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Abstract. Let S be a Clifford module for the complexified Clifford algebra CL(R™), S’ its
dual, p and p’ be the corresponding representations of the spin group Spin(n). The group
G = Spin(1,n 4 1) is a (twofold) covering of the conformal group of R™. For A, u € C, let
Tp,a (resp. my ) be the spinorial representation of G realized on a (subspace of) C*°(R",S)
(resp. C*(R"™,S)). For 0 < k < nand m € N, we construct a symmetry breaking differential
operator B,(x\)u from C*(R™ xR”,S ® §') into C*°(R", A} (R™) ® C) which intertwines the
representations m,  ®m, ,, and o2 Abpt2ms where 7;° is the representation of Spin(n) on the
space A} (R™) @ C of complex-valued alternating k-forms on R".
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1 Introduction

In the last years there had been a lot of work on symmetry breaking differential operators
(SBDO for short), initiated by a program designed by T. Kobayashi (see [12] and [13] for more
information on the subject). The present authors have already contributed to the construction
of some SBDO (see [1, 2, 3, 5]). In the present paper, we construct such operators in the context
of tensor product of two spinorial principal series representations of the conformal spin group
of R" (a two-fold covering of the Lorentz group SOg(1,n + 1)).

The method we follow has been named source operator method by the first author (see [5]
for a systematic presentation). An essential ingredient is the Knapp-Stein operator for the
spinorial series, which is presented along new lines in the ambient space approach (Section 3.3).
The construction of the source operator requires some Fourier analysis on R™ and in this paper
we develop an approach through an ad hoc symbolic calculus, which eases the computations
(Section 4.3). As a result, an explicit expression for the source operator (of degree 4 with
polynomial coefficients) is obtained (see (4.11)).

Once the source operator is computed, the sequel is standard and yields a family of constant
coefficients bi-differential operators which are covariant for the action of the conformal spinor
group. In complement, a recurrence formula on these operators is obtained. An explicit formula
is obtained for the “simplest” SBDO (scalar-valued and of degree 2).

When the dimension n is equal to 1, the operators thus constructed coincide with the classical
Rankin—Cohen brackets of even degree, see (5.3).

2 Clifford modules

This section contains what is necessary to know about Clifford algebras and their modules
in order to read this article, without any claim to originality. We use [7] and [4] as main
references.
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2.1 The Clifford algebra and the spin group

Let (E, (-, -)) be a Euclidean vector space of dimension n. The Clifford algebra C¢(E) is the
algebra over R generated by the vector space F and the relations

xy +yr = —2(x,y) for =,y € F,

where —2(x,y) is identified with —2(x,y)1 and 1 being the algebra identity element.
There is a natural action of the Clifford algebra C{(E) on the exterior algebra A(E). For
x € E and w € A(E), let e(x)w be the exterior product of z with w, and let ¢(x)w be the
contraction of w with the covector (x,-). The Clifford action of a vector z € E on A(E)
is defined by
c(r)w = e(r)w — 1(z)w.

The classical formula

e(@)e(y) + v(z)e(y) = (z,y)

implies that

c(@)e(y) + cly)e(r) = —2(z,y)
and by the universal property of the Clifford algebra, the action ¢ can be extended to C4(E).
Associated to this action is the symbol map o: CU(E) — A(E) given by
o(a) = c(a)l for a€ CUE).

The symbol map can be shown to be an isomorphism, and its inverse y: A(E) — C/(E) is called
the quantization map, see [4] for more information. For I = {i1,da,...,i;} where 1 <i; < is <
- <k <n,let e = ej; Aej, A---Aej,. Then the family {er}, where I runs through all possible
subsets of {1,2,...,n} form a basis of A(E). In this basis the quantization map is given by

7(81) = €4,€4y """ eik' (21)

The orthogonal group O(F) acts on E and there is a natural extension of this action both
to A(F) and to C/(E). Both ¢ and v are isomorphisms of O(E)-modules.

The conjugation « is the unique anti-involution of C/(E) such that for x € E, a(z) = —=.
Notice that

x€E, |z| =1 implies afr) =27t

The pin group Pin(F) is defined as the multiplicative subset of C/(E) given by
Pin(F) ={g € CUE), g = x122- - xp, ;| =1 for 1 < j < K},

the inverse of the element g = x1x9 - - - x; being the element

g " =alg).

The spin group Spin(E) is defined similarly as
Spin(E) = {g € CUE), g = x1x2- - Top, |xj| =1 for 1 < j < 2k},

Let = € F such that |z| = 1. Then for any y € E, zyz~! belongs to E and

xyx_l = —S5zY,
where s, is the orthogonal symmetry with respect to the hyperplane perpendicular to =x.
As a consequence, if g € Pin(E), then for any z € F, grg~' € FE and the map 74: z + gzg !
belongs to O(E). If moreover g € Spin(F£), then 7, belongs to SO(FE).
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Proposition 2.1. The map g — 7, induces homomorphisms
7: Pin(E) — O(F), 7: Spin(E) — SO(E),

which are twofold coverings.

2.2 Clifford module and its dual

Let E be the complexification of F and extend the inner product on E to a symmetric C-bi-
linear form. Denote by C/(E) the complex Clifford algebra of E, which can be identified with
ClE)®C.

A Clifford module (S, p) is a complex vector space S together with a (left) action p of C/(E)
on S. By restriction, the action p yields representations of the groups Pin(E) or Spin(E), also
denoted by p. As Pin(F) is compact, there exists an inner product (-,-) on S for which the
action of the group Pin(E) is unitary. Now for any v € E and for any s,t € S

(p(0)s,1) = (s, p(v)1).

In fact, it suffices to prove the formula for v € E such that |v| = 1. But then p(v)? = —1, so
that

(p(v)s, 1) = =(p(v)s, p(v)p(v)t) = —(s, p(v)1)

using the unitarity of p(v) for v € Pin(FE).
The dual space §' is also a Clifford module with the action p’ given by

rek, tey, @)t = -+t op(x),

and then extended to a representation of C/(FE). The restriction of p’ to Spin(F) (still denoted
by p') coincides with the contragredient representation of p.
Denote the duality between S and S’ by (s,t’), for s € S and t' € S'. Then

VzeE, seS, te¥, (p(z)s,t') = —(s,p'(x)t),
Vg€ Spin(E), seS, t'eS,  (p(g)s,p'(g)t') = (s,1). (2.2)

2.3 Decomposition of the tensor product S ® S’

Let A*(E) be the dual of A(E) and let A*(E)®C be its complexification, which can be regarded
as the space of all complex multilinear alternating forms on F.
Define U: S® S’ — A*(E) ® C by the following formula, for s € S,¢' € S’ and w € A(E)

U(s @t')(w) = (p(v(w))s, 1)
or more explicitly (see (2.1)), for w =e;; A--- Aejy,
(s @) (e, A-o-Aei) = (plen) - pleiy) s, 1),
where 1 <41 <9 < -+ <1} <n.

Proposition 2.2. The map V: S® S — A*(E) ® C intertwines the representation p ® p' and
the natural representation T of Spin(E) on A*(E) ® C.
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Proof. Let g € Spin(E). Recall that for any z € E, 7(g)x = grg~!, so that

p(z)p(g) = p(g9)p(9 " zg) = p(9)p(T(g7")2))

and hence, for 1 <i1 <is < -+ < <n

pleiy) - plei)p(g) = plg)p(T(9~en) - p(T(97 " )ei)-
so that for s€ S, ¢ € &

we thus get

U(p(g)s @ p'(g)t") = 7(9)" (¥ (s @1)). u

The space A*(F) ® C decomposes further under the action of the group Spin(F) (which
reduces to an action of SO(F)) and in fact

A(E)®C=PA(E)®C,
k=0

where A} (E) is the space of alternating k-forms on E. For 0 < k < n let
v ses 5 A(E)eC,  ¥® =proj, o0,

the operator proj, being the projector from A*(E) ® C onto A} (E) ® C.
The following lemma will be needed in the proof of the next proposition.

Lemma 2.3. Let J = {ji1,...,jx} with1 < j1 < jo <--- < jr <n and let e; = ej €, €j,.
Then

> eiesei = (1) (n — 2k)e;. (2.3)
i=1

Proof. Let 1 <i <mn. Assume first that ¢ ¢ J. Then
ciesei = eilejies, - ej e = (1) (ejep, e )eies = (1) ey
Assume on the contrary that i = j, for some ¢,1 < ¢ < k. Then

l— k—¢
ei(€j1€j2 o ejéfl)ejé (ej1z+1 T ejk)ei =(-1) 1(_1) (€j1€j2 e ejé—l)eiejéei(ejbrl T ejk)
= (—1)k€J.

Hence
> eiesei = (n—k) (1) ey + k(-1)fes = (n — 2k)(—1)" e, |
i=1
Let L be the operator on S® S’ given by

n

Lz u’) =3 pleo @ (e
=1
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Proposition 2.4. Let 1 < k <n. Then
U o [ = (=1)*(n — 2k)T®). (2.4)

Proof. Fix v e Sand w' € §'. Let J = {j1,...,jk} with 1 < j; < jo <--- <jr <nandlet ey
be the corresponding k-vector. Then

n

VO (Lo w))(es) = D (plej)plesy) - pleg,)pleiv, pl(es)w'),
=1

which by (2.2) is transformed to

n

VO (L @w))(es) = = (pled)plej,)ples) - plej,)plei)v, w')
1=1

n
2 : /

:—<p< eiejleh---ejkei)v,w),
1=1

and according to (2.3) we have

YR (L@ w))(es) = (—1)F(n — 2k)(p(ej, €5 - - €5, v, w)
= (=1)*(n —2k)U P (v @ w')(ey),

hence, the conclusion follows. |

2.4 Spinors and irreducible representations of Spin(E)

For the sake of completeness, we now discuss the irreducible Clifford modules and the corre-
sponding representations of the spin group, known as spinor spaces, see, e.g., [7, 8, 11].

When n is even, say n = 2m, there exists, up to equivalence a unique irreducible Clifford
module Sy, of dimension 2™. As a representation of Spin(2m), Sa,, splits into two irreducible
non-equivalent representations, the half spinors spaces S;m and Sy, , each of dimension 2™~1,

When n is odd, say n = 2m + 1, there exist two non-equivalent irreducible Clifford modules,
of dimension 2™. As representations of the spin group Spin(2m + 1), they are irreducible and
equivalent, thus leading to a unique spinor space Sg;,+1.

Whether n is even or odd, the dual of the Clifford module S,, is isomorphic to itself as
a representation of the spin group Spin(n). In the even case, the half spinor space is either
self dual or isomorphic to its opposite half spinor space, depending on m, but in any case,

The representation of the spin group Spin(n) on A*(R™) goes down to a representation
of SO(n) and decomposes as @,_, Ar(R"). The Hodge operator yields an isomorphism
AF(R™) ~ Ay (R™). In the odd case A} (R") is irreducible for any k, whereas for n = 2m,
Aj(R™) is irreducible except for k = m, and in fact, A, (R?™) splits in two irreducible non-
equivalent representations.

In the present article we chose to work with Clifford modules. The latter considerations show
that it is clearly possible to deduce results for spinor or half spinor spaces, just by refining the
decomposition under the action of the spin group.

3 The conformal spin group and the spinorial representations

In this section, we present the construction of the conformal spin group G of the space F, its
conformal action on E and the representations of G associated by induction of the Clifford
modules. For convenience we identify £ with R™.
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3.1 The conformal spin group of R"

Let E = R+ be the real vector space of dimension n+2 equipped with the symmetric bilinear
form given by

Q(XaY) =ToYo — T1Y1 — *° — Tnt+1Yn+1-

Denote by C/(E) the corresponding Clifford algebra, generated by E and subject to the relation

Xy +yx =2Q(x,y).

Let « be the conjugation of the Clifford algebra, i.e., the unique anti-involution of C/(E) such
that a(x) = —x for x € E. Let G = Spiny(1,n + 1) be defined by

G= {V1V2 —evo, keN, v; € E, Q(vy) = £1, #{j,Q(v;) = -1} even}.

Then G is a connected Lie group, the inverse of an element g is equal to g=! = a(g). For

x € E and g € G, the element gxa(g) belongs to E and the map Tg: x — gxa(g) defines
an isometry of (E, Q). Moreover, the map g + T is a Lie group homomporphism from G onto
SOy(E) ~ SOq(1,n + 1) which turns out to be a twofold covering (see [7] for more details).

The Lie algebra g of G can be realized as the subspace C/%(E) of bivectors in C/(E) spanned
by {eiej, 0 <i < j <n+1}. The Lie algebra g is isomorphic to 0(1,n 4 1). The isomorphism
of E given by

ep — €, €j — —€j, 1<53<n+1

can be extended as an involution of C/(E) which, when restricted to C/*(E) yields a Cartan
involution 6 of g. The corresponding decomposition of g into eigenspaces of 6 is given by g = £¢®s,
where

n+1
t= @ Reiej, EZ@RGOBJ‘.
1<i<j<n+1 j=1
A Cartan subspace a of s is given by
a=RH, where H = egent1-
Now let
n n
m= Z Reiej, n:@Rej(eo—enH), n= Rej(€0+€n+1),
1<i<j<n j=1 j=1

and notice that
[H,m] =0, ad Hj, = +2, ad Hy = —2.
Then
g=mdmodadn
is a Gelfand-Naimark decomposition of g. By elementary calculation, for ¢t € R

a; = exp(tepent1) = cosht +sinhtege,11 = e ( coshteg + sinht en+1)
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and for y € R™

yleo —en+1) _ 4 N y(eo — en+1)

=€ =
Ty XP 9 9

and similarly, for z € R™

z(eg + ent1) —1a z(eo + ent1)

Ty 1= exp 5 5

The analytic Lie subgroups of G associated to a, n, and n are isomorphic to their counterparts
in SOg(1,n + 1) and hence are denoted respectively by A4, N, N.

The Cartan involution of g can be lifted to a Cartan involution of G. The fixed point set
of this involution is a maximal compact subgroup

n+1
K= {VIVZ’ TV, Vj € @Reia Q(V]) = _17 1< .] < Qk}v
=1

isomorphic to Spin(n + 1). Let M be the centralizer of A in K which is isomorphic to Spin(n).
Let M’ be the normalizer of A in K. Then the Weyl group M’'/M has two elements. As a rep-
resentative of the non-trivial Weyl group element choose

W = €1€n+41

and observe in fact that

1 1
-1
wHw™ " = §€1€n+1 €0€n+1 €nt1€1 = —§€0€n+1 =—H.

3.2 The Gelfand—Naimark decomposition

To the decomposition of g is associated a (partial) decomposition of the group G, often called
the Gelfand—Naimark decomposition. More precisely, the map

N xMx Ax N > (m,m,a,n) — aman € G
is injective and its image is a dense open subset of full measure in G. Conversely, let g € G

and assume that g belongs to the image. Then there are unique elements 71(g) € N, m(g) € M,
a(g) € A and n(g) € N such that

g =n(g)m(g)alg)n(g)-
The following result will be needed in the sequel.

Proposition 3.1. Let x € R"™, and assume that © # 0. Let ¥’ = ejxe;. Then the following
identity holds:

-7 —7 e 2 .
w nx—n%( 61‘x|)a1n|x ne,. (3.1)

In particular,

m(w_lﬁx) = —eli lna(w_lﬁz) = In|z|.

|’
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Proof. First

1 1

1
1
W Mg = ept1€1 <1 + §$(eo +ent1) | = —56133 — §elxegen+1 —e1€n41-

The right side of the identity (3.1) is equal to

x'(eg + ent1) T 1 1 1 1 x(ep — ent1)
RN IR S VAR LN f (e ) 2 (2] = — epeney ) (1 + HE0 = Cni1)
(1 ) 2 fag) T2\ g Jeoenst ) U ap

whereas the left-hand side is obtained by a standard computation, using in particular the fact
that e;x commutes with ege,+1 and the relation 2’e1z = |z|%e;. [ |

The left action of G on G/P can be transferred to a rational action (not everywhere defined)
on n ~ R", more explicitly,

when it is defined and we simply denote the action of G on R™ by g(x). In particular, the action
of M on R" is given by

m € M, z € R", x — mam ™!,
the action of A is given by
as € A, x €R", z e 2y,
and the action of N is given by
n, € N, x € R", T+,
3.3 The representation induced from a Clifford module

and the associated Knapp—Stein operators

Let (S, p) be a Clifford module for the Clifford algebra C/(E). The restriction of p to the spin
group M yields a representation of M, still denoted by p.
For A € C, let x) be the character of A given by

alag) = A for teR.

Now consider the representation of P = MAN given by
PR xA® L,

and let
Tor =Indg p® x» ® 1

be the associated induced representation from P to G. Let S,  be the associated bundle G x, \S
over G/P and let #,  be the space of smooth sections of S, x. The natural action of G on S, »
gives a realization of 7,y on H, ).

Another realization of the representation 7, y, more fitted for calculations is the non-compact
picture, see [11, Chapter VII]. In this model, the representation is given by

mor(9)F(@) = xa(a(g™'7)) ' p(m(g~'7)) " F (971 (M),

where F' is a smooth S-valued function on N.
Consider now the representation wp of M defined by

vm € M, (wp)(m) = p(w™'mw).
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Proposition 3.2. The representation wp is equivalent to p. More precisely, for all m € M
p(—e1) o wp(m) = p(m) o p(—e1). (3.2)
Proof. Recall that w = eje,41 so that for any m € M
wp(m) = p(ent1e1merenyt).
As en41 anticommutes with e; and commutes with m, this implies
wp(m) = pleym(—e1)) = plen)p(m)p(—e1)
from which (3.2) follows by left multiplication by p(—e;1) = p(e1)~!. [
Now form the induced representation
Twpn—\ = Indg'(wp ® Xn—x®1).

The Knapp-Stein operators .J, ) are intertwining operators between m, and my,,—x, see
again [11] for general information on these operators. Using the equivalence between wp and p,
introduce the operators

I,\ = p(—e1) o Jp.

Proposition 3.3. For any g € G,
Iprompa(9) = Tpn-a(g) © Ip.

Proof. First, by induction, Proposition 3.2 implies for any pu € C
p(—e1) © Twp,u(g) = mpu(g) © p(—e1).

Hence

I, xompa(g) = p(—e1) o Jynompa(g) = p(—e1) © Tuwpn-x(g) 0 Jpx

= Wp,n—k(g) op(—er)o A = 7Tp,n—/\(g) o Ip,A- u

The expression of the corresponding Knapp—Stein operator in the non-compact picture is
given by

Jp,)\F(ﬁx) _ / ef(2nf2/\) lna(wflﬁy)p(m(wflﬁy))F(ﬁx_’_y) dy,

which, using Proposition 3.1, can be rewritten more explicitly as

_ y _
ly| 7222 (—61 |y|> F(figyy) dy.

In turn, the operator I, x = p(—e1) o Jy is given by

JoF(ng) = /

n

_ Con Y _
Baf@) = [P L) F,) du

after the change of variables y +— v’ = —y. The Knapp-Stein operator I,y is thus shown to
be a convolution operator on N, or otherwise said over R™. Notice that these operators were
already introduced and studied in [6].
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Now consider simultaneously S and its dual §'. For A\, € C the corresponding induced
representations are

m=Ind§pex\®1, 7, =Ind§p @x,®1.

Simplifying the notation, the corresponding intertwining operators are

D@ = [ 12 L) e - ) d

I f(z) = /Rn ly| =22 (\:Z!) flz—y)dy. (3.3)

Finally, consider the “outer” temsor product p ® p’ as a representation of M x M and,
for A, u € C form the tensor product representation

™, = Ind%jﬁ'(p@m ®1)®(p ®xu®1).

/

Proposition 3.4. The operator I ®IL intertwines the representations my ®7TL and Tp-\®m,_,

of G x G.

The diagonal subgroup of G x G will be denoted simply by G, and viewed as acting diagonally
on R™ x R™. Needless to say, the previous proposition implies that Iy ® I L is an intertwining
operator for the action of G on C*°(R™ x R";S ® §') by the “inner” tensor product my ® W;L.

4 The source operator

4.1 Definition of the source operator and the main theorem

Let M be the operator on C*®(R" x R",S ® §') defined for F' a smooth function on R™ x R"
with values in S® S’ by

MF(.%',:I/) = ‘.’IJ - y‘QF(x7y)
Proposition 4.1. Let A\,u € C. Then for any g € G,
Mo (m(g) @ m,(9)) = (ma-1(9) @ m,_1(9)) o M.

Proof. The result is a consequence of the following covariance property of the function |z — y|?
under a conformal transformation g € G

l9(z) = g(y)|? = e 210Dz —y Pe2Inalow), (4.1)
where a(g,x) = a(gn,). This is equivalent to the more classical formula

l9(z) — g(y)* = k(g,z) |x — y|* K(g,y), (4.2)

where k(g, x) stands for the conformal factor of g at z. The equivalence of (4.1) and (4.2) comes
from the relation

k(g,z) = xa (a(g,:c)_l) — o 2Ina(gz)

The group G is generated by N, M, A and w. The equality is easy to verify for g € N, M,
and A and follows for w from the Gelfand—Naimark decomposition obtained in Proposition 3.1.
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The proof of the intertwining property is then straightforward. In fact, let ¢ € G and F €
C®(R" x R",S®S’). Then

Mo (mr(g) @ 7, (9)) Fla,y) = |a — y|?e P mals™ el 2nlnalg™hy)

< plm(g™17)) @ p(m(g™'7,)) (a7 (2). 7 ()

and by using (4.1) this can be transformed as

Mo (mr(g) @ 7, (9)) Fla,y) = |g7 (x) — g (y)| e 2" Dinals™ha)e=2(u=DInalg™"y)
< p(m(g ")) @ p(m(g™'7y)) F (g (2), 97 ()
= (mr-1(9) ® Tp—1(9) ) MFEF (2, y). L

There is a version of these results in the compact picture. As we are mostly interested
in the non-compact picture, we only sketch the argument and refer to [1, Proposition 1.1] for
more details. The space G/P can be identified with the Euclidean unit sphere S™ in R"*!,
the classical stereographic projection from S™ into R™ corresponds to the map gP +— 7(g).
The group G acts conformally on S", the function |Z — J|%,,, defined for (Z,7) € S™ x 5"
satisfies a covariance relation under the action of G, similar to (4.2), where k(g,z) is now
replaced by the conformal factor of g at Z. For any A, u € C, the multiplication by the function
|z — ﬂ]%nﬂ induces an operator M ,,: H) ® 7-[; = Hy_1® ’Hihl which intertwines m) ® TI'L and
Tr—1 & 7TL71 and is expressed in the local chart N — G/P by the operator M.

Now let us consider the operator E) , defined by the following diagram

E
Hy@H, —2  Hapr @ Hpr

1A®1Ll T1n7/\71®17l1—,u—1
My
/an)\ 029 Hn—u —_— /an)\fl & ,Hn—;t—l

Theorem 4.2. The operator E) , is a differential operator on the bundle S, \ x S, ,, which
satisfies, for any g € G

By o0 (malg) @ m,(9)) = (mas1(9) @ 7,41(9)) 0 Expe

This is the main theorem of the article. The operator is named the source operator as it is the
key to the construction of the SBDO as we will show later. The fact that £} , is G-intertwining
is a consequence of the definition. The fact that it is a differential operator is much more subtle
and will be shown by working in the non-compact picture. There is however some difficulty
when using the non-compat picture, due to the fact that the space of C*° vectors in the non-
compact picture is not very manageable, especially when using the Fourier transform on R™.
Hence we have to use a slightly different path to construct and explicitly calculate the local
expression of the operator E) ,. Coming back to the compact picture, for generic A (resp. )
the Knapp—Stein operator I is invertible, and up to a non-zero constant multiple, its inverse is
equal to I,,_. So that the operator E) , (up to constant multiple) satisfies the relation

([nf)\fl ® In—u—l) oM = E)\,,u % (Inf)\ ® In—u)-

This is the way we will introduce and calculate the expression of the source operator in the
non-compact picture (cf. Section 4.4).



12 J.-L. Clerc and K. Koufany

4.2 Riesz distributions for Clifford modules

Up to this point, the intertwining operators are only formally defined and we need to look more
carefully to the convolution kernels of the Knapp—Stein operators.

First recall the classical Riesz distributions. For s € C, the Riesz distribution rs on R” is
given by

rs(z) = |z|°.

More precisely, for (s) > —n, the function ry is locally integrable and has moderate growth
at infinity, so that rs is a well-defined tempered distribution. The family of distributions thus
defined can be extended analytically in the parameter s € C, with poles at —n — 2k, k € N.

Let (S, p) be a Clifford module and for s € C define the associated Clifford-Riesz distribu-
tion by

x _
foo) = lol*0( ) = el ot (1.3
Let Ej = p(ej), 1 < j < n. Then, for z = Z] L xies, plx) = 23‘121 zjE;. Use the identity

1 0 s+1
s+18x (| | )

zj|x]* t=

to conclude that

. 1 arerl '
folz) = s+1 ; ox; () Ej.

From this expression it is easy to deduce the next statement.

3

Proposition 4.3. The family ¢, defined by (4.3) is a meromorphic family of End(S)-valued
tempered distributions with poles at s = —n — 1 — 2k, k € N.

Further properties of these distributions will be needed in the sequel. Parts of the present
results were already obtained in [6] and in [9].

Proposition 4.4.

0j,(x) = ((s = Dz; — pleja) ) ,_o(), (4.4)
Af (z) =(s=1)(s+n—1)¢, ,(x). 4.5

Proof. First

9; (J2*p(x))

((s = Dajlal*=?) pla) + |2 p(ey)
((s = Dajla*=%) p(2) = |2 p(es)p(w)p(x)
((s = Daj — pleja) |z p(x),

and (4.4) follows.
Next, using (4.4)

(9]2;‘5(3:) = ((s— 1)— ,o(ejej))\gc]*:3 x)—i—( (s—1)z;— e]w)) ((s— 3)x;— p(ejx))\xlsf‘r’p(w)
= sla*3p(2) + ((5 — 1)(5 — 3)a — (25 — Dazp(esa) + plesresn))[ol*>p(z).
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Now sum over j from j =1 to j = n and use that

Z:UJQ = |z|?, Za:jej =u, Zeja:ej =(n—-2)x
j=1 j=1 j=1
to get
Af (z) = (nslz” + (s = 1)(s = 3)[z” + (25 = 4|z — (n — 2)|])[2|*°p(2)
= (s> +(n—2)s —n+1)z]* ?p(x),
and (4.5) follows. [

We will also need the Fourier transform of the Riesz distributions. The Fourier transform of
a function f on FE is defined by the formula

~

FFE) = Fle) = /E e 78 f(z) do.

The Fourier transform is an isomorphism of S(E) onto S(E), the definition of the Fourier
transform can be extended by duality to the space of tempered distributions S’'(F). For V
a finite-dimensional vector space, denote by S(E,V) (resp. S'(E,V)) the space of V-valued
Schwartz functions (resp. tempered distributions). The Fourier transform can also be extended
to these spaces.

Recall the following classical result for the usual Riesz distributions, see, e.g., [10].

Proposition 4.5. The Fourier transform of the Riesz distribution rs is given by

‘F(TS)(g) = Csr—s—n(§)7
r(=")

r(=3)

Proposition 4.6. The Fourier transform of _ is given by

‘/—:743 = ¢s¢757n’ (46)

n
where cg = 25T 2

. n
where ¢, = —i2°""rz ——2 =

Proof. For any j, 1 < j < n, a basic formula for the Fourier transform yields

0 )
Faglal*1)(€) = ige (Flal*T)(€) =ie g (16717

=i(=s+ 1 —n)es&lE| T = 44l

and (4.6) follows easily by using the linearity of z — p(x). |

4.3 A symbolic calculus

This section describes in a general context a symbolic calculus, inspired by the calculus for
the Weyl algebra or of the pseudo-differential calculus, but designed for our specific problems
to be treated in the next section. In particular, classical pseudo-differential calculus requires
regularity of the symbol in the cotangent variable £, whereas we have to handle symbols which
are homogeneous in &, and hence not necessarily smooth (even singular) at 0.
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Let E be a Euclidean vector space of dimension n, and V be a finite-dimensional vector space.
Let k € 8'(E,End(V)). Then, for f € S(F,V), the formula

Kﬂ@:iék@—yﬁ@ﬁw

defines a convolution operator K which maps S(E, V) into S'(E, V).
As in the scalar case, these operators have a nice version through the Fourier transform,
namely

— o~

Kf(&) =k, ¢€k,

where k € S' (E',V) is the Fourier transform of the distribution k.
Let p(z) be an End(V')-valued polynomial function on E. Then, for f € S(E, V) the formula

fr (x = p(a)f(2)

defines an operator on S(F, V') denoted by f — pf and referred to as the multiplication operator
by p. A multiplication operator can be extended to S'(E, V).

We will have to deal with operators from S(E,V) into S'(E,V) which are obtained by
composing a convolution operator (say K) followed by a multiplication operator by an End(V')-
valued polynomial function (say p) on E. Such an operator will be denoted by p K. By definition,
its symbol is given by

symb(p K)(x,8) =p(z) o k(§), 2€E, (€F

viewed as the polynomial function on F with values in &’(E, End(V))

o~

z s pla) o B(€).

We let Op(E, V) be the family of finite linear combinations of such operators. In other words,
an element of Op(E, V') can be written in a unique way as

Z ALK,

where a = (a1,a9,...,a,) denotes an n-multi-index, A, in End(V) and K, is a convolution
operator by a tempered End(V)-valued distribution on E, with the tacit convention that only
a finite number of terms in the sum are non-zero. Then the symbol of such an operator is
given by

> 1% Agka (9).

A constant coefficient End(V)-valued differential operator on FE is an example of a convolution
operator with a tempered distribution, namely a combination of derivatives of the Dirac distribu-
tion at 0 € E. In particular Op(E, V') contains the End(V)-valued Weyl algebra on E, denoted
by W(E, V), consisting of the differential operators on E with End(V')-valued polynomial coef-
ficients. Notice that these operators map S(E,V) into S(F,V) and S'(E,V) into S'(E,V).
Recall the usual definition of the symbol of a differential operator, namely the End(V')-valued
polynomial function op on E x E’ is given

De'®€) = gp(z, €)elE).
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Then an elementary computation shows that op coincides with symb(D) (see [5] for the scalar
case). More explicitly, let D = Y pa(x)0 be in W(E, V), where p, is an End(V)-valued
polynomial. Then its symbol is given by

symb(D)(x,€) = ) pa()(i€)".

Although Op(E,V) is not an algebra of operators, some compositions are possible. Although
a more general result could be stated, we consider only two cases, which will be enough for the
present paper.

Proposition 4.7. Let D be an End(V)-valued differential operator on E, and let K be a con-
volution operator with a tempered distribution. Then Do K belongs to Op(E, V'), and its symbol
s given by

symb(D o K)(z,&) = symb(D)(x, &) o symb(K)(§). (4.7)

Proof. Let a be an n-multi-index and let &£ be the kernel of the convolution operator K. Then
0% o K is the convolution operator with kernel 0¢k(x). Hence

symb(9; o K)(§) = (i§)“k(S),
which coincides with formula (4.7) for this particular case. The general formula follows easily. B

Proposition 4.8. Let p be an scalar-valued polynomial on E, and let L be in Op(E,V). Then
L o p belongs to Op(E, V') and its symbol is given by

svb(Lop)(e.€) = 3 4 08 (0) (106 symb(L)(o,) (15)

[0}

Proof. Assume first that L = K is a convolution operator by a tempered distribution k. Then
the symbol of the composition K o p can be computed exactly as in the scalar case (see [5,
Proposition 1.2]) and the result coincides with (4.8), due to the fact that we assume that p is
a scalar-valued polynomial. The general case follows easily. |

4.4 The main formula

We now apply the symbolic calculus developed in the previous section to the construction of
the source operator in the non-compact picture. In particular, we come back to the context and
notation of Section 4.2.

For s,t € C, consider the normalized Clifford—Riesz convolution operators

Rs:  SR™,S) = S'(R™,S), Rof = ¢.'F 1,
Ri: SR™S) =S RYS),  Ryf =¢ W *f (4.9)
The technical reason for this normalization is that

symb(R)(€) =¢_, (), symb(R)(¢) =¢_,,_,(0),

see (4.6).

The family R, depends meromorphically on the parameter s. Poles and residues were studied
in [6]. An example of the residues is the Dirac operators, which in our context comes in two
versions, given by

D= segr B =Y ey
j=1 J j=1 J
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As a consequence, they satisfy an intertwining property under the action of the conformal group,
and similar results are valid for their powers, see [6].
Further, consider the operator

Mep: SR"xR",S®S) =S R"xR",S®S), M, =(R,R;) oM
which clearly belongs to Op (R" x R™,End(S ® §')) as considered in Section 4.3.
Proposition 4.9. We have,

symb (M) (2,4, €,€) = faa(w,,€.0) 0 (F_ oy 5(6) @1, ()

where
forl@,9,6,0) =z —yPIEP @ [CP +2i(s +n+1)D (2 — ;)& @ ¢
j=1
+2(t+n+1)> (y — 2 ® ¢+ 2i(p(x — y)p(&) @ I¢P)
7j=1
+2(1EP @ p'(y — 2)p'(¢)) — (s + 1) (s +n+ 1)id®|¢|?

—(t+ Dt +n+DEPRid42(s+n+ D(E+n+1)) & @
j=1

+2(5+n+1)> & @0 () () +2t+n+1)> pleg)p(6) ® ¢
i=1 j=1

+2) " pleg)p(€) @ p'(e)p(€).
=1

Proof. First,
symb(R, @ Ry)(6,¢) = ¥, () ® 1, (0)-
Following (4.8) the composition formula for the symbols yields
sy (R, © Ry ol =) = o =o€ © FnlO
+2Z ( 5 )F a8 1)

2200 (156 )70

- A,/'—s—n( ) ® f—t—n(C)

+2) 0 () @0 () =7, () @AY, ()
j=1

Now use formulas (4.4) and (4.5) applied to # and ¢’ to get the result. [

Notice that fs; is the symbol of a differential operator on R™ x R". In the next proposition
we give an explicit expression of this differential operator.
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Proposition 4.10. For s,t € C, let

n

0
—\x—yQAx®Ay_2(3+”+1);(xj—yj)axj®Ay
n 8 ,
—20t+n+1)> (y; @—QP(w—y)¢x®Ay — 20, ® ' (y — 2) D,
J=1 J

+(t+Dt+n+1)A, ®id + (s+1)(s+n+1)id®A,

—2(s4+n+1)(t+n+1) Z—@——Qs—i—n—i—lz D,

2t 1) Y Pl - 2<Zp<ej>zm @d(ej)w;).
o j=1

Then, the symbol of the differential operator Fs; is equal to fs; given in Proposition 4.9.

The symbol calculus yields also the following theorem, which is the main formula leading to
the proof of Theorem 4.2.

Theorem 4.11. The following identity holds for s,t € C
(R @ Ry) o M = c(s,t) Fspo (Rayo®Rypa), (4.10)

where

c(s,t) = !

GrOGtnt )+ D(ttntl)

Proof. The identity for the symbols obtained in Proposition 4.9 is translated as

¢s_1¢t (7/-6 ® 7/ét) oM = ¢s+2 ¢t+2 Foto (%8—1-2 ® %;+2)‘

An elementary computation gives

’é;“ =—(s+1)(s+n+1)
and the theorem follows. [ |

4.5 The proof of the main theorem

We now study the behaviour of the operators involved in the previous construction under the
action of the conformal group G.
The main observation is that up to a shift in the parameters, and up to a constant multiple,
the operators R, and 7,?; are essentially the Knapp—Stein operators considered in Section 3.3.
For A\, u € C generic, compare (3.3) and (4.9) to get

/
Ix= ¢2)\72n7/?’2)\*2n7 I,l/t = ¢2M72n7/é2;h2n'

Change the normalization of the Knapp—Stein operator, that is, redefine the Knapp—Stein ope-
rators by setting

g 7 /
I = Ror_on: I, = Ropon-
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Moreover, set
s = —2)\—2, t=—-2u—2
and
Exy=Fsp = F_ox_2 2, 2.
Notice that
s+n+1=-2A+n-1, s+1=-=-2X—-1,

so that

n

d
= |z -y’ A; @ Ay +2(2X —n + 1) Z(iﬂj - yj)% ® Ay
J

22—t )Yy~ )8, 0 5 = 2o~ )P B 8, — 28,8 (0~ ),
j=1 J
(2u—n+1)2u+ 1Ay ®id+(2)A —n+ 12\ + 1) id @A,
— 22 —n+1)(2u—n+1) Zax®£+2(2’\_”+l 287®p(e])lz)’y
#2004 )3 e D o —2( X o). 0 (e, ). (1.11)
j=1 Yi j=1

Now (4.10) can be rewritten as
(In-r-1@ 1 yy) o M =dA\ ) Bxgo (Tna @ I, ,),

where

CAx=—n+1)A\+1D)2u—n+1)(2u+1)
Theorem 4.12. The differential operator E) , satisfies, for any g € G
Exyo (malg) @ m,(9)) = (mas1(9) @ m,41(9)) © Exp-

The equality holds when applied to functions f € C®(R™ x R",S®S') with compact support and
such that the action of g is defined on the support of f.

Proof. As G is connected, Theorem 4.12 is equivalent to its infinitesimal version, which we
now formulate.

Theorem 4.13. For any X € g,
Exyo (dmy(X) ®id+id®@dr, (X)) = (dm1(X) @ id+id@dr, (X)) 0 Exy. (412)

A well-known and easy-to-prove result is that dmy(X) is a differential operator with End(S)-
valued polynomial coefficients, hence preserves the space S(R",S), so that both sides of (4.12)
are well defined and are differential operators on R” x R" with End(S ® §')-valued polynomial
coefficients.

In order to prove Theorem 4.13, let for X € g

Ay py(X) = By o (dma(X) @ id+id @ dm, (X)) = (dmag1 (X) @ id+id@dm, 1 (X)) 0 Ex .

We want to prove that Ay ,(X) = 0 for any X € g, and in order to do it, we first prove the
following weaker statement.
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Lemma 4.14. For any X € g
Ay pu(X)o (o @ I,_,) = 0. (4.13)

Proof. It is sufficient to prove the results for (A, i) generic, so that we the may assume that A,
A+1,n—)\ n—X—1 are not poles of I, and same conditions on p. Also assume that (A, p) is
not a pole of the rational function d(\, u). Thus for any X € g

(dmap1 (X) @ id +id @ dr),, (X)) 0 d(A, p)Exy o (In-a ® I, _,,)
= (dm1(X) ® id+id®de+1(X)) o (I~n_>\_1 ® T{HH) oM
= (Tanfl ® T;L_M_l) o (dmp-a1(X) ®@id+id@dm,_, (X)) oM
= (Ioxo1 @ I,y y) o Mo (dmyo\(X) @ id +id @ drl,_, (X))
= d(\ ) Bxy 0 (Iioa®I,_,) o (dmp_a(X) ®@ id +id @ dr,_, (X))
= d(\, p)Ey 0 (dmy(X) @ id +id@dn), (X)) o (I @ I}, _,),
and (4.13) follows. [

The proof of Theorem 4.13 is achieved through the following lemma, valid in a more general
context.

Lemma 4.15. Let V be a finite-dimensional vector space. Let D be a differential operator
acting on C*°(RP, V') with End(V)-valued polynomial coefficients. Let K be a convolution oper-
ator on RP by an End(V')-valued tempered distribution k. Assume that its Fourier transform k
coincides on a dense open subset O C RP with an End(V')-valued smooth function and satisfies

o~

forany €O k(€) € GL(V).
Assume further that D o K =0. Then D = 0.

Proof. Under the Fourier transform, the operator K corresponds to the multiplication operator
by k, and the operator D corresponds to a differential operator

D= > ar(€)d}
T

on R? with End(V)—vzilued polynomial coefficients. The assumption Do K = 0 implies DoK = 0,
or in other words ﬁ(kw) = 0 for any function ¥ € S(RP, V).

Let & € O, vg € V and [y a p-multi-index. There exists a smooth V-valued function g with
compact support included in O and such that in a neighbourhood of &

wo(§) = Ii!(f — &)"owy,
so that 90¢g(&) = vo. Now let ¥ be defined on O by
Yo(€) = k(€)™ po(€)

and equal to 0 outside of O. The function ¢ is a smooth function with compact support on R?
and

0 = D (ko) (&) = D(0)(£0) = ar,(&)vo.

This being valid for any vg € V, it follows that ar (o) = 0. As & was arbitrary in O and ay,
is a polynomial, this implies a;, = 0 and finally, as Iy was arbitrary D = 0. This finishes the
proof of the lemma. |

For generic A\, u, the operator K = fn_A ® T,/L_M satisfies the conditions of the lemma.
Hence (4.12) holds true and Theorem 4.12 follows. [
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5 The symmetry breaking differential operators
for the tensor product of two spinorial representations

5.1 The projections ¥®

Recall the study of the tensor product S® S’ under the action of M = Spin(n) and in particular
for k, 1 < k < n, there is an M-intertwining map v®): S® §' — A;(R™) ® C. Recall that 7} is
the representation of M on A} (R") ® C.

Forv e Cand k, 0 <k <mn, let

Th = Indg T @ Xy @1

which is realized on (a subspace of) the space C*>°(R", A} (R") ® C) in the non-compact picture.
Further let

vk OPRT xR, S®S) = CORLAL (R @C),  Fr (O F(z,y))

lz=y"

Let A\, p € C. Form the spinorial representations
m=Idfp@x\®1, 7, =Ihdfp @y, ®1

and the tensor product ) ® W:L. The following result is a consequence of the functoriality of the
induction process.

Proposition 5.1. The map (k) satisfies

VW o (ma(g) ©7,(9)) = Taatulg) 0 T

5.2 Definition of the SBDO

For m € N, define the operator E/(\n;): CPR"xR",S®F) = C*R"xR",S®S') by
ESZ) = E)\erfl,,qumfl 0---0 E}\”LL'

m)

The operator Eg\ " satisfies, for any g € G

B o (ma(9) @ 7,(9)) = (Tasm(9) © Trim(9)) © BN, (5.1)
Let

m T.(k m
B,E:;/\?M — gk oE;;.

Proposition 5.2.

(i) The operators B,(:)"\)M: C>(R"xR",S®S') — C*(R™, A;(R")®C) are constant coefficient
bi-differential operators and homogeneous of degree 2m.

(i) For any g € G
Bi, o (ma(9) © 1(9)) = Mhnpram(9) © BYY,

Proof. (ii) is a direct consequence of the covariance property of the source operators and of
the map 0.

Next apply (ii) to the case where g is a translation by an element of R™. This implies
that B,(;';)u commutes with (diagonal) translations and hence has constant coefficients. Apply
then to the case where g belongs to A acting by dilations of R™ to get the homogeneity of

degree 2m for the operator B,(JK) ..~ This completes the proof of (i). [
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The definition of the SBDO B,(:j\) u yields a recurrence formula for these operators. Use the

covariance relation (5.1) applied to diagonal translations on R™ x R™ to see that the coefficients
o (m)
of E&TZ) are (operators valued)-functions of (z —y). Let E, , be the constant coefficients part

of Em) .

Proposition 5.3. The SBDO Bl(:;)u satisfies the recurrence relation

(m—1)
ko = Bra

A+ 1,u+1

SRR

o (m)
Proof. All coefficients of the difference E/(\n;) — £, , vanish on the diagonal of R" x R". Hence

~ o (m)

VW o B =W ok, .

Now
-1
Eg\”ZL) = <E)\+m*1:/i+m*1 00 EA+17,U'+1) © EAz,U‘ = Eg\T'l,,U«)‘Fl © EA:;U'
Hence
(m) _ Tk (m—1) _ p(m=1)
By = v o Eyim1 © Bap = Byt © Eape u

5.3 An example
Let us write explicitly the SBDO for the case £k =0 and m = 1.

Theorem 5.4. The operator

B . C®([R"xR",S®S) = C™(R")

AT
s given by

BSY L (v() @ w'()) (@) = (2u —n+ 1) (2 + 1) (Av(z), w' (2))
+ (22X —n+1)2A + 1) (v(z), Aw'(z))

n

-2 —n+1)2u—n+1)+ <a(zjv(a:) 0 /(:c))

j=1
— 202X+ 2p — n + 2) (Do(x), ]2’11)’(:1;)). (5.2)

The operator B((),l/)\ u satisfies, for any g € G

BSY o (ma(g) ® 7,(9)) = mopnsusa(g) 0 BSA .

Proof. First notice that ¥(©: S® S’ — C is given by
VO w) = (v,w),
so that U(0): C®°(R" x R",S® ') — C>°(R"), is given by

VO(u() @ w'(-))(2) = (v(2), w'(z)).
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Now use (4.11) and observe that by (2.2)

(a0 ) = = (ples) vt B0/ (0))
so that
jz"; (aijv(ﬂf)apl(@j)ww/(x)) = —(Dov(z), P'w'(z)),

and a similar result holds for >°%_, (p(ej)Pu(x), aiij’(g;)), Also use (2.4) for k=0 to get

v (Z (ple) Pav() @ p'<ej>ﬂ>;w’<->)) (2) = n (Do), Byw'(2))-

J=1

The final expression for B\Y s obtained by putting together the partial computations. |

O3 A, p

5.4 The dimension n = 1 and the classical Rankin—Cohen brackets

Let £ = R be the standard Euclidean space of dimension n = 1 and denote by e be the vector
1 (to distinguish it from the scalar 1). Let C/¢(E) the corresponding Clifford algebra which is
isomorphic to the complex plane. Let C¢(FE) be its complexification. The spin group Spin(F)
is equal to {1, —1}.

Let S = C and define for v € S and x € R

plze)v =izv

and extend it as an action of C/(E) on S, still denoted by p. Similarly, let S’ = C and define for
w eS and x € &

P (xe)w = —izw'.
Through the duality on (S,S’) given by (v, w’) — vw', (p,S’) is the dual Clifford module of (p,S),
ie,forr e Randve S, v e¥

(o), ) = —(v, (2.
The corresponding Dirac operators are

d S
m—1£7 m——la

For a smooth S-valued (resp. S'-valued) function v(z) (resp. w'(x)),

_dv dw’

(Bo(@). Do/ (y) = g (@) 1)

By substituting these results in (5.2), one obtains

2 2 2

o 0
BSY = 2p(2p+ Dpz +22A+ 155 =220+ D)2+ 1) o

(5.3)

and this coincides (up to a constant multiple) to the degree two Rankin—Cohen operator for
the group SL(2, R) which is isomorphic to Spiny(1,2). See [3, Theorem 10.7] and [13] for more
general results in this direction.
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