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Abstract. Recently we proposed a generic construction of the additional integrals of motion
for the Stéckel systems applying addition theorems to the angle variables. In this note
we show some trivial examples associated with angle variables for elliptic and parabolic
coordinate systems on the plane.
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1 Introduction

In classical mechanics Hamiltonian system on a 2n-dimensional phase space M is called com-
pletely integrable in Liouville’s sense if it possesses n functionally independent integrals of motion
Hiy, ..., H, in involution:

dH;
dt

:{H,HZ}:O, {Hi,Hj}:O, z',jzl,...,n,

where H = H; is the Hamilton function and {-,-} is the Poisson bracket on M.

Superintegrable system is a system that is integrable in the Liouville sense and that possesses
more functionally independent integrals of motion than degrees of freedom. The construction of
superintegrable Stéckel systems using angle variables wy has been proposed in [12, 13, 14, 15].

In generic case the action variables wy are multi-valued functions on the whole phase space M.
In fact, we can extract polynomial integrals of motion from angle variables only when we can
apply addition theorems to the corresponding Abelian integrals. As there are only few addition
theorems for the Abel equations [1, 3] we can easily classify the corresponding superintegrable
systems, see [12, 13, 14, 15].

The goal of this brief note is to present some trivial examples of applying this generic theory
associated with elliptic and parabolic coordinate systems on the plane. Superintegrable systems
separable in spherical coordinates can be found in [2, 6]. The corresponding addition integrals
of motion are related with an addition theorem for the logarithmic angle variables. Of course,
there is a trivial generalization of the proposed method for all the orthogonal coordinate systems
in R? (ellipsoidal, paraboloidal, cylindrical, prolate and oblate spheroidal coordinates etc).

The non-Stéackel superintegrable systems in classical and quantum mechanics have been con-
sidered in [7, 9]. In contrast with the Stéckel case we do not have a generic theory for constructing
such superintegrable systems.

*This paper is a contribution to the Special Issue “Superintegrability, Exact Solvability, and Special Functions”.
The full collection is available at http://www.emis.de/journals/SIGMA /SESSF2012.html
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2 The Stackel systems

The system associated with the name of Stéckel [11] is a holonomic system on the phase
space R?", with the canonical variables ¢ = (q1,...,q,) and p = (p1,...,Dn):

Q:dej/\d%v {pj, ar} = 6k
j=1

The nondegenerate n x n Stackel matrix S, whose j column depends only on coordinate g;,
defines n functionally independent integrals of motion

n

Hi =3 (571) (0] + Vilay),

j=1

the separated relations
n
P = ZHkSk:j(Qj) = Vi(g),

and the action variables wy

n qj

w; = %Z S () dA, (2.1)
= k; Hi.Sii(A) = Vi(M)

so that
{Hj, Hp} = {wi,wi} =0, {Hj,wr} = dij.

In generic case the action variables (2.1) are sums of the multi-valued Abelian integrals.
However, if we are able to apply the known addition theorems for these Abelian integrals then
we can get additional integrals of motion [12, 13, 14].

Let us discuss addition theorems for the logarithmic (exponential) and elliptic functions [1, 3].
In the first case polynomials

Py =) HySk;(A) = Vi(M)
k=1

are the second-order polynomials and

z/gﬂ

So, we can easily get polynomial or rational function

2w _ T Kgi+b;\
Z=¢ :H<pj+ : 5 (2.2)

j=1

Sl

\/k2A2 tbA+co o

at the special choice of k; and z. In the second case m — 1 angle variables wy, ..., Wg4m—1 With
1 < m < n have to satisfy to the Abel equations
dX1 dXQ de

ST L —
N R o
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x1dx1 XodXo X dXpm,
- o T = dwg,
Vi) VF(x) f(xm)
Xrln72dxl + XTZn?QdXQ 4ot M — dwk+m—1;
Vi) V() f(xm)
with a common polynomial of fixed degree 2m
flx) = Aoy x®™ + Aoy 1x2™ 1 4o+ Ajx + Ay, (2.3)

If this case there are some additional Richelot integrals of motion [10]

VIGD 1 VTG

2

C, — F'(x1) C(lk;XI (F'(;(mi ag — Xm Flay).
f X1 f Xm
Fo) T R | T

Here ay, are values of x at the branch points of the corresponding hyperelliptic curve and F'(x) =

(x —x1)(x —x2) -+ (x — Xy ) [10].

At m = 2 we have famous Euler algebraic integral [3]. If As, = 0 and Agy,—1 # 0 in (2.3)
there is another additional Richelot integrals of motion [10]. The Weierstrass generating function
of such integrals for any values of the coefficients A; and other constructions of additional
integrals of the Abel equations are discussed in [1]. Some example of the Euler and Richelot

superintegrable systems may be found in [4, 12, 15].

Below we show how these addition theorems could help us to classify superintegrable systems.

3 Elliptic coordinate system

Let us consider elliptic coordinates on the plane ¢ 2 defined by

2 2 A— A—
oy =) Q2), pER.
A=k A+k A2 — k2
The corresponding momenta reads as
P = 2pyx T 2pyy N 2pLx I 2pyy

= . P2= :
Qu—K qtkK G2—K G2tk
The Stackel matrix and the separated relations

q q2 q1H, Hy

2
"“/1_ - :07
P H @ — K> g — K
B 1 1 ’ H H
2 qa211y 2
+ V- - =0
@i - gf— K RTRTge T g

give rise to the following Hamiltonians in the involution

(af = &) (I + VD) | (a5 = #*)(p5 + Vh)
q2 — q1 q2 — q1

p, = 2@ =)@V ai(gs — w25+ Va)

q1 — q2 q1 — q2

Hy =

Y
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The Hamiltonian H; commutes with the second angle variable ws, which is equal to

wo — 1 q1 d)\
T2 A0t B iR T Vi)
1 [ dX
+ = . (3.1)
2 \/()\2 —/@2)(/\H1 + Hoy —va)\2+‘/2/€2)
Polynomials
Py = (N — k) (AHy + Hy — Vi2)? + V1 25%) (3.2)

standing under square root in these integrals are at least third-order polynomials on A. So, in
this case we can not apply addition theorem for the logarithms.
It is easy to see that we can apply addition theorem for the elliptic functions at

Vl:Vl:Oé.

Namely, if we put A = x and A =y in the first and second integrals (3.1), we could apply the
Euler addition theorem

dx dy ds

= 4 =L - 3.3

YRRV 339)
to angle variable ws. Here X is an arbitrary quartic

X = ax® + 4bx® 4 6¢x® + 4dx + e (3.4)

and Y, S are the same functions of another variables y and s. In this case, symmetrical bi-
quadratic form of x and y

F(x,y) = ax®y? + 2bxy(x +y) + C(X2 + 4xy + y2) +2d(x+y)+e=0

defines the conic section on the plane (x,y). According to [1, 3, 10], there is a famous Euler
integral

C =

2
F(X,y)—\/i\/?:1<ﬁ—\/?> _a(X+Y)2—b(x+y)—c. (3.5)

2(x —y)? 4 X—y 4

For the quartic (3.2) associated with the angle variable (3.1) this Euler integral looks like

_ 2 _ 1 2)(g2 — K2
Hjz = (P1 Pz)((;]i — q2))3(q2 ) (a(fh —q2)° — (1 — p2)°K* + (M1 — PQQ2)2)-

Here g12 and p; 2 are elliptic coordinates and momenta.
It is a third-order polynomial in momenta which commutes with the Hamiltonian

{Hy,H3} =0, {Hy,Hs} = Hy # 0.

The algebra of the polynomial integrals of motion Hy, Ho, H3 can be closed only after some
other polynomial generators are added.

Thus, we easily find the additional integrals of motion for the Hamilton function of the
oscillator

4H, = p? —i—pz +a(z* + y?)

using the separation of variables in elliptic coordinate system and the corresponding angle va-
riables. Another result is that there is only one superintegrable system separable in elliptic
coordinates and associated with the known addition theorems for Abelian integrals.
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4 Parabolic coordinate system

Let us consider parabolic coordinates on the plane ¢ 2 defined by

2 _ 2
T = q1g2, y=q1;q2
and the corresponding momenta
_ D192 + p2q1 _ q1p1 — q2p2
g+ T g

The Stackel matrix and the separated relations

5 (ﬁ Q§> pi+Vilay) = giHi — Hy =0,

(4.1)
1 -1 p3 + Va(ge) — ¢2Hy + Hy = 0,

give rise to the Hamiltonians

2+
H — i + 03 Vi(qr) + Va(gqe) I,

@+ 3 ’

_ 1ia3 — p3at + i3Vilay) — aie(ee)
@+ as

The Hamiltonian H; commutes with the second angle variable ws, which is equal to
1 q1 d)\ n 1 q2 d>\
2) NH +H,-vi(N) 2) JNH - H,— V()

wo =

In contrast with the elliptic coordinates, polynomials
Pio= ) Hy + Hy— Viao(\)

standing under square root in these integrals are at least second-order polynomials on A. So, we
can apply both known addition theorems to these Abelian integrals.
In fact, these integrals are expressed via logarithmic functions iff:

Case 1: Vi =biqq +c1, Vo = baga + c2,
Case 2 : VlzaquQerl, %:a2q52+b1.

The addition theorem for the elliptic function is applicable iff:
Case 3: Vi =a1qf +biql + c1q; 7, Vo = a1q§ — bigs + c1q3 >

The corresponding Hamilton functions are deformations of the Kepler—-Coulomb and oscillator
Hamiltonians:

1
Case 1: H1=p2+p2+<b1 m+\/x2+y2+bzx/\/x2+y2—:B+C1+62>
R N/ R

1
=pi+p,+ o (blx/icosg +b2\/§sing +c1 +62);

Case 2 : lepi—i-pz%- +b1+bz>

1 a as
+
2v/a? + y? (36—5—\/362—1—3;2 z— /2% + y?
al _ a + b1 + bQ'
2r2 (cosp +1)  2r2(cosp — 1) 2r

=p+p,+
Case 3 : H1:pi+pz+a(4x2+y2)+2&c+%.

Here r = /22 4+ y? and ¢ = arctanz/y are polar coordinates on the plane. According to [8]
these systems remain superintegrable in the quantum case.
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4.1 Case 1l
In the first case the second angle variable equals

2 \/)\2H1—b1>\—|—H2—Cl 2 \/)\2H1—b2)\—H2—C2

(e - 2RE) (- 2
2/ H; 2/ H, ’

The application of the addition theorem (2.2) to wo gives rise to the following rational integral

Wy =

of motion

7 — 2VHiws _ 2q1Hy + 2p1vHy — by

2qoHy + 2po/Hi — by

In order to calculate polynomial integral of motion let us consider a series expansion of the

function

o a(4H1H2 — 4H161 — b%) — ,3<4H1H2 =+ 4H102 + b%)
VHi(4Hycy + 4H  Hy + b3) (b3 + 4Hycy — 4Hy Hy)

f= \/% (aZ+BZ_1)

by momenta p; 2. Here we substitute the variables ¢; o from the separated relations (4.1) into
the rational integral Z and «, 8 are undefined polynomials in Hj .
Equating first coefficient of this expansion to zero one gets the following expressions for these

+ O(p1,2),

polynomials
o = 4H Hy + 4H ¢y + b3, B =4H Hy — 4Hyc; — b3.

At this values of « and  the function f becomes a third-order polynomial in momenta

1 1
Hs = aZ +pZ7Y) = — (aezmw + 66_2‘/171“’2>
N )=
_ 8(prg2 — p2q1) (P + p3 + 1 + c2) n 4(2P1Q1€I2 —pa(qf — q%))ln
@+ aq ai + 43
B 4(2p2q192 + p1(g} — @3))be
4 + ¢ ’
such that
{Hy,H3} = 0.

In order to close the algebra of the polynomial integrals of motion Hy, Hs, Hs we have to add
one more polynomial generator

Hy ={Hy,H3} = 2ae2Viws _ 256_2\/1171“}2.
by analogy with exp(w), sin(w) and cos(w) functions.

Remark 1. One of the referees proposed another construction of the polynomial integrals of
motion from the angle variable wy. Namely, from the separation equations we can deduce that

Ay = (2 Hy +2pivH —b1)(2q1Hy — 2p1v/Hy — b)) = —4H 1 Hs + 4H1c1 + b%,
Ag = (2q2H1 + 2p2\/ H1 — bQ)(2(]2H1 — 2p2\/ Hl — bg) = 4H1H2 + 4H102 + b%
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We can therefore write

Uy = A1 Z7 " = (21 Hy — b1)(2g2Ha — by) — 4H1p1p2)
— 2/ H1((2q2Hy — b2)p1 — (2q1Hy — b1)p2)

and
Uy = AoZ = ((2q1H1 — b1)(2q2H — b)) — 4H 1 p1p2)
+ 2\/ Hl((2q2H1 — bg)pl — (2(]1H1 — bl)pg).
Consequently
1
Hs = \/Fl(\lll — Uy) = —4((2g2H1 — ba)p1 — (2q1 H1 — b1)p2)

is a third-order constant of motion. This method of explanation may be clearer than the method
of expansion of the rational in momenta function f = aZ + Z~! with indefinite coefficients o

and .

Remark 2. Let us remind, that two-dimensional open Toda lattice defined by the following
polynomial integrals of motion

Hy =pi +p3 + et 2, Hs = p1 + pa,

has the non-rational in momenta additional integral of motion

— J
gD p2+\fexp<\/jQ1+Q2>’ J = 2H, — H2.
p1—p2—VJ p1+p2

which can be also obtained from the second angle variable wo [14]. However, it is easy to prove,
that we can not apply working above constructions of polynomial integral of motion Hj in this
case.

4.2 Case 2

In the second case the angle variable is equal to

1o AdA 1 [ AdA
2 VAMH, + (Hy —b)A\2 —a; 2 VAH, — (Hy + bo)A2 —ay

Wy =

Changing variables ;1 = A\? one gets second-order polynomials
P = p*Hy & (Hy F bj)p — a
under the square root and desired sum of the logarithms

oy — In (2q%H1 +2qp1vVH1 + Hy — bl)) B In (2q%H1 + 2qopov/ H1 — Hy — bg))
? 4/H, 4VH, ‘

The rational integral of motion (2.2) is equal to

7 — AW _ 2¢3H1 + 2q1p1v/Hi + Hy — by

2¢3H1 + 2qopav/H1 — Hy — by
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As above we consider the expansion of the function

f= (aZ + BZ_l)

1
VvV H;
by momenta p1 2. Equating first coefficient of this expansion to zero one gets polynomials «, /3

o =4Hay + b5 + 2boHy + H3, 3= —4Hjay — b? + 2bHy — Hj.

At this values of « and § the function f becomes a third-order polynomial in momenta

1 1
Hs = aZ +pZz71) = (ae4mw2 + Be_4m“2)
/Hl ( ) /Hl
_ 4qip1 — gap2)(g2p1 — qip2)? N 4q142(q2p1 — qip2) (b1 + b2)
4 + 45 4 + ¢
4 — (24} + 3 4 —(2¢3 + ¢}
a1q2(eqipr — (263 + @3)p2)  4asqi (qeqip2 — (243 + qi)p1)
+ 20,2 2 B 2(.2 2 :
qi (g7 + q3) a5 (g7 + a3)
such that
{H17 H3} = 0.

In order to close the algebra of the polynomial integrals of motion Hy, Hs, Hs we have to add
one more polynomial generator

Hy = {Hy, H3} = dae?VHwz _ gpe=tVHiws,

4.3 Case 3

In the third case the angle variable is equal to

an AdA 92 AdA
Wy = — .
2 \/—al)\s—bl)\6+H1)\4+H2)\2 —C \/—al)\8—|—b1)\6—|—H1)\4—H2/\2—61

Changing variables A = /x and A = i,/y at the first and second integral one gets the Euler
addition theorem (3.3). In fact, this example has been considered in Euler’s book [3] too.
Identifying quartic

P=—ayu* — by + Hip® + Hop — 1
with X (3.4) we can easily calculate the Euler integral of motion (3.5) in parabolic coordinates

(q1p1 — q2p2)(@1p2 + q2p1)? N a1q192(2¢3p2 + 231 — Q1432 — 2G3p1)

H3 = § =
(62 + ¢3)? 7+ ¢
biq1g2(qip2 + q2p1) | c1(qip1 — q2p2)
+ 2, 2 29,9, 2 "
q9i + 43 7195 (41 + ¢3)

The algebra of the integrals of motion Hy, Ho, Hs is more complicated then the algebra asso-
ciated with the addition theorem for logarithms. In fact, in order to close this algebra we have
to introduce the counterparts of the Jacobi elliptic functions sn(w), cn(w) and dn(w) instead of
the trigonometric functions sin(w) and cos(w), which we used for the superintegrable systems
associated with the addition theorem for logarithms.
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5 Conclusion

It is known that orthogonal coordinate systems on Riemaniann manifolds can be viewed as an
orthogonal sum of certain basic coordinate systems and these basic systems can be obtained from
the elliptic coordinate system [5] using a degeneration procedure. This degeneration decreases
the degree of polynomials standing under square roots into the angle variables (2.1). Thus, we
have only one superintegrable systems separable in elliptic coordinates, whereas for degenerations
we have a lot of different superintegrable systems. As usual, the addition theorem for logarithms
allows us to get additional integrals of higher order in momenta [12, 13].
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