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Abstract. We show that the symmetry operators for the quantum superintegrable system
on the 3-sphere with generic 4-parameter potential form a closed quadratic algebra with 6
linearly independent generators that closes at order 6 (as differential operators). Further
there is an algebraic relation at order 8 expressing the fact that there are only 5 algebraically
independent generators. We work out the details of modeling physically relevant irreducible
representations of the quadratic algebra in terms of divided difference operators in two
variables. We determine several ON bases for this model including spherical and cylindrical
bases. These bases are expressed in terms of two variable Wilson and Racah polynomials
with arbitrary parameters, as defined by Tratnik. The generators for the quadratic algebra
are expressed in terms of recurrence operators for the one-variable Wilson polynomials. The
quadratic algebra structure breaks the degeneracy of the space of these polynomials. In an
earlier paper the authors found a similar characterization of one variable Wilson and Racah
polynomials in terms of irreducible representations of the quadratic algebra for the quantum
superintegrable system on the 2-sphere with generic 3-parameter potential. This indicates
a general relationship between 2nd order superintegrable systems and discrete orthogonal
polynomials.

Key words: superintegrability; quadratic algebras; multivariable Wilson polynomials; mul-
tivariable Racah polynomials
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1 Introduction

We define an n-dimensional classical superintegrable system to be an integrable Hamiltonian
system that not only possesses n mutually Poisson — commuting constants of the motion, but in
addition, the Hamiltonian Poisson-commutes with 2n — 1 functions on the phase space that
are globally defined and polynomial in the momenta. Similarly, we define a quantum su-
perintegrable system to be a quantum Hamiltonian which is one of a set of n algebraically
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cial Functions with Quantum Groups and Integrable Systems”. The full collection is available at
http://www.emis.de/journals/SIGMA /OPSF.html
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independent mutually commuting differential operators, and that commutes with a set of
2n — 1 independent differential operators of finite order. We restrict to classical systems of

the form H = Z g9 pip; +V and quantum systems H = A, + V. These systems, inclu-
i,j=1
ding the classical Kepler [1] and anisotropic oscillator systems and the quantum anisotropic

oscillator and hydrogen atom have great historical importance, due to their remarkable proper-
ties [2, 3, 4, 5, 6]. One modern practical application among many is the Hohmann transfer,
a fundamental tool for the positioning of earth satellites and for celestial navigation in gene-
ral, which is based on the superintegrability of the Kepler system [7]. The order of a clas-
sical superintegrable system is the maximum order of the generating constants of the motion
(with the Hamiltonian excluded) as a polynomial in the momenta, and the order of a quan-
tum superintegrable system is the maximum order of the quantum symmetries as differential
operators.

Systems of 2nd order have been well studied and there is now a structure and classification
theory [8, 9, 10, 11, 12, 13], especially for the cases n = 2,3. For 3rd and higher order superin-
tegrable systems there have been recent dramatic advances but no structure and classification
theory as yet [14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29].

The potential V' corresponding to a 2nd order superintegrable system, classical or quan-
tum, on an n-dimensional conformally flat manifold depends linearly on several parameters
in general and can be shown to generate a vector space of dimension < n + 2. (One di-
mension corresponds to the trivial addition of a constant to the potential and usually isn’t
included in a parameter count.) If the maximum is achieved, the potential is called non-
degenerate. There is an invertible mapping between superintegrable systems on different
manifolds, called the Stéackel transform, which preserves the structure of the algebra gene-
rated by the symmetries. In the cases n = 2,3 it is known that all nondegenerate 2nd
order superintegrable systems are Stéckel equivalent to a system on a constant curvature
space [30, 31]. An important fact for 2D systems is that all systems can be obtained from
one generic superintegrable system on the complex 2-sphere by appropriately chosen limit pro-
cesses, e.g. [32, 33]. The use of these processes in separation of variables methods for wave
and Helmholtz equations in n dimensions was pioneered by Bocher [34]. For n = 3 it ap-
pears that all nondegenerate 3D systems can be obtained from one generic superintegrable
system on the complex 3-sphere by similar limiting processes, but the proof is not yet com-
plete [11, 35].

For n = 2 we define the generic sphere system by embedding of the unit 2-sphere x3+x3+x3 =
1 in three dimensional flat space. Then the Hamiltonian operator is

3
He Y ot Y %
k=1

1<i<j<3
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The 3 operators that generate the symmetries are Ly = Lys, Ly = L13, L3 = Log where
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Lij = Lji = (2,0; — 2j0;)" + —5

i

for 1 <1i < j <4. Here

a a
) LU+§ a=Hy+Vv, Vv=2,22.%5
1< 3 2% 23
<i<j<3

From the general structure theory for 2D 2nd order superintegrable systems with nonde-
generate potential we know that the 3 defining symmetries will generate a symmetry algebra
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(a quadratic algebra) by taking operator commutators, which closes at order 6, [36]. That is, all
possible symmetries can be written as symmetrized operator polynomials in the basis generators
and in the 3rd order commutator R, where R occurs at most linearly. In particular, the dimen-
sion of the space of truly 2nd order symmetries for the Hamiltonian operator is 3, for the 3rd
order symmetries it is 1, for the 4th order symmetries it is 6, and for the 6th order symmetries
it is 10. For the generic 2-sphere quantum system the structure equations can be put in the
symmetric form [12]

€ijiLi; R] = 4{Li, L} — 4{Li, L;} — (8 + 16a;)L; + (8 + 16ax) Lk + 8(a; — ax), (1.1)
8
R? = 3101, Lo, Ly} = (1601 + 12)L3 — (16ag + 12)L3 — (16a3 + 12)L3

52 1 1
+ ?({Ll,LQ} + {Lz, Lg} + {Lg,Ll}) + 5(16 + 176&1)L1 + §(16 + 176&2)L2

1 32
+ 5(16 + 176@3).[/3 + g(al + a9 + ag) + 48(0,1&2 + asas + agal) + 64aqaqas. (12)

Here €;j;, is the pure skew-symmetric tensor, R = [Li, Lo| and {L;,L;} = L;L; + L;L; with
an analogous definition of {L1, La, L3} as a symmetrized sum of 6 terms. In practice we will
substitute Ly = H — L1 — Ly — a1 — as — ag into these equations.

In [12] we started from first principles and worked out some families of finite and
infinite dimensional irreducible representations of the quadratic algebra with structure rela-
tions (1.1), (1.2), including those that corresponded to the bounded states of the associated
quantum mechanical problem on the 2-sphere. Then we found 1-variable models of these repre-
sentations in which the generators L; acted as divided difference operators in the variable ¢ on
a space of polynomials in t?. The eigenfunctions of one of the operators L; turned out to be the
Wilson and Racah polynomials in their full generality. In essence, this described an isomorphism
between the quadratic algebra of the generic quantum superintegrable system on the 2-sphere
and the quadratic algebra generated by the Wilson polynomials.

The present paper is concerned with the extension of these results to the 3-sphere, where
the situation is much more complicated. From the general structure theory for 3D 2nd or-
der superintegrable systems with nondegenerate potential we know that although there are
2n — 1 = 5 algebraically independent 2nd order generators, there must exist a 6th 2nd or-
der symmetry such that the 6 symmetries are linearly independent and generate a quadratic
algebra that closes at order 6 [37]. (We call this the 5 = 6 Theorem.) Thus, all pos-
sible symmetries can be written as symmetrized operator polynomials in the basis genera-
tors and in the four 3rd order commutators R;, where the R; occur at most linearly. In
particular, the dimension of the space of truly 2nd order symmetries is 3, for the 3rd or-
der symmetries is 4, for the 4th order symmetries it is 21, and for the 6th order sym-
metries it is 56. In 3D there are 5 algebraically independent, but 6 linearly independent,
generators. The algebra again closes at 6th order, but in addition there is an identity at
8th order that relates the 6 algebraically dependent generators. The representation the-
ory of such quadratic algebras is much more complicated and we work out a very impor-
tant instance of it here. In this case we will find an intimate relationship between these
representations and Tratnik’s 2-variable Wilson and Racah polynomials in their full genera-
lity [38, 39, 40].

For nD nondegenerate systems there are 2n — 1 functionally independent but n(n + 1)/2
linearly independent generators for the quadratic algebra. We expect that the relationships
developed here will extend to m-spheres although the results will be of increasing comple-
xity.
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2 The quantum superintegrable system on the 3-sphere

We define the Hamiltonian operator via the embedding of the unit 3-sphere 3+ 23+ 23 +27 = 1
in four-dimensional flat space

4
He Y i)+ Y%
k=1
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A basis for the second order constants of the motion is

2 2

a; X’ a;x:

— 2 vy J
I/ij = I/ji = (CCZa] — Ct?jaz) + 5

%

for 1 <1i < j <4. Here
- ¥ Y
1<i<j<4

In the following i, j, k, £ are pairwise distinct integers such that 1 < ¢,7,k, £ < 4, and €
is the completely skew-symmetric tensor such that €;;, = 1 if i < j < k. There are 4 linearly
independent commutators of the second order symmetries (no sum on repeated indices):

Ry = €ii[Lij, Ljk).
This implies, for example, that

Ry = [La3, L3a] = —[Laa, L3a] = —[La3, La4].
Also

[Lij, Lie) = 0.

Here we define the commutator of linear operators F, G by [F,G| = FG — GF. The structure
equations can be worked out via a relatively straightforward but tedious process. We get the
following results.

The fourth order structure equations are

[Lij, Rj] = d€ior({ Lik, Lje} — {Lies Ljk} + Lie — Lir. + Lj, — Lje),
[Lij, Rk] = 46@(({[1@', Ly — ng} + (2 + 4aj)Lig — (2 + 4ai)ng + 2a; — 2aj).

Here {F,G} = FG + GF.
The fifth order structure equations (obtainable directly from the fourth order equations and
the Jacobi identity) are

[Re, Ry] = 4eme(R; — {Lij, Ri}) + 4€jue(Rj — {Lij, Rj}).

The sixth order structure equations are
8
— g{Ll-j, Lig, Lje} — (12 + 16a;) Lj; — (12 + 16a;) L3, — (12 + 16a;) L3,

52 16 176 16 176
+ g({Lijv Liy + Lji} + { Lk, Ljr}) + < + ak) Li; + ( - ai) L

3 3 3 3
16 176 32
( + aj> Lij + 64aiajak + 48(@1'61]' + ajar + akai) + —

3 3 3 (ai—i-aj—i-ak),
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€ikl€jke
2

4 26
{Ri,R;} = 5({Lie7ij, Ly} + {Li, Lje, Lie} — {Lij, Lie, Lie}) + ?{Lz‘lejZ}

26 44
+ g{Lz’e, Ly} + E{Liﬂ" Lie} + 4Ly — 2{Ljo + Lj, + Lie + L, Lie}

32
- (6 + 8(13){Lik, ij} - (6 + 8ak){LZ’g, ng} — ?LM

8 8
_ (3 — 8ae> (ij + Lik) — <3 — 8ak) (le =+ Lig)
16
+ (3 + 24a, + 24ay + 32akag> L;j — 16(axar + ax + ay).

Here {A,B,C} = ABC + ACB+ BAC + BCA+ CAB + CBA.
The eighth order functional relation is

1 1 1 7
Z |:8L12jLil - @{Lika Ly, Ljk, Lji} — %{Lija Lig, Ly} — @{Lij,Lij, L}
i7j7k7l

1/1 2 2 1 3 3 2
+ 5 <2 + 3al) {LijLipLj} + gLiijl - <3 T T u akal) Li;

1 1 4 4 7
+ <3 + 6az> {Lix, Ljr} + <3ak + 3 + 3akal> Lij

2 4
+ gaiajakal + Qaiajak + 3aiaj:| = 0.

Here {A, B,C, D} is the 24 term symmetrizer of 4 operators and the sum is taken over all
pairwise distinct i, j, k, £. For the purposes of the representation, it is useful to redefine the
constants as a; = bf — i.

We note that the algebra described above contains several copies of the algebra generated
by the corresponding potential on the two-sphere. Namely, let us define A to be the algebra
generated by the set {L;;,1} for all i,j = 1,...,4 where I is the identity operator. Then, we
can see that there exist subalgebras A, generated by the set {L;;, I} for i,j # k and that these

algebras are exactly those associated to the 2D analog of this system. Furthermore, if we define

i<j,5,j#k J#k
then Hj; will commute with all the elements of A, and will represent the Hamiltonian for the
associated system. For example, take A4 to be the algebra generated by the set { L12, L13, Lo3, I }.
In this algebra, we have the operator Hy = Li2 + L13 + Las + (3/4 — b3 — b3 — b3)I which is
in the center of A4 and which is the Hamiltonian for the associated system on the two sphere
immersed in R3 = {(x1, 22, 73)}.

Next we construct families of finite dimensional and infinite dimensional bounded below ir-
reducible representations of this algebra that include those that arise from the bound states of
the associated quantum mechanical eigenvalue problem. At the same time we will construct
models of these representations via divided difference operators in two variables s and t. Im-
portant tools for this construction are the results of [12] giving the representations of the A’s
and known recurrence relations for one-variable Wilson and Racah polynomials.

3 Review of Wilson polynomials

Before we proceed to the model, we us present a basic overview of some of the characteristics
of the Wilson polynomials [41] that we plan to employ in the creation of our model. The
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polynomials are given by the expression

W, (752) = Wn (t2,0475a%5) = (a+ B)n(a+7)n(a+ )y

—n, a+f+y+d+n—-1, a—t, a+t
><4F3 ,1
a+ 8, a+7, a+9d

= (a+ B)n(a +7)nla + 8), &P (¢2)
where (a),, is the Pochhammer symbol and 4F3(1) is a generalized hypergeometric function of

unit argument. The polynomial w,, (#?) is symmetric in «, 3, 7, 6.
The Wilson polynomials are eigenfunctions of a divided difference operator given as

T'1®, =nn+a+B+v+0—1)D,, (3.1)
where

EAF(t)=F(t+4), 1= %(E”Q — B2,

™ = %[(a B+ + )@ +EV —(a—t)(B—t)(y —t)(0 — t)E~V2].

See [42] for a simple derivation.
The Wilson polynomials ®,,(?) = G (t?), satisfy the three term recurrence formula

2@, (*) = K(n+1,n)®,11 (£*) + K(n,n)®, (*) + K(n— 1,n)®,_1 (¢?),

where
B at+B+y+d+n—1
Kt = By v o4 - D@+ B+ 8+ 2n)
X (a+B+n)a+y+n)(a+d+n), (3.2)
_ n(f+y+n—1)B+d+n—-1)(y+d+n—1)
K= Ln) = B v o+ —D(atBryrotan—1) (3:3)
K(n,n)=ao?> - K(n+1,n)— K(n—1,n). (3.4)

This formula, together with ®_; = 0, &3 = 1, determines the polynomials uniquely.

We can construct other recurrence relations between Wilson polynomials of different pa-
rameters using a family of divided difference operators L, ,, R*", u,v = «,3,7,0 given in
Appendix A. Most importantly for the model considered below, we can construct operators
which fix n, the degree of the polynomial and which change the parameters by integer values.
In the model constructed below, we will want to change o and ¢ by integer values and keep 3, v
fixed. The operators which accomplish this are given by

LaﬂLafy(I)%a”&%é) — (Oé + 5 _ 1)(Oé +y— 1)@%&—1,5,7,6-{-1),
(ntatBntatntB+3—Dmty+8-1) apq51)
(@ + B)(a+7) !

Raﬁ Ra’y @,Ela’ﬁ7776) —

We give the action on the <1>£f‘”3 19) (t?)

relations see Appendix A.

Finally, the weight function of the model will be based on a two dimensional generalization
of the weight function of the Wilson polynomials.

For fixed «, 3,7, > 0 (or if they occur in complex conjugate pairs with positive real
parts) [41], the Wilson polynomials are orthogonal with respect to the inner product

for simplicity. For a complete exposition on the recurrence

b o+ i )8 +it) |?
<wn,wn,>_217r/0 wn (—t2) wnr (—£2) T(a +it)D(3 +F1(t)21;t()fy+ DINCEST
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=0pnla+B8+v+d+n—1),
F(a+p+n)Nat+y+n) T (a+d+n)L(B+y+n)T(B+5+n)T(y+d+n)
'(a+pB+y+d+2n)

. (3.5)

When m is a nonnegative integer then o + f = —m < 0 so that the above continuous
Wilson orthogonality does not apply. The representation becomes finite dimensional and the
orthogonality is a finite sum

m

(@ =7+ Dm(a =5+ Dm a)i(o+ Dila+ Br(a+y)r(a+ o)
.

) = G (1= — ) ka—5+1) (@ =7+ Dpla—d+1)

X wn((a+ k) wn (o + k)?) = Gnpr
% nl(nta+B+7+5—1)n(a+B)n(a+7)n(a+8)n(B+7)n(B+6)n(v+6)n

(a+B+7+6)an - (36)

Thus, the spectrum of the multiplication operator 2 is the set {(a +k)?: k=0,...,m}. Now,
we are ready to determine the model.

4 Construction of the operators for the model

To begin, we review some basic facts about the representation.

The original quantum spectral problem for (2.1) was studied in [43] from an entirely different
point of view. It follows from this study that for the finite dimensional irreducible representations
of the quadratic algebra the multiplicity of each energy eigenspace is (M +2)(M +1)/2 and we
have

4 4
Ly + L3 + Loz + Lig + Loa + Lga = | — 2M+ij+3 +ij2' I, (4.1)
i=1 =

where [ is the identity operator.
Of course, for an irreducible representation, the Hamiltonian will have to be represented by
a constant times the identity and initially for the construction of the model, we assume

4
Lio+ Lig+ Log + Lig + Log + L3y = E*1+Zb§ 1.

We will obtain the quantized values of F from the model.

We recall that each operator L;; is a member of the subalgebras Ay for k # ¢,j. Thus, we
can use the known representations of these algebras, and symmetry in the indices, to see that
the eigenvalues of each operator will be associated with eigenfunctions ¢y, indexed by integers
0 < h < m so that

1
(Lij)hm = <_(2h + b+ b +1)% — 5+ b7 + bf) Phm» (4.2)

1
(Lij + L, + Ljr) ohm = <4 —(2m+bi+bj+bp+ 2)2) Ph,m.- (4.3)
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4.1 A basis for L13, L12 + L13 + L23

As described above, we seek to construct a representation of A by extending the representations
obtained for the subalgebras Aj. The most important difference for our new representation is
that the operator Hy = L12 + L13 + Loz + 3/4 — (b? + b3 + b3) is in the center of A4 but not A.
Hence, it can no longer be represented as a constant. We can still use the information about its
eigenvalues to make an informed choice for its realization.

Restricting to bounded below irreducible representations of the quadratic algebra initially,
we see from the representations of A4 that the possible eigenvalues of Hy are given as in (4.3)
and the eigenvalues of L3 are given as in (4.2).

We can begin our construction of a two-variable model for the realization of these represen-
tations by choosing variables ¢t and s, such that

1 1

H4:*—482, L13:—4t2— 9

1 + b2 + b2,

i.e., the action of these operators is multiplication by the associated transform variables. From
the eigenvalues of the operators, we can see that the spectrum of s2 is {(—sm)? = (m+1+ (b +
by + b3)/2)%} and the spectrum of % is {tZ = (¢ + (b1 + b2 + 1)/2)%}.

In this basis, the eigenfunctions dy ,, for a finite dimensional representation are given by delta
functions

dpm(s,t) =0(t —tg)d(s — sm), 0</¢<m<M.

4.2 A basis for L12, L12 + L13 + L23

Next, we construct L2 in the model. Let f,,, be a basis for the model corresponding to
simultaneous eigenvalues of L2, Lia + L13 + Lo3. From the representations of A4 [12], we know
that the action of Li3 on this basis is given by

Llen,m = Z Cm(], n)fj,ma (4'4)

j=n,nt1l
where

1 (2 — b3) (b1 + bz + 2m + 2)(by + by + 2b3 + 2m + 2)
2 (20 + by + by +2)(2n + by + ba)
Cn(n,n+1)Cpr(n+1,n) =16(n+ 1)(n —m)(n —bg —m)(n+ba+ 1)(n+ by + 1)
(m+m+by+ba+2)(n+m+by +by+ b3+ 2)
(2n+b1+ba+3)(2n+ b1 +ba+2)2(2n+ by + by +1)°

Crn(n,n) = + b7 + b3, (4.5)

X (n+by + b2+ 1) (4.6)

We already know that the bounded below representations of A4 are intimately connected
with the Wilson polynomials. The connection between these polynomials and the representation
theory is the three term recurrence formula (4.4) for the action of Li3 on an Lis basis, where
the coefficients are given by (4.5) and (4.6).

We define the operator L on the representation space of the superintegrable system by the
action of the three term recurrence relations for the Wilson polynomials given by expansion
coefficients (3.2)—(3.4), i.e.

Lf,=Kn+1,n)for1+Kn,n)fn+Kn—1,n)f1.

Note that with the choices

b +b3+1

a=-—"-m B

b +b3+1
==
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_bl—b3+1 5_b1—|—b3—1

b 2 4.7
5 , 5 +by+m+2, (4.7)

we have a perfect match with the action of Lq3 as
1
Cn(n+1,n) =4K(n+ 1,n), Cn(n—1,n) =4K(n—1,n) — 5 + b2 + b2

Thus, the action of L3 is given by
1 2, 12
Llen = | —4L — 5 + bl + b3 fm

and so we see that the action of L3 on an Ly basis is exactly the action of the variable t> on
a basis of Wilson polynomials. Hence, we hypothesize that Lio takes the form of an eigenvalue
operator for Wilson polynomials in the variable ¢

Lig = —47':7} — 2(1)1 + 1)(62 + 1) + 1/2,

where 7, 7, are given as (3.1) with the choice of parameters as given in (4.7). Here the subscript ¢
expresses the fact that this is a difference operator in the variable ¢, although the parameters
depend on the variable s.

The basis functions corresponding to diagonalizing Hy and Lis can be taken, essentially, as
the Wilson polynomials

fn,m(ty ) = wp (t27 a, B,7, 5) 0(s = 8m),

where s, = m + 1+ (by + by + b3)/2 as above. Note that w, (t?) actually depends on m (or s?)
through the parameters o, §. Also a+ 0 is independent of m. Written in terms of the variable s,
the parameters are given by

by +1
o=

b +b3+1 b —b3+1 5_172—1—1 .
5 S B AT’ — _

+87 /8 2 Y ’y 2 Y 2

(4.8)

Note that when s is restricted to s;,, these parameters agree with (4.7).
Since the w, are symmetric with respect to arbitrary permutations of «, 5, v, §, we can

transpose « and (3 and verify that w, is a polynomial of order n in s2.

4.3 A basis for L13, L24

For now, let us assume that we have a finite dimensional irreducible representation such that
the simultaneous eigenspaces of Lio, L1s + L13 + Log are indexed by integers n, m, respectively,
such that 0 < n < m < M. Each simultaneous eigenspace is one-dimensional and the total
dimension of the representation space is (M + 1)(M + 2)/2. Now we need to determine the
action of the operators Li4, Log, L34 in the model.

A reasonable guess of the form of the operator Loy is as a difference operator in s, since it
commutes with Li3. We hypothesize that it takes the form of an eigenvalue equation for the
Wilson polynomials in the variable s. We require that it have eigenvalues of the form (4.2).

Note that when acting on the delta basis dy ,,, it produces a three-term recursion relation. For
our representation, we require that that the representation cut off at the appropriate bounds.
That is if we write the expansion coefficients of Loy acting on dy,,, as

L24dg7m = B(m, m — 1)dg’m_1 + B(m, m)dg’m -+ B(m, m + 1)dg’m+1,
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we require B(m,m —1)B(m —1,m) =0 and B(M,M +1)B(M + 1, M) = 0. These restrictions
are realized in our choices of parameters,

1 .
o=t bz;—, B:_M_W_L
- b1 +b2+0 = by +1
F=MAb+ 222 =t (4.9)

For Loy we take
1
L24 = —47::7:8 — 2(b2 + 1)(b4 + 1) —+ 5

Here 7, is the difference operator in s where the parameters are &, B s Y, 5.
With the operator Lo4 thus defined, the unnormalized eigenfunctions of the commuting
operators Li3, Las in the model take the form g, , where

1
Lisgey = (—(26 + by +bg+1)% — 5+ b3 + b§> Inks

1
Losger = (—(Qk + by + by + 1) — 5t b3 + 5421) In ks

where 0 </ < M,0< k<M —/, and
e = 0(t — to)wy(s%, &, B, 7,9), (4.10)

with t; = ¢+ (by + b3 + 1)/2 as above.
For this choice of parameters, the functions (4.10) constitute an alternative basis for the
representation space, consisting of polynomials in s2, t> multiplied by a delta function in s.

4.4 Completion of the model

In this section, we finalize the construction of our model by realizing the operator L34. The
operator L34 must commute with Lis, so we hypothesize that it is of the form

Lss = A(3)S(LagLar )i + B(5)S™(R*PR™), + C(s)(LR); + D(s), (4.11)

where S“f(s,t) = f(s+ u,t), A, B, C, D are rational functions of s to be determined, and the
operators Lag, RS L, R, etc. are defined in Appendix B. The subscript ¢ denotes difference
operators in t. (Note that 7,7 = (LR);.) The parameters are (4.8). Here

LogLoy = m(a —1+t)(a+t)(B+t)(y+ )T
+M(a—1—t><a—t><ﬁ—t><v—t>T—1
—m(a—1+t)(a—1—t)(5+t)(7—1—t)
—M(a—1—t><a—1+t><5—t><w—1+t>,

ROPRY = M(ﬁ + 1) (y+)(0 —14+1)(0 + )T
(B D~ D@~ 1 -~ T

4t(t — 3)
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- M(ﬁ—l—t)(ert)(é—1—|—t)(5—1—t)
- 4t(tl_%)(/6—1+t)(’y—t)(5—1—t)(6—1+t),
LR— M(a O+ 0006 + 0T+ oo =03 =06 = 06 - 0T
- m(a +O)B+O)(v+D0+1¢) - m(a =B =)y =)0 —1).

On the other hand, we can consider the action of L34 on the basis (4.10). Considering L3y
primarily as an operator on s we hypothesize that it must be of the form
Ly = AT (Lg5Las)s + BT YRR, + C(t)(LR)s + D(t)s* + E(t) + kL1a, (4.12)

where the difference operators are defined in Appendix B with subscript s denoting difference
operators in s and « is a constant.
Finally, we express the operator L1, as

4
E+ij2~—1 I — Lig — L13 — Loz — Loy — L3y.
=1

By a long and tedious computation we can verify that the 3rd order structure equations are
satisfied if and only if E takes the values
2

4
E=—(2M+) b+3] -1
j=1

and the functional coefficients for L34 in (4.11), (4.12) take the following form :

Als) = M H b1+ boF by = 25+ )M + by + by by +2ba + 25 +4)
a 2s(2s 4+ 1) ’
B(S)__(2M+61+b2+b3+28+2)(2M+b1+bz+bg+2b4—2s+4)
a 2s5(2s — 1) ’
2(2M + by + by + b + 3)(2M + by + by + b + 2by + 3
Ols) = 1 2@MAbitby 4 b5+ 3)2M + by + by by + 20y +3).
452 — 1
2M 4\ 2 2 32 p2
D(s):232—2< +b1+b22+b3+b4—|— >—(b1+b2)2+b3+b4+bg—|—b4+2M+3
L (b1 by + 1)~ B3)(2M + by + by 4Dy + 3)(2M + by +by + by + 2y +3)
2(4s% — 1) ;
A(t):(bl—b3+2t+1)(bl+1+b3+2t)
2(2t + 1) )
B(t):(bl_b3_2t+1)(b1+1+b3—2t)
26(2t — 1) ’
. 2(b3 — b7)
—94 228 71
Cl) =2+ a7
D) =2, (4.13)

and k = —4. The expression for E(t) takes the form E(t) = p; + pa/(4t% — 1) where pu1, pip are
constants, but we will not list it here in detail.

For finite dimensional representations, we have the requirement that M be a positive integer
so we obtain the quantization of the energy obtained previously (4.1).
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4.5 The model and basis functions

We shall now review what we have constructed, up to this point. We realize the algebra A by
the following operators

2
4
H=—|[2M+) bj+3| +1|1,
j=1
1 2 2 1 .o o
H4:Z_487 L13:—4t—§+b1+b3,

1 1
Lo = —47’;7} — 2(()1 + 1)<b2 + 1) + 5, Loy = —4%;%5 — 2(b2 + 1)(b4 + 1) + 5,
Lyt = A(5)S(LagLas)e + B(s)S~ (R R}, + C(s)(LR), + D(s),

where the parameters for the 7; operators are given in (4.8), the parameters for the operators 7
are given in (4.9) and the functional coefficients of L34 are given in (4.13). The operators Log,
L14 can be obtained through linear combinations of this basis.

Using Maple, we have verified explicitly that this solution satisfies all of the 4th, 5th, 6th
and 8th order structure equations.

We have computed three sets of orthogonal basis vectors corresponding to diagonalizing three
sets of commuting operators, {L13, Hy}, {L12, H1} and {L13, Lo4}, respectively,

dpm(s,t) = 6(t —t0)d(s — s),  0<L<m <M, (4.14)
fn,m(S,t) :U}n(t2,047,6,’}/,6)(5(8—8m)7 Ogngmg M, (415)
gon(s,t) = wp(s%, &, B,7,0)0(t —ty), 0<L<k+(<M. (4.16)

We also have a nonorthogonal basis given by
P g(s,t) = t27s?", 0<n+k<M.
Recall that the spectrum of the variables s, t is given by

by +b3+1
2

b1 + b2 + b3

thZJr 5

, sm:<m+1+ >, 0</l<m<M.
We finish the construction of the model by computing normalizations for the basis f, .,

and gy, and the weight function.

5 The weight function and normalizations

We begin this section by determining the weight function and normalization of the basis functions
in the finite dimensional representations. Later, we shall extend the system to the infinite
dimensional bounded below case.

5.1 The weight function and normalization
of the basis dg,,(s,t) = (t — te)d(s — sm)

We consider the normalization for the dy,, = d(t — t;)d(s — sy,) basis for finite dimensional
representations where

by +bs + 1
t£:4+%, sm——<m+1+

b1 + ba + b3

5 >, 0</i<m<M.
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In order to derive these results we use the requirement that the generating operators L;; are
formally self-adjoint.
Consider a weight function w(t, s) so that

(99t = [ [ £9)glt, 9. s)asat
then we assume that the basis functions are orthonormal with
<Cg7m(5(t — tg)(;(s — Sm), Cg/7m(5(t — té)d(s — S;n» = (5m,m/(55,gl,

which implies that c% mw(te, sm) = 1. The adjoint properties of L1z and Log provide recurrence
relations on the ¢y ,,. That is

<5(7f — 1y — 1)5(5 — Sm), L135(t — tg)(S(S — Sm)>
= (L130(t —tg — 1)6(s — Sm), 0(t — tg)d(s — Sm))

implies the recurrence relation

Givm (L4 1)(1+bg+0)(m — €+ bo)(m + £ + by + b +2)(20 + by + by + 1)

= . 5.1
C%,m (m—0)(1+by+b3+0)(m+ L+ by +by+ b3+ 2)(20 + by + b3 + 3) (5.1)
Similarly, the self-adjoint property of Loy
(0(t —t0)0(s — S + 1), Laad(t — t4)0(s — Sm))
= (Load(t —tg — 1)0(s — s + 1), 0(t — t0)d(s — sm))
implies the recurrence relation
Gt (M — L4 bg)(m A+ £+ by + bz +2)(M +m + by + by + b3 + 2)
G m (M +m+by+by+bs+bs+3)(m~+L€+by +by+ bg + 2)
" (m—=L+1)(2m+ 24 by + by + b3) (5.2)
(M—m)(m—f+1+b2)(2m+4+b1+bg+bg). .
Putting together (5.1) and (5.2) we obtain
C%,m B (L4 63)e(1 4+ ba)apr (M 4 b1+ ba + b3+ 3)m (2 + b1 + b3)mps
o (LHb2)m—e(1+b1)e(1+ by +3)e(1+ ba)ar—m (M + by + bz + b3 + by + 3)
(M —m)l(m — )12 4 by + ba + b3)(1 + by + b3) (5.3)

X )
M!(2m+ 24by+ba+0b3)(204+1+b1 +b3)(2+ b1 + by + b3)m+g

2

which gives the value of the weight function for the spectrum of ¢, s via w(te, s;m) = ¢, .

5.2 Normalization of the w, (t?)d(s — s,,) basis

Next, we use the orthogonality of the Wilson polynomials to find the normalization of the f,
basis in the finite dimensional representation.
Assume the normalized basis functions have the form

fn,m(s,t) = kpmWn (tQ,a,B,y, (5) 0(s— sm), 0<n<m<M.
When evaluated at s = s,,, the parameters are given by

b1 +b3+1
a=———0—-m B

b +b3+1
==
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b1 —b3+1 b1 +b3—1
L e §=FB T tma 2, (5.4)
2 2
and satisfy a4+ 8 = —m < 0. Thus, the Wilson orthogonality is realized as a finite sum over the

weights of t2. However, the weight of the variable ¢ is given by ¢, = ¢ 4+ 3 and we must adjust
the equation for the Wilson orthogonality (3.6) by permuting « and S. This is allowed since
the polynomial and the requirement a4+ 8 = —m are symmetric in the two parameters. In this
form the Wilson orthogonality is given over the spectrum of the multiplication operator ¢ as

the set {(B+£)%: £=0,...,m}
(B=7+Dm(8 =3+ 1)m
28+ 1D)m(l =~y —=06)m
y i (28)e(B + 1)e(B + a)e(B + 1)e(B + 0)s
= (e(B)e(B — o+ 1)e(B =7+ 1)e(B — 5+ 1)s

_nl(n+a+B8+7+6 = Dn(a+ B)n(B+)n(B+8)nla+7)n(a+6)n(y +0)n
B (a4 B+7+ )2 '

(5.5)

<wn) wn’) =

wy((B + K)Q)U)n’((ﬂ + @2)

In light of this orthogonality, we hypothesize that the weight function is given by
()9t = [ [ 32 5)gtt,)ult, )3(t ~ 5(s  50)
£m

= F(te,sm)g(te, sm)w(te, Sm)

Lm

and so we look for normalization constants so that

(Frm (), fr e (s,)) = Fran(8,8) fur s (5, O)w(t, 8)8(t = t)8(5 — $m)
lip> e

= Omant O knankiny anWn ()W (£7)0 (g, $m)3(E = t0)3 (s — 51m)
¢

= 5m,m’5n,n" (56)
The orthogonality (5.5) in terms of the choices of parameters (5.4) is given by

5o, = (24 b1+ b2)on(m — n)/ (1 + b3)m—n
o (n + bl + b2 + 1)71(1 + bl)n(l + b2)n(2 + bl + b2)m+n(2 + bl + b2 + b3)m+n

m

<3 (1+b1)e(14 b1 +b3)e(1 4+ b2)m—e(2 + by + b2 4 b3) s
— O(m = £)N(1 4 b3)¢(2 + b1 + b3)m e

(2€+b1+b3+1)

(1+ by + b3)

wn(tﬁ)wn/(tf). (5.7)

The weight function (5.3) can be rewritten as

(e, 5m) = MY+ ba) pr—m (M + by + by + b3 + by + 3);n(2m + 2 + by + by + b3)

> Sm (M —m)!(1 4 ba)ar (M + by + by + bg + 3)m (2 + b1 + by + b3)

(14 061)e(1 4+ b1 4+ b3)e(1 + b2)m—r(2 + b1 + b2 + b3);m+e(20 + 1 + by + b3)
0(m — )14 b3)e(2 + b1 + b3)mye(1 4 b1 + b3)cF g

(5.8)

We can now solve the equation (5.6) for ki, ,, by comparing (5.8) and (5.7) to obtain

ko (14 ba)ar (1 + b3)men(M + b1 + by + b3 + 3)m(2 + b1 + bz + b3)(2 + by + ba)ay,
cg,O ! MV 1+ bg)pr—m(n+ b1+ ba + 1) (14 01) (1 + b2)n(2m + 2 + by + be + b3)
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y (m —n)(M —m)!
(M + by + by + b3 + by + 3);m (2 + b1 + b2)min(2 + b1 + b2 + b3)man

With this normalization the basis functions fn,m(s, t) are orthonormal.

5.3 Normalization of the wy(s?)d(t — t,) basis

Next, we use the orthogonality of the Wilson polynomials to find the normalization of the g, 1
basis in the finite dimensional representation. We take the normalized basis functions to be
given by

Gor(s,t) = hepwi(s, &, B,7,0)8(t — te), 0<n<M, 0<k< M-V

Again, we want to show that there exist normalization constants hyj so that the following
holds:

(Geje(s,t), gor o (5, 1)) = // Zﬁé,k(sut)gé’,k:’(svt)w(tu $)6(t —t¢)o(s — sm)

= o Z ho he o wr(sp, Jwi (sp)w(te, sm)8(t — t)d(s — sm)

= 5€,Z’5k,k"

When restricted to t = ¢, the parameters &, 3, ¥, 8 become

by +by+b - by +by+b
~:€+1+¥, B:—M—1—1+22+ 5
by + by + b - by — by + b
5:M+b4+2+¥, 5:_5_1#2*‘3’ (5.9)

and so we have & + 8 = —M + ¢ < 0. Also, the spectrum of the variable s? is given by the set
{(m+14Fb2tb3)2 g = ¢ M} which we can write as {((m—¢)+&)? : m—¢=0,...,M—(}.
The Wilson orthogonality can be written in terms of the choice of parameters (5.9) as

(M —k+0)1(3+b1+ba+b3)ar
(3+ b1+ b2+ b3+ ba) pryi—r
(2401 4+ b3)v0—k(3+Db1 +ba+ b3+ ba)ar(2+ba+bs+ k)i
(1 + bg) (1 + b4)k(1 + by + by + k)k(2 + by + b4)M,g+k

X% 1+b4M mM+b1+b2+b3+b4+3) (2 + by + b + b3)mse

Ok k' =

(m — WM + by + b2+ b3 + 3);m(2 4+ by + b3) e

(1 + by )m,g(2m—|—2+b1 +b2+bg) 9 9
(24 b1 + ba + b3) e (5m) i (m)

where the index being summed over is m = ¥¢,..., M instead of m —£=0,..., M — /.
Comparing this orthogonality with the weight function (5.3) written as

(14 ba) M—m (M + b1 +bo + b3 + bs + 3) (2 4 b1 + bz + D3) e
(M — m)'(m — g)'(M + b1+ by + b3)m<2 + b1 + b3>m+g
y (14 b2)m_e(2m + 2 + by + by + b3)
(24 b1 + by + b3)
« M!(l—i—bl)g(l+b1+bg)g(2€+1+b1+b3)
01+ 03)e(1 + ba)ar(2 4 b1 + ba + b3) (1 + by + b3)cg

w(te, Sm) =
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the normalization constants are determined by the requirement

6kk’_h€klékz (te, sm)wi (s3,) w, (s7,)

m=F
for I, ;.. The proper choice of normalization is
her (M — K+ )2+ b1 + b3) ar4k10(2 + bz + ba)og
Cg’o (1 + bg)k(l + b4)k(1 + by + by + k‘)k(?) + b1+ by + bg)M(2 + by + b4)M+k_g
f'(l + bg)g(l + b4)M(1 + b1 + bg)
M1+ by)g(1+ by + bg)e(M + 3+ by + by + bg + ba)m (20 + 1 4 by + b3)

With this normalization, the gy x(s,t) form an orthonormal basis.

5.4 The norm of 1

Throughout the previous analysis, the weight and normalization have been proportional to an
arbitrary overall factor ¢y 9. We can fix this constant by requiring that the function 1, belonging
to the basis h, (s,t) of monomials in s2, t2, be normalized to length 1. We compute this by
using the Wilson orthogonality for the Oth order Wilson polynomials (i.e. (3.6) with k, k' = 0).

The norm of 1 is given by

m
Z Zw te, Sm)

m=0 ¢=0
iM' (14 by) M m (M + by + b + bz + by + 3), (2m + 2 + by + ba + by)
—6 =0 m)H 1+ ba)pr (M + by + b2 + by + 3)m(2 + b1 + b2 + b3)

(1 +b1)e(1+ b1+ b3)e(1 4 b2)m—r(2 4 b1 + ba + b3)mie(20 + 1+ by + b3)
€'(m ﬂ) (1+bg) <2+b1 +b3)m+g(1+b1 +bg)600

p"qg

Evaluating the double sum gives

(1.1) = (3401 +b2+ba)m(3+b1 +ba+b3y)nr 1
’ (14 b4)ar (14 b3) s o

Thus, setting

2 (3-1-51 +bg+b4)M(3+bl +b2+b3)M
0,0 (1 +b4)M(1 +b3)M ’

will make (1,1) = 1.

5.5 Infinite dimensional representations

For infinite dimensional but bounded below representations with —m and —M + ¢ nonnegative
integers and all b; real we take the inner product of two functions f (¢, s?), g(t?, s?) in the form

(f,9) = /OOO /OOO f (=12, —s%) g (=1, —s?) w(t, s)dtds.

To compute the measure w(t, s) such that our operators L, are formally self-adjoint we use the
fact that we already know the restriction of the measure to the s-constant basis (4.15) and the
t-constant basis (4.16). For consistency, we see that the weight function should be

2
D22 it 4 8)) (2L o+ i(—t + 5))D(2stl 4T (bi=batd 4 )

T(2it)

(2m)?
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2
D(—M — utleths 9 4 )T(M + btbetbs 4 by 42 4 4s)
X - = w(t, s).
I'(2is)

Then we can compute the norm square of the constant function f(¢2,s2) = 1 by using (3.5)
twice to evaluate the iterated integral:

F(bl + 1)F(bg + 1)P(b4 + 1)
F(bl + bg + by + 3)
X D(=M)T' (=M — b3)T'(M + by + ba + b3 + by + 3)T'(M + by + ba + by + 3).

(1,1) =4

Comparing the measures that we have derived for the infinite dimensional and finite dimen-
sional cases with the 2-variable Wilson and Racah polynomials introduced by Tratnik [38, 39, 40]
we see that they agree. Thus we have found two-variable Wilson and Racah polynomials in com-
plete generality.

6 Expansion coefficients

We can easily determine the coefficients for the expansion of one of our bases in terms of another.
Here we write the expansion coefficients in terms of the unnormalized functions. The expansion
of the dy ,, basis in terms of the f,, ,, basis is given by

(6(t —t0)d(s — sm), wn()d(s — 51,)) = /Wi (te)|s=s,,w(te, Sm)s
Wy (te)]s=sm = (=M)n(—m = b3)n(1 + b2)n

I F —n, 14+b+by+n, —1—0b—bg—m—¥€ —m-+/{ 1
453 —-m, —m — b3, 1+ bo, '

The expansion of the dy,, basis in terms of the gy basis is given by

(0(t —te)o(s — sm), wi(8)0(t — te)) = On Wi/ —n(Sm)w(tn, Sm),
wk(sm)|t:t£ = (—M + g)k(S +b; +by+b3+by+ M+ f)k(l + bg)k

< +F —k, 14 by + by + k, —m+ 4, 2+b1+bz+b3+m+€1
YBN-M 40, 3401 +by+bs+bi+ M+l 1+by, '

Finally, the expansion of the f, ,, basis in terms of the g, basis is given by

(Wn(t)d(s — sm), wi(8)S(t — te)) = wn(tn)]s=s, Wk (Sm)lt=tew (te, Sm)-

In order to understand the significance of these expansions in quantum theory, it is useful to
consider the results of [43]. There the Schrodinger eigenvalue problem for the generic potential on
the n-sphere was considered, for general n. For n = 3 it was shown that all of the eigenfunctions
of the pairs commuting operators treated in this paper separated in some version of either
spherical or cylindrical coordinates and were expressible as continuous multivariable orthogonal
polynomials orthogonal on a simplex. Thus the expansion coefficients derived here represent the
expansion of one basis of solutions of the Schrodinger eigenvalue equation in terms of another.

6.1 A Dbasis for L12, L12 —|— L14 + L24

Now that we have computed the measures for our spaces of polynomials from first principles
and established that they agree with those for the Tratnik generalization of Wilson and Racah
polynomials to two variables [38, 39], we can make use of known results for the Tratnik case to
compute another ON basis for our spaces. In an appendix to [40] the authors show that the
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true 2-variable Racah polynomials defined by Tratnik are simultaneous eigenfunctions of two
commuting difference operators L1, L£o. We will identify these operators with our symmetry
algebra and verify another eigenbasis for our representation space.

We construct the polynomials of Tratnik [38, 39] and operators given in [40] via the definitions
b1 +bs+1 b1+ b2 + b3
- T 5 ‘T2:_S_1_7’
2 2
Bo = bs, B1="0b1+b3+1, B2 = b1 + bz + b3 + 2, B3 = b1+ ba + b3 + 3.

330:0, l‘lzt SUgZM,

The original form of the polynomials were given in terms of the Racah polynomials which can
be related to the Wilson polynomials via

rn(a,b,c,d,x) = wy, (EL, b,é,d, (x + EL)Q)
with

. c+d+1
Qg = —-
2 9

d—1 d—c+1 5
_%7 é:bﬁ-i, d=

c—d+1
5 -

2

S

=a

Then, the two-variable extension of the Wilson polynomials defined by Tratnik are given by
equation (3.10) of [40] as

Ro(ni,no; Bis a1, w0 M) =1y (1 — o — 1,82 — 1 — 1, —x2 — 1,20 + P13 21)
X Tpy (N1 +P2—Po—1,83—PBa—1,n1 — M —1,n1+ o+ M;—n; + x2)

with the requirements that 0 < n; < n; +no < M.
We can express the 2-variable polynomial Ry in terms of the Wilson polynomials using the
original parameters and variables of the model as

RQ(nhnZ;bi;tas;M) = Wn, (Cl,ﬁ,"}/,é;tQ) (6]‘)
a4+ 9 a+0 a+0 a4+ 90
Xwn2<n1+ﬁ+ 9 >’7+ 9 7M+1+b4+B+TaM+1+B+ 782>7
where as in (4.8)
_b2+1 _b1+b3+1 _bl—b3+1 _b2+1
- 9 +57 /8_ 2 ’ Y= 2 ’ 5_ 9 S

In particular, note that the parameters o, 6 depend on s and so the polynomial w,, is a function
of both s and ¢.

Note that it was already demonstrated in Section 4.2 that the polynomial, w,,, is an eigen-
function of Li2. Furthermore, it is easy to see that w,, depends only on s and so will be left
invariant by L5 and so the 2-variable polynomial R» is an eigenfuction for L15. As was exhibited
in [40], there is a set of two commuting difference operators whose simultaneous eigenfunctions
are just these orthogonal polynomials. It is then natural to expect that these operators can be
expressed in terms of the operators in our model which commute with L1o, i.e., I, Lis, L34, H3,
and H4.

The commuting difference operators are given as follows, via [40]. Let I; be the operator
which maps z; to —x; — 3; and leaves fixed x; for j # i. Similarly, define E7, as the operator

which maps z; to x; + a and leaves fixed x; for j # . We define functions BZ * as

(B +1)(Biy1 — 1)
5 :

B?’O = zi(x; + Bi) + Tip1(xip1 + Bit1) +

B = (i1 + i 4 Biv1)(@it1 — i + Biv1 — Bi),
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B,}’O = (.I‘i+1 — Z‘i)(xi_}_l +x; + ﬂi-ﬁ-l)a
B} = (zi14 + @i + Bis1) @izt + 2 + Bir1 + 1),

(2

and further extend these functions for k = —1,0, 1 via
By = 1Y), BT =La(BY).
We also define b{ by
) = (2 + B; + 1)(22; + Bi — 1), bi = (2z; + Bi + 1)(22; + B1), bt =I,(b}).

Let v be some multi-index v = (v1,v5) with v; = —1,0,1 and u be a single index p = —1,0, 1.
Then the functions given by

0,1t 14,0 0,v1 pr1,v2 pr2,0
By" B} O = 92-lnl+ln| Bo B "By
i v =

C, =2 Iu , ,
1 bl blll1 bgz

are enough to define the operators and describe the results of [40]. The operators

(Bo+1)(B2 — 1))

L = Z Cu.EY, — (xg(xz + f2) +

2
u=-1,0,1
vy v (50 + 1)(63 - 1)
£2 - V.Z;O X CVExiExg - <.Z‘3(.CE3 + 63) + 2 5

commute and their eigenfunctions are given by Ry (6.1).
The eigenvalues of the operators L1, Lo are given by

L1Ry = —nl(nl + b1 + bQ)RQ, LoRy = —(n1 + ng)(nl +ng + by + by + b4)R2,

so we hypothesize that £q is a linear combination of Lis and the identity and Lo is a linear
combination of Hs and the identity. In fact, it is straightforward to verify that

Lo = 4£1 — 2b1b2 — 2b1 — 2b2 — %,

9
Lyg+ Lig + Loy = 4L9 — Q(blbg — boby — b1b4) — 4(b1 + by + b4) — 5

The normalization of this basis can be found in [39] and [40]. Thus, we have shown that Tratnik’s
version of two-variable Racah polynomials corresponds to the Lio, L1s + L14 + Loy eigenbasis.

7 Conclusions and discussion

We have demonstrated explicitly the isomorphism between the quadratic algebra of the generic
quantum superintegrable system on the 3-sphere and the quadratic algebra generated by the
recurrence relations for two-variable Wilson and Racah polynomials, and have worked out the
basic theory for physically relevant (boundstate) infinite as well as finite dimensional repre-
sentations of the algebra. The 6 generators of the quadratic algebra break the degeneracy of
the energy eigenspaces and, via various choices of commuting pairs of operators, allow one
to describe unique bases. The eigenbases for the commuting pairs {Li2, Hs4}, {L13, H4} and
{L12, H3} correspond to separation of the original quantum mechanical Schrédinger eigenvalue
equation in various polyspherical coordinates, whereas the eigenbasis for { L13, Lo} corresponds
to separation in cylindrical coordinates, see [43].
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Natural questions here are: what is the origin of these models of the symmetry algebra action
and how can we determine when there is a differential operator model, a difference operator
model or some other model? Clearly, the models are associated with the spectral resolutions
of systems of commuting operators in the symmetry algebra. In [13] we showed how difference
and differential operator models can be suggested by analysis of the corresponding classical
systems, and these ideas are relevant here. In [44] we developed a recurrence relation approach
for differential operators that allowed us to derive difference equation models for 2D quantum
systems and, again, this approach should generalize to 3D quantum systems. Also, there is an
obvious connection between the existence of models and bispectrality [40]. Another issue is that
all models that we know of for quantum symmetry algebras of 2D and 3D superintegrable systems
are associated with commuting operators whose simultaneous separated eigenfunctions are of
hypergeometric type. Do there exist models with commuting operators whose simultaneous
separated eigenfunctions are not hypergeometric?

It is suggested by our method that most of the quadratic algebras for all Stéckel equivalence
classes of 3D second order quantum superintegrable systems on conformally flat spaces should be
obtainable by appropriate limit processes from the quadratic algebra associated with the generic
superintegrable system on the 3-sphere, namely that generated by the two-variable Wilson poly-
nomials. However these limit processes are very intricate, see e.g. [33], and each equivalence class
exhibits unique structure, so each class is important for study by itself. Moreover, within each
class of Stéackel equivalent systems the structure of the quadratic algebra remains unchanged
but the spectral analysis of the generators for the algebra can change. We conjecture that
this limiting process for superintegrable quantum systems is analogous to the Askey scheme for
obtaining various families of orthogonal polynomials as limits of Askey—Wilson polynomials.

As an example of this, in the paper [45] we studied the quadratic algebra associated with the
quantum 3D caged isotropic oscillator. There, the Hamiltonian operator was

by by b
H=34+83+%3+d (@3 +23+23) + 5+ =2+ —, &i=0d.,

and a basis for the second order constants of the motion was (with H = M; + My + Ms3)

9 9 9 by 2 bsz bkx?
M[:ag +a xg"‘ﬁ, 621)2)37 L’L:(x]ak_xkaj) + 2 + 2
x; T Lk

We found 3 two-variable models for physically relevant irreducible representations of the quad-
ratic algebra. One was in terms of differential operators and led to monomial eigenfunctions for
the generators that corresponded to separation of variables in Cartesian coordinates, one was in
terms of mixed differential-difference operators and led to one-variable dual Hahn polynomial
eigenfunctions for the generators that corresponded to separation of variables in cylindrical
coordinates, and the third was in terms of pure difference operators and led to one-variable
Wilson or Racah polynomial eigenfunctions for the generators that corresponded to separation
of variables in spherical coordinates. It can be shown that the flat space caged isotropic oscillator
system can be obtained as a limit of the generic system on the sphere, whereas at the quadratic
algebra level one variable dual Hahn and Wilson polynomials can be obtained as limits of two-
variable Wilson polynomials.

For nD nondegenerate superintegrable systems on conformally flat spaces there are 2n — 1
functionally independent but n(n + 1)/2 linearly independent generators for the quadratic al-
gebra. It is reasonable to conjecture that the quadratic algebra of the generic potential on
the m-sphere is uniquely associated with the (n — 1)-variable version of Tratnik’s multivariable
Wilson polynomials.

Finally, these results suggest the existence of a ¢ version of superintegrability for quantum
systems [46].
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A Recurrence relations for Wilson polynomials

767’776) <t2)

In addition to a three term recurrence relation, the Wilson polynomials <I>7(1a satisfy the

following parameter-changing recurrence relations:

(a,,B,'y,&)(I)(a,,B,’y,(S) _ n(n +o+ /8 + 7+ §— 1) (I)(a+1/275+1/277+1/276+1/2)
T n - n—1
(a+B)(a+7)(a+9)

)

where

rless) = L1 _py2),

2y

This is a consequence of
1 1
T[(a—i-y)k(a—y)k]:—k[<a+2+y) <a+2—y> },
k—1 k—1

M(a,,ﬁ,'yﬁ)cbgla,ﬁ,'y,&) _ —(Oé + ,B N 1)(I)glaf1/2,571/2,'y+1/2,5+1/2)’

where
1 1 1 1 1
(aanY:(S) — — | = - - T1/2 — - — —_ T71/2

e = [ (arv=g) (ro=g) 0 (mumg) (5-v-3) )

This follows from

plla+yela—yh] =—(a+B-k—1) [(a—;w)k(a—;—y)k}.

Using the inner product (3.5), one can compute the adjoint recurrences

(@ 1/2,841/2,941/2,6+1/2) (@t 1/2,8+1/2,9+1/2,6+1/2) _ (a+B)(a+7)(a+ 5)@((1,67%5)

n—1 n ,
where
FH(a+1/2,6+1/2,9+1/2,6+1/2)
1 —
= g, (@ T+ )6+ T2 — (0= y)(B —y) (v — y)(6 — y)T /2],
and

(V+1/2,0+1/2,0—1/2,8-1/2) g (a—1/2,8-1/2,7+1/2,6+1/2)
12 n

_ (4t atB-1) s
(a+B8-1) " 7

which follows from

Iu(7+1/2,6+1/2,a—1/2,5—1/2) Ka _ 1 + y) (a _ 1 _ y) ]
2 k 2 k

=—(k+7v+0)[(a+ykla—y)l
+h(a+y+k-1D(a+d+k—1D(a+yr1(a—y)r-1]

Due to the symmetry in «, 3, 7, §, the u operators lead to several recurrences. Basically they
allow one to raise any two of the parameters by 1/2 and lower the remaining two parameters
by 1/2 in such a way that the process is essentially reversible. Moreover, composing a recurrence
with its adjoint leads to eigenvalue equations for the Wilson polynomials.
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B Recurrence relations for construction of the spherical
and cylindrical models

The spherical and cylindrical models are associated with the 8 basic raising and lowering ope-
rators for the Wilson polynomials, as well as the three term recurrence relation. We list these

operators here and describe their actions on the basis polynomials ®,, = <I>,(1a’5 19,

. R= L~ (7Y% — 7712,
2y
Cnnta+B+7+6—1) (at1/2,8+1/27+1/2,6+1/2)

Rq}n - (I)nfl :
(a+B)(a+7)(a+0)

1

2 L=g (0= 1/2+9)(B=1/2+y)(y = 1/2+9)(5 — 1/2+ )T

—(a—1/2—y)(B-1/2—y)(y—1/2—y)(0 — 1/2 —y)T/?|,

Lo, = (a+ 8 = Dfa+7y = Dla+ s - Yol /H0m/2m/20m1/2),

3 Loy = 5 [~ = 124 9)(B = 124 9T + (0= 12 =)~ /2= 9T ]

Log®y = —(a+ 8- 1)@La—1/2B8-1/27+1/2,6+1/2),
1
4R = [0 12490~ 24T 4 (= 12 =90 = 1/2 =T
Ro‘ﬁ@n —_ (n+~v+d—-1)(n+a+p) plat1/2,6+1/27-1/2,6-1/2)
a—+p n
1 —
5 Loy = 5 [—(a 24— 1/2 4+ )TV (0 1/2— y)(y— 1/2 — )T 1/2] ,
Lon®, = —(a 4~ — 1)@e71/28+1/279=1/2041/2)
1
6. R =g [~(6=1/249)(0 ~1/24 )TV 4 (5= 1/2 = )6 1/2 = y)T7/2].
RO®, — — m+p+0—1)n+a+7) plat1/2,6-1/24+1/2,6-1/2)
o+ n
1
7. Las = % {—(a —1/24 )0 —1/2+)TY? + (a—1/2 —y)(6 — 1/2 — y)Tfl/z} 7
Locé(I)n — *(Oé + 5 — 1)(1)1(10‘_1/2’54‘1/27’7-‘!-1/2,5—1/2)'
1 —
8. R = 5 —(B=1/24y)(y = 1/2+ )T + (B=1/2 - y)(y — 1/2 = y)T7?]
Rp, — _ (n+B8+~y—-1Dn+a+d) B(a+1/2.8-1/27-1/2,54+1/2)

a4+

Again, the three term recurrence is
2P, (y2) =Kn+1,n)P,41 (yz) + K(n,n)®, (y2) +K(n—1,n)®,1 (y2) , (B.1)

where the coefficients are given by (3.2), (3.3) and (3.4).

To construct the spherical model we look for first order difference operators defining recur-
rences for the basis functions ®,, that are not just squares and that change parameters by integer
amounts. Here are the possibilities:

1. Eigenvalue equations. Here a, (3, 7, §, n must be unchanged. The possibilities are

LR®, =n(n+a+B+v+5—-1)0,,
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LalgRaB(I)n = (n +v+ 0 — 1)(” +a+ 6)@71’
LoyR®, = (n+ 46— 1)(n+a+7)®,,
LosRYO®, = (n4 847 —1)(n+a+6)d,.

2. Fix n and lower a by 1. The only possibilities are
LaﬁLa,Y(I)%a”B’%(S) — (Oé + B _ 1)(Oé +y— 1)@%&—1,5,7,6-{-1)’
LapLas®7%) = (a + = 1)(a + 6 — 1)@ P10,
LMLM@(a,BM) =(a+v-—1(a+6— 1)@7(1%1,5“,7,5).

n

3. Fix n and raise by a by 1. The only possibilities are

af poy g (a,8,7,0) (TL +oa+ 5)(” +oa+ 7)(” + 5 +0 — 1)(” +7+ d— 1) (a+1,8,7,6—1)
ROPROP(: - o :
(a+B)(a+7)
0B padg(aprys) _ (MtatB)n+a+d)(n+B+y—1D)n+7+0-1) (ni184-10)
ROPR g - o ,
(@ + B)(er+9)
oy pad g (a,B,7,0) _ (n +o+ 7)(” +o+ 6)(” + 5 +7— 1)(” + /8 +0 — 1) (a+1,8—1,7,6)
R R (: — o .
(a+7)(a+9)

4. Fix n and a. The only possibilities that change parameters are

LagROV®57:0) = (a+B8-1n+a+vy)(n+B+6—1) B(aF—17+1.9)

o+ 7y

Lo ROD@A10) — (a+B-1)n+a+d)(n+B+v-1) PloA=15+1),
a+90

Lo ROP07) — (a+y—-1Dn+a+p)(n+y+0d—1) ploA+1-16),
a+

La’yché(I)%a,ﬁ,'y,é) _ (OL +7— 1)(” +a+ 6) (TL + 7+ /8 - 1) (I)T(la,ﬁ,'y—l,é—l-l)’
a+0

Log ROBD(A70) — (a+d-1)(n+a+B)(n+v+d-1) PloAH170-1)
a+

LaaRa'y(I)%a,B,'y,é) _ (Oé +4 - 1)(” + o 1 ’7) (TL +B8+0— 1) (I)glaﬂ,’YJrl,(sfl)'
a+7y

5. Lower n by 1 and fix a. The only possibilities that change parameters are

nn+a+B+y+35-1) (a,py+1,6+1)

RLag®n = — n— )
g (@ +7)(a+9) !

nn+a+B+y+5-1) (a,8+1,70+1)

RLo®, = — @A LY
U (a+ B)(a+9) n—1

n(n+a+/8+’7+6_1) (a,B+1,7+1,9)

RL,5®, = — (@f+1y+10),
’ (a+ B)(a+1) !

6. Lower n by 1 and raise a by 1. The only possibilities are

nn+~vy+0—1) n+a+ﬁ)(n+a+5+'y+5—1)q)(a+1,5+1m6)

a (
RR*®, = — (a4 B)a+B+1D(a+7)(a+0) n—1 ’
RRG. — nn+B+i-nt+at+y)nt+a+B+y+0- 1)¢(a+1,577+175)
" (a4 (a+v+1)(a+B)(a+6) n—1 ’
RRCP, — nn+B+y-—1ln+atd)nta+B+y+6- 1)<I>(a+1’ﬁ’%5+1).
" (a+0)(a+0+1)(a+ B)(a+7) n-l
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7. Raise n by 1 and fix a. The only possibilities that change parameters are

RPL®, = —(n+7y+6-2)(n+a+f—Da+y—1)(a+s— 1) 1071
RL®, = —(n+B+06—2)(n+a+y—1)(a+f—1)(a+s— 1)) 7071,
RYOL®, = —(n+B+7—2)(n+a+d6—1)(a+p—D(a+y—1)d%s 771,

. Raise n by 1 and lower o by 1. The only possibilities are

LogL®, = —(a+ B —1)(a+ B —2)(a+7y—1)(a+ds— 1) 1m0
LayL®y = —(a+7—D(a+y—2)(a+ B —1)(a+5—1)a 719,
LosL®y = —(a+d—-1)(a+0—-2)(a+B8—-1)(a+v— 1)‘1’21711’&%571)-

In addition we can use the three term recurrence (B.1) and multiplication by the operator y? to
both raise and lower n by 1 while fixing the other parameters.

Acknowledgements

Thanks to Jonathan Kress for valuable advice on computer verification of the difference operator
realization for the structure formulas. S.P. acknowledges a postdoctoral IMS fellowship awarded
by the Mathematical Physics Laboratory of the Centre de Recherches Mathématiques.

References

1]

Cordani B., The Kepler problem. Group theoretical aspects, regularization and quantization, with appli-
cation to the study of perturbations, Progress in Mathematical Physics, Vol. 29, Birkh&user Verlag, Basel,
2003.

Tempesta P., Winternitz P., Harnad J., Miller W., Pogosyan G., Rodriguez M. (Editors), Superintegrability
in classical and quantum systems (September 16-21, 2002 Montreal, Canada), CRM Proceedings and Lecture
Notes, Vol. 37, Providence, RI, American Mathematical Society, 2004.

Eastwood M., Miller W. (Editors), Symmetries and overdetermined systems of partial differential equations
(July 17 — August 4, 2006, Minneapolis, MN), The IMA Volumes in Mathematics and its Applications,
Vol. 144, Springer, New York, 2008.

Higgs P.W., Dynamical symmetries in a spherical geometry. I, J. Phys. A: Math. Gen. 12 (1979), 309-323.

Curtright T.L., Zachos C.K., Deformation quantization of superintegrable systems and Nambu mechanics,
New J. Phys. 4 (2002), 83.1-83.16, hep-th/0205063.

Zachos C.K., Curtright T.L., Branes, quantum Nambu brackets and the hydrogen atom, Czechoslovak J.
Phys. 54 (2004), 1393-1398, math-ph/0408012.

Curtis H.D., Orbital mechanics for engineering students, Aerospace Enineering Series, Elsevier, Amsterdam,
2005.

Kalnins E.G., Kress J.M., Miller W. Jr., Second-order superintegrable systems in conformally flat spaces.
V. Two- and three-dimensional quantum systems, J. Math. Phys. 47 (2006), 093501, 25 pages.

Kalnins E.G., Kress J.M., Pogosyan G.S., Miller W. Jr., Completeness of superintegrability in two-
dimensional constant-curvature spaces, J. Phys. A: Math. Gen. 34 (2001), 4705-4720, math-ph/0102006.

Daskaloyannis C., Ypsilantis K., Unified treatment and classification of superintegrable systems with inte-
grals quadratic in momenta on a two dimensional manifold, J. Math. Phys. 47 (2006), 042904, 38 pages,
math-ph/0412055.

Kalnins E.G., Kress J.M., Miller W. Jr., Nondegenerate three-dimensional complex Euclidean superinte-
grable systems and algebraic varieties, J. Math. Phys. 48 (2007), 113518, 26 pages, arXiv:0708.3044.

Kalnins E.G., Miller W. Jr., Post S., Wilson polynomials and the generic superintegrable system on the
2-sphere, J. Phys. A: Math. Theor. 40 (2007), 11525-11538.


http://dx.doi.org/10.1088/0305-4470/12/3/006
http://dx.doi.org/10.1088/1367-2630/4/1/383
http://arxiv.org/abs/hep-th/0205063
http://dx.doi.org/10.1007/s10582-004-9807-x
http://dx.doi.org/10.1007/s10582-004-9807-x
http://arxiv.org/abs/math-ph/0408012
http://dx.doi.org/10.1063/1.2337849
http://dx.doi.org/10.1088/0305-4470/34/22/311
http://arxiv.org/abs/math-ph/0102006
http://dx.doi.org/10.1063/1.2192967
http://arxiv.org/abs/math-ph/0412055
http://dx.doi.org/10.1063/1.2817821
http://arxiv.org/abs/0708.3044
http://dx.doi.org/10.1088/1751-8113/40/38/005

Generic Superintegrable System on the 3-Sphere 25

[13)
[14]
[15]
[16]
17]
18]
[19]
[20]
[21]
[22]
23]
[24]
[25]
[26]
[27]
28]

29]

(30]

(31]

Kalnins E.G., Miller W. Jr., Post S., Models for quadratic algebras associated with second order superinte-
grable systems in 2D, SIGMA 4 (2008), 008, 21 pages, arXiv:0801.2848.

Chanu C., Degiovanni L., Rastelli G., Superintegrable three-body systems on the line, J. Math. Phys. 49
(2008), 112901, 10 pages, arXiv:0802.1353.

Rodriguez M.A., Tempesta P., Winternitz P., Symmetry reduction and superintegrable Hamiltonian systems,
J. Phys. Conf. Ser. 175 (2009), 012013, 8 pages, arXiv:0906.3396.

Verrier P.E., Evans N.-W., A new superintegrable Hamiltonian, J. Math. Phys. 49 (2008), 022902, 8 pages,
arXiv:0712.3677.

Tremblay F., Turbiner V.A., Winternitz P., An infinite family of solvable and integrable quantum systems
on a plane, J. Phys. A: Math. Theor. 42 (2009), 242001, 10 pages.

Tremblay F., Turbiner V.A., Winternitz P., Periodic orbits for an infinite family of classical superintegrable
systems, J. Phys. A: Math. Theor. 43 (2010), 015202, 14 pages, arXiv:0910.0299.

Quesne C., Superintegrability of the Tremblay—Turbiner—Winternitz quantum Hamiltonians on a plane for
odd k, J. Phys. A: Math. Theor. 43 (2010), 082001, 10 pages, arXiv:0911.4404.

Tremblay F., Winternitz P., Third-order superintegrable systems separating in polar coordinates, J. Phys. A:
Math. Theor. 43 (2010), 175206, 17 pages, arXiv:1002.1989.

Post S., Winternitz P., An infinite family of superintegrable deformations of the Coulomb potential,
J. Phys. A: Math. Theor. 43 (2010), 222001, 11 pages, arXiv:1003.5230.

Kalnins E.G., Miller W. Jr., Post S., Coupling constant metamorphosis and Nth order symmetries in classical
and quantum mechanics, J. Phys. A: Math. Theor. 43 (2010), 035202, 20 pages, arXiv:0908.4393.

Kalnins E.G., Kress J.M., Miller W. Jr., Families of classical subgroup separable superintegrable systems,
J. Phys. A: Math. Theor. 43 (2010), 092001, 8 pages, arXiv:0912.3158.

Kalnins E.G., Kress J.M., Miller W. Jr., Superintegrability and higher order integrals for quantum systems,
J. Phys. A: Math. Theor. 43 (2010), 265205, 21 pages, arXiv:1002.2665.

Kalnins E.G., Miller W. Jr., Pogosyan G.S., Superintegrability and higher order constants for classical and
quantum systems, Phys. Atomic Nuclei, to appear, arXiv:0912.2278.

Ballesteros A., Herranz F.J., Maximal superintegrability of the generalized Kepler—-Coulomb system on
N-dimensional curved spaces, J. Phys. A: Math. Theor. 42 (2009), 245203, 12 pages, arXiv:0903.2337.

Marquette 1., Construction of classical superintegrable systems with higher integrals of motion from ladder
operators, J. Math. Phys. 51 (2010), 072903, 9 pages, arXiv:1002.3118.

Marquette 1., Superintegrability and higher order polynomial algebras, J. Phys. A: Math. Gen. 43 (2010),
135203, 15 pages, arXiv:0908.4399.

Rafiada M.F., Rodriguez M.A., Santander M., A new proof of the higher-order superintegrability of a non-
central oscillator with inversely quadratic nonlinearities, J. Math. Phys. 51 (2010), 042901, 11 pages,
arXiv:1002.3870.

Kalnins E.G., Kress J.M., Miller W. Jr., Second order superintegrable systems in conformally flat spaces.
II. The classical two-dimensional Stéckel transform, J. Math. Phys. 46 (2005), 053510, 15 pages.

Kalnins E.G., Kress J.M., Miller W. Jr., Second order superintegrable systems in conformally flat spaces.
IV. The classical 3D Stéckel transform and 3D classification theory, J. Math. Phys. 47 (2006), 043514,
26 pages.
Kalnins E.G., Miller W. Jr., Reid G.J., Separation of variables for complex Riemannian spaces of constant
curvature. I. Orthogonal separable coordinates for S,,c and E,,c, Proc. Roy. Soc. London Ser. A 39 (1984),
183-206.

Kalnins E.G., Kress J.M., Miller W. Jr., Pogosyan G., Nondegenerate superintegrable systems in n-
dimensional Euclidean spaces, Phys. Atomic Nuclei 70 (2007), 545-553.

Bocher M., Uber die Riehenentwickelungen der Potentialtheory, Leipzig, Teubner, 1894.

Kalnins E.G., Kress J.M., Miller W. Jr., Post S., Laplace-type equations as conformal superintegrable
systems, Adv. Appl. Math. 46 (2011), 396-416, arXiv:0908.4316.

Kalnins E.G., Kress J.M., Miller W. Jr., Second-order superintegrable systems in conformally flat spaces.
I. Two-dimensional classical structure theory, J. Math. Phys. 46 (2005), 053509, 28 pages.

Kalnins E.G., Kress J.M., Miller W. Jr., Second order superintegrable systems in conformally flat spaces.
III. Three-dimensional classical structure, J. Math. Phys. 46 (2005), 103507, 28 pages.


http://dx.doi.org/10.3842/SIGMA.2008.008
http://arxiv.org/abs/0801.2848
http://dx.doi.org/10.1063/1.3009575
http://arxiv.org/abs/0802.1353
http://dx.doi.org/10.1088/1742-6596/175/1/012013
http://arxiv.org/abs/0906.3396
http://dx.doi.org/10.1063/1.2840465
http://arxiv.org/abs/0712.3677
http://dx.doi.org/10.1088/1751-8113/42/24/242001
http://dx.doi.org/10.1088/1751-8113/43/1/015202
http://arxiv.org/abs/0910.0299
http://dx.doi.org/10.1088/1751-8113/43/8/082001
http://arxiv.org/abs/0911.4404
http://dx.doi.org/10.1088/1751-8113/43/17/175206
http://dx.doi.org/10.1088/1751-8113/43/17/175206
http://arxiv.org/abs/1002.1989
http://dx.doi.org/10.1088/1751-8113/43/22/222001
http://arxiv.org/abs/1003.5230
http://dx.doi.org/10.1088/1751-8113/43/3/035202
http://arxiv.org/abs/0908.4393
http://dx.doi.org/10.1088/1751-8113/43/9/092001
http://arxiv.org/abs/0912.3158
http://dx.doi.org/10.1088/1751-8113/43/26/265205
http://arxiv.org/abs/1002.2665
http://arxiv.org/abs/0912.2278
http://dx.doi.org/10.1088/1751-8113/42/24/245203
http://arxiv.org/abs/0903.2337
http://dx.doi.org/10.1063/1.3448925
http://arxiv.org/abs/1002.3118
http://dx.doi.org/10.1088/1751-8113/43/13/135203
http://arxiv.org/abs/0908.4399
http://dx.doi.org/10.1063/1.3374665
http://arxiv.org/abs/1002.3870
http://dx.doi.org/10.1063/1.1894985
http://dx.doi.org/10.1063/1.2191789
http://dx.doi.org/10.1098/rspa.1984.0075
http://dx.doi.org/10.1134/S1063778807030143
http://dx.doi.org/10.1016/j.aam.2009.11.014
http://arxiv.org/abs/0908.4316
http://dx.doi.org/10.1063/1.1897183
http://dx.doi.org/10.1063/1.2037567

E.G. Kalnins, W. Miller Jr. and S. Post

Tratnik M.V., Some multivariable orthogonal polynomials of the Askey tableau-continuous families, J. Math.
Phys. 32 (1991), 2065-2073.

Tratnik M.V., Some multivariable orthogonal polynomials of the Askey tableau-discrete families, J. Math.
Phys. 32 (1991), 2337-2342.

Geronimo J.S., Iliev P., Bispectrality of multivariable Racah—Wilson polynomials, Constr. Approz. 31 (2010),
417-457, arXiv:0705.1469.

Wilson J.A., Some hypergeometric orthogonal polynomials, STAM J. Math. Anal. 11 (1980), 690-701.
Miller W. Jr., A note on Wilson polynomials, STAM J. Math. Anal. 18 (1987), 1221-1226.

Kalnins E.G., Miller W. Jr., Tratnik M.V., Families of orthogonal and biorthogonal polynomials on the
N-sphere, SIAM J. Math. Anal. 22 (1991), 272-294.

Kalnins E.G., Kress J.M., Miller W. Jr., A recurrence relation approach to higher order quantum superin-
tegrability, SIGMA 7 (2011), 031, 24 pages, arXiv:1011.6548.

Kalnins E.G., Miller W. Jr., Post S., Models for the 3D singular isotropic oscillator quadratic algebra, Phys.
Atomic Nuclei 73 (2009), 359-366.

Gasper G., Rahman M., Some systems of multivariable orthogonal Askey—Wilson polynomials, in Theory
and Applications of Special Functions, Dev. Math., Vol. 13, Springer, New York, 2005, 209-219.


http://dx.doi.org/10.1063/1.529228
http://dx.doi.org/10.1063/1.529228
http://dx.doi.org/10.1063/1.529158
http://dx.doi.org/10.1063/1.529158
http://dx.doi.org/10.1007/s00365-009-9045-3
http://arxiv.org/abs/0705.1469
http://dx.doi.org/10.1137/0511064
http://dx.doi.org/10.1137/0518088
http://dx.doi.org/10.1137/0522017
http://dx.doi.org/10.3842/SIGMA.2011.031
http://arxiv.org/abs/1011.6548
http://dx.doi.org/10.1134/S1063778810020249
http://dx.doi.org/10.1134/S1063778810020249

	1 Introduction
	2 The quantum superintegrable system on the 3-sphere
	3 Review of Wilson polynomials
	4 Construction of the operators for the model
	4.1 A basis for L13, L12+L13+L23
	4.2 A basis for L12, L12+L13+L23
	4.3 A basis for L13, L24
	4.4 Completion of the model
	4.5 The model and basis functions

	5 The weight function and normalizations
	5.1 The weight function and normalization of the basis  ,m(s,t)=(t-t)(s-sm)
	5.2 Normalization of the wn(t2)(s-sm) basis
	5.3 Normalization of the wk(s2)(t-t) basis
	5.4 The norm of 1
	5.5 Infinite dimensional representations

	6 Expansion coefficients
	6.1 A basis for L12, L12+L14+L24

	7 Conclusions and discussion
	A Recurrence relations for Wilson polynomials
	B Recurrence relations for construction of the spherical and cylindrical models
	References

