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Abstract. We wish to explore a link between the Lax integrability of the g-Painlevé equa-
tions and the symmetries of the g-Painlevé equations. We shall demonstrate that the con-
nection preserving deformations that give rise to the g-Painlevé equations may be thought
of as elements of the groups of Schlesinger transformations of their associated linear prob-
lems. These groups admit a very natural lattice structure. Each Schlesinger transformation
induces a Backlund transformation of the ¢g-Painlevé equation. Each translational Backlund
transformation may be lifted to the level of the associated linear problem, effectively showing
that each translational Béacklund transformation admits a Lax pair. We will demonstrate
this framework for the g-Painlevé equations up to and including g-Pvr.
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1 Introduction and outline

The discrete Painlevé equations are second order non-linear non-autonomous difference equa-
tions admitting the the Painlevé equations as continuum limits [22]. They are considered
integrable by the integrability criterion of singularity confinement [22], solvability via asso-
ciated linear problems [21] and have zero algebraic entropy [2]. There are three classes of
discrete Painlevé equations: the additive difference equations, g-difference equations and ellip-
tic difference equations. This classification is in accordance with the way in which the non-
autonomous variable evolves with each application of the iterative scheme. The aim of this
article is to derive a range of symmetries of the considered ¢-difference Painlevé equations using
the framework of their associated linear problems.

The discovery of the solvability of a g-Painlevé equation via an associated linear problem
was established by Papageorgiou et al. [21]. It was found that a g-Painlevé equation can be
equivalent to the compatibility condition between two systems of linear ¢-difference equations,
given by

Y(qx,t) = Az, t)Y (z,t), (1.1a)
Y(z,qt) = B(z,t)Y (,t), (1.1b)

where A(z,t) and B(z,t) are rational in x, but not necessarily ¢, which is the independent
variable in the ¢g-Painlevé equation. A difference analogue of the theory of monodromy preserving
deformations [13, 11, 12] was proposed by Jimbo and Sakai [14], who introduced the concept
of connection preserving deformations for ¢-Painlevé equations. Given a system of linear ¢-
difference equations, of the form (1.1a), conditions on the existence of the formal solutions and
connection matrix associated with (1.1a) has been the subject of Birkhoff theory [4, 6, 1]. The
preservation of this connection matrix leads naturally to the auxiliary linear problem in ¢, given
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by (1.1b). This theory also led to the discovery of the g-analogue the sixth Painlevé equation
in an analogous manner to the classical result of Fuchs [9, 8].

There was one unresolved issue in the explanation of the emergence of discrete Painlevé type
systems, and this was related to the emergence, and definition, of B(x,t). Unlike the theory
of monodromy preserving deformations and the surfaces of initial conditions where there exists
just one canonical Hamiltonian flow [27, 13], there are many ways to preserve the connection
matrix. According to the existing framework, one may determine B(x,t) from a known change
in the discrete analogue of monodromy data, i.e., the characteristic data. However, we would
argue that this known change is not canonical, or unique. That is to say that by considering all
possible changes in the characteristic data, one formulates a system of Schlesinger transforma-
tions inducing a system of Béacklund transformations of the Painlevé equation. A particular case
of this theory was studied by the author in connection with the ¢-difference equation satisfied
by the Big g-Laguerre polynomials [20].

This concept is not entirely new, one only needs to examine Jimbo and Miwa’s second pa-
per [11] to see a set of discrete transformations, known as Schlesinger transformations, specified
for the Painlevé equations. These Schlesinger transformations can be thought of as a discrete
group of monodromy preserving evolutions, in which various elements of the monodromy data
are shifted by integer amounts. The compatibility between the discrete evolution and the con-
tinuous flow induces a Backlund transformation of the Painlevé equation, which appear in the
associated linear problem, and in some cases, induce the evolution of some discrete Painlevé
equations of additive type [15].

We will show the same type of transformations for systems of ¢-difference equations describe
similar transformations. We consider systems of transformations in which (1.1a) is quadratic.
There are only a finite number of cases in which A(x) is quadratic, and these cases cover the
g-Painlevé equations up to and including the g-analogue of the sixth Painlevé equation [14]. We
will consider the set of transformations of the associated linear problems for the exceptional
g-Painlevé equations in a separate article as we have preliminary results, including a Lax pair
for one of these equations that seems distinct from those that have appeared in [31] and [25].

These transformations may be derived in an analogous manner to the differential case. If one
knows formal expansions of the solutions of (1.1a) at x = 0 and = = oo, then one may formulate
the Schlesinger transformations directly in terms of the expansions. Formal expansions for
regular g-difference equations are well established in the integrable community [4, 14], however,
many associated linear problems for ¢-Painlevé equations fail to be regular at 0 or co. Hence, it
is another goal of this article to apply the more general expansions provided by Adams [1] and
Guenther [5] to derive the required Schlesinger equations. These expansions seem to be not as
well established, however, all known examples of connection preserving deformations seem to fit
nicely a framework that encompasses the regular and irregular cases [14, 17, 21]. In previous
studies, such as those by by Sakai [24, 14|, B(x,t) from (1.1b) and the Painlevé equations seem
to have been derived from an overdetermined set of compatibility conditions. In an analogous
manner to the continuous case, the formal solutions obtained may or may not converge in any
given region of the complex plane [28].

The most important distinction we wish to make here is the absence of a variable t. We
remark that this should be seen as a consistent trend in the studies of discrete Painlevé equations,
whereby the framework of Sakai [23] and the work of Noumi et al. [18] show us that we should
consider the Backlund transformations and discrete Painlevé equations on the same footing.

The outline of this article is as follows: In Section 2 we introduce some special functions
associated with g¢-linear systems. In Section 3 we shall outline the main results of Birkhoff
theory as presented by Adams and Guenther [1, 5] and subsequently, specify the natural lattice
structure of the connection preserving deformations. In Section 4 we will explore the quadratic
matrix polynomial case in depth. Even at this level, we uncover a series of Lax-pairs.
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2 g-special functions

A general theory of special ¢-difference equations, with particular interest in basic hypergeomet-
ric series, may be found in the book by Gasper and Rahman [10]. The work of Sauloy and Ramis
provide some insight as to how these g-special functions both relate to the special solutions of
the linear problems and the connection matrix [26, 7], as does the work of van der Put and
Singer [29, 30]. For the following theory, it is convenient to fix a ¢ € C such that |¢| < 1, in
order to have given functions define analytic functions around 0 or co.

We start by defining the ¢g-Pochhammer symbol [10], given by

(1 — aq”_l) for k € N,

—~
8
)
~—
ko
—

(1 — aq”_l) for k = oo,

—_

=g -

for £k = 0.

We note that (a, ¢)s satisfies

1

@)

(473 ¢)o0 = 77

or equivalently,

(50).~(-5) o

We define a fundamental building block; the Jacobi theta function [10], given by the bi-
infinite expansion

Og(z) = g3z,

neL

which satisfies the ¢-difference equation
204(qr) = 04(x).

The second function we require to describe the asymptotics of the solutions of (1.1a) is the
g-character, given by

oy Ga@)0, (0
q;C( ) Hq (I’C) )

which satisfies

eq.c(qr) = ceqe(), €q.qe(T) = zEq (7).

Using the above functions, we are able to solve any one dimensional problem.

3 Connection preserving deformations

We will take a deeper look into systems of linear ¢-difference equations of the form

y(q"x) + an—1(x)y(¢"'z) + - - + a1 (2)y(qz) + ao(z)y(z) =0,
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where the a;(x) are rational functions. One may easily express a system of this form as a matrix
equation of the form

Y(gr) = A(2)Y (2),

where A(z) is some rational matrix. We quote the theorem of Adams [1] suitably translated for
matrix equations by Birkhoff [5] in the revised language of Sauloy et al. [26, 29].

Theorem 3.1. Under general conditions, the system possesses formal solutions given by

Yo(e) = Yo(@)Dolw),  Yao(a) = Vo) Do(a), (3.1)

where Yo(x) and Yoo(x) are series expansions in x around v =0 and x = oo respectively and

Do(z) = diag <Z?x()m)> . Duo(z) = diag (Zz(x()x)> :

Given the existence and convergence of these solutions, we may form the connection matrix,
similar to that of difference equations [3], given by

P(z) = Yoo (2)Yp(z) L.

In a similar manner to monodromy preserving deformations, we identify a discrete set of cha-
racteristic data, namely

K1 ... Rp

M_{ M oo Ap Q1 ... G }
Defining this characteristic data may not uniquely define A(x) in general. In the problems
we consider, which are also those problems considered previously in the work of Sakai [14],
Murata [17] and Yamada [31], the characteristic data defines a three dimensional linear algebraic
group as a system of two first order linear ¢-difference equations, but is two dimensional as one
second order g-difference equation. The gauge freedom disappears when one extracts the second
order g-difference equation from the system of two first order ¢-difference equations. Let us
suppose the linear algebraic group is of dimension d, then let us introduce variables y1, yo, ...,
Y4, which parameterize the linear algebraic group. We may now set a co-ordinate system for
this linear algebraic group, hence, we write

. K1 ... Rnp .
MA_{)\l >\n o Ay 'y17"'7yd}7 (32)

as defining a matrix A.
By considering the determinant of the left hand side of (1.1a) and the fundamental solutions
specified by (3.1), one is able to show

n m n

[T =TT N (33)

i=1 j=1 =1

which forms a constraint on the characteristic data.
We now explore connection preserving deformations [14]. Let R(x) be a rational matrix in =,
then we apply a transformation Y — Y by the matrix equation

Y(z) = R(z)Y (2). (3.4)
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The matrix Y satisfies a matrix equation of the form (1.1a), given by
Y(gz) = [R(gz)A(x)R(x) '] Y (2) = A(2)Y (2). (3.5)
We note that if R(z) is rational and invertible, then
P(x) = (Yoo (2)) "' Yo(2) = (R(2)Yoo () "' R(2)Yp(2)
= (Yoo(2)) "' R(z) "' R(2) Yo (2) = Yoo () Yo(2),
hence, the system defined by
Y(gz) = A(2)Y (2),

is a system of linear g-difference equations that possesses the same connection matrix. However,
the left action of R(z) may have the following effects: The transformation may

e change the asymptotic behavior of the fundamental solutions at x = oo by letting k; —
q"Ki;
e change the asymptotic behavior of the fundamental solutions at x = 0 by letting A; — ¢" A;;

e change the position of a root of the determinant by letting a; — ¢"a;.

We use the same co-ordinate system for A(x) as we did for A(z) via (3.2), giving

K1 ... FEp - _
M; =14 < p Sl .
A {)\1 D VY TR SR G ’yd}
Naturally, R(x) is a function of the characteristic data and the y;, hence, we write
R(J,‘) = %(l‘)}/{)(aj)il = Yoo(x)yoo(x)il = R(.’E, Yi, gi? Kj, R]u 5‘[7 )\17 an, dn)

An alternate characterization of (3.5) is the compatibility condition resulting the consistency
of (3.4) with (1.1a), which gives

A(z)R(z) = R(qx)A(x), (3.6)

which has appeared many times in the literature [14, 21, 24]. Given a suitable parameterization,
we obtain a rational map on the co-ordinate system for A(z):

T: My — My,
For each i =1,...,d, we use (3.6) to find a rational mapping ¢; such that
gl = ¢Z(MA)7

where M4 includes all of the variables in (3.2).

We now draw further correspondence with the framework of Jimbo and Miwa [11]. Let
{p1,-.., i} be a collection of elements in the characteristic data, and {m1,...,mg} be a set
of integers, then we define the transformation

T#;nlw-,HTIZK : MA — MA’
to be the transformation that multiplies u; by ¢™ leaving all other characteristic data fixed.
The m; have to be chosen so that M ; satisfies (3.3). The group of Schlesinger transforma-
tions, GG 4, is the set of these transformation with the operation of composition

Ga= T o)
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This group is generated by a set of elementary Schlesinger transformations which only alter two
variables, i.e., K = 2. For example, if wish to multiply x; by ¢ and a1 by ¢~1, so to preserve (3.3),
this would be the elementary transformation Tm’ arl Since the subscripts define the change in
characteristic data, we need only specify the relation between the y; and ¥;, hence, we will write

Ty s 1= ¢1r(Ma), oy Ga = da(Ma).
We will denote matrix that induces the transformation TM;nl K by R mi jE SO that the
transformation M4 — M ; is specified by the transformation of the linear problem given by

Y(z) = Rymy i ()Y (z).

The goal of the the later sections will be to construct a set of elementary Schlesinger transfor-
mations that generate G4 and describe the corresponding R matrices.

4 g-Painlevé equations

We now look at the group of Schlesinger transformations for the g-Painlevé equations. In accor-
dance with the classification of Sakai [23], we have ten surfaces considered to be of multiplicative
type. Each surface is associated with a root subsystem of a root system of type Eél). We may
label the surface in two different ways; either the type of the root system of Eél), R, or the
type of the root subsystem of the orthogonal complement of R, R*. Given a surface of initial
conditions associated with a root subsystem of type R, the Painlevé equation itself admits a rep-
resentation of an affine Weyl group of type R* as a group of Bécklund transformations. The
degeneration diagram for these surfaces is shown in Fig. 1 where we list both R along with R™*.

Es(;l) Eél) Eél) Dél) Ail) (Ao + A))D (A7 + AW Agl) A(()l)
A((]l)* Agn Agl) Aél) Ail) Aél) Aél) Agl)—>A§1)

AN A(l)/

7
1/
ALY

Figure 1. This diagram represents the degeneration diagram for the surfaces of initial conditions of
multiplicative type [23].

In this article we will discuss the group of connection preserving deformations for g-Painlevé
equations for cases up to and including the Agl). As the Aél) surface does not correspond to
any ¢-Painlevé equation, this gives us six cases to consider here. These are also the set of
cases in which A(z) is quadratic in z. We will consider the higher degree cases, which include
associated linear problem for the Painlevé equations whose Bécklund transformations represent

the exceptional affine Weyl groups in a separate article.

It has been well established that the degree one case of (1.1a), where A(z) = Ag + Az is
completely solvable in general in terms of hypergeometric functions [16]. It is also interesting
to note that the basic hypergeometric difference equation fits into the framework of connection
preserving deformations. The result of the above transformation group reproduces many known
transformations [10].
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Table 1. The correspondence between the data that defines the linear problem and the g¢-Painlevé
equations. This data includes the determinant, and the asymptotic behavior of the solutions at x = 0
and = oo in (3.1).

’ ‘ det A ‘ (1, p2) ‘ (v1,12) ‘ dim G 4 ‘
P(Af)) K1koT? (2,1) | (0,3) 3
P (A(71),) K1Kox? (2,0) (0,2) 3
P(Aél)) K1kow?(x — ay) (2,1) (0,2) 4
P(Al) K1k (z — a1)(x — ag) 2,1) | (0,1) 5
P(Afll)) kika(z —ay)(x — a2)(x — as) (2,1) (0,0) 6
P(AS)) | kika(e — a1) (@ — as)(z —ag)(w —as) | (2,2) | (0,0) 7

4.1 ¢-P(AM)

Let us consider the simplest case in a more precise manner than the others as a test case. The
simplest g-difference case is the

b -
{b07b1 : fag} — {qoablq : fag}7
where ¢ = bgb; and the evolution is

~ bi(1—g) . 1

ff i 9= (4.1)
which is also known as ¢-P1. We note that this transformation gives us a copy of Z inside the
group of Bécklund transformations [23]. We note that there exists also exists a Dynkin diagram
automorphism in the group of Béacklund transformations, however, we still do not know how
these Dynkin diagram automorphisms manifest themselves in this theory. The associated linear
problem, specified by Murata [17], is given by

Y (qz) = A(z)Y (z),
where

(z=y)lz—a)+z)r  row(z—y)
Az) = (xy + 0)k1

w (r —y+ 22) Ko

We fix the determinant
det A(x) = K1kot?,
and let A(0) possess one non-zero eigenvalue, Aj. This allows us to specify the values

M —z1k1+(y—22)k a+z —29) K
_ M- 1yﬁ(y 2) 2“2 —at ) e, 5. W 1)?5?/ 2) K2
1

We make a choice of parameterization of z; and z2, given by

We will make a full correspondence between y and z with f and g. To do this, let us first
consider the full space of Schlesinger transformations on this space.
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The problem possesses formal solutions around z = 0 and z = oo specified by

-1 —WYK2 eqn (2) 0( )
Yo()=| [ =2-1 +0 (z) e (@) |
— ko — A 0 —
vz 0y o)
q(y + a) Wk €q,r: (T)
1l g¢-1 K1 ( 1 > 0, ()
Yoo(z)=| I+ — +0 | —= a
(=) x 8] _Q(y + ) 2 0 €q,r2(T)
w q—1 04 ()

The asymptotics of these solutions and the zeros of the determinant define the characteristic
data to be

) K1 K2
u={5 )

meaning our co-ordinate system for the A matrices should be

_J R k2
MA{ )\1 )\2 'wﬂyﬂz}7

where we have the constraint
)\1)\2 = K1K2.

This specifies four parameters with one constraint, however, it is easy to verify on the level of
parameters (and much more work to verify on the level of the Painlevé variables) that

1 o
Tﬁl,)\z o Tffl:)\l o THQ,)\l - TK1,)\27

hence, we may regard T}, », as an element of the group generated by the other three elements.
Upon further examination, the action of Ry, x, a2, (%) = 21 is represented by an identity on
the Painlevé parameters, however, there is a g-shift of the asymptotic behaviors at 0 and oo.
We regard this as a trivial action, Ty, x, A,,1,, Whereby, we have the relation

Ty o © Ty ny = Ty o 2y Moo

hence, if we include T}, x, 1, ., if we include T}, ., A, ., in our generators, we need only consider
the two non-trivial translations T, , and T}, »,. We now proceed to calculate

R1 K2 gr1 K2 -~
TK/17)‘1: {)\1 AQ :w,y,z}—>{ q)\l )\2 :w7y7z}7

K1 K2 qr1 K92 ~ o~ o~
Ty {>\1 o :w,y,z}%{ M g :w,y,z},

where in these two cases, the action (w,y,2) — (0,9, 2), is obtained from the left action of
a Schlesinger matrix, R = R, ), (z) and R = R, x,(x) respectively. One of the aspects of [20]
was that R(x) may be obtained directly from the solutions via expansions of

R(z) =Y (2)Y ()",
where Y =Yy or Y =Y. Using Y = Yj an expansion of R(z) around x = 0 gives

R(z) = Ry + O(x),
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where as using Y = Y, an expansion of R around x = oo gives

z 0 1
The equality of these gives us that R(x) is linear in z, in fact, expanding R around z = oo to

the constant term gives

qJ—y+a—a) kw

T+
R(z) = q—1 k1| (4.2)
el
il 1
o

This parameterization is the same for R, », and R, \,, however, y and w and hence 7 and & are
different for each case. Computing the compatibility condition for the two non-trivial generators
gives the following relations

T N <qA1(5-—1)> _ quAZ . qzA
Lw=w o ’ = 7= 2\’ <= ’
oA YZK1 Y= E21) (0h + ymed) qy?K1 — Yzka
T <mz qy> _ A1 . gr1y
Kl » W=W | — — — |, y=—"—">7 z = .
K1 z gr1Yy — K2z K9z

We now note

3
7= <Ti<&17/\17TH1,>\2’T/€1,/€27>\1,>\2> = Ga,

which is the lattice of connection preserving deformations.
We now specify the connection preserving deformation that defines ¢-Py as

K1 Ko K1 R2
-Pyp: Sw, Y,z —> A2 W, Y, 2
5 {08 e

which is decomposed elementary Schlesinger transformations ¢-P; = T}, y, o T;ll)q. A simple
calculation reveals

N
=T ol w=w(l-2), gy:;”z 5, — 4M1Y

T
K1,A2 K1 (2 _ 1) 9 Ko

At

K2
ar1y
bob1 = q. In this way, the one and only translational element of Agl) is identified with T, At

We make the correspondence with (4.1) by letting f = and z = g, by = —r3/(q* \1K1) and

4.2 g¢-P(AM)

We note that there are many ways to interpret g-P (A;l),). We choose but one element of infinite
order that we are able to make a correspondence with, for this, in Sakai’s notation, we choose
51 0 0(1357)(2460), Which has the following effect

bo by bo g
{ b :f7g}_> q bl :fag )
2 byb?

where

% q + gbo . q

T 9@+ Db YT by
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which is also known as ¢-P]. The surface corresponds to the same affine Weyl group as before,
however, the technical difference is that it corresponds to a copy of a root subsystem of Eél)
where the lengths of the roots are different from those that correspond to ¢-P (A(71)) [23].

The associated linear problem for ¢-P (Agl)l), has been given by Murata [17]. In terms of the
theory presented above, the same theory applies in that the characteristic data is well defined,
and the deformations are all prescribed in the same manner as for ¢g-P (Agl)). In short, we expect
a three dimensional lattice of deformations as above. We take

k1 —y)(z —a)+21) Kow(z —y)
A(z) = ;

K
vz +6) K929
w

where

—21K1 — Z2K2 + A1
o= I ) Y = Z2RK2 — K2, 0 = yy — Yzaka — 22k,
1

and the choice of z is specified by

2
_Y _
21 = —, 29 = Z.
z

We find the solutions are given by

Cwy(l—2) wy(y(z— 1)k —A) €gn (T) 0
Yo(z) = ZK2 Al — zK2 + O(x) 0 ega () |,
1—=2 y(z — 1)k — A 0, ()
q(y + a) L w
1 qg—1 K1 1
Yolz)= | T+~ -
(z) + - ol 4 ((z = D)r1y? + 2 (A1 — zk2)) +0 <x2>
w (¢ — Dyzks
€Q7ﬁl (x2) O
X 9(1 (l’) )
0 €q,r ()

where
KR1R92 = /\1 )\2.
This allows us to specify the characteristic data to be
K1 K2
M =
s

and the defining co-ordinate system for A(x) to be

_J k1 Rz
MA—{ A Ay .w,y,z}.

For the same reasons as for the previous subsection, it suffices to define T}, »,, Tk, ), and
Th1 52,00, 00, Which is a trivial shift induced by Ry, ., 0, 2 () = 2. The matrices Ry, , (z) and
Ry, x, () are given by (4.2), allowing us compute the following:

quAi(Z —1) Yz (g1 — ZKa) 2\

, 1 = — 2 e
yYK1Z y q(Z -1\ y2h1’

Ty @ W=
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- y . )\1 Al
Ty ot W= —quw=, gy = —, Zr=—.
Z qKr1 qk2

In a similar manner to the associated linear problem for P(Agl)), we have

3
7 = <TI€1,>\17TH1,>\27TH1,K2J\1,>\2> = Ga,

forming the lattice of connection preserving deformations.
We now identify the evolution of ¢-P| as a decomposition into the basis for elementary
Schlesinger transformations above. ¢-P; =T}, y, o Tﬁ_ll)\z. The action is specified by

1o w(l 3 o Al —ReE) gk
Tﬂw\lon,Az‘ W =w(l-2), 9= qgr1(2—1) 7 = /<;2y’

where we may identify with the above evolutions as z = —1/g, y = vbob1 f and kaby = ¢*\1 —
K1
4.3 ¢-P(AY)

We now increase the dimension of the underlying lattice by introducing non-zero root of det A.
We note that in accordance with the notation of Sakai [23], we choose oo to define the evolution
of g-P11. This system may be equivalently written as

bo b bobi s
T B R A A

where ¢ = byb; and

Fe bag

ff——ma §9:blb2(1—f)- (4-3)

We find a parameterization of the associated linear problem to be given by

(/@1((:E—a)(x—y)+z1) row(x — y) )

where by letting
det A(z) = k1koz?(z — ay),
we readily find the entries of A(x) are given by

_ _ A _
o — z161 + (Y — 22) Ko + L =% atar + 2, 5:(ya+z1)(y 22)‘

Yk1 Y

We take a choice of z to be specified by

_yly—a) _
21 =, 29 = Y=z.
z

The formal symbolic solutions are specified by

_M —WUK eq:)\l(x) 0
Yo(z) = 21 v +0()

1—2 y(z —1)ka — M1 0, ()
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q(y + a) _Wk2
1 qg—1 K1 1
Y. = |7+ - )
(@) L B e (e D e e R 228 +O(ﬂ)
w (¢ — Dyzry
€q,k1 (z)
v Oq (1’)2
0 eQ:”CZ (':U)
q ()

and the zeros of det A(x) define the characteristic data to be

| k1 k2
M_{ )\1 )\2 al }

This allows us to write co-ordinate system for A as

K1 K2
My = :
where we have the constraint

)\1)\2 = —Aa1K1K2.

For the same reasons as previous subsections, it suffices to define T}, ,, T, x; and Ti; ko Ay Ao
however, we also need to choose an element that changes a;. We choose Ty, ,, which is induced
by some R, »,. By solving the scalar determinantal problem, one arrives at the conclusion

x

det Rah)\l e 7 —qa .
- 1

When we consider the change in r; values, it is clear that by expanding R,, , around x = oo
using Ry, \, = Yoo Yo I we have the expansion

q(y + )  Wky
1 qg—1 K1 1
=1+- o).
Ral,)\l + T @ 7(](:[/ +a _ al) + <{L‘2>
w q—1

This means that we may deduce that R, ), is given by

qy—9+a—a) Ko (w — W)
1 T q—1 —am Rl
Royin, = - N - . 4.4
A — qay q(wy — w?) erQ(y—y+a—a) (4.4)
wWW q—1

We can take Ry, x, and Ry, », to be of the form of (4.2). Computing the compatibility reveals

- - N Z\ - q(y—a1) Kkt
Toy o W =w(l-2), yy:m, zz:@)’
T\ b= w(gA1 — kag(Z — 1)) Ty = E281 s Wk + gz
FLAL e K1Y ’ k1(z —1) qyKk1 — yzKo
_ wke(l—2 ~ A2 5 q(y —a1) K1
Tyt xs wzi( ), gy = ———, 2227( ) .

K1 - gr1(2-1) K9
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The full group of Schlesinger transformations is given by

4
7" = <Ta1,>\17THl,)\NTK17>\27TI-€17'€2,>\17>\2> = Gy,

which is the lattice of connection preserving deformations.
To obtain a full correspondence of T, \, with (4.3) we let

bo
y=ayf, Z=97
2

A A
with the relations by = ! and by = — 21 . We know that the action of T, y, o T, -1 is
a1k9 qajK1 ’ K1,79
trivial. I.e., we have
~ R1w ~ ~
Ta17>\1 OTH1’>\2—1 W= 727 Yy =aqy, 2=z,

which leaves f and ¢ invariant. When we restrict our attention to f and g alone we only have
a two dimensional lattice of transformations, corresponding to (A; + Ap)™.

4.4 g¢-P(AY)

As a natural progression from the above cases, we allow two non-zero roots of the determinant.
In doing so, we obtain an associated linear problem for both ¢-Pyir and ¢-Pry. We also introduce
a symmetry as one is able to naturally permute the two roots of the determinant, which we will
formalize later. We turn to the particular presentation of Noumi et al. [18]. We present a version
of q—PHI as

bobl . qbobl/q L7 o~
{b2c -f,g}—>{ by ¢ a0,

where ¢ = byb1b2 and

qc 14 gbo g_qiczbl—I—qf
fg g+bo’ gf q+bif

Using the same variables, a representation of ¢-Pry is given by
bo b1 bo b1 ;.
TSR IR TR

c2qby (14 gbg + fgbibg) b Gg— bob1 (q (gbo + 1) bac® + fg)
gbibac® + g+ fgbr (gbo (fbr+1) +1)

f=

where

ff=

These two equations are interesting as a pair as they have the same surface of initial conditions.
If any natural correspondence was to be sought between the theory of the associated linear
problems and the theory of the surfaces of initial conditions [23], these two equations should
possess the same associated linear problem up to reparameterizations. It is interesting to note
that the associated linear problems defined by [17] do indeed possess the same characteristic
data and asymptotics. We unify them by writing them as one linear problem, given by

(Hg((x—a)(x—y)—i-zﬂ Kow(z — y) >
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where
det A(z) = k1kox(x — a1)(z — a2).

This determinant and allowing A(0) to have one non-zero eigenvalue, A1, allows us to specify
the parameterization as

_ _ A _
oo TAmt et ey e, g2 Wty —2)

Yk1 Y

We choose z to be specified by

—a
Z1—y(yz ), 2 =2(y—az).

The formal solutions are given by

w WYK eg (T) 0
Yo(x) = i o +o@ ) [ T L@ )
y—zy+zas (—zy+y+za2) ke + M\ 0 "éq(zz)

aly + ) _wm Cu (7)
1 qg—1 K1 1 0 ($)2
Yoo(z)= | T+~ o= q
oo () T T ay _q(y+a—a1—a2) + (q:2> 0 eqns(x) |’
w q—1 04 ()

which is enough to define

M:{Hl K2 )\1 )\2}’
ayp ag

hence, the co-ordinates for A(z) may be stated as

MA:{F&1 f2 AL X :w,y,z}.
ap ag

We notice that there is a natural symmetry introduced in the parameterization, that is that A
is left invariant under the action

s :4 M1 cw,y,z e 4 012 cw,y, 2L 22
LR D VD VIR 4 A1 A2 oaz ay e y—ay )’

If we include s; as a symmetry, we need only specify 15, z,, T, n, and T, ), as we may exploit
this symmetry to obtain Tg, n, = s1 07}, », © s1. The matrix R, , is of the form (4.4) and the
matrices Ry, », and R, », are of the form (4.2). We may use the compatibility conditions to
obtain the following correspondences:

_ _ _ Z (Zagka + g1 - qy(y—a1)k
Toyn 0 w=w(l-2), gy = ( = ), z:¥
q(z — 1K1 (y — a2) Ko
T . w(qyr1 — zk2) (2 —1) . 2 (gA1 + agka?2) . qyaik1 + gz
k1, - W= 3 yy = = s Z:2—7
Zk1 gr1(2 — 1) qy’K1 — yzko
_ qla1 —y) K2 _ zagks + A1) 2
T/ﬂ,)\z:w_w<()+>7 Yy ZQ
z K1 gr1(Z —1)

_ar1 (za1azk2 + (a1 — y) A1)
Ko (ag (2r2 — quw1) + A1)
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We may now specify T, x, = 51 0Tg, », © 51.

qym) jo Wamtaezh gk (§—a)
qyzk1 — 2%k k2 (4 — qaz)

This gives us the full lattice

5
= <Tal,>\17Ta2,>\17Tﬂl,AlﬂTm,)\w T51,1€27/\1,>\2> =Ga.

We identify the evolution of ¢-Pyi with 75, , under the change of variables

_ gbobin _ f
y - 9 z

gR2 ﬂ’

so long as the following relations hold:

ai
bg = —, Ay = 62/4,2, Koy = —qb%)\l.
a2
The symmetry between a; and ag alternates between the two translational components of the
lattice of translations.
With the above identification, we also deduce ¢-Py1 may be identified with
- . qu (y — a1) K1 _ q(y—a1) M — qzarazkz
T oT, oT, oT ! W= - ——, = )
ai,\1 az,\1 K1,A2 K1,A1 2Ko Y y (q (y _ al) K1 — 21‘62)
gk (zarak2 + (a1 — y) M)
zkg (a2 (2k2 — qyK1) + A1)

IS

We also note that in addition to T, x, A, ), being trivial, we have that according to the variab-

. =1 -1 . ..
les f and g, the transformation Tnl)\l—l’al—l’a;l = Tah)\1 0Tz © wa A 1S also trivial.

4.5 g¢-P(AY)

The next logical step in the progression of associated linear problems is to assume that the
determinant has three non-zero roots. This brings us to the case of ¢-Pv:

b() b1 bg qb() b1 b2 5o~
. — :
{ bs by f7g} { bs ba/q fvg}

where

1= bo + gbs . (~f—1~)b0 (fb3_1>.
fb2 (fboblebg - 1)

bo (gbg + 1) (gblbz + 1) b37

The associated linear problem was introduced by Murata [17], and the particular group has
been explored in connection with the big ¢-Laguerre polynomials [20]. This case introduces two
new symmetries; the first is that we have the symmetric group on the three roots of det A,
and the other is that the two solutions at x = 0 are of the same order. The result is that
they are interchangeable on the level of solutions of a single second order ¢-difference equation.
The offshoot of this is, by including extra symmetries, we need only compute two non-trivial
connection preserving deformations.
Let us proceed by first giving a parameterization of the associated linear problem. We let

(Hl((x—a)(x—y)—i-zﬂ Kow(z —y) >
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where
det A(z) = k1ko(x — a1)(z — az)(xz — a3).

Differently to previous case, the determinant of A(0) is non-zero, hence, we require that the
eigenvalues of A(0), A\; and \g, are both not necessarily zero. This determines that the parame-
ters in A(x) are specified by

—Z21K1 + YKo — 22k2 + A1 + A2
yr1 ’
5— (ya+ z1) (y — 22) — ajazas
y )

Y=-2y —a+a+az+az+ 2,

where we choose our parameter z to be specified by

2 = (y_al)z(y_a2)7 2 :z(y—ag).

Our constraint is now
KR1Kk2a1a920a3 = —)\1)\2.

The fundamental solutions are of the form

—wy —WYka
Yo(x) = A + O(x
N R R R IY Rad
0
% er)‘l ('CU) ’
0 €q,x2 (:U)
q(y + a) _ Wky
1 q— 1 K1 1
Yoolw)= | I+ = o=
() +:c qy _q(y+a—a1—a2—a3) + (a:?)
w qg—1
€q,1 (T)
0q (93)2
0 eq,KZ (:L')
q ()

This specifies that our characteristic data may be taken to be
ayp a2 ag
M =
{ K1 K2 )\1 )\2 } ’
and hence, our co-ordinate space for A(x) is given by

ap az as
My = : .
A { K:l //‘02 )\1 )\2 w7 y’ Z}

We identify immediately that the parametrization is invariant under the following transforma-
tions

S0 - @ az a3 TW,Y, 2 p — @ a2 s W, Y,z
./<51:‘£2)\1/\2.77 /ilﬁg)\g)\l.”7
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ap az ag az a1 as
: : — :
S1 { K1 Ko )\1 )\2 /wvyaz} { K1 Ko )\1 )\2 wayaz} 5
ap az asg ai az a2 y—as
89 : SW, Y, 2 p —> SwW, Y, 2 .
2 { K1 K2 A1 A2 4 } { K1 K2 A1 A2 s Yy — a2 }

If we now specify T}, \,, the trivial transformation, T, x, 2,2, and Ty, x,, we may obtain a ge-
nerating set using the symmetries to obtain

Tag,)q =810 Ta1,>\1 o 81, Tag,)\l = 820810 Tal,)q O 81 © S92, Tlﬂ,)\g =500 Tfil,/\l 0 5¢.
The transformations T}, , and T, », are specified by the relations

w ((y — a1) azaskike + (qy (y — a1) k1 + 2 (a3 — y) K2) A1)

Ty 0= ro ((y — a1) azazky + 2 (a3 — y) A1) ’

G- _az(w — @) (gM + agke?)

q)\l(u?—l-w(,%— 1)) ’
s 2 (w — W) + agkr (w (y — a1) + (y(z — 1) + a1) 0)
w(y —a1) agky + w2 ’

_ w(—=gry® + (q (a1 + az) k1 + zK2) Yy — qaragky + qzA1)
Tlﬂ,)q LW = yzR1 y

7 gA1 + askoZ S_ 4 (Yai1ky — 1) (Yagk — 1)

qRIA — qPRIAZ 21 (ko + qriA)

where we have introduced

- Yy
G1a9K] — 2N

for convenience. We may now identify the lattice of connection preserving deformations as
AR <T/‘”vl,>\l7T’fl’)\27THl,“?y)\l;)Q?Ta1,>\17Ta2;)\17Ta3,)\1> = Ga.
We may identify the evolution of ¢g-Py with the Schlesinger transformation

~ ~ ~ (q)\1 + agligi) ()\12 - qalagm)
‘P == T N = 1 — =
-rv ai,az, A2 - W w( Z), vy q/ﬁ)\l(é — 1) ,

s, y—a)(y—a)m
(y — a3) k2 '

where the correspondence between y and z with f and g is given by

a9 bo
y=—-— z -7 9
f bo

under the relations
a1 = agbs, az = agby, qasbor1 = —baka, bob1bs A1 = aska.

In addition to T, x,,,, being trivial, we also have that the transformation Tal,(127(137,_61_17)\17/\2 is

trivial.
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4.6 g¢-P(AY)

This particular case was originally the subject of the article by Jimbo and Sakai [14], which in-
troduced the idea of the preservation of a connection matrix [3]. The article was also responsible
for introducing a discrete analogue of the sixth Painlevé equation [14], given by

by b by by } { qgbi1 gba b3 by  : ~}
I — /s ’
{ bs bg b7 bs f.g qbs qbg by bs 1.9

where
ff _g—abig—ab g9 _ f—bsf—bs (45)
bibs  g—bs g—by’ bsbs  f—br f—bs’
where
B b3b4b5b6
= bobrbs

The way in which ¢-Pvyr, or ¢-P (Agl)), was derived by Jimbo and Sakai [14] mirrors the theory
that led to the formulation of Py by Fuchs via the classical theory of monodromy preserving
deformations [9, 8]. The associated linear problem originally derived by Jimbo and Sakai [14] is
given by
A(z) r1((z —y)(z —a)+21) row(z —y)
xTr) = K1
o, (72 +90) r2((x —y)(z = B) + 22)

where letting the eigenvalues of A(0) be A; and Az, and the determinant of A(z) be

det A(x) = rika(x — a1)(x — a2)(z — a3)(x — as),

leads to
I U (y(—2y+ a1+ az+ag + as) + 22) ko + A1 + Ao
y (k1 — K2) ’
= (v (—2y+ a1 +az +az + as) + 21) K1 + 2282 — A1 — A2
y (k1 — K2) ’

’yzy2+2(a+5)y+a6—a2a3—(a2+a3)a4—a1 (a2+a3+a4)+21+zg,
~ (ya+21) (YB + 22) — arazazay
Y

0=

We need to choose how to define z, which we take to be specified by

21 = (y—al)z(y—a2)7 zo=2(y—a3)(y—as).

The theory regarding the existence and convergence of Yp(z) and Yo (x) for this case, where
the asymptotics of the leading terms in the expansion of A(z) around x = 0 and x = oo are
invertible, was determined very early by Birkhoff et al. [3]. In light of this, we solve for the first
terms of Y and Y, so that we may take the expansion to be

w ((yo+ 21) k1 — (YB + 22) K2 + A1 — Ao)
Yo(z) = 2K
1)
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w ((ya + 21) k1 — (YB + 22) ke — A1 + A2)

% +O(x) <eq’“(x) 0 )

) 0 e%AQ(x)
q(y + ) _quw €q,r1 (352)
1 qg—1 gK1 — K2 < ) Oq ()
Voe(z) = | I+ = +0(=
() T qYK1 q(y + B) x? 0 €q,n5(T)
w(k—qr2)  q—1 0, (x)*

It is this parameterization in which we have a number of symmetries being introduced. We have
the group of permutations on the a; generated by the elements

,{/’61 Ko A1 A2 } {/ﬂ Ko A A2 }
S1° YW, Y, 20— WY,z 0y

a; az a3z a4 az a1 az a4

K1 K2 A1 A2 K1 K2 A1 A2 Yy —as
82 : ;w’ y’ Z 4) ;w7 y7 Z )
ay a2 as a4 ap az a2 a4 Y — a2

K1 K2 A1 A2 K1 K2 A1 A2
83 : YW, Y,z W, Y, 2 0y
ay az as a4 ay; az a4 as

which are all elementary Bécklund transformations, as is the elementary transformation swap-
ping the eigenvalues/asymptotic behavior at x = 0, given by

K1 K2 )\1 )\2 K1 K2 )\2 )\1
S4 - cW, Y, 2 0 — YW, Y, 2 .
ay az a3 a4 ay az a3z a4

To obtain the corresponding permutation of k1 and ko we multiply Y (z) on the left by

R = (7 ),

in which the resulting transformation is most cleanly represented in terms of the parameteriza-
tion of the linear problem, given as

o . 4 ML K2 A )\Q'w .
5 - a1 as as CL47 'Y,

{ K2 K1 Al AQ K1Y ) (5-+—7a1)05+-7a2) }
— YTy T TH R .
ap az a3 as’ w 'y (yy+9)(By+6)+7%2

Since the operator, Ty, .21 .00, Which is induced by Ry, .y a2, (2) = o1 is still a simple shift, if
we include T, ., ;)\, and the symmetries sq,. .., s5, we still need two non-trivial translations,
To, n, and T, »,. These are specified by

B wy (y — a1) a1 (gk1 — K2)
a1 ((z = 1)y? + (a1 — z (a3 + a4)) y + zagas) ko + (y — a1) Ao’
ask1(w — W) (asagkaZ — qA1)

Top @ W=w

Y N (qri(@ + w(E — 1)) — row3)
s milae(g(w(y—a1) + 0 (y(z — 1) + a1)) k1 — wyza) + gz (w — W) M)
ask (qu (y —a1) k1 + (0 (y(z — 1) + a1) — wyz) ka) + 2z (quk, — Wka) A1’
Ton : = w (Yai + 1) (ag + 1) k1 (qr1 — 2k2) (2 — 1)’ G- aza4kaZ — qA\1

2 (Ko — qr1)” 2 a1 — g Z
P ¢* (Va1 + 1) (Yag + 1) K1\

 (agke + qA1) (aska + qoA1)’
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where

__y(zr2 —gm1)
q(arasky — z\1)’

The remaining elementary Schlesinger transformations are obtained from the symmetries and
the above shifts. This gives

1

7
Z <TH1,H2,>\1,>\27TH1,>\1’Tlil,)\z?Tal,/\lvTaz,)\l?Tas,AlﬂTa4)\1> =Ga.

We may identify the evolution of ¢-Py1 with the connection preserving deformation

ayp az a3z a4 qai; qaz2 as a4 o~
-Pyr : W, Y,z — CW,Y,Z
? { K1 kK2 A1 A2 4 } { K1 K2 qA\2 g\ Y }

or in terms of Schlesinger transformations

. quwki(2-1) . (asagkaz — q\1) (M2 — qajagky)

—P = T . = = —

q-I'vi a1 M,az,h - W rak — gkl vy MG — 1) (qr1 — o)
s, y—a)(y—a)m

 (y—a3)(y—aa) ke

We make a the correspondence with (4.5) by letting y = f and z = ¢/bs, and the relations
between parameters are given by

baA1 b1

T bobibs’ T bybibg’

ay = bs, az = bg, az = by, ay = bg, K1

which completes the correspondences. We remark that in the representation of (4.5) the trans-
formation bs — qbs, bg — gbg, by — ¢b7, bg — gbg and f — ¢qf is a trivial transformation and

corresponds to Tp, 4, 45 4, 22,22, Which may also be regarded as trivial.

5 Conclusion and discussion

The above list comprises of 2 x 2 associated linear problems for g-Painlevé equations in which the
associated linear problem is quadratic in z. The way in which we have increased the dimension
of the underlying lattice of connection preserving deformations has been to successively increase
the number of non-zero roots of the determinant. If we were to consider a natural extension
of the ¢-P (Aél)) case by adding a root making the determinant of order five in x then we
would necessarily obtain a matrix characteristically different from the Lax pair of Sakai [25]
and Yamada [31]. Sakai adjoins two roots of the determinant while introducing a relation

between k1 and k2 while Yamada [31] introduces four roots on top of the ¢-P (A:())l)) case and
fixes the asymptotic behaviors at z = 0 and « = oo. This seems to skip the cases in which the
determinant of A is five. Of course, the above theory could be applied to those Lax pairs of
Sakai and Yamada [25, 31], yet, the jump between the given characteristic data for the associated
linear problems of ¢-P (A:(,)I)) and ¢-P (Agl)) is intriguing, and worth exploring in greater depth.

Asides from the exceptional cases, where the symmetry of the underlying discrete Painlevé
equations are of type Eél), Eél) or Eél), there are a few issues that need to be addressed. We
have outlined a very natural lattice structure underlying the connection preserving deformations,
however, it is unknown whether the full set of symmetries may be derived from the underlying
connection preserving deformation setting. It seems that in order to fully address this, one
would require a certain duality between roots of the determinant and the leading behavior at 0
and oco. This could be explained from the point of view of rational matrices for example. We
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expect a framework which gives rise to a lift of the entire group of Backlund transformations to
the level of Schlesinger transformations. This work, and the work of Yamada [31] may provide
valuable insight into this.

We note the exceptional work of Noumi and Yamada in this case for a continuous analogue
in their treatment of Pyr [19]. They are able to extend the work of Jimbo and Miwa [11]
for Pyr in a manner that includes all the symmetries of Py;. We remark however that the
more geometric approach to Lax pairs explored by Yamada [32] gives us a greater insight into
a possible fundamental link between the geometry and Lax integrability of the discrete Painlevé
equations.
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