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Abstract. We reformulate the Poisson structure discovered by Fock and Rosly on moduli
spaces of flat connections over marked surfaces in the framework of Poisson structures
defined by Lie algebra actions and quasitriangular r-matrices, and we show that it is an
example of a mixed product Poisson structure associated to pairs of Poisson actions, which
were studied by J.-H. Lu and the author. The Fock—Rosly Poisson structure corresponds to
the quasi-Poisson structure studied by Massuyeau, Turaev, Li-Bland, and Severa under an
equivalence of categories between Poisson and quasi-Poisson spaces.
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1 Introduction

Let G be a connected complex Lie group with Lie algebra g, and let s € S?g be a g-invariant
element. The moduli space of flat G-connections on a Riemann surface ¥ has the well known [3]
canonical Atiyah—Bott Poisson structure. If one “marks” finitely many points V' C 9% in the
boundary of 3 and consider only gauge transformations which are trivial over V', Fock and Rosly
have constructed in [4, 5] a Poisson structure 7, on the corresponding moduli space A(X, V),
which depends on a quasitriangular r-matrix 7, for every v € V such that all r,’s have symmetric
part s. Under the quotient by the group of lattice gauge transformations G", 7, descends
to the Atiyah—Bott Poisson structure on the full moduli space, and quantizations of m, play
a fundamental role in quantum gravity (see [10] and references therein).

The bivector field m, was given in [4, 5] by a formula, of which the proof that it defines
a Poisson structure was left as a computation. In this paper, as an application of the methods
developed in [8], we give a simpler and more conceptual proof that 7, is a Poisson structure, by
viewing it in the framework of Poisson structures defined by a Lie algebra action and a quasitri-
angular r-matriz. Recall that given an action p: h — X(Y) of a Lie algebra h on a manifold Y’
and a quasitriangular r-matrix r € h ® b, if the pushforward 7y = p(r) is a bivector field, it is
automatically Poisson, and one says that 7y is defined by the action p and the r-matrix r.

More precisely, given an oriented skeleton I' of a marked surface (3,V), one has a natural
action op of the Lie algebra g"v/2 on A(X,V), where [’y /5 is the set of half edges of I', and
a quasitriangular r-matrix r € g'/2 ® g"/2, such that o (r) is a Poisson structure. Both o
and 7 depend on T', but one proves that m, = op(rr) does not.

Marked surfaces can be fused at their marked points. One also has the notion introduced
in [8] of fusion of Poisson spaces admitting a Poisson action by a quasitriangular Lie bialgebra,
and we show that the Poisson structures on the associated moduli spaces correspond under these
constructions. In particular, the Fock—Rosly Poisson structure is an example of a mized product
Poisson structure associated to pairs of Poisson actions introduced in [8].
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On the other hand, A(3, V) carries a canonical quasi-Poisson structure Qs, first discovered
in [9] when V' is a singleton, and further studied in [7] for general V’s, which can be obtained by
reduction of the canonical symplectic structure on the infinite-dimensional affine space of G-
connections on Y. Quasi-Poisson manifolds were introduced in [1, 2] as a way to obtain a unified
picture of various notions of moment maps. It is shown in [1, 6, 8] (see also Section 5.1) that one
has an equivalence of categories between the category of (g, ¢s) quasi-Poisson spaces and the
category of (g, r) Poisson spaces, where r is a quasitriangular r-matrix whose symmetric part is
s, and ¢s € A3g is the Cartan element associated to s (see (2.1)). We show in this paper that
m, corresponds to Qs under this equivalence of categories.

An interesting project would be to develop a theory of quantizations of Poisson structures
defined by actions of Lie algebras and quasitriangular r-matrices. This paper provides the
setting to study the quantization of the Fock—Rosly Poisson structure from this point of view.

The paper is organized as follows. In Section 2 we recall the basic facts on quasitriangular
r-matrices which will be needed later, and in Section 3 we recall the fusion of ciliated graphs
and marked surfaces. The Poisson structure m, on the moduli space A(X,V) is defined in
Section 4, where we prove that it is independent of the choice of an oriented skeleton of (3, V),
and that fusion of marked surfaces corresponds to fusion of the associated Poisson structures. In
Section 5, the equivalence between 7, and the quasi-Poisson structure ()5 under an equivalence
of categories between Poisson and quasi-Poisson spaces is proven.

1.1 Notation

Throughout this paper, vector spaces are understood to be over R or C.

If T' is a finite set and {X,: v € I'} a family of sets indexed by T', for z € Hvel“ X, and
v €T, zy € X, denotes the y-component of z. If {V,: v € I'} is a family of groups and v € V,,
(v)y € @vel“ V,, is the image of v under the embedding of V,, into GB'Y'EF V., as the y-component.
When the V,’s are vector spaces, we extend this notation to tensor powers. Namely, for an integer
k> 1and v € V%, (v), is the image of v under the embedding of V.** into (. cp V5)®* as
the y-component.

Ifp: Y xG =Y (resp. \: G xY — Y) is a right (resp. left) action of a Lie group G on
a manifold Y, we will denote by p: g — X1(Y) (resp. A\: g — X1(Y)) the induced right (resp.
left) Lie algebra action of the Lie algebra g of G on Y. If 2 € g®*, k > 1, we denote respectively
by 2% and 2% the right and left invariant k-tensor field on G whose value at the identity e € G
is x.

Lie bialgebras will be denoted as pairs (g, dg), where g is a Lie algebra, and d4: g — A?g the
cocycle map. Recall that ¢4 satisfies

dg([2,9]) = [, 0g(y)] + [0 (), 4], @,y €,

and that the dual map 43 A?g* — g* is a Lie bracket on g*.

2 Poisson structures defined by quasitriangular r-matrices

We recall in this section basic facts about quasitriangular r-matrices and refer to [8] for a detailed
exposition on Poisson Lie groups and Lie bialgebras.
2.1 Quasitriangular r-matrices

Let g be a finite-dimensional Lie algebra, and let » = s+A € g®g, with s € (5%g)9 and A € A2g.
One says that r is a quasitriangular r-matriz on g if it satisfies the classical Yang—Baxzter equation

[A,A] + d’s - 07
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where [, ]: AFg@Alg — AFF=1gis the Schouten bracket on the exterior powers of a Lie algebra,
and ¢, € A3g is defined by
¢s(&,m,Q) = 2(, [s7(n), sT(Q)]),  &mCeg, (2.1)

where s*: g* — g is given by (s*(¢),n) = s(&,n), &En € gt Ifr =Y, 7,0y € g® g is
a quasitriangular r-matrix, it defines a Lie bialgebra structure

57“: g_>g/\97 57‘(x):Z[xaxl]®yz+xz®[$ayl]a reg,

7
and one calls the pair (g,r) a quasitriangular Lie bialgebra.
Let (g, d4) be a Lie bialgebra and (Y, my) a Poisson manifold. A (right) Poisson action of (g, dq)
on (Y, 7y ) is a Lie algebra morphism p: g — X!(Y) satisfying
[p(x), mv] = p(dg(x)),  z €0,

and one also says that (Y, 7y, p) is a right (g, d4)-Poisson space.
Let g be a finite-dimensional Lie algebra, Y a manifold and p: g — X!(Y") a right action of g
onY. Forr =73 2; ®y; € g® g, one has the 2-tensor field

p(r) = Y plai) @ pl) € X' (V) @ X1 (Y),

and writing r = s + A, with s € S?g and A € A%g, it is clear that p(r) is a bivector field on Y if
and only if p(s) = 0.

Proposition 2.1 ([8, Proposition 2.18]). Ifr is a quasitriangular r-matriz and if p(r) is a bivec-
tor field, it is a Poisson bivector field, and (Y, p(r), p) is a right (g,r)-Poisson space.

In the context of Proposition 2.1, one says that p(r) is a Poisson structure defined by the
quasitriangular r-matrix v and the action p.
Let g be a Lie algebra and n > 1 an integer. For any r = Y . 2; ® y; € g ® g, define
Mix"(r) € A%(g") by
Mix™(r) = ) (Mix"(r)) (2.2)
1<j<k<n

where

(Mix”(r))m = Z(yi)j A (i) 1<j<k<n,

)

and for any sign function e: {1,...,n} — {1, -1}, let
o = (e(1)s,...,e(n)s) + (A,...,A) eg" ®¢g",
where 7 = s + A with s € S?g and A € A%g, and let
rEm) = pon _ Mix"(r) € g" ® g (2.3)

Theorem 2.2 ([8, Theorem 6.2]). If r € g® g is a quasitriangular r-matriz on g, then for any
n>1 and any sign function e, r&" is a quasitriangular r-matriz on g", and the Lie bialgebra
structure

0 = 6,cm) (2.4)
is independent of €. Moreover, the map
diag,: (g,6,) — (¢",0%),  diag,(z) = (z,...,2), z€g,

1s an embedding of Lie bialgebras.
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(n)

For any r € g ® g and any sign function e, denote by A, the anti-symmetric part of r(&™).
Writing r =), 2; ® y; = s + A, with 2s =) . (2; ® y; + v; ® x;) and 2A = ), x; A y;, one has
explicitly

Aﬁ") =(A,...,A) — Mix"( ZZ (xi)j A (i) Z Z (yi)j N (xi)k
' 1<j<k<n i
The following lemma will be used in the proof of Proposition 5.2.
Lemma 2.3. Letr =s+ A€ g®g, with s € S%g and A € A%g. Then
A — diag, (A) = — Mix"(s).
Proof. A straightforward calculation shows that diag,(A) = (A,...,A) — Mix"(A). Thus
A — diag, (A) = — Mix™(r) + Mix™(A) = — Mix"(s). |
The following lemma will be used in the proof of Theorem 4.10.
Lemma 2.4. Letr € g® g. For integers m,n > 0, one has
(Al AM) — (diag,,, diag, ) ( Mix?(r)) = AT € A2(gmF).

Proof. Indeed, writing r = ), z; ® y; and letting A € A?g be the anti-symmetric part of r, one
has

(diag,,, diag, ) ( Mix*(r)) = Z (yi)k A (i),
1<k<m, 1<I<n

hence
(Agm) ) A1(“n)) - (dlagmv dlagn) ( MiXZ(T))
= (A A = Y kA (= AT "

1<k<i<m+n

2.2 Fusion products of Poisson spaces

Let n > 1 be an integer, r € g ® g a quasitriangular r-matrix on a Lie algebra g, and let (Y, 7y)
be a Poisson manifold with a right Poisson action p: g" — X(Y) of (g,7)", and a right Poisson
action ¢: h — X1(Y) of a Lie bialgebra (b, dy), so that (Y, my, p x 1) is a right (g,r)" x (b, dp)-
Poisson space. By [8, Lemma 2.16] and Theorem 2.2, the triple

Fus(gyn (Ys v, p X ) 1= (Y, 1y — p( Mix™(r)), (p o diag,) x ¢) (2.5)

is a right (g,7) x (b, dy)-Poisson space, which we call the fusion at (g,r)" of (Y, my,p X ). As
a particular case, suppose that h = 0, that

(Y177TY17p1)7 ceey (Y’m Ty s pn)

are right (g, r)-Poisson spaces, that Y = Yj x - - - XY}, is equipped with the direct product Poisson
structure my = Ty, X - X 7y, , and that p: g" — X1(Y) is given by

p(x1,. .. xn) = (p1(21), .-\ pu(Tn)), zj €9

The (g, r)-Poisson space in (2.5) is called in [8] the fusion product of (Y}, 7y, p;), 1 < j < n.
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3 Ciliated graphs and marked surfaces

In this section, we review the fusion of marked surfaces and ciliated graphs. Our main references
are [5, 7].

3.1 Ciliated graphs and marked surfaces

A marked surface (3,V) is a compact Riemann surface, together with a non-empty finite col-
lection of points V' C 0% lying in the boundary of ¥. A skeleton of a marked surface (3,V) is
a graph I' embedded in Y, with set of vertices V and such that > deformation retracts onto I'.

Proposition 3.1 ([7, Section 4]). Any marked surface (3,V) admits a skeleton, and skeletons
of (X,V) are unique up to isomorphisms and local changes

N

Let I' be a skeleton of a marked surface (X, V). For every v € V, the orientation of ¥ induces
a linear ordering of the half edges incident to v, thus one is led to formulate the following

Definition 3.2 ([5, 7]). A ciliated graph is a graph in which each vertex is equipped with a linear
order of the half edges incident to it.

The name is inspired by the fact that when drawing a ciliated graph, one can specify the
linear order of half edges at each vertex by drawing a small “cilium” between the minimal and

maximal half edge.

Figure 1. An annulus with four marked points and two non-isomorphic skeletons with their cilium
structure.

We introduce further notations in order to discuss ciliated graphs. Let I' be a ciliated graph
with set of vertices V' and set of edges I';. Denote by I'; /5 the set of half edges of I', and note
that I'y o comes with a natural involution with no fixed points « — &, mapping a half edge to
the opposite half edge, and for a € 'y ;5 we write [, @] for the edge composed of the two half
edges a and &. For every v € V, let I'y, C I'y 5 be the set of half edges incident to v, so that
I'ij2 = ey ['v and Ty, is a linearly ordered set for each v € V.

3.2 Fusion of ciliated graphs and marked surfaces

We recall now the fusion of marked surfaces and ciliated graphs.

Let (3,V) be a marked surface. Since ¥ is oriented, every v € V' defines a piece of arc in 9%
starting at v and a piece of arc in 9% ending at v. For a pair (v, v2) of distinct elements of V/,
the fusion of ¥ at (v1,v2) is the marked surface (¥, 4,), Voy=v,) Obtained by gluing a piece of
arc ending in vy with a piece or arc starting at ve, so that v; and vy are identified. The set of
marked points Vy,—y, on X, ,,) is then obtained from V' by identifying v1 and vs.
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—

V1 = V9

L) U1 fusion A

Let I' be a ciliated graph with set of vertices V' and edges I'1, and let (v1,v2) be a pair of
distinct vertices, with I'y, = {a; < -+ < ag} and I'y, = {ag+1 < -+ < ay}. The fusion of T at
(v1,v2) is the ciliated graph I',, ,,) obtained by identifying v; and vz, and with linear order on
the set I'y, =, of half edges incident to v; = v2 given by a1 < -+ < ap < agy1 < -+ < .

Note that the fusion of marked surfaces and ciliated graphs are associative operations, but
not necessarily commutative. The following lemma is straightforward.

Lemma 3.3. Let (X,V) be a marked surface with skeleton T, and let vi,ve € V be distinct
points. Then the image of I' under the fusion map (3,V) — (X(y; 1s)> Vor=vy) 8 isomorphic
to Ty, uy), and is a skeleton for (3(y, vy), Vor=us)-

Since «— is a skeleton for a disk with two marked points, and since every ciliated graph
can be obtained by successive fusion of copies of e, every marked surface can be obtained
by successive fusion of disks with two marked points. Conversely, a ciliated graph I' with set of
edges V is the skeleton of a marked surface (X, V'), well defined up to isomorphism, obtained
by fusing marked disks corresponding to the edges of I".  Thus the map I' — (Xp,V) gives
a bijective correspondence between isomorphism classes of ciliated graphs up to local changes
in (3.1) and isomorphism classes of marked surfaces.

; fusion
@

Figure 2. An annulus with three marked points obtained by fusing three disks with two marked points
each.

4 The Fock—Rosly Poisson structure

In this section, we introduce a Poisson structure, first discovered by Fock and Rosly, on the
moduli space of flat connections over a marked surface, which is defined by an action of a Lie
algebra and a quasitriangular r-matrix.

Throughout Section 4, GG is a connected complex Lie group, and g is its Lie algebra.

4.1 The moduli space of flat connections over a marked surface

For a marked surface (£, V), let II1 (X, V) be the fundamental groupoid of 3 over the set of base
points V', and consider

A2, V) =Hom(II; (3, V), G),
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the moduli space of flat connections on G-principal bundles over ¥ which are trivialized over V.
The group G" naturally acts on the right on A(X,V) by gauge transformations. For p €
I1,(X,V), denote by ev,: A(X,V) — G the evaluation at p, by 6(p), 7(p) € V the respective
source and target of p, and if ¢ € GV and v € V, recall from Section 1.1 that g, is the v’th
component of g. The action of GV on A(X, V) is then given by

Pv: A(Zv V) X GV - A(E’ V)a evp(pv (ya g)) = g;(;,) evp(y)g’r(p)a (41)

where g € GV, y € A, V), and p € I1; (X, V). Given a skeleton T of (X, V) and an orientation
of each edge of T', TI; (3, V) is then the free groupoid generated by I', and thus one has a natural
diffeomorphism

Ir: G' =5 A, V). (4.2)

Now, choose a pair of distinct marked points (v1,v2). The fusion map (3, V) = (34, 55 Vor=v2)
induces a map

P(v1,v2) * A(E(U17U2)7 %1=U2) — .A(E, V), (4.3)

and by choosing a skeleton for (3,V'), one easily sees that ®( is a diffeomorphism. The

next lemma is straightforward.

v1,V2)

Lemma 4.1. Let diag( : GYoi=v2 — GV be the canonical embedding. Then for any g €

GV1=v2 | one has

v1,v2)

P (v1,v2) (pvv1:v2 (y’ g)) = Pv (9001,1)2 (y)v diag(vl,vg) (9)), Yy e *A(E(m 02)) %1=U2)‘

Let I" be a skeleton of (X,V), and for any v € I'y, let (D,, V) be a disk marked with two
points, where V,, C Iy 5 consists of the two half edges of 7, so that Uer, Vy, =Ty /5. As (3, V)
is a fusion of (L er, D+,1'1/2), one has a diffeomorphism

ori A(S,V) =5 A(User, Do, Tyj),

and thus an action of G'/2 on A(X, V) via ¢p. Choosing an orientation for each edge of I' and
identifying A(X,V) = G as in (4.2), the action of GY'1/2 on GT! is given by

or: GIox GYz — G

or(g,h)y = holgyha,,  heGh2, geG@t,  yelny, (4.4)

where for v € I'1, ay € I'y 5 is the source half edge of ~.

4.2 The Fock—Rosly Poisson structure

Let (X,V) be a marked surface and I' an oriented skeleton of (X,V’). From now till the end of
Section 4, we fix an

s € (5%g)°.
For every v € V, let A, € A%g be such that r, = s + A, is a quasitriangular r-matrix. Identi-
fying g™ with g/™! using the linear order on Ty, let TS,E”’F”) € g™ ® g™ be as in (2.3), where

gy: I'y = {—1,1} is defined as

1 i half ed
{ , «is a source half edge, acl,.

1, «is an end half edge,
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Since 'y /o = | |,y v, one has g"/2 = @, oy, g™, and recalling our notation in Section 1.1, let

e = Z (Tl()Eu,Fv))v c gF1/2 ®gl“1/2’ (45)
veV

a quasitriangular structure for the Lie bialgebra

D (g7, 8")),

veV

where 5,€£“) is as in (2.4). Using the notational convention in Section 1.1, recall from (4.4) the
right Lie algebra action op: g'/2 — X1(G™).

Theorem 4.2. The bivector field
7r = op(rp) € x?2 (Grl)
is a Poisson structure on G,

Proof. The symmetric part of rp is
Sr = Z (S)a'y - (S)d'\ﬂ

where for v € T'y, @y € 'y 5 is the source half edge of 7. By (4.4), one has or(sr) = 0, thus
Theorem 4.2 follows from Proposition 2.1. |

Remark 4.3. Let A be the anti-symmetric part of the quasitriangular r-matrix r.. The
bivector field

Tr = UF(AF)

first appeared in [4, 5], where the proof that it is Poisson was left as a computation to be
checked. Theorem 4.2 gives a simpler and more conceptual proof that 7p is a Poisson structure.

Consider the quasitriangular Lie bialgebra

(gv,r) = @(g,rv), where r= Z(rv)v cg'®g". (4.6)

veV veV

For v e V, let diag,: g — ¢, diag,(z) = >, cr, (¥)y, for x € g, and define the map

diag,.: g" — g'v2 = @grv, diag.(z) = Z(diagv(azv))v, xeg’ (4.7)
veV veV

By Theorem 2.2, diag.: (g",0,) — (g'%/2,d,.) is an embedding of Lie bialgebras, and by
Lemma 4.1, one has

pv = Ir o oy o diagy., (4.8)

where py: g — X1(A(X,V)) is the derivative of the action by gauge transformations in (4.1).
Thus as an immediate consequence, one has

Corollary 4.4. The triple (A(X,V), Ir(mr), pv) is a right (g",r)-Poisson space.
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®

U1 V2

Figure 3. The marked surface (33, V).

Example 4.5. For any integer n > 1, let (£,,V) be a disk with n — 1 inner disks removed
and two marked points v, ve, such as in Fig. 3, and let I' be the skeleton in Fig. 3 with edges
oriented from v to ve. Let r; = s+ A;, be the r-matrix associated to v;, i = 1,2. The orientation
of ¥ induces an isomorphism g'vi = g", and one has

P = (s s) 4 (A, Ay) — MiX(ry) = (s, 8) + A
(
T

Frotve) - (Ls ) 4 (Mg, Ag) — Mix™(ry) = (—s,..., —s) + A®),
and
In(me) = (AR) "+ (A"
In particular, if A = —Aj, the Poisson structure Ir(m) = (A,(fll))R — (A&?))L is multiplicative,

and the Poisson Lie group
(6", (Af) " = (A1) ")

is then called a polyuble in [4], and has Lie bialgebra (g”, 5,(«?)). When n = 2 and rq is factorizable,
that is when s*: g* — g is invertible, (G2, (A,E?))R - (Ag))L) is isomorphic to the double of the
Poisson Lie group (G,Aff — AY) [8]. Thus polyubles are generalizations of doubles of Poisson
Lie groups.

4.3 Independence of choice of skeleton

Continuing with the setup and notation of Section 4.2, one has a Poisson structure Ip(my)
on A(X,V). The goal of this subsection is to show that Ir(mr) does not depend on the choice
of I', nor on the choice of an orientation of the edges of I'. Letting I"” be another oriented skeleton
of (X,V), this is equivalent to proving that the map

I1?,1 olr: (GFl,ﬂ'r‘) — (GFll,ﬂ'F/) (4.9)
is a Poisson isomorphism.
Lemma 4.6. The Poisson structure Ip(mr) is independent of the orientation of the edges of .

Proof. One can assume that I is the same oriented skeleton as I', except for an edge v € I'q,
which is given the opposite orientation. The map [F_,l olp: GF* — G = G*1 is thus the group
inversion in the factor v, and the identity on all other factors, hence for any = € g"/2, one has

IF_,1 oIr(op(x)) = op(z),

which implies that Ili,l o Ir(mp) = . [
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Lemma 4.7. Consider the following two oriented skeletons

(] ga! (%1 V2 V1
> 2 %
U3 U3
r I’

of a disk with three marked points. Then the map (4.9) is a Poisson isomorphism.

Proof. Identifying G' and GT1 with G2 and writing I = Ili,lolp, one has I(g1,92) = (9192, 92),
g1, 92 S G7 and

me= (AR AL) + (AL, AR) +Z 0,95) A (zF,0),

V2

where 7, =) . 2; ® y;. A direct calculation using Ady(s) = s for any g € G, shows that
(A1, 0) = I(A3;,0),
(AL AL) — Mix?(Ay,) " = I(0,AL),

V37

(0,A) — Mix?*(s) = < (AL AR) +Z (0,y5) A (! ,o)),
from which one gets I(m) = (AR, AR) + (AL, AL) — Mix?(ry,) ! = . [

We return to the case of a general marked surface (X, V).

Proposition 4.8. Let I',T" be oriented skeletons of (X,V). Then the map (4.9) is a Poisson
isomorphism.

Proof. By Lemma 4.6 and Proposition 3.1, one can assume that I' and T have the following
form:

() 4! 7 V9 U1
s "2 "
U3 U3
Tr I’

Using Lemma 4.7, a straightforward calculation, the details of which are left to the readers,
shows that I5,' o Ir(mp) = . [

Recall the quasitriangular r-matrix 7 on g* defined in (4.6) and let
7 = Ir(mr) € X2(A(S, V),

where I' is any oriented skeleton of (3, V). The following theorem is a consequence of Lemma 4.6,
Proposition 4.8, and Lemma 4.4.

Theorem 4.9. The Poisson structure m. on A(X,V) is independent of the choice of T, and
(A2, V), mp, pyv) is a right (g¥,r)-Poisson space.
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4.4 Fusion of Poisson spaces and marked surfaces

We continue with the setup of Section 4.2. In particular, (X, V') is a marked surface, for v € V,
one has A, € A%g such that r, = s + A, is a quasitriangular r-matrix, and one considers the
quasitriangular r-matrix r € g¥ ® g¥ defined in (4.6).

Suppose one has r,, = ry, for two distinct elements vy, vy € V, and consider the fused surface
(X', V") = (X(v,,v9)» Vor=v,) With Poisson structure 7/, where ' € g ®g"" is defined as in (4.6),
and let v € V' be the vertex obtained by fusing v; and vy. Recall the fusion of Poisson spaces
discussed in Section 2.2.

Theorem 4.10. One has

Fus(g,rvl)x(g,rUZ) (A(27 V)7 Ty, pV) = (A(E,v V/)a Tyt pV’) .
Proof. We identify A(X,V) and A(X', V') using the natural diffeomorphism ¢, ,) in (4.3),
and let (A(X, V'), 7', p’) be the fusion at (g,7y,) X (g,74,) of (A(X,V), 7, pv). Let T' be an
oriented skeleton of (X, V) and recall from Lemma 3.3 that T" = T, ) is an oriented skeleton
of (¥, V'), and that one has a natural identification I'y = I"}. Recall the map diag.: g — g'1/2

defined in (4.7) and consider its restriction diagy | (v;.ve) to glvrv2} Using (4.8) and Lemma 2.4,
one has

7 = Ty — pv‘g{ul,vQ} ( MiX2(Tv1)) = Iroor (TF - diagr |g{v1»”2} (MiX2(T‘v1)))

=Iro UF’(TF’) = Tyt
and by Lemma 4.1, one has p' = py. [
Example 4.11. Let (X,V) be a disk with two marked points v1, vy and assume that the r-
matrices r1 and ro associated to v; and v9 are equal. Let the edge of I' be oriented from vy to vy
and identify A(3, V) = G via I, so that one has

m = A+ AL,

where A is the anti-symmetric part of ry = ro.

V2

fusion /&
vy = ‘

The fused surface (X', {v'}) is an annulus with one marked point, and one has
T = A+ AL — py (Mix®(r1)) = A" + A" + ZyzR Azt
i

1 1 L L L
=D 5T AU+ gl Ayl A
%

where 71 =719 = >, 2 ® y;.
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5 Quasi Poisson geometry

5.1 Quasi Poisson spaces and fusion of quasi Poisson spaces

Let g be a Lie algebra, s € (5%g)?, and recall the element ¢5 € (A%g)? defined in (2.1). Recall
from [2] that a right (g, ¢s)-quasi Poisson space is a triple (Y, Qy, p), where Y is a manifold,
p: g — XY(Y) aright Lie algebra action, and Qy € X2(Y) is a g-invariant bivector field on Y,
such that

[Qy, Qy] = p(s).

We denote by QP(g, ¢s) the category of right (g, ¢s)-quasi Poisson spaces, where the morphisms
are g-equivariant smooth maps respecting the quasi Poisson bivector fields, and if r € g® g is
a quasitriangular r-matrix on g, denote by P(g,r) the category of right (g, r)-Poisson spaces,
where the morphisms are g-equivariant Poisson maps.

Proposition 5.1 ([1, 6, 8]). Let A € A%g such that r = s + A is a quasitriangular r-matriz.
Then one has an equivalence of categories

Plg,r) «— QP(g,9s),  (Y.my,p) = (Y, 1y — p(A), p),
where the functor on the level of morphisms is the identity map.

Proof. Let (Y, 7y, p) be a right (g, r)-Poisson space. Then
[Ty = p(A), 7y — p(A)] = =2[p(A), my] + p([A, A]) = —p([A, A]) = p(ds),

and for xz € g,

[o(x), 7y = p(A)] = p(6:(x) — [2,A]) = 0,

hence (Y, 7y — p(A),p) is a right (g, ¢s)-quasi Poisson space. One similarly checks that if
(Y, Qy,p) is a (g, ¢s)-quasi Poisson space, (Y, Qy + p(A), p) is a right (g, r)-Poisson space. W

5.2 A canonical quasi Poisson structure on A(X,V)

Let G be a connected complex Lie group, g its Lie algebra, and let s € (S%g)?. Let (%,V)
be a marked surface and for v € V, let A, € A%g be such that r, = s + A, is quasitriangular
r-matrix, and let r € g¥ ® g" be as in (4.6). By Proposition 5.1,

(-A(Ev V)7 Qs =1 — pv ( Z(Av)v>a Pv)
veV
is a right (g, ¢s)"-quasi Poisson space.
Proposition 5.2 (see also [7]). For any oriented skeleton I' of (£,V'), one has
IF—I(QS) = —op ( Z (MiXFu (s))v), (5.1)
veV

where forv € V, Mix™(s) € A2(g™) =2 A2(gl™1) is the element defined in (2.2) using the linear
order of I'y. In particular, Qs depends only on s € (S%g)9.

Proof. Let A € A2g"1/2 be the anti-symmetric part of the quasitriangular r-matrix r in (4.5)
and recall the map diag,.: g" — g"/2 in (4.7). By Lemma 2.3, one has

17(@2) = o (e~ g, (Y00 ) ) = o St (), ). .

veV veV
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Remark 5.3. Formula (5.1) appears in [7, Section 4], where (s was defined via fusion of
quasi-Poisson spaces.

Note that both m, and Qs descend to the same Poisson structure on the moduli space
A(Z,V)/GV of flat G-connections over X.

Example 5.4. Let (X', {v'}) be the annulus with one marked point in Example 4.11, and let
the edge of its skeleton I be oriented in the anti-clockwise direction. Identify A(X' {v'}) = G

via It and grll/2 >~ g2, Writing r = >, #; ® y;, one has 2s = Y, (z; @ y; + y; ® x;), thus
) 1
Qs = —ow (Mix’(s)) = 5 >« Ayl +yf Ayl
i

Let p be the (right) action of G on itself by conjugation. The right (g, ¢s)-quasi Poisson space
(G, Qs, p) is an example of the Hamiltonian quasi-Poisson spaces which were studied in [2].
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