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2.2 Twisted affine Lie algebra of type A
(2)
2N

In this section we recall the definition of the twisted affine Lie algebra of typeA
(2)
2N , N = 1, 2, 3, . . . ,

in Ref.[16]. The Dynkin diagram of type A
(2)
2N is given by
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The corresponding Cartan matrix A = (Ai,j)
N
i,j=0 of type A

(2)
2N is given by
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with N ≥ 2, and

A =

(
2 −4
−1 2

)
with N = 1. We set the labels ai = 2, 0 ≤ i ≤ N − 1, aN = 1, and the co-labels a∨0 = 1, a∨i = 2,
1 ≤ i ≤ N . We set D = diag(a0a

∨
0
−1, a1a

∨
1
−1, . . . , aNa∨N

−1). We obtain A = DB, where B is a
symmetric matrix. Thus, the Cartan matrix A is symmetrizable. Let h be an N+2-dimensional
vector space over C. Let {h0, h1, . . . , hN , d} be a basis of h, and {α0, α1, . . . , αN ,Λ0} a basis of
h∗ = HomC(h,C) such that we have with respect to pairing ⟨·, ·⟩ : h× h∗ → C

⟨hi, αj⟩ = Ai,j , 0 ≤ i, j ≤ N, ⟨d, αi⟩ = δ0,i, ⟨hi,Λ0⟩ = δi,0, 0 ≤ i ≤ N, ⟨d,Λ0⟩ = 0.

Let g(A) be the affine Lie algebra associated with the Cartan matrix A. Since A is symmetriz-
able, it is defined as the Lie algebra generated by ei, fi, 0 ≤ i ≤ N , and h with the following
relations:

[ei, fj ] = δi,jhi, 0 ≤ i, j ≤ N, [h, h′] = 0, h, h′ ∈ h,

[h, ei] = ⟨h, αi⟩ei, [h, fi] = −⟨h, αi⟩fi, h ∈ h, 0 ≤ i ≤ N,

(ad ei)
−Ai,j+1ej = 0, (ad fi)

−Ai,j+1fj = 0, 0 ≤ i, j ≤ N, i ̸= j.

Here we used the adjoint action (ad x)y = [x, y].




