Symmetry, Integrability and Geometry: Methods and Applications SIGMA 14 (2018), 051, 26 pages

Quasi-Orthogonality of Some Hypergeometric
and g-Hypergeometric Polynomials

Daniel D. TCHEUTIA t, Alta S. JOOSTE * and Wolfram KOEPF *

t Institute of Mathematics, University of Kassel,
Heinrich-Plett Str. 40, 34132 Kassel, Germany
E-mail: duvtcheutia@yahoo.fr, koepf@mathematik.uni-kassel.de
URL: http://www.mathematik.uni-kassel.de/~koepf/

Y Department of Mathematics and Applied Mathematics, University of Pretoria,
Pretoria 0002, South Africa
E-mail: alta.jooste@Qup.ac.za

Received January 26, 2018, in final form May 17, 2018; Published online May 23, 2018
https://doi.org/10.3842/SIGMA.2018.051

Abstract. We show how to obtain linear combinations of polynomials in an orthogonal
k

sequence {P, }n>0, such as Qn k(z) = > an i Poi(x), anoank # 0, that characterize quasi-
i=0

orthogonal polynomials of order k& < n — 1. The polynomials in the sequence {Qp k}n>0
are obtained from P,, by making use of parameter shifts. We use an algorithmic approach
to find these linear combinations for each family applicable and these equations are used
to prove quasi-orthogonality of order k. We also determine the location of the extreme
zeros of the quasi-orthogonal polynomials with respect to the end points of the interval of
orthogonality of the sequence {P,,},>0, where possible.
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Zeros
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1 Introduction

A sequence of polynomials { P, },,>0, where each polynomial P, has degree n, is orthogonal with
respect to the weight function w(z) > 0 on the finite (or infinite) interval [a, b] if

b
/ 2" Pp(x)w(x)dx =0, me{0,1,...,n—1}.

A consequence of orthogonality is that each polynomial P, (z) has n real, simple zeros in (a,b).
In order for orthogonality conditions to hold, we often need restrictions on the parameters of the
classical orthogonal polynomials and when the parameters deviate from these restricted values
in an orderly way, the zeros may depart from the interval of orthogonality in a predictable way.
This phenomenon can be explained in terms of the concept of quasi-orthogonality. The sequence
of polynomials {Qy, i }n>0, Where each polynomial @, ;, has degree n, is quasi-orthogonal of order
ke {l1,2,...,n— 1} with respect to the weight function w(x) > 0 on [a,b] if

b
/ 2" Qp i (x)w(z)dz =0, me{0,1,...,n—k—1}. (1.1)
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It is clear that when k = 0 in (1.1), the sequence {Q), i }n>0 is orthogonal with respect to w(x)
on [a,b].

Quasi-orthogonality was first studied by Riesz [25], followed by Fejér [12], Shohat [26], Chi-
hara [4], Dickinson [6], Draux [7], Maroni [22] and Joulak [17]. The quasi-orthogonality of Jacobi,
Gegenbauer and Laguerre sequences is discussed in [1], the quasi-orthogonality of Meixner se-
quences in [16] and of Meixner—Pollaczek, Hahn, dual Hahn and continuous dual Hahn sequences
in [15]. More recently, interlacing of zeros of quasi-orthogonal Meixner, Jacobi, Laguerre and
Gegenbauer polynomials were studied in [8, 9, 10, 11] and in [2] interlacing properties of zeros
of quasi-orthogonal polynomials were used to prove results on Gaussian-type quadrature.

Quasi-orthogonal polynomials are characterized by the following property:

Lemma 1.1 ([1, 4]). Let {P,}n>0 be a family of orthogonal polynomials on [a,b] with respect
to the weight function w(x) > 0. A necessary and sufficient condition for a polynomial Qy, j, of
degree n to be quasi-orthogonal of order k < n — 1 with respect to w on [a,b], is that

k
ka(m) = Zamipn_i(.%'), Qn,00n,k 7é 0, n > k. (1.2)
=0

We show at the end of this section how to derive equations of type (1.2), where {P,},>0 is
a sequence of orthogonal polynomials in the Askey or ¢-Askey scheme [18]. The polynomials in
the Askey scheme are defined in terms of the generalized hypergeometric series

at,...,0p
F,
b= (bl,...,bq
and (a),, denotes the Pochhammer symbol (or shifted factorial) defined by

- 1 if m =0,
YT ale+ D@+ ) (atm-1) fmeN.

m=0

The polynomials in the ¢-Askey scheme are defined in terms of the basic hypergeometric se-
ries ,¢s, given by

A1y...,Qp
r®s
bi,. .., by

where the g-Pochhammer symbol (ai,ag, ..., a,;q)y is defined by

q;z) _ i (aly...,ar;Q)m<(_1)mq(?))1+S_r o

A= (b1 bsi@)m (& @)m

(a17 cee 7ar§Q)m = (G/l;‘J)m’ e (ar§Q)m

with
m—1 .
[T (1-ai¢?) ifme{l1,2,3,.. 1},
(ai; @)m = 4§ j=0
1 if m=0.

We will discuss the quasi-orthogonality of monic polynomial systems on a g-linear lattice in
Section 2, the quasi-orthogonality of the monic Askey—Wilson and g-Racah polynomials, that
lie on a g-quadratic lattice, in Section 3, the quasi-orthogonality of the monic Wilson, Racah
and continuous Hahn polynomials in Section 4 and in Section 5 we will make some concluding
remarks. Throughout this paper, z, j, j € {1,2,...,n}, denote the zeros of a polynomial of
degree n in the following order: z,1 < 2 < -+ < . The following results will be referred
to in this paper and we state them here for the convenience of the reader.
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Lemma 1.2 ([1, 26]). If Qi is quasi-orthogonal of order k > 1 on [a, b] with respect to w(x) > 0,
then at least (n — k) real, distinct zeros of Qy.j lie in the interval (a,b).

Lemma 1.3 ([1, 17]). Suppose Qn.1(x) = Pp(x)+anPp_1(z), an #0. Letynj, j € {1,2,...,n},
be the zeros of Qn1(x) and let fp(z) = %' We have
(1) yYn1 < aif and only if —a, < fn(a) <O0;
(i7) b < ynn if and only if —an > fr(b) > 0;
(14i) Qna has all its zeros in (a,b) if and only if fr(a) < —an < fn(b).
Lemma 1.4 ([1, 17]). Suppose Qn1(x) = Pp(x)+anPr-1(z), an #0. Let z, 5, j € {1,2,...,n},
denote the zeros of Py(x) and y,j, j € {1,2,...,n}, the zeros of Qn1(x). Then
(1) an <0 if and only if Tp1 < Yng < Tp-11 < Tp2 < Yn2 < < Tp-1n-1 < Tnn < Ynn;
(ZZ) an >0 Zf and only Zf Un1l < Tpl < Tp—-11<Yn2 < Tp2 < < Tp-1n-1<Ynn < Tnn-

In order to find the equations of type (1.2), that are needed to prove quasi-orthogonality, we
consider the structure relation (cf. [13, 20, 23])

P,.(z) = anDPyi1(x) + by DP,(x) 4+ ¢y, DPy—1(x), (1.3)

where the constants a,,, b, and ¢, are explicitly given and D is a derivative or difference operator.
Most of the classical orthogonal polynomials we consider in this paper (see [18, Chapters 9
and 14]) satisfy

DPy(z) = S(n)Po_ri(z), ke {-1,0,1,2}, (1.4)

where S(n) does not depend on x and P,,_1 () denotes the polynomial obtained when each of
the parameters on which the polynomial P,(x) depends, can be shifted by & units in the case
of the classical systems, or, in the case of the g-classical systems, when the parameters can each
be multiplied by ¢*. If we substitute (1.4) in (1.3), we obtain

Py(xz) = anS(n+ 1)P, i(x) + b, S(n) P k(x) + cnS(n — 1)Pp_g k()
or, by making a parameter shift,

Py _k(z) =a,S (n+1)Py(z) + b,8" (n)Pp_1(z) + ¢,8" (n — 1) Py_a(z),

where al, V), ¢/, and S’(n) are the values of the coefficients taking into consideration the pa-
rameter shift, and we have a linear combination of polynomials in an orthogonal sequence as
in (1.2). For the so-called very-classical orthogonal polynomials, the general expression for the

parameters ap;, ¢ € {0,1,2}, in
Qn,2($) = Pn(x) + an,lpnfl(x) + an,2Pn72(x)

were given in [21, equation (76)] in terms of the coefficients of the differential equations they
satisfy.
We can also apply the operator D to (1.3) to obtain

DP,(x) = anD*Ppy1(x) + by D*Py(z) + ¢ D* Py (2). (1.5)
Replacing (1.5) in (1.3) and using (1.4) twice, yields

Po(2) = anant18(n +2)S(n + 1) Py ok (x) + an(by + buy1)S(n + 1)S(n) Py o (z)
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+ (ancn+1 +ap—1cp + bi)S(n)S(n - 1)PTL—2,2]€($)
+ cn(bn 4+ bp-1)S(n —1)S(n — 2) P39k + cncn—15(n — 2)S(n — 3) P 2k(2).

By making a parameter shift again, we obtain

P k() = iyl 8'(n + 2)S' (1 + 1) Pa(a) + (¥ + by )S (1 + 1) () Po_s (2)
+ (@ + a6y + (8,)7) S (n)S' (n = 1) Pa ()
+, (b, + b, _1)S (n—1)S"(n —2)Py—3 + c,c,,_15(n —2)S'(n — 3) Py_y(z).

These induction arguments show that equations of type (1.2) are structurally valid. We also
refer the reader to [13], where we have so-called connection formulae for the classical orthogonal
polynomial of the g-linear lattice from which one can deduce equations of type (1.2).

Using Zeilberger’s algorithm and following the approach in [3, 19], we wrote, using the com-
puter algebra system Maple, a procedure denoted MixRec(F,k, S(n),«, 3,m) which finds a re-
currence equation of the form

S(n,a+m,B+m)= g;iS(n—j,a,B), Je{l,2,...},

o,
I M“
o

o0
where S(n,«,8) = > F, F is a function of k, n, & and § (of hypergeometric type), and m is
k=—00
an integer, and its g-analogue denoted qMixRec(F,q,k,S(n),a, 3, m) which finds a recurrence

equation of the form

J

S(n,aqm,ﬁqm) :ZajS(n—j,oz,ﬁ), Je{l,2,...}.
=0

Our algorithms and all the equations used in this paper can be downloaded from http:
//www.mathematik.uni-kassel.de/~koepf/Publikationen. In [27], using the same algorith-
mic approach, the authors provide a procedure to find mixed recurrence equations satisfied by
classical g-orthogonal polynomials with shifted parameters. These equations were used to inves-
tigate interlacing properties of zeros of sequences of g-orthogonal polynomials. Using our MixRec
function for example, we recover (as shown at the end of our Maple file) the equations used in
[1, Section 3] to study the quasi-orthogonality of the Gegenbauer, the Laguerre, the Jacobi
polynomials.

2 Classical orthogonal polynomials on a g-linear lattice

In this section we consider the quasi-orthogonality of sequences of monic orthogonal polynomials
that are defined on a g-linear lattice, as well as the location of the zeros of the quasi-orthogonal
sequences.

2.1 The big g-Jacobi polynomials
Big ¢-Jacobi polynomials

. aq; Q)n(1¢; ¢ g " B x
Po(z;0, 8,7 q) = ( ( )”ff n
aBqq™; q)n aq,vq

a q) (2.1)

are orthogonal for 0 < ag < 1, 0 < B¢ < 1 and v < 0 with respect to the continuous weight

function w(x) = % on (vg,aq).
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The first two recurrence equations in the following proposition follow from [27, equations (7a)
and (7b)], with @ and 3 replaced by % and g, respectively. The big g-Jacobi polynomials are or-

thogonal for v < 0, and by replacing v by g, 0 < ¢ < 1, we obtain the polynomial P, (:p; a, B, %; q)
of which all the parameters are still in the regions where orthogonality is guaranteed and we
will therefore not consider a g-shift of ~.

Proposition 2.1.

a ~
P, (w; E’ﬁ’% q) = Py(z;0,8,7:q)

aq(q" —1)(Bg" —1)(vq" — 1) 5 . .
T B 1) (B —q) Poi(z;a,8,7;9); (2:2a)
P, (x;a, 5,7; q) = Pu(z; 00, B,7; )
_ B @ =N — D0 = Vg g p,yq) (2.:2b)

(aBg*™ —1) (afg® — q)
p ( 0B ) — P (- :
n x’a7 b 7q - n($7a76777Q)

q’q
(" —1)(ag" ~1)(~aBq" +7) 5

(@B — 1) (afg® 1 — 1) ~1(zs e, B,739). (2.2¢)

Corollary 2.2.

aq (aBg®™ — Bg" ™ — Bg™ +q) (¢" — 1) (v¢" — 1)
(aBg® —1) (aBg® — ¢?)

P, (x; @b . q) = Py(z;0, 8,7;q) —
q’ q
x Po_1(z; 0, 8,73 9)
a’B(g" =1) (Bg" —q) (ag" —q) (v¢" = 1) (v¢" — ¢) (¢" — @) "
(aBq® — ¢2)* (aBg* — ¢3) (aBg®™ — q)
x Pp_s(z; 0, B,7; ). (23)

Proof. By replacing 5 with % in (2.2a), we obtain an equation involving polynomials

ﬁ’n(x; %,g,’y; q), pn(a:;a,g,'y; q) and P,_q (x;a, g,*y; q). We use (2.2b) to replace the latter
two polynomials and, after simplifying, we obtain (2.3). |

We will start by proving the quasi-orthogonality of the sequence {]3” (J;; (%, B,; q) }:;0. In
order to ensure that the parameter % is not in the region where orthogonality is guaranteed,

we fix a > 1 with 0 < ag < 1, suchthat +>1,ke{1,2,...,n—1}.

Theorem 2.3. Let k,l,m € Ny, o, 3,7€ER, 0<ag<1,0<8qg <1 and~y < 0. The sequence
of big q-Jacobi polynomials

i) {15” (:(:; ;%,ﬁ,’y; q) }20:07 a > 1, is quasi-orthogonal of order k < n — 1 with respect to w(x)
on the interval (yq,aq) and the polynomials have at least (n — k) real, distinct zeros in
(v, 2q);

(i7) {P T;o, L

vq,ozq

g B > 1, is quasi-orthogonal of order m < n—1 with respect to w(x)
(7i7) {Pn (33; a, 5 - q) }n _o» B> 1, is quasi-orthogonal of order | <mn — 1 with respect to w(z)
)

7 n 0)
nd the polynomials have at least (n — m) real, distinct zeros in (vq, aq);
gl
n (vq,aq) and the polynomials have at least (n — 1) real, distinct zeros in (vyq, aq);
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(iv) {P ( k7 q€n7’Y’ q) }ZOZO, a, B > 1 is quasi-orthogonal of order k +m < n — 1 with respect
to w(x ) n (yq, aq) and the polynomials have at least n — (k + m) real, distinct zeros in
(vq; oq).

Proof. (i) Fix @ > 1 such that 0 < ag < 1. From Lemma 1.1 and (2.2a), it follows that
P, (33; %,B,v;q) is quasi-orthogonal of order one on (vq,aq) and according to Lemma 1.2,
at least (n — 1) zeros of ]Bn(a:; %,ﬁ,'y;q) lie in the interval (yq,aq). By iteration, we can
express Pn( ;%,6 i q ) as a linear combination of ]—:’n(:c;a,ﬂ,y;q), Pn_l(x;oz,ﬁ,’y; q), -,
Pn_k(x;a,ﬁ,% q), and from Lemma 1.1 we deduce that P, (:c; ;%,B,'y;q) is quasi-orthogonal
of order k on (¢, aq). It follows from Lemma 1.2 that at least (n — k) zeros of P, (a;; (;ik, B,7; q)

are in (vq, aq).

(ii)—-(iii) Fix B > 1 such that 0 < 8¢ < 1. The proofs follow in exactly the same way as the
proof of (i), by using (2.2b) and (2.2¢), together with Lemmas 1.1 and 1.2.

(iv) Fix @ > 1, § > 1 such that 0 < ag < 1 and 0 < 8¢ < 1. From (2.3), ]—:’n(az; %, g,fy;q) can
be written as a linear combination of P, (z;048,7;9), ]3n 1(3:' a, B,7;q) and Pn_g(x; o, B,7;9),
and it follows from Lemma 1.1 that each polynomial P, ( T s Vs q) n € {1,2,...}, is quasi-
orthogonal of order two on (yg,q). From Lemma 1.2, we know that at least (n — 2) zeros
of P, ( T 5 g,% ) lie in (yq, oq). By iteration, we can express P, ( x; k, ?n,% ) as a linear
combination of Pn(a:;a,ﬁ,fy;q), Pn_l(x;a,ﬁ,’y; q),...,Pn,(Hm)(x;a,B,’y, q), and the results
follow directly from Lemmas 1.1 and 1.2. |

In order to determine the location of the zeros of the order one and order two quasi-orthogonal
systems, we use a g-analogue of the Vandermonde identity [14, equation (1.2.9)], namely [14,
equation (1.5.3)]

q"b
201 (
C

Theorem 2.4. Let n € N, «,8,7 € R, such that 0 < aq,8q < 1 and v < 0. Suppose
Znj, J € {1,2,...,n} denote the zeros of Py(x;c, 5,7:q), Ynj, J € {1,2,...,n} the zeros of
P, ( ;%,B viq ), zn,j, j €{1,2,...,n} the zeros ofpn(m;a,g,fy;q), Unj, J € {1,2,...,n} the
zeros of Py ( x; q q,’y, ) and wy j, j € {1,2,...,n} the zeros oflsn(:c;a,g,%;q). Then,

q; q) = (%_;Q)nbn. (2.4)

(i) when we fiz o > 1, such that 0 < ag < 1,

Ve <Zp1 <Ynl < Tpn-11<Tp2<Yn2 < Tp-12< ' <Tn-1n-1<Tnn < Ynn;

(7i) when we fix > 1, such that 0 < Bq < 1,
Znl1 < VG < Tpl <Tp-11<2p2<Tp2 < "< Tp-1n-1<2nn < Tpn < Qg;
(7it) when we fix > 1, such that 0 < Bq < 1, we also have

Wn1l < Tpl <Tp-11 < Wp2 < Tp2a<: < Tp-1n-1<Wnpp < Tpn < Qag;

(iv) when we fix o, 8 > 1, such that 0 < aq, Bq < 1, all the zeros ofP ( T; q *2,7 q) are real
and distinct and v, 1 < 7q.
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Proof. (i) From (2.2a), we obtain

0 = 2a(d" ~1)(Bq" —1) (v¢" — 1)
" (aBg® — q) (afg® — 1)

and the interlacing result, as well as the location of y,, 1, follows from Lemma 1.4(i).
(i) From (2.2b), we obtain

g = 1) (ag" = 1) (y¢" — 1)
(aBg®™ — 1) (aBg®™ — q) ’

which is positive when taking into consideration the values of the parameters. The interlacing
result, as well as the location of y,, 5, follows from Lemma 1.4(ii).

The polynomial P,(z;a, 3,7;q) evaluated at © = ~g, can be written in terms of a 9¢;-
hypergeometric function. We apply (2.4), and simplify, to obtain

<0,

afq

Ay = —

Po(vg; o, B,7v:q9)  a(aBg™—1)(B¢" — 1) (vg" — 1) "
' (vq) = — _ 2.5
Fa(r9) Poo1(vg; o, 8,73 9) (aBg*™ — q) (aBg®" — 1) (2:5)

and by taking into account the values of the parameters, this expression is negative. Since

a(f—1)(yq" —1)g"t*

—an — fa(vq) = — e <0,
the result follows from Lemma 1.3(i).
(iii) From (2.2¢), we obtain
n_1 n_1)(— n
0, = =D (ag" 1) (zaBg"+7)q _

(aBg®™ — q) (aBg?™ — 1)

and the interlacing result, as well as the location of wy, 5, follows from Lemma 1.4(ii).

(iv) Fix @« > 1 and 8 > 1 such that 0 < ag < 1 and 0 < 8¢ < 1. We use (2.3), with a,
the coefficient of Pn_l(x; a, B,7;q) and b, the coefficient of ]Sn_Q(x; a, B,7;q). By taking into
account the values of the parameters,

_a?B(¢" — 1) (Bg" — q) (aq" — q) (v¢" = 1) (v¢" — @) (¢" — q) ¢"+°
(@Bg — ¢2)* (aBg® — ¢3) (aBg®™ — q)

and it follows from [1, Theorem 4] that v, j, j € {1,2,...,n}, are real.
In order to determine the location of v, ; and vy, ,, we use [17, Theorem 9]. Since

b, = <0,

Po(vq; o, B,7;q) Po_1(vq; o, 8,7:q)
Jrn(VQ) fae1(7@) + anfr-1(vq) + b = = +an—= +b
B ! Poi(vq;0,B,7:9)  Paco(ygi e, B,7:q)

_ )0 - DB 90" —9)"

(B¢ — ¢*) (afg*" — ¢°)

it follows that v, < 7g. Furthermore,

fn(QQ)fn—l(a(I) + anfn—l(O‘Q) + bn
(aq™ = q) (a?B¢*™ — g™ — aBq" — ag" ™ + v¢" ! + aq) (v — af) ¢
(aBg®™ — ¢3) (aBg*™ — ¢?)

and since the sign of this expression varies as the parameters vary within the regions applicable,
we cannot determine the position of vy, 4. |
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Remark 2.5.

(i) From Theorem 2.3(i) we know that the polynomial Pn(m;%,ﬁ,’y; q), o > 1, is quasi-
orthogonal of order one and an interlacing result is proved in Theorem 2.4(i), but the
location of the extreme zero yy, », with respect to (g, aq), is not fixed, since the sign of

P.(ag;a, 8,7;9)
Po_i(ag;e, 8,7 q)
(- 2?¢"B+aBq" +q"ay +ag" —1¢" —a)q (2.6)
afeg®™ —q '

—Qp — fn(CVQ) = an —

changes as the parameters vary within the region applicable.

(il) When 8 = 0 in the definition of the big g-Jacobi polynomials (2.1), we obtain the big

¢-Laguerre polynomials, i.e., P,(z;a,0,v;q) = Py(z;a,v;q) [18, equation (14.5.13)] and
we can use (2.2a) with f = 0. Let Tnj, J € {1,2,...,n}, be the zeros of P,(z;a,;q)
and yn j, j € {1,2,...,n}, the zeros of Pn(x; %,’y; q). When 5 =0 in (2.6), we obtain

P (ag; a,7;
—an—fn(aq):an— _ n( q ’YQ)
Py_i(ag;o,7;q)

=v¢"(a— 1)+ a(q" — 1) <0,

taking into consideration that a > 1, 0 < ag < 1 and v < 0, and

Po(vq; a,;
Fa(vq) + ap = = W06 g ¢"(vg" = 1) + an = a(yg" — 1) < 0.
Poo1(vq; a,7;:q)

We thus have f,(vq) < —a, < fn(aq) and according to Lemma 1.3(iii), all the zeros of the
order one quasi-orthogonal polynomial P, (m; %, v; q), a > 1, lie in (ygq, aq). Furthermore,
since a,, < 0, it follows from Lemma 1.4(ii) that
Yq < Tn1 <Ynl < Tp—-11<Tp2 <Yn2 < Tp-12 < < Tp-1n-1
< ZTnn < Ynn < Qq.

2.2 The g-Hahn polynomials
The ¢g-Hahn polynomials

< (2q;0)n(@;9)n " aBg" T
x; a, 7N - 3P2
Qn(®; 0, 5, Nlg) (aB9q™; q)n ag,qg N

QQQ>7

with respect to the discrete weight

withZ = ¢ *andn € {0,1,..., N} are orthogonal on (1, q_N)

—N.
w(zx) = @ B*(?(;ILqN'q)gzZBq)I for0<ag<land0< fBg<lora>q¢g™N and g >¢g V. We recall
the definition of quasi-orthogonality with respect to a discrete weight (cf. [5]). A polynomial @, x
of exact degree n > k, n € {0,1,..., N}, where N may be infinite, is discrete quasi-orthogonal

of order k with w; the weight at each point z;, i € {0,1,..., N — 1}, if

N-1

=0, forme{0,1,...,n—k—1},
> (@) Qe (wi)w; { J
P #0, form=n—k.

We will consider the case 0 < ag,8q < 1. The following equations follow from [27, equa-
tions (8a) and (8b)], with « and §3 replaced by % and %, respectively,

(07

Qn (Ev qaﬁvN’q> = Qn(j7a757N|q)
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a(qg"=1)(Bg" —1) (¢" — ¢ )
N(aBg* —1) (aBg*™ —q)

Qn <j;057 57N|Q> = Qn(i‘;a,ﬁ,NM)

_aB(¢" N“)(ozq"*l)(q *1)
(aBg®™ —1) (aBg® — q) ¢

+ anl(i‘;aaﬁ7N‘q); (273“)

On— 1(Z; 0, B, N|q). (2.7b)

Corollary 2.6.

0, <x 2.2 N ) — Gu(@ 0 B, Nlg)

_a(aBg’ — g™ = Bg" +q) (¢" — 1) (q -t - O (2200, B.N|a)
(aBg® — ¢2) (aBg?™ — 1) ¢V " ’
B (¢" = 1) (Bg" — @) (¢" — ") (ag" — q) (¢" — @) (¢" — ¢"?)
(aBg® — ¢2)% (aBg® — q) (eBg®> — ¢3) >N
X Qn—2(T; , B, N|q). (2.8)
Theorem 2.7. Let k,m,N € Ng, n € {0,1,2,...,N}, a,3,€ R. For 0 < aqg < 1 and
0 < Bq < 1, the sequence of q-Hahn polynomials

i) {Qn (a‘:; ;ik, B, N|q) }nN:()’ with o > 1, is quasi-orthogonal of order k < n — 1 with respect to

the discrete weight w(x) on the interval (1, q_N) and the polynomials have at least (n — k)

real, distinct zeros in (1, q_N);
(44) {Qn (58'04, qi,N|q) }5:0’ B > 1, is quasi-orthogonal of order m < n — 1 with respect to
( ) and the polynomials have at least (n — m) real, distinct zeros in the
mterval (1 qa);
(7i7) {Qn (i % ﬂm |q)} neo: @ B> 1, is quasi-orthogonal of order k+m < n—1 with respect

) and the polynomials have at least n — (k + m) real, distinct zeros in

Proof. (1) Fix a > 1, 8 € R, such that 0 < ag < 1, 0 < 8¢ < 1. From Lemma 1.1 and (2.7a), it
follows that Qn(’; 9, B8, N \q) is quasi-orthogonal of order one on (1, g N ) From Lemma 1.2 we
know that at least ( — 1) zeros of Qn(’; ‘;‘,B N]q) lie in the interval (1 q_N). By iteration, we
can express Qn(" % B, N\q) as a linear combination of Q,(Z; o, 8, N|q), Qn-1(Z; o, 3, N|q), . . .,
Qn_i(T; v, B, N]q), and the results follow from Lemmas 1.1 and 1.2.

(ii) Fix B > 1, a € R, such that 0 < ag < 1, 0 < 8g < 1. The quasi-orthogonality follows in
the same way as in (i), by using (2.7b).

(iii) Fix @ > 1 and 8 > 1 such that 0 < ag < 1 and 0 < g < 1. From (2.8), we see that
Qn( T 2‘ q,N|q) can be written as a linear combination of Q,(Z; o, 3, N|q), Qn_ 1(;?'04,6,N|q)

and Qn_2(Z; a, 8, N|q) and it follows from Lemma 1.1 that the sequence Qn( T 5 ’2,7, ) is
_ quqmaN|q) as
a linear combination of Q,(Z;a, 8,N|q), Qn_1(Z;a,3,Nlq), ..., Qn,(ker)(x,a,ﬂ,N\q), and
the result follows directly from Lemma 1.1. It follows from Lemma 1.2 that at least n — (k +m)
zeros of Qp, (5:; ;%, q%, 3 q) lie in the interval (1, q*N). |

quasi-orthogonal of order two on (1, g N ) By iteration, we can express Qn(

Theorem 2.8. Let N € No, n € {0,1,2,...,N}, o,8 € R, 0 < aq,8q < 1, and let x,;,
Jj € {1,2,...,n}, denote the zeros of Qn(Z;0, B, N|q), Ynj, j € {1,2,...,n}, the zeros of
Qn(i; %,ﬂ,N\q) and zyj, j € {1,2,...,n}, the zeros of Qn(i;a, q,N|q) Then
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(Z) if a>1, Yn,1 < 1< Tpl <Tpn—-11<Yn2 < Tp2 < < Tp-1n-1<Ynn < Tpn < q_N;

(i) if B>1,1<2p1 < 2n1 < Tp11 <Tn2 < 2n2 < < Tpoin-1 < Tnn < q Y < 2pp.
Proof. (i) From (2.7a) we obtain the value
W= o= 1) (Bg" ~1) (g™ — ¢ )
T dV(aBe™ —1) (aBg* —q)

which is positive when we take into consideration the values of the parameters. The interlacing
result, from which we can deduce the location of y;, ,, follows from Lemma 1.4(ii).
In order to prove that y, 1 does not lie in the interval of orthogonality, i.e., y,,,1 < 1, we use

the fact that
g " afg"tt g0
q;q>=3¢52< N gl =1
and Lemma 1.3. Consider

¢ q7n7aI3qn+17 1

" ag,q N aq,q

fall) = Qu(l;, B, Nlg) _  (ag"—1)(aBg" —1) (¢" — ¢"*')
! Qn—l(l; o, B, N|q) (aﬁan — 1) (a6q2n _ Q) )

which is negative for the appropriate parameter values. We thus have

(a _ 1) (qn _ qN-i-l)
(aBg®™ — q) gV

ie., —a, < fn(1) <0, and the result follows from Lemma 1.3(i).
(ii) From (2.7b) we obtain

af (¢" — V) (ag™ — 1) (¢" — 1) ¢"
(aBg* —1) (afg® — q) ¢V

which is negative. The interlacing result, from which we can deduce the location of z, 1, follows
from Lemma 1.4(i).

The polynomial Q,(Z;, 3, N|q) evaluated at Z = ¢~ N, can be written in terms of a 9¢;-
hypergeometric function. We apply (2.4), and simplify, to obtain

fula™) = Qn (™, Nlg) _ a(Bg"—1)(aBg" = 1) (=¢"" +4") "
" Qn-1(q7N; 0, 8, Nlq) (aBq® — q) (aBg® — 1) g

—Qn — fn(l) =

<0,

ap = —

N

When taking into consideration the values of the parameters,

a(B-1)(¢" — ") g"
(aBg?" — q)gN

and the result follows from Lemma 1.3(ii). [

_an_fn(q_N) = - <0

Remark 2.9. We cannot say anything about the location of the zeros of Qn (:T:; ;%, 8, N |q), since
the coefficient of Q,,_»(Z; a, 8, N|q), in the equation

~ _ (8% ~ _

Qn xv?vﬂaN‘q :Qn(xvaaB7N‘Q)

alg+1)(¢" =1 Bg" -1 (¢"—¢"") =
+ (B — ¢2) (afg® — 1) qN Qn-1(7;, 3, N|q)
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(OZCI)Q (q” — 1) (Bqn _ Q) (qn _ qN+1) (qn _ Q) (ﬁqn B 1) (qn . qN+2) ) .
(aBq?n — q2)2 (B — q) (aBq® — ¢3) ¢?N Qn—2(Z; 0, B, N|q),

that can be obtained from (2.7a), is positive (cf. [1, Theorem 4]). The same is true for the
location of the zeros of @, (:Z‘; Q, q%,N \q) and the equation can be found in the accompanying
Maple file.

+

Theorem 2.10. Let N € No, n € {0,1,2,...,N}, a, 8 > 1. All the zeros of Qn(aﬁ, %, g,N]q)
are real and distinct and if z, j, j € {1,2,...,n}, are the zeros of Qn (3?; %, g,N\q), then z,1 <1
and q_N < Znn-

Proof. Fix a > 1 and 8 > 1 such that 0 < ag < 1 and 0 < B¢ < 1. We use (2.8) with a,
the coefficient of Q,—1(Z;a, B, N|q) and b,, the coefficient of Q,—2(Z; a, B, N|q). By taking into
account the values of the parameters, we see that

_a?B(Bg" —q) (¢" — ") (¢" —¢"*) (" — @) (¢" = 1) (¢" — @) ¢""!
(aBg*" — q) (aBg® — ¢*) (aBg®" — ¢*)° ¢?N

and it follows from [1, Theorem 4] that z, ;, j € {1,2,...,n}, are real.
In order to determine the location of 2,1 and z,,, we use [17, Theorem 9]. Since

Qn(Lia,8,Nlg) . Qn-1(130,58,Nlg)
Qn-2(L;0,8,Nlg) " Qn-2(1;, 5, Nlq)
(a—1)(ag" —q) (¢" — ¢"2) (¢" — ¢VT) ¢

by, = <0,

fn(l)fn—l(l)+anfn—1(1)+bn = +bn

= <0,
(aBg®™ — ¢%) (B> — ) ¢*N
it follows that 2,1 < 1. Furthermore,
In (q_N) Jn-1 (q_N) + an frn-1 (q_N) + bn,
_ B0 —q) (" — ") (@ — ") "
(@B — ¢%) (aBe®" — ¢%) ¢*
and ¢~V < Zn,n- |

Remark 2.11.

(i) When we let § = 0 in the definition of the g-Hahn polynomials, we obtain the affine
g-Krawtchouk polynomials [18, Section 14.16] K2f(Z; o, N;q), orthogonal on (1,q_N) if
0 <ag <1 When we fix a > 1, such that 0 < ag < 1, the quasi-orthogonality of the
polynomials Kﬁﬂc(i; %, N; q)7 k < n, on (l,q_N) follows directly from (2.8), with g = 0.
If 25, j € {1,2,...,n}, denote the zeros of KAM(Z: 0, N;q) and Ynjs J € {1,2,...,n},
the zeros of KA (i“; %, N; q), the interlacing result in Theorem 2.8(i) follows.

(ii) Since lim Qn(T; o, p, N|g) = K™ (Z;p, N;q), [18, Section 14.14], we obtain from (2.7b),

a—r00

the equation

N+1 n n
(@ =q") (@" = 1) —qom,
pq2n+N K2_1(33;p, N; Q)'

g (72N ) = Ry (@ Nia) +
q

N N

For ¢ < p < q
quasi-orthogonal of order k£ < n and the interlacing result in Theorem 2.8(ii) follows, where
Tnj, J € {1,2,...,n}, denote the zeros of K™ (z;p,N;q) and Znj, j € {1,2,...,n}, the

zeros of KI™ (z; g, N;q).

*1 the quantum ¢-Krawtchouk polynomials K (E; q%,N ; q) are
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2.3 The little g-Jacobi polynomials
The little g-Jacobi polynomials

n+1

pn (25 v =(=1)" (Q)M ¢ " abq
pn(z50,Blg) = (=1)"¢q (@Bad™ 0). 2¢>1< aq

4q; q:c)

Wfor0<aq<l,5Q<lon

(0,1). Consider the recurrence equations (cf. [27, equations (92;) and (9b)])

n(g" _1 n_1)
(ag’(ﬂ(g— 1) zég((]ﬁn — ()])pnl(m; @, Blq); (2.9a)

are orthogonal with respect to the discrete weight w(z) =

o (2. 61a) = uaice 8l0) +

2n (n 1 n_1
Dn < \q) Pn(x; o, Blq) — (zzfgq%(q_ 1) (ig;gn — q))ﬁn—1<x; o, Blq). (2.9b)
Corollary 2.12.
o (2. 210) = s i)
n 2n _ n+1p3 n -1
_oq" (ofe” —q"B - B ta) (" 1) (. Bla)

(aBg*™ — ¢%) (aBg®™ — 1)
28> (¢ — 1) (Bg™ — q) (ag™ — q) (¢" — q)

- n— ) 2.10
(B — ¢)? (aBg®" — q) (aBg®™ — ¢3) Pn—2(z; 2, Blg).  (2.10)

Theorem 2.13. Let k,m € Ny, a, 8 € R. For 0 < ag <1 and 0 < Bq < 1, the sequence of
little q-Jacobi polynomials

i) {ﬁn( k , ,6’|q) }n o» With o > 1, is quasi-orthogonal of order k < n—1 with respect to w(x)

on the mtemal (0,1) and the polynomials have at least (n — k) real, distinct zeros in (0,1);

(14) {ﬁn (ac;a, q%]q) }?;0, B > 1, is quasi-orthogonal of order m < n — 1 with respect to w(x)
n (0, 1) and the polynomials have at least (n —m) real, distinct zeros in (0,1);

(7i7) {pn( ; \q) }n 0’ a, B > 1, is quasi-orthogonal of order k +m < n — 1 with respect to

w(z) o (O 1) and the polynomials have at least n — (k + m) real, distinct zeros in (0,1).

Proof. (i) Fixa > 1, 8 € R, such that 0 < ag < 1,0 < 8¢ < 1. From Lemma 1.1 and (2.9a), it
follows that p,, (a;; %, 15} \q) is quasi-orthogonal of order one on (0,1). By iteration, we can express
ﬁn(:v; %,mq) as a linear combination of p,(z;a, Bq), Pn—1(z;a, Blq), ..., Pn—r(z;a, Blg), and
the result follows from Lemma 1.1. The location of the (n—k) real, distinct zeros of py, (z; q%, Bla),
ke{l,2,...,n— 1}, follows from Lemma 1.2.

(ii) Fix 8 > 1, @ € R, such that 0 < ag < 1, 0 < g < 1. The quasi-orthogonality follows in
the same way as in (i), by using (2.9b).

(ii) Fix @ > 1 and f > 1 such that 0 < ag < 1 and 0 < B¢ < 1. From (2.10), we
see that ﬁn( ;2‘ q|q) can be written as a linear combination of p,(z;a, 8|q), Pn—1(z;, 5|q)
and pp,—o(z; o, B|q), and it follows from Lemma 1.1 that the sequence pn( ;f; q|q) is quasi-

orthogonal of order two on (0,1). By iteration, we can express ﬁn( qu i \q) as a linear com-
bination of p,(z; a, B]q), Pa—1(x; a, B1q); - - - s Pr—(k-m) (75 @, Blg), and the results follow directly
from Lemmas 1.1 and 1.2. |

Theorem 2.14. Let o, € R, 0 < aq, Bq < 1, and suppose xy ;, j € {1,2,...,n}, denote the
zETos Ofﬁn(xva)/B|Q)7 Yn,j, .] € {1)2) R .,n}, the zeros Ofﬁn(xv %7/B|q) and 2n,js ] € {1727 s 7”}7
the zeros of pn (x; Q, §|q). Then
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(Z) if a>1, Yn,1 < 0< Tnl < Tp-11<Yn2 < " < Tn-1n-1<Ynn < Tpn < 1;
(13) f B>1,0<zp1 < zn1 < Tp-1,1 < Tp2 < - < Tp-in-1<Tpn<1<2zZpn.
Proof. (i) From (2.9a) we obtain the value
a(¢" 1) (8" —1)q"
(afg® — 1) (afg*" — q)

The interlacing result, as well as the position of yj, 5, follows from Lemma 1.4(ii).
To obtain the position of y, 1 we use Lemma 1.3 and when we consider the given parameter

> 0.

Ay =

values,
_ (0 Blg)  (afg" —1)(ag" —1)¢"
O = 5 o)~ (o 1) (0B —q)
We thus have
_q(a—1)
—n = fn(0) = 5 a—, <0

and the result follows from Lemma 1.3(3).
(ii) From (2.9b), we obtain the value

_aB(¢"—1)(ag" —1)¢*"
" (aBg® — 1) (aBg®™ —q)

The interlacing result, as well as the position of z, 1, follows from Lemma 1.4(i).
To obtain the position of 2, ,, we use Lemma 1.3, and when we consider the given parameter

< 0.

values,

(L Blg)  a(B-1)¢™
fa(1) = oo Blg)  aBi—q 0

We thus have

—Qn — fn(l) = -

a(B-1)¢"
afg* —q
and it follows from Lemma 1.3(ii) that 1 < z, . [

>0

Theorem 2.15. Let o, 8 > 1. All the zeros ofﬁn(x; %, §|q), denoted by z, ;, j € {1,2,...,n},
are real and distinct and z,1 <0 and 1 < 2y, .

Proof. Fix a > 1 and 8 > 1 such that 0 < ag < 1 and 0 < g < 1. We use (2.10), with a,, the

coefficient of p,,_1(x; , B|q) and b,, the coefficient of p,_2(z; o, B|q). By taking into account the

values of the parameters, we see that

_a?B(Bg" —q) (ag" —q) (¢" = 1) (¢" — q) ¢*"*!
(aBg® — q) (aBg® — %) (aBg?>" — ¢*)?

and it follows from [1, Theorem 4] that z,;, j € {1,2,...,n}, are real and distinct.
In order to determine the location of z, 1 and z, 5, we use [17, Theorem 9]. Since

by, =

<0,

(a—1) (ag" — q) ¢*"!

fn(o)fnfl(o) + anfnfl(o) + bn = (QBQQTL o q3) (Ozﬁq2” _ q2) < O’
it follows that 2,1 < 1. Furthermore,
P fat(1)  anfus (1) + b, = GV —a) g™

(aBg*™ — ¢*) (aBq®" — ¢3)
and 1 < 2z 5. |
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Remark 2.16.

(i) From (2.9a) we obtain

[« o aq" (¢+1)(¢" —1) (Bg" — 1)
Pn <l’, 61275|Q> = Pn(z; o, Blg) + (aﬁq2n _ q2) (aﬁq% —1)

X ﬁnfl(x; «, B’(J) + bnﬁTLfQ('I? «, ﬁ|q)a

with
p (@ =D (89" —9) (¢" —a) (Bg" — 1)
! (aBg? = ¢*)* (aBg® — q) (aBg®" — ¢°)
and
a0 (@ —q) (B~

(aBg? - ¢) (aBg® — ¢2)°

where —C,, is the coefficient of p,_2(z; a, B|q) in the three-term recurrence equation of the
little g-Jacobi polynomials [18, equation (14.12.4)]. Since C,, < by, there is an interlacing
between (n — 2) zeros of py(; %,ﬁ\q) and the (n — 1) zeros of pp_1(z;a, Blg) (cf. [17,
Theorem 15]).

(ii) When 8 = 0 in the definition of the little g-Jacobi polynomials, we obtain the little ¢-
Laguerre (or Wall) polynomials p, (x; a|q), that are orthogonal on (0,1) when 0 < ag < 1.
The quasi-orthogonality of {ﬁn (ac; ;%]q) }n>0, for k <n, when a > 1, 0 < ag < 1, follows
directly from (2.9a) (with 8 = 0). The location of the zeros of the order one quasi-
orthogonal polynomial p,, (m; %]q) is given in Theorem 2.14(i), where z, j, j € {1,2,...,n},
denote the zeros of py(z;lq) and yn j, j € {1,2,...,n}, the zeros of p, (x; %\q).

2.4 The g-Laguerre polynomials

The g-Laguerre polynomials

n(o+1 -n
F(@) (e ) — (_1> (q + ;Q)n q
Ln (xa q) - qn(n+a) 1¢1 qu—l

e qn+a+1x>

are orthogonal for a > —1 on (0,00) with respect to the weight function w(z) =

(_$7q)00
Consider the equation (cf. [24, equation (4.12)] and [27, equation (12a)])
- - 1) q ~(a
e s) = 9 g) — Lo D90, ). (.11)

q2n+a

Theorem 2.17. Let k € Ny and v € R. For -1 < a <0 and k € {1,2,...,n—1}, the sequence
of q-Laguerre polynomials {Iigl_k) (x; q)}f:):0 is quasi-orthogonal of order k on the interval (0, 00)
with respect to w(zx) and the polynomials have at least (n — k) real, distinct zeros in (0, 00).

Proof. Fix —1 < a < 0. From Lemma 1.1 and (2.11) it follows that E%a_l)(x;q) is quasi-

orthogonal of order one on (0,00). By iteration, we can express Lk (x;q) as a linear com-

bination of j)gf‘) (z; q),i(a) (z:q),... ,I:fi)k(x, q), and the result follows from Lemma 1.1. The

n—1
location of the (n — k) real, distinct zeros of Eﬁf"“)(x;q), ke {1,2,...,n — 1}, follows from
Lemma 1.2. |
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Theorem 2.18. Let —1 < a < 0 and denote the zeros of [qu(la)(x;q) by xnj, j € {1,2,...,n},
and the zeros of f/%a_l)(:v; q) by ynj, g €{1,2,...,n}. Then

Yn,1 < 0< Tnl < Tp-11<Yn2 <Tnp2 < - <Tn-1n-1<Ynn < Tpn.

)

Proof. From (2.11), we obtain the value a, = % > 0. The interlacing result, as well as
the position of v, ,, follows from Lemma 1.4(ii).

To obtain the position of ¥, 1, we use Lemma 1.3, and when we consider the given parameter
values,

fn(o) — (anra — 1) q

prrE < 0.

We thus have
(¢“—1)q
- fn(o) - gnta <0

and since —ay, < f,(0) < 0, the result follows from Lemma 1.3(i). |

2.5 The Al-Salam—Carlitz I polynomials

qx)
q;—
o

are orthogonal for a < 0 on («, 1) with respect to the weight function w( ) = (qa:, =, q) . The

The Al-Salam—Carlitz I polynomials

-n ,.—1
s, L

0L (239) = (—a)"q2) 26, (q )

o

~ (%)
polynomials U, (z;q), k < n, are orthogonal with respect to (qx

,q) on the interval
(qu ) and we will prove that they are quasi-orthogonal with respect to w(x) n (a,1). We use
the equation

(%) o 1 _ e
U (w:q) = U (2:9) + ag~ (¢ = 1) T (239). (2.12)

We deduce that

- (%) o ag” —1)(g+1
P (05 q) = 0 (a5 q) + 2 qz(q )

OéQ n __ o
+ ST =050, 05g) (213)

T, ()

Theorem 2.19. Let k € Ny and o < 0. The sequence of Al-Salam—Carlitz I polynomials
%)

{Un" (x; q)}:O:O is quasi-orthogonal with respect to w(x) on (a, 1) and the polynomials have at
least (n — k) real, distinct zeros in (o, 1).

Proof. From Lemma 1.1 and (2.12) it follows that Ufla) (x; q) is quasi-orthogonal of order one on
() ~ ~
(o, 1). By iteration, we can express U, (z;q) as a linear combination of UT(LQ) (z;q), UT(LCi)l (z;q),

LU (a)k(a: q), and the result follows from Lemma 1.1. The location of the (n — k) real, distinct

n

~ (%)
zeros of U," (x;q), k € {1,2,...,n — 1}, follows from Lemma 1.2. |
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Remark 2.20. We can also obtain (2.12) from the generating function [18, equation (14.24.10)]
of the Al-Salam—Carlitz I polynomials

(t, at; q) = U (w;9)
T oo N 20 v Byn 2.14
(2t; 4o ;_:0 @G (2.14)

from which it follows that

(5)

(t7 %tQ Q)oo ° (xq)
— =y oy ke{l,2...}. 2.15
(@t ¢)oo 7;) (¢ On t J (2.15)
From the relation
(a: )00
———— = (a;q)n,
(ag™; q)oo (a:9)

we obtain, when a = ;%t and n =k,

(i) = (Gewa) (oo
—tiq)] =(—tq) (at;q)e
") ") >

By using (2.14), (2.15) becomes

|o

>

00 (o) 00 (q-t)
« Un ' (x; " n x; n
<kt;q>k E Mt = E ((Q)t , ke{l,2...}.

q = (@9 —= (©Dn

(&3

Expanding ((%t; q) , and equating powers of ¢ yields Un‘Tk (z;q) as a linear combination of

UT(LOi)j(:):;q), j € {0,1,...,k}. In particular, for £ = 1 and k = 2, we get (2.12) and (2.13),
respectively.

Theorem 2.21. Let a < 0 and denote the zeros of U,(La)(m;q) by xnj, € {1,2,...,n}, and the

o

zeros of Uég)(x;q) by ynj, 7 € {1,2,...,n}. Then

(1) § <Ung <Tn1 <Tp-11 <Yn2 < < Tp—in-1 < Ynn < T < 1 and, additionally, if

q" .
< &=, then yp1 < a < Ty 1;

ol
n+1

(i7) (n —2) zeros of U,S‘?)(:c; q) interlace with the n zeros of A (x;q) if a < %.

Proof. (i) From (2.12) we obtain the value a, = w > (0. The interlacing result, as well
as the position of y, ,, follows from Lemma 1.4(ii). The position of y, ; cannot be determined,

since
n (%4 ne
Fula) = ~a)( ) _ <o
n—1(0; Q)
and the sign of
alg” —1 e al(l —qg™) + g

q q

varies as the parameters vary within the allowed regions. However, if a < qﬁ—il, then —a, <
fn(a) <0 and from Lemma 1.3(i), it follows that y, 1 < a.



Quasi-Orthogonality of Some Hypergeometric and ¢g-Hypergeometric Polynomials 17

(ii) The coefficient of Ufbci)2(x; q) in (2.13) is

From the three-term recurrence equation of the Al-Salam—Carlitz I polynomials [18, equa-
tion (14.24.4)]

(a ¢" (@ + 1)\ 7 q" (4" — q) 7(a
©asa) = (o - T 50, 1) - T D00 1),
we obtain C,, = 24" =9 414 since
n __ n __ Tl+1 _
q
when a < 3:%11’ the interlacing result follows from [17, Theorem 15(ii)]. [

3 Classical orthogonal polynomials on a g-quadratic lattice

In this section we consider the quasi-orthogonality of the monic Askey—Wilson and g-Racah
polynomials, that are defined on a ¢-quadratic lattice.

3.1 The Askey—Wilson polynomials

The Askey—Wilson polynomials

(ab, ac,ad; q)n, ¢ ", abedg" !, ae? ae="
2a)"(abedg" 1 q)n *

;ﬁn(:v;a,b, Cad|q) = ( q; q>, T = COS 9,

ab, ac, ad

with a, b, ¢, d either real, or they occur in complex conjugate pairs, and max(|al, |b], |c|,|d|) < 1,
are orthogonal on (—1,1) with respect to

1 2

1 — 22

(€*; )0
(ae®, bet? cet? det?; q) o

w(z;a,b,cdlq) = (3.1)

The weight function is independent of the order of the parameters a, b, ¢ and d and by shifting b
to b/q, ¢ to ¢/q or d to d/q, we obtain the same interlacing results as by shifting a to a/q. We
will now fix a > 0 such that ¢ < |a| < 1 and for these values of a, the polynomial p,(z; a,b, ¢, d|q)
is orthogonal on (—1,1) with respect to w(z;a,b,c,d|q). In what follows, we assume that |a| =
max(|al, |b],|c|,]d|) < 1. Should this not be the case, the order in which the parameters occur,
can be changed.

We will thus only consider the equations in which a is shifted to q% > 1 (or ;ik < —1 should

a < 0), and we will prove that the polynomials py, (z; ;ik,b, ¢, d|q), k € {1,2,...,n — 1}, are
quasi-orthogonal of order k on (—1,1). We use the equation [27, equation (17a)]

ﬁn <.’B, 37 bv ¢, d|q> = ﬁn(xa a, b7 ¢, d‘Q)

aq (¢" — 1) (cdg" — q) (bdg™ — q) (beg" —q)
B n—1(z;a,b,¢,d|q). (3.2
2 (abedg® — ¢3) (abedg?®™ — ¢2) Pn-1(x;a,b,¢c,d|q). (3.2)
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Theorem 3.1. Let a, b, ¢, d be real, or they occur in complex conjugate pairs if compler,
and max(lal, |b],|c|,|d]) < 1, and let w(x;a,b,c,d|q) be as defined in (3.1). For a such that

q < |a| <1, the sequence of Askey—Wilson polynomials {ﬁn (a:; %,b, c,d]q) }Zo:o 18 quasi-ortho-
gonal of order k < n with respect to the weight w(z;a,b,c,d|q) on the interval (—1,1) and the

polynomials have at least (n — k) real, distinct zeros in (—1,1).

Proof. Suppose ¢ < |a] < 1. From Lemma 1.1 and (3.2), it follows that ﬁn(az;%,b, c,d]q)
is quasi-orthogonal of order one on (—1,1). By iteration, we can express py, (m; ;ik, b, c, d\q) as
a linear combination of p,(x;a, b, ¢, d|q), pn—1(x;a,b,¢,d|q), ..., pn—k(x;a,b,c,d|q) and the result
follows from Lemma 1.1. The location of the (n — k) real, distinct zeros of pj, (:U; (;ik, b, c, d|q),
ke{1,2,...,n— 1}, follows from Lemma 1.2. |

Theorem 3.2. Let a, b, ¢, d be real, or they occur in complex conjugate pairs if complex.
Suppose |a| = max(|al, b, |c|,|d]) < 1, ¢ < |a|] < 1 and let z,,;, © € {1,2,...,n}, denote the
zeros of pp(x;a,b,c,dlq) and ypn i, i € {1,2,...,n}, the zeros of py (ac; %,b, c, d|q). Then

(Z) ifa>0,-1< Tnl <Ynl < Tp-11<Tp2<Yn2< ' < Tp-1n-1<Tpnn<Ynns

(’LZ) z'fa < 0, YUn,1 < Tn,1 < Tp—1,1 < Yn,2 < Tn,2 < e < Tpn—1,n—1 < Ynn < Tnn <1
Proof. Suppose |a| = max(|al, |b], |c|, |d]) < 1. The coefficient of p,_1(z;a,b,c,d|q) in (3.2) is

o — _(g" — 1) (cdg" — q) (bdg" — q) (beq" — )
" 2 (abedg?®™ — ¢3) (abedg®™ — ¢2) '

(i) Consider the case a > 0 and fix a such that ¢ < a < 1. Then a,, < 0 for the given parameter
values and the interlacing result, as well as the position of yy, 1, follows from Lemma 1.4(i).

(ii) Now we consider the case a < 0 and fix a such that —1 < a < —¢. Then a,, > 0 and the
interlacing result, as well as the position of yy, ,, follows from Lemma 1.4(ii). |

3.2 The g-Racah polynomials
The g-Racah polynomials

~ aq, B3q,Yq; @)n g™ aBq" g7, yogm T
Rou(pu(); @, 8.7, 8]q) = ¢ 14 4) ¢>(

a:q |,
(aBq"* 15 q)n aq, Bog, vq )

with p(x) = ¢~% + y6¢®"!, are orthogonal for n € {0,1,..., N}, with respect to the discrete
weight function

2x+1)

w(z) = 09:594:19,754: )z (1 — 79
(4,229, %, 64 ), (aBg)*(1 — ~6q)

N N N

for ag = ¢7 or Bdqg = ¢ or vqg = ¢, where N is a nonnegative integer. Shifting the
parameter 7y or 0 will change p(xz) and we will only consider shifts of « and . From [27,
equations (18a) and (18b)] we obtain

R, (M(x); 376,%5IQ> = Rn(u(z); 0, B,7,6]q)
_oq(1 —¢")(1 — Bg")(A —~¢")(1 — oq") 4 2 a . a
(1 —aBe*)(q — aBg®) Ry 1 (p(x); a, B,7,6q); (3.3a)

R, <u($);a, S,wﬂq) = Ru(u(z); 0, B,7,6]q)
N Bg(1 —q")(1 — ag")(1 —v¢")(ag" —§) R (u(); s B, 019). (3.3D)

(1 —aBe®)(q — aBq®)
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Theorem 3.3. Let k € {1,2,...,n—1}. The sequence of q-Racah polynomials

) {Rn (,u(;v); (;%,B,’y,&q)}gzo, with « = ¢~ N1, is quasi-orthogonal of order k with respect
to the weight w(x) on (u(0),w(N)) and the polynomials have at least (n — k) real, distinct
zeros on (1u(0), pu(N));

(44) {Rn (u( ); @, q,’y, 5]q)} or With B = q_];_l , 18 quasi-orthogonal of order k with respect to
the weight w(x) on (M(O),,u(N)) and the polynomials have at least (n — k) real, distinct
zeros on ((0), u(N)).

Proof. (i) Let @ = ¢~V~!. From Lemma 1.1 and (3.3a), it follows that Rn( (@); 5+ 857, 8|q) is
quasi-orthogonal of order one on ((0), #(N)). By iteration, we can express Ry, (n(z); & 707 8|q)

as a linear combination of Rn(u(x);a,ﬂ,’y,é\q), Rn_l(u(x);a,ﬂ,fy,élq), e, Ry k( (x); o, B,
7,0lq) and the result follows from Lemma 1.1. Furthermore, from Lemma 1.2 we know that at
least (n — k) real, distinct zeros of Ry, (pu(z); %,5,7, 0), ke{l,2,...,n—1}, lie in (u(0), u(N)).

—N-1

(ii) Let p = Z——. The result follow in the same way from (3.3b) and Lemmas 1.1

and 1.2. [ |

For values of n larger than % + 1, we obtain the following interlacing results.

Theorem 3.4. Considern < N and let z,,;, i € {1,2,...,n}, denote the zeros of Ry (p(z); o, 3,
7,019); Yn,ii € {1,2,...,n}, the zeros of Rn(,u(:n); %,ﬁ,%(ﬂq) and zp i, i € {1,2,...,n}, the
zeros of Rn(,u(x);a, g,%(ﬂq). Then, for n > % +1,

(i) ifa=q¢ N Vand Bg<1,vqg<1, Bég<1,

M(O) <ZTpl <Ynl <Tn-11<Tp2<Yn2 < " < Tpn-1n-1<Tnn < Ynn;

4 5_1 and aq <1, v¢ <1, §q <1, we have

(i2) if B =

H(0> <Tp1 <2pl1 <Tp-11<ZTp2<2p2< " <Tp-1n-1<Zpn < Znn-

Proof. Under the above hypotheses, the coefficients of R, _1(u(z);a, 8,7,6|q) in (3.3a) and
(3.3b) are negative and the interlacing results follow from Lemma 1.4(i). [ |

4 Quasi-orthogonality of polynomials
on a linear and quadratic lattice

In this section we consider the quasi-orthogonality of the monic Wilson and Racah polynomials,
that are defined on a quadratic lattice. The quasi-orthogonality of the dual Hahn and continuous
dual Hahn polynomials, that also fall in this category, was discussed in [15]. We also prove the
quasi-orthogonality of the monic continuous Hahn polynomials that are defined on a linear
lattice.

4.1 The Wilson polynomials

The Wilson polynomials

(=D)™(a+b,a+c,a+d),
(n+a+b+c+d—1),

Wn(mQ;a,b, c, d) =



20 D.D. Tcheutia, A.S. Jooste and W. Koepf
1>,

, (4.1)

7 -n,n+a+b+c+d—1a+ir,a—ix
X
s a+ba+c,a+d

are orthogonal on (0, 00) with respect to

I'(a+ iz)T(b+ iz)(c + iz)(d + iz) |
I'(2ix)

w(zsa,b, e, d) — \

for Re(a,b,c,d) > 0 and non-real parameters occur in conjugate pairs. Furthermore, as in the
case of the Askey—Wilson polynomials, the weight function is clearly independent of the order
in which the parameter a, b, ¢ and d occur. We note that the polynomial W, (:1:2; a,b,c, d) has n
zeros in (0, 00), namely (z,,1)%, (n2)% ..., (Tnn)? Let W, (z%) = W (z%a,b,c,d).

Proposition 4.1.

Wn(x2; a—1,b,c, d)

- n(c+d+n—-1)0b+d+n—-1)(b+c+n—-1) - )
= W& W ; 4.2
(x)+(2n+a+b+c+d—2)(2n+a+b+c+d_3) 1(=7) (4.2a)
W, (2% a,b —1,¢,d)
i +d+n—-1)(a+d+n—1)(a+c+n—1) -
= V(o) + G (=) 4.2b
(517)+(2n—|—a—|—b—{—c—|—d—2)(2n+a+b+c+d_3) 1(1: )7 ( )
W, (2% a,b,c — 1,d)
. na+d+n—-1)0b+d+n—-1)(a+b+n—-1) - )
= Wn i Wh ) 4.2
(x)+(2Tb+a—|—b—|—c+d—2)(2n+a+b+c+d_3) 1(2%) (4.2¢)
Wn(mQ;a,b,c,d—l)
i — 1) —1 b+n—1) -
= W, (2?) + n(a+c+n—-1)(b+c+n—1)(a+b+n—1) (). (4.24)

2n+a+b+c+d—2)2n+a+b+c+d—3)

Theorem 4.2. Leta, b, ¢ and d be such that Re(a, b, c,d) > 0. Consider ky, ks, k3, ks € {0, 1,.
n—1}, such that k1+k2+k3+k4 <n-—1. The sequence {W (x a—ky,b— kg,c ks, d— k4)} o
with 0 < Re(a) < 1 (if k1 # 0), 0 < Re(b) < 1 (if k2 # 0), 0 < Re(e) < 1 (if ks # 0) and
0 < Re(d) <1 (if kqa #0), is quasi-orthogonal of order ki + ko + ks + kqa < n — 1 with respect to
the weight w(x) on (0,00) and the polynomials have at least n — (ki + ko + ks + ka) real, distinct
zeros in (0,00).

Proof. Fix a such that 0 < Re(a) < 1. From Lemma 1.1 and (4.2a), it follows that W,,(z2;a—1,
b, c,d) is quasi-orthogonal of order one on (0,00). By iteration, we can express W, (.CC a—k,
b, c, d) as a linear combination of W, (x a,b,c, d) W 1(x ;a, b, c, d),...,T/Vn,/z€ (m ;a, b, c, d)
and from Lemma 1.1 it follows that Wn( sa—k,b,c, d), 0 < Re(a) < 1, is quasi-orthogonal of
order K < n —1 on (0,00). Furthermore, from Lemma 1.2 we know that at least (n — k) real,
distinct zeros of Wn(asz;a —k,b,c, d), ke{1,2,...,n—1}, liein (0,00), i.e., at least (n — k) of
the zeros (75,1)%, (Tn2)?, ..., (Tnn)?, lie in (0, 00).

When we fix the parameter b, (or ¢, d) such that 0 < Re(b) < 1 (or 0 < Re(c) < 1,
0 < Re(d) < 1), we can prove in the same way, using (4.2b) (or (4.2c), (4.2d)), that the
polynomial W, (2% a,b — k,c,d) (alternatively W, (z%a,b,c — k,d), or W, (2% a,b,c,d — k)) is
quasi-orthogonal of order k on (0,00). Using an iteration process, we can write W, (x a— kl,
b—ka,c— ks, d— ky) with 0 < Re(a) <1 (if k1 #0), 0 < Re(b) < 1 (if k2 # 0), 0 < Re(c) <
(if k3 # 0) and 0 < Re(d) < 1 (if k4 # 0), in the form of (1.2) and the results follow from
Lemmas 1.1 and 1.2. |
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Theorem 4.3. Consider a, b, ¢, d, such that Re(b,¢,d) > 0, 0 < Re(a) < 1 and non-real param-
eters occur in conjugate pairs. Let mfm, i €{1,2,...,n}, denote the zeros of W, (J:Q;a, b,c, d)

and yfm, i€{1,2,...,n}, the zeros of Wn(xQ;a —-1,b,c, d). Then

2
n,n"

2 2 2 2 2 2 2
Yn,1 <Zpp < Tn—1,1 < Yn,2 <Zpo <0 < Ln—1,n—1 < Ynn <z
Proof. From (4.2a), we obtain

nc+d+n—-1)b+d+n—-1)(b+c+n—-1)
2n+a+bt+ct+d—2)2n+a+b+c+d—3)’

n —

which is positive and the interlacing result, as well as the position of yfw, follows from Lem-
ma 1.4(ii). |
4.2 The Racah polynomials

The Racah polynomials

_ ]., 4] ]-7 1 n
RAM@WM&%&Z(ainfz+;+%:)

P —n,n+a+p+1,—z,x+v+95+1
X
8 a+1,8+0+1,v+1

1),

n€{0,1,2,..., N}, with \(z) = 2(z + v + d + 1), are orthogonal on (0, N) with respect to the
weight function

(@+1)e(B+0+1Da(y+1e(y+0+1)2((y+6+3)/2)a

w(x) = (—a+ 7406+ D)g(—b+7+ 1206+ Da((y+0+1)/2),

ifa+1=—Norf+d+1=—Nor~v+1=—N with N a nonnegative integer. Since shifting
v or ¢ will change A\(x), we will only consider shifts in a and /.

Proposition 4.4.

Ry(A(x);a — 1,5,7,6) = Ru(Ma); v, 8,7, 6)
B+n)(B+d+n)(y+n)n - ' '
" ntat B ntatfo 1)Rn_1(A(x),a,B,7, 9);  (4.3a)
Rn()‘(gj);avﬁ — 1,7, 5) = Rn()‘(m);aaﬁa’% 5)
(a+n)(a—d+n)(y+n)n =

S @2nta+B)Cntatf- 1)Rn71(>\(x);a,ﬁ,%6). (4.3b)

Theorem 4.5. Let k € {1,2,...,n—1}. The sequence of Racah polynomials

(7) {Rn()\(:c), a—k,B,7, 5)}7]:[:0, with o = —N —1, is quasi-orthogonal of order k with respect
to the weight w(xz) on (0, A(N)) and the polynomials have at least (n — k) real, distinct
zeros in (0, \(N));

(44) {Rn()\(:c);a,ﬁ — k,’y,é)}gzo, with B = —N — 0 — 1, is quasi-orthogonal of order k with
respect to the weight w(x) on (0, \(IN)) and the polynomials have at least (n — k) real,
distinct zeros in (0, \(N)).
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Proof. (i) Let « = —N—1. From Lemma 1.1 and (4.3a), it follows that RQ(A(x), a—1,8,v,9)is
quasi-orthogonal of order one on (0, A(IV)). By iteration, we can express R, (A(z); o —k, 8,7, 6)
as a linear combination of R, (A(x);«,B,7,0), Ra—1(A(z); 0, B,7,6), ..., R k(A(z); , B,7,0)

and the result follows from Lemma 1.1. Furthermore, from Lemma 1.2 we know that at least
(n — k) real, distinct zeros of R,(A(z);a — k, 8,7,6), k € {1,2,...,n — 1}, lie in (0, \(N)).

(ii) Let 5 = —N — 6 — 1. The result follow in the same way from (4.3b) and Lemmas 1.1
and 1.2. |

As in the case of the g-Racah polynomials, we obtain different interlacing results for values
of n larger than % + 1, that we show in the next theorem, than for n < % + 1.

Theorem 4.6. Consider n < N and let vy, i € {1,2,...,n} denote the zeros of R,(\z); a, B,
v,9), Yn,is © € {1,2,...,n}, the zeros of Ry(A(z);a —1,8,7,0) and 2,4, i € {1,2,...,n}, the
zeros of Rp(A(x); « ,ﬁ 1,7,8). Then, for n > % +1,

(i) ifa=—N—-1and >0,06>0,v >0, we have
0<33n,1 <Unl < Tp—11 < Tp2 <Yn2 < < Tp-1n-1<Tpn < Ynn;
(i) if f=—N—-6—1anda>0,~v>0, a—0d >0, we have

0< Tnl <2pl1 <Tp-11<Tp2<2p2<: " <Tp-1n-1<Tpn < Znn-

Proof. Under the above hypotheses, the coefficients of R, (A(x); v, 8,7,8) in (4.3a) and (4.3b)
are negative and the interlacing results follow from Lemma 1.4(i). |

4.3 The continuous Hahn polynomials

The continuous Hahn polynomials

. i d —nntat+btetd—1la+i
B (wia,b,c,d) = i"(a+c,a+d), ) 3F2< n,m+a c a+iz

(n+a+b+c+d-1), a+c,a+d

)

are orthogonal on R with respect to

w(z) =T'(a+ix)'(b+ix)(c —iz)['(d — ix)
for Re(a,b,c,d) >0, c=a and d = b.
Proposition 4.7.

Py(z;a—1,b,¢,d) = Py(x;a,b,c,d)
ilb+c+n—1)(b+d+n—1)n
(2n+a+b+c+d 3)2n+a+b+c+d—2)
Py(z;a,b—1,¢,d) = P,(x;a,b,¢,d)
a—1+d+n)(a—1+c+n)n ~
+(2n—|—a—i(-b+c+d 3))((2n+a+b+)c+d—2)P”_1(x;a’b’c’d); (4.4D)
P,(z;a,b,¢c —1,d) = P,(x;a,b,c,d)
b+d+n—-1)(a—1+d+n)n -
_(2n+a—(3+b+c—|—d))((2n—|—a—2—|—)b—|—c-|—d)P (z;a,b, ¢, d); (44c)
]Sn(a:;a, byc,d—1) = Pn(x;a,b ¢, d)
ilb+c+n—1)(a—14+c+n)n
_(2n—|—a—3+b+c—|—d)(2n+a—2—|—b—|—c+d)

]5n_1(95; a,b,c,d); (4.4a)

Po_1(z;a,b,¢,d). (4.4d)
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Corollary 4.8.

Py(z;a—1,b,¢c—1,d)
_By(2) - ila+d—b—c)(b+d+n—1)n P,
2n+a—4+b+c+d)(2n+a—2+b+c+d)
b+d+n—-2)(a—24+d+n)(n—1)(b+c—2+n)(b+d+n—1)n P
(2n—5+a+b+c+d) (2n+a—4+b+c+d)?@n+a—3+b+c+d)
Py(z;a,b—1,¢,d—1)

~1(7) (4.5a)

ila+d—b—c)(a—1+c+n)n
(2n—4+a+b+c+d)(2n+a—2+b+c+d)
na+d+n—-2)(a—1+c+n)(b+c+n—-2)(a+c+n—-2)(n—-1) P
2n—btatbtetd) (2n—d+atbtetd’@nta—3+btetd "

= Po(z) + ~1(x) (4.5b)

Theorem 4.9. Consider a, b, ¢, d such that Re(a,b,c,d) > 0, ¢ = a and d = b. Consider
ki, ko, ks, kg € {0,1,...,n— 1}, such that ky + ko + ks + kg < n—1. The sequence of continuous
Hahn polynomials {P,(x;a — k1,0 — ko, ¢ — k3, d — kq)}°%,, with 0 < Re(a) = Re(c) < 1 (if
ki # 0), 0 < Re(b) = Re(d) < 1 (if k2 # 0), 0 < Re(a) = Re(c) < 1 (if k3 # 0) and
0 < Re(b) = Re(d) < 1 (if kg #0), is quasi-orthogonal of order ki + ko + ks + kg < n — 1 with
respect to the weight w(z) on R and the polynomials have at least n — (k1 + ko + ks + k4) real,
distinct zeros.

Proof. Fix a and c¢ such that 0 < Re(a) = Re(c) < 1. From Lemma 1.1 and (4.4a), it follows
that P,(x;a — 1,b,¢,d) is quasi-orthogonal of order one on R. By iteration, we can express
P,(z;a — k,b,¢,d) as a linear combination of P, (z;a,b,c,d), P,_ 1(z;a,b,c,d),. . Py_p(x;a,b,
¢, d) and it follows from Lemma 1.1 that Pn(x; a—1,b,c,d) is quasi-orthogonal of order one on R.
By using an iteration process, we can write P, (x;a—k,b,c,d) as a linear combination of ortho-
gonal continuous Hahn polynomials and it is quasi-orthogonal of order k£ < n — 1. Furthermore,
from Lemma 1.2 we know that at least (n — k) zeros of P,(z;a —k,b,c,d), k € {1,2,...,n—1},
are real and distinct. In the same way, using (4.4c), we can prove that ]—:’n(aj;a, b,c — k,d),
0 < Re(a) = Re(e) < 1 is quasi-orthogonal of & < n — 1 on R. By fixing b and d such
that 0 < Re(b) = Re(d) < 1, we can prove the quasi-orthogonality of P,(z;a,b — k,c,d) and
Py (z;a,b,¢,d — k), using (4.4b), (4.4d) and Lemma 1.1.

Using an iteration process, we can write Pn(x; a—ki,b—koyc—ks,d—kq), with 0 < Re(a) =
Re(c) < 1 (if k1 # 0), 0 < Re(b) = Re(d) < 1 (if k3 # 0), 0 < Re(a) = Re(c) < 1 (if k3 # 0)
and 0 < Re(b) = Re(d) < 1 (if k4 # 0), as a linear combination of orthogonal continuos Hahn
polynomials and the results follow from Lemmas 1.1 and 1.2. |

Theorem 4.10. Consider a,b,c,d such that Re(a,b,c,d) >0, c =a and d = b.

(1) Let 0 < Re(a) = Re(c) < 1. Then (n—2) zeros of Py(z;a—1,b,¢c—1,d) interlace with the
zeros of Pp_1(x;a,b,c,d);

(i4) Let 0 < Re(b) = Re(d) < 1. Then (n—2) zeros of Py(z;a,b—1,¢,d— 1) interlace with the
zeros of Pn_1(z;a,b,c,d).

Proof. In this proof —C,, refers to the coefficient of ]Sn_g(:c; a,b,c,d) in the three-term recur-
rence equation of the continuous Hahn polynomials (cf. [18, equation (9.4.3)]), involving the
polynomials P, (z;a,b,¢,d), Py_i(x;a,b,c,d) and P,_o(z;a,b,c,d).

(i) Let 0 < Re(a),Re(c) < 1. We consider the coefficient b, of P,_s(z;a,b,c,d) in (4.5a).
Then

(a+c—2)(n—2+b+d)(a+d+n—-2)(n—1)(b+c+n—2)

Cp — b, =
2n—5+a+b+c+d) (2n—4+a+b+c+d)?

)
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and when we take into consideration the specific restrictions on the parameters, we observe that
C, < by, and the result follows from [17, Theorem 15(ii)]. .
(ii) Let 0 < Re(b),Re(d) < 1 and let b, be the coefficient of P,_2(x;a,b,c,d) in (4.5b). Then

b+d—2)(n—=1)(b+c+n—2)(a+d+n—2)(a+c+n—2)

Cp — b, =
2n—5+a+b+c+d) (2n—4+a+b+c+d)?

<0,

when we take into consideration the specific restrictions on the parameters and the result follows
from [17, Theorem 15(ii)]. [ |

5 Concluding remarks

The g-Meixner polynomials, defined by
"z
Bq

qn+1>
q; — )
Y

with £ = ¢~%, are orthogonal with respect to the discrete weight W, when 0 < g < 1,

Mo (75 8,7:9) = (=1 ™ (Ba; @)n 261 <

v >0, Z € (1,00), and satisfy

= (2B N _ @B iy BY@" V@ -Da
M, (x q,%q) = 7(57+x)an"(x’ﬂ’% q) By + ) My (Z; 8,7; q)-

(5q;q)ﬂzq(§)
_(=B1G9)z
on (1,00), since it cannot be written as a linear combination of the polynomials M, (Z; 3, 7;q),

Mn_l(j;ﬁ,'y;q),...,Mn,k(f;ﬁ,’y;q). Since v > 0, we also have % > 0 or vg > 0 and the

sequences M, (i’;ﬁ, %; q) or M,(%;8,7v¢;q), are orthogonal on (1,00) for 0 < g < 1. We
therefore do not consider g-shifts of ~.
The same is true for the Al-Salam—Carlitz II polynomials [18, Section 14.25], that satisfy

Caq(@" =) o),
(a—x)qQ” Vn—l(x7q>

The polynomial M, (a‘:; qﬁk,’y; q), k < n, is not quasi-orthogonal with respect to

()

~ e — ) ~
AP R o Vi

(a—z)g" " (= q)
and the Bessel polynomials [18, Section 9.13], that satisfy the equation

i +1) a2x+4anm+4n2x+am+2nx—2n~( )

T, o = xT;Q

Un z(a+1+2n)(a+ 2n) Un
dn(a+n)

et it2)(at2n—1)(at2n)

q;(J),

with z = ¢ % and n € {0,1,..., N}, are orthogonal for p > 0 with respect to the discrete weight

—N. T ~
= % on (1,g7"). The polynomials K, (z; q%,N;q) are orthogonal for p > 0
(@ sa)e ()7

(:9)

anfl(x; Oé).

The ¢-Krawtchouk polynomials

—N - ;. n
o _ yq)n q » Ly —Pq
Kn(Z;p, N5 q) = ((qun.qq)) 302 ( N0

w(z)

with respect to on (1, q_N). By iterating the equation

p(d" —1) (¢" — ") "
(@®*p+q) (¢*"p+¢*) g™

K, <:1_c; g,N; q) = K, (z;p,N;q) — K,—1(Z;p, N;q),
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we can write K, (%; q%,N; q) as a linear combination of the polynomials f(n_j(i;p, N;q), j €
{0,1,...,k}, and the polynomials K, (a‘c; q%, N; q) are also quasi-orthogonal for p > 0 on (1, q*N)
with respect to w(x).

The same is true for the ¢g-Charlier [18, Section 14.23] and alternative g-Charlier (or ¢-Bessel)

polynomials [18, Section 14.22].
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