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Abstract. By the recursion operator of the Kaup—Newell hierarchy we construct the rela-
tivistic derivative NLS (RDNLS) equation and the corresponding Lax pair. In the nonrela-
tivistic limit ¢ — oo it reduces to DNLS equation and preserves integrability at any order of
relativistic corrections. The compact explicit representation of the linear problem for this
equation becomes possible due to notions of the g-calculus with two bases, one of which is
the recursion operator, and another one is the spectral parameter.
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1 Introduction

The Derivative NLS (DNLS) equation was introduced in plasma physics as descriptive of weakly
nonlinear and dispersive parallel MHD waves [10, 11]. The equation is integrable and belongs
to the Kaup—Newell (KN) hierarchy [4, 5]. As a model of one-dimensional anyons it was studied
in [1, 3, 9]. Solving problem of chiral soliton in quantum potential, the SL(2,R) version of this
equation was derived from the Chern-Simons gauge theory in 2+ 1 dimensions [8]. The SL(2,R)
version of DNLS, also known as DRD or resonant DNLS, has solutions in the form of soliton
resonances with chiral properties [6, 13]. The SL(2,R) KN hierarchy, reformulated in [14] by
modified spectral problem, was applied in [2, 7] to obtain resonance solitons for modified KP
equation.

In the present paper we are going to apply DNLS hierarchy to construct the relativistic
DNLS equation as an integrable nonlinearization of the semirelativistic Schrodinger equation.
The relativistic version of the NLS equation, based on the Zakharov—Shabat hierarchy was
derived before in [12]. We show that the RDNLS equation in the nonrelativistic limit reduces to
the DNLS equation, and at any order of relativistic corrections 1/c? it produces an integrable
model. To represent the linear problem in a compact explicit form we use notions of g-number
and g¢-derivative from the g-calculus with two bases, one of which is the recursion operator, and
another one is the spectral parameter.

The paper is organized as follows. In Section 2 we review SL(2,R) KN hierarchy in formula-
tion of [14]. This formulation is linear in the spectral parameter, in contrast to the original KN
paper with the quadratic dependence. We found the first one very convenient for our calcula-
tions, and problem of equivalency with the second one still requires to be clarified. We represent
the corresponding linear problem in terms of g-calculus with two bases: one of which is the re-
cursion operator and another one is the spectral parameter. For this hierarchy in Section 3 we
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derive equation and the linear problem with an arbitrary dispersion. Section 4 is devoted to
the DNLS hierarchy. In Section 4.1 we study DNLS hiearchy as integrable deformations of the
linear Schrodinger equation and the corresponding linear hierarchy of higher-order equations.
Arbitrary dispersive DNLS and corresponding linear problem are the subject of Section 4.2.
In Section 5 we introduce the relativistic DNLS, its nonrelativistic reductions and integrable
corrections at any order. Implications for the soliton solutions and the relativistic character of
time dependence are discussed briefly in conclusions.

2 SL(2,R) KN hierarchy

Here we briefly review the KN hierarchy in the form of [14], with the linear dependence on the
spectral parameter for U. The linear problem for the zero curvature equation

U -V, +[U,V]=0
is determined by the system of linear equations

e =Uo,  ¢=V9,

where

= (0 "),

V() = @ _BA> |

It gives us the system of equations

and

¢t = By —2AB + 2¢A, (2.1)
Ary = Cyp + 20C — 217 A,
A, =qC — MrB.

By expanding in spectral parameter

N
A= Z am)\N+1—m = ao)\N+1 + al)\N + CLQ)\N_l + -+ CLN)\,
m=0
N+1
B = b AV = b AN £ b AN 4 0o AN T by A+ v

m=0
N
C=> AN = cQANF 4 AN 4 AV o e,
m=0

from the last equations we get recursions

d

%bkﬁ-l - 2bk’+2 + 2qak+1 = 07 k= 07 s 7N - 17 (23)
d

e + 2¢ 41 — 2ragy1 =0, k=0,...,N—1, (2.4)
x

d

e = qci — rbraq, k=0,...,N, (2.5)

d
7[)0 — 2b1 + 2qa0 = O,
dx
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bp =0, ap = 1, ¢g = r. Then, as follows b; = ¢q. From (2.5) we have

ar, = (07 'q,—07"r) ( * > (2.6)

bry1

and combining (2.3) and (2.4)

d Ck Ck+1 ) < r )
— +2 —2 =0.
dx (bk+1> (—bk+2 U\

In terms of

Gy = (bzil) (2.7)

we get
1—-r0~1q ro~lr 1/0 0
( @0 tq  —1—qd'r G ==510 9) %"
k=0,...,N — 1. This relation can be rewritten as
Gt1 = LGy, = L*Gj_1 = - = LF1 G, Go = (2) ; (2.8)

where the recursion operator is

1/=0—r0~tq0 —ro~ro
Lz(-ﬂ&wa a—w4m>' (2:9)

Substituting to (2.1) and (2.2) we get the N-th flow of SL(2,R) KN hierarchy [14]

<7‘{> = JLN <;> , (2.10)

where

-9

As was shown in [14], this set of equations possesses infinitely many commuting symmetries
associated with every flow ty. This allows us to combine these flows in an arbitrary linear
combination form to construct new equations defined on this hierarchy.

Unfortunately in [14] no explicit form of the Lax pair in terms of recursion operator is given.
Up to our knowledge it is also not known before for the AKNS hierarchy, and for that case it
was first derived in [12]. Here we are going to complete this part and give simple and compact
form of the Lax pair for the KN hierarchy. For this reason we need to introduce some notions
from g-calculus, which allows us to get explicit formula for the Lax pair. For NLS hierarchy it
was constructed before in [12].

The nonsymmetric g-number with one base is defined by

nly = £
mn =
q q—l

and it is a particular case of the pg-number with two bases

pniqn
n = .
[nlpg p—
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We can extend these definitions to operator g-numbers with a base as an operator. In particular
we will use next notations, for the nonsymmetric operator ¢g-number

[nlq = 11__%n =I+Q+Q*+---+Q"! (2.11)

and for the two bases operator g-number

pPr—Qm
[n]pq = f@ = P”_IQ + P”_2Q2 NI pQQn—Q + PQn—l'

For the Lax pair members we have

B . 01 C . NZH Cm, )\N—‘rl—m
c)=\1 0)\B) " Z b ’
where c¢y11 = 0 and bg = 0. Explicitly
C _ Jf Cm )\N+1—m _ C[))\N+1 + Cl/\N +---+ CN)\
B — bm bIAN - A+ by

or by combining terms as

AN co V1 n AV T CNA
B/ blkN bQ)\N_l bN—i—l

we have
C CQ)\ N <Cl)\> N—1 <CN)\>
= A+ A + -4
<B> ( by > by b1
_ (A0 O\ \N , [C1) \N-1 , CN
-0 ) (@G ()

In terms of (2.7) then we get

A
BT [ —

or by using (2.8) and recursion operator (2.9)

P I —————

)\N-i—l 0 L L2 LN

Finally, due to (2.11) we can rewrite the result in a short form as an operator ¢g-number or as
a g-derivative, with the scaled recursion operator L/\ as a base,

()= (o™ ) etin (§)= (5 5) 2 ()

where the operator g-derivative is defined as

FL) = £

Dpjnf(A) = 7 (2.12)
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In explicit form we have

C A0 LN+1 _ )\N+1 r
(5)= 0 ) = ()
In a similar way, due to (2.6) we obtain
N N
A= Z am)\N-‘rl—m _ )\N-i-l + Z )\N-‘rl—m(a—lq’ _a—lT)Gm

m=0 m=1

N
= AV (07 q, =07 ) > (WL AVTILE -+ ALY G

m=1

It can be rewritten in terms of the operator g-number and the g-derivative as follows
A= Nty (071q, -0 ') AN L[N <2)

— /\N-i-l 4 (a—lq7 —8_17’))\LDL/)\AN (2)
or

LN — MV (r
_ \N+1 -1, a1
A= "4 (671¢, -0 r))\LiL_A (q)

3 Arbitrary dispersion and KN hierarchy

As we have seen in previous section, the N-th flow of SL(2,R) KN hierarchy is described by
equation

(9. )

which is equivalent to the zero-curvature condition
Oy U — 0:Vy + [U, V] = 0, (3.1)

where
L A q(z,t) «_ (AN By
U('T7t7 A) - ()\T(Ji,t) _)\ ) 9 VN(l',t,)\) - (CN _AN) I
Cn . A 0\ LN — \N+L /7
By)  \0 1 L— )\ q)’

LN _)\N r
_ \N+1 -1 9-1
Ay = N4 (071, =0 )AL= — <q>

Now, let us introduce a new time variable ¢, determined by this hierarchy as
) i )
— = UN—.
ot = Oty

Then, equations of motion are

(1) =3 w (9 = Ni i (7) (5:2)

N=0
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(), -mo )

where function

F(z)= Z vy
N=0

or

is the symbol of operator F'(L). The linear problem and the zero-curvature condition corre-
sponding to (3.2) are determined by the related sum of equations (3.1)

U — 0,V +[U,V] =0,

where

A B >
V= (C —A) = ZVNVN-
N=0
Then

Loo LN—AOO AN
C _ A0 NZZO YN NZ:() YN r
B) \0 1 L—\ q)’

or in compact form

(5)- (0 =55 0)

A:iy A :/\iu )\N—i—(@*l —8717’))\L§:V u r
NAN N q, iy
N=0 N=0 N=0

we find expression as

For

—F\) [r
A= 3E) + 0t o e EEEO) (7

In terms of the operator g-derivative (2.12), the connection components become

(5) = (6 2) e (),

A=XF(\)+ (07'q, —8_17"))\LDL/,\F()\) (2) .

3.1 RD system

As an example we consider the linear function case F'(z) = z and corresponding equations of
motion

(1), 70 () =+ )
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This gives the derivative reaction-diffusion system (DRD)

o — (@°7),),

(ree + (%),,),

1
gt =

O |

q
1

with the linear problem

(5) =G )5 ()= @ ()

AN pra- %)\rw — %)\r2q
B} \ M+iq -5 )

Then for A we have

or

A=X+(071q,—07'r)AL (2) ,
and thus
1
A=)\ — ST

As a result, we get the following zero curvature potentials

A
Uz, t; ) = (/\r _q/\> :

L A2 — %/\rq Ag + %CII — %QQT
Viw, ) = <)\2T - %Arx - %)‘rzq —A %)\rq ‘

This DRD system was studied in [6, 13] by Hirota’s bilinear method and the soliton solutions
with resonant interaction were derived. Combined with the next hierarchy flow, it produces the
MKP-II equation, for which the resonant solitons was obtained and studied as well in [2, 7].

4 DNLS hierarchy

The DNLS hierarchy can be derived from SL(2,R) KN hierarchy (2.10) by formal substitutions.
As a first step we replace operator L by

L= 0'1LO‘1,

so that the hierarchy (2.10) becomes

(9, -0 ()

Then, we substitute

o 0 o .0 -
%—)Z%, %%—Z%, q—>'(/1, 7a—>/<:}w,



8 0O.K. Pashaev and J.-H. Lee

where k? = £1. So, the hierarchy can be rewritten as

.0 (Y O N (¥
o () = 132" (55):

where

oL (-0~ K200 —pd 1o
T2 — 01D i0 — K210

0 (YN _ . 0 (1 0 1 0 (v
i ()= 26 2) ()

By introducing

/1 0 1 0
M=(o @) (o @)

finally we get the DNLS hierarchy

or

O (YN _ . 0 n(¥
ZUgatN <w> = ngaxM <¢) y (4.1)
with the recursion operator
1 (=0 — k2070 —k*OI0
M=3 ( k200190 0 — 52&0—1¢a> : (4.2)

4.1 Integrable deformation of linear Schrodinger equation

In the linear limit, which can be formally taken as k2 — 0, the recursion operator becomes just
half of the momentum operator

1 .0
MO = 5 <—ZO'30:U> (43)

and the first flow of hierarchy reduces to the linear Schrodinger equation and its complex
conjugate, with h =1, m =1,

9 v\ 19 (¢

Then, for the nonlinear case k2 # 1 we get the following first flow equation

0 (Y _ 10% () 1, 2
ngatl <w>——2a$2<w>+2/’€103 9] ()

which is just the DNLS equation

,8 182 12

The above consideration allows us to consider DNLS as the specific nonlinearization of the linear
Schrédinger equation. Starting from the classical dispersion with Hamiltonian function

Ep) = 5

om’
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by the first quantization rules E' — ihd/0t, p — —ihd/0z, we get the linear Schrédinger equation

L0 1 L 0\?

Combining this equation and its complex conjugate as in (4.4) (h =1, m = 1), we can rewrite
it in the form

iJg% <g> = *iJg%Mo <$> .

Then, the DNLS model, as a nonlinearization of the linear Schrodinger equation, appears by
replacement of the linear recursion operator My (4.3) by the nonlinear one, the operator M
in (4.2), so that

iaggt (i) = —iagaax./\/l (:’i) )

This procedure can be extended to the DNLS hierarchy. In the formal limit x?> — 0 of DNLS
hierarchy (4.1) we get the linear Schrodinger hierarchy

) . 1 oo\
gy (1) = o () =aw (Fen) (1): ()

It corresponds to the first quantization of a classical system with dispersion

1
E(p) = QWpN+1-

Then, following in the opposite direction, from this dispersion we get the linear Schrodinger
hierarchy. By nonlinearization in (4.5) we replace My by M and obtain the DNLS hierarchy:

9 (¢ 9 1A N+1 (¥
iog— | - | = —iog—MTITMNT (T
’ <¢> r v
It is convenient to have it in the present form, reflecting the same power for the classical

momentum and the recursion operator.

4.2 Arbitrary dispersive DNLS

Now we are ready to consider a system with an arbitrary classical dispersion E(p) and the
Hamiltonian function

H(p):E0+E1p+E2p2+"'+ENpN+"'- (4.6)

In a more general case it is possible to have summation also in negative powers of p as a Lau-
rent series expansion, which will require to use the negative DNLS hierarchy flows. The first
quantized linear Schrodinger equation corresponding to this dispersion is

9 (0

Combining it with its complex conjugate we have

N
iUg% <Z—j> = <E0 + Eq (—Z’o'gaal’) B R <_Z'o-388$> + ) (g) ,
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or in terms of operator My (4.3)

iasgt (Z) = —i03£(E0(2M0)1 +Ei+ -+ Enp @MY 4 --) (Z)
= _Z.JS%(QMO)_I(EO + E1(2M0) + -4 EN+1(2M0)N+1 + .- ) <g> .

Shortly it is

O (YN O _ P
wga (¢> = wg@x (2My) 1H(Q/\/lo) <¢> .

By replacing My — M, finally we get the DNLS nonlinearization of the linear Schrodinger
equation with arbitrary form of dispersion (4.6),

ia;;% (‘5) = —z'ag(%(Q/\/l)_lH@M) <g> : (4.7)

We notice that another type of nonlinearization of the linear Schrédinger equation, based on the
NLS hierarchy was derived in [12].

4.2.1 DNLS hierarchy linear problem

For the N-th flow we start with
C ANHL K24
0 )\N—i—l L LN
(R e B ()

0 )\N+1 L ﬁN
(R 8 ()

Replacing £ by M

10 10
e=o )M )

finally we get

(52) = (G 0t ()

Cn _ 0 K2\ MNHL _ Z\N+L 0
()= G "0) " ()

Similar calculations for A give

or

. 1T A MY —\N
AN = )\N+1 +Z:“i2(—8 17,/1,8 1¢))\Mﬁ <$> .

Here we like to emphasize that these expressions are written in terms of two base operator
pg-numbers with basis M and A

MN - )\N
[N]M,A = ﬁ
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4.2.2 Arbitrary dispersion linear problem

To construct the linear problem for arbitrary dispersive DNLS (4.7) with dispersion (4.6) we
first expand

ios gt (i) = —wgai(ZM)_l(Eo +E2M) + -+ En@M)N +--) (g)
= —103— (EQ(QM) + B+ + EN+1(2M) ) (g)

E 0 0 9
= (0103 + Brigyg + -+ 2V Ey oy — +> (i) .
N

Then we define new time variable

8 E() a a (9 N—-1 8
el oNE En2
o 20t g T T A BNeig, NE:O N Otn—_1

and the linear problem with

(A (A B
U_<)\/£2@Z_J —)\)’ V_<C —A)’

where
V=> Ex2VVy_i.
N=0
Substituting expressions obtained in previous section we find
C\ _ (0 K2\ HCM) - H(2)\) (¢
B/ \1 0 2M — 2\ V)’
AH(2M) — MH(2)) P
2M =2 V)

A= %H(2)\) +ik* (=071, 07 1)

5 Relativistic DNLS

As an application of the above procedure, in this section we consider the relativistic DNLS
equation determined by semirelativistic dispersion

2
p
H(p) = vV/m2ct + p2c® = mc?y | 5

Following to this procedure we find then RDNLS as

o (v . Omc, o (W
ZO'3at (¢>__Z0381‘2M 1+ m2 2M (”(/J
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and the corresponding linear problem

<C>_<o ,.m) A+ M2 = 14 <¢>
7).

B 1 2M — 2\
= §mc 1+ - A2
- /\1 /1+ M2 — M1+ 5522
+in?(—07 1,071y e et
oM — 2\

Here the operator

Mol g (0T =R K20y
- s 7

and

M1 <Z> = 2ig307 " <i) .

Using the last expression and the formal expansion of the square root, we have the series of
relativistic corrections to the nonrelativistic DNLS

0 0 (M M M
wgat <Z> = <mC2ZUB&U <m 32 +2m564+...>) (g)

For m =1 it gives the first few terms of the relativistic corrections as

.0 (v o (Y 1 92 ) k2.0 9 (W

iy (5) = (5) = 50z (5) + Fiougutor (1)
.0 M3 M5 P
i (2% ) ().

The whole set of relativistic corrections is given by the following infinite sum

o 2n)! 2M)2n 1
—io3 o Z H 152(2)71 ) ( C2n)2 (Zﬁ) .

The relativistic corrections at any order in this sum represent an integrable system and allow
us to speculate on possible physical applications of our relativistic DNLS equation. One possible
application is related with long-wavelength dynamics of dispersive Alfven waves, propagating
along an ambient magnetic field in relativistic plasma. So that for every relativistic correction
to the wave dispersion we can develop an integrable model at any order in 1/c?. As a next
possible application we can mention the problem of one-dimensional relativistic anyons and the
relativistic chiral solitons propagation in quantum potential, where possible to have an accurate
description of relativistic corrections to dispersion and nonlinearity, preserving integrability. One
more application could be related with relativistic corrections to the modified KP equation and
corresponding resonant solitons as some type of relativistic modified KP equation from modified
KP hierarchy.
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6 Conlusions

In the present paper we have derived Lax representation for the SL(2,R) KN hierarchy and
DNLS hierarchy by using operator ¢g-numbers and ¢-derivatives with two bases, one of which is
the recursion operator and the another one is the spectral parameter. These compact expressions
allowed us to derive DNLS with an arbitrary dispersion. Choosing the semirelativistic form of
the dispersion we have constructed relativistic DNLS, which becomes DNLS in nonrelativistic
limit and it is integrable at any order of relativistic corrections to DNLS. Since the U operator
for this equation is in the same form as for DNLS, the spectral characteristics for both models
without time evolution would be the same. But in time evolution of solitons we will have now
the relativistic form of dispersion.
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