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reduction and cotangent symplectic reduction. The main results in this paper are: (i) we
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netic Lagrangian system obtained after two subsequent Routh reductions and the magnetic
Lagrangian system obtained after Routh reduction w.r.t. to the full symmetry group.
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1 Introduction

It is not a surprise that the bigger part of the recent literature on the geometric description of
mechanical systems deals in some way or another with symmetry. The benefits of exploiting
symmetry are indeed self-evident: The equations of motion of a mechanical system which exhibits
a symmetry can be reduced to a new set of equations with fewer unknowns, possibly easier to
solve. In particular, the Hamiltonian description of such systems has attracted most of the
attention in the literature, and the important role played by Poisson manifolds and symplectic
structures has been strongly emphasized (see e.g. [12] and references therein). Less well-known is
the process of symmetry reduction for Lagrangian systems. Much like on the Hamiltonian side,
there are in fact two different paths that lead to two different Lagrangian reduction theories.
Roughly speaking, the invariance of the Lagrangian leads via Noether’s theorem to a set of
conserved quantities (the momenta). Whether or not one takes these conserved quantities into
account in the reduction process leads to either the Routh or the Lagrange—Poincaré reduction
method (see e.g. [4, 5, 6, 10, 14, 15]).

In this paper we deal with Routh’s reduction procedure. In a way, one restricts the attention
to only those solutions of the system with a prescribed value of momentum. The price one
has to pay is that the new symmetry group (after restriction) is in general only a subgroup of
the symmetry group of the original Lagrangian system. In [10] it was pointed out that Routh
reduction can be interpreted as a special case of symplectic reduction, which moreover preserves
the Lagrangian nature of the system.

In the current paper we will investigate those aspects of the theory that are related to re-
duction in multiple stages. In case the symmetry group of the system has a normal subgroup,
one can indeed first perform a Routh reduction by means of this subgroup. It is then natural
to ask whether the reduced system is invariant under some residual, as yet to be determined
group, and whether a subsequent second Routh reduction leads to results which are equivalent
to direct reduction by the full group. The answer to the same question, but for the above
mentioned Lagrange-Poincaré reduction theory, is by now well-known [4]. It can be understood
in the following sense: After each reduction step one remains in the category of so-called ‘La-
grangian systems on Lie algebroids’ and symmetry reduction can be phrased in terms of Lie
algebroid morphisms (see e.g. [5] and the references therein). Equivalently, one may use a con-
nection to decompose the Lie algebroid structure at each stage. The corresponding category
is then the so-called category of ‘Lagrange—Poincaré bundles’ from [4], while the corresponding
‘Lagrange—Poincaré morphisms’ do the reduction.

It is natural to ask whether or not such a category of systems exists also for Routh reduction
(it is mentioned as an open problem in [12]). The candidate we propose (in Section 3) is the class
of what we call ‘magnetic Lagrangian systems’. We show in Sections 4 and 5 that this class has
the property that it is closed under Routh reduction, i.e. that after each step of a reduction in
stages the reduced system remains in the class of magnetic Lagrangian systems. As in [10], we
heavily rely on a generalized version of cotangent symplectic reduction. In Section 6 we apply
the framework of magnetic Lagrangian systems to reduction in several stages, where the first
stage consists of Routh reduction by a normal subgroup of the overall symmetry group. We end
the paper with some illustrative examples in the final section.

2 Preliminaries on Routh reduction
Definition 1. A Lagrangian system is a pair (@, L) with @ a manifold and L a function on 7'Q.

The manifold @ is the configuration space and L is called the Lagrangian. The dimension of @
is called the number of degrees of freedom of the Lagrangian system. A Lagrangian system is
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of mechanical type if for arbitrary v, € T,Q), the Lagrangian can be written as

L(vg) = 5 (v, vg)g — V(@)

with ((-, >>Q a Riemannian metric on () and V a function on @), called the potential energy of
the Lagrangian. The function % (vg, vq) o is called the kinetic energy.

We are interested in the Euler-Lagrange equations associated to a Lagrangian system. These
equations are necessary conditions for a curve ¢(t) : I C R — @ to extremize the action integral
J;7 L(q(t), 4(t))dt. In alocal coordinate chart (¢') on @ the Lagrangian L is a function of (¢*,v")
and the Euler-Lagrange equations are

L L A _
d<8 > 0 =0 ¢ =, i=1,...,n=dimQ.

dt \ovi) d¢

Routh reduction is a reduction technique for Lagrangian systems that are invariant under the
action of a symmetry group. In classical textbooks, it is a step-by-step procedure that describes
the construction of a new Lagrangian function with fewer degrees of freedom.

Before we can formulate Routh reduction, we fix notations for the action of a Lie group on
an arbitrary manifold M and related concepts.

Actions of Lie groups and principal bundles. When a Lie group G is given, g denotes
the Lie algebra of G and exp the exponential map from g to G. The adjoint action of G on g is
denoted by Ad and the coadjoint action of G on g* by Ad*.

Definition 2.

1. A right action of a group G on a manifold M is denoted by Y™ : G x M — M;(g,m) —
\Iléw (m) = mg. Throughout this paper we only consider free and proper actions of Lie
groups on manifolds.

2. The infinitesimal action is given by ¥M : g — T, M; & v d/de|o(m exp €€).

3. For any element £ € g one can consider the fundamental vector field &, defined pointwise
as Ear(m) = by, ().

4. The map defined pointwise as the dual to ¥ is denoted by (»™)* : T*M — g*.

5. The lifted action WT™ on TM of UM is given by V™M . G x TM — TM;(g,vm)
TUM (vyy,).

6. The lifted action WT"M on T*M is given by W™ . G x T*M — T*M;(g,an) —
T W (o).

With these notations, £7ps denotes a fundamental vector field on T'M determined by the
lifted action. It follows that &7py is the complete lift of £yy.

Every right action UM gives rise to a left action ®: @é\/l (m) = \Pg]\{l(m). We only consider
right actions. This is not a true restriction since one may reformulate the main results for left
actions if needed.

The orbit space M /G of a free and proper action is a manifold and 7 : M — M /G carries
the structure of a principal G-bundle. Throughout the paper [m]s denotes a point in the orbit
space M/G, i.e. it is the orbit through m € M. Every tangent vector in the kernel of T'r is of
the form &y7(m) for some £ € g. These vectors are called vertical and form a distribution which
we call the vertical distribution V7 = ker T'r.

Definition 3. A principal connection on a principal G-bundle is a g-valued 1-form A satisfying
two conditions:
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1) it is equivariant, i.e. ¥ A = Adg-1 - A for any g € G, and

2) for £ € g arbitrary, A(&y) = €.

The kernel of A determines a right invariant distribution on M which is a complement of
the vertical distribution. It is therefore called the horizontal distribution of A and is typically
denoted by HA c TM. On the other hand, any right invariant distribution H satisfying
H @ Vm =TQ determines a principal connection, see [8].

We denote by (f,A), where f is a g*-valued function on M, the 1-form on M pointwise
defined by

Um = (f(m), A(m)(vm)) € R.

The cotangent vector (f, A)(m) € T, M is often denoted by (f(m),.A(m)). In particular, if
f = € g* is constant, then (u,.A) is a 1-form on M.
Routh reduction.

Definition 4. Let (Q, L) denote a Lagrangian system and assume that the configuration space
is equipped with an action ¥9. The Lagrangian system (Q, L) is G-invariant if L is invariant
under the lifted action U779, i.e. L(\IJZQ(UQ)) = L(v,) for arbitrary v, € TQ) and g € G.

If a mechanical Lagrangian system is G-invariant then the kinetic energy metric (-, -)) o and
the potential energy V are both invariant under the pull-back of ‘1122, for arbitrary g.
Definition 5.

1. For a Lagrangian system (Q, L), the Legendre transform FL : TQ — T*Q is the fibre
derivative of L, i.e. for arbitrary vy, w, € T'Q

(FL(vq), wq) = L(vg + uwy).

u=0

du
The Lagrangian is hyperregular if FL is a diffeomorphism.

2. For a G-invariant Lagrangian system (@, L), the momentum map Jr : TQ — g* is the
map (¢9)* o FL, i.e. for arbitrary v €TQand { € g

(J1(vq), &) = (FL(vq),&q(q))-

3. Given a G-invariant mechanical Lagrangian system (@, L), and a point ¢ in ). The inertia
tensor I, is a metric on g defined by I,(£,7) = (£0(q), 77Q(Q)>>Q-

The momentum map associated to a G-invariant Lagrangian system satisfies the following
two important properties:

1. Tt is conserved along the solutions of the Euler-Lagrange equations, i.e. if ¢(¢) is a solution
to the Euler-Lagrange equations, then % (Jr(4(t))) =0.

2. It is equivariant w.r.t. the action ¥7% and the coadjoint action Ad* on g*, i.e.
JL(\I’Z;Q(UQ)) = Ady(JL(vg))
for arbitrary g € G and v, € TQ.
Definition 6. Given a G-invariant Lagrangian system (Q, L) and an arbitrary vector v, € T'Q.

1. The map Jr|y, : g — g* is the map § — Jr(vg +&q(q))-
2. The Lagrangian system (Q, L) is G-regular if J|,, is a diffeomorphism for every v, € TQ.
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Every G-invariant mechanical Lagrangian system is G-regular. To show this, remark that for
a mechanical Lagrangian system

(TLlog (€),m) = (vg: nQ(D)) g + (S@(@); ne(@)) g -

Hence Ji|v,(§) = JL|v, (0) +14(&) is an affine map, whose linear part is determined by the inertia
metric on g.

Proposition 1. Consider a G-invariant and G-regular Lagrangian system (Q, L) and fix a re-
gular value jn € g* of the momentum map Jy. Let G, denote the isotropy subgroup of p w.r.t.
the coadjoint action of G on g*, i.e. g € G, iff Ad;,u = U.

1. The submanifold i, : JL_l(,u) — T'Q is Gy-invariant and the restricted action of G,
on JL_I(M) s free and proper.

2. The quotient manifold ng(,u)/GM is diffeomorphic to the fibred product T(Q/G) X¢q/q
Q/G, over Q/G.

The first statement is a direct consequence of the equivariance of J;. We postpone a proof
of the second statement (Proposition 7, page 15).

We are now ready to describe a preliminary version of Routh reduction where the symmetry
group G is Abelian and the bundle @ — @Q/G is trivial, so that we can choose a connection A
with vanishing curvature. Since G is Abelian, we have that the isotropy subgroup G, for every
v € g* is the entire group G, and in particular T(Q/G) X g,q @/Gy is nothing but T(Q/G).

Theorem 1 (Routh reduction — Abelian version). Let G be Abelian and let A be a connection
on Q with vanishing curvature. The Routh reduction procedure of a G-invariant and G-reqular
Lagrangian system (Q, L) consists of the following steps.

1. Fix a reqular value p of the momentum map Jr, and consider the submanifold ng(u).

2. Compute the restriction of the G-invariant function L —(u, A) to the level set J (W), Let
L denote its projection to the quotient manifold T(Q/G) = J; *(1)/G.

Every solution of the Euler—Lagrange equations of the Lagrangian system (Q/G, IZ) is the pro-
jection of a solution of the FEuler—Lagrange equations of the original system (Q,L) with mo-
mentum . Conversely, every solution of the Euler—Lagrange equations of the Lagrangian sys-
tem (Q,L) with momentum p projects to a solution of the Euler—Lagrange equations of the
system (Q/G, L).

One may also find a description of global Abelian Routh reduction in [3].

Example: the spring pendulum. The system consists of a point particle with mass m
moving in a horizontal plane, and attached to the origin by means of a spring with spring
constant k. We choose polar coordinates (7, 0) for this system, so that the mechanical Lagrangian
is given by L = %m(i‘Q + r292) — %k:r? This system is clearly invariant under translations in the
f-direction, given by W,(r,0) = (r,6 + a). The momentum map for this action is J; = mr2f
and the Euler—Lagrange equations are

mit —mrf* + kr =0,
d .
ﬁ(mﬂ&) =0.

Let us fix a regular value 0 # p = mr20 for the momentum map and let A = df be the standard
connection with vanishing curvature. The Routhian is obtained from

1 1 1 pu?
St — Ske? - o

L(r,7) = (L = )|y = 5 P
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The Euler-Lagrange equation for L is mit = —kr + m“—; and solutions of this equations are in
correspondence to solutions of the Kuler-Lagrange equations for L with momentum pu.

Routh reduction can be extended to more general contexts, including non-Abelian group
actions [14], Lagrangians of non-mechanical type [2, 6], Lagrangians invariant up to a total time
derivative [10] and Lagrangians that are not G-regular [11]. Additional complications arise in
these cases: for instance, if the bundle @ — @/G is not trivial, the reduced system is typically
subjected to an additional force term associated to the curvature of the chosen connection. On
the other hand, if the symmetry group is not Abelian, the quotient space JL_l(,u) /G, no longer
has the structure of a tangent bundle; instead it is diffeomorphic to T(Q/G) xq/q Q/G - The
interpretation of the reduced system as a Lagrangian system then requires additional definitions,
which are postponed to the following section.

Our main interest in this paper is Routh reduction by stages, where the assumption is that the
Lagrangian system obtained after applying a first Routh reduction carries additional symmetry,
so that we can reapply Routh reduction. The system obtained after one Routh reduction is
formulated on a fibred product of the type T(Q/G) xqg/q Q/G . This is the fibred product of
a bundle Q/G, — Q/G with the tangent bundle to the base space. This observation is our main
motivation to extend Routh reduction to Lagrangian systems defined on such fibred products:
in order to develop Routh reduction by stages, we have to be able to reduce Lagrangian systems
obtained after a first reduction.

Routh reduction is closely related to symplectic reduction on the associated cotangent bundles
(see [10, 14]). In the next section we will introduce the concept of a “magnetic Lagrangian
system” and we will emphasize its symplectic formulation. The concept of magnetic Lagrangian
systems is the analogue of Hamiltonian systems one encounters in magnetic cotangent bundle
reduction [12].

3 Magnetic Lagrangian systems

A magnetic Lagrangian system is a Lagrangian system with configuration space the total space
of a bundle € : P — () and where the Lagrangian is independent of the velocities tangent to the
fibres of . Additionally the system is subjected to a force term that is of magnetic type. It might
help to keep in mind that in the case of a Routh reduced Lagrangian system, P corresponds
to /G, and the fibration € is given by the projection Q/G, — Q/G.

Definition 7. A magnetic Lagrangian system is a triple (¢ : P — @, L, B) where e : P — @ is
a fibre bundle, L is a smooth function on the fibred product T'Q) xq P and B is a closed 2-form
on P. We say that P is the configuration manifold of the system and that L is the Lagrangian.

A coordinate chart (¢,p®), i = 1,...,n = dimQ, a = 1,...,k = dim P — dim Q, adapted
to the fibration € : P — @ determines a coordinate chart (¢*,v%,p?) on TQ x¢g P, and the
Lagrangian L is then a function depending on (¢%,v%,p®). By definition, L is independent of
the velocities in the fibre coordinates p® and therefore it determines a singular Lagrangian
when interpreted as a function on T'P. Locally, the Euler-Lagrange equations for this singular
Lagrangian are

d (OL\ OL . . »
dt<81}z>_aqzz iqu+Biap, 221,...,71,
oL
Op®

= —Biad' + Bapp’, a=1,..., k.

Here we used the following coordinate expression of the 2-form B is %Bijdqi A dg? + Bigdg' A
dp® + %Babdpa A dp®. These Euler-Lagrange equations have a geometric interpretation (see
Proposition 2). First we introduce additional notations.
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Definition 8. Assume a magnetic Lagrangian system (¢ : P — @, L, BB) is given.

1. Tp@Q denotes the fibred product TQ x¢ P and (vg,p), where v, € TQ and p € P such
that e(p) = ¢, is a point in Tp@. Similarly, T5Q denotes the fibred product T*Q x¢o P
and (o, p), with €(p) = g, is an arbitrary element in T5Q.

Ve denotes the distribution on P of tangent vectors vertical to e.

¢ : TP — TpQ is the projection fibred over P that maps v, € T'P onto (T'e(v,),p) € TpQ.
p1: TpQ — TQ is the projection that maps (vg, p) € TpQ onto v, € T'Q.

p2 : TpQ — P is the projection that maps (vq,p) € TpQ onto p € P.

e1: TpQ — T*Q is the projection that maps (o, p) € THQ onto oy € T*Q).

€2 : THQ — P is the projection that maps (a4, p) € THQ onto p € P.

The Legendre transform FL : TpQ — TpQ maps (vg,p) € TpQ to (ag,p) € THQ where
ag € T/Q is determined from

® NS Gk W

d
<O£ y W > = 0 L(U + uw 7p)7
q q du 0 q q

for arbitrary w, € T,Q.

9. The energy Ey, is a function on TpQ defined by Ef(vq,p) = (FL(vg, p), (vq,p)) — L(vg, p).
(Here the contraction of an element (ay,p) € TpQ with (vg, p) € TpQ is defined naturally
as ((ag, p), (vg; ) = (g, vg).)

10. By means of the Legendre transform we can pull-back the presymplectic 2-form ejwg + €58
on THQ to a presymplectic 2-form FL*(ejwg + €58) on TpQ. The latter is denoted by

QLB (Here wg = dfg, with g the Poincaré-Cartan 1-form on 7@ and a presymplectic
2-form is understood to be a closed 2-form, not necessarily of constant rank.)

Proposition 2. Given a curve p(t) in P, and let y(t) denote the curve in TpQ equal to
(4(t),p(t)) € TpQ with q(t) = e(p(t)). The curve p(t) in P is a solution to the Euler—Lagrange
equations for the magnetic Lagrangian system (e : P — Q,L,B) iff v(t) is a solution to the
presymplectic equation

iﬁ(t)QL’B('V(t)) = —dEL(7(?)).

Locally, the presymplectic equation coincides with the previously mentioned Euler—Lagrange
equations, since

L 1 ‘ ‘ . 1
Q8 =d (a ) Ndg" + 5 Bijdg" A dg’ + Biadg® A dp® + 5 Bupdp” 1 dp’,

o'
. ([ OL oL ., [ OL oL  , 0L
Er =" . —dv' — dL =" - ) — —dq¢* — .
dEg, Ud<81ﬂ> +8zﬂdv d vd(éhﬂ) o q ape p

Definition 9. A magnetic Lagrangian system (e : P — Q, L, B)

1) is hyperregular if FL is a diffeomorphism and if the restriction of B to Ve is nondegenerate,

2) is of mechanical type if L(vg, p) = 3 ((vg, D), (vg,2)),, — V(p) with (-}, is a metric on

the vector bundle p; : Tp@Q — P and V is a function on P.

Note that if B is nondegenerate, then the typical fibre of P necessarily has to be even-

dimensional. In a local coordinate chart the nondegeneracy condition on B is expressed by
det By # 0.
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Proposition 3. If a magnetic Lagrangian system (e : P — Q, L, B) is hyperregular, the 2-form
QLB — FL*(ejwg + €5B) determines a symplectic structure on TpQ.

Proof. Assume that the magnetic Lagrangian system is hyperregular. The nondegeneracy
of QB is easily checked if we work in a coordinate chart adapted to the fibration:

oL | ‘ ‘ . 1
QhF =d <8vi> Adg* + 515’@'6161Z AN dg’ + Biadq' N dp® + §Babdp“ A dp®.

Since FL is a diffeomorphism, the 1-forms d (gfl), dq' and dp® provide pointwise a basis
on T*(TpQ). One can now use standard arguments to prove the nondegeneracy. |

We conclude that a hyperregular magnetic Lagrangian system has a symplectic structure
although the Lagrangian itself is singular when interpreted as a function on T'P. The energy E7,
is the Hamiltonian. This is an important observation.

Remark 1. Throughout the paper we only consider magnetic Lagrangian systems that are
hyperregular. This is not a true restriction. The results remain valid for general magnetic
Lagrangian systems: instead of relating Routh reduction to symplectic reduction, it is possible
to relate it to presymplectic reduction [7].

Remark 2. We conclude this section with a remark on equivalent magnetic Lagrangian systems.
Roughly speaking, two Lagrangian systems are equivalent if the resulting dynamics coincide,
more specifically if they produce the same Euler-Lagrange equations. It is well known that
for a Lagrangian system the Euler—Lagrange equations do not change when the Lagrangian is
augmented with a total time derivative of a function on the configuration space. For magnetic
Lagrangian systems this gauge freedom can be extended.

Consider a 1-form « along e, i.e. a section of €2 : THQ) — P, or in other words a linear
function on TpQ given by (vg,p) — (a(p),(vg,p)). When a : P — THQ is composed with
T*coe : THQ — TP, it determines a 1-form on P which, with a slight abuse of notation,
we denote by €*a. Now consider the function L'(vg,p) = L(vg,p) — (a(p), (ve,p)) and the
gyroscopic 2-form B’ = B + de*a. Together they define a new magnetic Lagrangian system
(e: P — Q, L' B) which is equivalent to (e : P — @, L, B).

Lemma 1. The magnetic Lagrangian systems (e, L', B") and (e, L, B) are equivalent.

This is a reformulation of a well-known result in classical mechanics, saying that an exact
gyroscopic force can be taken into account by means of a velocity dependent potential [19].

Proof. We show that any solutions to the Euler-Lagrange equations of (e, L', B) is a solution to
the Euler-Lagrange equations of (e, L, B). We work in a local coordinate neighborhood (g¢*, p®)
as before. We fix a coordinate expression for o = a;(¢’, p*)dg'. The Euler-Lagrange equations
for (¢, L', B') equal, with ¢* = v' and p® = v®

d (oL or’ ;
< > - Biv + B, i=1,...,n,

dt \ v gt -
oL ~
“ap = -Bjv' + B;bvb, a=1,...,k.

It now remains to substitute the definition of L' and B/, i.e. L' = L — o;v* and

Oav; ooy oo
/.. J ? /R ? /o
Bz] — Bz] + <8ql 8q]> 3 Bla - Bla 8])‘17 ab — Bab. .
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4 Magnetic Lagrangian systems with symmetry

4.1 Symplectic reduction: a brief introduction

An overall reference for this section is e.g. [12]. Let (M,w) be a symplectic manifold on which
G acts on the right, U™ : M x G — M. Given a function f : M — g*, then fe for £ € g denotes
the real valued function on M defined by fe(m) = (f(m),§).

Definition 10.

1. The action UM is said to be canonical if (\Ilg/[)*w =w for all g € G.
2. Amap J: M — g* is a momentum map if i¢,,w = —dJg, for £ € g arbitrary.

3. If M is connected, the non-equivariance 1-cocycle o of the momentum map J equals
o: G—og't g J(mg™t) — Ady-1(J(m)),
where m is arbitrary in M.

The definition of o is independent of m (see [1]). Recall that a 1-cocycle with values in g*
statisfies, for g, h € G arbitrary,

o(gh) =o(g) + Ady—.o(h).

Definition 11. Let ¢ be a 1-cocycle with values in g*. The affine action of G on g* with
l-cocycle o is given by (g, ) — Adju + o(g~1) for arbitrary pu € g* and g € G.

The momentum map J is equivariant with respect to the affine action with 1-cocyle from
Definition 10: .J(mg) = Ad}J(m) + o(g~"). For a fixed element p € g*, the Lie group G, < G

denotes the isotropy subgroup of p w.r.t. the affine action, i.e. g € G, if p = Adgu + a(g™!) or
equivalently if

p—J(mg) = Adg(p — J(m)).

Theorem 2 (symplectic reduction SR). Let (M,w) be a symplectic manifold, with G acting
canonically on M. Let J be a momentum map for this action with non-equivariance cocycle o.
Assume that i is a reqular value of J, and denote by G, the isotropy group of j under the affine
action of G on g*. Then the pair (M, w,) is a symplectic manifold, with M, = J~'(n)/G,
and with wy, a 2-form on M, uniquely determined from ij,w = T wy, with i, : J Y ) = M and
mu I () = My, = JHw)/G,.

Any Hamiltonian h on M which is invariant under the action of G induces a function h,
on My, satisfying m,h, = iyh. The Hamiltonian vector field X, is tangent to J~ (1) and the
corresponding vector field on J~(p) is mu-related to the Hamiltonian vector field Xp, on M,,.

4.2 Invariant magnetic Lagrangian systems and momentum maps

In order to define invariant magnetic Lagrangian systems, we start from a free and proper action
of a Lie group G on both P and @ such that they commute with e: for arbitrary g € G,

60\1152\11306. (1)

In other words, G acts on € : P — @ by bundle automorphisms. The projections of the principal
bundles are denoted by 7% : Q — Q/G and 7 : P — P/G. These actions induce lifted right
actions on TpQ and THQ:
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1) Wy (vg,p) = (TS (vy), UL (p)) for (vg,p) € TpQ and g € G,

2) Wy (ag.p) = (T°0Y, (), U (p)) for (ag,p) € THQ and g € G.
Definition 12. A magnetic Lagrangian system (e : P — @, L, B) is G-invariant if

1) B is invariant under the action of W’ (\115)*8 =B forall g € G,

2) the Lagrangian L is invariant under the lifted action W7r% on TpQ, i.e. Lo \IlgTP Q=L for
all g € G.

Let (e : P — @, L, B) be a G-invariant hyperregular magnetic Lagrangian system and consider
the symplectic 2-form ejwg + €58 on THQ.

Proposition 4. The action WTP? is canonical and the Legendre transform FL : TpQ — T5Q

s equivariant, i.e. FL o \IIZPQ = \I/ZPQ oFL. As a consequence the action WIPQ is canonical

w.r.t. QLB

Proof. Note that €1 o \P?PQ = T*\IJQ,1 o€ and ey 0 \IJZPQ = U 0 ¢y. Since the action \IIE*Q =
g g

T*\Ilf_l on T*Q is canonical w.r.t. wg and since B is a G-invariant 2-form on P, we conclude that

UTrQ is canonical. To show the equivariance of FL we use its definition: let g € G, Vg, wg € TQ
be arbitrary, then

d
(FL (\I’gTPQ(Uqap)) 7‘P§PQ(wq7p)> = du » L<\I/9TPQ<”q + uwg))
d
= L(vg + uwy) = (FL(vg, p), (wq, p))- [ |
U u=0

In order to define a momentum map, we introduce a concept that is similar to the so-called
Bg-potential in [12].
Definition 13. A g*-valued function § on P is a Bg-potential for the magnetic 2-form B if
iepB = dd¢ for any £ € g.

Recall that d¢ is defined pointwise as d¢(p) = (6(p),§). If B is G-invariant and admits
a Bg-potential 9, then it follows that d((\Ifg)*dg — 0ad,e) = 0. If P is connected, this induces
a g*-valued 1-cocycle on G:

o5 G—g5 g (U,1)%(p) — A} - 6(p),

with p arbitrary in P. The infinitesimal version of this 1-cocycle is denoted by 5(&,n)
—(Teos5(§),m). Tt is a 2-cocycle on the Lie algebra and satisfies ¥5(&, 1) = —B(p,np) — Ofe. =
§p(6y) — dj¢,y- For the following proposition, recall from Definition 2 that (W) T*Q — g* is
the dual of the infinitesimal action of G on Q.

Proposition 5. The map Js = (¢%?)*oe; —doey is a momentum map for the symplectic manifold
(TpQ, ejwg + €3B) with non-equivariance 1-cocycle —os. Due to the equivariance of FL, the
map Jr s = Js o FL is a momentum map for the symplectic manifold (TpQ, QLB) with non-
equivariance 1-cocycle —oy.

Proof. The map (¢9)* : T*Q — g* is an equivariant momentum map for the symplectic
manifold (T*Q,wq). It is straightforward that the combined map J; = (¢9)* o e; — § o ey is
a momentum map for the lifted action on TH@Q w.r.t. the symplectic form ejwg + €5B with
non-equivariance cocycle —ogs. The rest of the statement follows by construction. |

We conclude that the symplectic structures (TpQ, 25B) and (THQ, eiwg + €3B) associated
to a G-invariant and hyperregular magnetic Lagrangian system with a Bg-potential § admit
a momentum map with cocycle —os and are amenable to symplectic reduction.
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5 Routh reduction for magnetic Lagrangian systems

5.1 Magnetic cotangent bundle reduction

In this section we study the reduction of the symplectic manifold (T5Q, €jwg + €58) determined
from the magnetic 2-form B of a G-invariant hyperregular magnetic Lagrangian system with
Bg-potential §. From Proposition 5, it follows that the function Js is a momentum map with
non-equivariance cocycle —os. As usual, G, denotes the isotropy subgroup of u € g* for the
affine action.

Proposition 6. Fiz a connection A9 on the bundle 7% : Q — Q/G and a regular value u of
the momentum map Js.

9 € Gy iff p+d(pg) = Adg(p +6(p)).

AP = €* A9 is a principal connection on 17 : P — P/G.

The 1-form {u+ 6, AF) on P is G,-invariant.

The 2-form B+ d({i + 8, AY)) is G ,-invariant and reducible to a 2-form on P/G,,.

The quotient manifold J5 ' (11)/G, is diffeomorphic to T;/GH (Q/G).

ANl o

Proof. Recall the pointwise definition of (u+6, A”): given v, € TP, then (u+4§, A")(p)(v,) :=
(1 + 0(p), AP (p)(vp)). Below, (u + d(p), A"(p)) € T;P denotes the cotangent vector (u -+
5, AT (p). We continue with the proof.

1. This is straightforward from the definition of oy.

2. The g*-valued 1-form A" determines a principal connection if it satisfies A" (£p) = € for
all € € g, and if (U0)* A" = Ad;-1 - A" for all g € G-

AP (€p)(p) = A%(e(0))(Te(Ep(p))) = A%(e(p)) (Co(e(p)) =& and
(UEy AP = (B e A9 = e (T2)* A9 = Ady-1 - € A9 = Ad -1 - AT

3. The pull-back 1-form (\115)*<u + 6, A") equals

(1 +3(pg), (T5)* A")(p)) = (Adg (1 + 8(p)), Adg-1 - A”(p)).

4. That B+ d({u + 6, AF)) is G,-invariant is a straightforward consequence of 3. It is
projectable to P/G), since the contraction with any fundamental vector field {p with £ € g,
vanishes:

iep (d((n+ 0, A7) + B) = Lep, ((n+ 6, A7) — d((pn+ 6,£)) + db;
= (Ep(u+8), A") + (u+d,ad_¢ - AT) — db¢ + do¢
= (¢p(0) — adgp — adgd, APy =0,

where we used the fact that £ € g, or equivalently adZu = 1¢X5.

5. Similar to cotangent bundle reduction, we use a ‘shift map’ to construct the required
diffeomorphism. Recall that V79 denotes the bundle of tangent vectors vertical to 79 : Q —
Q/G. The subbundle VO7® of T*Q is defined as the annihilator of V9. Below we introduce
a shift map ¢;j‘ between Jé_l(,u) and VPQWQ =Vor@ X g P and we show that it is equivariant w.r.t.
to actions of G, obtained by restriction of 7@ to J(S_l(u) and V37®. This is sufficient for gi)ﬁl
to project to a diffeomorphism [qb:ﬂ between the quotient spaces. This provides us with the
desired diffeomorphism because the quotient of V37? is well known: V3n%/G,, =T}, /G (Q/G).
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Definition of the shift map. In the following we use a slight abuse of notations: if we
write (1 + 6(p), A9 (q)) for some p € P and ¢ = €(p), then this is the cotangent vector in 5Q
determined by v, +— (1 + 6(p), A9 (q)(v,)). Let ¢,’f be the map

g Iy w) = Vimgs  (ag,p) = (ag — (u+6(p), A%(a)), ).

It is well defined, i.e. gbﬁ(aq,p) € V3@ for any (aq,p) in the level set J; () since

(65t (0q ), (6(a): ) = {0 (@) — {1+ 3(p), A%(0) (0(a)))
= (Js(agsp),€) = (1,€) = 0.

Equivariance of the shift map. For arbitrary g € G,

¢t (05" (g, p)) = (T7WE 1 (0g) = 11+ 6(pg), A (a9)), 1)
= <T*\II§_1 (aq - <M + 5(pg)7Adg*1 : AQ(Q)>) 7pg>

= (102, (0 — {1+ 3(0), A%0) pg) = 05" (67 (0,p) -

The projection of qb;j‘ is thus well defined, and it is denoted by [d)l“jl], ie. [gbﬁ‘] I (w)/G —
VPQWQ/G/L = Tf;/gM (Q/G). |

Definition 14. B is the 2-form on P/G,, obtained after reducing B 4 d({i + 6, A")).

In the following proposition we put a symplectic structure on the fibred product 77 /G (Q/G)
=T"(Q/G) xg)c P/G. The notations are similar to those on T5Q.

Definition 15. We define the projections

1) €1 : T;’/GH (Q/G) — T*(Q/G)7
2) & Tjg (Q/G) = P/G.

The canonical symplectic 2-form on 7*(Q/G) is denoted by wg /-

Completely analogous to the construction on T5@Q, we introduce €jwg /¢ + 6;[;’ as a 2-form
on T;’/GM(Q/G)'

A
¢ o

IS (W) Vin@

am 71—2
[674] &

M, = Jy H(w)/Gy —— T;/GH(Q/G)

P/G,

€1

T(Q/G)

Figure 1. Cotangent bundle reduction (notations as in Theorem 2 with M = TEQ).
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Theorem 3 (Generalized magnetic cotangent bundle reduction). Let p denote a regular value of
the momentum map Js for the symplectic structure (THQ, €jwqg+€5B) with isotropy subgroup G,
and let A% be a principal connection on Q — Q/G. Then the symplectically reduced manifold
(M, w,) is symplectomorphic to (T;/GH(Q/G)’ €lwg/a + €§l§)), with symplectomorphism [qb;f].

Although this result is a straightforward extension of standard magnetic cotangent bundle
reduction in [12], we include a proof because its method turns out to be useful later on.

Proof. Let ig denote the injection V379 — T5Q and 7r2 the projection V379 — TI’S/GM(Q/G).
We know that [gbﬁ‘] is a diffeomorphism, and therefore it only remains to show that the 2-form
&wg/c + &8 is pull-backed to w, under this map (and therefore, implicitly €jwg /g + &8 will
be nondegenerate).

We use the fact that w), is uniquely determined by ijwq = 7wy, with i, J(S_l(u) — TpQ
the natural inclusion and =, : ng(,u) — M, the projection to the quotient space. Due to the
uniqueness property, it is therefore sufficient to show that

T ([95] (Ewoya + &B)) = iy (iwg + eB). (2)
The left-hand side of (2). Since [qﬁ;j‘] om, = wgogbﬁ‘ the left-hand side of the above equation
is (79 0 ¢71)* (Ewo/c + E8B).
The right-hand side of (2). We first show the equality of two 1-forms:
in(eig)  and  (6)" (it (10 + e3(u+ 5,A7)) ).

Let (ag,p) € J5 ' (1), Viagp) € T(THQ) a tangent vector to J5 (1) and v, € T,Q denotes the
projection of Vi, ). Then, the first 1-form equals

i(€10Q) (g, P) Ve, p) = @ (g)(Te1(Via, ) = (g, vg)-

The second 1-form evaluated on this tangent vector gives

(&) (id (€360 + eatpe + 6,.47)) ) (a0, P) (Viay )
= 0 (g — (1 + 3(p), A%@))) (Ter (T(67) (Via, ) + (1 + 6(p), A%() (v5))
= (g, vg)-

The two 1-forms are identical and after taking the exterior derivative and adding €38, we obtain
that the right-hand side of (2) equals

inleiwq + &5B) = (o) (it (ciw + s(d(u + 6, 47) + B)) ).

Since (i) (€2 0 WS)*B = (€9 0ig)*(d{p + 0, AP) + B), and (ii) (€1 o ) 0 ¢ = igeifq, one easily

verifies that the left-hand side equals the right-hand side in (2). [

We conclude with a result on the behavior of a symplectomorphism under symplectic re-
duction. Assume two symplectic manifolds (M,Q) and (M’,) and a symplectomorphism
f M — M (ie. a map for which f*Q = Q) are given. We assume in addition that both
M and M’ are equipped with a canonical free and proper action of G. Let J : M — g* and
J' : M' — g* denote corresponding momentum maps for these actions on M and M’ respec-
tively. We say that f is equivariant if f(mg) = f(m)g for arbitrary m € P, g € G. Note that the
non-equivariance cocycles for J and J’ are equal up to a coboundary. Without loss of generality
we may assume that f*J’ = J and that the non-equivariance cocycles coincide. This in turn
guarantees that the affine actions on g* coincide and that the isotropy groups of an element
1 € g* coincide for both affine actions. Finally, fix a regular value p € g* for both J and J'.
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Theorem 4. If f is an equivariant symplectic diffeomorphism M — M', such that J' = Jo f,
then under symplectic reduction, the symplectic manifolds (M,,,$2,) and (M), QL) are symplec-
tically diffeomorphic under the map

[fu] My, — Mlld [m]Gu = [f(m)]Gu

Proof. This is a straightforward result. Since f is a diffeomorphism for which J' = Jo f,
the restriction f, of f to J~(u) determines a diffeomorphism from J~!(u) to J~'(u). The
equivariance implies that f,, reduces to a diffeomorphism [f,] from M, = J~(u)/G, to Mj, =
J' "N ()/G,.. Tt is our purpose to show that [f,]*€/, = €, or since both m, and 7/, are projec-
tions, that 7, = fi (7, Q). The determining property for Q,, is 7, = i;,Q (and similarly
for 2,). From diagram chasing we have that ;2 = f;(i;;©)'). Then

T = 5,0 = i) = fi () = mi([fu]" ),

since W;L o fu = [fu] o7, by definition. This concludes the proof. |

5.2 Routh reduction for magnetic Lagrangian systems

In Proposition 5 we have introduced the momentum map Jy s = Js o FL for a G-invariant
hyperregular magnetic Lagrangian system (e : P — Q, L, B), i.e.

(Jr5(vg,p), &) = (FL(vg, p), (§(q),P)) — ¢ (p)-

We know from Proposition 4 that the Legendre transform FL is equivariant. After restriction
to Jgg(,u) it reduces to a symplectic diffeomorphism between the symplectically reduced spaces

Jr 5(1)/Gy and J5'(u)/G, (see also Theorem 4). The following diagram summarizes these
previous observations.

FL

(TrQ.05") (THQ, €jwq + e3B)

SR SR+(¢7]

(67 1o[(FL) ]

(JL5(10)/ G ) (T}, (Q/G), Ewgyc + &B)

Figure 2. Diagram relating tangent and cotangent reduction (SR = symplectic reduction).

We are now only three steps away from a description of Routh reduction for magnetic La-
grangian systems. The final goal is to describe the symplectic reduced manifold (JE};(N) /G, )
as a symplectic manifold associated with a new magnetic Lagrangian system, with Lagrangian
say L.

1. The first step is the construction of a diffeomorphism A, : Tp)q, (Q/G) — J;5(0)/G

This is crucial because the Hamiltonian dynamics determined by the Euler-Lagrange equations
reduce to Hamiltonian dynamics on a manifold of the form Tp/q,(Q/G). If we can characterize
this reduced dynamics as the Euler-Lagrange equations of a magnetic Lagrangian system with
configuration manifold P/G,, — Q/G, we have developed a Routh reduction technique for mag-
netic Lagrangian systems. This characterization consists of the two remaining steps mentioned
before:
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2. We show that the composition [gbﬁ‘] o [(FL),] o A, equals the fibre derivative of some

Lagrangian function L on Tpiq, (Q/@G), and this implies that the symplectic 2-form AWM
on Tp/q,(Q/G) is of the form

FL*(Ewgc + &B),
which is the symplectic structure associated to the reduced magnetic Lagrangian system
(P/Gu — Q/G, L, B);

3. We show that the reduction of the energy E7 in the symplectic reduction scheme is pre-
cisely the energy F; on Tp /Gu(Q /G). This guarantees that the Euler-Lagrange equations

associated to the reduced Lagrangian L are related to the Euler-Lagrange equations for L.

The new reduced Lagrangian L is what we call the Routhian (it is often alternatively denoted
by R or R*). This is summarized in the diagram in Fig. 3.

LB L () o .
(TrQ,025") (TpQ, €jwq + €8)

SR+A* SR+(¢7]

(Tr/c,(Q/G), QL5 (T}, (Q/G), Ewg e + EB)

Figure 3. A symplectic view on Routh reduction.

Step 1: the definition of A, : Tp/q,(Q/G) — Ji}s(u)/G#. First consider the map
IL, : JZ};(H)/GM — Tp/g,(Q/G) which is obtained from the G -invariance of the map

JL_,(I;(M) — Tp,(Q/G); (vg;p) = (T7%(vy), [Pla,.)-

We will define the map A, as the inverse of II,,. In general however, II,, is not invertible. The
following definition is the analogue of G-regularity for a classical Lagrangian.

Definition 16. The Lagrangian L of a G-invariant magnetic Lagrangian system is called G-
regular if the map Jr 5|, ) * 8 = 8%5& = Jrs(vg + §o(q),p) is a diffeomorphism for all
(qup) € TPQ'

Every mechanical G-invariant magnetic Lagrangian system is G-regular because J, L}(;](
an affine map modeled on the metric on g obtained from the kinetic energy metric.

qup) 18

Proposition 7. 11, is a diffeomorphism if the Lagrangian is G-regular.

Proof. We construct the inverse for II,. Choose an element (v(,,[plc,) in Tp/q,(Q/G) and
fix a point (vg,p) € TpQ that projects onto (v, [Pla, ), i-e. Tr®v,) = vjg and p € [p]g,. Due
to the G-regularity of L, there exists a unique element £ in g such that Jg 5(vq + £0(q),p) = p.
The orbit of the point (vy+£¢g(q), p) under the G,-action determines an element in J;% ()G
We will show that this construction is independent of the chosen point (vq,p), and therefore
defines a map Ay, : Tp/q,(Q/G) — Jg’}s(,u)/Gu which is the inverse to II,.

To show that the construction is independent of the chosen point (vg, p) in TpQ, we choose
any other point (vg,p’) in TpQ projecting onto (viy,, [plc,). The point is of the form (vg,p) =
(\Ing(vq +n0(q)), pg) for some g € G, and n € g. We now repeat the previous construction
applied to (vj,p’): we consider a unique element ¢ € g for which JL75(\I/§Q(U(1 + n0(q)) +
{'Q(qg),pg) = p. Due to the equivariance of Jr, 5, we conclude that

1= Jus(UF9(vg +n0(q) + £5(a9), pg) = A - T 5(vg + (n + Adg€)q(a),p) — os(g™ ")
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Since g € G, we may conclude that J, 5(vg+(n+Ade&)g(q), p) = p and therefore n+Ady&" = €.
This implies that (vg + §5(q),p') = \IIZPQ(UQ +&o(q),p) for g € G, such that p’ = pg. This
concludes the proof. |

The previous proposition guarantees that for a given G-regular Lagrangian and a bundle
adapted coordinate chart (z",¢™) in @ — Q/G and (2",¢",p%) in P — @, the functions
(", 2", g™, p") determine a coordinate chart in JL_j; (). This is useful in the following.

Step 2: the reduced symplectomorphism. We will now introduce a new Lagrangian L
on Tp/g, (Q/G) with the property that its Legendre transform FL : Tpic,(Q/G) — ey (Q/G)
is precisely the reduced Legendre transform [(FL),], more specifically FL = [gb;j‘] o[(FL)u)o Ay

As is already described in [10], the structure of the Lagrangian L is completely determined by
the cotangent bundle reduction scheme, and in particular by the shift map d)ﬁ‘ from Jg L) —
V3m?. To make this statement more precise, we remark that [gb;f] o[(FL),] is the quotient map
of ¢7t o FL. Thus, if [(vg, p)]e, is arbitrary in J7 §(u)/G, then [¢7] o [(FL),]([(vg, p))c,,) is the
quotient of

I

FL(vg,p) — ({1 + 6(p), A% (q)), p) -

The latter is the fibre derivative of a new function on TpQ, namely L(vg, p)—{u+3(p), A% (q)(vy))-
This function is clearly G-invariant.

Definition 17. The function L is defined as the pull-back under A, of the quotient map of the
restriction to J; (u) of the function

(vg,p) = L(vg, p) — {1t + 8(p), A%(q)(vy)) -
Lemma 2. FL = [¢7] o [(FL),] o A,,.

Proof. Fix elements (vy,[plc,) € Tp/q,(Q/G) and fix a representative (vg,p) € JL_%(M) in
the orbit A, (vg ., [Plc,.) € JL_%(M)/GW By definition of the maps involved, we have

([0 0 [(FL),] 0 A (Vg Pla,) = (19 0 7 (FL(vg, p))
=10 (FL(vg, p) — ({1 + 8(p), A%()), D).

Next we study the fibre derivative of the map L. Fix a point (w[q] o [p]Gu) and we compute

L(vigq + uwig, [Pla,)-

u=0

<F[~/(’U[q}g, lG,.), (w[q]G’ [p}GM)> - diu

We construct a curve v +— ((u) in Ji%(,u) that projects onto the curve u +— A, (v, +
UW(g» [Pla,) in JL_};(,u)/Gu such that ¢(0) = (vg,p) and ((0) is vertical to the projection
P20, JL_j;(,u) — P (recall that ps : TpQ — P is the projection onto the second factor in
the fibred product).

The existence of such a curve is best shown in a specific coordinate chart (see above) for
JL_l(,u): (x",z",¢g™,p") where the index r = 1,...,dimQ/G, m = 1,...,dimG and a =
1,...,dim P — dim@. Note that (z",%") is a coordinate chart in T'(Q)/G). In these coordi-
nates, we let (vq,p) = (24, 20, 90", p§) and wig, = (25, wg). We define the curve ((u) to be the
curve u — (x4, &l + uw}, g, p&). Then the tangent vector to T)p1(¢(0)) is the vertical lift of

some w, € T,Q with T7?(w,) = Wil
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Finally, from the definition of L and the fibre derivative FL we obtain

(FL(o: )6 (e Plc,) ) = % = {46, A9)) (<)

= (FL(vg,p) — ({1 + 6(p), A%(a)), p), (wg, p))

= (m (FL(vg, p) = ({1 +(p), A%(@)).p)), (wigg» PlG,)) »
since FL(vg,p) — ({1t + 3(p), A9(q)), p) € V3r?. This concludes the proof. [ ]

Step 3: the reduced energy Hamiltonian. The third and last step concerns the specific
reduced dynamics. We have to relate the energy E; on TpQ to the energy of the Routhian L
on Tp/q,(Q/G). In the following Lemma we again use the notations from Theorem 2 applied
to the reduction of the symplectic structure on (TpQ, Q%5).

Lemma 3. The energy Ej is the reduced Hamiltonian, i.e. it satisfies:
(I, 0 m,) By = i
with 1, o m,, : J;l (1) — Jié(u)/GM = Tp/g,(Q/G) and iy, : Jil (1) = TpQ.

Proof. Let (vg,p) € Ji}s(u), such that (II, o 7,)(vg, P) = (v}g, [Ple,). Then

iZEL(qup) = <FL(Uq,p), (Uq,p)> - L(qup)
= ((¢7 o (FL),.)(vg, 1), (vg, p)) — (L(vg,p) — {1+ 8(p), A%(q)(v)))
= (([#7] © [(FL)] © ) (vigies [Pl ) (Viges Pl ) — Llvgges Ple,)-

Using the result from Lemma 2 this concludes the proof. |

Routh reduction. The previous three steps are summarized in the following theorem.

Theorem 5 (Routh reduction for magnetic Lagrangian systems). Let (e : P — Q, L, B) be a hy-
perregular, G-invariant and G-regular magnetic Lagrangian system and let § be a Bg-potential
of the magnetic term B with 1-cocycle os.

1. Let p € g* be a regular value of the momentum map Jr s and let G, be the isotropy
subgroup of p w.r.t. the affine action on g* with 1-cocycle —os, i.e. g € G, if and only if
p=Adyp—os(g7").

2. Fiz a connection A9 on 79 : Q — Q/G and let AT be the corresponding connection

on P — P/G. Compute the restriction of the G-invariant function L(vg,p) — (u +
5(p), A%(q)(vq)) to JZ,(IS(M) and let L be its quotient to Tp/q, (Q/G) = JL_’(IS(M)/G#.

3. Compute B as the projection to P/G,, of the 2-form B + d{u + 6, APy,
4. Consider the magnetic Lagrangian system: (&, : P/G, — Q/G, L, B).

This reduced magnetic Lagrangian system is hyperreqular and every solution p(t) € P to the
FEuler-Lagrange equations for (e, L, B) with momentum p projects under P — P/G,, to a solution
of the Euler-Lagrange equations for (€, : P/G, — Q/G,L,B). Conversely, every solution to
the Euler—Lagrange equations for (€, : P/G,, — Q/G, L, B) is the projection of a solution to the
Euler—Lagrange equations for (e, L, B) with momentum p.

It is possible to say more about the structure of B and its relation to the connection A%.
This and reconstruction aspects fall out of the scope of this paper. We refer to [11] where
these topics are described in more detail. They carry over to this more general framework in
a straightforward way.
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5.3 Reduction of magnetic Lagrangian systems on Lie groups

Consider a magnetic Lagrangian system on P = ) = G, i.e. the configuration space is a Lie
group G. We start from a function ¢ on g and with it we associate a Lagrangian L on TG
by right multiplication L(g,vy) = £(vygg~'). By definition L is invariant under the right action
of G on itself. We assume that a magnetic 2-form B is given which is invariant under right
multiplication and admits a Bg-potential § : G — g*. We first rephrase some definitions in this
specific setting.

1. The 1-cocycle o5 : G — g* satisfies o5(g) = 6(hg_1)—AdZ,1(5(h), for arbitrary h € G. If we
let h = e, then os(g) = 6(g~!) — Adj_.6(e) or equivalently, Adyos(g) = Ad;o(g~t) —d(e).
Similarly if we let h = g, then o5(g) = d(e) — Ad;-16(g). Since § is determined up to
a constant, we may assume without loss of generality that d(e) = 0.

2. The associated 2-cocycle X5(£,1) = §a(dy) — e -

3. We use the right identification of TG with G x g, i.e. (g, v,) is mapped to (g,v,97 %) € Gxg.
The right action of G on T'G equals right multiplication in the first factor of G x g under

this identification.

4. We use the Maurer—Cartan principal connection on G — G/G: A(g)(vy) = g 'vy. In the

right identification, the connection corresponds to the map (g,{) € G x g+ Ad,1§ € g.

5. The momentum map Jr 5 : TG — g* equals Jp 5(g,§g) = AdF((€)—d(g), for (g,§) € Gxg
arbitrary. If L is G-regular then F/ is invertible, i.e. there exists a function x : g* — g
such that Fl(x(v)) = v.

6. The affine action on g* is (g, ) = Adju — os(g™1).
7. The isotropy group G, consists of group elements g such that p + §(g) = Adgp.

8. The quotient G/G,, (right coset space) can be identified with O,, i.e. 9], € G/G, is
mapped onto v = Ad, 1 p — 05(g9) = Ad, . (1 + (g)). A tangent vector to G/G, at [g]a,
which is the projection of £g is mapped to a vector v = —adZV +i¢Xs in g*.

Lemma 4. The 2-form B + d({u + 6, A)) reduces to the Kirillov-Kostant-Souriau symplectic
2-form on O, = G/G,,.

Proof. Let g be arbitrary, and let v, = {g, wy = g be two tangent vectors in Ty;G' with {,n € g
arbitrary. Note that v, = £ (g) with £’ = Ad,-1€, and similarly w, = 1 (g) with 7 = Ad 1.
Then

B(9)(vg, wq) = B(9)(€c(9), 16:(9)) = 16 (0er) (9)-
On the other hand

d((p + 6, 4))(9)(vg, wg) = & ({u+0,1))(9) — n(( + 6,€))(9) — (1 +(g), [ n'])-

Before continuing, we compute the equivariance of the 2-cocycle X5(&,n):

d _ d _ *
S5(¢'s1) = —-(o5(g ™ expség). ) = —-(0s(g ™" exp s€) + Adiyy,g05(9): 1)

d — * * *
= —£<05(g 1) + Adgag(exp s€) + AdgAdg,, _Sgag(g), Adg-1m)

= 35(&,m) + (o5(9), [, 1))

Summarizing, we have

(B + d({u+6,A)))(9)(vg, wg) = £ ({1 + 6,1))(g) — (u+ 5(g), [€',n])
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=35(", 1) 4 0jrpy(9) — (e +0(9), [€',7'])
=%5(&n) — (Ady-1pt — 05(9), [§, m])-

This 2-form is reducible to a 2-form on (’}#. If we use the isomorphism G/G,, — @# introduced
above, the 2-form reduces to B(v)(v,’) = (©,n) with n € g such that ' = —ad;v +i,%5. W

We conclude by computing the Routhian L as a function on @u- By definition, it equals the
reduction to O, of L — (u+ 0, A)|s, ;=4 In the right identification, the level set Jr 5(g,vy) = p
is precisely Ady_i(p+ 6(g)) = FU(E), with {g = vg. If we set v = AdJ_.(n+6(g)) € O,, the

fixed momentum condition is £ = x(v). The Routhian f/(y) becomes in the right identification

L(v) = t(x(¥)) = (v, x(v))-

By application of the chain rule, it easily follows that (dL(v),o') = —(/, x(v)). The reduced
Euler-Lagrange equations are

ipB(v) =dL(v) or U= —ad) )V + iyw)Zs. (3)

For later purpose, we remark that for a left action and ¢ originating from a left invariant
Lagrangian, the reduced equations are v = ad?* (V)V—z'x(l,)z(g (here the 1-cocycle satisfies o5(g) =

5(9))- !

6 Routh reduction by stages

In reduction by stages, we study the reduction of a G-invariant system (symplectic or La-
grangian) under the action of the full group G and under the induced action w.r.t. a normal
subgroup K <1 G. We shall adopt as far as possible the notations used in [12]. A detailed
construction of the following definitions is found in this reference.

Definition 18.

1. The Lie-algebra of K is K and i denotes the injection i : & — g with dual ¢* : g* — &*.

2. The group G acts on K by restriction of the adjoint action. The induced action of G on
£* is denoted by the same symbol Ad* : G x & — &*.

3. p denotes an element in g* and v € K*. Then G, is the isotropy subgroup of x under the
Ad*-action of G on g*; G, is the isotropy subgroup of v under the Ad*-action of G on &*
obtained as the dual of the restricted Ad-action of G on K; and K, is the isotropy of v
w.r.t. to standard coadjoint action of K on K*. These groups satisfy G, " K = K, and K,
is normal in G,,.

4. g, and K, denote the Lie algebras of G, and K, respectively. G, denotes the quotient
group G, /K, and its Lie algebra equals g, = g,/ R,

5. The projections onto the quotient groups are denoted by r : G — G=G/Kandr,:G, —
G, and on the level of the Lie algebra: ' : g — g = g/f& and 7/, : g, — g,. The inclusion
map G, — G induces a map k, : g, — g, with its dual £} : g* — g}.

6. p denotes an element in gj,.

In [12] symplectic reduction by stages is performed under the condition of a so-called ‘stages
hypothesis’. An element p € g* is said to satisfy the stages hypothesis if for any u' € g*
satisfying plg = p/|s = v and plg, = p'|g, = 7, there exists an element k € K, and g € (G,)p
such that Adzgu’ = u. The stages hypothesis is a condition on a chosen momentum value and
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depends only on the symmetry group G. It was already clear in [12] that the hypothesis is
automatically satisfied if G is a central extension or if G is a semi-direct product group. In the
recent contribution [16] it has been pointed out that the hypothesis is in fact always satisfied,
and that it can be taken out of the reduction by stages statements altogether. Taking advantage
of this result, in this paper, we will not make further reference to the stages hypothesis.

6.1 Symplectic reduction by stages

Theorem 6 (Symplectic reduction by stages [12]). Let (M,w) be a symplectic manifold with
a canonical G-action UM with an equivariant momentum map Ja.

1. Fix a reqular value p € g* of the momentum map and perform symplectic reduction to
obtain the symplectic manifold (M, w,,).

2. The restriction of the action VM to K is canonical and the map Jx = i* o Jg : M — R*
determines an equivariant momentum map for this induced action. Fix a reqular value v
of Ji and perform symplectic reduction to obtain the symplectic manifold (M,,w,).

3. The level set Ji.* (v) is G, -invariant.

4. The group G, = G, /K, acts on M, by projecting the restricted action of G, on J[_(l(v).
This induced action W™Mv is free, proper and canonical on (M,,w,). Assume that K, is
connected.

5. Fiz an element v in g}, such that the restriction of U|g, equals v|g,. There is a well-defined
momentum map Jg : M, — g; for the induced action UMy This momentum map is
determined from Jg and U and has a non-equivariance cocycle: Jg satisfies

(r,) o Jg, om, =kjoJgoi, — .
6. Let p € g, be a regular value for the momentum map Jg, and let (G,,)p be the isotropy

subgroup of p w.r.t. the affine action of G, on g},. Perform symplectic reduction to obtain
the symplectic manifold ((My),, (wy),) with (M,), = Jél(p)/(él,)p.

If p is chosen such that (r],)*p = plg, — U, then there exists a symplectic diffeomorphism
F: (M;uwu) - ((Mu)pa (Wu)p)-

For our purpose it is also important to understand the reduction of a G-invariant Hamil-
tonian h on M. We assume that all conditions in Theorem 6 are satisfied. First note that,
by definition of the momentum maps, we have an inclusion j, of Jél(,u) in J;'(v). Recall
that we use m, for the projection Ji'(v) — M,. It was shown in [12] that the image of
Ty 0 ju + J5'(u) — M, is contained in Jg:(p) Moreover, this map is equivariant w.r.t. the

action of G, on J5'(u) and (G,), on Jél(p) (this makes sense, since G, projects to a subset

of (G,),). The quotient of 7, 0j, is the symplectic diffeomorphism F' mentioned in the previous
theorem (see also Fig. 4).

Let h be a G-invariant Hamiltonian on M and let h, be the function on M, obtained from
7,y = 17, H. On the other hand we let h, be the function satisfying mjh, = i;h. This function is
Gy-invariant: h,((m]k, [g]k,) = h(i,(mg)) = h(i,(m)g), with m € J'(v) and g € G, arbitrary.
Note that (7, 0 j,)*h, = i;h._

The Hamiltonian h,, is a G\,-invariant function on (M,,w,). Applying the second symplectic
reduction to this manifold, we obtain a new reduced Hamiltonian (h,), on (M,),.

Proposition 8. F*((h,),) = hy.
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7TVij,
T gy
75 (n) JeHe) —= M,
o
Ty Tp \
F
M, (M),

Figure 4. Commuting diagram relating the different reduced symplectic manifolds.

Proof. We rely on the commuting diagram in Fig. 4:
T (F"((hw)p)) = (0 © ju) "y = 13, (h).

This uniquely characterizes F*((h,),) as the function h,. [

6.2 Routh reduction by stages

Routh reduction by stages is symplectic reduction by stages applied to the symplectic struc-
ture of the initial Lagrangian system. In this section we show that the symplectic structures
and energy hamiltonians in the different stages can in fact be associated to specific magnetic
Lagrangians systems, and eventually gives us Routh reduction by stages. The symplectic re-
duction by stages then provides us a diffeomorphism relating the solutions of the different
Euler—Lagrange equations for the Lagrangian systems in the final stages.

We start with a hyperregular Lagrangian L, invariant under the action of a Lie group G. We
assume that this Lagrangian satisfies a regularity condition which is more stringent than mere
G-regularity.

Definition 19. The Lagrangian L is said to be G-hyperregular if for any v, € T'Q) and any
subspace & < g with injection i’ : & — g, the mapping 7" o Jp|y, 0@’ : & — &* defined by
& (Jr(vg + (7(€)o(q))) is invertible.

Lagrangians of mechanical type are G-hyperregular. Let K be a normal subgroup of G, K the
Lie algebra of K and i : 8 — g the canonical injection. Due to the hyperregularity the invariant
Lagrangian L is both G- and K-hyperregular, and both G- and K-invariant. By definition of Jp,
the map i* o J; = i* o (¢7?9)* o FL is the momentum map for the K-action.

Theorem 7 (Routh reduction by stages). Assume (Q, L) is a hyperregular, G-hyperregular and
G-invariant Lagrangian system. Let K denote a normal subgroup of G.

1. Let pu € g* be a regular value of the momentum map Jr, and A° a G-connection on Q. Let
(Q/Gu — Q/G, Lo, By) be the magnetic Lagrangian system obtained by performing Routh
reduction with respect to G.

2. Fiz a regular value v € K of the momentum map i* o Jp for the K-action and a K-
connection A* on Q. Assume that A' is G-equivariant w.r.t. the action of G on Q and £*.
Consider the magnetic Lagrangian system (Q/K, — Q/K, L1,B1) obtained by performing
Routh reduction with respect to K.

3. Gy acts on Q/K, and Q/K by projecting the induced action of G, on Q. These induced
actions are free and proper.

4. Assume that K, is connected. Fiz an element v € g} such that v|g, = v|g,. Then
the magnetic Lagrangian system (Q/K, — Q/K, L1,B1) is Gy-invariant, G, -regular and
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admits a B1g,-potential 61 entirely determined by the choice of 0. The potential satisfies,
for arbitrary q € @

()" (1([a)k,) = —(¥° 0 k)* (v, A (9))) + 7.

Let Jy denote the momentum map associated with d1.

5. Fiz a regular value p € g, for the momentum map Ji and let (G,), be the isotropy sub-
group of p w.r.t. the affine action of G, on §,. Fiz a G,-connection on Q/K. Consider
the magnetic Lagrangian system ((Q/K,)/(Gv), = (Q/K)/G.), L2, Bs) obtained by per-
forming Routh reduction with respected to G, .

If p is chosen such that (r},)*p = plg, — v, then every solution y(t) € Q/G, to the Euler-
Lagrange equations for (Q/G, — Q/G, Lo, By) is mapped to a solution in (Q/K,)/(G.), to the
Euler-Lagrange equations for (Q/K,)/(G.), = (Q/K)/Gy, L2, Bs). Conversely, a solution in
(Q/K,)/(G,), to the Euler-Lagrange equations for ((Q/K,)/(Gy), = (Q/K)/Gy, Lo, Bs) is the
projection of a solution in Q/G, to the Euler—Lagrange equations for (Q/G, — Q/G, Lo, By).

Proof. 1 and 2 are obtained by applying Routh reduction. 3 follows from [12, p. 152]: we know

that the quotient groups G, = G,,/K,, acts in a free and proper way on the quotient space Q/K,,.

The group G, is a subgroup of G and acts freely and properly and Q/K. We now show 4.
G,-Invariance of the Routh reduced system (Q/K, — Q/K,L1,B).

Lemma 5. If the connection Al is chosen such that it is equivariant w.r.t. the action of the full
group G, i.e. if

(U2)* A = Ad,-1 A,

then the magnetic Lagrangian system (Q/K, — Q/K, L1,B1) is Gy -invariant and &1 is a B1g,-
potential.

Proof. We first show that L; is G,-invariant. For that purpose, we choose an arbitrary g € G,
and let g € G, be a representative. Similar we choose a point (vig,, [7]x,) € To/k, (Q/K) such
that it is the projection of v, € (i o J)~!(v) C TQ. By definition of the quotient action on
Ty/k,(Q/K), the action of g on an element (v, [¢]Kk,) equals the projection of v,g. We now
check the invariance of L1 at an arbitrary point in Tk, (Q/K):

Ly (032 9 (g lali,) ) = LWE(wg) — (v, A ag) (TUF(0g)
= L(vg) — (Adsa, A (q) (09) = Ln (v [a)x,)

Next, we check the G,-invariance of Bi. Recall that B; is the projection to Q /K, of the 2-form
d(v, A') on Q. We first consider the equivariance of this 2-form under G,. Let g € G, be
arbitrary, then

(T (d(v, A)) = d(Ad} v, A') = d(v, A").

We thus obtain G,-invariance for d(v, A!), and we may conclude that (\Ilg/ K")*31 = B; holds
on Q/K,.

The third and final step is the definition of the Big,-potential. We consider an element
€ =[¢ls, €8, = g,/8R, and let £ € g, be a representative. Then, by definition of By, the 1-form
U By is the projection to Q/K, of the 1-form i¢,d((v, A')) on @ (i.e. £, projects to &gk, )-
Again we concentrate on the 1-form on Q:

ngd<I/, .Al> - ,CgQ(<V, .A1>) — d(ng <I/, .A1>)
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Since (v, A') is G,-invariant, we conclude that ig,d(v, A') = —d(i¢, (v, A")). The exact 1-from
on the right gives a strong hint of the structure of the g,-potential. Assume now that we fixed
an element 7 € g}, such that 7|g, = v|g,.

The function ¢ on @, defined by

—d¢(q) = (v AN (@) (éo(@)) — (7,€)

is our candidate for the Bjg,-potential. This statement makes sense provided that d¢ projects
to a function on /K, and that it only depends on the equivalence class £ = £ + &, of £ € g,,.
The latter is a straightforward consequence of the fact that A! is a principal K-connection. The
K, -invariance is more involved, and we rely on a result in [12]. For any & in K, we have

~0¢(ak) = (v, A'(qk)(€q(ak))) — (7,€6) = (v, AN (@) (Adk€)q(a))) — (7€)

Therefore 0¢ is constant on the orbits of K, in @ if (v, A'(¢)((€ — Adx&)q(q))) vanishes for
all k. To show this we introduce a function f on K, given by f(k) = (v, A (q)((€ — Adx&)g(q)))
and we use similar arguments as in [12, p. 156]. If we can show that f(e) = 0, df|. = 0 and
f(kika) = f(k1) + f(k) for arbitrary k2 € K,, we may conclude that f = 0 (since K, is
assumed connected).

The first condition f(e) = 0 is trivial. To check the second condition: let x € &, be arbitrary,
then

dfle(r) = (v, A'(g)(~adx€)q(9))) = —(v,adk€) = —(ady, €) = 0.

Above, we have used the fact that K, is normal in GG, and that, as a consequence, the Lie
bracket [k, €] is in R,. Therefore the contraction of the corresponding fundamental vector field
with A! is precisely [, £]. Next, we check the third condition and compute f(k1k2). Given the
identity

§ - Adk1 Adk2§ = 5 - Adk1§ =+ Adk1 (E - Adk2§)

and the fact that k; € K,

Flkikz) = (v, AN@)((§ — Adi,k,€)(0))
= (1, ANq)((€ — Adr,€)(9)) + (v, Al (0)(Ady, (€ — Adk,€)q(9)))
= f(k1) + (Adj, v, AN (@) (€ = Adi,€)Q()) = f (k1) + f(ka).

This completes the proof: the gj-valued function ¢ is shown to be projectable to a g)-valued
function on Q/K,. This is the sought-after potential d;: for arbitrary ¢ € @, we have

()" (01(ldlr)) = =@ o k)" (v, A'(0))) +7. .

Symplectic structure of (Q/K, — Q/K, L1,3;1) and symplectic reduction by stages.

Lemma 6. Apply symplectic reduction by stages to the symplectic structure associated to the
G-invariant Lagrangian system (Q,L). Identify the symplectically reduced manifold M, with
the symplectic structure on Tk, (Q/K) induced by the magnetic Lagrangian system (Q/K, —
Q/K, Ll,Bl). Then:

1. The action WTe/x (QIK) or @, on Tq/k,(Q/K) is precisely the induced action on the first
reduced space M, in symplectic reduction by stages.

2. For a chosen v € g;, the momentum map Ji : Tk, (Q/K) — @, associated with the mag-
netic Lagrangian system (Q/K, — Q/K,Li,B1) corresponds to the induced momentum
map Jg, from symplectic reduction by stages.
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Proof. 1. The momentum map for the K action is precisely Jy := i o Jr, with Jg : TQ — g*.
By definition, the induced action of G, on Jg'(v)/K, is obtained by projecting the action
of G, on J'(v). If we take into account that we realize the quotient manifold J'(v)/K, as
Tq/k,(Q/K), the induced action on Ty /k, (Q/K) is obtained by projection of the action of G,
on T'Q under the projection TQ — Ty, (Q /K). This is precisely the action we have introduced
above.

2. The induced momentum map Jg is defined in the following way (we consider it directly
as a function on Ty /g, (Q/K) instead of on M, ):

(Ja, (Vg K, ) €) = (J(vg), ku(§)) — (7, €) = (FL(vg),&q) — (7,8), (4)

where ¢ € g, is arbitrary and projects to £ € g, v, projects to (Vglxe» [9)x, ). By definition of
the momentum map of the magnetic Lagrangian system (Q/K, — Q/K, L1, 1), we have

(J1 (vige» [k, ) €) = (FL1 (v - [k, ) (©) iy [Pk, ) ) — (81)e([p)k, )- (5)

We now show that the right-hand side of (5) equals the right-hand side of (4). We therefore use
the definition of FL; and §; as being the projection of maps upstairs:

(FL1 (vig - [dk,), ()i lalk,)) = (FL(vg), £0(a)) — (v, AX(@)(€0(a))),
(61)e(dlk,) = 0e(p) = — (v, A(q)(€0(a))) + (7, ). n

Finally, before we can reapply Routh reduction for the second stage, we need to check that
L1 is G-regular.

Lemma 7. The magnetic Lagrangian system (Q/K, — Q/K, L1, B1) is G, -reqular.
Proof. We have to show that, for any (v(g,,[¢]x,) the map

oy — 0, & (v + o/ ([dlk), [dlk,)

is invertible. Let v, determine a tangent vector in J;'(v) representing (Viglee» 4] K,). Let n
denote an arbitrary element in g}. Due to the assumed G-hyperregularity, there is a unique
¢ € g, such that k3 (JL(v, + €o(q))) = (r,)*n + v. The projection & = r},(§) of ¢ defines the
inverse element for 7, since it is such that

ki (JL(vg + €0(0)) — 7 = (1) " 1 (vjg)c +Eq/x) = (1) "n- u

Symplectic and Routh reduction by stages. Summarizing the above lemmas, we con-
clude that the magnetic Lagrangian system (Q/K, — @Q/K, Lj,B;) is amenable to Routh re-
duction and that the symplectic structure and momentum map associated to this Lagrangian
system correspond to the symplectic structure and momentum map encountered in symplec-
tic reduction by stages. If p is chosen such that the compatibility relation (r],)*p = plg, — ¥
holds, then from symplectic reduction by stages we have that the symplectic structures asso-
ciated to (Q/G, — Q/G, Lo, Bo) and ((Q/K,)/(Gv), = (Q/K)/G., La, Bs) are symplectically
diffeomorphic by means of the symplectic diffeomorphism F' introduced earlier. From Proposi-
tion 8 it follows that F*Er, = Ef,, and therefore the corresponding Hamiltonian vector fields
are F-related. We define a map 7 : Q/G, — (Q/K,)/(Gy), as 7([dg,) = Hq]Kv](G‘V)p' The

map is well-defined since G, is a subgroup of G, and since r,(G,) C (Gy),.

Lemma 8. The symplectic diffeomorphism F is fibred over T.
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T9/6.(Q/G) Tiq/x.) /@), (QIK)/Gy)

Q/G, - (Q/K.)/(Gy),

Figure 5. Fibration of the symplectic diffeomorphism F.

Proof. We recall the definition of the map F: fix an element (vy, [¢]g,) and let vy € J; (1)
be a representative. The point F'(vy,[d]c,) is obtained by taking the consecutive quotients
of vy. In particular, the component of the final quotient in the configuration space (Q/K,)/(G)
of the magnetic Lagrangian system, is precisely the image . |

Since F' is a diffeomorphism, 7 is onto. The Hamiltonian vector field on Tj,q,(Q/G) and
Tig/x,) /@), (Q/K) /G,) are F-related. Their integral curves project onto solutions of the
Euler— Lagrange equations. This concludes the proof of Theorem 7. |

7 Examples

7.1 Elroy’s Beanie

This system appears in e.g. [13]. It consists of two planar rigid bodies that are connected in their
center of mass. The system moves in the plane and it is subject to some conservative force with
potential V. The configuration space is SFE(2) x S!, with coordinates (x,y,0,v). Here (z,y) is
the position of the center of mass, 6 is the rotation of the first rigid body, and v the relative
rotation of the second body w.r.t. the first. The kinetic energy of the system is S E(2)-invariant
and we will suppose that the potential is invariant as well. This means in fact that only the
relative position of the two bodies matters for the dynamics of the system. The Lagrangian is
of the form

1 1 . 1 . .
L= m(@® + ) + 510 + S (0 +4)* = V().

The Euler—Lagrange equations of the system are, in normal form,

I+ 1 V!
Iy

.1 .
fi':O, y:07 0:7‘//’ w:_
5L
The symmetry group and the principal connection. An element of SFE(2), the special

Fuclidean group, can be represented by a matrix of the form

cosff —sinf x
sinf cosf y |. (6)
0 0 1

The identity of the group is (x =0, y = 0, # = 0) and the multiplication is given by
(z1,91,01) * (v2,y2,02) = (v2c0801 — yasin by + x1,x28in 601 + y2 cos by + y1, 61 + o).

The matrices
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form a basis for the Lie algebra, for which [e1,es] = 0, [e1, e3] = e3 and [e2, €3] = —e;. A corre-
sponding basis of fundamental vector fields on @ is

__ 9.0 9
ST Yor "oy " o0

and a basis of invariant vector fields is

_9
~ 90

0
é1 = cosf— + sinf— by = —sinf— 6— 2
€1 = CoS 8gj%—sm ay, €2 Sin oz -+ cos By’ es

One can easily verify that the Lagrangian is invariant under the SE(2)-action. There is a trivial
principal connection on P = Q = SE(2) x S' — Q/SE(2) = S, which locally takes the form

(dx +ydf)er + (dy — xdf)es + dbes.
The momentum map Jy, is given by:
Jr, = mae' + mye® + (m(zy — yi) + 10 + I(0 + &))63.

In what follows we perform two Routh reductions on the Lagrangian. The first reduction is
done w.r.t. the full symmetry group SE(2), and the second reduction w.r.t. the Abelian normal
subgroup R2.

Full reduction. Let u = pje! + puge? + pze® be a generic element in g*. An element
€ =¢ley + ey + E3e3 of the isotropy algebra g, satisfies

Eup =0, Eur=0, 'y =0,

So if we suppose that u1 and pe do not both vanish — we will set u; = 1 from now on — then
a typical element of g,, is & = £(eq + pges). Since gy, is 1-dimensional, G, is of course Abelian.
A convenient way to describe the manifold P/G, = SE(2)/G, locally is by considering a coor-
dinate transformation (z’,y’,6’) in the group coordinates such that the vector field associated
to an element in g, becomes a coordinate vector field: in the new coordinates, we should have
Oy = Op + p20,. This is obtained by the following transformation

2 =ux, Yy =y — poz, 9 =0.
Then clearly (y/,6) is a coordinate chart on SE(2)/G,. And simultaneously, we have that
(y/,0,%) is a coordinate chart on the reduced configuration manifold P/G, = (SE(2) x S*)/G,,,
and the fibration P/G, — Q/G = S is locally represented by (y/,0,1) — (). For a more
systematic treatment on appropriate coordinate changes, we refer to [6].

We now compute the Routhian Ly and the 2-form By. Following [19], a convenient way
to compute the (unreduced) Routhian for mechanical Lagrangians is by using 2(Lo + V) =

— P2l — Pyl — Opp + ¢p¢)J_1(#), where p; is the momentum in the ith coordinate. We have:
L

2ALo+V) = (—m(a'c2 + 93 —160% — L0+ )0 + L(0 + WL) .

= (—m(@® +9%) — (I + [2)0% + I9?
(=m(@? + 3% = (I + ) 21/;)%_100

A 2
L (M:a—(fvuz—y)—fﬂ/})

L — (apz —y) ; — (zp2 — y))*
_ Db e o= @ my) (s (@2 —y)
L+ I I + I I+ 1

+ Iy)?
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In the last step we have left out some constant terms. The reduced Lagrangian is then ob-
tained by taking the quotient w.r.t. the action of G,. This is done by applying the coordinate
transformation introduced above. We get:

/ N2
Ly = 1_nLb ¢2+12,u3+y¢_ (V(?ﬂ)‘i'l('ug—i_y)),

20+ D L+1, 2 Li+1p
which is clearly independent of . The 2-form By is obtained by reducing the 2-form
d ((dx + ydf) + pa(dy — xdf) + pzdf) = d(y — pax) A do.

Using the coordinate change we get By = dy’ A df.

In this example the Routhian Ly depends on the velocity corresponding to the coordinate
on S, but is independent of the velocities corresponding to the two remaining coordinates (1, 6).
With the above, the reduced Euler-Lagrange equations take the form

y' =0,

6 = "t oug — ),
Il+[2(y p3 — o))

. L+ I , 1,
- Vi—
¥ L1, Y

Note that the second order equation in % decouples from the first order equations, and that
these two first order equations are the momentum equations rewritten in normal form.

Abelian reduction. We now perform first Routh reduction w.r.t. the Abelian symmetry
group R? of translations in the = and y direction. Let us denote the symmetry group by K = R?
and study the quotient spaces. We will use the same notations as before: the Lie algebra elements
e1, eo denote a basis for the subalgebra & of K in g. The momentum map for this action is now
Ji = i* o J, = mie + mye?. We choose v to be the projection of the momentum p we had
used in the full reduction: let v = e! + uge? € g*. Since K is Abelian, K,, = K and the quotient
space is SE(2) x S1/R? = St x S1. If we choose A! = dxe; + dyes to be the trivial connection,
we simply get By = 0. The Routhian L; can now be obtained from

2(L1+V) = (—pzﬂb — py + peb +pw) 1)
L v

_ (_mg';? — mg? + 1,6° +12(9'+¢)2) = 16% + I,(6 + )2,

T w)
where we ignored again some constant terms. The Routh reduced system is now a standard
Lagrangian system on S' x S! with Lagrangian Ly = 31,6 + 115(0 + 1)) — V() (see the
paragraphs on Abelian Routh reduction). Its equations of motion are

| . L+ 1
i=—V' _— V.
I’ ¥ I 1

For this example there is actually no second stage: the group G, = G,/K, is the trivial
one {e}, and the vector space g, = g,/8, is only the zero vector. So, there is no second
momentum map to take into account, and there is no further symmetry to quotient out.

In the reduction by stages process we have not made use of u3. We now show that the two
ways of reducing the system are equivalent.

Equivalence between direct reduction and reduction by stages. Let us compute the
diffeomorphism F for this example. Here, it is a map J; '(u)/G, — Jx' (v)/K that is obtained
by projection of the inclusion map ng(u) — Jf(l(y). The latter equals, in coordinates

(x7y797w7¢> = <x7ya97¢7‘9 (M3 - (xlu'2 - y) - I2w)a1/}> .

- 1
L+ D
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The map is reducible, and after taking the quotient it becomes

Fo 07 /G — T ) K @C&¢ﬂ@kﬁ<&¢a9= (u3+y’h¢%¢>-

I+ 1>

This diffeomorphism maps the G;-reduced system on the K,-reduced system, as is obvious
from the respective equations of motion.

7.2 Rigid bodies on the Heisenberg group

As a second example of Routh reduction by stages, we discuss the dynamics of a rigid body
immersed in a potential flow with circulation [20]. We assume that the body is circular, and in
this case the equations of motion are given by

d [ ] T [—} . where [ } —M H | )
dt | py Vg Dy Uy
Here I represents the circulation and M is a (non-diagonal) mass matrix, which incorporates the
inertia and added masses of the body. The right-hand side of the equations of motion represents
the so-called Kutta—Joukowski lift force, a gyroscopic force due to circulation [9, 17].

While this system is extremely easy to integrate, it nevertheless exhibits all the interesting
geometric characteristics of more complicated examples. As we show below, the configuration
space for this system is the Heisenberg group, arguably the simplest non-trivial central extension
group, and the procedure of reduction by stages demonstrated here can be applied equally well
to more complicated central extensions, such as the oscillator group (describing the dynamics of
rigid bodies of arbitrary cross section in circulatory flow) and the Bott—Virasoro group describing
the KdV equation.

In this context, the Heisenberg group H is the Euclidian space R3, equipped with the multi-
plication

1
(z,y,8)- («',y,¢") = (w +ay+y, s+ + 5(36?/ - yw')) :

using the definition of H given in [18]. The coordinates (z,y) describe the center of the circular
disc, while the coordinate s corresponds to the flux of the fluid around the body. The conjugate
momentum corresponding to s will be the circulation of the fluid.

The Heisenberg group can alternatively be described as the central extension of R? con-
structed by means of the cocycle B((z,y),(z,y')) = (zy’ — yz’). We now introduce the
infinitesimal cocycle C : R? x R? — R, given by

C((Uxa ’Uy)7 (U;m Ug//)) = ’Ur'U; - vavfc'
For the relation between B and C, see for instance [12]. The Lie algebra h of H can then be
identified with R? with the bracket

[(ve, Uy, v), (U;m U;» U/)] = (0,0, C((v, vy)v (U;ca Ug,/))) = (0,0, ’Urvgl/ - va;c)'

The dual Lie algebra b* can again be identified with R?, with coordinates (p,, Dy, p) and duality

pairing ((pz,py, p), (Va, Uy, v)) = pava + Pyvy + pu.
We now induce the following quadratic Lagrangian ¢ on h:

1 v v?
vy, vy,v) = 3 [Vz, vy M [vx} + ER
Y
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and we define L on H by left extension: L(g,g) = £(g~'g), or explicitly

Lw,y, 51,5, 5) = 5 [#,4] M m +3 (s ~ 3w yo’c>>2. (8)

The Euler—Poincaré equations obtained from ¢ are given by

d Dz — Uy
- |Py| =P | Uz
dt 0

After setting p = I', we obtain the equations (7). These equations also coincide with the Euler—
Lagrange equations obtained from the Lagrangian (8).

Reduction with respect to R. The center of H is the normal subgroup isomorphic to R
which consists of all elements of the form (0, 0, s), where s € R. We first perform Routh reduction
with respect to the left action of this subgroup on H. On the principal bundle H — H/R = R?
we consider the connection one-form given at the identity by A(e) (v, vy, v) = v, and extended
to the whole of H by left translation. Explicitly, we have

1
A(z,y,s) =ds — E(xdy — ydz).

Since the structure group R is Abelian, the curvature of A is given by B = dA = —dx A dy.

Similarly, the momentum map Jr, : TH — R for the R-action on the tangent bundle T'H is
given by Jr(z,y,2;%,9,%2) = § — (zy — y&)/2, so that JL_1 consists of all points (z,v, s; &, 7, $)
with § =T + (zg — y&)/2. The isotropy subgroup Rpr = R acts on this level set by translations
in the s-direction, so that the reduced velocity space is given by

JNI)/Rp = TR?.
The symplectic form on the reduced space can easily be computed, and is explicitly given by
Adz ANdx + B(dz Ady + dy A dx) + Cdy A dy — T'dx A dy,

where A, B, C are the entries of the mass matrix M. The last term of the symplectic form,
—I'dz A dy, is the curvature term of the connection, paired with I' € R. Finally, a quick
computation shows that the reduced Lagrangian is just the kinetic energy Lagrangian on TR?:

Lot d) = 5 o 5] )
Yy
up to constant terms.

Second reduction. We now perform reduction with respect to the remaining symmetry
group, H/R = R2?, using the results from Section 5.3. We have a left invariant magnetic
Lagrangian system on the group R?, with Lagrangian (9) and magnetic form Br = —I'dz A dy.
The potential § : R? — R? corresponding to the latter is given by

_ -y
5($7y)_]:‘|:213:|’
and the momentum map is therefore Ja(z,y, &,79) = M(i&, )T — 6(x,y). The non-equivariance
2-cocycle of the momentum map is X5 = Br.
The affine action of R? on itself is given by (z,y) - (pz,py) = (pz — Ly, py + Lz). If we fix

a momentum value (A, ) € R?, the isotropy group ]R%)\ ) of the affine action consists of just the

zero element, and consequentially the twice-reduced space J, 1(/\, w)/ ]R%/\ ) is nothing but R?.
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The reduced Euler-Lagrange equations (3) in the case of a left action, assume the following
form

d [pa] _ . —v
i ) = e =r [

with (ps, py)T = M(vg,v,)T, and these are nothing but the equations (7).
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