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Abstract. We show some symmetry relations among the correlation functions of the in-
tegrable higher-spin XXX and XXZ spin chains, where we explicitly evaluate the multiple
integrals representing the one-point functions in the spin-1 case. We review the multiple-
integral representations of correlation functions for the integrable higher-spin XXZ chains
derived in a region of the massless regime including the anti-ferromagnetic point. Here we
make use of the gauge transformations between the symmetric and asymmetric R-matrices,
which correspond to the principal and homogeneous gradings, respectively, and we send
the inhomogeneous parameters to the set of complete 2s-strings. We also give a numerical
support for the analytical expression of the one-point functions in the spin-1 case.
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1 Introduction

The correlation functions of the spin-1/2 XXZ spin chain has attracted much interest during
the last decades in mathematical physics, and several nontrivial results such as their multiple-
integral representations have been obtained explicitly [1, 2, 3]. The Hamiltonian of the XXZ
spin chain under the periodic boundary conditions (P.B.C.) is given by

L
Hxxz = Z (UJXJ])-j_l + 0}/0}:_1 + AajZajZ_H) .
j=1
Here a? (a = X, Y, Z) are the Pauli matrices defined on the jth site and A denotes the anisotropy
of the exchange coupling. The P.B.C. are given by 07 | = of fora = X,Y, Z.

The XXZ Hamiltonian shows the quantum phase transition: the ground state of the XXZ
spin chain depends on A. For |A| > 1 the low-lying excitation spectrum at the ground state has
a gap, while for |A| <1 it has no gap. Here we remark that the quantum phase transition that
we have discussed is associated with the behavior of the XXZ spin chain in the thermodynamic
limit: L — oo. In terms of the ¢ parameter of the quantum group U,(sl2), we express A as
follows

1 -1
A—z(q—Fq )
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It is often convenient to define parameters n and ¢ by ¢ = expn with n = ¢(. Here we have
A = coshn = cos(. In the massive regime A > 1, we set 7 > 0. In the massless regime
—1 < A <1, we set n = i( where (¢ satisfies 0 < ( < 7. Here, the XXX limit is given by
n — 40 or ¢ = +0. Here we remark that the XXZ Hamiltonian can be derived from the
R-matrix of the affine quantum group with ¢ parameter, Uy(slz): we derive the R-matrix by
solving the intertwining relations, construct the XXZ transfer matrix from the product of the R
matrices, and then we derive the XXZ Hamiltonian by taking the logarithmic derivative of the
XXZ transfer matrix. Thus, the g parameter of the affine quantum group is related to the
ground state of the XXZ spin chain through A.

The multiple-integral representations of the XXZ correlation functions were derived for the
first time by making use of the g-vertex operators through the affine quantum-group symmetry
in the massive regime for the infinite lattice at zero temperature [4, 2]. In the massless regime
they were derived by solving the ¢-KZ equations [5, 6]. Making use of the algebraic Bethe-
ansatz techniques [7, 1, 8, 9, 10], the multiple-integral representations were derived for the
spin-1/2 XXZ correlation functions under a non-zero magnetic field [11]. Here, they are derived
through the thermodynamic limit after calculating the scalar product for a finite chain. The
multiple-integral representations were extended into those at finite temperatures [12], and even
for a large finite chain [13]. Interestingly, they are factorized in terms of single integrals [14]. We
should remark that the multiple-integral representations of the dynamical correlation functions
were also obtained under finite-temperatures [15]. Furthermore, the asymptotic expansion of
a correlation function of the XXZ model has been systematically discussed [16]. Thus, the
exact study of the XXZ correlation functions should play an important role not only in the
mathematical physics of integrable models but also in many areas of theoretical physics.

Recently, the form factors of the integrable higher-spin XXX spin chains and the multiple-
integral representations of correlation functions for the integrable higher-spin XXX and XXZ
chains have been derived by the algebraic Bethe-ansatz method [17, 18, 19, 20, 21] (see also [22]).
The spin-1 XXZ Hamiltonian under the P.B.C. is given by the following [23]:

—

N
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—(qg+qt- 2)[(S7 S + S;’S?H)SjSJZ'H + 87871 (57871 + S?S;“-’H)}. (1.1)
Furthermore, the multiple-integral representations have been obtained for the correlation func-
tions at finite temperature of the integrable spin-1 XXX chain [24]. The solvable higher-spin
generalizations of the XXX and XXZ spin chains have been derived by the fusion method in
several references [25, 26, 27, 28, 29, 30, 31, 32]. In the region: 0 < ¢ < 7/2s, the spin-s ground-
state should be given by a set of string solutions [33, 34]. Furthermore, the critical behavior
should be given by the SU(2) WZWN model of level k = 2s with central charge ¢ = 3s/(s + 1)
[35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 31, 45, 46, 47]. For the integrable higher-spin XXZ spin
chain correlation functions have been discussed in the massive regime by the method of ¢-vertex
operators [48, 49, 50, 23, 51, 52].

The purpose of this paper is to show some symmetry relations among the correlation functions
of the integrable spin-s XXZ spin chain by explicitly calculating the multiple-integral representa-
tions for the spin-1 one-point functions. Associated with the quantum group U,(sl(2)) symmetry,
there are several relations among the expectation values of products of the matrix elements of
the monodromy matrices. For the spin-1 case, we confirm some of them by evaluating the
multiple integrals analytically and explicitly. Here we should remark that the derivation of the
multiple-integral representations for the spin-s XXZ correlation functions given in the previous
papers [19, 20, 21| was not completely correct: the application of the formulas of the quantum
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inverse-scattering problem was not valid [53, 54]. We thus review the revised derivation [53, 54]
in the paper. The spin-s correlation function of an arbitrary entry is now expressed in terms of
a sum of multiple integrals, not as a single multiple integral. Furthermore, we show numerical
results which confirm the analytical expressions of the spin-1 one-point functions.

Let us express by (E%), (E') and (E??), the expectation values of S¥ = 1, S¥ = 0 and
S# = —1, respectively, where S7 denotes the Z-component of the spin operator defined on the
first site. Then, we have the following:

¢ —sin(cos(

~ cos((sin¢ — cos ()
2( sin? ¢ B '

22\ _ 00y _
(B%) = (%) = —

(E')

We shall show the derivation of (E%), (E'!) and (E?2), in detail. Here we remark that the
expressions of (E?2), the emptiness formation probability, and (E'!') have been reported in [20]
without an explicit derivation. In fact, although the derivation was not completely correct, the
expressions of the spin-1 one-point functions are correct [53, 54]. Here, the quantum group
symmetry as well as the spin inversion symmetry play an important role, as we shall show
explicitly in the present paper.

It is nontrivial to evaluate the multiple integral representations of the XXX and XXZ models
analytically or even numerically. Let us now return to the spin-1/2 case. Boos and Korepin
have analytically evaluated the emptiness formation probability P(n) of the XXX spin chain for
up to n = 4 successive lattice sites [55]. Performing explicit evaluation of the multiple integrals,
they successfully reproduced Takahashi’s result that was obtained through the one-dimensional
Hubbard model [56]. The method was applied to all the density matrix elements for up to
n = 4 successive lattice sites in the XXX chain [57] and also in the XXZ chain [58, 59, 60].
Furthermore, the algebraic method to obtain the correlation functions of the XXX chain based
on the ¢KZ equation has been developed [61] and the two-point functions up to n = 8 have been
obtained so far [62, 63, 64, 65]. At the special anisotropy A = 1/2, some further results have
been shown for the correlation functions through explicit evaluation [66, 67, 68, 69].

The paper consists of the following. In Section 2 we review the Hermitian elementary matri-
ces [20], and give the basis vectors and their conjugate vectors in the spin-1 case as an illustrative
example. We also show a formula for expressing higher-spin local operators in terms of spin-1/2
local operators in the spin-1 case, which plays a central role in the revised method [53, 54]. In
Section 3 we summarize the notation of the fusion transfer matrices and the quantum inverse
scattering problem for the spin-s operators. For an illustration, in Section 4, we show some
relations among the expectation values of the Hermitian elementary matrices in the spin-1 XXX
case and then in the spin-1 XXZ case. In particular, we show the spin inversion symmetry. We
also show the transformation which maps the basis vectors of the spin-1 representation V()
constructed in the tensor product of the spin-1/2 representations VW @ VD to the basis of the
three-dimensional vector space C>. The former basis is related to the fusion method, while the
spin-1 XXZ Hamiltonian (1.1) is formulated in terms of the latter basis. In Section 5, we review
the revised multiple-integral representations of correlation functions for the integrable spin-s
XXZ spin chain [53, 54]. Here we remark that necessary corrections to the previous papers [19]
and [20] are listed in references [20] and [21] of the paper [54], respectively. In Section 6, we ex-
plicitly calculate the multiple integrals of the one-point functions for the spin-1 XXZ spin chain
for a region in the massless regime. We show some details of the calculation such as shifting the
integral paths. In Section 7 we show that the numerical estimates of the spin-1 one-point func-
tions obtained through exact diagonalization of the spin-1 XXZ Hamiltonian (1.1) are consistent
with the analytical expressions of the spin-1 one-point functions. Thus, we shall conclude that
the analytical result of the spin-1 one-point functions should be valid.
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2 The quantum group invariance

We construct the basis vectors of the finite-dimensional spin-£/2 representation of the quantum
group Uy(slz) in the tensor product space of the spin-1/2 representations, and introduce their
conjugate vectors. In terms of the basis and conjugate basis vectors we formulate the spin-¢/2
elementary matrices which have only one nonzero element 1 with respect to entries of the basis
and conjugate basis vectors. We then illustrate an important formula for reducing the spin-¢/2
elementary matrices into a sum of products of the spin-1/2 elementary operators.

2.1 Quantum group U,(sl2)

Let us introduce the quantum group U,(slz) in order to formulate not only the R-matrix of
the integrable spin-s XXZ spin chain algebraically but also the higher-spin elementary matrices,
by which we introduce correlation functions. Here we remark that the correlation functions of
the spin-s XXZ spin chains are given by the expectation values of products of the higher-spin
elementary matrices at zero temperature.

The quantum algebra Uy(sl2) is an associative algebra over C generated by X + K* with
the following relations [70, 71, 72]:

K—-K!

KK_IZK_IK:]_, KXiK_lzq:t2X:t7 [X+’X_]: -1 -
q—q

The algebra U,(sl2) is also a Hopf algebra over C with comultiplication
AXNH=XTel+KeoX", AX)=X @K '+1X, AK)=K®K,

and antipode: S(K) = K~!, S(X*) = -K'X* S(X~)=—-X"K, and coproduct: ¢(X*) =0

and €(K) = 1.

2.2 Basis vectors of spin-£/2 representation of U,(sl2)

We introduce the g-integer for an integer n by [n], = (¢" — ¢ ™)/(q — ¢~ '). We define the
g-factorial [n],! for integers n by

[n]q! = [nlgln — 1~ [1g.

For integers m and n satisfying m > n > 0 we define the ¢-binomial coefficients as follows

[, =

Let us denote by |a) for o = 0,1, the basis vectors of the spin-1/2 representation V() Here
we remark that 0 and 1 correspond to T and |, respectively. In the fth tensor product space
(VD)®€ we construct the basis vectors of the (£ + 1)-dimensional irreducible representation of
Uq(sla), ||¢,n) for n =0,1,...,¢, as follows. We define the highest weight vector ||£,0) by

[1£,0) = |0)1 ®[0)2 @ -+~ @ |0),.

Here |a); for @ = 0,1, denote the basis vectors of the spin-1/2 representation defined on the
jth position in the tensor product (V())®¢, We define ||¢,n) for n > 1 and evaluate them as
follows [19]

1 L )
_ (=1 y—\\" _ - i14io+-+in—nl+n(n—1)/2
e = ACIEN YO = S o o |
1<i1 < <in <l
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Here o denotes the Pauli spin operator ¢~ acting on the jth component of the tensor product
(V2L we have o = 190D @ 6= @ 19(=7) . We define the conjugate vectors explicitly by
the following:

-1

l _ i — _

<€,7’LH _ |:n] qn(f n) § : <O|UZ"'U;:qu+ +inp—nl+n(n 1)/2'
q 1<y <o <y <L

It is easy to show the normalization conditions [19]: (¢,n||||¢,n) = 1. Let us define F'(¢,n) by

¢ —n(l—n
Fl,n) = [n]qq (=),
We have (||¢,n))"||¢,n) = F(¢,n), and hence (¢,n|| = (||¢,n))" /F(¢,n). Here the superscript
denotes the matrix transposition.
In the massive regime where ¢ = exp n with real 7, conjugate vectors (¢, n|| are also Hermitian
conjugate to vectors ||¢,n).

2.3 Affine quantum group Uq(s/l;)

In order to define the R-matrix in terms of algebraic relations we now introduce the affine
quantum group U, (slz). It is an infinite-dimensional algebra generalizing the quantum group
Uq(slz). e
The algebra Ug(slz) is an associative algebra over C generated by Xij[7 K Zi for ¢ = 0,1 with
the following defining relations:
KE'=K'Ki=1, KX K'=¢?X'  KX'K'=¢?X; i#j
K;— Kt
[X;ran_] = 5@]‘%:
qa—4q
+ + + + vE + vE + + + . .
(X; )3Xj — [3lq(X; )QXJ' X7+ [3]¢X; X (X; )2 - X; (X; )? =0, P F J-

The algebra Uq(;i\g) is also a Hopf algebra over C with comultiplication:
AXN=X"el+K X AX)=X;, 9K '+10X;, AK;)=K oK,

and antipode: S(K;) = K; ', S(X;) = —K; ' X5, S(X;) = =X, K;, and counit: (X)) =0
and e(K;) =1for i =0,1.

The quantum group U, (slz) gives a Hopf subalgebra of Uq(;l\g) generated by Xii, K; with
either ¢ = 0 or 7 = 1. Thus, the affine quantum group generalizes the quantum group Uy (slz).

2.4 Evaluation representations with principal and homogeneous gradings

We shall introduce two types of representations of Uq(s/l\g): evaluation representations associa-
ted with principal grading and that with homogeneous grading. The former is related to the
symmetric R-matrix which leads to the most concise expression of the integrable quantum spin
Hamiltonian, while the latter is related to the asymmetric R-matrix R*(u) which we shall define
in Section 3.2 and suitable for an explicit construction of representations of the quantum group.
Here and hereafter we denote by X+ and K the generators of Uy(slz).

Let us now introduce a representation of Uq(gfg) associated with homogeneous grading [2].

With a nonzero complex number A we define a homomorphism of algebras gag\p ). Uq<8/l\2) —
Uy(sl2), as follows.

PV (XF) =P XT, GP(XT) =P XE, WP (Ko) =K V(K = K. (21)
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Thus, from a given finite-dimensional representation (¥, V) of the quantum group Uyq(sla2),
we derive a representation of the affine quantum group Uq(,@) by W(E)(gog\p) (a)) for a € Uq(@),
(»)

where 7 () is given by (2.1). We call it an evaluation representation of the affine quantum
group; more specifically, the spin-£/2 evaluation representation with evaluation parameter A

associated with principal grading. We denote it by () (p) ,VON) or VIR (N).
Similarly in the case of principal grading, we now 1ntr0duce a representation associated with
homogeneous grading [2]. With a nonzero complex number A\ we define a homomorphism of

algebras cpf\ﬂz Uq(gl\g) — Uy (sl2) by the following:
AU = e PXF, S =Xt ) =K el (K = K (22)

From a given finite-dimensional representation (7(©, V() of the quantum group Uq(sla) we
derive a representation of the affine quantum group U,(sl2) by W(g)(tpE\Jr)(a)) for a € Uy(sla),
(+)

where )"’ (-) is given by (2.2). We call it the spin-£/2 evaluation representation with evaluation

parameter A associated with homogeneous grading. We denote it by () (h VO or VED(N).

2.5 Defining relations of the R-matrix

Let us now define the R-matrix for any given pair of finite-dimensional representations of the
affine quantum group Uy(slz). Let (71, V1) and (w2, V2) be finite-dimensional representations

of Uq(s/l\g). We define the R-matrix R1o for the tensor product V; ® V4 by the following relations:
m ®m (10 Ala)) Rz = Riom @ m2 (A(a)),  a € Uy(sly). (2.3)

Here 7 denotes the permutation operator: 7(a ® b) = b® a for a,b € Uy(sl2).

For an illustration, let us write down relations (2.3) of the R-matrices associated with eva-
luation representations. We call them intertwining relations. Associated with principal grading
we have for a = XSE, Xli and K, respectively, the following relations:

RE O =) (MX™ @14 eK T @ X7) = (M1e X +eMX™ @ KRB (M - M),
RE =) (eMXT @K +e ™1 X ) = (€K @ XT+e M XT @ 1)RY (0 — N),
RE (M =) (M X @1+ MK @ XT) = (P10 X+ M Xt @ K)RE (A - X),

R (M =) (e MX- @K e 1o XT)

— (e MK '@ X +eMX @ 1)RE (A — ),
RO\ — MK @K = K@ KRY (A — \y). (2.4)

Associated with homogeneous grading we have

R( )(/\1 )\2)(62)‘1X_ @14+ eMK g X7)
— (10X +eMX o K )R (A - \),
R M =) (eMXT @ K + e 2210 XT)
— (K@ Xt +e X T 0 1)RE (A — M),
RPM - M) (Xt @1+ Ko Xt) = (10X + X" K)R (M — ),
RPN - D)X oK ' +10X )= (K 'oX + X" @ 1)R (A - M),
R (M~ MK ©K = K® KRE (A — X2). (2.5)
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Here A\; and Ay correspond to the “string centers” of the sets of the evaluation parameters
associated with the evaluation representations 7m; and ma. We have \y = & — (¢ —1)n/2, if m; is
given by the spin-£/2 evaluation representation derived from the tensor product (V())®¢ with
complete /-string wj(e) for j =1,2,...,¢. Here we shall define complete strings in Section 3.6.

We can show that the solution of intertwining relations (2.3) is unique. We may therefore
define the R-matrix in terms of relations (2.3).

We remark that relations (2.4) for the evaluation representation associated with principal
grading are mapped into those of (2.5) associated with homogeneous grading through a similarity

transformation, which we call the gauge transformation. We shall formulate it in Section 3.4.

2.6 Conjugate vectors and Hermitian elementary matrices

In order to construct Hermitian elementary matrices in the massless regime where ¢ is complex
and |¢| = 1, we now introduce another set of dual basis vectors [20]. For a given nonzero integer ¢

we define (¢,n|| forn =0,1,...,n, by

-1
= (1) X gy smeneonre

1<ip < <in <L

They are conjugate to ||¢,n): (¢,m||||¢,n) = O, n. Here we have denoted the binomial coeffi-
cients for integers ¢ and n with 0 < n < /¢ as follows

(2) = =

We now introduce vectors ||¢,n) which are Hermitian conjugate to (¢,n|| when |¢| = 1 for
positive integers ¢ with n = 0,1,...,¢. Setting the norm of ||¢,n) such that (¢,nl|||¢,n) = 1,
vectors ||¢,n) are given by

¢ AN
_ o () =it in)+nl—n(n—1)/2 —n(t~
||£,n) = Z Uil...o-in|0>q (i1 in)+nl—n(n—1)/ |:n] q n(¢—n) <n> )
1<ig < <in <€ q
We have the following normalization conditions:
€, nl|||t,n) = [E] (£> for n=0,1,...,¢
n n
q

In the massless regime where ¢ is complex with |¢g| = 1, we define elementary matrices

Em,n(€+) by
E™MED) — |l m)(n||  for m,n=0,1,...,¢

In the massless regime matrix |[¢,n)(¢, n|| is Hermitian: §|]€,n><€,n\|)T = ||¢,n){¢,n||. How-
ever, in order to define projection operators P such that PP = P, we have formulated vectors
1€, m).

_ Associated with principal grading we define the spin-£/2 symmetric elementary matrices
E1U) by [53, 54]

(¢, j)

ERIUR) — |6, i), §] F(¢,1)

for 4,j=0,1,...,¢.



8 T. Deguchi and J. Sato

2.7 Projection operators

We define the projection operator acting on from the 1st to the ¢th tensor-product spaces by

12 Z—ZW n)(l,nl|. (2.6)

p(0)

We introduce another projection operator P}, , as follows

12 Z—ZH&” (£,n]]. (2.7)

The projector P(z) ¢ 1s idempotent: (Pg) 5)2 = P1(2) .- In the massless regime where g is complex

with |g| = 1, it is Hermitian: (ﬁl(s)z)T = ﬁl(s)e From (2.6) and (2.7), we show the following
properties:

¢

Pl P = Py (2.8)
¢

PP = Pl (2.9)

2.8 Spin-s elementary matrices in terms of the spin-1/2 elementary matrices

Let us denote by e®® such 2-by-2 matrices that have only one nonzero matrix element 1 at the
entry (a,b) for a,b = 0,1. We call them the spin-1/2 elementary matrices. We denote by e?’b

the elementary matrices e®® acting on the jth component of the tensor product (V(l))®Z .

Let us introduce variables £/, and ez which take only two values 0 and 1 for o, 5 = 1,2,..., /.
We define diagonal two-by-two matrices ®; by ®; = diag(1, exp(w;)) acting on Vj(l) for j =
0,1,...,L. Here w; (1 < j < L) are called the inhomogeneous parameters of the spin-1/2 XXZ
spin chain, and we set wg = Ao (see also Section 3.3). We define the gauge transformation
by a similarity transformation with respect to the matrix xoi.., = ®og®1---P;. Here, we put
inhomogeneous parameters w; with the complete (-strings such as wyp_1)4; = w%]){:_l)_‘_j =
& —(—1)nforj=1,2,...,fand k =1,2,..., Ns. Then, we can show the following relation.

Proposition 1 ([53, 54]). The spin-€/2 symmetric elementary matrices associated with principal
grading are decomposed into a sum of products of the spin-1/2 elementary matrices as follows

o\ 172
Ei,j(fp) — <|:f:| |:f:| ) e—(i—j)(gl (£-1) 77/2 y Z Y12 6611 €1 67762X1—21 B (210>
q q

Here the sum is taken over all sets of egs such that the number of integers B satisfying eg = 1
for 1 < B < {is equal to j. We take a set of €l,s such that the number of integers « satisfying
el =1 for1 <a </{isequal toi. The expression (2.10) is independent of the order of ., s with
respect to «.

The formula (2.10) plays a central role in the revised derivation of the spin-£/2 form factors
and the spin-£/2 XXZ correlation functions [53, 54]. We shall derive (2.10) in Appendix A.
We recall that the derivation of the multiple-integral representations of the integrable spin-s
XXZ spin chain given in the previous papers [19, 20, 21] was not completely correct [53, 54].
In fact, the transfer matrix becomes non-regular at A = & [54], and hence the straightforward
application of the QISP formula was not valid.
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2.9 Example: spin-1 case

We shall show reduction formula (2.10) for the spin-1 case.
The spin-1 basis vectors ||2,n) (n =0,1,2) are given by [19]

12,0) = |+ +), (2,0]] = (++1,
12,1) = |+ =) +q 71— +), (ZWZE&U+—Hn”F+D,
12,2) = | — —), 2,2/ = (- - |.

—~—

Here | + —) denotes |0); ® |1), briefly. The conjugate vectors ||2,n) (n = 0,1,2) are given by

20 =1+ ). @0 = (++ .
D =(+-)+al =+ 2, BTl =g (= [+ a7 = +1).
l12.2) =1 - -), @2 =(--1

Let us derive the projection operator Pl(z) . Explicitly we have

_ 2l; ¢ _
H2,1><2,1H—(\+—>+q\—+>)7;-@(<+—\+q H=+1)

= S (1 Y=g )+ | gl =+ = |+ | = )+ )

:%(6?06%14_(1_1 0,1 10+q6106(2)1+ %1 00) (2.11)

P

Here we remark that in the massless regime where ¢ is complex with |g| = 1, operator ||2, 1)(2, 1||
is Hermitian while ||2,1)(2, 1|| is not. As a four-by-four matrix we express P1(2) by

1 0 0 0
B 10 12 ¢t2 0
=12.0@0+2 D@1 +22@20=| | 5 s (2.12)
0 0 0 1

(1,2]

Here the symbol [1, 2] at the bottom of the 4 x 4 matrix of (2.12) denotes that the matrix acts on

the tensor product space V(l) ® VQ(l). We note that operator |+ —)(—+ | corresponds to €' e5”

n (2.11), which gives the entry of (1,2) in the four-by-four matrix of (2.12); i.e., the element in
the 2nd row and 3rd column.

For an illustration, let us show reduction formula (2.10) for the spin-1 case. With ¢} = 0 and
e, = 1, reduction formula (2.10) for i = j = 1 reads

71,1(2p) 0,0 1,1 0,1 1,0 1
ENIP) = H2 1)(2,1]] = X12(61 €y tep ey )X12 (2.13)
First, it is straightforward to show
00 1,1 —1 0,0 1,1 0110 -1 _ 10,110
X12€1 €5 X190 = €1 €, X12€1 €9 X119 =¢q €1 €3 .

Then, in terms of the four-by-four matrix notation we have

00 0 0
01 gt o0

D0l 4 g 1e0lel0 00 qo 0 (2.14)
00 0 O

(1,2]

Here 6(1) Oe; ! corresponds to the element in the 2nd row and 2nd column of the 4 x 4 matrix (2.14).
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Multiplying (2.12) by (2.14) and making use of (2.11), we have the following relation:
5(2) (.00 11 —1.01 1,0\ _ 19 1\
PR (e’ + a7 deg”) = 2@ 1)

We have thus confirmed reduction formula (2.10) for £ = 2 and i; = j; = 1, as shown in (2.13).

3 Fusion transfer matrices and higher-spin expectation values

We construct the monodromy matrices of the integrable higher-spin XXZ spin chains through the
fusion method. We then evaluate the form factor of a given product of the higher-spin operators
by reducing them into a sum of products of the spin-1/2 operators and calculate their scalar
products of the spin-1/2 operators through Slavnov’s formula. When we reduce the higher-spin
operators, we make use of the fusion construction where all the elements are constructed from
a sum of products of the spin-1/2 operators multiplied by the projection operators.

3.1 Tensor product notation

Let s be an integer or a half-integer. We shall mainly consider the tensor product ‘/1(23) Q- ®
Vjsis) of (2s + 1)-dimensional vector spaces Vj(Qs) with L = 2sN,. Here Vj(zs) have spectral
parameters \; for j =1,2,..., N,. We denote by E%? a unit matrix that has only one nonzero

element equal to 1 at entry (a,b) where a,b = 0,1,...,2s. For a given set of matrix elements
.Aa g for a,b=0,1,...,2s and o, B = 0,1,...,2s, we define operators A, for 1 < j < k < Nj

by

jk _ Z Z»A 250 25) ® - ®I](251)

a,b=1 o,
OENYIN e I 9B I ®- - 0 I (3.1)
In the tensor product space, (V(QS))®NS, we define Ezn’n@sw) fori=1,2,...,Nyand w = +,p
by
EW’”(QS“J) _ (I(Qs))‘@(i—l) ®Q Em,n(2sw) Q (I(Zs))(@(Ns—i)
i .
The elementary matrices Enn(2sw) for p = 0,1,...,2s and w = +,p, are Hermitian in the

massless regime.

3.2 Asymmetric and symmetric R-matrices

Let us introduce the R-matrix of the XXZ spin chain [1, 8, 9, 11]. Let V; and V2 be two-
dimensional vector spaces. We define the R-matrix RB acting on V1 ® Va by

1 0 0 0
ab _a,c , 0 blu c (u) 0O
RhOw-d)= Y Ri@darsdt=| o b0 (32)
a,b,c,d=0,1
e 0 0 0 1

(1,2]

where u = A\; — A2, b(u) = sinhu/sinh(u +n) and ¢*(u) = exp(du) sinhn/ sinh(u + 7).
We remark that the RT(A\; — \2) is compatible with the homogeneous grading of U,(sl2). In
fact, it is straightforward to see that the asymmetric R-matrix satisfies the intertwining relations
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associated with homogeneous grading (2.5) for the tensor product of the spin-1/2 representations
of Uy(sla), Vl(l) ® Vl(l).

We denote by RP)(u) or simply by R(u) the symmetric R-matrix where ¢*(u) of (3.2) are
replaced by ¢(u) = sinhn/sinh(u +n) [19]. The symmetric R-matrix is compatible with evalua-
tion representation associated with principal grading for the affine quantum group Uq(gl\z) [19].
Hereafter we express RT and R® by R1%) with w = + and p, respectively.

3.3 Monodromy matrix of type (1,1%L)

We now consider the (L + 1)th tensor product of the spin-1/2 representations, which consists of
the tensor product of auxiliary space Vo(l) and the Lth tensor product of quantum spaces V;-(l)
for j=1,2,...,L,ie. Vo(l) ® (Vl(l) X ® VL(l)). We call it the tensor product of type (1,19F)
and denote it by the following symbol:

L

———
(1,10 = (1,1,1,...,1).

Applying definition (3.1) for matrix elements R(u)% of a given R-matrix such as R('*) with

= + and p, we define R-matrices Rji(A\j, \i) = Rjp(A; — Ax) for integers j and k with
0 < j < k < L. For integers j, k and £ with 0 < j < k < ¢ < L, the R-matrices satisfy the
Yang—Baxter equations

Rjk(Nj — M) Rje(Nj — M) Rie (A — Ae) = Rie( Ak — Ao) Rje(Aj — M) Rje(Aj — k).

We define the monodromy matrix of type (1,1%%) associated with homogeneous grading by

1,1
T3 Moy wi,wa, . wi) = Ry (Mo — wi) - Rfy(Ao — wa) Ry (Ao — w1).
Here we have set \; = w; for j = 1,2,..., L, where w; are arbitrary parameters. We call

them inhomogeneous parameters. We have expressed the symbol of type (1,1%9%) as (1,1) in
superscript. The symbol (1,14) denotes that it is consistent with homogeneous grading. We
express operator-valued matrix elements of the monodromy matrix as follows

( (1+
70 ApTu (k) BTy ( {w]}m)
Toz- 20 {0 )e) = (sz D O0cfwstn) DS (O {wj}e)

Here {w;}, denotes the set of L parameters, wi,wo, ..., wr. We also denote the matrix elements

of the monodromy matrix by [TélmH)L()\; {w;}r)]ap for a,b=0,1.

3.4 Gauge transformations

We derive the monodromy matrix consistent with principal grading, Téll’;? _)L(/\; {w;}r), from
that of homogeneous grading via similarity transformation xo;..., as follows [19]

1,1
0(12+L A{w;itr) = xo12-- LT(S 12-- L()‘ {wj}r) X012 L

1 _ _ 1 _
— ( Xl?"'LAEQZ?L)()\; {wj}L)X12~--L e AOXI?-"L(?%;)-L()‘;{wj}L)an--.L > .
20x12..0CY L s {wid o)X Xa2erDis (N {wi ) Xign
Here we recall that xo1.., = ®o®1---®; and ®; are given by diagonal two-by-two matrices

®; = diag(1, exp(w;)) acting on Vj(l) for j =0,1,..., L, and we set wg = Ag. In [19] operator
AUH)(A) has been written as AT ().



12 T. Deguchi and J. Sato

We now introduce the gauge transformation for the spin-s representation [54]. We define
diagonal matrix ®(*)(w) on the basis vectors [|2s,n) as follows:

®29) (w)||2s, n) = exp(nw)||2s, n) for n=0,1,...,2s.

We denote by CDE-ZS) (w) the matrix %) (w) defined on the jth component of the tensor product
‘/'1(28) Q- V]&S). We define X?;-)-Ns acting on the quantum space Vl(zs) X ® Vjsis) by

2s 2s 2s
2y =8 (Ag) - e (A,

We express Ay as Ay = & — (2s — 1)n/2 for b=1,2,..., N,. Here &, denote the inhomogeneous
parameters of the spin-s XXZ spin chains, which will be given in equation (3.4) of Section 3.6. We
note that A, corresponds to the string center of the 2s-string, & — (58— 1)np with 5 =1,2,...,2s,
for each b satisfying 1 < b < Nj.

3.5 Projection operators through fusion

Let Vi and V5 be the (25 4 1)-dimensional vector spaces. We define permutation operator IIj o
by

IT1 2v1 ® v = V2 ® 01, vi €Vi, wvg € Va.
In the case of spin-1/2 representations, we define operator RE(M — A2) by
RTQ(/\I —A2) = HLQRTQ(AI — A2).

We now introduce projection operators P. 1(2) o for £ > 2. We define P1(2) by P 1(2) RTQ( )

For ¢ > 2 we define projection operators inductively with respect to ¢ as follows [71, 32]
/-1 /-1
Pig.e = Pl R (= DmPG 0. (3.3)

()

The projection operator P,
for the Hecke algebra [71].

Applying projection operator Péfzm...w to the vectors in the tensor product Va(l1 ) ® Va(zl ) ®

¢ gives a g-analogue of the full symmetrizer of the Young operators

S ® Va(gl), we can construct the (¢ + 1)-dimensional vector space Va(f()m...al associated with the
spin-¢/2 representation of Ug(slz). For instance, we have P£1a2| + —)a = (¢/[2]9)|12,1)q. Here
we have introduced | + —)q = |0)q, ® |1)a,. We denote Va(12Lz---ae also by V9 or VO(Z) for short.
Similarly, we denote PCEQQ...QL, by Péf) for short.

Let us consider the tensor product Vl(zs) Q- ® Vjsfzss), which gives the quantum space for

(25)

the higher-spin transfer matrices. We construct the bth component V""" of the quantum space

®V() for

from the 2sth tensor product of the spin-1/2 representations: v 25(b—1)+257

2s(b—1)+1 &
b=1,2,...,Ns. We therefore define Pl(gs)L and PSS)L by

(2s) (2s)
12 L HP25(1 1)+1° 12 L Hp2sz 1)+

Here we recall L = 2sN;.
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3.6 Higher-spin monodromy matrix of type (£, (2s)®N+)

Let us now introduce complete strings. For a positive integer £ we call the following set of
rapidities A; a complete ¢-string:

ANj=A—-(2j—¢—-1)n/2 for j=1,2,...,¢

Here we call parameter A the string center.

Let us now set inhomogeneous parameters w; for j = 1,2,...,L, as N sets of complete
2s-strings [19]. We define w( (1); 148 for 8 =1,...,2s, as follows
2
wésfl))—l)—‘rﬁ = Sb - (5 - 1)77 for b= 17 27 o 7N8~ (34)

We now introduce the massless monodromy matrix of type (1, (2s)®¢) associated with ho-
mogeneous grading. We define it by

1 28+ 1 1+ 23 2s
To( 12 Ns()‘[)?{éb}Ns) 1(2 )LR(()I L()‘07{w( } )P1(2-.?L

_ [ AP {GIN) BED OGN,
CED{GIN,) DD {&)N,) |-

Here, the (0,0) element is given by AP (X; {&}n.) = gs)LA(”)()\; {wj(-gs)}L)]ng?L.

We shall now define the massless monodromy matrix of type (¢, (25)®"s) associated with
homogeneous grading. Let us express the tensor product Vo(g) ® (‘/1(28) R V]EZS)), by the
following symbol

N
(¢, (26)2N%) = (1,5, 25, .-, 23).

£)

Here we recall that VO(K) abbreviates Va(f()m__ae. For the auxiliary space Vb( we define the massless

monodromy matrix of type (¢, (25)%Vs) by

TV(€728+) = P L TEED OTEED (N =) -+

0,12--N. 142" aq,12---Ny as,12---Ng
1,25+ (g
X T‘EQSJSZ )Ns ()\ - (ﬁ - 1)77)1251212'"(12'

Here we remark that it is associated with homogeneous grading.

Let us now construct the higher-spin monodromy matrices associated with principal grading.
From the higher-spin monodromy matrices associated with homogeneous grading we derive them
through the inverse of the gauge transformation as follows [54]

s £2s -1 ,2s l2s
’I’(Z72 ) = (X((u...g,g,lQ...Ns) T(KQ +)(>\) <X¢(11-~¢2£,12...Ns> .

Here Xfff?iblz.. w, denote the following:

W2 1, = 0, (M) B (A1) - 0 (M),

ai---ag,

where Ay denotes the string center, Ag = Ay, — (£ — 1)n/2.

For an illustration, let us consider the case of £ = 1. For type (1, (2s)®"*) the monodromy
matrix associated with homogeneous grading and that with principal grading are related to each
other as follows

s s s s -1
Télé +Ns()\ {&)n,) = X(()1122 )NS 0(113 pNs()‘ {&}n,) <X01122 )Ns> :
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In terms of the operator-valued matrix elements we have
( AR BER ) )
CRR.O) DR
X§228)N9A§22ﬂv8()‘) <X§228-~)-NS>_1 G_AX?;).NSBg.S?;vs(A) <X§225)N9>_1
M OB ) (W) e ) (V)
We shall now introduce the spin-1/2 monodromy matrices with special inhomogeneous pa-

rameters. Let us introduce a set of 2s-strings with small deviations from the set of complete
2s-strings

wéi“zf_)l)Jrﬂ:&,—(6—1)77—1—67’1()6) for b=1,2,...,.N, and B8=1,2,...,2s.

Here € is a infinitesimally small generic number and rl()ﬂ ) are generic parameters. We call the

set of rapidities w(z(f)l) \8 for B = 1,2,...,2s “almost complete 2s-strings”. We denote by
T(1:25+5€) () the spin-1/2 monodromy matrix T(1’1+) with inhomogeneous parameters w; being

given by the set of almost complete 2s-strings: w; = w( %) for ij=12,...,L
(1,254€) (1 1+) (2 €)
TO,12~S--L (A) = Tp 5. L(>‘ { K }L)
We express the elements of T(12+9)()\) as follows

T(l 25+;€) ()\) A(1228+L€) ()‘) BSSJFLE) ()‘)
(25+;¢€) (25+;¢€) :
C’12 -L (A) D12 -L ()‘)

Here we recall that Ag228+;)()\) denotes A%f)L()\; {w](.%;e)} ). We also remark the following:

2s+) 2s 2s+;€ 2s;€ 5(2s
A§2 NS()‘ {&in,) = hm P1(2 )LA§2---L)(>‘; {w;( )}L)P1(2--?L‘

3.7 Series of commuting higher-spin transfer matrices

Suppose that [¢,m) for m = 0,1,...,¢, are the orthonormal basis vectors of VO and their
dual vectors are given by (¢, m| for m = 0,1,...,¢. We define the trace of operator A over the
space V() by

L
tryy A = Z (€, m|A|l, m)
m=0

We define the massless transfer matrix of type (£, (2s)®N+) by

0,2s ~(£,2s
A&Q ]—\ff—)O‘) =1tryo (Té,w--fj\)fs()‘))
¢

=3 el Tt TS =) Tt (= (= D)]len),.

n=0

It follows from the Yang-Baxter equations that the higher-spin transfer matrices commute
in the tensor product space Vl(Zs) Q- ® Vjszs), which is derived by applying projection operator



One-Point Functions of the Integrable Spin-1 XXZ Chain 15

P(QS)L to Vl(l) X ® V( ). For instance, for the massless transfer matrices, making use of (2.8)
and (2.9) we show

P1(225)L tlg%é;j()\)azgf%\sfj)(u)] =0 for ¢,m € Z>o.
Consequently, for the massless transfer matrices, the eigenvectors of N% 25;;)()\) constructed by

applying Bt ()) to the vacuum |0) also diagonalize the higher-spin transfer matrices, in

particular, the spin-s massless XXZ transfer matrix, 5(1228213?()\) Thus, we construct the ground

state of the higher-spin XXZ Hamiltonian in terms of operators §(25+)()\), which are the (0,
1)-element of the monodromy matrix 7(125+),

3.8 Algebraic Bethe ansatz for higher-spin massless transfer matrices

In terms of the vacuum vector |0) where all spins are up, we define functions a(\) and d(\) by
AP {wid)|0) = a(Xs {wy}p)[0),  DUPY(; {w;}1)[0) = d(As {w;}r)[0)
We have a(\; {w;}r) =1 and

L

d(x{w;}e) = [T on wy).

=1

Here b(A, ) = b(A — p). For the homogeneous grading (w = +) and the principal grading
(w = p), it is easy to show the following relations:

AR (\)]0y = A (X)]0) = a®) (X {&1)]0),
DE)(X)]0) = D) (N)|0) = d)(X; {&,})]0),

where a(®)(\; {&}) and d®*)(); {&}) are given by
a® (A {&)) = a(x; {wf}) =1,
N
d®) (X {6}) = d(3; {wl}) = ] bas(M, &)
p=1

Here we have defined b (A, 1) by by(\, ) = sinh(A — p)/sinh(\ — p + tn) . Here we recall b(u) =
b1 (u) = sinh u/ sinh(u + 7).

—— (2sw)
In the massless regime, we define the Bethe vectors |[{\,} Msw ) for w = + and p, and their

= (2s5w)
dual vectors ({Aq} Msw | for w = + and p, as follows

——(2sw) M = (25w) ——(2sw) M 2
Doty ) =TI B*V000),  {raly H o) (3-5)
a=1 a=1

Here we recall B2t ()\,) = P(2S)B(1Jr (Aa {wk )P 282. The Bethe vector (3.5) gives an

eigenvector of the massless transfer matrix

20 (s {@}v,) = AP i {&}v,) + DB i {1},

for w = + and w = p with the following eigenvalue:

M . N, M .
(12sw)(,y _ T Sh(Xj — p +1n) Y Sinh(u — Aj 4+ 1)
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if rapidities {\;}as satisfy the Bethe ansatz equations

Ny
HbQ_sl()‘jagp Hb 7=1..., M.
p=1

k#j

Let us denote by [{\, (e )} (Qewse) ) the Bethe vector of M Bethe roots {\;(e) }ar for w =+, p:
2 M
(e swie) H B(2sw; e) (€))[0) = 2sw;€)()\1 (€))--- B(25w;e)()\M(5))’0>7

where rapidities {\;(€)}as satisfy the Bethe ansatz equations with inhomogeneous parameters

w](-%;e) as follows

aQ\(); {wp ) T bOw(e), A (e)
d(j(e); {w9Y 1) kg#b (€); Ax(e))

It gives an eigenvector of the transfer matrix

100 (s {0} ) = AR (s {w P} ) + DB (s w9} )

with the following eigenvalue:

A1) (4 {5} ) = ﬁ sinh(; (€) —/_Hr n)

Let us assume that in the limit of e going to 0, the set of Bethe roots {\;(€)}ax ap-
proaches {\;}as. Assuming the continuity of the limiting procedure, we have

|{f):]/}§\245 _ hm H ( (23 25+;e)()\j( )) 28) ) |0> 1(§S)L hm HB (2s+; e)( ( ))’O>

Thus, the expectation value with respect to the Bethe state of {A;}ar is given by the limit of
that of {\;(€)}a sending € to zero. For the B operators associated with principal grading, we
have

7;

=
’ﬁ

£

. (e 2s 2s s+;e 2s
) - lg% (eM )(ngn)‘Ns) P1(2 )LB(Q + )()‘J(e))Pl(Q )LXU Ns) 07

J

:&%@fﬁwﬂmLMmHBmw (6))10).
7=1

1

Let us introduce symbols for the ground state of the integrable spin-s XXZ spin chain. We
denote it by ‘w£(725p )> associated with principal grading. It is given by multiplying the projection
operator to such a product of the spin-1/2 B operators with inhomogeneous parameters being
given by the set of complete 2s-strings that acts on the vacuum:

M
627) = () Pz - T B2 (0,0
7=1
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We denote by |1/1925p ™7} the product of the spin-1/2 B operators with inhomogeneous parameters

(29)

given by complete 2s-strings w;™"" which acts on the vacuum state:

M

W) = [ B2 ()l0).

=1

3.9 Commutation relations with projection operators

Let us discuss an application of the fusion construction of projection operators (3.3). Hereafter
we assume that rapidity A does not take such discrete values at which the transfer matrix
becomes singular or non-regular, such as w]( o) _ n+nmy—1 (1 <j<L)forneZ]I[54]. Here
we recall that w](- %) are inhomogeneous parameters forming complete 2s-strings.

Lemma 1. Projection operators Pgs)L and ﬁgs)L commute with the matrixz elements of the

monodromy matriz To(ll’zlf)L(/\; {w(-25)}L) such as AZsT0)())

PSS)L 0(1121+L()‘ { 2 } )Pl(;S)L = P1(228 L 01121+L( { }L)’ (3.6)
P Tgn (s {w™ ) ) PR = P To) (s {wf™) ). (37)
For instance we have Pl(gf?LB@”?O)()\)Pl(;S)L = P(2S) BEs+H0)()).

We show (3.6) and (3.7) by the Yang—Baxter equation. In fact, TO(11§+L()\ {w (25) } ) com-
(25)

mutes with the projection operator P;”/; thanks to the fusion construction of projection ope-
rators (3.3) [19]. We derive (3.7) making use of (2.8).

3.10 Quantum inverse scattering problem (QISP) for the spin-s operators

We can express any given spin-s local operator in terms of the spin-1/2 global operators such
as A, B,C and D; i.e. we have the QISP formulas for the spin-s local operators [54]. For an
illustration, we show the case of b =1, i.e., we express one of the spin-s elementary matrices in
terms of the spin-1/2 global operators.

Lemma 2 ([53, 54]). For a pair of integers i and j satisfying 1 < i,j < £, the spin-£/2 elementary
matriz associated with principal grading is decomposed into a sum of products of the matrix
elements of the spin-1/2 monodromy matriz as follows

q e\
) _ (H H ) D gli=DED/2 )
q q

14

Lp;e Up;e lie € lie € lie -1 _
T (i) - I () TT (AP (i) + D () i
{ep} k=1

Here the sum is taken over all sets of eg such that the number of integers B satisfying eg = 1
and 1 < B < { is given by j. We take a set of !, such that the number of integers a satisfying
el,=1and 1 < a </ is given by i. We have expressed the element of (c, ) in the monodromy

matriz TWPE () by To(élgp;e)(/\) for a, 8 =0,1.
For an illustration, let us consider the spin-1/2 formula [9, 11] (see also [10, 73]):

n

n n __ nydn p(1p) -1
et Htu 2 (w;) )“1”0(8Z 7 Ro 12...1.( H 12 L wj : (3.8)
Jj=1
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(1p)

Here we recall that the spin-1/2 transfer matrix ¢, ; (A) is given by the trace of the monodromy
matrix of type (1,1%%): t(llf.).L()\) = AUP)(\) 4+ DUP)(X). We remark that the expression (3.8)
holds if inhomogeneous parameters w; (1 < j < L) take generic values. Multiplying the expres-
sions of formula (3.8) for n =1,2,...,m, we have

T = (e L o) R, ) -

-1

myJm 1
XtrO(ez 7 Ré fz 2w H 12 L (wy)) (3.9)

Here we note that we have R(lp )( 0) = Ilp,, from the normalization condition of the R-matrices,
where IIp, denotes the permutation operator acting on the Oth and nth sites (see also Sec-
tion 3.5). Thus, we have

L
1
1657, (wy) = 12%. (3.10)
j=1
We note that the QISP formulas (3.8) hold if the inhomogeneous parameters are generic. If
we send them to a set of complete 2s-strings such as w!?) , then the transfer matrix becomes
non-regular or singular, and relations such as (3.10) do not hold. Instead of complete 2s-strings,

(25;6)
J

we therefore put “almost complete 2s-strings”, w , into inhomogeneous parameters w;. Here

parameters wj(-QS;e) are generic, and hence the QISP formula (3.8) holds.

3.11 Expectation value of a local operator through the limit: ¢ — 0

In the massless regime, we define the expectation value of product of operators H EZW’“(QSP )

k=1
——(2sp)

P
with respect to an eigenstate H)‘a}M ) by

o (25p) M i (9 o (257)
, oy Dad T B 1 ahy )
Zk?]k Sp sp _
HE (err™) - i }( Rrwivl .
af M af M

In order to evaluate (3.11) we make use of the following formulas.

Proposition 2 ([53, 54]). Let us take a pair of integers iy and ji satisfying 1 < iy, j1 <. For
arbitrary parameters {po N and {\g}y with iy — j1 = N — M we have

O\Hcfp L E) HB‘? (As)10)
B=1

-1 M
{ﬂ[ﬂ }:mncm (o) - €45 e T B9 (g)0). (3.12)
q a=1

4 {eg} B=1

Here we take the sum over all sets of eg such that the number of integers B with eg = 1 for

1 < B < Cis given by j1. We take a set of €/, such that the number of integers « satisfying

el, =1 for1 < a </ isgiven by i1. Each summand is symmetric with respect to exchange of €l ;
e., the followmg expression is independent of any permutation ™ € Sp:

M
chm elﬂmgwﬁHBW%Mwy (3.13)
p=1
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Here we remark that S, denotes the symmetric group of n elements.
We evaluate the expectation value of a given spin-s local operator for a Bethe-ansatz eigen-

—~—(2s

state ‘{/\a}iw )), as follows. We first express the spin-s local operators in terms of the spin-1/2
local operators via formula (2.10). Through Proposition 2 the expectation value of the spin-s
local operators is reduced into those of the spin-1/2 local operators. We now assume that the
Bethe roots {A\y(€)}ns are continuous with respect to small parameter e. It follows from the

assumption that each entry of the Bethe eigenstate [{Ax(€)}}, (2s; E)> is continuous with respect

to e. Then, we apply the spin-1/2 QISP formula with generic inhomogeneous parameters wJ(QSx)

such as formula (3.9). We next calculate the scalar product for the Bethe state [{\z(€)};; (2s; E)> It
has the same inhomogeneous parameters wj(-QS;e) as the global operators appearing in the QISP
formula, so that we can make use of Slavnov’s formula of scalar products for the spin-1/2 case.
Calculating explicitly the determinant of the scalar product with Slavnov’s formula, we can
show that the expression of the scalar product is continuous with respect to € at ¢ = 0. Thus,

sending € to 0, we obtain the expectation value of the spin-s local operator (3.11).

Corollary 1. Suppose that i1 and j1 are integers satisfying 1 < i1,j1 < ¢, and {ux}n are
arbitrary parameters. Let us assume that Bethe roots {\,(€)}ar are continuous at € = 0 and
lin% A (€) =Ny forv=1,2,..., M. We have the following:

e—

ok 14 J4
(| H oy s g1 (¢p) H B (A Ay)|0) = [ ] [Jl] o({ A} ar; {w }L)
y=1
€) Up;e lie) (4 7e) (Ze i€
x> lim(0) HC ) gug) - T (w5 - T (w HB“? 0)0).  (3.14)

{es} k=1

Here we take the sum over all sets of egs such that the number of integers (B satisfying eg = 1
for 1 < B < 0 is given by j1. We take a set of €, such that the number of integers a satisfying

e, =1 forl < a < /{is given by iy. We have defined ¢n,({\y}) by dm({N}ar; {wjtr) =
ﬁ l]\_/[[ b(Aa — wj) with b(w) = sinh(u)/ sinh(u + 7).

j=la=1

We can evaluate the form factors and the expectation values of a spin-£/2 operator through
Corollary 1 [54]. The corrections of the form factors given in the paper [19] are listed in referen-
ce [20] of the paper [54] (see also [53]). Corrections for the paper [20] are listed in reference [21]
of the paper [54].

For an illustration, let us consider the spin-1 case. We calculate the one-point function
<E11’1(2p)). Here we have i1 = j; = 1. Setting £} = 0 and &}, = 1, we have

(WEPIE PP = @I ey ) + @0y ey

2p;0
¢ wép )>'

Here we have taken the sum over sets {eg} such as {1 = 0,62 = 1} and {1 = 1,62 = 0}.
Making use of the spin-1/2 QISP formula we have

(18 )

(K@)~

6(1)706571 — AGpe) (w?%e))p(?p;e) (w£2;e))

.

<
Il
—

6(1)’165’0 — 2pe) (w§235))3(2p;6) (w§2%€))

—.

<
Il
=
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Therefore we have

(™A (wy ™)) DO (i) ™))

B~ gy (O {u?) >(6

m <w§2p;6)wé?p;s)>
R T Ll é“>>w§2p*)>>.
0 W™ 195" )

4 Quantum group symmetry relations in the spin 1 case

We show some important topics. We derive symmetry relations among the expectation values
of products of the spin-1/2 operators from the spin inversion symmetry. In particular, we show
how to transform the basis vectors constructed in the 2sth tensor product space of the spin-1/2
representations to the 2s + 1-dimensional vectors in C>11.

4.1 Rotation symmetry of the XXX spin chain and irreducible components
of operators

Let us consider the XXX case where the SU(2) symmetry holds for the total spin operators.
The tensor product of two spin-1/2 representations of sl(2) decomposes into the direct sum
of spin-1 and spin-0 representations; i.e., V(1) ® V(1) = V(2) @ V(0). Here we recall that
V(1) ® V(1) is four-dimensional, and the components V' (2) and V(0) are three-dimensional and
one-dimensional, respectively. In the spin-1 representation V' (2) we have the basis vectors and
basis covectors as follows

[12,0) = [+ +), (2,0[l = (++1],
12,0 =11+ =)+l =+), <2,1||=%(<+—H+<—+||),
12,2) = [| = =), (2,2 = (==l

Here we recall that || — +) denotes |1); ® |0)s.
In the spin-0 representation V' (0) we have the basis vectors and basis covectors as follows

10,0) =+ =) =[=4), (0,0 = (<+—H—(—+H)-

[\ \

In terms of the basis of the spin-1 irreducible representation we express the symmetric projection
operator as follows

3 = 1]2,0)(2, 0[] + 112, 1)(2, 1]| + [|2,2)(2, 2||.
In the spin-s XXX case we define elementary matrices by
Emn2s) — |25, m)(2s,n||.

In the tensor product V(1) ® V(1) there are sixteen elementary matrices e{l’klef’kz for

1, J2, k1, ke = £. For an illustration we express the operator effeg T in terms of the basis

vectors and their covectors as follows

1
2’

_ 1 _
<2a1‘|6f €2+H070>:_§7 <070H61’— 62+H070>:_7

1

(2,1lef e 1[2,1) = (0,0le "e3 T[2,1) =
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In terms of the bases of vectors and covectors, we have
ef e = (HQ, 1)(2,1]] +1]0,0)(2, 1]| — 1|2, 1){0,0]| — [|0,0)(0, 0]). (4.1)
Applying the projection operators to the right-hand-side of (4.1), we have
P@et=e; TP = |\2 1)(2,1]| = E“()
Similarly, we have
|
ef ey = 5 (112,142, 1] + 110, 0)(2, 1] + 112, 1)0, 0] + 110, 0)¢0, 0]l

We thus have

1 1
P@ette; =P = 512021 = §E1’1(2+).

In terms of irreducible components, we have

P(Z)ei"_62_+P(2) = P(2)€1__€;_+P(2).

We thus have
p(2)61*+62+*p(2) — p(2)61+*62*+p(2) — p(® 1++ gfp(2) — p(2)61**e§r+p(2)'

We shall evaluate the expectation values of spin-s local operators by reducing them into those
of the spin-1/2 local operators. Applying formula (2.10) to the case of ¢} = 0 and &}, = 1, which
correspond to + and —, respectively, we have

WDIEMO @) = 0|t —ez ) + (BE0)ef ey~ [ 2).
(25;0) (2s;0) M 25:0 .
Here we remark that the vector [¢pg" ) is given by |1/} ) H B®s0)(),)|0), while the vector
V=

[4$*) is given by multiplying the projection operator: [¢§”) = P3”) H B0 (),)[0).

4.2 Spin inversion symmetry

For even L we may assume the spin inversion symmetry: Ultg (25p;0 > :|:|1j)g28p Y for U = H of
Here we recall that associated with the ground state of the integrable spin-s XXZ spin chaln the

M
) is given by [u) = T] BP0 (,)[0).
y=1

vector [ig

We derive symmetry relations as follows [53, 54]

(WP et - et e 0y = (PO |ey I e BT 20 (4.2)
Applying the spin-inversion symmetry (4.2) we derive symmetry relations among the expec-
tation values of local or global operators [53, 54].
For an illustration, let us evaluate the one-point function in the spin-1 case with i1 = j; = 1,
(Ell 2P )). Setting ¢/ = 0 and &), = 1 we decompose the spin-1 elementary matrix in terms of
a sum of products of the spin-1/2 ones

WP E PR = (PO ey [ 0) + (POl e o).
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Through the symmetry relations (3.13) with respect to &/, we have the following equalities:

(WOl ey |9 FP0) = (00 er e D),
WP Oler e [P ) = (W Oey ey ).

From spin-inversion symmetry (4.2) we have

2)
<¢§2p;0))|€?’06§,1|¢é2p;0))> - wé )| %71€g,o|¢§2p;o)>’
WEre ey ) = (PO ey Oey!

¢§2p;0)>
and hence we have the equalities of the four terms. We therefore obtain the following:

(W B (0 = 20070} ey ).

We thus derive the double-integral representation of the one-point function <E11 AP )) of [20], as
we shall show in Section 6.

4.3 Transformation from V(2%) to the (2s-+1)-dimensional vector space C?**!

We shall express the spin-s massless XXZ transfer matrix as a (2s + 1)V x (2s + 1)V matrix
acting on the tensor product of the (2s + 1)-dimensional vector spaces C?**1; i.e., acting on
(C2s+1)®NS‘

In Section 3.6 we have defined the spin-s XXZ transfer matrix through the fusion method.
It is expressed in terms of operators defined on the Lth tensor product space of the spin-1/2
representations, (V(l))‘g’L, and given by a 2% x 21" matrix. We have constructed them by applying
the projection operators to the spin-1/2 XXZ transfer matrix with inhomogeneous parameters
given by complete strings w]@s).

We now formulate the spin-s XXZ transfer matrix in terms of the basis of the (2s + 1)-
dimensional vector space C?*! such as |2s,m)) for m = 0,1,...,2s. As the basis vectors of the
(2s 4 1)-dimensional representation of Ug(slz) we introduce vectors |2s,m) with the following
normalization:

|2s,m) = ||2s,m)/ (ij) for m=0,1,...,2s.

We denote by (2s,m| the transposition of |2s,m)
(25,m| = (|25, m))" for m=0,1,...,2s.

Let us denote the complex conjugate of a complex number z by z. We express the Hermitian
conjugate of a vector |2s, m) by

(2s,m| = (|25, m))" for m=0,1,...,2s.

Let us introduce the transformation S: V(25) — C2+1, We define it by

It maps the basis of the spin-s representation V(2 constructed in the tensor product space
Vl(l) Q- ® ‘/2(51); ie., |2s,m) for m =0,1,...,2s, to that of the (2s + 1)-dimensional represen-
tation C25t1; i.e., [2s,m)) for m = 0,1,...,2s. We can show the following relations:

EEi,i(ZSp)gT — EZJ for 7/"] = 07 17 ey 2s. (43)
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Here we recall that E%/ denote the (2s+1)-by-(2s+1) unit matrices which have only one nonzero
element 1 at the entry of (i,7) fori,7 =0,1,...,2s.
For an illustration, let us consider the spin-1 case. The basis vectors of C3 are given by

12,0)) = (1,0,0)", 12,1)) = (0,1,0)", 12,2)) = (0,0,1)".

In the spin-1 case the transformation S: V(2 — C3 is given by

2
S=>12,m)2,m
m=0

In the massless regime where ¢ is complex with |g| = 1, explicitly we have

1 0 0 O

1 q
S=120 7 3 0
0 0 0 1

Taking the Hermitian conjugate of S we have

o8fsh-o
- o O O

1

2 0
$t=2"12m)(2ml =] |
0

It is straightforward to show the following:

1 0 00
1 0 0 o 1L 2 ¢
sst=1o0 10|, Sts= 0 : "{0
00 1 2 2
00 0 1

In terms of the bras and kets we have

SST = Z|2m 2m]Z|2n (2, n]
= Z Zé(m,n)|2,m (2,n| = Z [2,m))((2, m].

m=0n=0

Similarly, we have

2
ST =" 12,m)(2,ml.
m=0

—_——

In order to transform the conjugate vectors ||2,m) it is also useful to introduce the complex
conjugates of transformations S and S

) 1 0 0 0
1 1

=2 Rmp@mi=| 0 75 55 0,

m=0 00 0 1
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Y((2,m] =

o O O =
otk oo
_ o O O

They are related to the projection operator P® . We have

10 0 0
L o L L ¢ 2 _
5’5 = 2 % =" 2my(2,m| = P,
03 5 0 oopur
00 0 1

The spin-1 elementary matrices E"i(2P) are transformed into the 3 x 3 unit matrices E%/ as
SEWCIST — gii for 45 =0,1,2.

For instance we have

§E1,1(2p)§T I

o O O

0 0
10
0 0

We have thus confirmed relations (4.3).

Let us introduce the transformation which maps the tensor product of the spin-s represen-
tations: Vl(zs) - ® VJS, *) %o the tensor product of the (2s + 1)-dimensional representations:
C%SH R ® CQSSH. We define it by the tensor product of transformation S as follows

51988y, : Ve - oVi) 5 Ccktlg.. o ChtL
We also define its complex conjugate
51908y, : VP e oV - CPHle...0CEL

Let us consider the spin-s ground state with (2s+ 1)-dimensional entries, ]\IJ(GQS)>. For the spin-1

case, it gives the ground state of the spin-1 XXZ Hamiltonian (1.1). In terms of the ground

state constructed by the fusion method, Wf‘gp )>

|\I/(28)> =S ®--- ®§Ns|w§28p)>'

, it is given by

Here we recall that \w(%p ) denotes the ground state of the integrable spin-s XXZ spin chain
constructed through the fusion method, where the evaluation representations are associated with
principal grading. In terms of the eigenvector with (2s+ 1)-dimensional entries, the expectation
value of a given local operator F with (2s + 1)-dimensional entries is given by

(WEINBWEY) = @S] @ @ Sy ES1 @ - @ S, [1{*P).

Therefore, the operator E corresponds to the operator F(2P) in the fusion construction as follows
EC? =Sl ... S\ ES ® - @Sy,

For instance, from (4.3) we have the following:
E#?p) — S EIS for 4,5=0,1,...,2s.

Similarly, we have the following relations for the spin-s XXZ transfer matrices defined as (2s +
1)Ns x (25 + 1)Ns matrices t%%})\] , to those of the fusion construction:

BN =50 o8P Wsi @ ©8y, for £=12...,2.
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5 Multiple-integral representations for spin-s case

We introduce some useful symbols for expressing the correlation functions of the integrable
spin-s XXZ spin chain. We derive the multiple-integral representation of the spin-s correlation
functions by mainly following the procedures of [20] except for the formula of reducing the
higher-spin form factors into the spin-1/2 scalar products such as in Corollary 1.

Let us sketch the main procedures for deriving the multiple-integral representation of the spin-
s XXZ correlation functions. First, we introduce the spin-s elementary operators as the basic
blocks for constructing the local operators of the integrable spin-s XXZ spin chain. Secondly,
we reduce them into a sum of products of the spin-1/2 elementary operators, which we express
through the spin-1/2 QISP formula in terms of the matrix elements of the spin-1/2 monodromy
matrix, and evaluate their scalar products through Slavnov’s formula of the Bethe-ansatz scalar
products. Here, the expectation value of a physical quantity is expressed as a sum of the ratios
of the Bethe-ansatz scalar products to the norm of the Bethe-ansatz eigenvector. Furthermore,
the ratios are expressed in terms of the determinants of some matrices. Thirdly, solving the
integral equations for the matrices in the thermodynamic limit, we derive the multiple-integral
representation of the correlation functions.

Let us summarize the multiple-integral representations of correlation functions for the inte-
grable spin-s XXZ spin chain in a region of the massless regime with 0 < ¢ < 7/2s [20]. We
show the revised expression [53, 54]. Here we recall that in the massless regime we set n = i
with 0 < { < 7.

We express any correlation function of the integrable spin-s XXZ chain in terms of the linear
combination of products of the spin-s elementary matrices. They are defined by

F2P) ({ig, ji}) = (&) T EF7HCP [20)) / (250 [ 250,
k=1

where E,i’“’j’“(%p ) denotes the (2s 4+ 1) x (2s + 1) elementary matrix whose entries are all zero
except for the (ig, jx) element which is given by 1, for each k with 1 < k < m. Here integers iy
and ji satisfy 1 < i, jr < 2s. We recall that |1,/1§28p )) denotes the spin-s ground state.

Let us consider a product of the spin-¢/2 elementary matrices associated with principal

,31(€p) .. Efrrlmjm(fp)

grading, Eil , for which we shall evaluate the zero-temperature spin-s XXZ

correlation functions. We introduce variables agf " and e which take only two values 0 or 1 for
k=1,2,...,mand a,8=0,1,...,£ For the mth product of elementary matrices, we introduce

sets of Egﬂls and E/[élf]s (1 < k <'m) such that the number of as satisfying gL’f]' =landl<a<2s

is given by i and the number of 8s satisfying 5%1 =1and 1 < 8 < 2s by ji, respectively. We

then express them by integers s}s and g;s for j = 1,2,...,2sm as follows:
ety =0 for a=1,2,...,2s k=12,...,m,

[]

Ezs(k,1)+5:€; for p=1,2,...,2s; k=1,2,....,m.

We express the mth product of (2s + 1) x (2s + 1) elementary matrices in terms of a sum of
2smth products of the 2 x 2 elementary matrices with entries {e;, e;-}; ie., eil’gl ‘e ;i;;;’azsm
[20, 54].

For given sets of €; and 5} for j =1,2,...,2sm we define o™ by the set of integers j satisfying
53 =1 and a™ by the set of integers j satisfying £; = 0:

a () =g =1 a"({e)) = g = 0%
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We denote by a_ and a, the number of elements of the set a~ and a, respectively. Due to
the “charge conservation”, we have

a_ + ay = 2sm. (5.1)

m m

Precisely, we have a_ = ) iy and ay = 2sm — Y ji. Here we recall that for the R-matrix of
k=1 k=1

the XXZ spin chain matrix elements R(u)zg vanish if a +b # ¢+ d, which we call the charge con-

servation. It follows from the charge conservation that the correlation function folSs )({sj, ei})

m m
vanishes unless the two sums are equal: > i = > ji. We therefore obtain relation (5.1).
k=1 k=1

We remark that the charge conservation of the R-matrix corresponds to the “ice rule” of the
six-vertex model, which is defined as a two-dimensional ferro-electric lattice model.
For sets a~ and at we define \; for j € @™ and N for j' € a™, by the following sequence:

()\/'1 ceey )\/»/ 3 Ajmirﬂ ey )\jmax) - ()\17 e ,)\QSm).

JImax’ Imin
Let us recall the assumption that in the region 0 < { < 7/2s the spin-s ground state \wégsl) )>
is given by Ns/2 sets of the 2s-strings:
A = g — (a0 —1/2)n + 6 for a=1,2,...,Ng/2 and a=1,2,...,2s.

a

()

Here we also assume that string deviations dg

()

forming strings, Aq "/, the spin-s ground state associated with the principal grading is given by

are very small for large N;. In terms of rapidities

Ns/2 2s
|¢§28P)> _ H H B (N Le1n.)]0).
a=1 a=1

Here we have M Bethe roots with M = 2sN,/2 = sNs. The density of string centers, p()\), is
given by

1

PN = S commma/c)’

which has simple poles at A =i((n + 1/2), for n € Z with the residues (—1)"/(2x1).
We define the (j, k) element of a matrix S = S((\;)2sm; (w](-QS))Qsm) by
Sik = p(h — wl +n/2)8(a(N), Bk)  for jk=1,2,...,2sm.
Here 6(a, 8) denotes the Kronecker delta. We define §(j) b
B) =3 —2s[[(G —1)/2s]],

where the Gauss symbol [[z]] is defined by the greatest integer less than or equal to a real
number x. We define a();) by a();) =~ (1 <~ < 2s) if \; is related to the integral variable

i by Aj = pj—(y—1/2)n, or A\j = wli *) where B(k) =~ (1 <~ < 2s) [20]. We remark that p;
correspond to the centers of complete 2s-strings Aj. When we evaluate a();), we assume that

1)¢tie i(y—1/2)¢ _
the integral paths of [ " i 7_1)& are replaced by those of foooollv7 1y for = 1,2,...,2s,
respectively. Here we remark that when we deform the integral path of [° Oooo 1(17(7 )IC)ZT: to that of
co—i(y—1/2)¢ _ _ (29
f—oo—i('y—l/2)( (for v =1,2,...,2s), we may have the contribution of a simple pole at A\ = w,’

with integer k satisfying (k) = .
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With the above notations, we express correlation functions for the massless spin-s XXZ chain
in the form of multiple integrals as follows

co+tie co— 1§+1e 00—1i(2s—1)(+ie
27 ({e5,51) = Cl{insin}) +f o i
—oo+ie co— 1<+16 —oo—i(2s—1)(+ie
oco+ie oco—1i(2s—1)(+ie
([ /
—oo+tie —o0—i(2s—1)¢+ie
oco—ie co—i{—ie co—i(2s—1)(—ie
/ / / D1+
oco—ie co—i(—ie —oo—i(2s—1)¢—ie
co—ie co—i(2s—1)(—ie
A/ /
—oo—ie —oo—i(2s—1)¢—ie

Y QUej il My, Asam)detS (A, - Agam). (5.2)
at({e;})

Here we have defined Q({e;,€}}; A1, ..., A2sm) by
Q({Ej7 6;}7 Al? ey >\28m))

= CON (2)
[T [ ITsinh (A —w; ™ +75) I sinh (N —w,™)
k=1

B (_1)a+j€a— k=j+1
H Sinh()\g — e +n+ Eg,k)
1<k<f<2sm
2sm -
I1 ( IT smh( (25) — ) [ sinh (N — w,(fs)))

jleat k=1 k=j'+1 (5 3)

[[  sinh w) —

1<k<l<2sm ( k ¢ )

Here we have set € ¢ = ie for Im(A\;, — A¢) > 0 and € = —ie for Im(\, — A¢) < 0, where € is an

infinitesimally small positive real number: 0 < € < 1. The normalization factor C' is given by

m m

Clfiriih) = [T (VECRF @G-/t — T

k=1 b=1

where ¢ = e = €.

Here we should remark that in (5.2) the sum of a™({e;}) is taken over all sets {¢;} corre-
sponding to {6?}} (1 < k < m) such that the number of integers (3 satisfying 6[ = 1 with
1 < B < 2sis given by ji for each k satisfying 1 < k < m. In (5.3) we take a set a”({e)})

corresponding to z—:[a] for k=1,2,...,m, where the number of integers « satisfying 5[014{]/ =1 and
1 < a < 2sis given by i for each k (1 < k < m).

6 Multiple integrals of the spin-1 one-point functions (s = 1)

We calculate analytically the integrals for the spin-1 one-point functions. Considering the
residues which are derived when we shift the integral paths, we explicitly evaluate the dou-
ble integrals expressing the spin-1 one-point functions. Hereafter, we shall often denote the
spin-s elementary matrices E%(25P) by E®J for simplicity.
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6.1 (E?2?): The emptiness formation probability

Let us evaluate the emptiness formation probability (EFP) (E%2(2P)). In this case we have
n=j=2% ()= (L1, (,e)=(01); CO=1
ot =0, a ={1,2}; (A, A) = (A, A).

Here the symbol @ denotes the empty set. We evaluate EFP as follows

< §2P§5)|D(2p;e( (2 E))l)(Qp7 ( )W)ng’ >>
<wg2p’ ™) |

(EY*) = 6o ({A0); {u]? }>(gg5

Let us denote the integral path [~ cotier g Jo. - The multiple-integral formula reads

= (o f (]

where Q(A1, A2) and S(A1, \2) are expressed in terms of p(z) = sinh(z) as

> d)\QQ A, /\2) det S()\l, )\2)

—n—ie —n—ie

o — w$)p(hg — w® + 1)

(Ao — A1+ 0+ ) —wi)’

S(A1,A2) = (Al_wl +1/2)0 a(A1),1 p(A1 — w2 +77/2) CHEAN
pOa — 0 4+ 1/2) Sanpa P2 — WS +1/2) 6a(ry)2

Q(A1,A2) =

We now shift the integral paths C_jc and C_y_ic into C_, » and C_s, 5, respectively. During
the contour deformation each of the integral paths does not cross any pole of the integrand, and
hence we have

(o {f L e
Cny2 —3n/2 Conyz _3n/2

We now denote C_, /5 and C_z,/, by C; and Cy, respectively. After expanding the above
expression with respect to the types of integral paths, we have four terms. However, only two
of them survive due to the Kronecker deltas in the matrix S

A — w4 /2 0
(E??) = / d)\l/ dA2@Q Al,)\z) a (2)+77/ )
Ch 1 ()\ 2 — Wy +77/2) 0
(2)
— 2
+ / A\ / QA Ag) [P 1 /2) ?2
c Co 0 p(Ao — +n/2)
_ (2
+/ d)\l/ QL) (()2) p(A1 —wy +1/2)
Co Ch p(A2 —wy™ +1/2) 0
(2
+/ d)\l/ DaQ(A Aa) 0 p(A\ w%2)+77/2)
Cy Cs 0 /«7()\2_w2 +77/2)

- / d)q/ AAQ (A1, A)p(A1 — 0l +1/2)p(Ag — WP + n)2)
Ch Cs

- / Ay / AAaQ (M, A)p(h — w) +1/2)p(2 — w® +n/2),
Co Cq
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Substituting wg) =&, w§2) =& —n, we have

(E*) = /_ T /_ " A Quz — Qo) — E)pluz — £1)

= /_OO dz /_OO dz2(Q12 — Qa1)p(z1)p(72)

where x1 = p1 — &1, x2 = po — &1, and Q12 and ()21 are given by

L op(pr — & +n/2)p(p2 — &1 —1/2)
©(n) ©(po — p1 — ie)
_ 1 e(@+n/2)e(xs —n/2) (6.1)
( : .

©(n) o(xy — 1 — i€)
_ B B 1 ol — & —n/2)e(pe — & +1/2)
Qa1 = QU =302 g2 = 0f2) = (1) (2 — p1 + 21 + ie)

L p(z1 —n/2)p(r2 +1/2)
() @(re —x1+2n+ie)

Q12 = Q1 —n/2,p2 — 31/2) =

Thus, we have
(E?%) = Iy — I

where I19 and Is; are given by
o0 o0
s = / dﬂ?l/ draQr2(1, v2)p(21)p(22),
—0o0 —0o0

I = /OO day /OO dzoQo1 (w1, x2)p(x1)p(22).

The integrand ()12 is transformed into (J2; when we shift the integral path as z; — =1 — n
and xo — xo + 1. First we shift the integral path in 119 as x1 — 1 — 7.

A |x;

XX5-1€

/2

e
-n 5

Here we note that due to the sign in front of € in the denominator of (6.1), the integrand Q12
has a pole at 1 = z9 — i€ as a function of x1. Here we recall that € is an infinitesimally small
positive real number. We therefore express the integral 115 in terms of a sum of two integrals,
Ji + Jo, as follows

Ly = /OO dxap(x2) /OO dz1Qi2(z1, 2)p(x1)

—0o0 —00

= /OO dazap(ze) (/Oon dz1Q12(x1, z2)p(x1) — 2wiRes [ng(xl,mg)p(xl)\m:mie])

—00 —00—1

= /00 dzop(x2a) /OO dr1Q12(z1 — n, 22)(—=1)p(z1)

—0o0 — 00

— 27ri/ dl’zp(l’g)ReS [ng(l‘l,$2)p(l’1)|z1:x2_i€] =Ji+ Jo.
-0
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Here we have made use of the anti-periodicity: p(z + nn) = (—1)"p(x). We also remark that
the simple pole at 1 = —n/2 due to p(x1) is canceled by the factor p(z1 4+ 1/2) in Q12(x1,x2).

Let us first consider the single integral Jo derived from the pole at 1 = x5 — €. Explicitly
evaluating the integral Jo we have

Y e 1 (w2 +n/2)p(x2 —n/2)
Jz——27r1/ dmzp(x2)2¢(n) 2 7 2

/ cosh 2z — cos( ¢ —sin( cos(
4{2 sm( cosh2 (rz/Q) 2(sin®¢

Here we have made use of formula (B.2).
A [x;
n >

n/2

D
>

Let us next consider the double integral J;. We shift the integral path in J; as 9 — x2 + 7.
We derive the wanted integral Iy as follows

Ji= /00 dxy /OO dzaQia(z1 — n, 22)(—1)p(21)p(x2)

00+1
/ dxl/ dzoQra(z1 — 1, 22)(—1)p(z1) p(22)

oco+n

2/ dx1/ dzoQra(r1 — 1,22 +1)(—=1)?p(z1)p(22)
= /OO dzq /Oo dz2Q21 (1, w2) p(71)p(22) = 21

Here we note that the simple pole at x5 = 1/2 due to p(z2) is canceled by the factor ¢(xo —n/2)
in Q2.

Finally we have the analytical expression of the one-point function (E??) as follows

¢ —sin(cos(

E2y =Ty —In= (N +J)—Iy=Jo=
(E7%) =T —Ipy = (J1+ o) —Io1 = Jo SCsin? ¢

6.2 (EM) =2(ep'ed’)

Let us calculate a spin-1 one-point function, (E1!). Setting &} = 1 and &) = 0 in formula (2.10)
we have

h=7=1 (€17€2) = (071)7(1a0); C=1
= {1}> {Q}ﬂ a = {1}, (~/1¢5‘1) = ()‘la )‘2)7 (5‘,275‘1) = (>‘17 AQ)
Here (£1,e2) = (1,0) corresponds to at = {2}, and hence we have (X, A1) = (A1, Aa).
Applying formula (3.14) we express (E'!) as follows

1,1(2

(B ) = o B P @) 2 )
_ 10 ) [ 1im <{Aa<e>};ip*>13<2px>< N €>>c<2p7€>< = Aa(17)
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i <{)\a(€)}§3]p;€) |D(2p§5)( (2;6))14(21)'6 ( (2;6))|{>\a(6)}§\24p;6)>> ] (62)

(2p; 2p;
0 ENONIEWEO) vt
Considering the spin inversion symmetry and the quantum group invariance we evaluate (E1!)
by

<E;1,1(2p)> _ 2(1)2({)\7} {w(Q)} )
iy a1 (2050)| Dy (256) (11Z) AP (162)) | { Ao (€)} 2p,e)>'

=0 (a7 [ Aale)} )

(6.3)

Let us briefly review how we reduce (6.2) to (6.3). It follows from formula (3.12) that we
have

WEPIE D) = (wPley ey 1) + (P ley e [ P0).

Due to the spin inversion symmetry (4.2) we have

0(.1,0 0,1
<¢§2p’0’e1 ey |v§

: :0(.0,1 1,0
%) = (urolee)

2p;0
o

We have the following symmetry relation (3.13) due to the quantum group invariance Uy(sl2):

WO ey 1) = (wFOler ey ).

g

Therefore, we have
:0)(,1,0 0,1 O\ 0)(,1,1 00
(O ler ey g ) = (w0 ler e g ).
Here we also recall that ]1/15(,273;6)) H{Aa(€)} 5y (2pic) ).

Let us consider the case of (g7, ¢5) = (1, Q) and (e1,e2) = (1,0), which corresponds to a™ =
{2} and a~ = {1}, and hence we have (A5, A1) = (A1, A2). The multiple-integral formula reads

(WU:2<LW+/ﬂ )dM</lét/

where Q(A1, A2) and det S(A1, A2) are given by
e — Py —wi —n) e — & —n)e(hs — & +n)
©(Xa — M1+ 1+ e2)p(w) @ — wi?) (A — A2 — 1+ e12)(n)

S(A1, Ag) = P = wi” +1/2)8 a(M),1 p(h —ws? +n/2) 6, a2\
P2 — wi? +1/2) () <A2—w§>+n/2> (a2

> d)\gQ )\1, )\2) det S(/\l, )\2)

—n-+ie —n—ie

Q(A1, A2) = — , (6.4)

oco+ia
oco+ia

Here we recall that [ ~denotes the integral path [~ and also that ¢(z) = sinh(x).

Let I'; denote a small contour rotating counterclockwise around A = w](?) for each j. We
shift the integral paths C_;c — C1, C_;—ic = C2 and C4ic — C1 —TI'1, C_yqie — Co —I'g, where
C1=C_,3 and Oy = C_3, 5. For instance, we have

/ d)\lz/ d)\l—/ dA;.
C+ie Ci I

Expanding the determinant of matrix S, we thus obtain

(B /2 = ( /C - /F > i /C Q0 M)l uf? /200~ + /2
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B </ _/ > d)‘l/ dX2Q (A1, A2)p(A1 — w§2) +1/2)p(A2 — w§2) +1/2).
Co T C1

The one-point function (E'!) is now expressed in terms of Ji, Jo, K1 and Ko, as follows.
(BM) = 2(—Ky + Ko + J1 — Jo).

Here we shall give definitions of integrals Ji, Js, K7 and Ko and calculate them shortly in the
following. For K; and Ky, making use of the formula: 27iRes[p(A —w +1/2)|,_,] = 1, we
have

K = / d/\1/ AaQ(M, A2)p(h — wi? +1/2)p(ha — ws? +1/2)
F1 C’2

= [ ax@f? dape = uf? +0/2) = [ aaQ(Er. s =30/l — 1)

= [ doota) N

Ky = / dAl/ d2Q(M, A2)p(A — wi? +1/2)p(Aa — wi? +1/2)
'y Cy

and

_ /C DaQi? g0~ +0/2) = | " A Q€L — 1 1a — m/2)plps — €1)

_ > o(x +n/2) - ple = n/2)
_2cosh77/_oodxp( )m 2COSh77/_OOdCEP($)(’D(x+n/2).

We have defined the integrals J; and Js by
= [ an [ anQOue)p0 — uf? + n/2p0 — uf? + /2
Ch Co

T e [ den(eo(en (L) el = 30/2)p(z2 —1/2)
= [ [ et (- o) SR
Jo E/C dAl/c dAQ(A1, A2)p( A\ — ws? +1/2)p(h2 — wiP) +1/2)

_ [T > 1\ plz1 —5n/2)p(zs +n/2)
— /_OO dzy /_OO dxap(z1)p(x2) <_<P(77)> ot t 200

As in the case of (E??), we transform the integral .J; into Jo by shifting the integral path as
xr1 — x1 —1n and x2 — x9 + 1. First we shift the integral path in Jy as 1 — x1 — 1. There

are two simple poles at x1 = x9 — ie and x1 = —n/2. Using 2wiRes [p(a:)\x:w/z] = —1, we can
calculate the residues as

. L\ p(z1 —3n/2)p(zs —n/2)
27miRes | p(z1)p(x2) <_90(77)> (0 — 71 — i€) xl—n/2]
—2(coshn)p(z2 )zgi _T_ Zgi
and
. L\ p(z1 —3n/2)p(z2 —n/2)
2miRes | p(z1)p(22) (_90(77)> o(z2 — a1 — i€) xl:mij
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N <P2(7;i)p($z)2¢(x2 —3n/2)p(x2 — 1/2).

Thus we have

nm ettt [ o [ drsptmpten (L) £ B/
—0oo—n

1 ) o(r1 —5n/2)p(x2 —n/2)

=—0L -1 +/ dzy dzo(—1)p(z1)p(x2) (—

©(n) o(xg —x14+n—1€)
where
7 ae [ a(cos ¥ =n/2)
h‘/wd[” “W”ﬂMmmy
b=iﬁw®{;£ﬁ@Vﬂx—&ﬂ%ﬂx—W%}

Next we shift the integral path as zo — z2+7. Here we remark that the simple pole at zo = /2
of p(x2) has zero residue due to the factor p(x2 —n/2) of the integrand. Thus we have

Jo=-11 — I, —i—/ da:l/ dza(=1)%p(x1)p(as) <—
=-I — L+ Js

1 ) o(r1 — 5n/2)p(r2 +1/2)
©(n) p(w2 — 1 + 21 — i€)

where we have omitted the infinitesimal € since we can shift the integral path without crossing
the poles. Thus, we have

(B =2(—K| + Ko+ J; — Jo) =2(-K1 + Ky — I} — I)) = 2(-K, — ),

where we have used the fact that Ky = I;. Using the formula (B.1), we have K; = 1/2. Next
we consider the integral Is. Shifting the integral path of z as x — x + im, we have
p(x —n/2)p(z —3n/2)

T 2
<P(77) p< ) x:iﬂ/Q]

_ [T eletn/2e@—n/2) 1o vog o P)
-/ oy A i
1 /‘X’ sinh(z + 7/2) sinh(z _n/2)dx 1

G [T el /2@ —30/2) oo
IQ/(27T1) B /oo+i7'r 80(77) p( ) d
)

+ 27wiRes

~420() Jooe cosh?(z/() 2mi’

Making use of the formula: sinh(z + 7/2) sinh(z —7/2) = (cosh 2z — coshn)/2 we have

* h2 o 1 o
—0 COSh (Wx/C) —00 COSh (ﬂw/c) 2g sin C:

where we have used the formula (B.2). Finally, we obtain

_ cos ((sin ¢ — ¢ cos()

11\ _ o
(E7) =2(-K1 — I) Csin?e
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6.3 (E")
In this case we have
il = jl = 0’ (81’82) = (070)7 (81752) (0 0) C = ]_7
T ={1,2} o =g (Mo, A1) = (A1, Aa).

The multiple-integral formula reads

(E%) = </ / ) d\; (/ / ) dAaQ (A1, A2) det S(A1, A2),
C+15 n-+ie C+1€ n-+ie

where Q(A1, A2) and S(A1, A2) are given by

(s — w$)p(\ — w® — )

(g — M+ 1+ ea)p(w® — w?)’

A= w'? + /2 O M —w? +n/2
S\, Ae) = p(M w%z) 1/2)dan)1 (A1 () 1/2) a2 |
p(A2 —wy™ +1/2) daro)1 P(A2 — w5 +1/2) 6a(rs),2

Q()\la )\2) —

Here we recall that [, denotes the integral path [° °°++O;a and ¢(x) = sinh(z).

We now shift the mtegral paths Cyie — C1 —I't, Cyqie — Co — I'g, where C1 = C_,) )9,

(2)

Cy = C_3,/p and I'; is a small contour rotating counterclockwise around A = w; Expanding

the determinant of matrix S, we obtain

(B9 = (/Cl /F1>d)\1 </02 /F2>d>\2Q AL A2)p(A — wl® +1/2)p(he — wl? +1/2)
(L= L) ([ = [) ireon ot =+ ar2ipta = wf? 402

=1 —Iy—I3— Iy + I5 + I,

where
L= / d\, / DaQO N)plpd. L= / dh / DQ(M, M) P,
C1 Cg 02 Cl
Is = Q(wd, wi®), A:thm@%Mw, &:A@hm@?bﬁ
2 1

= [ Q0 uf?)sh
Ca

and pi = p(Aj — w,i + n/2). Shifting the integral path as for the former cases, we have

Il — I2 = —Kl K2 where
m1z2—i5]

xlzn/2]

p(x1 —3n/2)p(x2 — 1/2)
e(n) o(xg — w1 — ie) p(z1)p(z2)

o
K :/ dxo27miRes

—0o0

B 2¢ sin? ¢ +1
1 s - 30/2)p(xs — n/2)
90(77) (,0(1‘2 e 16) p(xl)p(xQ)

9 o0 L p(r—n/2) .
= 2eoshy | arBi o).

Ky = / dxo2miRes

—0o0
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The other terms are calculated as

I3 = —1, I4 = —/ p(ac)dx, I5 = KQ, Iﬁ = —/ p(.l‘)d.%

—00 —00

Summing up all the contributions, we have

00y ¢ —sin{cos(
(E™) = —2C snZc (6.5)

Here we can confirm that the relation (E??) = (E%) by directly evaluating the integral.

6.4 (E™) through 2(e)'e}°)

0,1 1,0
)

We evaluate (E') by calculating the multiple integral representing (e, e,"). Here we recall

that due to the spin inversion symmetry we have (E') = 2(e; Olel 0> In this case we have

h==1 (e1,€2) = (0,1), (e1,¢h) = (1,0); C=1;
T={2k o ={2h (A, A2) = (A1, Ag).

The multiple-integral formula reads

wr=a(f o[ Jan(f o

where Q(A1, A2) and det S(A1, \2) are given by

—n-+ie —n—ie

> d)\gQ )\1, )\2) det S(/\l, )\2)

p(a —w® + e —w” —n) e — & —me(a — & +n)
oAy — A1 +1n+ 621)80(11152) - w§2)) (A1 — A2 =+ €12)p(n)

S(A1, Ag) = p(M — 2 + 1/2)0ax)1 P(A — w§2) +1/2) (a2 .
POz — 0 +1/2)80000 P2 — 05 +1/2)00 (0.0

Q()\la )\2) —

I

Here we remark that we have the same Q (A1, \2) as in equation (6.4) for the case of <e% 16(2) 0y,

We therefore obtain

cos((sin ¢ — ¢ cos()
Csin? ¢ '

(M) =

We have thus confirmed the quantum group invariance (e)'el®) = (ej'ey”) through the

multiple-integral representation.

Finally in Section 6 we give an important remark: through an explicit evaluation of the
multiple integrals of <E’1’1(2”)> we have shown the following relations:

(%) = (') (") = (%),

It follows that in the spin-1 case, every one-point function is expressed in terms of a single
multiple integral, which corresponds to the expectation value of a single product of the local
spin-1/2 operators. In general, however, the spin-s correlation function of an arbitrary entry is
expressed in terms of the expectation values of a sum of products of the local spin-1/2 operators
such as shown in (5.2). Here we recall that the sum over sets a™({e3}) in (5.2) corresponds to
the sum over sequences {e3} in the reduction formula of Corollary 1.
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Figure 1. One-point functions of spin-1 XXZ chain in the massless regime obtained by the explicit
evaluations of multiple integrals. The red and blue lines represent those for (E??) = (E%) and (E'!),
respectively.

7 Consistency with numerical estimates
of the spin-1 one-point functions

We now show that the analytical expressions of the spin-1 one-point functions are consistent with
their numerical estimates, which are obtained by the method of numerical exact diagonalization
of the integrable spin-1 XXZ Hamiltonian.

Let us fist summarize the analytical results derived in Section 6. Evaluating the multiple
integrals explicitly, we have obtained all the one-point function for the integrable spin-1 XXZ
chain as

<E2’2(2p)> _ <E0’0(2p)> _ ¢ —sin(cos( <E1’1(2p)> _cos ¢(sin¢ — ( cos C)’
2( sin? ¢ Csin?¢
which are shown in Fig. 1. In particular, via evaluation of the multiple integrals, we have
confirmed the uniaxial symmetry relation:

(B2) = (E™). (7.1)

Through the direct evaluation of the multiple integrals we confirm the identity: (E?2) + (E') +
(E%) = 1. Here we recall that assuming the uniaxial symmetry (7.1) the analytical expression
of (E%) has been given in [20].

Furthermore, we have confirmed the relations among the correlation functions due to the
quantum group Uy (slz) symmetry and the spin inversion symmetry as follows

~ 0,0 1,1 1,1 0,0 0,1 1,0 1,0 0,1
<E1’1(2p)> =2(ey ey ) = 2(ey ey ) = 2(e) ey) = 2{e ey ).

In the XXX limit A — 1 we have (E??) = (F'!) = (E%) = 1/3, which has been shown by
Kitanine in the XXX case [17]. In the free Fermion limit A — 0 we have (E??) = (E%) = 1/2,
and (E') = 0. Here we should remark that we consider the region 0 < ¢ < 7/(2s) with s = 1,
namely, 0 < A < 1.

Finally, we confirm the analytical results by comparing them with the numerical results of
exact diagonalization, which are shown in Fig. 2. In Fig. 2, the red and blue lines represent
the analytical results obtained by evaluating the multiple integrals of the one-point functions,
(E?2) = (E") and (E'1), respectively. The black dotted lines represent the numerical estimates
of the one-point functions which are obtained by the method of exact diagonalization of the
integrable spin-1 XXZ Hamiltonian with the system size of Ny = 8. We numerically obtain the
ground-state eigenvector of the integrable spin-1 XXZ Hamiltonian, and calculate the numerical
estimates of the one-point functions.

We have found that the numerical and analytical results of the spin-1 one-point functions
agree quite well in the region 0 < A < 1, as shown in Fig. 2. We thus conclude that the
numerical results should support the validity of the multiple-integral representations for the
spin-1 one-point functions.
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Figure 2. Comparison with the exact numerical diagonalization. The red and blue lines represent
analytical results obtained by the multiple integrals for (E??) = (E) and (E'1), respectively. The black
dotted lines represent those obtained by exact diagonalization with the system size N, = 8.

A Derivation of reduction formula (2.10)

For the spin-¢/2 Hermitian elementary matrices associated with homogeneous grading, Eii (&+)
we introduce coefficients g; ; by

leaedl =3 3 Guileh eahe ™ g™
{eh e {eple

Then, we have

-1

~ e e O\ i-1)/2—j(-1)/2,—(a(1)+ta(i)—i b () —j

CARIE H H <Z> D251/~ (@14 +al) =) G- 0G) )
q q q

We derive the reduction formula for the Hermitian elementary operators EbIEH) as follows

-1
Frit) — pogiien - | |Cf T (6) gnrz=io-nr2e g (A1)
1 q Vi q 1
- - - ta(i)—i b edb(§)—3
x S0 ((illogyy o 16,0} COTHOD) (g 0oty gD

{eg}e{eb}e

Here {e3}, is given by a sequence of 0 or 1 such that the number of integers § for 1 < g < ¢
satisfying e3 = 1 is given by j, and {e/, }¢ is given by a sequence of 0 or 1 such that the number
of integers « satisfying £/, = 1 is given by i.

We can show the following property:
Lemma 3 ([54]). Let o~ be a set of distinct integers {a(1),...,a(i)} satisfying 1 < a(l) <
-+ < a(i) <, we have the following:

-1
G _ _ a0 o
(€ illoggy - 0 l16, 0)g (@D HalH = M g I,

which is independent of the set = = {a(1),a(2),...,a(i)}.

Applying Lemma 3 we show that the inside of the parentheses (or the round brackets) of
equation (A.1) is independent of a(k)s. Making use of the following:

>1=(5)

{ette
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where €/, are such a sequence of 0 or 1 that the number of ¢/, = 1 is given by i. We thus have

-1 -1
~. AR ¢ o e N o —
g [ 1] (5) aemeao i
7 J 7
q q
14 - - —(a ta(i)—i) b e b(§)—4
X <Z> R AT [ L U] v N s AL A
{este
—1
E K i(i— (i T . —(i—i /7 /7 _
_ H H GGV (0078 3 yp e
q

g {en}e

Here we recall that {eg}, is a sequence such that the number of integers g of 1 < g < ¢
satisfying eg = 1 is given by j. The integers a(k) (1 < k < i) and b(k) (1 < k < j) satisfying
1 <a(l) <---<a(i) <fland 1 < b(1) < --- < b(j) < ¢, respectively, are related to the
sequences {e/, }, and {e5}¢ by the following relation [54]:

QEVEL et 10 10 00 0,001 0.1
1 ¢ = Ca(1) a(i)©1 ¢ (1) b(5)"

B Useful integral formulas

*  dx
_ B.1
/oo coshz (B.1)
& h2 2
/ o8 andx = .7ra , for J|a| < 1. (B.2)
—oo cosh”x sinma
Acknowledgments

The authors would like to thank F. Goéhmann, C. Matsui and K. Motegi for helpful comments.
They are grateful for useful comments to many participants of the workshop RAQIS’10, June,
2010, LAPTH, Annecy, France. This work is partially supported by Grant-in-Aid for Scientific
Research (C) No. 20540365. J. Sato is supported by Grant-in-Aid for JSPS fellows.

References

[1] Korepin V.E., Bogoliubov N.M., Izergin A.G., Quantum inverse scattering method and correlation functions,
Cambridge Monographs on Mathematical Physics, Cambridge University Press, Cambridge, 1993.

[2] Jimbo M., Miwa T., Algebraic analysis of solvable lattice models, CBMS Regional Conference Series in
Mathematics, Vol. 85, American Mathematical Society, Providence, RI, 1995.

[3] Kitanine N., Maillet J.M., Slavnov N.A., Terras V., On the algebraic Bethe ansatz approach to the correlation
functions of the XXZ spin-1/2 Heisenberg chain, hep-th/0505006.

[4] Jimbo M., Miki K., Miwa T., Nakayashiki A., Correlation functions of the XXZ model for A < —1, Phys.
Lett. A 168 (1992), 256263, hep-th/9205055.

imbo M., Miwa T., Quantum equation with |g| = 1 and correlation functions of the model in the
5] Jimbo M., Miwa T., Q KZ i ith 1 and lation fi i f the XXZ del in th
gapless regime, J. Phys. A: Math. Gen. 29 (1996), 2923-2958, hep-th/9601135.

[6] Miwa T., Takeyama Y., Determinant formula for the solutions of the quantum Knizhnik—Zamolodchikov
equation with |¢| = 1, in Recent Developments in Quantum Affine Algebras and Related Topics (Raleigh,
NC, 1998), Contemp. Math., Vol. 248, Amer. Math. Soc., Providence, RI, 1999, 377-393, math.QA /9812096.

[7] Slavnov N.A., Calculation of scalar products of wave functions and form factors in the framework of the
algebraic Bethe ansatz, Theoret. and Math. Phys. 79 (1989), 502-508.


http://dx.doi.org/10.1017/CBO9780511628832
http://arxiv.org/abs/hep-th/0505006
http://dx.doi.org/10.1016/0375-9601(92)91128-E
http://dx.doi.org/10.1016/0375-9601(92)91128-E
http://arxiv.org/abs/hep-th/9205055
http://dx.doi.org/10.1088/0305-4470/29/12/005
http://arxiv.org/abs/hep-th/9601135
http://arxiv.org/abs/math.QA/9812096
http://dx.doi.org/10.1007/BF01016531

One-Point Functions of the Integrable Spin-1 XXZ Chain 39

8]

Maillet J.M., Sanchez de Santos J., Drinfel’d twists and algebraic Bethe ansatz, in L.D. Faddeev’s Seminar
on Mathematical Physics, Amer. Math. Soc. Transl. Ser. 2, Vol. 201, Amer. Math. Soc., Providence, RI,
2000, 137-178, g-alg/9612012.

Kitanine N., Maillet J.M., Terras V., Form factors of the XXZ Heisenberg spin-1/2 finite chain, Nuclear
Phys. B 554 (1999), 647—678, math-ph/9807020.

Maillet J.M., Terras V., On the quantum inverse scattering problem, Nuclear Phys. B 575 (2000), 627644,
hep-th/9911030.

Kitanine N., Maillet J.M., Terras V., Correlation functions of the XXZ Heisenberg spin-1/2 chain in a mag-
netic field, Nuclear Phys. B 567 (2000), 554-582.

Gohmann F., Klimper A., Seel A., Integral representations for correlation functions of the XXZ chain at
finite temperature, J. Phys. A: Math. Gen. 37 (2004), 7625-7651, hep-th/0405089.

Damerau J., Gohmann F., Hasenclever N.P., Kliimper A., Density matrices for finite segments of Heisenberg
chains of arbitrary length, J. Phys. A: Math. Theor. 40 (2007), 4439-4453, cond-mat/0701463.

Jimbo M., Miwa T., Smirnov F., Hidden Grassmann structure in the XXZ model III: introducing the
Matsubara direction, J. Phys. A: Math. Theor. 42 (2009), 304018, 31 pages, arXiv:0811.0439.

Sakai K., Dynamical correlation functions of the XXZ model at finite temperature, J. Phys. A: Math. Theor.
40 (2007), 7523-7542, cond-mat,/0703319.

Kitanine N., Kozlowski K.K., Maillet J.M., Slavnov N.A., Terras V., Algebraic Bethe ansatz approach to
the asymptotic behavior of correlation functions, J. Stat. Mech. Theory Ezp. 2009 (2009), P04003, 66 pages,
arXiv:0808.0227.

Kitanine N., Correlation functions of the higher spin XXX chains, J. Phys. A: Math. Gen. 34 (2001),
8151-8169, math-ph/0104016.

Castro-Alvaredo O.A., Maillet J.M., Form factors of integrable Heisenberg (higher) spin chains, J. Phys. A:
Math. Theor. 40 (2007), 7451-7471, hep-th/0702186.

Deguchi T., Matsui C., Form factors of integrable higher-spin XXZ chains and the affine quantum-group
symmetry, Nuclear Phys. B 814 (2009), 405-438, arXiv:0807.1847.

Deguchi T., Matsui C., Correlation functions of the integrable higher-spin XXX and XXZ spin chains through
the fusion method, Nuclear Phys. B 831 (2010), 359-407, arXiv:0907.0582.

Deguchi T., Matsui C., Algebraic aspects of the correlation functions of the integrable higher-spin XXX
and XXZ spin chains with arbitrary entries, in the Proceedings of “Infinite analysis 09 — New Trends in
Quantum Integrable Systems” (July 27-31, 2009, Kyoto University, Japan), to appear, arXiv:1005.0888.

Terras V., Drinfel’d twists and functional Bethe ansatz, Lett. Math. Phys. 48 (1999), 263-276, math-
ph/9902009.

Bougourzi A.H., Weston R.A., N-point correlation functions of the spin-1 XXZ model, Nuclear Phys. B 417
(1994), 439-462, hep-th/9307124.

Gohmann F., Seel A., Suzuki J., Correlation functions of the integrable isotropic spin-1 chain at finite
temperature, J. Stat. Mech. Theory Ezp. 2010 (2010), P11011, 43 pages, arXiv:1008.4440.

Zamolodchikov A.B., Fateev V.A., A model factorized S-matrix and an integrable spin-1 Heisenberg chain,
Soviet J. Nuclear Phys. 32 (1980), 298-303.

Kulish P.P.; Reshetikhin N.Yu., Sklyanin E.K., Yang-Baxter equation and representation theory. I, Lett.
Math. Phys. 5 (1981), 393—403.

Babujian H.M., Exact solution of the one-dimensional isotropic Heisenberg chain with arbitrary spins s,
Phys. Lett. A 90 (1982), 479-482.

Babujian H.M., Exact solution of the isotropic Heisenberg chain with arbitrary spins: thermodynamics of
the model, Nuclear Phys. B 215 (1983), 317-336.

Sogo K., Akutsu Y., Abe T., New factorized S-matrix and its application to exactly solvable g-state model. I,
Progr. Theoret. Phys. 70 (1983), 730-738.
Sogo K., Akutsu Y., Abe T., New factorized S-matrix and its application to exactly solvable g-state model. II,
Progr. Theoret. Phys. 70 (1983), 739-746.

Babujian H.M., Tsvelick A.M., Heisenberg magnet with an arbitrary spin and anisotropic chiral field, Nuclear
Phys. B 265 (1986), 24-44.

Kirillov A.N., Reshetikhin N.Yu., Exact solution of the integrable XXZ Heisenberg model with arbitrary
spin. I. The ground state and the excitation spectrum, J. Phys. A: Math. Gen. 20 (1987), 1565-1585.


http://arxiv.org/abs/q-alg/9612012
http://dx.doi.org/10.1016/S0550-3213(99)00295-3
http://dx.doi.org/10.1016/S0550-3213(99)00295-3
http://arxiv.org/abs/math-ph/9807020
http://dx.doi.org/10.1016/S0550-3213(00)00097-3
http://arxiv.org/abs/hep-th/9911030
http://dx.doi.org/10.1016/S0550-3213(99)00619-7
http://dx.doi.org/10.1088/0305-4470/37/31/001
http://arxiv.org/abs/hep-th/0405089
http://dx.doi.org/10.1088/1751-8113/40/17/002
http://arxiv.org/abs/cond-mat/0701463
http://dx.doi.org/10.1088/1751-8113/42/30/304018
http://arxiv.org/abs/0811.0439
http://dx.doi.org/10.1088/1751-8113/40/27/007
http://arxiv.org/abs/cond-mat/0703319
http://dx.doi.org/10.1088/1742-5468/2009/04/P04003
http://arxiv.org/abs/0808.0227
http://dx.doi.org/10.1088/0305-4470/34/39/314
http://arxiv.org/abs/math-ph/0104016
http://dx.doi.org/10.1088/1751-8113/40/27/004
http://dx.doi.org/10.1088/1751-8113/40/27/004
http://arxiv.org/abs/hep-th/0702186
http://dx.doi.org/10.1016/j.nuclphysb.2009.01.002
http://arxiv.org/abs/0807.1847
http://dx.doi.org/10.1016/j.nuclphysb.2009.12.030
http://arxiv.org/abs/0907.0582
http://arxiv.org/abs/1005.0888
http://dx.doi.org/10.1023/A:1007695001683
http://arxiv.org/abs/math-ph/9902009
http://arxiv.org/abs/math-ph/9902009
http://dx.doi.org/10.1016/0550-3213(94)90480-4
http://arxiv.org/abs/hep-th/9307124
http://dx.doi.org/10.1088/1742-5468/2010/11/P11011
http://arxiv.org/abs/1008.4440
http://dx.doi.org/10.1007/BF02285311
http://dx.doi.org/10.1007/BF02285311
http://dx.doi.org/10.1016/0375-9601(82)90403-0
http://dx.doi.org/10.1016/0550-3213(83)90668-5
http://dx.doi.org/10.1143/PTP.70.730
http://dx.doi.org/10.1143/PTP.70.730
http://dx.doi.org/10.1016/0550-3213(86)90405-0
http://dx.doi.org/10.1016/0550-3213(86)90405-0
http://dx.doi.org/10.1088/0305-4470/20/6/038

40 T. Deguchi and J. Sato

[32] Deguchi T., Wadati M., Akutsu Y., Exactly solvable models and new link polynomials. V. Yang—Baxter
operator and braid-monoid algebra, J. Phys. Soc. Japan 57 (1988), 1905-1923.

[33] Takhtajan L.A., The picture of low-lying excitations in the isotropic Heisenberg chain of arbitrary spins,
Phys. Lett. A 87 (1982), 479-482.

[34] Sogo K., Ground state and low-lying excitations in the Heisenberg XXZ chain of arbitrary spin S, Phys.
Lett. A 104 (1984), 51-54.

[35] Johannesson H., Central charge for the integrable higher-spin XXZ model, J. Phys. A: Math. Gen. 21
(1988), L611-L614.

[36] Johannesson H., Universality classes of critical antiferromagnets, J. Phys. A: Math. Gen. 21 (1988), L1157—
L1162.

[37] Alcaraz F.C., Martins M.J., Conformal invariance and critical exponents of the Takhtajan—Babujian models,
J. Phys. A: Math. Gen. 21 (1988), 4397-4413.

[38] Affleck I., Gepner D., Schultz H.J., Ziman T., Critical behavior of spin-s Heisenberg antiferromagnetic
chains: analytic and numerical results, J. Phys. A: Math. Gen. 22 (1989), 511-529.

[39] Dorfel B.-D., Finite-size corrections for spin-S Heisenberg chains and conformal properties, J. Phys. A:
Math. Gen. 22 (1989), L657-1.662.

[40] Avdeev L.V., The lowest excitations in the spin-s XXX magnet and conformal invariance, J. Phys. A: Math.
Gen. 23 (1990), L485-1.492.

[41] Alcaraz F.C., Martins M.J., Conformal invariance and the operator content of the XXZ model with arbitrary
spin, J. Phys. A: Math. Gen. 22 (1989), 1829-1858.

[42] Frahm H., Yu N.-C., Fowler M., The integrable XXZ Heisenberg model with arbitrary spin: construction
of the Hamiltonian, the ground-state configuration and conformal properties, Nuclear Phys. B 336 (1990),
396-434.

[43] Frahm H., Yu N.-C., Finite-size effects in the XXZ Heisenberg model with arbitrary spin, J. Phys. A: Math.
Gen. 23 (1990), 2115-2132.

[44] de Vega H.J., Woynarovich F., Solution of the Bethe ansatz equations with complex roots for finite size:
the spin S > 1 isotropic and anisotropic chains, J. Phys. A: Math. Gen. 23 (1990), 1613-1626.

[45] Klimper A., Batchelor M.T., An analytic treatment of finite-size corrections in the spin-1 antiferromagnetic
XXZ chain, J. Phys. A: Math. Gen. 23 (1990) L189-L195.

[46] Klimper A., Batchelor M.T., Pearce P.A., Central charge of the 6- and 19-vertex models with twisted
boundary conditions, J. Phys. A: Math. Gen. 24 (1991), 3111-3133.

[47] Suzuki J., Spinons in magnetic chains of arbitrary spins at finite temperatures, J. Phys. A: Math. Gen. 32
(1999), 2341-2359, cond-mat/9807076.

[48] Idzumi M., Calculation of correlation functions of the spin-1 XXZ model by vertex operators, PhD Thesis,
University of Tokyo, 1993.

[49] Idzumi M., Correlation functions of the spin 1 analog of the XXZ model, hep-th/9307129.

[50] Idzumi M., Level two irreducible representations of Uq(gl\g), vertex operators, and their correlations, Internat.
J. Modern Phys. A 9 (1994), 4449-4484, hep-th/9310089.

[61] Konno H., Free-field representation of the quantum affine algebra Uq(s/l\g) and form factors in the higher-spin
XXZ model, Nuclear Phys. B 432 (1994), 457-486, hep-th/9407122.

[62] Kojima T., Konno H., Weston R., The vertex-face correspondence and correlation functions of the eight-
vertex model. I. The general formalism, Nuclear Phys. B 720 (2005), 348-398, math.QA /0504433.

[63] Deguchi T., Matsui C., On the evaluation of form factors and correlation functions for the integrable spin-s
XXZ chains via the fusion method, arXiv:1103.4206.

Deguchi T., Matsui C., Erratum to “Form factors of integrable higher-spin XXZ chains and the affine
quantum-group symmetry” (Nuclear Phys. B 814 (2009), 405-438), Nuclear Phys. B, to appear.

[64] Deguchi T., Reduction formula of form factors for the integrable spin-s XXZ chains and application to the
correlation functions, arXiv:1105.4722.

[55] Boos H.E., Korepin V.E., Evaluation of integrals representing correlators in XXX Heisenberg spin chain,

in MathPhys Odyssey 2001, Prog. Math. Phys., Vol. 23, Birkhduser Boston, Boston, MA, 2002, 65-108,
hep-th/0105144.


http://dx.doi.org/10.1143/JPSJ.57.1905
http://dx.doi.org/10.1016/0375-9601(82)90764-2
http://dx.doi.org/10.1016/0375-9601(84)90588-7
http://dx.doi.org/10.1016/0375-9601(84)90588-7
http://dx.doi.org/10.1088/0305-4470/21/11/008
http://dx.doi.org/10.1088/0305-4470/21/23/010
http://dx.doi.org/10.1088/0305-4470/21/23/021
http://dx.doi.org/10.1088/0305-4470/22/5/015
http://dx.doi.org/10.1088/0305-4470/22/13/022
http://dx.doi.org/10.1088/0305-4470/22/13/022
http://dx.doi.org/10.1088/0305-4470/23/10/003
http://dx.doi.org/10.1088/0305-4470/23/10/003
http://dx.doi.org/10.1088/0305-4470/22/11/023
http://dx.doi.org/10.1016/0550-3213(90)90435-G
http://dx.doi.org/10.1088/0305-4470/23/11/032
http://dx.doi.org/10.1088/0305-4470/23/11/032
http://dx.doi.org/10.1088/0305-4470/23/9/022
http://dx.doi.org/10.1088/0305-4470/23/5/002
http://dx.doi.org/10.1088/0305-4470/24/13/025
http://dx.doi.org/10.1088/0305-4470/32/12/008
http://arxiv.org/abs/cond-mat/9807076
http://arxiv.org/abs/hep-th/9307129
http://dx.doi.org/10.1142/S0217751X94001771
http://dx.doi.org/10.1142/S0217751X94001771
http://arxiv.org/abs/hep-th/9310089
http://dx.doi.org/10.1016/0550-3213(94)90030-2
http://arxiv.org/abs/hep-th/9407122
http://dx.doi.org/10.1016/j.nuclphysb.2005.05.012
http://arxiv.org/abs/math.QA/0504433
http://arxiv.org/abs/1103.4206
http://dx.doi.org/10.1016/j.nuclphysb.2009.01.002
http://arxiv.org/abs/1105.4722
http://arxiv.org/abs/hep-th/0105144

One-Point Functions of the Integrable Spin-1 XXZ Chain 41

[56]
[57]
(58]
[59]
[60]
(61]
(62]
(63]
(64]
(65]
[66]
[67]
(68]
[69]
[70]
[71]
[72]

(73]

Takahashi M., Half-filled Hubbard model at low temperature, J. Phys. C: Solid State Phys. 10 (1977),
1289-1293.

Sakai K., Shiroishi M., Nishiyama Y., Takahashi M., Third-neighbor correlators of a one-dimensional spin-
1/2 Heisenberg antiferromagnet, Phys. Rev. E 67 (2003), 065101, 4 pages, cond-mat/0302564.

Kato G., Shiroishi M., Takahashi M., Sakai K., Next nearest-neighbor correlation functions of the spin-1/2
XXZ chain at critical region, J. Phys. A: Math. Gen. 36 (2003), L337-L344, cond-mat/0304475.

Takahashi M., Kato G., Shiroishi M., Next nearest-neighbor correlation functions of the spin-1/2 XXZ chain
at massive region, J. Phys. Soc. Japan 73 (2004), 245-253, cond-mat/0308589.

Kato G., Shiroishi M., Takahashi M., Sakai K., Third-neighbor and other four-point correlation functions
of spin-1/2 XXZ chain, J. Phys. A: Math. Gen. 37 (2004), 5097-5123, cond-mat/0402625.

Boos H.E., Korepin V.E., Smirnov F.A., Emptiness formation probability and quantum Knizhnik—
Zamolodchikov equation, Nuclear Phys. B 658 (2003), 417-439, hep-th/0209246.

Boos H.E., Shiroishi M., Takahashi M., First principle approach to correlation functions of spin-1/2 Heisen-
berg chain: fourth-neighbor correlators, Nuclear Phys. B 712 (2005), 573-599, hep-th/0410039.

Sato J., Shiroishi M., Fifth-neighbor spin-spin correlator for the anti-ferromagnetic Heisenberg chain,
J. Phys. A: Math. Gen. 38 (2005), L405-L411, hep-th/0504008.

Sato J., Shiroishi M., Takahashi M., Correlation functions of the spin-1/2 anti-ferromagnetic Heisenberg
chain: exact calculation via the generating function, Nuclear Phys. B 729 (2005), 441-466, hep-th/0507290.

Sato J., Shiroishi M., Takahashi M., Exact evaluation of density matrix elements for the Heisenberg chain,
J. Stat. Mech. Theory Ezp. 2006 (2006), P12017, 27 pages, hep-th/0611057.

Razumov A.V.; Stroganov Yu.G., Spin chains and combinatorics, J. Phys. A: Math. Gen. 34 (2001), 3185—
3190, cond-mat/0012141.

Kitanine N., Maillet J.M., Slavnov N.A., Terras V., Emptiness formation probability of the XXZ spin-1/2
Heisenberg chain at A = 1/2, J. Phys. A: Math. Gen. 35 (2002), L385-L391, hep-th/0201134.

Kitanine N.; Maillet J.M., Slavnov N.A., Terras V., Exact results for the o two-point function of the XXZ
chain at A =1/2, J. Stat. Mech. Theory Ezp. 2005 (2005), L09002, 7 pages, hep-th/0506114.

Sato J., Shiroishi M., Density matrix elements and entanglement entropy for the spin-1/2 XXZ chain at
A =1/2, J. Phys. A: Math. Theor. 40 (2007), 8739-8749, arXiv:0704.0850.

Jimbo M., A ¢-difference analogue of U(g) and the Yang-Baxter equation, Lett. Math. Phys. 10 (1985),
63-69.

Jimbo M., A g-analogue of U(gl(N + 1)), Hecke algebra and the Yang-Baxter equation, Lett. Math. Phys.
11 (1986), 247-252.

Drinfel’d V.G., Quantum groups, in Proceedings of the International Congress of Mathematicians, Vols. 1, 2
(Berkeley, Calif., 1986), Amer. Math. Soc., Providence, RI, 1987, 798-820.

Gohmann F., Korepin V.E., Solution of the quantum inverse problem, J. Phys. A: Math. Gen. 33 (2000),
1199-1220, hep-th/9910253.


http://dx.doi.org/10.1088/0022-3719/10/8/031
http://dx.doi.org/10.1103/PhysRevE.67.065101
http://arxiv.org/abs/cond-mat/0302564
http://dx.doi.org/10.1088/0305-4470/36/23/102
http://arxiv.org/abs/cond-mat/0304475
http://dx.doi.org/10.1143/JPSJ.73.245
http://arxiv.org/abs/cond-mat/0308589
http://dx.doi.org/10.1088/0305-4470/37/19/001
http://arxiv.org/abs/cond-mat/0402625
http://dx.doi.org/10.1016/S0550-3213(03)00153-6
http://arxiv.org/abs/hep-th/0209246
http://dx.doi.org/10.1016/j.nuclphysb.2005.01.041
http://arxiv.org/abs/hep-th/0410039
http://dx.doi.org/10.1088/0305-4470/38/21/L05
http://arxiv.org/abs/hep-th/0504008
http://dx.doi.org/10.1016/j.nuclphysb.2005.08.045
http://arxiv.org/abs/hep-th/0507290
http://dx.doi.org/10.1088/1742-5468/2006/12/P12017
http://arxiv.org/abs/hep-th/0611057
http://dx.doi.org/10.1088/0305-4470/34/14/322
http://arxiv.org/abs/cond-mat/0012141
http://dx.doi.org/10.1088/0305-4470/35/27/102
http://arxiv.org/abs/hep-th/0201134
http://dx.doi.org/10.1088/1742-5468/2005/09/L09002
http://arxiv.org/abs/hep-th/0506114
http://dx.doi.org/10.1088/1751-8113/40/30/009
http://arxiv.org/abs/0704.0850
http://dx.doi.org/10.1007/BF00704588
http://dx.doi.org/10.1007/BF00400222
http://dx.doi.org/10.1088/0305-4470/33/6/308
http://arxiv.org/abs/hep-th/9910253

	1 Introduction
	2 The quantum group invariance
	2.1 Quantum group Uq(sl2)
	2.2 Basis vectors of spin-/2 representation of Uq(sl2)
	2.3 Affine quantum group Uq(sl2"0362sl2)
	2.4 Evaluation representations with principal and homogeneous gradings
	2.5 Defining relations of the R-matrix
	2.6 Conjugate vectors and Hermitian elementary matrices
	2.7 Projection operators
	2.8 Spin-s elementary matrices in terms of the spin-1/2 elementary matrices
	2.9 Example: spin-1 case

	3 Fusion transfer matrices and higher-spin expectation values
	3.1 Tensor product notation
	3.2 Asymmetric and symmetric R-matrices
	3.3 Monodromy matrix of type (1,1L)
	3.4 Gauge transformations
	3.5 Projection operators through fusion
	3.6 Higher-spin monodromy matrix of type (, (2s)Ns)
	3.7 Series of commuting higher-spin transfer matrices
	3.8 Algebraic Bethe ansatz for higher-spin massless transfer matrices
	3.9 Commutation relations with projection operators
	3.10 Quantum inverse scattering problem (QISP) for the spin-s operators
	3.11 Expectation value of a local operator through the limit: 0

	4 Quantum group symmetry relations in the spin 1 case
	4.1 Rotation symmetry of the XXX spin chain and irreducible components of operators
	4.2 Spin inversion symmetry
	4.3 Transformation from V(2s) to the (2s+1)-dimensional vector space C2s+1

	5 Multiple-integral representations for spin-s case
	6 Multiple integrals of the spin-1 one-point functions (s=1)
	6.1 "426830A E 2 2 "526930B : The emptiness formation probability
	6.2 "426830A E11 "526930B = 2 "426830A e11, 1 e0, 02 "526930B 
	6.3 "426830A E00 "526930B 
	6.4 "426830A E11 "526930B  through 2"426830A e10, 1 e21, 0 "526930B 

	7 Consistency with numerical estimates of the spin-1 one-point functions
	A Derivation of reduction formula (2.10)
	B Useful integral formulas
	References

