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1 Introduction

Recently, the author collaborated on a project [1] investigating the maximal domain in which an
integral addition theorem for the Kummer function U(a,b, z) due to Magnus [2, 3] is valid. In
this work it is important to know the asymptotic expansion of Ul(a, b, z) as a tends to infinity.
Such an expansion is well-known, and, for instance, can be found in Slater’s book [8]. Slater’s
expansion is in terms of modified Bessel functions K, (z), and it is derived from a paper by
Olver [5]. However, there are two problems when we try to use the known result. As Temme [9]
pointed out, there is an error in Slater’s expansion. Moreover, in all known results the range of
validity for the variable z is restricted to certain sectors in the z-plane.

The purpose of this paper is two-fold. Firstly, we correct the error in [8], and we show that the
corrected expansion based on [5] agrees with the result in [9] which was obtained in an entirely
different way. Secondly, we show that the asymptotic expansion of U(a,b,z) as a tends to
infinity is valid for z on the full Riemann surface of the logarithm. This is somewhat surprising
because often the range of validity of asymptotic expansions is restricted by Stokes’ lines. Olver’s
results in [5] are valid for a more general class of functions (containing confluent hypergeometric
functions as a special case.) He introduces a restriction on arg z, and on [5, p. 76] he writes “In
the case of the series with the basis function K, we establish the asymptotic property in the
range |arg z| < %rr. It is, in fact, unlikely that the valid range exceeds this ...”. However, we
show in this paper that the restriction |arg z| < %ﬂ' can be removed at least under an additional
assumption (2.4).

In Section 2 of this paper we review the results that we need from Olver [5]. We discuss
these results in Section 3. In Section 4 we prove that Olver’s asymptotic expansion holds on the
full Riemann surface of the logarithm. Sections 5, 6 and 7 deal with extensions to more general
values of parameters. In Section 8 we specialize to asymptotic expansions of Kummer functions.
In Section 9 we make the connection to Temme [9].

*This paper is a contribution to the Special Issue on Orthogonal Polynomials, Special Functions and Applica-
tions. The full collection is available at http://www.emis.de/journals/SIGMA /OPSFA2015.html
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2 Olver’s work

Olver [5, (7.3)] considers the differential equation

w(z) = Lul(e) + <u2+“ S )) w(z). (2.1)

z
The function f(z) is even and analytic in a simply-connected domain D containing 0. It is
assumed that ®u > 0. The goal is to find the asymptotic behavior of solutions of (2.1) as

0<u— oco.
Olver [5, (7.4)] starts with a formal solution to (2.1) of the form

wle) = 22,9 Y. 50+ 22 Y D,
s=0 5=0

where either 2, =1, Z,,11 = I, 41 or 2, = K, Z,11 = —K,11 are modified Bessel functions.
The functions As(z) = As(u, 2), Bs(z) = Bs(u, z) are defined by Ag(z) = 1, and then recursively,
for s > 0,

2u+1

2B,(2) = A+ [ (f(t)As(t) A >> i, (2.2

241(2) = 2 Bu() — B2 + [ 1B (2.3)

The integral in (2.3) denotes an arbitrary antiderivative of f(z)Bs(z). The functions As(z), Bs(2)
are analytic in D, and they are even and odd, respectively.

If the domain D is unbounded, Olver [5, p. 77] requires that f(z) = O(|z|717%) as |z| — oo,
where a > 0. In our application to the confluent hypergeometric equation in Section 8 the
function f(z) = 2% does not satisfy this condition. Therefore, throughout this paper, we will
take

D = {z: |z]| < Ro}, (2.4)

where Ry is a positive constant. Olver [5, p. 77| introduces various subdomains D', Dy, Dy of D.
We may choose D' = {z: |z| < R}, where 0 < R < Ry. The domain D; comprises those points z
in D’ which can be joined to the origin by a contour which lies in D’ and does not cross either
the imaginary axis, or the line through z parallel to the imaginary axis. For our special D’ the
contour can be taken as the line segment connecting z and 0, so Dy = D’. The domain D;
appears in Olver [5, Theorem D(i)]. According to this theorem, (2.1) has a solution Wj(u, z) of
the form

N-1 (2) N
Wi(u, z) = 21, (uz) <ZO 25 + g1(u, z)> I (uz (Z;) )) , (2.5)
where
K,
lg1(u, 2)| + |h1(u, 2)| < N for 0<|z| <R, u>u. (2.6)

Remarks 2.1.

1. The parameter p is considered fixed. We may write Wy (u, i, z) to indicate the dependence
of Wi on p.



The Asymptotic Expansion of Kummer Functions 3

2. Every solution w(z) of (2.1) is defined on the Riemann surface of the logarithm over D.
Note that there is no restriction on argz in (2.6), see [5, p. 76].

3. The precise statement is this: for every positive integer N there are functions ¢, h; and
positive constants K1, u; (independent of u, z) such that (2.5), (2.6) hold.

4. The functions Ag(z), Bs(z) are not uniquely determined because of the free choice of
integration constants in (2.3). Even if we make a definite choice of these integration
constants, the solution Wi (u, z) is not uniquely determined by (2.5), (2.6). For example,
one can replace Wi(u, z) by (14 e %)Wy (u, 2).

5. Olver’s construction of Wi (u, z) is independent of N but may depend on R. In our appli-
cation to the confluent hypergeometric differential equation we have f(z) = 22. Then R
can be any positive number but Wi (u, z) may depend on the choice of R.

6. Olver has the term 1% in place of z in front of iy in (2.5) but since we assume |z| < R

this makes no difference.

For the definition of Dy we suppose that a is an arbitrary point of the sector |arga| < %77
and € > 0. Then Dy comprises those points z € D’ for which |argz| < %W, Rz < Ra, and
a contour can be found joining z and a which satisfies the following conditions:

(i) it lies in D',
(ii) it lies wholly to the right of the line through z parallel to the imaginary axis,

(iii) it does not cross the negative imaginary axis if %7? <argz < %Tr, and does not cross the

positive imaginary axis if —%W <argz < —73,

(iv) it lies outside the circle [t| = €|z].

In our special case D' = {z: |z| < R} we choose a = R. If 0 < argz < 37 and 0 < |z| < R, we
choose the contour starting at z moving in positive direction parallel to the imaginary axis until
we hit the circle |[t| = R. Then we move clockwise along the circle |{| = R towards a. Taking
into account condition (iv), we see that Do is the set of points z with —%71‘ +6<2z< %7‘(‘ -4,
0 < |z|] < R, where § > 0. The domain Dy appears in Olver [5, Theorem D(ii)]. According to
this theorem, (2.1) has a solution Ws(u, z) of the form

N-1 oy (2)
Wa(u, z) = 2K, (uz) (Za ;23 + g2(u, z))
N-1
z Bs(z)
- a /H-l(uz) (SZ% u2s + Zh?(“? Z)) ) (27)
where
K5 3

lg2(u, 2)| + |ha(u, 2)| < N for 0<|z| <R, Jargz|< 27~ 5,  u > us. (2.8)

Note that in (2.8) there is a restriction on arg z.
In the rest of this paper we choose the functions A4(z) such that

A0)=0 if s>1. (2.9)

Then the functions As(z), Bs(z) are uniquely determined.
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3 Properties of solutions W; and W,

The differential equation (2.1) has a regular singularity at z = 0 with exponents 1 &+ p. Substi-
tuting = 22 we obtain an equation which has a regular singularity at z = 0 with exponents
$(1 £ p). Therefore, for every p which is not a negative integer, (2.1) has a unique solution
Wi(z) = Wi(u,p, z) of the form

o0
Wi (z) = 21+ Z cn 2™,
n=0

where the ¢, are determined by ¢ = 1, and

n—1
In(p+n)e, = ulen_1 + Z ficn—1—; for n>1
§=0

when
[oe)
f(2) = fa2™
n=0
If 1 is not an integer, then Wi (u,u,z) and Wi (u, —pu,z) form a fundamental system of
solutions of (2.1). If ®u > 0, there is a solution W_(z) linearly independent of W, (z) such that
W_(z) = zl_“p(ZQ) +dlnzWo(z2),

where p is a power series and d is a suitable constant. If ;1 # 0 we choose p(0) = 1. If p is not
an integer then d = 0.

Lemma 3.1. Suppose Ry > 0. There is a function o(u) such that
Wh (u7 Z) = a(u)W+(u, Z)a

and, for every N =1,2,3,...,

O‘(“):%<HO<U;N>> as 0<u— oo (3.1)

Proof. There are functions a4 (u), a—(u) such that
Wi(u, z) = ap(u)Wi(u, z) + a—(w)W_(u, 2). (3.2)
Suppose Ry > 0. Then (3.2) implies

lim 247 W (u, 2) = o (u). (3.3)

z—07t

We use [7, (10.30.1)]

. L, 2
lim L(2)2" = m oy

Then (2.5), (2.6) give

lim 2#~ W5 (u, z) = 0. (3.4)

z—07t

It follows from (3.3), (3.4) that a_(u) = 0.
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Now suppose that Ry = 0, u # 0. Then we argue as before but instead of z — 07 we
approach 0 along a spiral z = re*, 0 < r — 0, when &3 > 0. Then along this spiral z2* — 0.
We obtain again that a_(u) = 0. In a similar way, we also show that a_(u) = 0 when p = 0.

Therefore, (3.2) gives

lim 2 YWy (z,u) = ay(u)
z—0t

and, from (2.5), (2.6), (2.9)

27 ut 1
li —p—1 -_- = (1 _
) = (0 ()
which implies (3.1) with a(u) = a4 (u). [

Let us define

27“u/‘

Ws(u, p, z) = T+l

Wy (ua 22 Z)

Then Lemma 3.1 gives

Ws(u, z) = a(u)Wi(u, 2), where a(u) =1+0 <u21N> .

Therefore, W3 admits the asymptotic expansion (2.5), (2.6), so we can replace Wi by W3. Note
that in contrast to Wy, W3 is a uniquely defined function which is identified as a (Floquet)
solution of (2.1) and not by its asymptotic behavior as u — oo.

Unfortunately, it seems impossible to replace Wo by an easily identifiable solution of (2.1).
However, we will now prove several useful properties of W5.

Lemma 3.2. Suppose that R > 0. There is a function B(u) such that
Wy ('LL, Zem) - em'(l—u)W2(u7 Z) = ﬁ(u)Wi’»(uv Z)v (35)

and, for every N =1,2,3,...,
. 1
Bu)=mi |1+ 0 N as 0 <u— oo. (3.6)

Proof. We set Ay = ¢™(#1) Equation (2.1) has a fundamental system of solutions W, W_
such that

Wi (ze™) = AL Wy (z), W_(ze™) = A\_W_(z) + pW(2).
Let w(z) = ¢y Wi (z) + c—.W_(z) be any solution of (2.1). Then
w(zem) —A_w(z) = (Ay = A)er + pe— ) Wi (z).

If we apply this result to w = Wa we see that there is a function 5(u) such that (3.5) holds.
Let z > 0 and set z; = ze™. We use (2.7) for z; in place of z, and [7, (10.34.2)]

K, (zemm) = e "MK, (2) — WiML,(z) (3.7)

sin(7v)
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with m = 1. Then

Wa(u, z1) = 2 (A_ K, (uz) + mil,(uz)) (Nz:l AZQ(:) + g2(u, 21)>
s=0
+ 2 (—A_Kpq1(uz) + mid, 1 (uz)) (g 352(:) + zho(u, 21)> .
Using (2.7) a second time, we find that
Wau, 21) — A_Wa(u, 2) = mizl,(uz) (JVZI A;gf) + ga(u, zl)>
s=0
+ wi%[uﬂ(uz) (§ B;2(:) + zho(u, 21))

22
+ A_zK, (uz)(g2(u, 21) — g2(u, 2)) — )\_;KM+1(UZ)(}L2(U, z1) — ha(u, 2)).

We now expand the right-hand side of (3.5) using (2.5), and compare the expansions. Setting
z = R and dividing by RI,(uR), we obtain

st (1+0(1)) =0 (k) wo<unrn

where we used [7, (10.40.1)]

I(z) = \/Z% (1+0 (i)) as 0< 2 — oo, (3.8)
and [7, (10.40.2)]

K, (z) = %e*"f <1 +0 CC)) as 0 <z — oo (3.9)
This proves (3.6). m

Lemma 3.3.

(a) If R > 0 then, for every N =1,2,3,..., we have

lim sup
2—0t

N-1
_ 1 B.(0 u™H
MWy (u, 2) — T(p)2H T+ (1 —2u E u28(+2))‘ =0 (W> (3.10)
s=0

as 0 < u — oo.
(b) If R =0, u# 0, (3.10) holds when we replace z*~ Wy (u, z) by

AWy (u, 2) — T(—p)27 P tuk 22,
(¢) If p =0 then

lim sup

0t zlnz

) o)
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Proof. Suppose that Ry > 0. Then we use [7, (10.30.2)]

lim 2K, (z) =T(v)2" ! for v > 0.
z—07F
It follows that
lim 2K, (uz) = T(u)2" u™, (3.11)
z—0*t
S RS | —p—2
lim —2M" K1 (uz) =T(p+ 1)2Hu™H7% (3.12)
z—0t U
Using (2.7), (2.9), (3.11), (3.12), we obtain
N—
limsup |2# " Wa(u, 2) — T(p)2" tu™" [ 1 Z 23+2
z—07F s=
< limsup|F(u)2“_1u_“gQ(u, z) —T(p+ )2“ “F2hy(u, z)‘
z—0t
Now (2.8) gives (3.10) with N — 1 in place of N. If Ry = 0, p # 0, then we use [5, (9.7)]
Ku(z) =T ()2t ™ + T(—p)2 1t 4 0(1)  as 0<z—0
and argue similarly. If 4 = 0 we use [7, (10.30.3)]
lim M = -1 |
e—0+ Inx

Theorem 3.4. Suppose that Ry > 0 and p is not an integer. There are functions v(u), d(u)
such that

WQ(uv Z) = 7(”)W3(u7 K, Z) + 5(U)W3(uv —H, Z),

(3.13)
and, for every N =1,2,3,...,

V(U):_Qsirzr(ﬂ-lu)< +O<u21N>>
S(u) = QSm(m (1_2 Z 25” (“2]%*2>>

Proof. Since u is not an integer, Ws(u, u, z) and Ws(u, —pu, z) are linearly independent so (3.13)
holds for some suitable functions v, §. From (3.13) we get

Wo (u, ze”i) — em=myy, (u, 2)

(3.14)

(3.15)

= fy(u)(eﬂi(lﬂt) — eﬂi(lfu))Wg)(u’ 2).
Comparing with Lemma 3.2, we find —2ivy(u) sin(mu) = S(u). Now (3.6) gives (3.14).
Suppose that Ry > 0. Then (3.13) yields
T
p—1
Zlir(r)lJr 2T Wa(u, z) = (5(u)7r(1 —

Using Lemma 3.3(a) we obtain

N-1
B.(0) 1 Qg
-1 — 2 : _
s=0

u .
=)
Applying the reflection formula for the Gamma function, we obtain (3.15). If Ry =0, u # 0

the proof of (3.15) is similar.
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4 Removal of restriction on arg z

Using ((u) from Lemma 3.2 we define

)

W, = —W .
4(”7 Z) B(U) 2(“7 Z)
Then we have
Wy (u, zem) = e”i(l_“)W4(u, z) + wiWs(u, z). (4.1)

Moreover, (3.6) shows that Wy shares the asymptotic expansion (2.7), (2.8) with Ws. From (4.1)
we obtain

sin(7(p + 1)m)

mim\ _ mi(l—p)m 4.2
Wa(u,ze™™) =e Wyu, z) + i SEITESD) Ws(u, 2) (4.2)

for every integer m. We will use (4.2) and the asymptotic expansions (2.5), (2.7) for |arg z| < 47
to prove that in (2.8) we can remove the restriction on arg z completely.

Theorem 4.1. Suppose that Ru > 0. For every N =1,2,3,..., Wa(u, z) can be written as the
right-hand side of (2.7), and (2.8) holds without a restriction on arg z:

K
lg2(u, 2)| + |ha(u, 2)| < u2712\7 for 0<|z| <R, u>us.

Proof. Without loss of generality we replace Wy by W,. We assume that |arg z| < %ﬂ', 0<
|z] < R, u > 0, m is an integer and 2z; := ze™™. We insert (2.5), (2.7) on the right-hand side
of (4.2). Using (3.7) we obtain

4 (z1) =z Bg(z1)
s\(~1 1 s\<1
W4(u7 Zl) = ZlKu(uzl) Z uZs - ; ,LH-l(uzl) u2s + f(u> Z)> (43)
s=0 s=0
where
[ = Erg2 + Esha + Esg1 + Eqha,
with
, . 2
Ei(u,2) = e ™MK (uz), Ey(u,z) = —e ™0 fg, 1 (uz),
u
sin(m(p + 1)m) sin(m(p + 1)m) 22
E = 1 E = — .
3(u,2) = mi sin(m(p + 1)) 2lu(uz), 4(u,2) = mi sin(m(p+1)) u w1 (u2)

We will construct functions G;(u, z) and Hj(u, z) such that

2
E;j(u,z) = 21K, (uz1)Gj(u, z) — %KM_A'_l(UZl)Hj(U, 2)

for j =1,2,3,4. Then (4.3) becomes

N-1
Wi(u, z1) = 21K, (uz1) (Z AZ(;I) + g3(u, 2))
s=0

N—-1
_ %1 pr1(uzr) (Z B‘;(;l) + z1h3(u, z)) , (4.4)
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where
93 = G192 + G2ha + G3g1 + Gala, hs = H1g2 + Hahs + Hsg1 + Haha.
We now use [7, (10.28.2)]
K@) 1 () + Ky () () = (45)
From (4.5) and the relation
Iy(2€™™) = ™, (2) (4.6)
we obtain
uz Ky (uz)e™ PHI™ L (uz) 4 uzg K (uzg) €™, (uz) = 1.
Therefore, we can choose
Gi(u, 2) = uz K, (uz)l,41(uz), Hi(u,2) = —u*K,(uz)I,(uz).
We set
lo(z) = In > Tj’x‘, L(z)=1 if u#0,
and note the estimates [5, (9.12)]
)R] < TE0 ()] < T, (47)
@Kt (@) < 1 @) K] < 1 (45)
1+ |z| |z

valid when |arg x| < %7[' with C independent of . At this point we assume that u # 0 (the case

w1 = 0 is mentioned at the end of the proof). The estimates (4.7) give
|Gy (u, 2)| < C, |Hy(u, 2)| < Cu?.
Similarly, we choose
Ga(u, 2) = =2 K41 (u2) L1 (u2), Hy(u,z) = uzK, 11 (uz)l,(uz).
The estimates (4.8) give
|Ga(u,2)] < CJ2*, [Ha(u,2)| < C.
It follows from (3.7) that

52

E3(u,z) = —Eq(u, 2) + 21K, (uz1), Ey(u,z) = —FEs(u, z) — ;lKlH_l(uzl).

Therefore, we can choose

Gs(u,z) =1—Gi(u, 2), Hs(u,z) = —Hi(u,z2),
Ga(u,z) = —Ga(u, 2), Hy(u,z) =1— Ha(u, 2).

(4.9)

(4.10)
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From (4.9), (4.10), we get

|G3(u, 2)| < C +1, |Hs(u, 2)| < Cu?, (4.11)
Gaw, )| < Ol |Ha(w2)| <C+1. (4.12)

The estimates (4.9), (4.10), (4.11), (4.12) give

195(u, 2)| < Clga(u, 2)| + Clz*|h2(u, 2)| + (C + 1)|g1(u, 2)| + Clz*|ha(u, 2)],
|h3(u, 2)| < Cu?|ga(u, 2)| + Clha(u, 2)| + Cu?|g1(u, 2)| + (C + 1)|h1 (u, 2)).

Since we assumed that
K
l91(u, 2)] + [ha(u, 2)| + lg2(u, 2)| + [h2(u, 2) < oy
for |argz| < 3m, 0 <|z| < R, u > up, the expansion (4.4) has the desired form with N replaced

by N — 1.
Suppose 1 = 0. We use [7, (10.31.2)]

Ko(z) = — (m (;a}> +7> Io(x) + (‘111”!”; + <1 + ;) (i;;zz b (4.13)

It follows from (4.13) that there exist positive constants r > 0, D > 0 such that

’Ko(x)‘ 1
Wﬁl) for 0<|z| <, |argx|§§7-r7 me 7.
Then we set

Ko(uz)

Gi(u,z) = W,

Hi(u,z) =0 if 0<uz|<r

with G1 and H; the same as before when |uz| > r. The estimates (4.9) are valid with a suitable
constant C. The rest of the proof is unchanged. This completes the proof of the theorem. M

5 Extension to complex u

So far we considered only 0 < u — co. Now we set u = te?, where ¢t > 0 and # € R. In (2.1) we

substitute z = e~*z, w(x) = w(z). Then we obtain the differential equation
d* 1d . o W1 oig e —io .
@w(a@) = ;@w(x) +(t°+ 7 +e " f(e ) ) w(z). (5.1)

Assuming Ru > 0, we can apply Olver’s theory to this equation, and obtain functions Wi (t,x)
and Wo(t, x). Since we assumed that f(z) is analytic in the disk {z: |z| < Ro}, the new function
f(z) = e 29 f(e="2) is analytic in the same disk. Therefore, the domains Dy, Dy are the same
as before. The functions A,(z), Bs(z) that appear in place of A,(z), Bs(2) satisfy

As(r) = e_QSiGAS(Z)a Bs(r) = 6_(28+1)i938(2)7
o)

Ay(z) _ As(2) B(z) _ Bs(2)

+2s u2s $2s+1 25417
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Therefore, the functions e W (t,z) and e~ Wy(t,z) have the asymptotic expansions (2.5), (2.6)
and (2.7), (2.8) with (¢, z) replacing (u, 2).
Let Ws(t, u, ) be the function W3 for the differential equation (5.1). Then

W3 (tew, 73 e*iex) = e*ng(t, Ly T).

It follows that W3(u, i, z) can be expanded in the form of the right-hand side of (2.5), and (2.6)
holds for 0 < |z| < R and u = te? for any fixed real 6.

We would like to connect Ws to W in a similar manner but this is not possible at this point
because Wa(u, 2) is only defined for u > 0, and so we cannot substitute u = te®.

6 Properties of A, B;

For any p € C we consider the solution As(z) = As(u, 2), Bs(z) = Bs(u,z) of the recur-
sion (2.2), (2.3) which is uniquely determined by Ap(z) = 1 and (2.9). The following lemma is
mentioned by Olver [4, p. 327], [5, p. 81, line 6].

Lemma 6.1. Let Ay(z), By(z) be any solution of (2.2), (2.3) with Ag(z) = 1. Then, for all
s >0,

=Y A(2)A(0),  Bi(z) =) B(2)A,,(0). (6.1)
r=0 r=0

Proof. Let us denote the right-hand sides of equations (6.1) by A7(z), B;(2), respectively. It is
easy to show that A%(z), B¥(z) is a solution of (2.2), (2.3). Since A{(z) =1 and A%(0) = A5(0),
this solution must agree with As(z), Bs(z). [

We now define ag(z) = 1 and, for s > 0,

2p
a8+1(z) = ASJrl(_:uv Z) + st(_:uv Z)v (62)
bs(z) := Bs(—pu, 2). (6.3)
Theorem 6.2. The functions as(z), bs(z) satisfy (2.2), (2.3) with As, Bs replaced by as, bs,
respectively, and, for all s > 0,

s—1

as( ) As (M? +2HZA H’ By i_ r( M’O)v (64)
r=0

s—1

bs(2) = Ba(p,2) + 216y _ Br(p,2) By, (—p1,0). (6.5)
r=0

Proof. We have
—2u+1
2ui1(p.2) = P Bulp,2) = B2 + [ B 2)d,

We add 47’”BL<;(—,u, z) on both sides and get

2u+1
z

2as+1( )

b(z) — bl(z / f(z (6.6)

This is (2.3) for as(z), bs(2).
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Equation (2.2) is true for as(z), bs(2) when s = 0. Suppose s > 1. We have

2B (—p2) = — A1, 2) + () Aa(—prr2) + LA ().

Using the definitions of as(z), bs(z) we get

4
W,(2) = ~a(2) + f(Das(z) — Pl (2) + L) + 6,

where

6= i (2a) — 1 2bste) - 2L (2 ).

dz? z

In (6.7) we replace *“a/(z) through (6.6). Then we obtain

20 (2) = —a((2) + f(2)as(z) — as(z) + H + G,

where

=2 () <)+ S ()]

z |dz

2u+1,
z

(6.8)

By direct computation, we show H + G = 0 for any function bs_1(z). Therefore, by integra-
ting (6.8) noting that as(2) is even and bs(z) is odd, we obtain (2.2) for as(2), bs(2).

We now get (6.4), (6.5) from Lemma 6.1.

Using multiplication of formal series, we can write (6.4), (6.5) as

s=0 s=0
> Bs(2) bs(z)
Plu— Y 22 3 ),
s=0 s=0
where
— Bi(1,0)

F(“aﬂ) =1- 2:“ 'LL28+2 .
s=0

We differentiate (6.5) with respect to z and set z = 0. Then we find

s—1
Bl(—p,0) = Bi(p1,0) + 21> Bl(1,0) By _,(—p,0),
r=0
or, equivalently,
F(u, p)F(u, —p) = 1.
In particular, it follows that
o oo
as(z Ag(z
Pl Y- % =30 5
s=0 u s=0 w
o o
bs(2) Bs(2)
Flu ) ) 02 = 02

(6.11)

(6.12)

(6.13)
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7 Asymptotic expansion of W3 when Ru < 0

In Section 3 we saw that Ws5(u, i, z) can be written as the right-hand side of (2.5), and (2.6)
holds. However, this was proved only when Ru > 0. Now we remove this restriction.

Theorem 7.1. Suppose that . € C is not a negative integer, and u = te' with t > 0, 6 € R.
Then Ws(u, u, z) can be written as the right-hand side of (2.5) and, for each R >0 and N > 1,
there are constants L1 and t1 such that

L
|gl(u,z)|+|hl(u,z)|gtT}V for 0<|z| <R, t>t.

Proof. In Sections 3 and 5 we proved this statement for Ry > 0. Therefore, it will be sufficient
to treat Ws(u, —pu, z) with Ry > 0. By the considerations in Section 5, it is sufficient to consider
6 =0, sou > 0. Suppose |arg z| < %71’, 0 < |z| < R. By (3.13), we have

cd(u)Ws(u, —p, z) = Wa(u, pu, z2) — cy(u)Ws(u, p, 2), (7.1)

where ¢ = Zsin(mp). On the right-hand side of (7.1) we insert the expansions (2.5) for Wj
and (2.7) for Wy. Taking into account (3.14), we can expand —cvy(u)Ws(u, i, z) the same way
as W3. Then using [7, (10.27.4)]

™

K (z) = — (I (2) - I,(z)), 2
(@) = gy U-+(@) = 1(2) (7.2
we obtain
N-1 N-1
As(2) | 2 Bs(2)

DW= 2) = 2L-afu2) D T+ Thealu) 32550 ) (73
where

[ = Erg2 + Eshy + E3gi + Esha
with

52
Ei(u,z) = czK,(uz), Es(u,z) = —CEK#_H(UZ),
52

E3(u,z) = 21, (uz), Ey(u,z) = ” p1(uz).

We will construct functions G;(u, z) and Hj(u, z) such that
2

Ej(u,z) = z1_,(uz)Gj(u, z) + %Il,#(uz)Hj(u, 2)

for j =1,2,3,4. Also using [7, (10.29.1)]
2v
L—1(2) = L (@) = — 1o (), (7.4)

(7.3) becomes

N-1 =~
co(w)Ws(u, —p, 2) = 21—, (uz) <Z A:2(Sz) + g3 (u, z))

s=0

Il m U,Z ( )), (75)

|M2
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and
2
g3 = —fBN—l(Z)Usz + G192 + G2ha + G391 + Gahy,
hs = Hygo + Hoho + Hsg1 + Hyh;.

The identities (4.5) and [7, (10.29.1)]

Kom(2) = Kia(a) = =2 Ko (o)

give
2
uzl_p(uz) (K,Hl(uz) — HKM(uz)> +uzli—(uz) Ky (uz) = 1.
uz
Therefore, we can choose

Gs(u,z) = uz (KMH(uz) - i’ZKu(uz)) I, (uz),
Hj(u,2) = u? K, (u2)I,(uz).

The estimates (4.7), (4.8) give
|G3(u, z)| < Cs, |H3(u, 2)| < D3u?.

Similarly, we choose

Gatu.2) = 2 (K (03) = 22, (2) ) ),
Hy(u, 2) = uz K, (uz) 41 (uz),

and estimate
|Ga(u, 2)| < Cylz)?, |Hy(u, 2)| < Dy.

It follows from (7.2), (7.4) that

Ey(u,z) = zI_,(uz) — E3(u, 2),
2

Es(u, z) = % <—?:Iu(uz) + IMH(uz)) — Ey(u, 2).

Therefore, we can choose

Gi(u,z) =1— Gs(u, 2), Hy(u,z) = —Hjs(u, z),
Ga(u, z) = —i—l; — Gy(u, 2), Hy(u,z) =1 — Hy(u, 2).

From (7.7), (7.8), we get

|G1(u, 2)] < Ch, |Hi(u,z)| < Dyu?,
|Ga(u, 2)] < Co(1 4+ |2]%), |Ha(u, z)| < Ds.

(7.6)

(7.8)

(7.9)
(7.10)
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Since we know that
K
l91(u, 2)] + [ha(u, 2)| + lg2(u, 2)| + [h2(u, 2)| < —o5
for |argz| < 3w, 0 < |2| < R, u > uo, the estimates (7.7), (7.8), (7.9), (7.10) give

L 1
lgs(u, 2)| + |hs(u, 2)| < N2 if |argz| < 3™ 0<|z| <R, u>us.

Now we divide both sides of (7.5) by ¢d(u) and use (3.15), (6.12), (6.13) (with u replaced by —pu).
Then we obtain the desired expansion of Wj(u, —, z) for Ry < 0 and |argz| < i, 0 < |z| < R.
The restriction on arg z is easily removed using (4.6) and Wy (e™™z) = e™H+H)m (%), [

8 Application to the confluent hypergeometric equation

The confluent hypergeometric differential equation
2" (x) + (b — 2)v'(z) — av(z) =0

b

has solutions M(a,b,z) and U(a,b,x). Substituting z = 2%, w = e 22

differential equation

? 2%y we obtain the

" 1, 2 /L2 -1 2
w'(z) = W (z2) + | u” + o> + 2% ) w(z), (8.1)
where
1, 1

Equation (8.1) agrees with (2.1) when f(z) = 22. Let A, Bs be defined as in Section 2 for
f(z) = 2%. In this case, As(z), Bs(2) are polynomials. Throughout this section, we assume that
a, b, u, p satisfy (8.2).

The function M (a,b,x) is given by a power series in x and M(a,b,0) = 1. Therefore, the
function W3 associated with (8.1) is given by

21*bub71

Ws(u, p, z) = TTO)

e_%ZQZbM(a,b, 22). (8.3)

Theorem 7.1 implies the following theorem.

Theorem 8.1. Suppose that b € C is not 0 or a negative integer, u = te’ witht > 0, § € R,
and N > 1, R > 0. Then we can write

2170 e e 2
WB 2 ZM(ZU +§b,b,2 )
N-1 N-1
AS BS
= zl_1(uz) (;ZO u2(sZ) + g1(u, z)) + %Ib(uz) (SEZO u2(j) + zhi(u, Z)) , (8.4)

where

Ly
lg1(u, 2)| + |h1(u, 2)] Stz—N for 0<|z| <R, t=>t.
and Ly, t1 are positive constants independent of z and u (but possibly depending on b, 6, N, R).
There is no restriction on arg z. The polynomials As(z), Bs(z) appearing in (8.4) are determined
by the recursion (2.2), (2.3) with f(z) = 2? and the conditions Ag(z) = 1, A5(0) =0 for s > 1.
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Suppose that Rb > 1. Let Ws(u, z) be the function associated with equation (8.1) which
satisfies (2.7), (2.8). There are functions /31 (u), B2(u) such that

Wa(u, z) = p1 (u)e_%z2sz(a, b, 22) + 52(U)€_%Zzsz(a, b, z2). (8.5)

The determination of f;(u), B2(u) is not obvious. It is in this part of the analysis where
there is an error in [8]. Slater [8, p. 79] derives Ba(u) ~ I'(a)2°~2u'~?, and claims “we can take
B1(u) = 0”7 without proof. When comparing with [8], note that our S2(u) is denoted by 1/82(u)
in [8]. Actually, the stated formula for S2(u) is correct but it is only the leading term of the
required full asymptotic expansion given in the following lemma.

Lemma 8.2. Suppose b > 1. For every N =1,2,3,..., as 0 < u — oo,
N-1
BL(0) 1
— b—2, 1-b s
Ba(u) = I'(a)2" % (1 +2(1—b) 2% S 1O <W>> . (8.6)
Proof. Suppose Rb > 1. Then [7, (13.2.18)]
. _ r'b-1)
2b—2 2\ _
g #te) = 1
and (8.5) give
r'b—-1)

: b—2 _
Jim 2 Walu, 2) = Ba(w) —5rs
Comparing with (3.10), we obtain (8.6).
If Rb =1, b # 1, the proof is similar using Lemma 3.3(b) and [7, (13.2.18)]

Ula,b,z) = F(Ilj(;)l):clb + m +0(x) as z—07,

If b =1 we use Lemma 3.3(c) and [7, (13.2.19)]

lim U(a,l,x):_ 1 . n
z—0+  Inx I'(a)

We cannot show that f;(u) = 0 but we can prove that |51 (u)| is very small as u — oco. To
this end we need the following lemma.

Lemma 8.3. Let b € C, Rx > 0, and € > 0. There is a constant Q) independent of a such that
IT'(a)U(a,b,x)] < Q if RNa> e

Proof. We use the integral representation [7, (13.4.4)]
o0
(a)U (a, b, ) = / eTta-1(1 4 g)pa-lgy.
0

Therefore, if Ra > ¢,

0o Ra—e e—1
t t
M@Uaba) < [ e <1+t> (m) (14 )™ 2at
t

00 e—1
—Ruxt Rb—2
—_— 14+t dt =: Q. |
/0 ‘ <1+ ) ) N

IN
~



The Asymptotic Expansion of Kummer Functions 17

Lemma 8.4. Suppose Rb > 1. For every ¢ < R we have 51(u) = O(e™ ") as 0 < u — oo.

Proof. In the following let 0 < z < R (and b) be fixed. By Lemmas 8.2, 8.3, there is a constant
C1 > 0 such that, for sufficiently large u > 0,

‘ﬂg(u)e*%ZszU(a, b,2%)| < C’l‘ulfb‘Q. (8.7)
Using (3.8) we get from Theorem 8.1 with N = 1, for some constant Cy > 0,

‘e_%ZQZbM(a, b, 22)‘ > CQ‘ué_b‘eZ“. (8.8)
Similarly, (3.9), (2.7), (2.8) yield

(Wa(u, 2)| < Cyu~2e ", (8.9)
Substituting (8.7), (8.8) and (8.9) in (8.5). we find

Br(wl < Gt tfeen 4+ Db
If we choose z = R, we obtain the desired estimate. |
Lemma 8.5. Suppose b > 1. For every N =1,2,3,..., the function

Bg(u)e*%ZQZbU(a, b, 22)
can be written in the form of the right-hand side of (2.7), and (2.8) holds with R replaced by %R.
Proof. Let

L(u, z) := Bl(u)e_%z2sz(a, b, 22).
Applying Theorem 8.1 and Lemma 8.4, we estimate, for 0 < |z| < R,

1L, 2)] < Cre~ )] (Tu(u2)] + 1 Tus (u2)]), (8.10)
where ¢ < R will be chosen later. We use the estimate

|1, ()] < Cael®! for |argz| < gw (8.11)
provided that v > 0. This inequality follows from [5, (9.2), (9.3)]. Therefore, (8.10) yields

|L(u, 2)| < C’3|z\e_q“+%Ru for 0<|z] < éR, |arg z| < gﬂ’, u > ug. (8.12)
Using (4.5), we have

L(u,z) = 2K, (uz)g(u, 2) — ZK#H(uz)zh(u, z),

where
2

g(u,2) = ul,q1(uz)L(u, 2), h(u,z) = fu?lu(uz)[/(u, z2).
From (8.11), (8.12), we get, for 0 < |2| < #R, |arg 2| < 3,
lg(u, 2)| < CgCgRue“(%qu), |h(u, z)| < CgCglLQeu(%Riq).
By (8.5), we can write Bg(u)efégsz(a, b, 2?) as the right-hand side of (2.7) with g replaced

by go — g and hs replaced by he — h. If we choose ¢ = %R, g and h become exponentially small
as u — 00, and the theorem is proved. |
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Lemma 8.6. Suppose ®b > 1. For all N =1,2,3,..., we have, as 0 < u — o0,

b, 1-b

ok
Moreover, for allb e C and all N =1,2,3,..., we have, as 0 < u — 00,

LA a=0)pommm-2 _ 1 4 o1 — ) Nz_:l 5O o ( . ) . (8.14)

['(a) e u2s+2 uZN+2

Proof. We set

T(u,z) := ﬂg(u)e_%zgsz(a, b, 22).
Using [7, (13.2.12)]

U(a, b, xezi”) = e 2™ (a,b, x) + 2mie T M(a,b,x)

T(OT(1 +a—b)

and (8.3) we obtain

) ) '2b 1-b
T(u,2™) — e ™1, 2) = B(u)

ng(u, z).

Now we argue as in the proof of Lemma 3.2 (applying Lemma 8.5 twice) and arrive at (8.13).
If Rb > 1 the asymptotic formula (8.14) follows from (8.13) and Lemma 8.2. If ®b < 1 we
use (6.11). [ |
Theorem 8.7. Suppose that b€ C, N > 1 and R > 0. Then we can write

F(l + %u2 — %b)2_bub_le_%Zzsz(%u2 + %bv b, 22)

T A,(2) P = By(2)
= 2Kp_1(uz) ( EO % + g2(u, z)) - EKb(uz) < EO 25 + zha(u, z)) , (8.15)
where
Ko
lg2(u, 2)| + |ha(u, 2)| < N for 0<|z| <R, u>us, (8.16)

and Ko, us are constants independent of z and u. There is no restriction on arg z. The polyno-
mials As(2), Bs(z) appearing in (8.15) are determined by the recursion (2.2), (2.3) with f(z) = 22
and the conditions Ag(z) =1, As(0) =0 for s > 1.

Alternatively, we have

I‘(%u2 + %b)2b*2u1*beféz2sz(iu2 + %b, b, 22)

pls as(2) z ply bs(2)
= 2Kp_1(uz) E s +go(u,2) | — aKb(uz) E o + zha(u,2) |,  (8.17)
s=0 s=0

where again (8.16) holds. The polynomials as(z), bs(z) are defined by (6.2), (6.3).
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Proof. We denote

V(u,p,2) :=T(1+a— b)2_bub_16_%zzsz(a, b, 2%).
Then we have

V(u,—p, z) = F(a)Qb_Zul_be_%z2sz(a, b, 2%)
which follows from [7, (13.2.40)]

U(a,b,x) = 2 PU(1 +a—b,2—b,x).

For any b € C, (6.9), (6.10), (6.12), (6.13), (8.14) show that the expansions (8.15) and (8.17)
are equivalent. We will prove (8.15) and (8.17) for Ru > 0 and Ru < 0, respectively.

Suppose Ry > 0. Then (8.15), (8.16) follow from Lemmas 8.5 and 8.6 when |arg z| < 37— 4.
Since the function V' (u, y, z) is independent of R we can replace %R by R. By Theorem 4.1,
we can remove the restriction on argz. Note that in the proof of Theorem 4.1 we only used
that Wa(u, z) solves (2.1) and admits the asymptotic expansions (2.7), (2.8). Therefore, we can
apply the theorem to the function V' (u, u, z) in place of Wa(u, 2).

Now suppose that Ry < 0. Then, using the expansion we just proved,

N-1
V(u,—p, 2) = 2zK_,(uz) <Z W +g2(u,z)>
s=0
N—1
— EK_M_H(UZ) (Z BS(UZI:’Z) + zhz(u,z)> .
s=0
Using (6.2), (6.3), (7.6) and K, (x) = K_, (), we obtain (8.17), (8.16). [

So far we considered only asymptotic expansions of U(a,b,2?) as 0 < u — co. Now we set

u = te?, where t > 0 and —%7‘(‘ <0< %77. Using the notation of Section 5, we have

e_iQWQ(t, x) = ﬁl(u)e_%ZQZbM(a, b, z2) + Bg(u)e_%ZszU(a, b, z2).

b

It is easy to see that Lemma 8.2 remains valid. Since we allow —%W <0< %W, a = iuQ + %

may have negative real part. We need a modification of Lemma 8.3.

Lemma 8.8. Let b e C, —w < argx < 0, |arg(a — 1)|] < 7w — 4§ for some § > 0. Then there is
a constant QQ independent of a such that

P(a)U(a,b,2)| < Q.
Proof. We use the integral representation [7, (13.4.14)]

(eQm(a_l) - 1)F(a)U(a, b,x) = / e T (1 ) La,
C
where the contour C starts at +o0ot¢ and follows the positive imaginary axis, then describes a loop
around 0 in positive direction and returns to +o0o0i. The argument of ¢ starts at %7? and increases
to 5. It will be sufficient to estimate I'(a)U(a, b, z) in the sector 37 < arg(a — 1) < o, where

%71’ < ag < w. The loop is chosen so that w = %H describes the circle |w| = cos 6y, where
0y € (0, %77) is the unique solution of the equation

cos By = efotanco,
Then one obtains |w® '] < 1 on the contour C' which implies the desired estimate. |

The proofs of Lemma 8.6 and Theorem 8.7 can be easily modified to give the desired asymp-

totic expansions for u = te? as 0 < t — oo for fixed 6 € (—%W, %7?) In (8.16) we now have

u=te? t>tyand 0 < |z| < R.
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9 Comparison with Temme [9]
It is known [7, (5.11.13)] that, as z — oo, |argz| < 7 —d,

F(Z—l—?") r—s — r—s r—s 1
Tts) "~ Z( . >B£ “)(T);n, (9.1)

n=0

(£)

where the generalized Bernoulli polynomials By’ (z) are defined by the Maclaurin expansion

t \ o @t
] e :ZBn (x)ﬁ

We apply (9.1) with z = %uQ, 0<u—oo,andr =1-— %b, s = %b. Then we obtain with
_ 1.2 1
a = ZU -+ §b,

oo

F(14+a—0b) 9 9y 9p 2 dn
ol Sl ! N n
I'(a) " nz:% u?n’

where

dy = 4" <1 - b> B2 <1 - 1b> .
n 2

We notice that

2-b 1 2-b
¢ L1 _ at
et —1 sinh %t

is an even function of t. Therefore, d, = 0 for odd n.
It follows from (8.14) that

1

1
B,,(0) = 37—+

1
and then from (6.2), (6.3)

~ 1 1 ~

where d,, is obtained from d,, by replacing b by 2 — b, that is,

~ b—1 1
dp = 4"< . >B,<f> <2b> :
Temme [9, (3.22)] obtained the asymptotic expansion of (8.17) involving polynomials ah(z),

bL(z) in place of a,(2), b,(z). The polynomials all(z), b, (z) as follows. Introduce the function

" b
f(s,z):€z2u(8) ( 2% > ’ M(S)ZE_L_E

|
sinh 58

and its Maclaurin expansion

f(s,2) = Z cr(2)sh.
k=0
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Then recursively, set c,(co) = ¢, and

c,(cnﬂ) = 4(z205:22 +(1-b+ k)cg_)l),
where k > 0 and n > 0. Then set
al, = c(()n)7 bl = —Qchn).
Theorem 9.1. For everyn =0,1,2,..., we have a, = al, and b, = b,

Proof. The function f satisfies the partial differential equation

af  o0*f 1 2\ of
4L 20 o142 ) S 2y
ds 022 + z s oz ~© f
This implies
2b—1 d
4(k + 1)cpqr + 42¢) = ¢ + 702 — 22, () = o (9.3)

By induction on n one can show that (9.3) is also true with ¢ replaced by c,(i:n) for any n =

0,1,2,.... If we use this extended equation with £ = 0 and k = 1, then we obtain (2.2), (2.3)
with al, bl in place of Ag, Bs, respectively.
When 2z = 0, we have

a},(0) = ¢ (0) = 4"(1 = b)cn(0) = 4”(1;.6)”355’) @b) .

Comparing with (9.2) and using that ¢,(0) = 0 for odd n, we find, for all n,
al (0) = a,(0). (9.4)

Since both an, by and al, b}, solve (2.2), (2.3), (9.4) implies that a}, = an, b}, = b, for alln. W

10 Concluding remark

In this paper we started from Olver’s paper [5], added some results, and then applied them
to the confluent hypergeometric functions. A referee pointed out that Chapter 12 of Olver’s
book [6] contains a reworked version of [5] also involving error bounds. It would be interesting
to start from this book chapter and derive results analogous to the ones obtained in the present
paper. However, in contrast to [5] the book chapter assumes that p is positive while in our
original problem [1] p is complex. Therefore, an extension of the results in [6, Chapter 12] to
complex p would be required to obtain results for the confluent hypergeometric functions in full
generality.
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