of the parameters [19] which will be important for us later on
(see Section 2.3 and Appendix A). It is also worth mentioning that since a closed loop touching
both boundaries can be formed only if there are no through lines, W, is the only standard
module which actually depends on the value of Y.

The main interest of this whole formalism for the open XXZ spin chain with non-diagonal
boundary terms is the following. Let us set

1
e = —i(UfoH + o?afﬂ + cosh(h) (afgfﬂ _ 1) + sinh(h) (%’ZH B Uf))7
1
. ho . po —
1 ) o - )
b']’ = —m(lehero'?\} + 1€ harO'N + COSh(ha,,)o'ZZV) _|_ 57

sinh(h) sinh (hay ;)
sinh (Cl/,, — hog/r) sinh (Q/r + hLQI/T)

e = (2.10)
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with some new parameters «;/, and (/. Then, up to an irrelevant additive constant, we have

N-1
Hya. = — by — prby — Z €
i=1
with®
. hal . hal im
héoy = 5 -G, hp = 5 +Cl+2,
h h i
hér = % - Cm h"%r = ;T + C’r‘ - %7 (211>

and the following result holds.

Theorem 2.1 (J. de Gier, A. Nichols [19]). The e;, 1 <i < N —1, and by, from (2.10) satisfy
the relations of the two-boundary TL algebra with weights

sinh (h(ay/, + 1))
sinh (hal/,,) ’
sinh <h7al+°""2+1i® ) sinh <h7al+ar2+1¢e)

sinh(hay) sinh(he,) ’

d = 2cosh(h), Yijr =

Y =

(2.12)

where © := 0, — 0, (1.2), and thus define a 2~ -dimensional representation of 285,yl/r7Y7N on
(C2EN . Moreover, this representation is isomorphic to the vacuum module Wj.

Using this theorem, we can identify (C2)®V with W, and interpret H, 4 as an abstract
element of QB(;,yl/my’N

N-1
H:= —ub — pby — Z e; (2.13)
i=1

evaluated in the vacuum representation Wy, that is H, q. = pw, (H) where pyy, : 2Bs,, YN
Endc (W) is the representation map of Wy. This will be an essential ingredient of our construc-
tion. In what follows we will always tacitly make the identification (C?)®N =2 W),. To the best
of our knowledge, there is no simple way to construct this isomorphism explicitly.

Note also that the weights (2.12) do not depend on the sign of O, so the spectrum H, 4.
is invariant under the transformation © <» —©. In particular, the +© and —© choices in the
Nepomechie condition (1.3) are equivalent. When convenient, we will write £0 instead of O.

2.2 The Uysl; quantum group

Let us now introduce the second main ingredient: the Uysly quantum group.
The algebra Ugsly [25, 40] (see also [12, Chapter 6.4] and [43, Chapters VI and VII]) is defined
by generators E, F, K and K~! and relations

K—-K!

KEK'=¢’6E, KFK!'=q%F, [EF]= -,
qa-9°

KK1=K'K=1. (2.14)

It is a g-deformation of the universal enveloping algebra of the Lie algebra sls, in the sense that
we recover the commutation relations of the sly triple (E,F,H) in the limit q — 1 with K = g".

50ther choices are possible but this will not affect the end result.
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It is important for defining the action on tensor products of representations that this algebra
admits the coproduct

AE)=10E+E®K, AF) =K '@F+Fel, AKT)=KTgK. (215)

As sly, Ugsly admits (25 + 1)-dimensional spin-j representations for all j € %N . For our pur-
poses we will need the fundamental spin—% representation C2, where the action of the generators
is given by

Ecz=0", Fee=0, K& =q". (2.16)

Let us also introduce the Verma modules V, [43, Chapter VI.3] that we shall need to define our
modified boundary conditions. For all a € C, they are given in a basis V, := Py, C|n) by

Ev, n) = [lgla —nlgln=1),  Fy,ln)=In+1),  Kjl|n) =g |n) (2.17)
for all n > 0, with |—1) = 0, and where

" —q " _ {«}
q—q ' {1}’

The basis vectors |n) diagonalise K and their K-eigenvalue q®~ 172" is called the weight. The
vector |0) is annihilated by the raising operator E and is thus called the highest-weight vector.
Note that its weight is q*~! with the —1 shift of a introduced for later convenience. When q
is not a root of unity, V, is irreducible if and only if q® # £q" for all n € N*.” If that is the
case, V, is also unique, meaning that any Uyslo-module generated from a highest-weight vector
of weight q®~! is isomorphic to V,. Finally, for all a € C such that q® # +1 we have the fusion
rule®

[z]q = {e}=0a"—q"

Vo ®C* 2 Vap1 & Va1 (2.18)

The above definitions have to be slightly adapted if q is a root of unity. This case was
thoroughly treated in [14] and presents no major complications. To keep the exposition simple,
from now on we will always assume q to be generic (not a root of unity) unless otherwise stated.
We refer to [14] for further details.

2.3 U,gsly-invariant spin chains and Schur—Weyl duality
2.3.1 The bulk spin chain

Applying the coproduct (2.15) N — 1 times (recall that the coproduct is coassociative, and so

the result does not depend on the order of its application) to the spin—% representation (2.16)

we obtain a well-defined action of Ugsly on H := (C2)®N. Now if we set

1 q+4q”" 9-q”"
e = —— <0f0f+1 +olol + 5 (ofo7i, — 1)> - T(Uf_H —07)

2
0 0 0 0
0 ~1 0

-1, _T 0 (2.19)
0 0 0 0

If q* € :I:qN*7 V. contains a unique non-trivial stable subspace but is indecomposable.
81t q% = £1, the two factors Va41 and Va—1 get “glued” into a single indecomposable representation known
as a tilting module.
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as in (2.10), with q = e”, it turns out that the e; commute with this Uysly action [56]. This
implies that the Hamiltonian

N-1

1 4+ gt _ g1
Hyxa =3 Y (oot +otoll,+ oot ) + 251 ok — o)
i=1
N-1
+ 71
979 ;' (N1~ e (2.20)

=1

(which is just the first line of Hy, 4. from (1.1), i.e., without the two boundary terms) is Ugyslo-
invariant. More generally, the whole TLs y-action on H generated by the e; commutes with Ugysls.
Actually, not only they commute, but they are even mutual maximal centralisers and ‘H decom-
poses as a (TLs n, Ugslz)-bimodule [34, 41, 48, 49]

N/2
H=EEPw;ecHt, (2.21)

=0

where W; are the standard TLs y-modules introduced above and C%*! are spin-j representations

of Uysly. This result is known as (quantum) Schur-Weyl duality. This result is essential, as it

reduces the study of Hxxz on H := (C2)®N to its restriction on standard TLs y-modules.
Unfortunately, we cannot use this method for H,, 4. because the boundary terms (2.10)

1 . o _ qocl _|_ q—ocl 1 1 qal lqel
b — 01 5+ 6; L = .
"o} <1q 7T Ty ) Ty {og} \iq™ " —q)”

U (oot ojqtng— A0 > 1_ 1 <—q‘°‘* —iq9*>
- 170N +1q oy + ———0 — = O
{ar} (q NNy 2 N)T 2T {apy \HigTh g

break the Uysly symmetry. This is why we are going to build a different Hamiltonian (2.29)

which does preserve the quantum group symmetry and then show that it can be related back
to H, 4. through the two-boundary TL algebra.

b, =

2.3.2 The one-boundary system

Following [14], let us first introduce the one-boundary Hamiltonian. It is constructed by ten-
soring the usual spin chain H := (C?)®V with the Verma module V, and adding a new Uyslo-
invariant boundary term acting on the two leftmost sites, V, ® C?, of the new Hilbert space

Hp :=Vo ® (C2)®N.

Because of the fusion rule (2.18) the most general such term can only be a linear combination
of projectors b+ on the direct summands V.41, which are given by

_ E1 (g KT g {1}F
by = {a} < q{l}KilE qul -~ an> . (2.22)

In the expression above, by are operators acting on V, ® C? which we have written as 2 x 2
matrices with entries in End(),). Since by + b_ = 1, it is sufficient, up to irrelevant additive
terms in the Hamiltonian, to consider boundary couplings of the form —ub, with b := b4 and
1 € C a coupling constant. The one-boundary Hamiltonian on H; is then defined as

N-1
Hy = —pb— Y e (2.23)
=1
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One can also check that b satisfies
b’ =, eirber = yey, [b,ei] =0 for 2<i<N-—-1 (2.24)

with

(2.25)

Together with (2.1) this means that H;, carries a representation of the blob algebra. By con-
struction, the actions of Uysly and Bs, n on H, commute with each other. One can actually
show [14] that if q* ¢ +q%, we have Schur-Weyl duality, namely Uysly and Bs, n are mutual
maximal centralisers and we have the (Bs,, v, Uysl2)-bimodule decomposition

N/2

Hy = Wo © Vo & @D (W @ Varaj & W @ Vars)). (2.26)
j=1

2.3.3 The two-boundary system

The two-boundary Hamiltonian is constructed in very much the same way, this time by tensoring
the usual spin chain H = (C?)®V with two Verma modules V,, and V,,, on the left and on the
right respectively [14]. The most general left boundary coupling is still given by —p;b; with b
the projector on Vy, 41 from (2.22). On the other hand, the projector on the V,, 41 summand of
C? @ Va, 2 Vo, 11 ® Va,—1 is

_ (aK—q7 % q{1}KF
br—( (1}E —qlK—i—an)' (2.27)

The two-boundary Hamiltonian is then defined on the Hilbert space

Hop := Vo, @ (CH)N @V, (2.28)
as
N—-1
Hyp := —puby — pirbr — > € (2.29)
=1

with u, € C a coupling constant. Similarly to b;, the new generator b, satisfies

b2 =b,, en_1breN_1 = yren_1, [br,e;] =0 for 1<i< N -2 (2.30)

-
with

[ + l]q.

) (2.31)

Yr =

To obtain a representation of the two-boundary TL algebra it remains to compute the
weight Y of a loop carrying both b, and b;. We can indeed find such a Y, but it turns out
that in our case it will not be a number but some non-trivial central element [14]. This is
why we need to use a slightly different version of the two-boundary TL algebra, namely the
universal two-boundary TL algebra 2833/“ n- It is defined by the same relations as 2B;, YN
but now Y is treated as an additional generator denoted Y and commuting with all the other

generators e; and b /ry L€, it IS a central extension of 2B, e YoN- If we want to recover
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the usual two-boundary TL at some fixed value of ¥ € C, we just have to take the quo-

tient 28(;“’21[/“ N/ Y =Y) = 2Bs,, ,Y,N- In particular, this implies that any representation of
uni

2Bs,y, YN for any value of Y € C is automatically a representation of 2B By e N (the converse
is not true in general, however). Note also that contrary to the usual two-boundary TL algebra,
2By, N 2 C[Y] is infinite-dimensional.

Coming back to our spin chain, we showed in [14] that Hg, carries a representation of the

universal two-boundary TL algebra 2B§zilm n- Concretely, Ugsly admits a Casimir element

C:={1}’FE+qK+q 'K, (2.32)
which commutes with Uyslz and moreover its action on Hop, denoted Cyy,, , commutes with the e;
and b;/,. Then the relation (2.8) is satisfied for
qOél+oc7»+1 +q@Tar

{arH{on}
making Hop a representation of 283‘211/1” N+ DBy construction, this action commutes with that

of U, q5[2.
Following [14], we can restrict the action of ZB};‘;Z/ y to a Y-eigenspace to obtain a well-

Y = 17CH2I;

(2.33)

defined action of the usual two-boundary TL algebra 2B;,, Yo N for some fixed value of Y.
Since the Casimir C commutes with Uysly it acts as a scalar on any irreducible representation
of Uysla, in particular'?

Cva =a%+97%, (2.34)

and so this amounts to computing the decomposition of Hg, into simple Uysle-modules. Using
the fusion rule for Verma modules, valid for qter—1 ¢ ¢ 1

Val X Var = @ValJranlan (235)
n>0
as well as (2.18), we obtain the Uysly-decomposition
Moy = €D Har ® Vayrar—14n-201, (2.36)
M>0

where H s are some multiplicity spaces of dimension

XN
. Z for 0 < M < N,
dM = lel’HM = =0 k (2.37)
oV for M > N,
which can be identified with the subspaces of highest-weight vectors of weight q+ar—2+N=2M
By direct computation, one then shows [14] that restricted to Hys, Y acts as the scalar
M+1-5] [y +a,—M+ 5
= [ 2:|q|: T 2]q (238)

[u]qlon]q

and so, for all M > 0, H)s is a representation of the two-boundary TL algebra 2Bs ,, JeoYar,N-
The final question is what are these representations. Let us first recall an important result
from [19, 27], valid for generic q.

9This result, shown in [14], has also a natural interpretation in terms of the affine Hecke algebra of type C [17,
Section 3.7].

'9Just evaluate it on the highest-weight vector: C|0) = {1}*FE|0) + qK[0) +q 'K~ |0) = (q* +q~*) |0).

' As for the fusion rule (2.18), if this condition is not satisfied, some of the summands are glued into tilting
modules.
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Theorem 2.2.

1) For 0 < M < N/2 — 1 the vacuum module Wy of 2Bs., , v, N 18 reducible but indecom-
( ) 7yl/7= M,
posable, with a unique irreducible proper QBg,yl/T7yM7N—submodule isomorphic to W%’/Q_M

and an irreducible subquotient WO/W%’/%M.

(1i) For NJ2 < M < N — 1 the vacuum module Wy of 2Bd7yl/7-7YM7N 1s reducible but indecom-
posable, with a unique irreducible proper 2Bg,yl/r7yM7N-subm0dule 1somorphic to WﬁZH—Nﬂ

and an irreducible subquotient WO/WJZE’,H_N/Q.

(¢4i) For M > N the vacuum module Wy of 2Bsy,, v,, n is irreducible.

Yu/rs

Based on this theorem and the dimensions (2.37) a conjecture about the nature of the
2Byy,,,,var,N-modules H s was made in [14]. In Appendix A, we prove this conjecture, so let us
restate it here as a theorem:

Theorem 2.3. Forq € C\q"?, q®,q* € C\{£q%} such that ¢ ¢ £q% and N € 2N*, U,sls

and 283};/1”]\, are mutual centralisers on Hayp in (2.28), with generatorse;, 1 <i < N—1,b;, b, Y

acting by (2.19), (2.22), (2.27), (2.33) respectively, and we have the (28};";”71\,,qulg)—bz'module
decomposition

Hop = @ Har @ Vaj+a,—14N-2M (2.39)
M>0

where the Hps are irreducible 2857yl/r7yM,N—modules given by
Hur WRs 3 & Wo for 0< M < N/2-1,

Har =2 Wo/Wi o _njs for N2<M <N -1, (2.40)
Hy =Wo for N < M.
This theorem means, in particular, that even for 0 < M < N — 1, Hj; is always isomorphic
to an irreducible piece of the vacuum module Wy of 2B;,, eYar, N either a stable subspace
(0 < M < N/2—1) or an irreducible subquotient (N/2 < M < N — 1) of Wj.

Now recall ¢ = e®, § = 2cosh(h) = [2]4, and compare (2.12) with (2.25)—(2.38). All the
weights coincide, except for Y, which however matches in both cases if and only if

a+a,+0=2M+1—-N,
where © := 60, — 0, (1.2). Recalling the reparametrisation (2.11), this is equivalent to
O +kK +0+kK £ =2M+1— N,

which is exactly the Nepomechie condition (1.3)! Moreover, Theorems 2.1-2.3 imply the follow-
ing. Set

Hr(lj\g) = Hn-d.((sa Yijrs Bt frs YM)

and for any 2857yl/my7N—module M denote the representation map pas: 2857%/”5/7]\7 — End¢(M).
Then
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Corollary 2.4.
(i) ForO< M < N/2-1,

Pwoywre (H) *
M
Hl(l.d.) = pWO(H) = < ’ N(/)2 M Dot (H)
WN/Q—]W
_ pWO/W?vb/sz(H) * ]
0 H2b"H1u
(i7) For NJ2< M <N —1,
p (H) *
M Wo/WPEE
HI(l.d.) = pw,(H) = i M+1 v P55 (H)
W?J}Hfz\r/z

([ H 2b|HM *
- (H) |-
M+1 N/2

M
HY = pyy (H) = Hala,,-

(iii) For M > N,

In other words, the spectrum of all the open non-diagonal XX7 Hamiltonians with non-
diagonal boundary terms for all the values of the parameters covered by the Nepomechie con-
dition (1.3) with M > N is contained in the irreducible sectors of a single Hamiltonian Hyy,.
For 0 < M < N — 1 the sectors of Hyp, only contain an irreducible block of H, q.. The spectral
problem of Hy, will be solved in the next section by algebraic Bethe ansatz.

One may wonder if we can also express the remaining blocks py,, et 27M(H) and pW?/IE-kl—N/ 2(H)

in terms of Hyp, to diagonalise H), 4. completely, even for 0 < M < N — 1. This turns out to be
possible via the following trick. Let us introduce the involution

: QBévyl/'vaN — 28676_yl/r75_yl_yr+Y7N’ (ei’ bl/’/‘) = (€i7l_)l/7’ = ]‘ - bl/’/‘) (241)

From the definitions of the various weights one easily sees that it is an algebra isomorphism and
moreover that it exchanges Wbb with Wbb (and also Wbb with Wbb) for 1 < j < N/2, while
leaving Wy invariant. Let us deﬁne

N-1
H:= _MZBZ - ,U/rl;r - Z e € 2B§,6—yl/r,5—yz—yr+Y,N~
i=1
and
Hyy = P, (ﬁ) = = — My + H2b(al/r = = Qs My = —Hiyr) (2.42)

acting on Hop, 1= V_qo, ® (C?*)®N @ V_,,. Note that by (2.25)—(2.31)

[al/r - 1]11

=0 Yi/r
[Oéz/r}q Y

yl/r(al/r — _al/r) =

and using (2.38) one easily checks that

N N

[7—M—qﬁm+%—7+Mh
[a]qlon]q

Yu(ay, = —ayy) = =0—y—yr +YN_m-1, (2.43)
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so by Theorem 2.3, Ho, decomposes as

Hop = @ Hy @V _ay—ar—1+N—2M,
M>0

where the H s are irreducible 28575_%/“5_%_yr+yN_M_1,N-modules given by (2.40). Pulling back
by the algebra isomorphism (2.41), we can thus generalise Corollary 2.4.

Corollary 2.5.

(1) For0O< M < N/2-1,

M —_ pW /WEE B (ﬁ) *
Hr(l.d.) = pw, H) = pw, (H) ( 0 N62 M -

— <H2b|HNMl * > .
0 Hoplagy,

(1i) For NJ2< M < N —1,

- p 55 (H) *
(M) WU/WM 1-N/2
H = H) = H) = +1-N/ _
nd. PWo( ) PWo ( ) ( 0 Py (H))

b
M+1-N/2

:<H2b!HM o x >
O HQb’ﬁN—]W—I '

(#i1) For M > N,
Hl(lj‘g) = P (H) = H2b|HM'

(tv) For M < —1,

(M) _ 0o - 7
Hn.d. = P (H) - HZb‘ﬂN_M—f

Note that, because of (2.43), the magnon number M labelling the sectors Hy; of Hop is
mapped to the dual magnon number M := N — M — 1 in the Ha, spin chain (and vice versa) by
the involution (2.41). It is this purely algebraic observation that enables us to reach the missing
blocks of H ﬂ? for 0 < M < N —1 as well as negative values of M, which correspond to M > N.
As we will see, this will be essential to establish a complete set of Bethe ansatz equations for
the degenerate cases 0 < M < N — 1.

To summarise, we have reduced the spectral problem of all the HIE%), M € Z, satisfying the
Nepomechie condition (1.3) to the spectral problem of Hg.!? This may not seem like a big step,
but actually it is: Hyy, is Uyslp-invariant and as such has a natural reference state |0)® [1)®~ ©0)
which will enable us to compute its spectrum using standard algebraic Bethe ansatz.

3 Bethe ansatz

We now turn to the computation of the spectrum of Hyy, (2.29) using the algebraic boundary
Bethe ansatz formalism first developed by Sklyanin [58]. Here, we no longer assume that N is
even. As a warm-up, we will first treat the one-boundary Hamiltonian Hy, (2.23).

2Note that Hoyp is related to Hop by the transformation (2.42) so it is sufficient to consider Hap only.
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3.1 The one-boundary system
In the basis {|11), 1)), 41), [{1)} the Ugslo-invariant (affine) R-matrix is given by

sinh(u + h) 0 0 0
woc | e o
0 0 0 sinh(u + h)
It is easy to check that
Riit1(u) := Pii11R;iv1(u) = sinh(u 4 h) — sinh(u)e;, (3.2)

where P; ;11 is the operator permuting the ¢ and (i+1)-th sites of the spin chain. For all u,v € C,
the R-matrix R(u) satisfies the Yang-Baxter equation (YBE)

RLQ(U - U)R173(U)R273(U) = R273(U)R173(U)R1’2(u — ’U), (3.3)

where R; j(u) denotes R(u) acting the i-th and j-th tensor factors of (C?)®3 or, equivalently,

RLQ(U, — U)RQ’?,(U)RLQ(U) = Rz,g(v)lez(u)RQ’g(u — ’U).
Note also that
Ry 2(u)Ra,1(—u) = sinh(h + u) sinh(h — u) Idc2g 2, (3.4)

so R(u) is invertible if u # +h.

For boundary Bethe ansatz, one also needs an additional ingredient: a so-called K-matrix.
It is a 2 x 2 matrix K (u) with entries in some (possibly non-commutative) algebra satisfying the
boundary Yang—Baxter equation (bYBE)

Ria(u—v)Ki(u)Ra1(u+v)Ka(v) = Ko(v)Ry2(u + v) Ky (u)Re 1 (u — v) (3.5)
or, written differently,

Ryo(u —v)K1(u)Ry2(u +v) K1 (v) = K1(v)Ry2(u + v) Ky (u)Ry o (u — v). (3.6)
For example, because

Rio(u—v)Roi(u+v) =Ri2(u+v)Ra1(u—v), (3.7)

K (u) = Idce2 is a solution of (3.5). This can also be seen directly from (3.2)(3.6).

Although many other solutions to the bYBE (3.5) are known [21, 22, 24, 58], it is not always
possible to find a K-matrix yielding precisely the boundary conditions we want to impose. In
our case however, it is possible to use the symmetry of the one-boundary spin chain to find
a suitable solution of the bYBE (3.5). Actually, there are even two independent constructions:
one based on the Bs, y-module structure of the spin chain and the other on the Uysly symmetry.

The first was described in detail [24]. Namely, for any b satisfying the blob algebra rela-
tions (2.24) there exists a solution of the bYBE (3.5) for H,. With our choice of b this K-matrix
reads

I

K(u) =1 = G n ) smb(hay (Sih( — ha) sinh(u) + sinh(ha) sinh(2u)b)
- usinh(u) cosh(u) [—e ™K1 + Senila) 2 sinh(h)F )
= 2 — - . , )
Ve®C sinh(h) sinh(ha) \  2ePsinh(h)K'E oK1 — #
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where again we have written it as a 2 x 2 matrix with entries in End(V,). The second construction
based on the Uysly symmetry of the spin chain will be used for the two-boundary case where it
is most convenient. For the time being, let us work with the K-matrix (3.8).

Let us define the transfer matrix!'3

ty(u) = qtry T(u — h/2) K (u — h/2)T(u — h/2), (3.9)

where K is treated as a 2 x 2 matrix with entries in End(V,) acting on the auxiliary C2? space
(with index 0),

T(u):= Ron(u)---Ro1(u), T(u):= Rio(u)---Rno(u) (3.10)

and qtrg(—) = tro (q"g—) denotes the partial quantum trace over the auxiliary space. This is
the natural trace for Uyslp-invariant objects and it ensures that ¢,(u) commutes with Uysly as it
should (see [24] for more details'®).

Now by (3.3) and (3.5)

[ty(u), ty(v)] =0

and, moreover, [58]

d N—-1
™ th(u) = 2sinhV—1( h) tro (q ; R! i+1(0

u:2

+ 2sinh?V =1 (n) qtro (RQV (0)) + sinh?Y () trg (97 )Po 1K'(0)Po

= 4sinh2N h) coth(h Z cosh(h) — e;

R —_ (cosww =0

+ 4sinh?Y (h) coth(h) <—,ub + %) )

S0
N-1
tanh(h) d 1 L
Hy = —pub — = Y S 4(w) = Neosh(h) + ——— — B 3.11
’ a ; ‘ 4sinh?V (h) du u=" b(w) cosh(h) + 2cosh(h) 2 (3:.11)

Therefore, we are reduced to computing the spectrum of ¢;(u).
Let us now define the monodromy

T(u) == T(u — h/2)K (u — h/2)T(u— h/2) = <?((3)> gilf)) |

where the coefficients of this auxiliary space 2 x 2 matrix are in End(H;). Repeatedly applying
the YBE (3.3), one finds that 7'(u) satisfies the RT'T relation

Ry p(u —v)To(u)T5(v) = To(v)To(u) Ry g(u — v) (3.12)

involving two different auxiliary C? spaces with index 0 and 0. Note also (3.4) implies that
T(u) o< T(—u)~!. By a general result [58, Proposition 2], for any T'(u) satisfying (3.12) and

13The ’21 shift is introduced to make the final result neater.
14The formalism in this paper is a bit more general with J corresponding to our q"fz)
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any solution K (u) of the bYBE (3.5), the product T'(u)K (u)T(—u)~! is also a solution of (3.5).
Therefore, T (u + h/2) satisfies (3.5)'°, that is,

Rua(u—v) <A(u) B(u)>1 Roa(u+v—h) (A(v) B(v)>2

C(u) D(u) C(v) D(v)
_ (A) B(v) utw o (AW B o
= () o), oo =0 (G0 o) Rastu =) (313)

From the explicit expression of R(u) (3.1), we can then derive the relevant commutation relations
between A, B, C and D at different values of the spectral parameter. Doing so, we obtain

[B(u), B(v)] =0 (3.14)
for all u,v € C and, moreover,

sinh(u — v — h) sinh(u + v — h)
sinh(u — v) sinh(u + v)
e" Ysinh(h) sinh(u + v — h)
sinh(u — v) sinh(u + v)
sinh(u — v + h) sinh(u + v + h)
sinh(u — v) sinh(u + v)

e’ "sinh(h) sinh(u + v + h)
~ sinh(u — v) sinh(u + v) B(w)D(v)
e~ %"v*thginh(h) sinh(u — v + 2h)

sinh(u — v) sinh(u + v)
2¢~2u+" sinh?(h) cosh(h)

 sinh(u — v) sinh(u + v) B(v)A(u).

A(u)B(v) =

_ e“thsinh(h)

sinh(u + v) B(w)D(v),

D(u)B(v) =

+ B(u)A(v)

Introducing

_ e sinh(2u) e~ 2uginh(h)

(w) = sinh(2u — h) (u) - Snh(u— k)" W (3.15)

these equations become

sinh(u — v — h) sinh(u + v — h)

Alw)B(v) = sinh(u — v) sinh(u + v) B(v)Alu)
+ fi(u,v)B(u)A(v) + fa(u,v)B(u)D(v), (3.16)
Dlu)B(o) = R b))
+ g1(u, v)B(w)D(v) + ga(u,v)B(u)A(v), (3.17)
where
_ e""sinh(h)sinh(2v — h) _ e"“"sinh(h) sinh(2v — h)
filu,v) = sinh(u — v) sinh(2v) ’ fa(u,v) = = sinh(u + v) sinh(2v) (3.18)
and
) = SO A, ) = SR o), (319

'5This statement can also be proved by induction on N using only the YBE (3.3) and (3.7).
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We will actually never need the explicit expressions of fi, fo, g1 and g2 (3.18) but only the
relations (3.19). The transfer matrix reads

sinh(2u + h) sinh(2u — h)

ty(u) = qtry T (u) = e"A(u) + e "D(u) = () (u) Wﬁ(u). (3.20)
Let us now look for eigenvectors of #,(w) of the form
{vm}) = B(v1) -~ Blua) ) (3.21)
where
) = 10) @ [1)*

is our reference state (recall that |0) is the highest-weight vector of the Verma module V,, (2.17)),
M > 0 is the magnon number and {vp,}1<m<np are some complex numbers that we want to
determine. Note that because of (3.14), the order of the vy, is irrelevant. Also B(u) decreases

the Ugslo-weight by g2 so

Kty [{om}) = a7*M B(v1) -~ Bloar)Ka, [1) = ¢* 72 [{u}) (3.22)

meaning that |{v,,}) has weight q®~1+N=2M,

The first step is to compute the eigenvalues of A(u) and D(u) when acting on |). Re-

write (3.8)(3.10)
Bu) o (AW B(w
D >> T ’”2)‘<c<u> D(u))’

b(u)
. (u)> (3.23)

u

S

T(u—h/2) = (é‘,é“

~— —

alu

K(u—h/2) = <C((u

~—

as 2 x 2 matrices acting on the auxiliary space with coefficients in End(#}) such that
o= (A B _ (A(w) B(w)Y (a(w) b(u)\ (A(u) B(u)
70= (2 ) = (e D) (o) ) (G ) 24
Knowing that C(u) [f) = C(u) [ff) = 0, we have
Alu) 1) = a(u) A(w)? 1) ,
D(u) 1) = (a(w)C(u)B(u) + d(u)D(u)?) 1) . (3.25)

Introducing a basis {|10) , [{0)} of the auxiliary space and the matrix entries r;; := R(u—h/2);j,
1 <1,7 <4, we obtain

A(u) 1) = (o] Ro.n(u = h/2) -~ Ro(u — h/2) [10) ® [) = i [ft) = sinh(u + h/2)" |f),
D(u) 1) = (ol Ron(u = h/2) - Roa(u—h/2) [{o) @ [ft) = 735 1) = sinh(u — h/2)" |)

and
B(u) [ft) = (tol Rio(u—h/2)--- Ryolu—h/2) [Lo) @ )
= (To| Rio(w—h/2) -+ Rn_10(u—h/2) (ra2 [Lo) @ [1) + 732 [t0) ® oy 1))
= 199 (To| Ri0(u — h/2) -+~ Ry_10(u—N/2) [Lo) @ [1) + rI 732 |To) @ o )
N-1
= ry T sl 1)
k=0
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SO
N-1
C(u)Bu) Ity = Y riy " Fraarss (Jol Ronv(u—h/2) -+ Rox(u—h/2) [fo) ® oy _g 1)
k=0
N—-1
=D i BByt RN
k=0
N—-1
= sinh?(h)e " > " sinh(u + h/2)*N 7 sinh(u — h/2)** )
k=0

_ sinh®Y (u + h/2) — sinh®™ (v — h/2) sinh2(h)e72“+h "
sinh?(u + h/2) — sinh?(u — h/2) '

Using the explicit expression of K(u) (3.8) and D(u) (3.15) as well as (3.25), we obtain
Alu) [) = sinh® (u + h/2)A(u) [1) , (3.26)
D(u) 1) = sinh® (u — h/2) A(=u) 1) , (3.27)

sinh(u — h/2) sinh(u + ha — h/2)

Au) =1-— sinh(h) sinh(ha)

(3.28)

Finally, following the standard algebraic Bethe ansatz procedure [58], we use the commutation
relations (3.16) and (3.17) to compute ty(u) [{vy,}). We have from (3.16) and (3.26)

A(u) {om}) = A(u)B(v1) -~ B(oar) 1)
M
_ (H sinh(u — vy, — h; sinh(u + vy, — h)B(vk)> Alw) 1)

ot sinh(u — vy, ) sinh(u + vy,)

M
+ ) fr(u, ) B(u)
k=1

y (H Sinh(?/k — U — h) S%nh(vk + vm)— h>B(Uk)) A(ve) 1)

i sinh(vg — vy,) sinh(vg + vy,

M
+ ) falu, v)B(u)
k=1

" H sinh(vg — vy, + ) sinh(vg + vy, + h)
sinh(vg — vy,) sinh(vg + vp,)

B(W)) D(vg) 1)

m#k
, M sinh(u — vy, — h) sinh(u + v, — h)
= sinh®V (u + h/2)A(u) nll_[l sinh(u — v ) sinh(u + vy, [{om)
M
+ ) fi(u, vp) sinh®N (v + B/2) A(vp)
k=1

" H sinh(vg — vy, — h) sinh(vg + vy, — h) )

it sinh (v — vy, ) sinh(vg + vy,)

M
+ Z fa(u, vg) sinhQN(vk — h/2)A(—vy)

k=1
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H sinh(vg — vy, + h) sinh(vg + vy, + h)
sinh(vg — vy, ) sinh(vg + vy,)

|thx) (3.29)

m#k
and similarly from (3.17) and (3.27)

D(u) {om}) = D(w)B(v1) -+ Bloar) 1)

M . .
— s (u — /2)A(—u) [ Sl vm + 1) sinblu F om £ P)

o sinh(u — vy, ) sinh(u + vy,) {om})
M
+3 g (u,vp) sinh® (v, — h/2) A(—vy)
k=1
sinh(vg — vy, + h) sinh(vg + vy, + h)
. ngk sinh (v — vy, ) sinh(vg + vy,) )
M
+) " ga(u, vp) sinh® (v, + h/2) A(vy)
k=1
sinh(vg — vy, — h) sinh(vg + v, — R
< I1 L ) cinhes ) VK (3.30)

it sinh(vg — vy, ) sinh(vg + vp,)

where

) == Bu) [T Bo) 1)

m#k
Therefore, using (3.20),

sinh(2u + h)
sinh(2u)

sinh(2u — h)

Alw) + sinh(2u)

to(1) [{m}) = ( ﬁ<u>> [{om}) = Aolu) [{om}) + 1)

where

sinh(2u + h) ﬁ sinh(u — vy, — h) sinh(u + vy, — h)
sinh(2u) sinh(u — vy, ) sinh(u + vy,)
sinh(2u — h)
sinh(2u)

Apy({vm Y u) = sinh®™ (u 4 h/2)A(u)

+ sinh®Y (u — h/2)A(—u)

" ﬁ sinh(u — vy, + h) sinh(u + vy, + h)

sinh(u — vy,) sinh(u + vyy,) (3:31)

m=

and |1)) is a linear combination of the vectors {|¢x) }1<r<nar. Moreover, (3.29) and (3.30) together

with (3.19) imply that |¢)) vanishes if and only if {v,, }1<m<as satisfy the Bethe ansatz equations
(BAE)

A(vy) (sinh(vy, + h/2)\ 2 B ﬁ sinh(vy, — vi + h) sinh(v,, + vk + h)
A(—vp,) \sinh(v, — h/2) N - sinh(vy, — v — h) sinh(v,, +vg — h)

k#m

(3.32)

for all 1 <m < M. Thus [{v,}) is an eigenvector of t;(u) with eigenvalue Ay({vy,};u) for any
solution of (3.32). Note the additional factor of A(vy,)/A(—vy,) compared to the BAE of the
usual open Uyslp-invariant XXZ spin chain. It contains all the contribution of the new boundary
coupling.
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From (3.11) and (3.31), the energy corresponding to a solution {vy, }1<i<as is then given by

M sinh?(h)
Eoomd) ==+ D G~ hy2) sinh(on + 72)

(3.33)

sinh(u+h/2)

Sh(a=h/2) and \ := 2 + x~! to rewrite the

It is also possible to introduce the variables x :=

BAE (3.32) as (recall that § := [2]q and y := [a+”q)

[a]q

Am = 84 p((0 = pag! =1) oy _ M N+ A — 0z (A — ) — 20
Am =8+ p((6 = y)zm —1) ™ 1 A A — Oz (A, — 8) — 20
k#m

_ ﬁ (1 —0xm + J:mxk)(l — 0z + xkxal)

3.34
(1 — Szt + a:fnlxk)(l — 0z + TpT) ( )

k=1

for 1 < m < M. The associated energy (3.33) is then simply

M
Eb({Am}) =—u+ Z ()‘m - 5)
m=1

These equations were already derived in [20] using coordinate Bethe ansatz.

A natural question is whether they “completely” describe the spectrum of Hy. To clarify
what this means, we have to factor out the obvious redundancies of these equations. First,
equations (3.32) as well as the corresponding eigenvalues (3.31) are invariant under permutations
of the vy, so we should consider solutions as unordered tuples {vj}1<k<nr. This of course is just
a direct consequence of the commutation relation (3.14) and of the definition of |{v,,}) in (3.21).
Second, note that if {vg} is a solution, then so are {vi,...,—v;,...,vn} and {vy,..., v +
imr,...,vp}, r € Z, and with the same energy for any 1 <[ < M. This means that we can look
for non-zero solutions in the fundamental domain

St :={vi |Re v > 0,—7/2 < Im v, < w/2}\{0} (3.35)

for all 1 < k < M.'® Finally, note that if {v1,...,vas} is a solution then so is {vy,..., vy, 00}
and they both have the same energy. This is actually a consequence of the Uysly symmetry.
Indeed one can show that B(co) o< Fyy,, either by direct computation or more easily using the
construction of R(u) from the universal R-matrix of Uysly, as will be explained later on at the
end of Section 3.2.1. Since t3(u) commutes with Ugsly, if [{vy,}) is an eigenvector then so is
B(o0) [{vm}) x Fgy [{vm}), and moreover it has the same energy Ej because of (3.33). Finite
solutions {v1,...,var} provide eigenstates, which we therefore expect to be Uysly highest-weight
vectors of weight q@~1+N=2M (3.22).

For q* ¢ +q”%, using the fusion rule (2.18) repeatedly, we know that the Hilbert space H,
decomposes into irreducible Uysla-modules as

"N
Hy = @ (M) Vat+N—2M,

M=0

so there is exactly (]\]\2) linearly independent highest-weight vectors in the M-magnon sector.'”
Therefore, we conjecture that the system of M equations (3.32) on an unordered set of M

1630lutions with v, = 0 for some k have to be excluded too because they correspond to “double roots” of the
BAE. For generic values of the parameters this situation does not occur.

Y"This can also be seen from the Schur-Weyl decomposition (2.26) and the dimensions of standard blob mod-
ules (2.6).
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complex numbers {vy}1<rp<nr, such that vy € S; for all 1 < k < M, has exactly (]\]\/[I) distinct
solutions, at least for generic values of @ and p, and that the corresponding eigenvectors |{vy, })
are linearly independent and highest-weight for the Uysl symmetry. Then an eigenbasis of Hy, is
given by the vectors F];-tb {vm}), k € N. Establishing such statements is usually quite challenging
and rigorous proofs are known only for very few integrable spin chains [4, 13, 35, 50, 51].

Let us also note that all the results above carry through mutatis mutandis to the root of
unity cases without any obstacle.

Example 3.1. When M = 1, the BAE (3.34) becomes

a0+ p((—yr—1) _ oy
ot =5+ p((6 —y)z~t - 1)

)

which can be rewritten as
Un(A/2) = (p+ 6)Un-1(A/2) + (1 + p(6 — y)) Un—2(A/2) = 0, (3.36)

where U, is the n-th Chebyshev polynomial of the second kind. The corresponding eigenvalue
of Hy is

E=—p+X-6

Equation (3.36) has exactly (]Y ) = N solutions as it should.

When 6 = 0 (q = i), we recover the spectral equation from [14]. Note also that for § = 0
the “interaction term” on the right-hand side of (3.34) is always equal to unity'®, and so the
BAE will just be M copies of the same equation (3.36) for all M. Denoting (\;)1<i<n the N
solutions of (3.36) at 6 = 0, any choice of M pairwise distinct!? \; will then be a solution of the
BAE. Therefore, the eigenvalues of Hp in the M-magnon sector are given by

Es=—p—=) A

€S

for all sets S C {1,..., N} of cardinality |S| = M, in accordance with the results of [14]. Since
there are ( AA;) such sets S, this also means that the BAE (3.34) have exactly ( J\]\é) solutions for
this special value of 9, as we conjectured.

3.2 The two-boundary system

We now turn to the two-boundary Hamiltonian Ho,. In principle, this case can also be treated
using Sklyanin’s boundary Bethe ansatz formalism. For this, in addition to the “left” K-
matrix (3.8) one also needs a “right” K-matrix satisfying an analogue of the bYBE (3.5) and
implementing the desired integrable boundary conditions on the right. It is possible to find such
a K-matrix by brute force but let us instead present an alternative and conceptually better
approach. To this end, we first start by giving another construction of the left K-matrix (3.8)
and then extend this approach to the two-boundary case.

3.2.1 An alternative construction of K (u)

The basic idea is to put the boundary site carrying the V, representation on an equal footing
with the bulk sites, each of which carries a C? representation, by making apparent that their

8 This simplification is of course not surprising as for § = 0 the system reduces to free fermions.
19This condition is needed to ensure that the BAE are not degenerate.
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contribution to the transfer matrix (3.20) just comes from the same universal affine R-matrix,
but evaluated in different representations of qulg.20

Computing such an evaluation in full generality is a hard task, complicated by the fact that
we have to choose the correct gauge so that it is compatible with our conventions [9]. However,
if one of the factors of the affine R-matrix is evaluated in the fundamental C2-representation —
as will always be the case in our construction — then there is a simpler procedure using the
so-called “baxterisation” trick [42].

Concretely, recall that Ugsly admits a universal (non-affine) R-matrix given by [26] (see
also [12, Chapter 6.4])

HoH 1}
R=q"$"Y" {{k}}! qhE=D/2Ek o B (3.37)
k>0

where

{n}:=[{k}.

k=1

Although strictly speaking R ¢ Ugsly ® Ussly, it can be evaluated on the tensor product of any
pair (X,)) of representations of Uysly as long as at least one of them is finite-dimensional. We
denote this evaluation by Ry y. One of the essential properties of R is that for any two such
representations X’ and ), the two operators

PX,)? o R)ﬁy and R:)_J,lX @) PXVy,

where

PX,:);: ARY=>YVRX,
TRQY— YR

is the operator permuting the two tensor factors, commute with the action of Uyslz. In other
words, R generates two (a priori different) Ugsla-intertwiners between X ® ) and Y ® X. These
are precisely the building blocks we need to evaluate the affine R-matrix. Indeed, introducing
for any representation X of Ugsls,

eu-‘,—% e—u—% 1
RX,(C2 (U) = 5 RX,(C2 — P(C2 x © R((_:27X (e] PX,(C27
— ets e % -1
Rc27)((11,) = 9 R(CQ,X - PX,(CQ o RX C2 o P(C2,X7 (338)
as well as
Ry c2(u) := Py c2 0 Ry c2(u), Rz x(u) := Pe2 x 0 Rez x(u)

one checks that

(i) Reec2(u) = R(u) from (3.1),

(17) RX,(CZ (u) and RC2,X(U) are Uyslo-intertwiners,

29More precisely, in evaluation representations of the affine quantum group Uqglg corresponding to different
representations of Ugsla.
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(#4i) For any three representations X, X2, A3 of Uysly with at least two of them isomorphic
to C? the generalisation of the YBE (3.3)

RX1,X2 (u - U)R/\’LXs (U)RXQ,/\% (U) = RX2,X3 (U)RXhXS (U)RXLXQ (u - U) (339)

is satisfied.

This means that Ry c2(u) and Rz y(u) are precisely the evaluations of the universal affine
R-matrix we are looking for. Note also that

1
Rea (w) Ry 2 (—u) = 7 (Car — 2cosh(2u) Id) © Tdes, (3.40)

where Cy is the Casimir (2.32) of X'. In particular, for X =V,, by (2.34)

h h
Rezy, (u) Ry, c2(—u) = sinh<2a + u> sinh<2a - u> Idy ® Idce, (3.41)

so Rezy, (u) and Rez y, (u) are invertible for u # +hao/2.

Now going back to the construction in (3.9) and (3.10), we see that the simplest transfer
matrix with an integrable Uysls-invariant boundary coupling to some Uyslo-module X one can
construct is of the form

ty(u) o< qtry Ty(u — h/2)Ty(u — h/2) (3.42)
with

Tb(u) = RO’N(U) e Ro’l(u)Ro,X(u — (),
Ty(u) == Ry o(u+ ) Rio(u)--- Ryo(u), (3.43)

where the index i € {0,..., N} stands for the i-th C2-site, and ¢ € C is some inhomogeneity
parameter. Taking X' =V, and comparing (3.9) with (3.42), we see that we should have

K(u) < Roy, (u— () Ry, 0(u+ (). (3.44)

From this form of the K-matrix one can easily show that it satisfies the bYBE (3.5) using the
YBE (3.39) and (3.7). This is actually another instance of the general result [58, Proposition 2],
simply because the YBE (3.39) implies that Ry y, (u — () satisfies the RTT relation (3.12),
Ry, o(u+¢) o< Roy, (—u—¢)~! by (3.41), and Ide: is a solution of the bYBE (3.5) by (3.7).

It only remains to fix the normalisation factor in (3.44) and to express the coupling constant p
in terms of the inhomogeneity (. Computing (3.44) explicitly using (3.37) and (3.38) and
matching the result with (3.8), we obtain

_ Rezy, (u—= Q) Ry, c2(u+ ()

Kw) = Sinh(’%a — () sinh(%”‘ + () (3.45)

with
B sinh(h) sinh(ho)
B sinh(( — %a) sinh(( + %a)

A fruitful consequence of this formalism is that we are now able to compute B(oo) very easily.
Indeed, define

T (00) = ( Clo) D (OO)> = UETwe_(2N+2)“T(u). (3.46)
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Then by (3.38) and (3.43) this limit is finite and
T (o0) x Ro,n -+ Ro,1Ro,v, Ry, 0R1,0 - - Rwvo. (3.47)

But for any representations X and Y of Uysla

Rz yRes v = <K§’/2 t @{/;Fy ) (Ki‘/ 2 {1}@/22&)
yre 0 K 0 Ky
B <K§§2K§,/2 (13KYPK? (Fa + K;}ﬁ,))
= 0 K)_(1/2K§1/2
_ <K}{);y {1}KE;13;5X®32> = Rezvay, (3.48)
XYy

where we used the coproduct formula (2.15). Similarly,

RX,(CQ Ryy(c2 — RX@)},(CQ' (349)

Finally,

1/2 1/2 1/2
Rea xRy co = KY? {13KYPFy KY 0
; : 0 K}l/Q {1}K;(1/2EX K}lﬂ

-1 2 -1
_ (K" +{q1}éf]{EF”‘E" | é}}{F"> (3.50)

where we used the defining relations of Uysly (2.14). Therefore, using (3.48) and (3.49) iteratively
on (3.47), we have

T(OO) XX R(),N ce R071 RO,Va RVa,ORLO ce RN70 = RO,Va®(C2)®N Rva®(<c2)®N,0 = RO,Hb RHb,O

and so from (3.50) applied to X = H;, we obtain B(co) o< Fg,. The proportionality constant can
easily be fixed but we will not need it. Note that the reasoning above applies to any integrable
Ugslo-invariant spin chain as long as we renormalise the corresponding monodromy 7 (u) by an
appropriate power of e”* in (3.46) to make the u — +oo limit finite.

The result that B(oo) o Fpy,, which we have now established, was used in the arguments
given towards the end of Section 3.1.

3.2.2 Bethe ansatz for Hop

From all the above, it is now clear how to proceed to construct the transfer matrix for the
two-boundary system. We simply take

atrg Top(u — h/2)To(u — h/2)
Sinh(% - Cz) sinh<% + Q) sinh (29 — ¢,) sinh (28 + ¢,)

top(u) := (3.51)

with

Top(u) := Ro,v,, (u— ) Ron(u) - Rojp(u)Roy,, (u—G),
Tgb(u) = RVQZ,O(U + Cl)Rl,O(U) s RN,O(U)RVM,O(U + Cr) (3.52)



28 D. Chernyak, A.M. Gainutdinov, J.L. Jacobsen and H. Saleur

Using (3.9), (3.10), (3.41)—(3.45), we have

Ao A Ay, COT@EWT@EAY, o)
- : hoo : hoo
du u="2 du|,_g smh( 5= — Q) smh( 5= + (T)
d | atrg Roy,, (u—G)T(0)K(0)T'(0)Ry,, 0(u+¢r)
du|,_, sinh(% — Cr) sinh(h‘;’“ + Cr)
_ d s 1.2N Hr
= qu|_, o) + 45 () coth(h) (—urbr + ?) ,
2
so (compare with (3.11))
N-1
Hoy = —puby — prby — Z e
i=1
tanh(h) d 1 y + o
= Y S 4y (u) — N cosh(h = 3.53
4sink®V (k) dul,_s () = Neosh(h) + 5o 2 (3:53)
with
sinh(h) sinh (hay ;.
e = (howy,) (3.54)

sinh(Cl/r — %) sinh (Cl/r + haizl/"") .

To find the BAE one does not need to redo all the computations of the previous section.
Indeed, using the YBE (3.39) with appropriate choices of representations X, X5, X5 and spectral
parameters u, v, we have

Roy,, (u— ¢ )Roi(u)Ry, i(G) = Ry,, i(¢r)Roi(u)Roy, (u— ),
R;io(u)Ry, o(u+ G )Ry, i(G) = Ry,, i(¢r)Ry,, ou+ &) Rip(u), (3.55)

which we can use to bring the sites V,, and V,, together to the left by means of a similarity
transformation. Concretely (3.55) for ¢ = N implies that

Top(u)Top(u) Ry, N () = Rov,, (u— G)Ron(w) -+ Ry o(u) Ry, o(u+ G) Ry, N((r)
= Roy,, (u— ¢ )Ron(u) - Ry, ~N(G)Ry,, o(u+ G )Ryo(u)
= Roy,, (u— ¢ )Ron(u)Ry, N(G) - Ry, o(u+ G )Ry o(u)
= Ry, n~N(C)Roy,, (u— ¢ )Ron(u) -+ Ry, o(u+¢)Rno(u),

so setting
R = Ry, N(() Ry, N-1(Cr) -+ Ry, 2(¢) Ry, 1(Cr),
we have?!
R Ty (u) Top(u)R = T(w) Roy,, (v — G) Ro,v,, (4 — G) Ry, o(u+§)

X Ry, o(u+ )T (u) (3.56)
with T'(u), T(u) from (3.10). Introducing the new K-matrix

Rw) Roy,, (u—G)Rov,, (u—Q)Ry,, o(u+ )Ry, olu+ () -
= i (50— G) s (55 1 ) i (5 — G, in (5 + ) |

2! Note that by (3.41) R is invertible if and only if ¢ # Zha,./2, but this is just equivalent to requiring that
ur (3.54) is finite.




Algebraic Bethe Ansatz for the Open XXZ Spin Chain 29

satisfying the bYBE (3.5) (again as a consequence of the YBE (3.39) and (3.7) or [58, Proposi-
tion 2]), the corresponding monodromy

T (u) :=T(u—h/2)K(u—h/2)T(u—h/2),
and transfer matrix

o () == qtrg T (w),
we have by (3.56)

top(u) = Rigp(u)R ™,

50 top(u) has the same spectrum as top(u). But diagonalising fop(u) is straightforward. Indeed, to
implement ABA for the one-boundary system we only needed the commutation relations (3.16)
and (3.17) and the eigenvalues of A(u) (3.26) and D(u) (3.27) when acting on the reference
state |1). Replacing K (u) by K (u) does not change the commutation relations (3.16) and (3.17)
because they were solely derived from the bYBE (3.13) which the new monodromy 7 (u) equally
satisfies as K (u) is also a solution of the bYBE (3.5). Therefore, we only need to compute the
new eigenvalues of A(u) and D(u) when acting on the new reference state?>

1) :=10) ® [0) @ [1)

This amounts to replacing the diagonal coefficients a(u) and d(u) of K(u) in (3.23)—(3.25) by
the diagonal coefficients a(u) and d(u) of K(u) (which are now operators acting on Vy, ® V,,.)
in all the computations of Section 3.1.2% Doing so, we obtain, instead of (3.26) and (3.27),

A(u) 1) = sinh® (u + h/2) Ay (u) A (u) 1),
D(u) 1) = sinh® (u — h/2) Ay (=u) A (—u) 1),
while (3.28) is replaced by
sinh(u — h/2) sinh (u + h(ay/, —1/2))
sinh(h) sinh (hoy),)
sinh(u + hal/;_l — Cl/r> sinh(u + ha“;_l + Q/T)

i Sinh(% - Cz/r) Sinh(haé/r + Q/T) ' (3.58)

Ayp(u) =1 — pyyr

Thus

{om}) = B(v1) -~ Buar) [1)

is an eigenvectOI Of th(U) or, €q uivalently, R |{’Um}> is an eigenveclon Of th(U) — with eigenvalu
2b({vm};u) sinh NW_Fh/Q)Al(u)AT(u)ISiIE}:(LQU))

y ﬁ sinh(u — vy, — h) sinh(u 4 vy, — h)

o sinh(u — v,,,) sinh(u + v,y,)

22We use the same notations as for the one-boundary case for the entries of the new monodromy 7~'(u) and the
new reference state [0) ® [0) @ [1)®V

23The trick we just used is not essential to implement ABA in the two-boundary case and we could have equally
worked with t2p(u) directly (see Appendix B).
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. inh(2u — h)
02N (u = h/2) Ay (—u) A (—u) e —
sinh(u — vy, + h) sinh(u + vy, + h)
3.99
s H sinh(u — v,,) sinh(u + v,,) (3:59)
if and only if {v,, }1<m<nr satisfy the Bethe ansatz equations (compare with (3.32))
Al(0m)Ar(v)  (sinh(vn, +h/2)\ 2 ﬁ sinh(vm — vg, + ) sinh(vy, + vg + h) (3.60)
A (=) Ar(—vp) \ sinh(vy, — h/2) N - sinh(vy, —vg — h)sinh(vy, + v —h)

k ; m

for all 1 <m < M. The corresponding eigenvalue of Hy, is (compare with (3.33))

- sinh?(h)
Eyw({vm}) = = — pr + mZ:l sinh(vy, — h/2)sinh(vy, +h/2)

Of course we could have guessed this result on physical grounds by interpreting A(u)/A(—u)
as the phase acquired by a quasi-particle of rapidity u reflected at the boundary. For periodic
integrable spin chains, this heuristic can actually be mathematically justified using the represen-
tation theory of the affine quantum group Ugsly (the algebra defined by the RTT relation (3.12)),
establishing that the form of the eigenvalues of the transfer matrix and the BAE are completely
fixed by the choice of a (trigonometric) Drinfeld polynomial, which uniquely specifies (up to iso-
morphism) an irreducible highest-weight representation of Uqg[g for the physical space [11]. This
allows to implement ABA for any such choice of representation without almost any computation.
To the best of our knowledge, a similar formalism has not been fully developed for open Uysls-
invariant spin chains, especially for infinite-dimensional highest-weight representations, so for
the sake of completeness we perform ABA for all open integrable Ugyslo-invariant highest-weight
spin chains in Appendix B. This also provides an alternative derivation of eigenvalues (3.59) and
BAE (3.60) which does not require K-matrices nor the similarity transformation (3.56).

Coming back to the two-boundary case, we have B(oo) FH%,M and we expect the finite
(permutation invariant) solutions {vj}i1<k<as of the BAE (3.60) belonging to the fundamental
domain Sy (3.35) to provide all the Uysly highest-weight eigenstates of weight qouter—2+N-2M
of Hyy. Recalling the decomposition (2.36), valid for q®/r, qter £ +q%

Hop = @ Hyt @ Vo +ar—14N—2M
M>0

and the dimensions djs (2.37), there are djs such linearly independent vectors and so for generic
values of the parameters we conjecture that the BAE (3.60) have djs such solutions. Note in
particular that the number of magnons M is not bounded as in the one-boundary case.

The BAE (3.60) are exactly the ones found in [10, 54] for Hy 4. (1.1) under the Nepomechie
condition (1.3), which is not surprising: indeed, by Corollary 2.4 (for N even), Hoply,, is
an irreducible subblock of H( ) for 0 <M < N —1and Hyly, = H( ) for M > N. Note
however that our derivation of the BAE is fully rigorous and relies on no addltlonal assumptions.
Also, we are now able to pinpoint the algebraic origin of the Nepomechie condition: it is just
a direct consequence of the fusion rules (2.18) and more importantly (2.35), yielding the Uysla-
decomposition of Hayp (2.36) and restricting the generatorY (2.33) of the two-boundary TL algebra

24 As was mentioned at the end of Section 3.2.1, this is true for any integrable U,slo-invariant spin chain. Note
also that for Ha, we need to renormalise the monodromy 7 (u) by e~ N *9% in (3.46) to make the limit u — +oo
finite.
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to take exactly the values Yy (2.38) of the Nepomechie condition in its irreducible sectors Hyy.
Strictly speaking, this relation between Hy, q. and Hyj, is only valid for generic values of q and oy,
as our arguments are based on the Schur—Weyl duality from Theorem 2.3, proven under this
assumption. However, by continuity of the (generalised) spectrum, and since the “allowed”
values of the parameters form a dense set, the spectral equivalence between H), 4. and (sectors
of ) Hay still holds for all q,;/, € C even though their exact algebraic connection may be more
involved in the non-generic non-semi-simple cases. An instance where ABA was applied to such
a case can be found in [32].

3.2.3 Completeness

Another interesting consequence of our formalism is the question of completeness of the BAE
for Hyq.. For M > N, Hoply,, = IE%) so it is equivalent for both Hamiltonians. For 0 < M <

N — 1, however, Haly,, is only an irreducible subblock of Hﬁ%.) by Corollary 2.4, but both
Hamiltonians still have the same BAE. This means that for 0 < M < N — 1, the BAE (3.60)
cannot possibly provide all the eigenvalues of Hr(l%[_), as is already quite clear for M = 0. But
thanks to Corollary 2.5, we know exactly which additional BAE we have to write to diagonalise
the remaining block of Hé%.) for 0 < M < N — 1: we simply need to replace Hoj, by Haoj, which
just amounts to the replacement (2.42), namely Qyfry Hyjr — —0Qq/py —fy/r Up to an irrelevant
additive constant, and by (2.43) the simultaneous replacement of the magnon number M by the

dual magnon number M := N — M — 1. Thus (3.58) is now replaced by

sinh(u — h/2) sinh(u — h(ay), +1/2))
sinh(h) sinh (hey ;)

sinh(u — h%ﬂ — Q/r> sinh(u — h%ﬂ + Q/T>
sinh(% — Q/T> sinh(% + Cl/r)

and we obtain the BAE

Ayjr(u) =1 = pyyp

)

Aj(vm)Ar(vn)  (sinh(vy, + h/2) 2N_ ﬁ sinh(v,, — v + h) sinh(vy, + v + h)
A A sinh(v,, — h/2) N gt sinh(v,, — vy, — h) sinh(v,, + vg — h)

k#m

(3.61)

for M Bethe roots {vm},,,<77- Together with (3.60) we expect (3.61) to provide the complete

spectrum of Hi%) for 0 < M < N — 1, as was previously conjectured in [55] (see also [20]).
Rigorously proving such a completeness statement is of course very hard and has only been
achieved for a handful of integrable models [13, 51]. Still, our approach demonstrates that
two sets of BAE are definitely needed and explains their algebraic origin. Note also that by
Corollary 2.5 (iv), (3.61) are the BAE for Hﬁ%) with M < —1. Thus (3.60) and (3.61) taken
together cover all the possible values of the parameters satisfying the Nepomechie constraint (1.3)
for M € Z.

Finally, let us also mention that there exists a different set of BAE for the two-boundary which
can be established using functional relations between various @Q-functions [60] or separation of
variables [44]. These equations are rather different from (3.60) and it is therefore quite surprising

that they should yield the same spectrum. We discuss this question in more detail in Appendix C.
Remark 3.2. If q is a 2p-th root of unity, the fusion rule (2.35) becomes

p—1
Val ® Va'r g @Val+ar+p7172na

n=0
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so we have

N+p—1

!/
Hu= P dyVorroartp-1:8-2m
M=0

with the magnon number 0 < M < N + p —1 now bounded and some different multiplicities d’y,
whose explicit expression can be found in [14]. Thus we see that contrary to the one-boundary
case where we expect the same number of solutions to the BAE (3.32) for generic and root of
unity ¢, in the two-boundary case the BAE (3.60) should apparently behave quite differently
in these two situations. This must also be related to the fact that the representation theory of
2Bsy, YN changes significantly at roots of unity and in particular the structure of the vacuum
module Wy — which is still not fully known — becomes much more complicated than for generic q
as in Theorem 2.2 (see also [14, Conjecture 2]). This requires further study.

4 Outlook

In this paper, we have constructed a Uyslz-invariant realisation Hyy, of the open XXZ Hamiltonian
with non-diagonal boundary terms H, g4 for all values of the parameters satisfying (1.3) by
using the representation theory of the two-boundary Temperley-Lieb algebra 2Bs,, JrY,N- This
enabled us to rigorously derive the BAE equations (3.60) for Hy, 4. by ABA and to understand
the algebraic origin of the Nepomechie condition (1.3) from the point of view of Uysly fusion
rules (2.18)(2.35), restricting the possible values of the weight Y of 2Bs,  y,n to the discrete
set {Yu, M € Z} (2.38).

Although the BAE we derived were previously known in the literature, a direct construction of
the eigenstates by standard algebraic Bethe ansatz had never been performed until now and could
be most useful in the computation of finer observables of the system, such as correlation functions
and form factors, and in the study of some closely related models such as the asymmetric simple
exclusion process (ASEP) [16, 57]. It is also worth mentioning that the algebraic Bethe ansatz
formalism we presented generalises straightforwardly to open XXZ spin chains with additional
inhomogeneity parameters at every site. Finally, our construction admits a well-defined q — 1
limit, giving rise to non-compact boundary conditions for the open XXX spin chain.

It would be very interesting to construct an even more general Ujsls-invariant spin chain
which could reach arbitrary values of Y and not just the discrete set subject to the Nepomechie
condition (1.3). The weights y;/, are entirely determined by the value of the Casimir CVaz/r and

the possible values of Y by the values C can take on the tensor product V,, ® V,,. Therefore,
to find such a generalisation, one would need to construct two new one-parameter families of
boundary Uyslz-modules Koy with «;/, parametrising y;/, through the Casimir C“Yaz/r’ and
more crucially such that C can take any value on X,, ® &,,. This implies that the Ugyslo-
decomposition of X,, ® X,, should no longer be discrete as in (2.35) but continuous. For
the ¢ — 1 XXX case, such fusion rules are known to arise in the context of principal series
representations of SL(2,C) [52]. For the general XXZ spin chain a natural guess would be to use
their Uysly g-deformed analogues. Such spin chains could shed light on the origin of the general
BAE for H, 4. (see Appendix C). Continuous fusion rules are also a central feature of Liouville
CFT and the celebrated DOZZ formula for its 3-point function constants, which was recently
proved [45], including in the imaginary case [1] where its relevance for lattice models has been
established [36]. A well-defined lattice model with similar properties would certainly be of great
help to further our understanding of the challenging questions still surrounding this theory. We
will explore these ideas in future work.

It would be of course very desirable to extend our formalism to XXZ-type chains of spin-1 with
non-diagonal integrable boundary conditions [37] and eventually to arbitrary spins [23, 46]. This
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should reveal new lattice algebras generalising the two-boundary Temperley—Lieb algebra. One
obvious guess would be here the fused Temperley—Lieb algebras, or fused Hecke algebras [15] for
higher rank cases. Unfortunately, their boundary versions and the corresponding representation
theory are poorly understood. A yet another interesting problem would be developing ABA in
the non-semi-simple cases when the weights of the Verma modules take integer values, even at
generic ¢, and the Hamiltonian is non-diagonalisable. This is similar to the problem studied
in [32] but one should take limits in «; /r variables instead of limits q to a root of unity.

Finally, it is known that in the critical domain |q| = 1, the boundary loop model defined
by H (2.13) is conformally invariant in the large-N scaling limit, with some explicit conjectures
for its conformal spectrum based on the Coulomb gas approach [28, 39] including for generali-
sations to anisotropic boundary conditions in the dilute O(n) model [29, 30]. Using the explicit
spin chain Hamiltonians Hj and Hg, and the corresponding BAE (3.32)-(3.60) one can now
hope to establish these results rigorously. This will be the subject of a forthcoming paper.
Also, since from a physical perspective the two-boundary system can be seen as the fusion of
two one-boundary systems, the representation theory of the discrete lattice algebras Bs, n and
2Bsyy, ,,v,N may provide new insight into the fusion of Virasoro primary fields.

A  Proof of Theorem 2.3

The goal of this section is to prove the isomorphisms (2.40). By Theorem 2.2, this would
imply that all the Hj; appearing in the decomposition (2.39) are irreducible representations of
ngerIJil/m ~ and therefore that Ugsly and 2 gle/iz/r, n are indeed mutual centralisers on Hap.

The main idea is to follow a more abstract approach to Schur-Weyl duality and rewrite the

decomposition into irreducible Uysla-modules (2.36) as

Hop = @ Homyy,st, Vay+an—14N-20M5 Hap) @ Vo tar—14N-2M,
M>0

where Homy, s, (X,Y) denotes the space of Ugslo-intertwiners between two Ujsly-modules X
and Y. Of course Homy s, (Vo +a,—1+N—20M, Hap) and Hys are isomorphic as vector spaces:
a Ugsl-intertwiner f: Vy,4a,—14+N—2m — Hop is uniquely determined by the image of the
highest-weight vector |0) of Vy,+a,—1+N—20m (2.17), that is the choice of a highest-weight vector
f10) € Hap of the same weight. Since the subspace of all such vectors is Hys by definition

Homgy,st, (Vay+an—1+N—20, Hap) = Home (C|0) , Har) = Hor (A1)

Actually, this isomorphism is even an isomorphism of 2B; PR Y y-modules. Indeed, the Ugsls-
invariant action of 2B, JrsYar,N OLL Hop induces an action on the target space of intertwiners
[ € Homy,st, (Ve +a,—1+N—2M, Hap) which is equivalent to the action 2Bsy,,,va,v o0 Hyy via
the isomorphism (A.1).

The advantage of this rewriting is that we can construct morphisms® between standard
QBg,yl/”yMW—modules and Homyy s, (Vo +a,—1+N—2M, Ha2p) in a much more canonical way. The

idea is to use the diagrammatical calculus for Uslp-intertwiners to map well-chosen 2 15“;[/ N-

modules to some bigger spaces of Uyslz-intertwiners in a way compatible with the lattice algebra
action and then to appropriately specialise these maps to the spaces Homp, 1, (Vay+ar—1+N—2M
Hoap).

Let us first recall a few basic facts about this diagrammatical formalism and explain how
it can be used to rederive Schur—Weyl duality for the simpler case of the TL algebra (2.21).
To any TL diagram, that is a planar configuration of non-intersecting strings between two sets

25We shall use the term “morphism” instead of “homomorphism” to lighten the exposition.



34 D. Chernyak, A.M. Gainutdinov, J.L. Jacobsen and H. Saleur

of N points, one can assign a Ugslo-intertwiner from H := (C2)®V to itself, that is an element
of Endy,s1,(H), by mapping the elementary generators of TL diagrams e;, 1 < i < N — 1,
to the corresponding Ugyslo-intertwiners (2.19). Since their composition rules are the same as
the defining relations of the TL algebra (2.1), this provides a Ugyslp-invariant representation
PTL: TL(;’N — Enqu5[2 (H)

More generally, let us denote W<, the vector space spanned by all planar configurations of
non-intersecting strings between a set of 2j < N points (at the bottom) and a set of N points
(at the top). Although W<; is not an algebra, (except for j = N/2 where we recover the TL
algebra), TLsy naturally acts on W<; by stacking TL diagrams on top of elements of W<;.
Moreover, using the elementary building blocks?®

7 1+1
=\ =a2th) - g2 11) € Homp, (C.C20CY),  1<i<N-1

G, — m — qU/2 (1] — ~1/2 (|4] € Homp,ep, (C2®C2,C), 1<i<N -1,
7 1+1

any diagram of W<, can be mapped to an element of Homy,g, ((C2)®2j , H). As these diagrams
suggest, C;C; = e;, C;C; = q + q_1 = ¢ and more generally one can check that C;, Cj, 1 < i <
N — 1 satisfy all the natural diagrammatical rules inherited from the TL algebra. This means
that the mapping

\Il;“‘: W< — Homy, g, ((C2)®2j,7-l) (A.2)

is a morphism of TLsy-modules, where TL;x acts on the target space of intertwiners f &
Homy,s, ((C?)®27, 1) via the representation map pri.>
Evaluating all f € Homy,s1, ((C*)%%, %) at 11)%2%7 we obtain a morphism of TLs, y-modules

Yits Wey = HIS L U0 (1) (A.3)

where H;!—L C H is the subspace of highest-weight vectors of weight q%. Indeed, since \I';!-L(E) €
HOIIquﬁ[2 (((C2)®2j, H)

ErTH(6) = EWTH(0) 1) — WL O cayems 15 =0,
KH#J}FLM) = KH\IIIL(O ’T>®2j = \IJ;FL(E)K((C2)®2J‘ |T>®2j = q2j¢;!'|-(€) (A.4)

for all £ € W<j so Im ijL - HJTL. Equivalently, ijL can be seen as a map from W<, to
Homy,q1, (C* 1, H) = H]TL obtained by precomposing \IIJTL(E) € Homy,s1, ((C*)®%,H) by the
unique (up to normalisation) Uyslp-intertwiner from the spin-j representation C2+L of Uyslo
to (C%)®2,

Finally, W<, contains a stable TL; n-subspace W, spanned by all diagrams of W<; con-
taining strictly less than 2j through lines (recall that the action of the TL algebra can only
decrease the number of through lines). By definition, the quotient W<;/W,; is isomorphic, as
a TLs y-module, to the standard module W;. For all £ € W.;, ijL(f) contains one or more
caps N linking bottom points and moreover at least one of these caps has to connect two neigh-
bouring sites. This means that \I/]TL(E) is of the form A ® C; for some 1 < i < 2j — 1 and some

26There is a more abstract categorical construction of these morphisms in terms of evaluation and coevaluation
maps which we will not present here (see [14] for more details).

2"One can also construct the morphisms \I/JT-L by first embedding W< into TLs n by adding N/2—j “spectator”
caps N at the bottom of all diagrams, then mapping it to Endy, st, (H) via pr and finally removing the spectator
caps by precomposing with §I—N/2 Id(c2y®2; ® ®i\7:;1 C2i4+1. This method will be used for the two-boundary case.
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A € Homy,g1, ((C2)®2(j_1),’H). Since C; |11) = 0, w;.r'-(f) =0, and so £ € Ker 1/1;”-. Therefore,
We; C Ker w;r'- which implies that 1/1;-”- induces a morphism of TLs y-modules

DIt Wej /Wy W, — HJE (A.5)

It is clearly non-zero as
L1 U Uw ’T>®2j®®i]i;102i+1 # 0

and since W; is irreducible @ZJTL must be injective. But by (2.2), dim W; = dim H]TL SO ’H]TL =W;.
This proves Schur—Weyl duality (2.21) between the actions of TLs x and Uysly on H := (C2)®V.

uni

We would now like to extend this formalism to the actions of 2B} v and Uysly on Hop =

Va, ® (CH®N ®V,,, in particular to construct (universal) two-boundary analogues of the mor-
phisms UTt (A.2), 9Tt (A.3) and ¢]" (A5).

Let us define Wi@-, the vector space spanned by all two-boundary TL diagrams from 2j < N
points (at the bottom) to N points (at the top), that is TL diagrams of W<, decorated by
left /right blobs/anti-blobs in all admissible ways. 2Bs ,, /Y, naturally acts on Wg} by stacking
two-boundary TL diagrams on top of elements of Wi@ Since we will be working with the

uni

8,y1/
promoting W%l; to a free C[Y]-module W%’} [Y] of rank dim W%’}, generated by the basis elements

universal two-boundary TL algebra 2B LNy we need to slightly extend this definition by

of Wg} Then Wg} [Y] admits an action of 28}5121/ _n» Where the additional Y generator simply
acts by multiplication.
We would like to define a morphism of 2B§zilm y-modules ¥, from W% [Y] to Homy, s, (Ve ®

(C*)®2 @V, , Hap). For j = N/2 this is straightforward: W%bN/Q[Y] and QBEE/NN are isomorphic

as (left) QB};‘ENW y-modules and so we can just take the representation map

uni

PHoayp QBE,yl/T,N — Enqu5[2 (7‘[21,)

constructed in [14]. To build ¥; for 0 < j < N/2 —1, let us take advantage of this simpler case
by embedding W%l} [Y] into 2B§E/m N

Define Z; the subspace of all two-boundary TL diagrams ¢ of the form ¢ ® N®W/2=9) where
Ve W%l} is a two-boundary TL diagram from 2j points labelled {1,...,2j} (at the bottom)

to N points (at the top) and N®W/2-9) gre N/2 — j caps linking the remaining pairs of points
(27+1,2542), (2§+3,2j+4),...,(N —1,N) at the bottom. For example, for N =4 and j =1

= = U =(=0®nN
_? \J g a .

1 2 3 4

Clearly
{0} CToCTi & - & Iyya i=2Bsy,, vV

and since the left action of QBg,yl/me on Z; preserves the N®W/2-9) part, Z; is a left QBg,yl/me
ideal. We can extend this construction to the universal two-boundary TL algebra QB};‘Zil/m N by
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promoting Z; to a free C[Y]-module Z;[Y] of rank dimZ; generated by the basis diagrams of Z;.
Then

{0} ST S TY] C - G IpalY] = 2BS, v

is an increasing sequence of ideals of 28}5“;1/ ~- Obviously, W%g [Y] and Z;[Y] are isomorphic as

(left) 2B}5“;jl/mN—modules via the map ¢/ — £ := £'@N®WN/273) 50 we can (and will) identify them.
Now the restriction map

PHy |z, vy Zi[Y] — Endygst, (Hap)

: uni : : : uni
is a 2857.%/“ y-module morphism (because py,, is a representation of 285,%/” N on Ha) and

its image consists of elements of Endy, e, (Hap) of the form A®Caj41 ® -+ ® Cn_1 with A €
HOHqus[2 (Val & ((C2)®2j R Vy,, ’Hgb). Let us define the map

mj: Im (pq.[2b|1j[y]) — Homg,g1, (Val ® (CH®% VO,T,H%),
A®Crj1 @ ®Cn_y — A

Concretely, using the fact that C;C; = § # 0,28
mi(X) = 677N2X o (1dy, g(c2)er ®@Co41 @ - ® Cnog @1dy, )

for all X € Im (PH2b|Zj [y]), from which it is clear that

e 7; is well-defined,
o 7;(X) is a Uyslo-intertwiner as the composition of two U,sla-intertwiners,
e Tjisa Qnggil/r7N—module morphism as 28}517‘;/707]\[ acts only on the target space of the Uysls-

intertwiner X.

Thus, for all 0 < j < N/2, we have constructed a 28}5“;1/ y-module morphism

Uj =m0 payylz,v): WEIY] 2 Z[Y] — Homysr, Ve, ® (C*)¥% @ Vo, , Hap) (A.6)

as we wanted.

This abstractly-defined map W, has actually a very natural diagrammatical interpretation.
Indeed, two-boundary TL diagrams of W%g are just decorated TL diagrams of W<; so con-
structing ¥; amounts to implementing these decorations in terms of Ugslo-intertwiners (and
mapping Y to (2.33)). Concretely, one can introduce the diagrams

Vo 2 Vo, 2 C? Va, C? Vo,
| [ L [

by b br by

I e N e

Voo 2 Voo C2 C2 Va, c2 Va,

and decorate the TL of strings a Ugsly-intertwiner belonging to Homy,e, ((C*)®*,H) by de-
forming them until they are in contact with the left (red line) or right (blue line) boundary and

28Recall that § = 0 corresponds to q = 4, whereas we have assumed that ¢ is not a root of unity.
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then inserting the diagrams b/, b, /r above to obtain a two-boundary Ugslo-intertwiner belong-
ing to Homp, g1, (Val ® (C?)®% @ VQT,H%). Of course such a deformation is only possible if one
never intersects any other string while doing so. But this is consistent with the decoration rules
for two-boundary diagrams because a string can acquire a left /right blob/anti-blob only when
touching the left /right boundary.

Using the above procedure, we can uniquely map diagrams of W%g to Homy,sl, (Val ®

(C*)®% @ V,,, Ha). For example, for N =4 and j =0,

Voo C2 €2 2 2 Va

: \j
For all ¢ € W%l}, it is technically possible to write an explicit expression of the correspond-
ing Uyslp-intertwiner ¥;(¢) € Homy,sl, (Val ® (CH)®% @ Var,Hgb) in terms of the C;, C;,

1<i< N -1,y and El/r, but the shortcut we took by adding the “spectator” part N®N/2-J to
embed them into 28311‘/‘1/ n and mapping them to intertwiners using the representation map pz,,

o/ ed -

= by(C1.C1) (b CaCiaby ) (C1LC3).

|

Va 1

l

Va

T

achieves the same goal faster while also providing a direct proof that ¥; commutes with the
uni

action of 2B§,yz/T,N‘

uni

Coming back to our proof, let us first consider the morphism of 2B Sr.

y-modules

o: WEY] = Zo[Y] — Homy,er, Vay ® Va,, Hos)-

Note that, by definition, W%% [Y] = WhlY], the universal vacuum module of 2B§I;l/ N
Recalling the fusion rule (2.35), rewritten in a convenient way,

Val & Var = @ Val+ar—1+N—2M7 (A7)
M>N/2

we have maps ¢y € Homy s, Ve +ar—14N-2M5 Vo @ Vi), M > N/2, which are unique up to
normalisation. They induce maps

‘I’(()M)i WolY] = Homy,st, Vay+ar—14N—20m Hap), €= Wo(€) o o,
which are also morphisms of ZBgzil/m y-modules. Moreover, for any f € Homy,si,(Va,+a,— 14N -2
%Zb)v M > 07

Yszf<_) = f(YVal+ar—1+N—2M_) = YMf(_>' (A'8>

In other words, Y acts as the scalar Yj; on Homy, 1, (Vay+ar—1+N—2M, Hap) which means that

(Y = Yar)Wo[Y] C Ker \IJ(()M) and so, for all M > N/2, \IJ(()M) induces a morphism of 2Bsy, v, n-

modules between Wo[Y]/(Y — Yar)Wo[Y] = Wy and Homy e, Vayta,—14+N-200, Hap) = H,

which we still denote \IJéM).
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Note that, concretely, for all £ € W, \I’gM)(E) € Hy is simply the evaluation of the
Ugsla-intertwiner Wo(¢) € Homy,s, (Va, ® Va,, Hap) at the highest-weight vector |wyr) of the
Vay+ar—1+N—2nv summand of Vo, ® V,, in (A.7). This evaluation \Il(()M) () = Wo(L) |lwpr) is in-
deed an element of Hj; — the subspace of highest-weight vectors of weight qtor—2+N=2M _
simply because for all £ € Wy[Y],

Er, 28" (0) = Epiy, Wo(6)|wns) = Uo(O)Ev,, @V, [wrr) =0,
Ko, U5 (0) = Kaig, Wo(0) lwpr) = U0 (OKy, @V, [wrr) = g0 2N 2100 () Jwyy). (AL9)

Clearly ‘IJ(gM) # 0 as, for example,

U U — ®£V:/12€21‘_1750.

By Theorem 2.2 (iii), the QBgvyl/myMW—module W, is irreducible for all M > N, so \I/((]M) must
be injective. Since dim Wy = dimH,; = 2V by (2.9) and (2.37), \I!(()M) is an isomorphism and
so Hy E W, for all M > N.

Now for N/2 < M < N — 1, Ker \I'gM) is a Qngyl/myMyN—submodule of Wy and so by Theo-

rem 2.2 (4i) it must be equal to either {0}, W%+17N/2 or Wy. It cannot be equal to W, because

\IJ(()M) # 0. It cannot be equal to {0} because dy; = dimHy; < dim Wy = 2V by (2.37). There-

fore, Ker \I/(()M) ) s

morphism between Wg/WﬁZ+1_N/2 and Hps. Since by (2.9) and (2.37) dim VVo/1/\215\f’[_~_1_]\,/2 =
dim Hp; = dps we have Hpy = VVO/)/\/]B\E’IJFPJ\,/2 forall NJ2< M < N —1.

It remains to deal with the cases 0 < M < N/2—1. Here we can no longer use ¥y because the
tensor product Vo, ®V,, (A.7) does not contain summands V, +q, —14~§—20m for 0 < M < N/2—1.

The idea is then to consider the above-constructed 283211/“ y-module morphisms (A.6)

m M) . C
= ij\f[ H1-N/2 and so \Il(() induces a non-zero injective 2B vy, N-module

V. I Y] — Hoqu5[2 (Val ® (C2)®2j & Var,'Hgb)

now with 1 < j < N/2. Evaluating the elements of Homy, s, (Va, ® (C*)®% @ V,,, Hap) at
10y @ [1®¥ @ |0) or, equivalently, pre-composing them with the only (up to normalisation)
Uyslo-intertwiner

Xj: Vartar—142j = Vo, ® (C)¥7 @ V,,,

we obtain, for each 1 < j < N/2, a morphism of QBEI;Z/ N—modu16829

Vi ITi[Y] — Homy,st, Vay+ar—1+25, Ho) = Hyjo—js
0 Wi(l) o xg = T,(0)[0) @ [1)¥ @ 0) .

By (A.8), Y acts as the scalar Yy, on Homy s, (Ve +a,—1+N-20, Has) = Hy and so for all
1 < j < N/2,; induces a morphism of 2Bsy, vy, n-modules, M = N/2—j, between Z;[Y] /(Y —
Yur)Z;[Y] =2 T; and Homy,st, (Vay+a,—1+25, Hap) which we still denote ;.

Now consider the subspace U/; C Z; spanned by all two-boundary TL diagrams £ of the form
0 @ N®N/2=7 where ¢ € Wi@ is a two-boundary TL diagram from 2j to N points such that it
has either -

*?Using the same reasoning as in (A.4) and (A.9), we easily see that Ez,, ¥;(¢)[0) @ 1®* @ [0) = 0 and
Ko, 5 (£) [0) @ [1)®% @ 10) = q T =2F200,(£) |0) @ [1)®* @ |0) for all £ € Z;[Y] so indeed Imvp; C Hy o, for
all 1< j < NJ2.
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(i) strictly less than 2j through lines,

(13) or exactly 2j through lines with the leftmost or rightmost through line of ¢ carrying
a left /right anti-blob.

The left action of 2Bs,, JrYar,N 0L Z; can only decrease the number of through lines and can
never change the left /right blob/anti-blob decoration of the leftmost /rightmost through line of
a diagram with 2j through lines,? which implies that U; is a stable 2B;,, JrsYar,N subspace.
Moreover, by definition of standard modules, the quotient Z;/U; — which is exactly the space
of two-boundary TL diagrams with 2j through lines with leftmost and rightmost through lines
both carrying left and right blobs — is isomorphic to le-’b as a 2Bs n-module.

Let us show the following.

Y1 Y M

Lemma A.1. For all1 < j < N/2, U; C Ker ;.

Proof. First consider £ € U; of the form (7). This means that £ = ¢ @ N®N/277 with ¢ € w2,
containing at least one cap at the bottom. Moreover, at least one of these caps connects neigh-
bouring sites: if that was not the case, it would be impossible to fill the bottom 25 points of ¢
with non-intersecting caps and through lines. If j = 1, ¢ contains no through lines and the bot-
tom of ¢ has a single cap linking points 1 and 2 which can carry any left/right blob/anti-blob
configuration. Therefore, W1 () is of the form ACbb,., or AC1b;b,, or ACibb,., or AC1b;b, for
some A € Homy,s1,(Vo, ® Va,, Hap) and so

$1(6) = 1 (0)|0) ® [11) ® [0) = 0

because C1bb, [0) ® |[11) @ [0) = C1|0) ® [11) ® |0) = 0 and b; |0) ® 1) = b, |1) ® |0) = 0.
Now take j > 2 and first suppose ¢’ contains through lines. We have the following cases:

e Either the bottom points 1 and 2j of ¢ are both occupied by through lines. Then the caps
in between cannot carry blobs/anti-blobs and so ¢’ contains an undecorated cap linking
points ¢ and ¢ + 1 for some 2 <14 < 25 — 2.

e Or the bottom point 1 is connected to some other bottom point 2 < k < 25 — 2 by
a cap (for k even). If k # 2, then the points strictly between 1 and k can only contain
undecorated caps, at least one of them linking neighbouring points ¢ and 7 + 1 for some
2<i< k-2 If k=2, contains a cap linking points 1 and 2 which can only carry a left
blob/anti-blob, because it is separated from the right boundary by a through line.

e Or the bottom point 2j is connected to some other bottom point 3 < k < 2j — 1 by a cap
(for k odd). If k # 2j — 1, then the points strictly between k and 2j can only contain
undecorated caps, at least one of them linking neighbouring points ¢ and ¢ + 1 for some
k+1<i<2j—2 If k=2j—1, ¢ contains a cap linking points 2j — 1 and 2j which
can only carry a right blob/anti-blob, because it is separated from the left boundary by
a through line.

On the other hand if #' contains no through lines and j > 2 then:

e Either the bottom of ¢ contains some “long” cap linking points 1 < k < k/ < 25 with
k+3 < k' (for k and k" of opposite parities) so there is an undecorated cap linking points i
and i+ 1forsome k+1<i<k'—1.

e Or the bottom of ¢ contains only nearest-neighbour caps. Then either the leftmost cap
(linking points 1 and 2) is undecorated or carries only a left blob/antiblob, or the rightmost
cap (linking points 2j — 1 and 2j) is undecorated or carries only a right blob/antiblob.

30Tt is actually this property that makes the standard modules W;b, W;E, W]Eb, WJEE well-defined.
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Indeed, the leftmost and rightmost caps cannot both carry left and right blobs/anti-blobs
as they would both need to touch the two boundaries of the system, which is impossible
without them crossing.

To summarise, if j > 2, the bottom of ¢ contains

e cither an undecorated cap linking neighbouring points ¢ and ¢ + 1 for some 1 <17 < 27,
e or a cap linking points 1 and 2 and carrying only a left blob/anti-blob,
e or a cap linking points 2j — 1 and 2j and carrying only a right blob/anti-blob.

This means that ¥;(¢) is of the form AC;, for some 1 < i < 24, or AC1b;, or AC1 by, or AC_’Qj_le,
or Aégj,lér for some A € Homy, g, (Val @ (C2)®2(j_1) ® Va,, Hgb). Therefore,

(€)= W;(0)[0) ® 1) @ |0) = 0.

Finally, if £ is of the form (u), U,(0) is of the form Ab; or Ab, with some A € Homy, s, (Val ®
(C)®% VQT,HQb) and since b; [0) ® [T) = b, [1) ® |0) = 0, ¢;(¢) = 0. [ |

Now U; C Ker¢; implies that 1; induces a morphism of 2Bs eoYads n-modules
1[~)j: Ij/l/[j = W]bb — Hur

for all 1 < j < N/2, with M = N/2 — j. Clearly, 1%- is non-zero as, for example,
T U U e 0@ e (@Y Can ) @ 10) £0.

By Theorem 2.2, the 2857yl/T,yM,N—module WJb\l,’/2_M is irreducible for all 1 < M < N/2—1 so TLj
is injective. Since dim W]I’\?/%M = dim Hys by (2.9) and (2.37), we have W?\?/sz > My for all
0 < M < N/2 — 1 which completes the proof.

B ABA for a general Ugslz-invariant highest-weight spin chain

Consider a tensor product X := @' ; A of irreducible highest-weight Uyslp-modules of weight
g1 (that is, &; is a spin- i L representation if a; € N* and a Verma module otherwise) and

define the monodromy

T () = T(u— h/2)T(u—h/2) = (A(U) B(u))

C(u) D(u)
with
T 1/2) = () D)) = Rolu=1/2= G+ Foau=1/2 - ),
T(u—h/2) = (égg gEZD = Ra,o(u—h/24 (1) R, o(u — h/2 + (o),

for some inhomogeneity parameters (; € C, 1 < i < n, and the transfer matrix
t(u) := qtry T (u) = " A(u) + e "D(u).

By [58, Proposition 2], T(u) is a solution of the bYBE (3.13): using the YBE (3.39) one
checks that T'(u) satisfies the RTT relation (3.12), T'(u) o< T(—u)~* because of (3.40), and Idc2
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is a solution of the bYBE (3.5) by (3.7), so the product 7 (u + h/2) := T(u)Idc, T'(u) is also
one.?! Therefore, the commutation relations (3.16) and (3.17) remain the same.
It remains to compute the eigenvalues of A(u) and D(u) when acting on the reference state

where |0;) is the highest-weight vector of Xj. To do so, first write

QU—Q e_u+Ci _1
Rm)(i(u - h/2 - Cz) = R(C2,Xi — TPXi’CQ e} RXi,C2 e} Pczin
e (K KPR e K; '/ 0
2 \o KV 2 \—{1EK* K
B sinh(u — ¢; + hH;/2) sinh(h) exp(u — ¢ + hH;/2)F;
~ \sinh(h)E; exp(—u + ¢; — hH;/2) sinh(u — ¢; — hH;/2)
__(ai b;
T C; dZ ’
where ¢ = e"Mi .= K;. Similarly,
et tGi e~ u—Gi 1
RXi,O(U — h/2 + Cl) = RXi,(CQ — PXi’CQ o R(E2,X¢ o PXZ',(CQ
_ sinh(u + ¢; + hH;/2) sinh(h)F; exp(—u — ¢; + hH;/2)
~ \sinh(h) exp(u + ¢ — hH;/2)E; sinh(u + ¢ — hH;/2)

a b
= (¥ 5.
Since C(u)|0) = C(u) |0) = 0, we have
A(u)A(u) |0},

A(u) [0)
D(u)[0) = (C(u)B(u) + D(u)D(u)) |0). (B.1)

Introducing a basis {|1),|])} of the auxiliary space, we have, similarly to the one-boundary
computation in Section 3.1,
Ll

A(u)[0) = (1| T(u) 1) @ |0) = HaZ\O Hsmh(u—i—{i O"‘_l)\m,

S

A(w)[0) = (11T () [1) @ |0) = Haz\o Hsmh(u—g

2
. -1
D()[0) = (1 T(w) 1) ®0) = Hd 0) = Hsmh(u G- % )|o>,
=1
D(u) |0) = ({| T(w) |}) ®[0) = Hd 0) = Hsinh(u—}—@ 21>yo>. (B.2)
=1

and

C(u)B(u)[0) = (L T(u) [1) (1T (w) 1) @ |0)

31This statement can also be proved by induction on n using only the YBE (3.39) and (3.7).
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= (I T(w) ) ®Z(H> <H d)

i=k+1

s ) (Haz) (1}'> & (}110') 0)

n k-1
= (H a; az) < H d ) CkBk ‘0) . (B3)

i=k+1

Il
3
<
=
&

Note also that
ckbr = sinhQ(h)e_guEkK,;l/QFkK/ylf/2
= sinh?(h)e 2“tPELFy,

e~ 2uth
=—3 (cosh(hay) — cosh(hHy — h))
e 2uth sinh(hak + ZHk — h> sinh(hak — ZHk + h), (B.4)

where we used (2.32)—(2.34) to write
Cx, = 4sinh?(h)ExF}, + 2 cosh(hHy, — h) = 2 cosh(hay,).
Define
D,, := e ““sinh(h (Hd d; — Ha az> +e” smh 2u) (H a; al> < H chAIZ> ckBk.
=1 i=k+1

Let us show by induction on n > 1 that D,, |0) = 0. For n = 1, using (B.4), we can check by
direct computation that

D1 |01> = (e_2“ sinh(h) (dlal — alél) + e_h Sinh(2u)c151) |01> =0. (B.5)

Now assume that D,,_1 |0) = 0. We have

apapDp—1 =D, — (672“ sinh(h) (dnan — anén) +e” smh 2u)c H

so by (B.5) and the induction hypothesis D,, |0) = 0. By (3.15), (B.1)-(B.3),

D,, |0) = sinh(2u — h) (ﬁ(u) - f[ dia,) 0) =
=1

so finally
n n i — 1
= H 2;4;10) = Hsinh (u —(; @ > sinh (u + G
i=1 i=1

n R n ; — 1
— Hdidi |0) = H sinh <u — ¢ a > sinh <u + G
i=1 i=1

Therefore, using the commutation relations (3.16) and (3.17) and performing exactly the
same computations (3.29) and (3.30) as in the one-boundary case but with the new eigenvalues
of A(u) and D(u) (B.6), we find that

{om}) = B(v1) - B(uwm) [0)

Yo,

1) 0).  (B.6)
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is an eigenvector of the transfer matrix ¢(u) with eigenvalue

M . )
A(fon) i) =T L) (HA%Q )H sinh(u — vy, = h)sinh(u + b — h)
1

 sinh(2u) sinh(u — v,,) sinh(u + v,y,)

)

. n M
sinh(2u — h) sinh(u — vy, + ) sinh(u + vy, + h)
S = ) (1T A
) <H i ) H sinh

sinh(2u (u — vp,) sinh(u + vy,

i=1 m=1

where

ACYini( ) _Slnh(

)

if and only if {vy, }1<m<n satisfy the Bethe ansatz equations

)

ﬁ Aq,c;(Um) _ ﬁ sinh(vy, — vk + h) sinh(vy, + vk + h) (B.7)

=1 Do (—om) P sinh(vy, — vk — h) sinh(vy, + vk — h)

for all 1 < m < M. As before B(co) := lim,_, o e 2"B(u) x Fy and so we expect the finite
(permutation invariant) solutions {vy}i<kg<a of the BAE (B.7) belonging to the fundamental
domain Sy to provide all the Uysly highest-weight eigenstates of weight q(Z?:1 ai)—n—2M ¢ t(u).

Note that for X; = C2, that is oy = 2, Agg(u) = sinh(u — h/2)?, and for X; = Vo
Aal/r,Q/r(“) o Ayyp(u) (3.58). Thus for n = N +2, X1 = Vo, (1 = (i, Any2 = Va,, (2 = G
and X; = C2, (; = 0 for all 2 < i < N + 1, we recover (3.59) and (3.60) (up to normalisation
of top(u)) as we should.

C A different set of BAE for the two-boundary system

Following [60], it is possible to find the general form of the eigenvalues of t95(u) solely from the
knowledge of some functional relations it satisfies and their analytic properties. The end result
is that for any eigenvalue Agy({vy,};u) of top(u) one can write a TQ relation of the form

sinh(2u + h) Q(u — h)
sinh(2u) Q(u)

+sinh2Y (u — h/2)A(—u) A (—u) Siz?éié;)h) Q(S (Z)h)
. CsinhQN(u + h/2) sinh®N (u — h/2) sinh(2u + h) sinh(2u — h)

Q(u) ’

Aap({vm}iw) =sinh® (u+ h/2) Ay () A, (u)

where
N
Q(u) = H sinh(u — vy, ) sinh(u + vyy,)
m=1

for some Bethe roots v,,, 1 < m < N and c some constant. The Bethe ansatz equations are
obtained by imposing that Agy({vy, };u) has no poles at all the v,,, that is

51nh2N(vm + h/2) A1 (V) Ay (U, H sinh(vy,, — vg — h) sinh(v,, + v — h)

k;ém
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N
—sinh®Y (v, — h/2)A(=vm) Ar(—vp) H sinh(v,, — vi + h) sinh(v,, + vg + h)
b
= csinh?®N (v, + h/2) sinh®Y (v, — h/2) (C.1)

for all 1 < m < N. Note that if ¢ # 0, the trigonometric polynomial Q(u) has to be of degree 2N
for the BAE (C.1) to admit at least one solution.

The right-hand side of (C.1) is known as the “inhomogeneous term” and this equation pro-
vides the BAE for H), 4. (1.1) for arbitrary values of h, 6,/;, #,,; and ©, whether they satisfy
the Nepomechie condition or not, with ¢ an explicit function of these parameters. Actually, the
Nepomechie cases (1.3) with 0 < M < N correspond to ¢ = 0. Indeed, if ¢ = 0, then a subset of
the v, can be sent to oo and we obtain

sinh(2u + h) Q(u — h)
sinh(2u) Q(u)

' sinh(2u — h) Q(u + h)
+ 51nh2N(U — h/2)Ai(—u)Ap(—u) sinh(2u) Q(u)

Agp({vm };u) = sinh®N (u 4+ h/2) Ay (u) A, (u)

with

M
Q(u) = H sinh(u — vy, ) sinh(u + vy,)

m=1

for some magnon number 0 < M < N as in (3.59) and the BAE (C.1) then reduce to the
form (3.60)

A(0)Ar(Ug) [ sinh(vn, +h/2)\2 T sinh(vy, — vk + h) sinh(v,, + vk + h)
A (=) Ar(—vp) <sinh(vm - h/2)> N kli[l sinh(vy,, — v — h) sinh(vy,, + v — h)
k#m
for all 1 <m < M. Thus the BAE from [60] are consistent with (3.60) as long as 0 < M < N.
However, we have seen that in the two-boundary case the magnon number M can take any
(positive) integer value. The question is then what happens for M > N.

For this we need to come back to the general ¢ # 0 case. It turns out that the constant ¢ can
be entirely fixed from the knowledge of the large u asymptotic. Indeed, if ¢ # 0, then

2p iy cosh(hay + hoy — (N 4+ 1)h) 4c>
sinh(h)? sinh(hoy ) sinh(hevy,.) ‘

Agb({vm};u) -~ 47N72e2(N+2)u (

U— 00

(C.2)

On the other hand, we can compute the large u limit of ¢o,(u) directly. We have (3.38)

u+% u+%

e
Rx c2, Rez x(u) ~ 5 Rez v

U—00

[§]

RX,@ (u) U 9

for any Ugsly module X and so, using (3.51) and (3.52) and then (3.48)—(3.50)

4—N—202(N+2)u

upr qtro Rov,, Rov -+ - RojiRov,, Ry, 0R1,0 - - - RvoRv,, 0
top(u) ~

u—00 sinh(h)? sinh(hey) sinh (hay.)
4= N—262(N+2)

ity 4t Ro 240, Ra, 0
sinh(h)? sinh(hey ) sinh(hay.)

AN 220D, (g (Kygy, + 07 {1 o, Bre, ) + 071K, )
sinh(h)? sinh(hoy) sinh(ha,)
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47N7262(N+2)umlurc%b

sinh(h)? sinh(hey) sinh(hay.)’

where Cyy,, is the Casimir element (2.32) evaluated in the representation #Hgp. Recalling that C
is constant on any irreducible Uysly module, in particular (2.34)

Cy, = q%4+q % = 2cosh(ha)

and the Ugsly decomposition (2.36)

Hap = P Har ® Vayrar 11821
M>0

it is then clear that

4~ N-22(N+2)u 2py iy cosh(hag + hay + h(N — 2M — 1))

top(u ~ C.3

()l sinh(h)? sinh(hay) sinh(ha,) (C3)
Now comparing (C.2) and (C.3), we finally arrive at

o Hatr sinh(h(N — M)) sinh(hoy + ha,, — h(M + 1)) (C.4)

sinh(h)? sinh(hey) sinh(ha,)

We are thus led to conjecture that for M > N, the BAE (3.60) on M Bethe roots are
equivalent to the BAE (C.1) with only N Bethe roots and ¢ as in (C.4). Note that the case
M = N is trivial since ¢ vanishes precisely for M = N.
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