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Figure 5. Co-distances d∗(x±, yi) = n− i between x± ∈ B± and a path of adjacent vertices in B∓.

distance function by
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)
W even =

{
−1 if c± 6= d±,

1 if c± = d±.

In order to use the codistance function δ∗ in B to get a codistance function δ∗∞, we need the
concept of twin ends.

Let x, y, z be chambers in B±. Then the N-valued distance function defined in Section 7
satisfies the following properties.

1. d±(x, y) = 0 iff x = y.

2. If d±(y, z) = 1 we have d±(x, z) = d(x, y)± ± 1 so d±(x, z) 6= d±(x, y). Also, there is at
most one z with d±(y, z) = 1 and d±(x, z) = d±(x, y)− 1.

3. For any two distinct x, y, there exists z with d±(y, z) = 1 and d±(x, z) = d±(x, y) + 1.

Let x± be a chamber in B± and let y∓ and z∓ be chambers in B∓. Then the N-valued codistance
function defined in Section 7 satisfies the following properties.

1. If d∓(y∓, z∓) = 1 then d∗(x±, z∓) = d∗(x±, y∓)± 1.

2. Additionally, if d∗(x±, y∓) 6= 0 then there exists a unique z∓ with d∓(y∓, z∓) = 1 and
d∗(x±, z∓) = d∗(x±, y∓) + 1.

Let A± be an apartment in B±, and let Cham±
(
A±
)

be the set of chambers of A±.
(
A+, A−

)

is a twin apartment in the twin tree
(
B+,B−

)
iff for every x± ∈ Cham±(A±) there exists a unique

x∓ ∈ Cham∓
(
A∓
)

such that d∗(x±, x∓) = 0.
Observations: Fix some x± ∈ Cham±

(
A±
)

and let (y0, y1, y2, . . . , yn) be a path of adjacent
chambers in B∓ with d∗(x±, y1) = d∗(x±, y0) − 1 then d∗(x±, yi) = d∗(x±, y0) − i for 0 ≤ i ≤
d∗(x±, y0). (See Fig. 5.) Consequently, for a twin apartment,

(
A+, A−

)
, if x± ∈ Cham±(A±)

and (y0, y1, y2, . . . , yn) is a path of adjacent chambers in A∓ with d∗(x±, y1) = d∗(x±, y0) + 1 for
d∗(x±, y0) > 0 then d∗(x±, yi) = d∗(x±, y0) + i for 0 ≤ i ≤ n.

For x ∈ Cham±(A±) and y ∈ Cham∓
(
A∓
)

with d∗(x, y) = n > 0, there is a twin end
determined as follows. Using x = x± and y = y0 as above, there is a ray r∓ of adjacent chambers
(y0, y1, y2, y3, . . . ) in Cham∓

(
A∓
)

with d∗(x, yi) = n + i for 0 ≤ i, and similarly there is also a
ray r± of adjacent chambers (x0, x1, x2, x3, . . . ) in Cham±

(
A±
)

with x0 = x and d∗(xi, y) = n+i
for 0 ≤ i. These two rays determine two ends, [r±] and [r∓], and we call the pair ([r+], [r−])
the twin end associated with (x, y). In this twin tree case, it is known [53, Chapter 11, twin
buildings] that there exists a twin apartment

(
A+, A−

)
with x ∈ A+ and y ∈ A− and then we

have r± ⊂ A±.
For c± ∈ Cham±∞ and d∓ ∈ Cham∓∞ we define the W∞-valued codistance function by

δ∗∞(c±, d∓) =

{
−1 if c± and d∓ are twin ends

1 otherwise
.


