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Abstract. By the recursion operator of the Kaup–Newell hierarchy we construct the rela-
tivistic derivative NLS (RDNLS) equation and the corresponding Lax pair. In the nonrela-
tivistic limit c→∞ it reduces to DNLS equation and preserves integrability at any order of
relativistic corrections. The compact explicit representation of the linear problem for this
equation becomes possible due to notions of the q-calculus with two bases, one of which is
the recursion operator, and another one is the spectral parameter.
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1 Introduction

The Derivative NLS (DNLS) equation was introduced in plasma physics as descriptive of weakly
nonlinear and dispersive parallel MHD waves [10, 11]. The equation is integrable and belongs
to the Kaup–Newell (KN) hierarchy [4, 5]. As a model of one-dimensional anyons it was studied
in [1, 3, 9]. Solving problem of chiral soliton in quantum potential, the SL(2,R) version of this
equation was derived from the Chern–Simons gauge theory in 2+1 dimensions [8]. The SL(2,R)
version of DNLS, also known as DRD or resonant DNLS, has solutions in the form of soliton
resonances with chiral properties [6, 13]. The SL(2,R) KN hierarchy, reformulated in [14] by
modified spectral problem, was applied in [2, 7] to obtain resonance solitons for modified KP
equation.

In the present paper we are going to apply DNLS hierarchy to construct the relativistic
DNLS equation as an integrable nonlinearization of the semirelativistic Schrödinger equation.
The relativistic version of the NLS equation, based on the Zakharov–Shabat hierarchy was
derived before in [12]. We show that the RDNLS equation in the nonrelativistic limit reduces to
the DNLS equation, and at any order of relativistic corrections 1/c2 it produces an integrable
model. To represent the linear problem in a compact explicit form we use notions of q-number
and q-derivative from the q-calculus with two bases, one of which is the recursion operator, and
another one is the spectral parameter.

The paper is organized as follows. In Section 2 we review SL(2,R) KN hierarchy in formula-
tion of [14]. This formulation is linear in the spectral parameter, in contrast to the original KN
paper with the quadratic dependence. We found the first one very convenient for our calcula-
tions, and problem of equivalency with the second one still requires to be clarified. We represent
the corresponding linear problem in terms of q-calculus with two bases: one of which is the re-
cursion operator and another one is the spectral parameter. For this hierarchy in Section 3 we

This paper is a contribution to the Special Issue on Symmetries and Integrability of Difference Equations.
The full collection is available at http://www.emis.de/journals/SIGMA/SIDE12.html

mailto:oktaypashaev@iyte.edu.tr
http://www.iyte.edu.tr/~oktaypashaev/
mailto:leejh@math.sinica.edu.tw
https://doi.org/10.3842/SIGMA.2017.058
http://www.emis.de/journals/SIGMA/SIDE12.html


2 O.K. Pashaev and J.-H. Lee

derive equation and the linear problem with an arbitrary dispersion. Section 4 is devoted to
the DNLS hierarchy. In Section 4.1 we study DNLS hiearchy as integrable deformations of the
linear Schrödinger equation and the corresponding linear hierarchy of higher-order equations.
Arbitrary dispersive DNLS and corresponding linear problem are the subject of Section 4.2.
In Section 5 we introduce the relativistic DNLS, its nonrelativistic reductions and integrable
corrections at any order. Implications for the soliton solutions and the relativistic character of
time dependence are discussed briefly in conclusions.

2 SL(2,R) KN hierarchy

Here we briefly review the KN hierarchy in the form of [14], with the linear dependence on the
spectral parameter for U . The linear problem for the zero curvature equation

Ut − Vx + [U, V ] = 0

is determined by the system of linear equations

φx = Uφ, φt = V φ,

where

U(x, t;λ) =

(
λ q(x, t)

λr(x, t) −λ

)
,

and

V (x, t;λ) =

(
A B
C −A

)
.

It gives us the system of equations

qt = Bx − 2λB + 2qA, (2.1)

λrt = Cx + 2λC − 2λrA, (2.2)

Ax = qC − λrB.

By expanding in spectral parameter

A =

N∑
m=0

amλ
N+1−m = a0λ

N+1 + a1λ
N + a2λ

N−1 + · · ·+ aNλ,

B =
N+1∑
m=0

bmλ
N+1−m = b0λ

N+1 + b1λ
N + b2λ

N−1 + · · ·+ bNλ+ bN+1,

C =
N∑
m=0

cmλ
N+1−m = c0λ

N+1 + c1λ
N + c2λ

N−1 + · · ·+ cNλ,

from the last equations we get recursions

d

dx
bk+1 − 2bk+2 + 2qak+1 = 0, k = 0, . . . , N − 1, (2.3)

d

dx
ck + 2ck+1 − 2rak+1 = 0, k = 0, . . . , N − 1, (2.4)

d

dx
ak = qck − rbk+1, k = 0, . . . , N, (2.5)

d

dx
b0 − 2b1 + 2qa0 = 0,
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b0 = 0, a0 = 1, c0 = r. Then, as follows b1 = q. From (2.5) we have

ak =
(
∂−1q,−∂−1r

)( ck
bk+1

)
(2.6)

and combining (2.3) and (2.4)

d

dx

(
ck
bk+1

)
+ 2

(
ck+1

−bk+2

)
− 2ak+1

(
r
−q

)
= 0.

In terms of

Gk =

(
ck
bk+1

)
(2.7)

we get(
1− r∂−1q r∂−1r
q∂−1q −1− q∂−1r

)
Gk+1 = −1

2

(
∂ 0
0 ∂

)
Gk,

k = 0, . . . , N − 1. This relation can be rewritten as

Gk+1 = LGk = L2Gk−1 = · · · = Lk+1G0, G0 =

(
r
q

)
, (2.8)

where the recursion operator is

L =
1

2

(
−∂ − r∂−1q∂ −r∂−1r∂
−q∂−1q∂ ∂ − q∂−1r∂

)
. (2.9)

Substituting to (2.1) and (2.2) we get the N -th flow of SL(2,R) KN hierarchy [14](
q
r

)
tN

= JLN
(
r
q

)
, (2.10)

where

J =

(
0 ∂
∂ 0

)
.

As was shown in [14], this set of equations possesses infinitely many commuting symmetries
associated with every flow tN . This allows us to combine these flows in an arbitrary linear
combination form to construct new equations defined on this hierarchy.

Unfortunately in [14] no explicit form of the Lax pair in terms of recursion operator is given.
Up to our knowledge it is also not known before for the AKNS hierarchy, and for that case it
was first derived in [12]. Here we are going to complete this part and give simple and compact
form of the Lax pair for the KN hierarchy. For this reason we need to introduce some notions
from q-calculus, which allows us to get explicit formula for the Lax pair. For NLS hierarchy it
was constructed before in [12].

The nonsymmetric q-number with one base is defined by

[n]q =
qn − 1

q − 1

and it is a particular case of the pq-number with two bases

[n]pq =
pn − qn

p− q
.
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We can extend these definitions to operator q-numbers with a base as an operator. In particular
we will use next notations, for the nonsymmetric operator q-number

[n]Q =
1−Qn

1−Q
≡ I +Q+Q2 + · · ·+Qn−1 (2.11)

and for the two bases operator q-number

[n]PQ =
Pn −Qn

P −Q
≡ Pn−1Q+ Pn−2Q2 + · · ·+ P 2Qn−2 + PQn−1.

For the Lax pair members we have(
B
C

)
=

(
0 1
1 0

)(
C
B

)
= σ1

N+1∑
m=0

(
cm
bm

)
λN+1−m,

where cN+1 = 0 and b0 = 0. Explicitly(
C
B

)
=

N+1∑
m=0

(
cm
bm

)
λN+1−m =

(
c0λ

N+1 + c1λ
N + · · ·+ cNλ

b1λ
N + · · ·+ bNλ+ bN+1

)
or by combining terms as(

C
B

)
=

(
c0λ

N+1

b1λ
N

)
+

(
c1λ

N

b2λ
N−1

)
+ · · ·+

(
cNλ
bN+1

)
we have(

C
B

)
=

(
c0λ
b1

)
λN +

(
c1λ
b2

)
λN−1 + · · ·+

(
cNλ
bN+1

)
=

(
λ 0
0 1

)((
c0
b1

)
λN +

(
c1
b2

)
λN−1 + · · ·+

(
cN
bN+1

))
.

In terms of (2.7) then we get(
C
B

)
=

(
λ 0
0 1

)(
λNG0 + λN−1G1 + · · ·+ λGN−1 +GN

)
or by using (2.8) and recursion operator (2.9)(

C
B

)
=

(
λ 0
0 1

)(
λN + λN−1L+ · · ·+ λLN−1 + LN

)
G0

=

(
λN+1 0

0 λN

)(
1 +

L

λ
+
L2

λ2
+ · · ·+ LN

λN

)
G0.

Finally, due to (2.11) we can rewrite the result in a short form as an operator q-number or as
a q-derivative, with the scaled recursion operator L/λ as a base,(

C
B

)
=

(
λN+1 0

0 λN

)
[N + 1]L/λ

(
r
q

)
=

(
λ 0
0 1

)
DL/λλ

N+1

(
r
q

)
,

where the operator q-derivative is defined as

DL/λf(λ) =
f(L)− f(λ)

L− λ
. (2.12)
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In explicit form we have(
C
B

)
=

(
λ 0
0 1

)
LN+1 − λN+1

L− λ

(
r
q

)
.

In a similar way, due to (2.6) we obtain

A =
N∑
m=0

amλ
N+1−m = λN+1 +

N∑
m=1

λN+1−m(∂−1q,−∂−1r)Gm
= λN+1 +

(
∂−1q,−∂−1r

) N∑
m=1

(
λNL+ λN−1L2 + · · ·+ λLN

)
G0.

It can be rewritten in terms of the operator q-number and the q-derivative as follows

A = λN+1 +
(
∂−1q,−∂−1r

)
λNL[N ]L/λ

(
r
q

)
= λN+1 +

(
∂−1q,−∂−1r

)
λLDL/λλ

N

(
r
q

)
or

A = λN+1 +
(
∂−1q,−∂−1r

)
λL

LN − λN

L− λ

(
r
q

)
.

3 Arbitrary dispersion and KN hierarchy

As we have seen in previous section, the N -th flow of SL(2,R) KN hierarchy is described by
equation(

q
r

)
tN

= JLN
(
r
q

)
,

which is equivalent to the zero-curvature condition

∂tNU − ∂xVN + [U, VN ] = 0, (3.1)

where

U(x, t;λ) =

(
λ q(x, t)

λr(x, t) −λ

)
, VN (x, t;λ) =

(
AN BN
CN −AN

)
,(

CN
BN

)
=

(
λ 0
0 1

)
LN+1 − λN+1

L− λ

(
r
q

)
,

AN = λN+1 +
(
∂−1q,−∂−1r

)
λL

LN − λN

L− λ

(
r
q

)
.

Now, let us introduce a new time variable t, determined by this hierarchy as

∂

∂t
=
∞∑
N=0

νN
∂

∂tN
.

Then, equations of motion are(
q
r

)
t

=

∞∑
N=0

νN

(
q
r

)
tN

= J

∞∑
N=0

νNL
N

(
r
q

)
(3.2)
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or (
q
r

)
t

= JF (L)

(
r
q

)
,

where function

F (z) =

∞∑
N=0

νNz
N

is the symbol of operator F (L). The linear problem and the zero-curvature condition corre-
sponding to (3.2) are determined by the related sum of equations (3.1)

∂tU − ∂xV + [U, V ] = 0,

where

V =

(
A B
C −A

)
=

∞∑
N=0

νNVN .

Then

(
C
B

)
=

(
λ 0
0 1

) L
∞∑
N=0

νNL
N − λ

∞∑
N=0

νNλ
N

L− λ

(
r
q

)
,

or in compact form(
C
B

)
=

(
λ 0
0 1

)
LF (L)− λF (λ)

L− λ

(
r
q

)
.

For

A =
∞∑
N=0

νNAN = λ
∞∑
N=0

νNλ
N +

(
∂−1q,−∂−1r

)
λL

∞∑
N=0

νN
LN − λN

L− λ

(
r
q

)
we find expression as

A = λF (λ) +
(
∂−1q,−∂−1r

)
λL

F (L)− F (λ)

L− λ

(
r
q

)
.

In terms of the operator q-derivative (2.12), the connection components become(
C
B

)
=

(
λ 0
0 1

)
DL/λλF (λ)

(
r
q

)
,

A = λF (λ) +
(
∂−1q,−∂−1r

)
λLDL/λF (λ)

(
r
q

)
.

3.1 RD system

As an example we consider the linear function case F (x) = x and corresponding equations of
motion(

q
r

)
t

= JF (L)

(
r
q

)
= JL

(
r
q

)
.
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This gives the derivative reaction-diffusion system (DRD)

qt =
1

2

(
qxx −

(
q2r
)
x

)
,

−rt =
1

2

(
rxx +

(
r2q
)
x

)
,

with the linear problem(
C
B

)
=

(
λ 0
0 1

)
L2 − λ2

L− λ

(
r
q

)
=

(
λ 0
0 1

)
(L+ λ)

(
r
q

)
,

or (
C
B

)
=

(
λ2r − 1

2λrx −
1
2λr

2q
λq + 1

2qx −
1
2q

2r

)
.

Then for A we have

A = λ2 +
(
∂−1q,−∂−1r

)
λL

(
r
q

)
,

and thus

A = λ2 − 1

2
λrq.

As a result, we get the following zero curvature potentials

U(x, t;λ) =

(
λ q
λr −λ

)
,

V (x, t;λ) =

(
λ2 − 1

2λrq λq + 1
2qx −

1
2q

2r
λ2r − 1

2λrx −
1
2λr

2q −λ2 + 1
2λrq

)
.

This DRD system was studied in [6, 13] by Hirota’s bilinear method and the soliton solutions
with resonant interaction were derived. Combined with the next hierarchy flow, it produces the
MKP-II equation, for which the resonant solitons was obtained and studied as well in [2, 7].

4 DNLS hierarchy

The DNLS hierarchy can be derived from SL(2,R) KN hierarchy (2.10) by formal substitutions.
As a first step we replace operator L by

L = σ1Lσ1,

so that the hierarchy (2.10) becomes(
q
r

)
tN

= ∂LN
(
q
r

)
.

Then, we substitute

∂

∂tN
→ i

∂

∂tN
,

∂

∂x
→ −i ∂

∂x
, q → ψ, r → κ2ψ̄,
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where κ2 = ±1. So, the hierarchy can be rewritten as

i
∂

∂tN

(
ψ
κ2ψ̄

)
= −i ∂

∂x
LN

(
ψ
κ2ψ̄

)
,

where

L =
1

2

(
−i∂ − κ2ψ∂−1ψ̄∂ −ψ∂−1ψ∂
−ψ̄∂−1ψ̄∂ i∂ − κ2ψ̄∂−1ψ∂

)
or

iσ3
∂

∂tN

(
ψ
ψ̄

)
= −iσ3

∂

∂x

(
1 0
0 κ2

)
LN

(
1 0
0 κ2

)(
ψ
ψ̄

)
.

By introducing

M≡
(

1 0
0 κ2

)
L
(

1 0
0 κ2

)
,

finally we get the DNLS hierarchy

iσ3
∂

∂tN

(
ψ
ψ̄

)
= −iσ3

∂

∂x
MN

(
ψ
ψ̄

)
, (4.1)

with the recursion operator

M =
1

2

(
−i∂ − κ2ψ∂−1ψ̄∂ −κ2ψ∂−1ψ∂
−κ2ψ̄∂−1ψ̄∂ i∂ − κ2ψ̄∂−1ψ∂

)
. (4.2)

4.1 Integrable deformation of linear Schrödinger equation

In the linear limit, which can be formally taken as κ2 → 0, the recursion operator becomes just
half of the momentum operator

M0 =
1

2

(
−iσ3

∂

∂x

)
(4.3)

and the first flow of hierarchy reduces to the linear Schrödinger equation and its complex
conjugate, with ~ = 1, m = 1,

iσ3
∂

∂t1

(
ψ
ψ̄

)
= −1

2

∂2

∂x2

(
ψ
ψ̄

)
. (4.4)

Then, for the nonlinear case κ2 6= 1 we get the following first flow equation

iσ3
∂

∂t1

(
ψ
ψ̄

)
= −1

2

∂2

∂x2

(
ψ
ψ̄

)
+

1

2
κ2iσ3

∂

∂x
|ψ|2

(
ψ
ψ̄

)
.

which is just the DNLS equation

i
∂

∂t1
ψ = −1

2

∂2

∂x2
ψ + i

1

2
κ2

∂

∂x

(
|ψ|2ψ

)
.

The above consideration allows us to consider DNLS as the specific nonlinearization of the linear
Schrödinger equation. Starting from the classical dispersion with Hamiltonian function

E(p) =
p2

2m
,
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by the first quantization rules E → i~∂/∂t, p→ −i~∂/∂x, we get the linear Schrödinger equation

i~
∂

∂t
ψ =

1

2m

(
−i~ ∂

∂x

)2

ψ.

Combining this equation and its complex conjugate as in (4.4) (~ = 1, m = 1), we can rewrite
it in the form

iσ3
∂

∂t

(
ψ
ψ̄

)
= −iσ3

∂

∂x
M0

(
ψ
ψ̄

)
.

Then, the DNLS model, as a nonlinearization of the linear Schrödinger equation, appears by
replacement of the linear recursion operator M0 (4.3) by the nonlinear one, the operator M
in (4.2), so that

iσ3
∂

∂t

(
ψ
ψ̄

)
= −iσ3

∂

∂x
M
(
ψ
ψ̄

)
.

This procedure can be extended to the DNLS hierarchy. In the formal limit κ2 → 0 of DNLS
hierarchy (4.1) we get the linear Schrodinger hierarchy

iσ3
∂

∂tN

(
ψ
ψ̄

)
= −iσ3

∂

∂x
M0

N

(
ψ
ψ̄

)
=

1

2N

(
−iσ3

∂

∂x

)N+1(
ψ
ψ̄

)
. (4.5)

It corresponds to the first quantization of a classical system with dispersion

E(p) =
1

2N
pN+1.

Then, following in the opposite direction, from this dispersion we get the linear Schrödinger
hierarchy. By nonlinearization in (4.5) we replace M0 by M and obtain the DNLS hierarchy:

iσ3
∂

∂tN

(
ψ
ψ̄

)
= −iσ3

∂

∂x
M−1MN+1

(
ψ
ψ̄

)
.

It is convenient to have it in the present form, reflecting the same power for the classical
momentum and the recursion operator.

4.2 Arbitrary dispersive DNLS

Now we are ready to consider a system with an arbitrary classical dispersion E(p) and the
Hamiltonian function

H(p) = E0 + E1p+ E2p
2 + · · ·+ ENp

N + · · · . (4.6)

In a more general case it is possible to have summation also in negative powers of p as a Lau-
rent series expansion, which will require to use the negative DNLS hierarchy flows. The first
quantized linear Schrödinger equation corresponding to this dispersion is

i
∂

∂t
ψ = H

(
−i ∂
∂x

)
ψ.

Combining it with its complex conjugate we have

iσ3
∂

∂t

(
ψ
ψ̄

)
=

(
E0 + E1

(
−iσ3

∂

∂x

)
+ · · ·+ EN

(
−iσ3

∂

∂x

)N
+ · · ·

)(
ψ
ψ̄

)
,
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or in terms of operator M0 (4.3)

iσ3
∂

∂t

(
ψ
ψ̄

)
= −iσ3

∂

∂x

(
E0(2M0)

−1 + E1 + · · ·+ EN+1(2M0)
N + · · ·

)(ψ
ψ̄

)
= −iσ3

∂

∂x
(2M0)

−1(E0 + E1(2M0) + · · ·+ EN+1(2M0)
N+1 + · · ·

)(ψ
ψ̄

)
.

Shortly it is

iσ3
∂

∂t

(
ψ
ψ̄

)
= −iσ3

∂

∂x
(2M0)

−1H(2M0)

(
ψ
ψ̄

)
.

By replacing M0 → M, finally we get the DNLS nonlinearization of the linear Schrödinger
equation with arbitrary form of dispersion (4.6),

iσ3
∂

∂t

(
ψ
ψ̄

)
= −iσ3

∂

∂x
(2M)−1H(2M)

(
ψ
ψ̄

)
. (4.7)

We notice that another type of nonlinearization of the linear Schrödinger equation, based on the
NLS hierarchy was derived in [12].

4.2.1 DNLS hierarchy linear problem

For the N -th flow we start with(
CN
BN

)
=

(
λN+1 0

0 λN

)
[N + 1]L/λ

(
κ2ψ̄
ψ

)
=

(
0 λN+1

λN 0

)
σ1

(
I +

L

λ
+ · · ·+ LN

λN

)
σ1

(
ψ
κ2ψ̄

)
=

(
0 λN+1

λN 0

)(
I +
L
λ

+ · · ·+ L
N

λN

)(
ψ
κ2ψ̄

)
.

Replacing L by M

L =

(
1 0
0 κ2

)
M
(

1 0
0 κ2

)
finally we get(

CN
BN

)
=

(
0 κ2λN+1

λN 0

)
[N + 1]M/λ

(
ψ
ψ̄

)
or (

CN
BN

)
=

(
0 κ2λ
1 0

)
MN+1 − λN+1

M− λ

(
ψ
ψ̄

)
.

Similar calculations for A give

AN = λN+1 + iκ2
(
−∂−1ψ̄, ∂−1ψ

)
λMM

N − λN

M− λ

(
ψ
ψ̄

)
.

Here we like to emphasize that these expressions are written in terms of two base operator
pq-numbers with basis M and λ

[N ]M,λ =
MN − λN

M− λ
.
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4.2.2 Arbitrary dispersion linear problem

To construct the linear problem for arbitrary dispersive DNLS (4.7) with dispersion (4.6) we
first expand

iσ3
∂

∂t

(
ψ
ψ̄

)
= −iσ3

∂

∂x
(2M)−1

(
E0 + E1(2M) + · · ·+ EN (2M)N + · · ·

)(ψ
ψ̄

)
= −iσ3

∂

∂x

(
E0(2M)−1 + E1 + · · ·+ EN+1(2M)N + · · ·

)(ψ
ψ̄

)
=

(
E0

2

(
−iσ3

∂

∂x

)
M−1 + E1

(
−iσ3

∂

∂x

)
+ · · ·

+ 2NEN+1

(
−iσ3

∂

∂x

)
(M)N + · · ·

)(
ψ
ψ̄

)
=

(
E0

2
iσ3

∂

∂t−1
+ E1iσ3

∂

∂t0
+ · · ·+ 2NEN+1iσ3

∂

∂tN
+ · · ·

)(
ψ
ψ̄

)
.

Then we define new time variable

∂

∂t
=
E0

2

∂

∂t−1
+ E1

∂

∂t0
+ · · ·+ 2NEN+1

∂

∂tN
+ · · · =

∞∑
N=0

EN2N−1
∂

∂tN−1

and the linear problem with

U =

(
λ ψ

λκ2ψ̄ −λ

)
, V =

(
A B
C −A

)
,

where

V =
∞∑
N=0

EN2N−1VN−1.

Substituting expressions obtained in previous section we find(
C
B

)
=

(
0 κ2λ
1 0

)
H(2M)−H(2λ)

2M− 2λ

(
ψ
ψ̄

)
,

A =
1

2
H(2λ) + iκ2

(
−∂−1ψ̄, ∂−1ψ

)λH(2M)−MH(2λ)

2M− 2λ

(
ψ
ψ̄

)
.

5 Relativistic DNLS

As an application of the above procedure, in this section we consider the relativistic DNLS
equation determined by semirelativistic dispersion

H(p) =
√
m2c4 + p2c2 = mc2

√
1 +

p2

m2c2
.

Following to this procedure we find then RDNLS as

iσ3
∂

∂t

(
ψ
ψ̄

)
= −iσ3

∂

∂x

mc2

2
M−1

√
1 +

4

m2c2
M2

(
ψ
ψ̄

)
,
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and the corresponding linear problem

(
C
B

)
=

(
0 κ2λ
1 0

)
mc2

√
1 + 4

m2c2
M2 −

√
1 + 4

m2c2
λ2

2M− 2λ

(
ψ
ψ̄

)
,

A =
1

2
mc2

√
1 +

4

m2c2
λ2

+ iκ2
(
−∂−1ψ̄, ∂−1ψ

)
mc2

λ
√

1 + 4
m2c2
M2 −M

√
1 + 4

m2c2
λ2

2M− 2λ

(
ψ
ψ̄

)
.

Here the operator

M−1 = 2

(
i∂−1 − κ2∂−1ψ∂−1ψ̄ κ2∂−1ψ∂−1ψ

κ2∂−1ψ̄∂−1ψ̄ −i∂−1 − κ2∂−1ψ̄∂−1ψ

)
and

M−1
(
ψ
ψ̄

)
= 2iσ3∂

−1
(
ψ
ψ̄

)
.

Using the last expression and the formal expansion of the square root, we have the series of
relativistic corrections to the nonrelativistic DNLS

iσ3
∂

∂t

(
ψ
ψ̄

)
=

(
mc2 − iσ3

∂

∂x

(
M
m
− M

3

m3c2
+ 2
M5

m5c4
+ · · ·

))(
ψ
ψ̄

)
.

For m = 1 it gives the first few terms of the relativistic corrections as

iσ3
∂

∂t

(
ψ
ψ̄

)
= c2

(
ψ
ψ̄

)
− 1

2

∂2

∂x2

(
ψ
ψ̄

)
+
κ2

2
iσ3

∂

∂x
|ψ|2

(
ψ
ψ̄

)
− iσ3

∂

∂x

(
−M

3

c2
+ 2
M5

c4
+ · · ·

)(
ψ
ψ̄

)
.

The whole set of relativistic corrections is given by the following infinite sum

−iσ3
∂

∂x

∞∑
n=2

(−1)n+1 (2n)!

4n(n!)2(2n− 1)

(2M)2n−1

c2n−2

(
ψ
ψ̄

)
.

The relativistic corrections at any order in this sum represent an integrable system and allow
us to speculate on possible physical applications of our relativistic DNLS equation. One possible
application is related with long-wavelength dynamics of dispersive Alfven waves, propagating
along an ambient magnetic field in relativistic plasma. So that for every relativistic correction
to the wave dispersion we can develop an integrable model at any order in 1/c2. As a next
possible application we can mention the problem of one-dimensional relativistic anyons and the
relativistic chiral solitons propagation in quantum potential, where possible to have an accurate
description of relativistic corrections to dispersion and nonlinearity, preserving integrability. One
more application could be related with relativistic corrections to the modified KP equation and
corresponding resonant solitons as some type of relativistic modified KP equation from modified
KP hierarchy.
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6 Conlusions

In the present paper we have derived Lax representation for the SL(2,R) KN hierarchy and
DNLS hierarchy by using operator q-numbers and q-derivatives with two bases, one of which is
the recursion operator and the another one is the spectral parameter. These compact expressions
allowed us to derive DNLS with an arbitrary dispersion. Choosing the semirelativistic form of
the dispersion we have constructed relativistic DNLS, which becomes DNLS in nonrelativistic
limit and it is integrable at any order of relativistic corrections to DNLS. Since the U operator
for this equation is in the same form as for DNLS, the spectral characteristics for both models
without time evolution would be the same. But in time evolution of solitons we will have now
the relativistic form of dispersion.
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References

[1] Aglietti U., Griguolo L., Jackiw R., Pi S.-Y., Seminara D., Anyons and chiral solitons on a line, Phys. Rev.
Lett. 77 (1996), 4406–4409, hep-th/9606141.

[2] Francisco M.L.Y., Lee J.-H., Pashaev O.K., Dissipative hierarchies and resonance solitons for KP-II and
MKP-II, Math. Comput. Simulation 74 (2007), 323–332.

[3] Jackiw R., A nonrelativistic chiral soliton in one dimension, J. Nonlinear Math. Phys. 4 (1997), 261–270,
hep-th/9611185.

[4] Kaup D.J., Newell A.C., An exact solution for a derivative nonlinear Schrödinger equation, J. Math. Phys.
19 (1978), 798–801.

[5] Lee J.-H., Global solvability of the derivative nonlinear Schrödinger equation, Trans. Amer. Math. Soc. 314
(1989), 107–118.

[6] Lee J.-H., Lin C.-K., Pashaev O.K., Equivalence relation and bilinear representation for derivative nonlinear
Schrödinger type equations, in Proceedings of the Workshop on Nonlinearity, Integrability and All That:
Twenty Years after NEEDS ’79 (Gallipoli, 1999), World Sci. Publ., River Edge, NJ, 2000, 175–181.

[7] Lee J.-H., Pashaev O.K., Soliton resonances for the MKP-II, Theoret. and Math. Phys. 144 (2005), 995–1003,
hep-th/0410032.

[8] Lee J.-H., Pashaev O.K., Chiral solitons in a quantum potential, Theoret. and Math. Phys. 160 (2009),
986–994.

[9] Min H., Park Q.-H., Scattering of solitons in the derivative nonlinear Schrödinger model, Phys. Lett. B 388
(1996), 621–625, hep-th/9607242.

[10] Mio K., Ogino T., Minami K., Takeda S., Modified nonlinear Schrödinger equation for Alfvén waves propa-
gating along the magnetic field in cold plasmas, J. Phys. Soc. Japan 41 (1976), 265–271.

[11] Mjølhus E., On the modulational instability of hydromagnetic waves parallel to the magnetic field, J. Plasma
Phys. 16 (1976), 321–334.

[12] Pashaev O.K., Relativistic nonlinear Schrödinger and Burgers equations, Theoret. and Math. Phys. 160
(2009), 1022–1030, arXiv:0901.1399.

[13] Pashaev O.K., Lee J.-H., Black holes and solitons of the quantized dispersionless NLS and DNLS equations,
ANZIAM J. 44 (2002), 73–81.

[14] Yan Z., Liouville integrable N -Hamiltonian structures, involutive solutions and separation of variables as-
sociated with Kaup–Newell hierarchy, Chaos Solitons Fractals 14 (2002), 45–56.

https://doi.org/10.1103/PhysRevLett.77.4406
https://doi.org/10.1103/PhysRevLett.77.4406
https://arxiv.org/abs/hep-th/9606141
https://doi.org/10.1016/j.matcom.2006.10.017
https://doi.org/10.2991/jnmp.1997.4.3-4.2
https://arxiv.org/abs/hep-th/9611185
https://doi.org/10.1063/1.523737
https://doi.org/10.2307/2001438
https://doi.org/10.1007/s11232-005-0127-5
https://arxiv.org/abs/hep-th/0410032
https://doi.org/10.1007/s11232-009-0089-0
https://doi.org/10.1016/S0370-2693(96)01184-7
https://arxiv.org/abs/hep-th/9607242
https://doi.org/10.1143/JPSJ.41.265
https://doi.org/10.1017/S0022377800020249
https://doi.org/10.1017/S0022377800020249
https://doi.org/10.1007/s11232-009-0093-4
https://arxiv.org/abs/0901.1399
https://doi.org/10.1017/S1446181100007926
https://doi.org/10.1016/S0960-0779(01)00180-1

	1 Introduction
	2 SL(2,R) KN hierarchy
	3 Arbitrary dispersion and KN hierarchy
	3.1 RD system

	4 DNLS hierarchy
	4.1 Integrable deformation of linear Schrödinger equation
	4.2 Arbitrary dispersive DNLS
	4.2.1 DNLS hierarchy linear problem
	4.2.2 Arbitrary dispersion linear problem


	5 Relativistic DNLS
	6 Conlusions
	References

