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Abstract. The goal of this paper is to give a geometric construction of the Bethe algebra
(of Hamiltonians) of a Gaudin model associated to a simple Lie algebra. More precisely,
in this paper a quantum integrable model is assigned to a weighted arrangement of affine
hyperplanes. We show (under certain assumptions) that the algebra of Hamiltonians of
the model is isomorphic to the algebra of functions on the critical set of the corresponding
master function. For a discriminantal arrangement we show (under certain assumptions)
that the symmetric part of the algebra of Hamiltonians is isomorphic to the Bethe algebra
of the corresponding Gaudin model. It is expected that this correspondence holds in general
(without the assumptions). As a byproduct of constructions we show that in a Gaudin
model (associated to an arbitrary simple Lie algebra), the Bethe vector, corresponding to
an isolated critical point of the master function, is nonzero.
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1 Introduction

1.1 Quantum integrable models and Bethe ansatz

A quantum integrable model is a vector space V and an “interesting” collection of commuting
linear operators K1, Ks,...: V — V. The operators are called Hamiltonians or transfer matrices
or conservation laws. The problem is to find common eigenvectors and eigenvalues.

The Bethe ansatz is a method to diagonalize commuting linear operators. One invents
a vector-valued function v(t) of some new parameters ¢t = (¢1,...,%;) and fixes the parame-
ters so that v(¢) becomes a common eigenvector of the Hamiltonians. One shows that v(t) € V
is an eigenvector if ¢ satisfies some system of equations,

U(t)=0, j=1,...,k (1.1)

The equations are called the Bethe ansatz equations. The vector v(t) corresponding to a solution
of the equations is called a Bethe vector. The method is called the Bethe ansatz method.

1.2 Gaudin model

One of the simplest and interesting models is the quantum Gaudin model introduced in [7]
and [8]. Choose a simple Lie algebra g, an orthonormal basis {J,} of g with respect to a nonde-
generate g-invariant bilinear form, and a collection of distinct complex numbers x = (21, ..., zxN).
Then one defines certain elements of the N-th tensor power of the universal enveloping algebra
of g, denoted by K1(z),..., Ky(z) € (Ug)®" and called the Gaudin Hamiltonians,

(®) y(c)
=y )y b=1,...,N.

bic a b_xc

Here we use the standard notation: if J € g, then J® = 190-1) ¢ J g 18WN-1),
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The Gaudin Hamiltonians commute with each other and commute with the diagonal subal-
gebra (Ug)diag C (Ug)®",

[Kp(2), Ke(2)] =0, [Kp(2), (Ug)diag] = 0.

Let Vi denote the finite-dimensional irreducible g-module with highest weight A. Decompose
a tensor product Va = ®{)V: 1V, into irreducible g-modules,

VA = ®aVa, @ WA, (1.2)

where Wx A is the multiplicity space of a representation Vj_ . The Gaudin Hamiltonians act
on Vj, preserve decomposition (1.2), and by Schur’s lemma induce commuting linear operators
on each multiplicity space W = W a_,

Kl(:z:),...,KN(a?): W — W.

These commuting linear operators on a multiplicity space constitute the quantum Gaudin model.
Thus, the Gaudin model depends on g, (, ), highest weights Aj,..., Ay, Asx and complex
numbers x1,...,TN.

1.3 Gaudin model as a semiclassical limit of KZ equations

On every multiplicity space W = W a_ of the tensor product VA = ©a. Va., ® Wa ., one
has a system of Knizhnik—Zamolodchikov (KZ) differential equations,

oI
Pl
oxyp

where x = (z1,...,2n), I(z) € W is the unknown function, Kj(x) are the Gaudin Hamilto-
nians and k € C* is a parameter of the differential equations. KZ equations are equations for
conformal blocks in the Wess—Zumino—-Novikov—Witten conformal field theory.

For any value of k, KZ equations define a flat connection on the trivial bundle CN x W — C¥
with singularities over the diagonals. The flatness conditions,

0 0
k— — Ky(z), k—
oxyp (@) oz,
in particular, imply the conditions [K(x), K.(z)] = 0, which are the commutativity conditions
for the Gaudin Hamiltonians.
Thus, we observe two related problems:

(z2) = Kp(x)I(x), b=1,...,N,

—K.(z)| =0,

(1) Given a nonzero number x, find solutions of the KZ equations.
(2) Given z, find eigenvectors of the Gaudin Hamiltonians.

Problem (2) is a semiclassical limit of problem (1) as x tends to zero. Namely, assume that
the KZ equations have an asymptotic solution of the form

I(z) = P@F (wy () + rws (2) + K2wa(z) + -+ )

as k — 0. Here P(x) is a scalar function and wo(z),wi(z), w2(x),... are some W-valued

functions of . Substituting this expression to the KZ equations and equating the leading terms

we get
oP
Bxb

Hence, for any x and b, the vector wg(z) is an eigenvector of the Gaudin Hamiltonian Kj(x)

with eigenvalue g—g(x).

Thus, in order to diagonalize the Gaudin Hamiltonians it is enough to construct asymptotic
solutions to the KZ equations.

(z)wo(z) = Ky(x)wo(x).
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1.4 Bethe ansatz in the Gaudin model

The Gaudin model has a Bethe ansatz [2, 3, 19]. The Bethe ansatz has special features. Namely,

(7) In the Gaudin model, there exists a function ®(¢1,...,tx) (the master function) such that
the Bethe ansatz equations (1.1) are the critical point equations for the master function,
0P .
g(tl,...7tk):0, ]:1,,k
J

(77) In the Gaudin model, the vector space W has a symmetric bilinear form S (the tensor
Shapovalov form) and Gaudin Hamiltonians are symmetric operators.

(797) In the Gaudin model, the Bethe vectors assigned to (properly understood) distinct critical
points are orthogonal and the square of the norm of a Bethe vector equals the Hessian of
the master function at the corresponding critical point,

2
S(u(t), v(t)) = det ((;i;;) (t).

In particular, the Bethe vector corresponding to a nondegenerate critical point is nonzero.

These statements indicate a connection between the Gaudin Hamiltonians and a mysterious
master function (which is not present in the definition of the Gaudin model).

One of the goals of this paper is to uncover this mystery and show that the Bethe ansatz can
be interpreted as an elementary construction in the theory of arrangements, where the master
function is a basic object.

1.5 Gaudin model and arrangements

For a weighted arrangement of affine hyperplanes, we will construct (under certain assumptions)
a quantum integrable model, that is, a vector space W with a symmetric bilinear form S (called
the contravariant form), a collection of commuting symmetric linear operators on W (called the
naive geometric Hamiltonians), a master function ®(t) and vectors v(t) (called the special vectors
or called the values of the canonical element) which are eigenvectors of the linear operators if ¢
is a critical point of the master function.

Then for a given Gaudin model (W, S, Ki(x), K2(x),...: W — W), one can find a suitable
(discriminantal) arrangement and identify the objects of the Gaudin model with the correspon-
ding objects of the quantum integrable model of the arrangement. After this identification, the
master function ®(¢) and the special vectors v(t) of the arrangement provide the Gaudin model
with a Bethe ansatz, that is, with a method to diagonalize the Gaudin Hamiltonians.

1.6 Bethe algebra

Let W a., be the vector space of a Gaudin model. It turns out that the subalgebra of
End(Wa A, ) generated by the Gaudin Hamiltonians can be extended to a larger commutative
subalgebra called the Bethe algebra. A general construction of the Bethe algebra for a simple Lie
algebra g is given in [4]. That construction is formulated in terms of the center of the universal
enveloping algebra of the corresponding affine Lie algebra g at the critical level. As a result
of that construction, for any x one obtains a commutative subalgebra B(z) C (Ug)®" which
commutes with the diagonal subalgebra Ug C (Ug)®Y. To define the Bethe algebra of V
or of W a., one considers the image of B(z°) in End(Va) or in End(Wa a..). The Gaudin
Hamiltonians K(x) are elements of the Bethe algebra of Vo or of W s .

The construction of the Bethe algebra in [4] is not explicit and it is not easy to study the Bethe
algebra of W a_ for a particular Gaudin model. For example, a standard difficult question is
if the Bethe algebra of W4 4 is a maximal commutative subalgebra of End(Wa a__), cf. [12, 5].
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1.7 Algebra of geometric Hamiltonians

In this paper we address the following problem. Is there a geometric construction of the Bethe
algebra? For the quantum integrable model (W, S, Ky, Ka,...: W — W) of a given weighted
arrangement, can one define a geometric “Bethe algebra” A, which is a maximal commutative
subalgebra of End(W), which contains the naive geometric Hamiltonians K, Ko, ..., and which
can be identified with the Bethe algebra of [4] for discriminantal arrangements?

In this paper (under certain assumptions) we construct an algebra A called the algebra of
geometric Hamiltonians and identify it (in certain cases) with the Bethe algebra of the Gaudin
model.

1.8 Quantum integrable model of a weighted arrangement
(or dynamical theory of arrangements)

To define the quantum integrable model of an arrangement we consider in an affine space CF
(with coordinates ¢t = (t1,...,%;)) an arrangement of n hyperplanes, k < n. Each hyperplane
is allowed to move parallelly to itself. The parallel shift of the i-th hyperplane is measured
by a number z; and for every z = (z1,...,2,) € C" we get in C¥ an affine arrangement of
hyperplanes A(z) = (H;(2)),

Hj(z) = {t S Cck | gj(t) +z;= 0},

where g;(t) are given linear functions on CF. We assign nonzero numbers a = (a;) to the
hyperplanes of A(z) (the numbers do not depend on z) and obtain a family of parallelly translated
weighted hyperplanes.

For generic z € C", the arrangement A(z) has normal crossings only. The discriminant
A C C" is the subset of all points z such that A(z) is not with normal crossings only.

The master function ® on C" x C¥ is the function

O(z,t) = Y ajlog(g;(t) + 2)-
j

Let A(A(z)) = @I;ZO.AP(A(Z)) be the Orlik—Solomon algebra and F(A(z)) = EB’;:OFP(A(Z)) the
dual vector space. We are interested in the top degree components A*(A(z)) and F*(A(z)).

The weights a define on F*(A(z)) a symmetric bilinear form S(® (called the contravariant
form) and a degree-one element v(a) = >, a;(H;(2)) € Al (A(2)). Denote Sing F¥(A(z)) C
F¥(A(z)) the annihilator of the subspace v(a) - A*~1(A(2)) € A*(A(2)).

For z!, 2?2 € C" — A, all combinatorial objects of the arrangements A(z!) and A(z?) can
be canonically identified. In particular, the spaces F¥(A(z')), F¥(A(22)) as well as the spaces
Sing F*(A(z')), Sing F¥(A(2?)) can be canonically identified. For z € C® — A, we denote
V = FF(A(z)),Sing V = Sing F*(A(2)).

For any nonzero number «, the hypergeometric integrals

/ e®EN/k g, w e AF(A(2)),
7(2)

define a Gauss—Manin (flat) connection on the trivial bundle C" xSing V' — C" with singularities
over the discriminant. The Gauss—Manin differential equations for horizontal sections of the
connection on C" x Sing V' — C" have the form

ol

/ﬁa—zj(z) = K;(2)I(z), jed, (1.3)
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where I(z) € Sing V' is a horizontal section, K;(z): V — V, j € J, are suitable linear operators

preserving Sing V' and independent of k. For every j, the operator Kj(z) is a rational function

of z regular on C" — A. Each operator is symmetric with respect to the contravariant form S(@.
These differential equations are our source of quantum integrable models for weighted ar-

rangements. The quantum integrable models are the semiclassical limit of these differential

equations similarly to the transition from KZ equations to the Gaudin model in Section 1.6.
The flatness of the connection for all x implies the commutativity of the operators,

Ki(2)|SingVKj(Z)|SingV = Kj(Z)|SingVKi(Z)|SingV for all i,j and z € C" — A.

Let V* be the space dual to V. If M : V — V is a linear operator, then M* : V* — V* denotes
the dual operator. Let W C V* be the image of V under the map V — V* associated with the
contravariant form and Sing W C W the image of SingV C V. The contravariant form induces
on W a nondegenerate symmetric bilinear form, also denoted by S(®).

The operators K;(z)* preserve the subspaces Sing W C W C V*. The operators K;(z)*|w :
W — W are symmetric with respect to the contravariant form. The operators K;(2)*|singw :
SingW — Sing W, j € J, commute.

For z € C" — A, we define the quantum integrable model assigned to (A(z),a) to be the
collection

(Sing W; S@|simgw; K1(2) |singws - - - » Kn(2)*|singw : Sing W — Sing W).

The unital subalgebra of End(Sing W) generated by operators Ki(2)*|singw, - - -, Kn(2)*|Sing w
will be called the algebra of geometric Hamiltonians of (A(z),a).

It is clear that any weighted arrangement with normal crossings only can be realized as a fiber
(A(z),a) of such a construction and, thus, a weighted arrangement with normal crossings only
is provided with a quantum integrable model.

If 2Y is a point of the discriminant, the construction of the quantum integrable model assigned
to the arrangement (A(2°),a) is more delicate. The operator valued functions K;(z) may have
first order poles at zY. We write K;(z) = KJQ(Z) + K}(z), where K?(z) is the polar part at 2°
and K Jl (z) the regular part. By suitably regularizing the operators K jl (29), we make them (under
certain assumptions) preserve a suitable subspace of Sing V', commute on that subspace and be
symmetric with respect to the contravariant form. The algebra of regularized operators K ]1 (2%)
on that subspace produces the quantum integrable model assigned to the fiber (A(2°),a). It
may happen that some linear combinations (with constant coefficients) K¢(z) = 3, & K;(2)
are regular at z°. In this case the operator Kg(zo) preserves that subspace and is an element
of the algebra of Hamiltonians. In this case the operator Kg(zo) is called a naive geometric
Hamiltonian. (It is naive in the sense that we don’t need to go through the regularization
procedure to produce that element of the algebra of Hamiltonians. In that sense, for z € C"* — A
all elements of the algebra of geometric Hamiltonians of the arrangement (A(z),a) are naive.)

For applications to the Gaudin model one needs a suitable equivariant version of the described
construction, the corresponding family of parallelly translated hyperplanes has a symmetry
group and the Gaudin model is identified with the skew-symmetric part of the corresponding
quantum integrable model of the arrangement.

1.9 Bethe ansatz for the quantum integrable model of an arrangement

The Hamiltonians of the model are (suitably regularized) right hand sides of the Gauss—-Manin
differential equations (1.3). The solutions to the equations are the integrals fw(z) e®(@0/5y, By
taking the semiclassical limit of the integrals as x tends to zero, we obtain eigenvectors of the
Hamiltonians, cf. Section 1.3. The eigenvectors of the Hamiltonians are labeled by the critical
points of the phase ® of the integrals due to the steepest descent method.
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1.10 Geometric interpretation of the algebra of Hamiltonians

It turns out that the solutions f7 . e®(=1/ky to equations (1.3) produce more than just eigenvec-
tors of the geometric Hamiltonians. They also produce a geometric interpretation of the whole
algebra of geometric Hamiltonians. It turns out that the algebra of geometric Hamiltonians is
naturally isomorphic (under certain conditions) to the algebra of functions on the critical set
of the master function ®. The isomorphism is established through the semiclassical limit of
the integrals. Moreover, this isomorphism identifies the residue bilinear form on the algebra of
functions and the contravariant form of the arrangement.

This geometric interpretation of the algebra of geometric Hamiltonians is motivated by the
recent paper [15] where a connection between the algebra of functions on the critical set of the
master function and the Bethe algebra of the gl,,; Gaudin model is established, cf. [14].

1.11 Byproducts of constructions

The general motive of this paper is the interplay between the combinatorially defined linear
objects of a weighted arrangement and the critical set of the corresponding master function
(which is a nonlinear characteristics of the arrangement). As byproducts of our considerations
we get relations between linear and nonlinear characteristics of an arrangement. For example,
we prove that the sum of Milnor numbers of the critical points of the master function is not
greater than the rank of the contravariant form on Sing V.

As another example of such an interaction we show that in any Gaudin model (associated
with any simple Lie algebra) the Bethe vector corresponding to an isolated critical points of the
master function is nonzero. That result is known for nondegenerate critical points, see [27], and
for the Gaudin models associated with the Lie algebra gl , see [15].

1.12 Exposition of the material

In Section 2, basic facts of the theory of arrangements are collected. The main objects are the
space of flags, contravariant form, master function, canonical element.

In Section 3, a family of parallelly translated hyperplanes is introduced. In Section 4, remarks
on the conservation of the number of critical points of the master function under deformations
are presented.

In Section 5, the Gauss—Manin differential equations are considered. The quantum inte-
grable model of a weighted arrangement with normal crossings only is introduced. The “key
identity” (5.2) is formulated.

In Section 6, the asymptotic solutions to the Gauss—Manin differential equations are dis-
cussed. In Section 7, the quantum integrable model of any fiber (A(z"),a), 2 € A, is defined
under assumptions of positivity of weights (a;) and reality of functions (g;(¢)). A general con-
jecture is formulated.

In Section 8, it is shown that the algebra of geometric Hamiltonians is isomorphic to the
algebra of functions on the critical set of the master function. That fact is proved for any
(A(2),a), z € C" under Assumption 7.4 of positivity of (a;) and reality of (g;(¢)). In Section 9,
more results in this direction are obtained, see Theorems 9.16 and 9.17.

In Section 10, an equivariant version of the algebra of geometric Hamiltonians is introduced
and in Section 11 relations with the Gaudin model are described.
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2 Arrangements

2.1 An affine arrangement

Let k and n be positive integers, k < n. Denote J = {1,...,n}.
Let A = (Hj)jes, be an arrangement of n affine hyperplanes in C*. Denote

U=Ck- Ujes Hj,

the complement. An edge X, C CF of the arrangement A is a nonempty intersection of some
hyperplanes of A. Denote by J, C J the subset of indices of all hyperplanes containing X,.
Denote [, = codimgr X4.

We always assume that A is essential, that is, A has a vertex, an edge which is a point.

An edge is called dense if the subarrangement of all hyperplanes containing it is irreducible:
the hyperplanes cannot be partitioned into nonempty sets so that, after a change of coordinates,
hyperplanes in different sets are in different coordinates. In particular, each hyperplane of A is
a dense edge.

2.2 Orlik—Solomon algebra

Define complex vector spaces AP(A), p=0,...,k. For p =0 set AP(A) =C. For p > 1, AP(A)
is generated by symbols (Hj,, ..., H;,) wi th Ji € J, such that

p

(i) (Hj,,...,Hj,) = 01if Hj,... ,H;, are not in general position, that is, if the intersection
Hj;, N---N Hj, is empty or has codimension less than p;

(@) (Hj, - Hj,y) = (=D)lel(Hy,, ..., Hj,) for any element o of the symmetric group Sp;
(vi1) Zfill(—l)i(Hjl, e iji, ..., Hj, ) = 0 for any (p+1)-tuple ij ..., Hj ., of hyperplanes
in A which are not in general position and such that H; N - H;,,, #@.

The direct sum A(A) = @)} AP(A) is an algebra with respect to multiplication

(Hjy,...,H;,)- (H

Jpt1r

H.

JIp+q

)= (Hj,,...,H,  Hj

Jpor Hgpt1s -

H:

Jp+q)‘

The algebra is called the Orlik—Solomon algebra of A.

2.3 Weights

An arrangement A is weighted if a map a : J — C, j — aj, is given; a; is called the weight
of H;. For an edge X,, define its weight as aq =
We always assume that a; # 0 for every j € J.

Define

jedq Ui

Zaj ) € ALA).

JjeJ

Multiplication by v(a) defines a differential
d9 o AP(A) — APTYA), =~ v(a)-z,

on A(A).



10 A. Varchenko

2.4 Space of flags, see [23]
For an edge X, l, = p, a flag starting at X, is a sequence
KXag D Xay D+ D X, = Xa

of edges such that [, = j for j =0,...,p.
For an edge X,, we define F, as the complex vector space with basis vectors
Fao,...,ap:a

labeled by the elements of the set of all flags starting at X,.
Define F, as the quotient of F,, by the subspace generated by all the vectors of the form

E : Foéow,ajq,ﬁ,aj+17~--,ap=04'

Xg,Xa;_1DXpDXa;

Such a vector is determined by j € {1,...,p — 1} and an incomplete flag Xo, D -+ D Xa;_4 D
X DD Xq, = Xq with Iy, = .

®j+1

Denote by Fy,... o, the image in F, of the basis vector Fa07,,_7ap. Forp=0,...,k, set

FP(A) = ®x, 1.=p Fa-

2.5 Duality, see [23]

The vector spaces AP(A) and FP(A) are dual. The pairing AP(A) ® FP(A) — C is defined as
follows. For Hj,,..., H;, in general position, set F'(Hj,,...,Hj,) = Fay,....a, Where

Xoo =CF, Xo, =Hj, ..., Xaoo=Hjn --NHj,.

H

jo(p) for some

Then define (( ]1,...,ij) Fogray) = (=D Foy 0 = F(Hj, -
o €Sy, and ((Hjy,...,Hj,), Fay,..a,) = 0 otherwise.

Denote by §(®) : FP(A) — FP~ 1(A) the map dual to d@ : AP71(A) — AP(A). An element
v e FF(A) is called singular if §(Yv = 0. Denote by

Sing F*(A) C F*(A)
the subspace of all singular vectors.
2.6 Contravariant map and form, see [23]
Weights a determine a contravariant map
S FP(A) —» AP(A), Fag,...o HZ aj, - aj, (Hjy,..., Hj,),
where the sum is taken over all p-tuples (Hj,, ..., Hj,) such that
Hjl DXOt17 Cey ijDXap
Identifying AP(A) with FP(A)*, we consider the map as a bilinear form,

5@ . FP(A)® FP(A) — C.
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The bilinear form is called the contravariant form. The contravariant form is symmetric. For
F, Fs € f"p(A),

S(a)(FlaFQ): Z ajl"'ajp«Hjlﬂ"'7ij)aF1><(Hj17"'7ij)7F2>7
{jla"'ij}CJ

where the sum is over all unordered p-element subsets.

The contravariant form was introduced in [23]. It is an analog of the Shapovalov form in
representation theory. On relations between the contravariant and Shapovalov forms, see [23]
and Section 11.

2.7 Remarks on generic weights

Theorem 2.1 ([23]). If weights a are such that none of the dense edges has weight zero, then
the contravariant form is nondegenerate.

Theorem 2.2. If weights a are such that none of the dense edges has weight zero, then
HP(A*(A),d ) = 0 for p < k and dim H*(A*,d) = |x(U)|, where x(U) is the Euler charac-
teristics of U. In particular, these statements hold if all weights are positive.

Proof. The theorem is proved in [28, 18]. It is also a straightforward corollary of some results
in [23]. Namely, in [23] a flag complex d : FP(A) — FPFL(A) was considered with the differential
defined by formula (2.2.1) in [23]. By [23, Corollary 2.8] the cohomology spaces of that flag
complex are trivial in all degrees less than the top degree. In [23], it was also proved that the
contravariant map defines a homomorphism of the flag complex to the complex d(® : AP (A) —
APTL(A). Now Theorem 2.2 is a corollary of Theorem 2.1. [

Corollary 2.3. If weights a are such that none of the dense edges has weight zero, then the
dimension of Sing F*(A) equals |x(U)]|.

2.8 Orlik—Solomon algebra as an algebra of differential forms

For j € J, fix a defining equation for the hyperplane H;, f; = 0, where f; is a polynomial
of degree one in variables t1,...,t;. Consider the logarithmic differential form w; = df;/f;
on CF. Let A(A) be the C-algebra of differential forms generated by 1 and wj, 7 € J. The map
A(A) — A(A), (Hj) — wj, is an isomorphism. We identify A(A) and A(A).

2.9 Ceritical points of the master function
Given weights a : J — C, define the (multivalued) master function ® : U — C,
P = @A,a = Zaj log fj. (2.1)
jeJ

Usually the function e® = I1; f;lj is called the master function, see [25, 26, 27|, but it is more
convenient to work with definition (2.1).

A point t € U is a critical point of ® if d®|; = 0. We can rewrite this equation as v(a)|s =0
since

v(a) = dd. (2.2)

Theorem 2.4 (26, 17, 21]). For generic exponents a all critical points of ® are nondegenerate
and the number of critical points equals |x(U)|.
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Denote C(t)y the algebra of rational functions on C* regular on U and

0d .
I¢:<%‘Z:1,...,k>cc<t)U

the ideal generated by first derivatives of ®. Let Ag = C(t)y7/Is be the algebra of functions on
the critical set and [ |: C(t)y — A, f +— [f], the canonical homomorphism.

If all critical points are isolated, then the critical set is finite and the algebra Ag is finite-
dimensional. In that case, Ag is the direct sum of local algebras corresponding to points p of
the critical set,

Aq> — EBPAP,‘I)‘
The local algebra A, ¢ can be defined as the quotient of the algebra of germs at p of holomorphic
functions modulo the ideal I, s generated first derivatives of ®. Denote by m, C A, ¢ the
maximal ideal generated by germs of functions equal to zero at p.

Lemma 2.5. The elements [1/f;], j € J, generate Ag.

Proof. If Hj,,..., Hj, intersect transversally, then 1/f; ,...,1/f;, form a coordinate system
on U. This remark proves the lemma. |

Define a rational function Hess® : CF — C, regular on U, by the formula

0?®
@) (4) =
Hess'™(t) 1<(%,ejt<k <8ti8t]~> (t).

The function is called the Hessian of ®.

Let p be an isolated critical point of ®. Denote by [Hess(a)] p the image of the Hessian in A, .
It is known that the image is nonzero and the one-dimensional subspace C[Hess], C A, g is
the annihilating ideal of the maximal ideal m, C A, ¢.

Let p, : Ape — C, be the Grothendieck residue,

1 1 dty A--- ANdt
I 53 Resp kf = k/ f lk k,
(2i) o (2mi)* Jp, o0
- ot; ot;
=1 s=1

where I') = {(t1,...,t;) | ’%2’ =¢€;, i =1,...,k} is the real k-cycle oriented by the condition

o o
darg =— A -+ Adarg — > 0;
TS T Bt

here €, are sufficiently small positive real numbers, see [9].
It is known that p, : [Hess(a)]p — fp, where p, = dimc A, ¢ is the Milnor number of the
critical point p. Let (, ), be the residue bilinear form,

(f:9)p = pp(f9)- (2.3)

That form is nondegenerate.
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2.10 Special vectors in F*(A) and canonical element

A differential top degree form n € A¥(A) can be written as
n = fdty A--- N\ dtg,

where f is a rational function on C*, regular on U.
Define a rational map v : C¥ — F¥(A) regular on U. For t € U, set v(t) to be the element
of F¥(A) such that

(n,v(t)) = f(t)  for any ne AF(A).

The map v is called the specialization map and its value v(t) is called the special vector at ¢t € U,
see [27].

Let (Fom)men be a basis of F¥(A) and (H™)pmen C A"(A) the dual basis. Consider the
element Y H™® F,,, € A¥(A)® F¥(A). We have H™ = f™dt; A- - - Adty for some f™ € C(t)y.
The element

E= )" f"®Fn€Ct)y ©F(A)
meM

will be called the canonical element of the arrangement A. It does not depend on the choice of
the basis () menrs-
For any t € U, we have

v(t) = > f(t) P

meM
Denote by [E] the image of the canonical element in Ap ® F¥(A).
Lemma 2.6. We have [E] € Ag ® Sing F*(A).
Proof. By formula (2.2), if e € d® - A(A)*~!, then (1 ® e, E) € Ip. Hence

(1®e,[E]) =0 (2.4)
in Ag. Let e1,..., e be a basis of d® . AF~1(A). Extend it to a basis ey, ..., e, €141, ... ;e of
AF(A). Let !, ... e et .. elMl be the dual basis of F*(A). Then e'*1, ... elMlis a basis of

M| ) , .
Sing F¥(A). Let [E] = >_[¢°] @ €’ for some [¢/] € Ag. By (2.4) we have [g'] =0 foralli <. W
i=1

Theorem 2.7 ([27]). A pointt € U is a critical point of ®, if and only if the special vector v(t)
s a singular vector.

Proof. The theorem follows from Lemma 2.6. |
Theorem 2.8 ([27]).
(i) For anyte U,
S@(w(t), v(t)) = (—1)* Hess® ().

(ii) If t',t> € U are different isolated critical points of ®, then the special singular vec-
tors v(t'), v(t?) are orthogonal,

S@ (u(t)), v(t2)) = 0.
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2.11 Arrangements with normal crossings only

An essential arrangement A is with normal crossings only, if exactly k£ hyperplanes meet at every
vertex of A. Assume that A is an essential arrangement with normal crossings only.

A subset {j1,...,jp} C J will be called independent if the hyperplanes Hj,, ..., H;, intersect
transversally.

A basis of AP(A) is formed by (Hj,,...,H;,) where {j1 < --- < jp} are independent or-
dered p-element subsets of J. The dual basis of FP(A) is formed by the corresponding vectors
F(Hj,,...,H;j,). These bases of AP(A) and FP(A) will be called standard.

In FP(A) we have

F(Hj,,...,H;,) = (-1)°IF(H,,,....Hj, ) (2.5)
for any permutation o € Sp.
For an independent subset {ji,...,Jp}, we have

SO(F(Hj,, ..., Hj,), F(Hj,,...,H;)) =aj - aj

P

and
S(F(Hj,,...,Hj,), F(H,,...,Hy)) =0

for distinct elements of the standard basis.

2.12 Real structure on AP(A) and FP(A)

We have defined AP(A) and FP(A) as vector spaces over C. But one can define the corresponding
spaces over the field R so that AP(A) = AP(A)gr ®r C and FP(A) = FP(A)r ®r C. If all
weights a are real, then the differential d(® : AP(A) — APT!(A) preserves the real subspaces
and one can define the subspace of singular vectors Sing 7*(A)r C F¥(A)g so that Sing F¥(A) =
Sing fk(A)R Rr C.

2.13 A real arrangement with positive weights

Let t1,...,t be standard coordinates on C*. Assume that every polynomial f;, j € J, has real
coefficients,

fi=2j +bjtr+ -+ 00y,

where z;, b; are real numbers.

Denote Ug = U NR*. Let Ugp = UyD, be the decomposition into the union of connected
components. Each connected component is a convex polytope. It is known that the number of
bounded connected components equals |x(U)|, see [29)].

Theorem 2.9 ([26]). Assume that weights (aj)je; are positive. Then the union of all critical
points of the master function ®4 , is contained in the union of all bounded components of Ug.
Each bounded component contains exactly one critical point. All critical points are nondegene-
rate.

Corollary 2.10. Under assumptions of Theorem 2.9 let t',... t* € Ug be a list of all distinct
critical points of the master function ®, . Then the corresponding special vectors v(t'), ... v(t9)
form a basis of Sing F*(A)r. That basis is orthogonal with respect to the contravariant form S (@),

Note that the contravariant form on Sing F¥(A)g is positive definite.
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2.14 Resolution of a hyperplane-like divisor

Let Y be a smooth complex compact manifold of dimension k, D a divisor. The divisor D is
hyperplane-like if Y can be covered by coordinate charts such that in each chart D is a union
of hyperplanes. Such charts will be called linearizing. Let D be a hyperplane-like divisor, U be
a linearizing chart. A local edge of D in U is any nonempty irreducible intersection in U of
hyperplanes of D in U. An edge of D is the maximal analytic continuation in Y of a local edge.
Any edge is an immersed submanifold in Y. An edge is called dense if it is locally dense. For
0 <i < k—2,let £; be the collection of all dense edges of D of dimension ¢. The following
theorem is essentially contained in Section 10.8 of [25].

Theorem 2.11 ([22]). Let Wy =Y. Let m1 : Wy — Wy be the blow up along points in Ly. In
general, for 1 < s < k—1, let mg : Wy — Ws_1 be the blow up along the proper transforms
of the (s — 1)-dimensional dense edges in Ls_1 under my---ms—1. Let m = 7 ---7m_1. Then
W = W, _1 is nonsingular and 7=*(D) has normal crossings.

3 A family of parallelly translated hyperplanes

3.1 An arrangement in C"* x CF

Recall that J = {1,...,n}. Consider C*¥ with coordinates ti,...,t;, C" with coordinates
Z1,...,%n, the projection C* x CF — C™.
Fix n nonzero linear functions on CF,

gi=biti+-+tty,  je
where bé» € C. Define n linear functions on C" x C¥,
fi=z+gi=z+biti++bty, jeL
In C" x C* define an arrangement
A={H;|f;=0,j€J}.

Denote U = C™ x CF — UjeJHj.

For every fixed z = (z1,..., z,) the arrangement A induces an arrangement A(z) in the fiber
over z of the projection. We identify every fiber with C*¥. Then A(z) consists of hyperpla-
nes Hj(z), j € J, defined in C* by the same equations f; = 0. Denote

U(A(Z)) = (Ck — UJGJH]'(Z),

the complement to the arrangement A(z).

In the rest of the paper we assume that for any z the arrangement A(z) has a vertex. This
means that the span of (g;);jes is k-dimensional.

A point z € C" will be called good if A(z) has normal crossings only. Good points form the
complement in C” to the union of suitable hyperplanes called the discriminant.

3.2 Discriminant

The collection (g;);jes induces a matroid structure on J. A subset C = {iq,...,i,} C J is a cir-

cuit if (g;);ec are linearly dependent but any proper subset of C' gives linearly independent g;’s.
For a circuit C' = {i1,...,i.}, let (A\{);ec be a nonzero collection of complex numbers such

that >, )\icgi = 0. Such a collection is unique up to multiplication by a nonzero number.
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For every circuit C' fix such a collection and denote fo =) ..~ )\Z»Czi. The equation fo =0
defines a hyperplane H¢ in C". It is convenient to assume that )\ic =0 for i € J — C and write
fe =2y )‘z‘czi‘

For any z € C", the hyperplanes (H;(2))iec in C* have nonempty intersection if and only if
z € Ho. If z € He, then the intersection has codimension r — 1 in CF.

Denote by € the set of all circuits in J. Denote A = UgeeHe-

Lemma 3.1. The arrangement A(z) in C* has normal crossings only, if and only if z € C* — A.

Remark 3.2. If all linear functions g;,j € J, are real, then for any circuit C' € € the numbers
()\ic)iGC can be chosen to be real. Therefore, in that case every hyperplane H¢ is real.

3.3 Good fibers

For any z!,22 € C" — A, the spaces FP(A(z1)), FP(A(2?)) are canonically identified. Namely,
a vector F(Hj, (z'),...,H;, (2')) of the first space is identified with the vector F(Hj, (2?),...,
H; (%)) of the second.

Assume that weights a = (a;);cs are given and all of them are nonzero. Then each arrange-
ment A(z) is weighted. The identification of spaces FP(A(z1)), FP(A(z?)) for 21,22 € C" — A
identifies the corresponding subspaces Sing F¥(A(z')), Sing F¥(A(2?)) and contravariant forms.

For a point z € C" — A, denote V = F¥(A(z)), SingV = Sing F*(A(z)). The triple
(V,Sing V, S(“)) does not depend on z € C" — A under the above identification.

3.4 Bad fibers

Points of A C C" will be called bad.

Let z2° € A and z € C* — A. By definition, for any p the space AP(A(z")) is obtained
from AP(A(z)) by adding new relations. Hence A*(A(2)) is canonically identified with a quo-
tient space of V* = A¥(A(z)) and FP(A(z")) is canonically identified with a subspace of
V = FP(A(2)).

Let us consider F*(2°) as a subspace of V. Let (%] Fh(-0) be the restriction of the contravari-
ant form on V to that subspace. Let S(®)(20) be the contravariant form on F*(A(2°)) of the
arrangement A(2°).

Lemma 3.3. Under the above identifications, S(a)];k(z()) = S@)(20).

4 Conservation of the number of critical points

Let A = (Hj), e be an essential arrangement in C* with weights a. Consider its compactification
in the projective space P¥ containing C*. Assign the weight aoo = — > jeg aj to the hyperplane
H,, =P* — CF and denote by AV the arrangement (H;)jesuso in PE.

The weighted arrangement (A, a) will be called unbalanced if the weight of any dense edge
of AV is nonzero.

For example, if all weights (a;)jes are positive, then the weighted arrangement (A, a) is
unbalanced. Clearly, the unbalanced weights form a Zarisky open subset in the space of all
weights of A.

Lemma 4.1. If (A, a) is unbalanced, then all critical points of the master function of the weighted
arrangement (A, a) are isolated.
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Proof. Let m : W — P* be the resolution (described in Theorem 2.11) of singularities of the
divisor D = Uje jusoH;. Let @, be the master function of (A, a). Then locally on W the function
7 1®, has the form

T ld, = Zai logu; +log ¢ (ug, ..., ug), #(0,...,0) #0.
=1

Here uy, ..., u are local coordinates, 0 < m < k, the function ¢(uq,...,ux) is holomorphic at
u = 0, the equation uj - - - u,, = 0 defines 7=!(D) in this chart. If the image of a divisor u; = 0,
1 < i < m, under the map 7 is an s-dimensional piece of an s-dimensional dense edge of AV,

then «; equals the weight of that edge. In particular, a;, i = 1,...,m, are all nonzero.
Let U(A) = C* — UjesH;. The critical point equations of 771®, on 7=1(U(A)) are
Q; 1 99 .
— 4+ — u) =0, 1=1,...,m, 4.1
u;  Pu) aui( ) (4.1)
1 0¢

———(u) =0, i=m+1,...,k.
o(u) aui( )

If the critical set of 77 1®, on 7~1(U(A)) is infinite, then it contains an algebraic curve. The
closure of that curve must intersect 7~!(D). But equations (4.1) show that this is impossible. W

Denote by (A, a) the sum of Milnor numbers of all of the critical points of ®, on U(A).
Lemma 4.2. If (A, a) is unbalanced, then u(A,a) = |x(U)|.

Proof. Assume that a(s), s € [0,1], is a continuous family of unbalanced weights of A. Then
(A a(s)) does not depend on s. Indeed, using equations (4.1) one shows that the critical points
cannot approach 7~ (D) as s € [0, 1] changes. For generic weights a we have u(A, a(s)) = |x(U)]
by Theorem 2.4. Hence, u(A,a) = |x(U)| for any unbalanced weights a. [

5 Hamiltonians of good fibers

5.1 Construction

Consider the master function

O(z,t) = ajlog fi(z,1)

jeJ

as a function on U c C" x CF.

Let  be a nonzero complex number. The function e®(*1)/% defines a rank one local system L
on U whose horizontal sections over open subsets of U are univalued branches of e®(#1)/% mul-
tiplied by complex numbers.

For a fixed z, choose any v € Hy(U(A(2)), Lx|u(a(z)))- The linear map

(1 AFAR) > C, we / 2D/,
il

is an element of Sing F¥(A(z)) by Stokes’ theorem.

It is known that for generic x any element of Sing F*(A(z)) corresponds to a certain v and
in that case the integration identifies Sing F*(A(z)) and Hy(U(A(2)), Lulu(az))), see [23].

The vector bundle

Uzecn—a Hi(U(A(2)), Leluay)) = C"—A
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has a canonical (flat) Gauss-Manin connection. The Gauss-Manin connection induces a flat
connection on the trivial bundle C" x SingV — C" with singularities over the discriminant
A C C". That connection will be called the Gauss-Manin connection as well.

Theorem 5.1. The Gauss—Manin differential equations for horizontal sections of the connection
on C"™ x Sing V' — C™ have the form

ol

e ()= K, e

where I(z) € SingV' is a horizontal section, Kj(z): V. — 'V, j € J, are suitable linear operators
preserving Sing V' and independent on k. For every j, the operator K;(z) is a rational function
of z reqular on C™ — A. Each operator is symmetric with respect to the contravariant form S@.

Theorem 5.1 is proved in Section 5.3. A formula for K;(2) see in (5.3).
The flatness of the connection for all x implies the commutativity of the operators,

Ki(2)|SingVKj(Z)’SingV = Kj(Z)|SingVKi(Z)|SingV for all 2,7 and z € C" - A.

Let V* be the space dual to V. If M : V — V is a linear operator, then M* : V* — V*
denotes the dual operator. Let W C V* be the image of V under the map V — V* associated
with the contravariant form and SingW C W the image of Sing V. The contravariant form
induces on W a nondegenerate symmetric bilinear form, also denoted by S(®).

Lemma 5.2. For z € C" — A, the operators K;(z)* preserve the subspaces SingW C W C V*.
The operators K;(z)*|lw : W — W are symmetric with respect to the contravariant form. The
operators K;(z)*|singw : SingW — Sing W, j € J, commute.

For z € C" — A, we define the quantum integrable model assigned to (A(z),a) to be the
collection

(SingW; S(a)|smgw; Ki1(2)"|Sing W - - - » Kn(2)*|gingw : Sing W — Sing W) (5.1)

The unital subalgebra of End(Sing W) generated by operators Ki(2)*|singw, - - - s Kn(2)*[Sing w
will be called the algebra of geometric Hamiltonians of (A(z),a).

If the contravariant form S(® is nondegenerate on V', then this model is isomorphic to the
collection

(SingV; S(G)]sﬁlgv; Ki(2)|sing vy - - Kn(2)|sing v : Sing V' — SingV).

It is clear that any weighted essential arrangement with normal crossings only can be realized
as a good fiber of such a construction. Thus, every weighted essential arrangement with normal
crossings only is provided with a quantum integrable model.

5.2 Key identity (5.2)

For any circuit C' = {iy,...,4,} C J, let us define a linear operator Lc : V' — V in terms of the
standard basis of V', see Section 2.11.

For m = 1,...,r, define C,, = C — {iy}. Let {j1 < -+ < jx} C J be an independent
ordered subset and F(Hj,,...,Hj, ) the corresponding element of the standard basis. Define
Lc : F(Hj,,....,H;) — 0if [{j1,....5} NC| <r—1. If {j1,...,5st N C = Cy, for some
1 <m < r, then using the skew-symmetry property (2.5) we can write

—_

F(Hy,...,Hj)=+F(H;,Hi,...,H;,,...,H; H; Hg,...,Hg )
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with {81, e Sk—r—i-l} = {jl, .. ,jk} — Cyy,. Define

Lc: F(H,,,... H;,

m)

? Sk—r+1
T
—~

= (=)™ (~V'a; F(H,,,...,Hy,...,H; Hy,....H ).

) T Sk—r+1
=1

Lemma 5.3. The map Lo is symmetric with respect to the contravariant form.

Proof. For | = 1,...,r, denote F} = F(Hl-l,...,ﬁ;,...,Hl-MHsl,...,Hsk#H). It is clear
that Lo is symmetric with respect to the contravariant form if and only if S () (Lo, ) =

S(a)(Fl,LCFm) for all 1 < I,m < r. But both sides of this expression are equal to

(_1)l+ma’bl e airasl ot ask_T+1' .
On C" x CF consider the logarithmic differential 1-forms
df; . d
wj = f],jeJ, wczﬁ, Ccec
i fe
For any circuit C' = {iy,...,i,}, we have
s
wiy A Awi, =we A (=1 w A NG A Aw,
=1
Lemma 5.4. We have
Z <Zajwj>/\wjl/\"'/\wjk®F(Hj17"'7ij)
independent ]eJ
{j1<<jpyCJ
= Z ch/\wj‘l/\"-/\ij®L0F(H]’1,...,ij). (52)
independent ('@
{j1<<gprcJ
Proof. The lemma is a direct corollary of the definition of maps L¢. |

Identity (5.2) is a key formula of this paper. Identity (5.2) is an analog of the key Theo-
rem 7.2.5 in [23] and it is a generalization of the identity of Lemma 4.2 in [27].

5.3 An application of the key identity (5.2) — proof of Theorem 5.1

Fix k € C*, 2 € C" = A, v € Hp(U(A(2)), Lxluaz)))- Let {7} : AF(A(2)) = C, w
f,y e®(N/ky, be the corresponding element of V. We have

{7} = Z </ eq)(z’t)/“wjl Ao /\ij> F(Hj,,...,Hj,).
v

independent
{j1<<gprCJ

Let z — 7(2) € Hi(U(A(2)), Lxlua(z))) be a locally constant section of the Gauss-Manin
connection. Then

()= > </()e‘l’@”/”wjl/\---/\wjk)F(Hjl,...,ij).
v(z

independent
{j1<<gp3cd
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Lemma 5.5. The differential of the function {v(2)} is given by the formula

kd{y(2)} = Y Le{v(2)}we.

Cec¢

Proof. The lemma follows from identity (5.2) and the formula of differentiation of an integ-
ral. n

Lemma 5.6. For every circuit C, the operator Lo preserves the subspace Sing V.

Proof. The values of the function {y(z)} belong to Sing V. Hence, the values of its derivatives
belong to Sing V. Now the lemma follows from Lemma 5.5. |

Recall that we = dfc/fo and fo =3¢, /\jczj. Denote

\¢
Kij(z)=> +4=Lc, Jj€J. (5.3)
e fo(®)
Then
ch®LC:Zdzj®Kj(z). (5.4)
cee jed

Lemma 5.7. Let z — (2) € Hi(U(A(2)), Lx|ua(z))) be a locally constant section of the Gauss-
Manin connection. Then

0 .
o 1)} = Ki()t(z)), ged (5.5)
J
Lemmas 5.3, 5.6, 5.7 prove Theorem 5.1.

5.4 Another application of the key identity (5.2)

Recall that U is the complement to the union of hyperplanes (ﬁ j)jes in C™ x @k, see Section 3.1.
Denote by C(z,t); the algebra of rational functions on C" x C* regular on U.
For any basis vector (Hj,,...,H;,) of V*, let us write

wiy A Awj, = fi g (2, 0)dtr A= A dty, + z-part,

where fj, . ;. € C(z,t); and the z-part is a differential form with zero restriction to any fiber of
the projection C" x C¥ — C™ (in coordinates t1,...,tg, 21,. .., zn, that form has at least one of
dz1,...,dz, as factors in each of its summands). Define the canonical element E € C(z, gV
by the condition

(B,1@ (Hjys oo Hyy)) = fiuis
for any independent {ji,...,jx} C J.
Theorem 5.8. For any j € J, there exist elements hy,...,h, € C(z,t)5 ® V such that
k

(1® Kj(2)) B(z,t) = (}Cé]t) ® 1) E(zt)+ ) (gf(z,t) ® 1> hi(z,t).
AN i=1 '
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Proof. We have

b 0o a;
v(a) = ; 87“(2, t) dt; + JEZJ 7 (;7 ) dzj (5.6)

and

> wi A Awy @ F(Hjy, .. Hjy) = E(z,t) (dty A+ Adty @ 1) + z-part,  (5.7)
independent

{j1<-<jg3cCJ
where z-part is a V-valued differential k-form with zero restriction to each fiber of the projection
C" x Ck — C™. Then identity (5.2) and formulas (5.6), (5.7), (5.4) imply the theorem. [ |
5.5 Hamiltonians, critical points and the canonical element

Fix z € C" — A. Recall that in Section 5.1 we have defined the quantum integrable model
assigned to (A(z), a) to be the collection

(Sing W; S(a)|SingW§ KI(Z)*|SingW> s 7Kn(z)*|SingW : SingW — Sing W)

Let p € U(A(2)) be an isolated critical point of the master function ®(z,-) : U(A(z)) — C.
Let Ao be the local algebra of the critical point and [ | : C(t)y(a(.)) — Ap,e the canonical
projection. Denote by Hess® the Hessian of ®(z,-) with respect to variables t1, ..., 1.

Let E € C(t)ya(z) ® V be the canonical element associated with A(z), see Section 2.10.
Denote by [E] its projection to A, ® V. By Lemma 2.6 we have [E] € A, ¢ ® Sing V. Let
V — W be the map associate with the contravariant form and [E] the image of [E] under the
induced map A, ¢ ® SingV — A o ® Sing W,

[E] € A, ® Sing W.
Theorem 5.9. We have
(i) S“(E], [E]) = (~1)"[Hess™],
(40) (1@ Kj(2)")[E] = (la;/ f;(z, )] @ V)[E] for j € J.
Proof. Part (i) follows from Theorem 2.8. Part (i7) follows from Theorem 5.8. [

Remark 5.10. The elements [a;/f;(2,)], j € J, generate A, due to Lemma 2.5 and the
assumption (a; # 0 for all 7).

6 Asymptotic solutions and eigenvectors of Hamiltonians

6.1 Asymptotic solutions, one variable

Let u be a variable, W a vector space, M (u) € End(W) an endomorphism depending holomor-
phically on u at uw = 0. Consider a differential equation,

ﬁ%(u) = M(u)I(u) (6.1)

depending on a complex parameter k € C*.
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Let P(u) € C, (wm(u) € W)nez,, be functions holomorphic at u = 0 and wg(0) # 0. The
series

I(u, ) = PW/x Z Wi (W)™ (6.2)
m=0

will be called an asymptotic solution to (6.1) if it satisfies (6.1) to all orders in . In particular,
the leading order equation is

%(U)wow) = M (u)wo(u). (6:3)

Assume now that

M_
M(u) = ul + Mo+ Myu+---, M, €End(W),

has a first order pole at u = 0 and I(u, k) is a series like in (6.2). The series I(u, k) will be
called an asymptotic solution to equation (6.1) with such M (u) if it satisfies (6.1) to all orders
in k. In particular, the leading order equation is again equation (6.3). Equation (6.3) implies

(O)UJO(O) = Mo’LUo(O) + Mfl%(()). (6.4)

ap

wp(0) € ker M_q, T

6.2 Critical points of the master function and asymptotic solutions

Let us return to the situation of Section 3.

Let t(z) be a nondegenerate critical point of ®(z, -) : U(A(z)) — C. Assume that t(z)
depends on z holomorphically in a neighborhood of a point 2 € C”. Fix a univalued branch
of ® in a neighborhood of (2°,#(z°)) (by choosing arguments of all of the logarithms). Denote
U(z) = P(z,t(2)).

Let B C C* be a small ball with center at (z"). Denote

B™ = {t € B| Req)(zo,t(zo)) > Re @(zo,t)}.

It is well known that Hy(B, B ;Z) = Z, see for example [1]. There exist local coordinates
ut,...,ur on C* centered at #(2°) such that ®(z°,u) = —u? — -+ — u2 + const. Denote

6:{(u177uk)€Rk‘u%++u%<6}7

where € is a small positive number. That §, considered as a k-chain, generates Hy(B, B~;Z).
Define an element {0}(z, k) € V by the formula

{0}(z,k): V* = C, w s kR /e(b(z’t)/”w(z,t). (6.5)
)

Recall that any element w € V* is a linear combination of elements (Hj,, ..., Hj, ) and such an
element (Hj,..., Hj, ) is identified with the differential form

wiy Ao Awjy = dfy, (2, )/ fi, (2,8) A Adf (2,8) ) i (2, 1).

In (6.5) we integrate over d such a differential form multiplied by e®)/#
The element {§}(z, k) as a function of 2, x is holomorphic if z is close to 2° and & # 0.
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Theorem 6.1.

(i) Let k € R and k — +0. Then the function {0}(z, k) has an asymptotic expansion
{8}(z, k) = e/~ Z wm(2)k"™, (6.6)
m=0

where (wm(2) € Vmez., are functions of z holomorphic at z° and

2 -1/2
un(e) = (20 ((-1F et (5 ;) D) o),

Here v(z,t(z)) is the special vector associated with the critical point (z,t(z)) of the function
D(z, ), see Section 2.10. The sign £ depends on the choice of the orientation of 6.

(1i) The asymptotic expansion (6.6) gives an asymptotic solution to the Gauss—Manin diffe-
rential equations (5.5).

(iii) The functions (wm(2))mezs, take values in Sing V.
Part (i) of the theorem is a direct corollary of the method of steepest descent; see, for

example, § 11 in [1]. Part (i¢) follows from Lemma 5.4 and formula of differentiation of an
integral. Part (7i7) follows from Stokes’ theorem.

Remark 6.2. The definition of § depends on the choice of local coordinates uq,...,ug, but
the asymptotic expansion (6.6) does not depend on the choice of § since the difference of the
corresponding integrals is exponentially small.

Corollary 6.3. Let 2%, t = t(2), U(2) be the same as in Theorem 6.1. Assume that 2° € C"— A.
In that case the operators K;(2°)|simgv : SingV — Sing V', j € J, are all well-defined, see (5.3),
and we have

K (D)o(L () = P (Do), e

Thus, the special vector v(2°,t(z°)) is an eigenvector of the geometric Hamiltonians K;(2°).

Proof. The corollary follows from equation (6.3). [ |
ov 0y _ aj
Note that E(Z ) = Wjﬁ(zo))

Remark 6.4. The Gauss—Manin differential equations (5.5) have singularities over the discrimi-
nant A C C". If 2° € A, then expansion (6.6) still gives an asymptotic solution to equations (5.5)
and that asymptotic solution is regular at z°.

7 Hamiltonians of bad fibers

7.1 Naive geometric Hamiltonians

Let us return to the situation of Section 3. Let 20 € A and z € C" — A. We have
Sing F*(A(2°)) C Sing F¥(A(2)) € FF(A(2)),

Sing F¥(A(20)) € FFA(2Y) c FF(A(2)), (7.1)

Sing F*(A(2%)) = F*(A(2")) N (Sing F*(A(2))),

see Section 3.4. Recall that F*(A(z)) was denoted by V.
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Consider the map V' — V™ corresponding to the contravariant form. In Section 5.1 we
denoted the images of V and Sing V' by W and Sing W, respectively. We denote the images of
FF(A(2?)) and Sing F*(A(2°)) by W (z°) and Sing W (z°), respectively. We have

Sing W(zo) C SingW C W, Sing W(zo) C W(zo) Cc W.
Recall that A is the union of hyperplanes Ho, C € €. Denote
Co={Cece¢|:ecH}.
Consider the operator-valued functions K;(z) : V — V, j € J, given by formula (5.3). Denote

2\
Ko = 3

iz Tel2)

Lo, Kj(2) = Kj(2) - K} (2).

Each of the summands of KJQ () tends to infinity as 2 tends to z" in C* — A. The operator-valued
function K Jl (2) is regular at 2z°.

The operators K;(z)*, L, preserve the subspaces SinglW C W C V* and are symmetric
operators on W with respect to the contravariant form on W. The operators K;(z)* restricted
to Sing W commute.

The point 2° € A defines an edge X0 of the arrangement (H¢)cee, where X0 = Neee, He-
Denote by T,o0 the vector space of constant vectors fields on C™ which are tangent to X o,

0
= J

Lemma 7.1. For any £ € T,o,
(i) The linear operator
Ke(z) =) &K(z): V=V,
Jj€J
considered as a function of z, is reqular at 2°, moreover,
Ke(2) = S 6KIC)
jeJ
(ii) The linear operator K¢(z°) preserves the subspace F*(A(zY)) C V.
(731) The dual linear operator
Ke(z)*: VE = VE
considered as a function of z, is reqular at 2°, moreover,
Ke() = S &K1 (o)
jeJ
(iv) The linear operator K¢(2°)* preserves the subspace Sing W (z°) C V*.

Proof. Parts (iii), (iv) follow from parts (i), (ii). Part (i) is clear. Part (ii) follows from
a straightforward calculation. |

The operators K¢(z")* preserve the subspace Sing W (z"). The operators
Kg(zo)*‘Singw(ZO) : Sing W(zo) — Sing W(zo), §eTy,

form a commutative family of linear operators. The operators are symmetric with respect to the
contravariant form. These operators will be called naive geometric Hamiltonians on Sing W (20).
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7.2 Space F*(A(z°)) and operators L¢c

Lemma 7.2.
(i) The space F¥(A(2°)) lies in the kernel of Lc : V — V for any C € €.
(i4) The space W (zY) lies in the kernel of Lg|lw : W — W for any C € €.

(i4i) For any C € €, the image of L |w is orthogonal to W (2°) with respect to the contravariant
form.

Proof. Part (i) follows from a straightforward easy calculation. Part (ii) follows from part ().
Part (iii) follows from part (ii) and the fact that L7, is symmetric. [

7.3 Conjecture

Conjecture 7.3. Let z° € A. Assume that the contravariant form restricted to Sing W (2") is
nondegenerate. Let pr : Sing W — Sing W (2°) be the orthogonal projection with respect to the
contravariant form. Then the linear operators

erJ1 (ZO)*|SingW(ZO) : Sing W(ZO) N SingW(zo)7 jed
commute and are symmetric with respect to the contravariant form.
For 2% € A, we define the quantum integrable model assigned to (A(z"),a) to be the collection
(Sing W (2°), S(a)’SingW(ZO),
pri (2°) Isingw(z0) : Sing W (2") — Sing W (%), where j € J).
The unital subalgebra of End(Sing W (2?)) generated by operators
prK [ (2°) |smgw(0),  J €,

will be called the algebra of geometric Hamiltonians of (A(2°), a).
Note that the naive geometric Hamiltonians are elements of the algebra of geometric Hamil-
tonians, since for any £ = Zjlejaizj € T'x_,, we have

0)* 1(,0\*
Kf (Z ) |SingW(zO) = Zgjerj (Z ) |Sing W (29)-
Jj€J
In the next section we prove the conjecture under Assumption 7.4 of certain positivity and
reality conditions, see Theorem 7.5. In Section 9 more results in this direction will be obtained,

see Theorems 9.16 and 9.17. For applications to the Gaudin model an equivariant version of the
conjecture is needed, see Sections 10 and 11.

7.4 Positive (a;),;ecs, real (g;)jecs

Assumption 7.4. Assume that all weights a;, j € J, are positive and all functions g; =
bjl-tl 4+ -+ b?tk, j € J, have real coefficients b§

The space V has a real structure, V = Vg ®g C, see Section 2.12. Under Assumption 7.4 all
subspaces in (7.1) are real (can be defined by real equations). The contravariant form S(® is
positive definite on Vg and is positive definite on the real parts of all of the subspaces in (7.1).

Denote by pr : Sing V' — Sing F*(A(2°)) the orthogonal projection.

Theorem 7.5. Assume that Assumption 7.4 is satisfied and 2° € A. Then the operators
er} (ZO)‘Sing]:k(A(zO)) . Sing F* (A(zo)) — Sing}"k(A(zO)), Jj € J,
commute and are symmetric with respect to the contravariant form.

Theorem 7.5 proves Conjecture 7.3 under Assumption 7.4.
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7.5 Proof of Theorem 7.5 for z° € ANR"”

Assume that 20 € ANR™ Let r : (C,R,0) — (C* R", 2%) be a germ of a holomorphic curve
such that r(u) € C" — A for u # 0. For u € R-q, the arrangement A(r(u)) is real. Denote
U(r(u))g = (CF — UjesH;(r(u))) NRE. Let U(r(u))r = Uq Do (r(u)) be the decomposition into
the union of connected components. We label components so that for any «, the component
D, (r(u)) continuously depends on u > 0. Let A be the set of all o such that D, (r(u)) is
bounded. Let A; be the set of all a such that D, (r(u)) is bounded and vanishes as u — +0
(the limit of Dy (r(u)) is not a domain of A(2°)). Let As be the set of all a such that D, (r(u))
is bounded and the limit of D (r(u)) as u — 0 is a domain of A(2?). We have A = A; U Ay and
AiNAy =0

All critical points of @ (r(u), - ) lie in Ugea Do (r(w)). Each domain D, (r(u)) contains a unique
critical point (r(u),t(u)s) and that critical point is nondegenerate. Denote by v(r(u),t(u)s) €
Sing V' the corresponding special vector. That vector is an eigenvector of the geometric Hamil-
tonians,

If o € Ay, then all eigenvalues 1/ f;(r(u),t(u)q), j € J, are regular functions at u = 0. If o« € Ay,
then there is an index j € J such that a;/f;(r(u),t(u)q) — 00 as u — 0.

Lemma 7.6. The span (v(r(u), t(w)a))aca, has a limit as u — +0. That limit is Sing F*(2°) C
Sing V. Szmzlarly, the span (v(r(u),t(u)a))aca, has a limit as w — +0. That limit is
(Sing F*(2°))* C Sing V' where + denotes the orthogonal complement.

Proof. The lemma follows from Theorem 2.9 and Corollary 2.10. |

Assume now that a curve 7(u) = (21(u),...,2,(u)) is linear in u. Then for any j we have
K3 (r(u)) = Nj/u where N; : SingV — Sing V' is an operator independent of u.

Lemma 7.7. The image of N; is a subspace of (Sing F*(20))+.

Proof. The lemma follows from Theorem 2.9 and Corollary 2.10. |

By formula (6.4) and Lemma 7.7, for any o € As we have

a;

—  _v(r a) = ! T vlr , a vy,
£ (r(0),£(0)a) (r(0),(0)a) = K} (r(0))v(r(0), £(0)a) + v1

where v; € (Sing F¥(2°))+. Thus,

1
1
prK;(r(0)) v(r(0),t(0)a) = ———=—v(r(0),(0)4). (7.2)
) O) = 700, 100 OO
Thus, all operators erJ1 (7(0)) are diagonal in the basis (v(r(0),(0)a))aca, of Sing F¥(A(2?)).
Equation (7.2) finishes the proof of the commutativity of operators pri ]1 (29).
The symmetry of the operators prK }(zo) with respect to the contravariant form follows from
the fact that operators er}(zO) are diagonal in the orthogonal basis (v(7(0),%(0)a))acA,-
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7.6 Proof of Theorem 7.5 for any 2° € A

Consider the arrangement (H¢)cee in C™ and its arbitrary edge X. The arrangement (H¢)cee
is real, see Remark 3.2. The edge X is the complexification of X NR".
Denote

X =X —Ucee_ey X NHe. (7.3)
For any 2!, 22 € X , the subspaces
Sing F*(A(z')) C SingV,  Sing F*(A(2?)) C SingV’
coincide. Denote that subspace by Sing F F(A(X)) C Sing V.
For z € X, the operators er}(z) : Sing F*(A(X)) — Sing F*(A(X)), 7 € J, depend on z

holomorphically. The operators commute and are symmetric for z € Xn R"™, by reasonings in
Section 7.5. Hence they commute and are symmetric for all z € X.

7.7 Critical points and eigenvectors

Theorem 7.8. Assume Assumption 7.4. Let 2° € A and let p be a critical point of ®(2°, -) :
U(A(2%)) — C. Then the corresponding special vector v(z°,p) € Sing F¥(2%) (if nonzero) is an
eigenvector of the operators er}(zO), jed,

er} (zo)v(zo,p) = U(zo,p). (7.4)

aj
fi(2°,p)
Proof. If 2 € ANR", then the theorem is just a restatement of formula (7.2).

Assume that 2% is an arbitrary point of A. Then there exists an edge X of the arrangement
(Hc)cee such that 20 € X, see (7.3). For 20 € X, all objects in formula (7.4) depend on 2°
algebraically. Hence, the fact, that formula (7.4) holds for all critical points if 20 € X N R",
implies Theorem 7.8 for any 2% € X. |

7.8 Hamiltonians, critical points and the canonical element

Let Assumption 7.4 be satisfied. Fix 2 € A. We have defined the quantum integrable model
assigned to (A(z°),a) to be the collection

(Sing F*(A(2°)); S 5ng 74 (a(:0));
er} (z0)|Sng_—k(A(z0)) : Sing]—"k(A(zO)) — Sing]:k (A(zo)), where j € J),
see Section 7.4.

Let p € U(A(z%)) be an isolated critical point of the function ®(z%, -) : U(A(z°)) — C.
Let Ap o be the local algebra of the critical point and [ | : C(t)y(a(.0)) — Ape the canonical

projection. Denote by Hess(® the Hessian of ®(2°, - ).

Let E € C(t)ya:0)) ® FF(A(2")) be the canonical element associated with A(2°), see Sec-
tion 2.10. Denote by [E] the projection of the canonical element to A, ® F¥(A(zY)). By
Lemma 2.6, we have

[E] € Apo ® Sing F*(A(2°)).
Theorem 7.9. We have
(i) S@(E], [E]) = (—1)}[Hess®],
(i) (1@ prKj(2")[E] = ([a;/fi(z, )] ® DIE] for j € J.
Proof. Part (i) follows from Theorem 2.8. Part (i7) follows from Theorem 7.8. [
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8 Geometric interpretation of the algebra of Hamiltonians

8.1 An abstract setting

Let k < n be positive integers and J = {1,...,n} as before.

Let F be a germ of a holomorphic function at a point p € C*. Assume that p is an isolated
critical point of F' with Milnor number u,. Let A, r be the local algebra of the critical point
and (, ), the residue bilinear form on A, r, see (2.3). Denote by [Hess F'] the projection to A,
of the germ detlgl,mgk@QF/atl(‘)tm).

Let hi,...,h,, be a C-basis of A, r. Let g1,...,9, € Apr be a collection of elements such
that the unital subalgebra of A, r generated by ¢1,...,g, equals A, .

Let W be a vector space with a symmetric bilinear form S. Let M; : W — W, j € J, be
a collection of commuting symmetric linear operators,

M;M; = M;M;, S(Mju,v) = S(u, M;v) for all i,j € J and u,v € W.

Assume that an element

Hp
wzzhl@’leAp,F@W
=1

is given such that

Hp m
Zhl®Mjwl ZZgjhl@sz, JjeJ, (8.1)
=1 =1

Hp

> S(wy, w) hyhi = (—1)F[Hess F). (8.2)
I,m=1

Denote by Y C W the vector subspace generated by wr, ..., w,,. By property (8.1), every M;,
Jj € J, preserves Y. Denote by Ay the unital subalgebra of End(Y’) generated by M;l|y, j € J.
The subspace Y is an Ay-module. Define a linear map

Hp
a: Apr =Y, fe Y (F )y
=1

Theorem 8.1.
(t1) The map o : Ap p — Y is an isomorphism of vector spaces. The form S restricted to Y is
nondegenerate.
(i1) The map gj — Mjly, j € J, extends uniquely to an algebra isomorphism (: Ap p — Ay.

(t4i) The maps «, B give an isomorphism of the reqular representation of A, and the Ay -
module Y, that is Mja(f) = alg;f) for any f € Apr and j € J.

(iv) Define the value w(p) of w at p as the image of w under the natural projection Ap pQW —
Ap p/mpy@W =W. Then w(p) = a(Hess F') /i, and the value w(p) is nonzero. The vector
w(p) is the only (up to proportionality) common eigenvector of the operators M;ly, j € J,
and we have Mjw(p) = gj(p)w(p).

This theorem is an analog of Theorem 5.5 and Corollary 5.6 in [15]. The proof is analogous
to the proofs in [15].
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8.2 Proof of Theorem 8.1
Lemma 8.2. We have Mja(f) = a(g;f) for any f € Apr, j € J.

Hp m

Proof. We have M;a(f) = > (f, hi)pMjw;. By (8.1), that is equal to > (f,gjhi)pwi =
=1 =1

NE

(g5f: ha)pwr = a(g; f)- u

=1

Define a bilinear form (, )s on A4, F,

(f,9)s = S(a(f),alg)) = > 8w, wm)(f, m)p(g, hom)p-

I,m=1
Lemma 8.3. We have (fg,h)s = (f,gh)s for all f,g,h € A, F.

Proof. Since gj, j € J, generate A, p it is enough to show that (fg;,h)s = (f,g;h)s for all
fih € App, j€J. Wehave (fgj,h)s = S(a(fg;),(h)) = S(Mja(f), alg)) = S(a(f), Mja(g))

Lemma 8.4. There exists a unique element s € A, p such that (f,g)s = (sf,g)p for all f,g €
A, F.

Proof. Consider the linear function A, — C, f — (1, f)s. Since the bilinear form (, ,),
is nondegenerate there exists a unique s € A, r such that (1, f)s = (s, f), for any f € A, p.

Hence for any f,g € Ay p we have (f,9)s = (1, fg)s = (s, f9)p = (sf, 9)p- u

Lemma 8.5. For any f € Ay, the trace of the linear operator Ly : Ay p — Ay p, h— fh, is
giwen by the formula tr Ly = (f, [Hess F]),.

Proof. We have tr Ly = p, = (1, [Hess F]), and tr Ly = 0 = (f, [Hess F]),, for any f € m,. This
proves the lemma. |

Let hi,..., hj, be a C-basis of Ay p dual to hy, ..., hy, with respect to the form (, )p- Then
Hp Hp
> ([Hess F'], hf)ph; = [Hess F|. Indeed, for any f € A, p we have > (f,h))ph; = f.
=1 =1

w
Lemma 8.6. We have i hihf = [Hess F.
=1

Hp Hp

Proof. Forany fe A, p, wehavetr L= Y (h}, fh)p = > (hjhy, f)p and tr Ly = (f, [Hess FY])p.
=1 =1

This proves the lemma. n

Lemma 8.7. Let s € A, r be the element defined in Lemma 8.4. Then s has the following two
properties:

(i) the element s is invertible and projects to (—1)k in C = A, p/m,,

(7i) the form (, )s is nondegenerate.

Proof. To prove the lemma it is enough to show that (—1)¥[Hess F] = s[Hess F]. Indeed, on
one hand we have

Hp
(f,9)s = > S(wi,wm)(f, 1)p(g, hrm)p-

Il,m=1
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On the other hand we have

Hp

(f.9)s = (sf, g)p = Z(va hl)p(g7 h?)P

=1

HKp Hp Hp
Hence, > S(wi,wm)h @ hy =) shy@h} in A, p ® A, p. Therefore, > S(wp, wm)hihm =
I,m=1 =1 Il,m=1
Hp
> shyhj. By Assumption (8.2) and Lemma 8.6 we obtain (—1)*[Hess F] = s[Hess F]. |
=1

Let us prove Theorem 8.1. Assume that Z Nw; = 0 with \; € C. Denote h = Z Nhy.
I= =1
Then a(h) = 0 and (f,h)s = S(a(f),a(h)) = O for all f € Apr. Hence h = 0 since (, )g is

nondegenerate. Therefore, \; = 0 for all [ and the vectors v1,...,v,, are linearly independent.
This proves part (i) of Theorem 8.1. Parts (i7) and (i) follow from Lemma 8.2.

8.3 Remark on maximal commutative subalgebras

Let A be a commutative algebra with unity element 1. Let B be the subalgebra of End(A)
generated by all multiplication operators Ly : A — A, h ~— fh, where f € A.

Lemma 8.8. The subalgebra B is a mazimal commutative subalgebra of End(A).

Proof. Let T' € End(A) be such that [T, Ly] = 0 for all f € A. Then T' = Lp(y). |

Corollary 8.9. Under assumptions of Section 8.1, the algebra Ay is a mazimal commutative
subalgebra of End(Y").

8.4 Interpretation of the algebra of Hamiltonians of good fibers

Under notations of Section 3 fix a point z € C" — A. Recall that in formula (5.1) we have
defined the quantum integrable model assigned to (A(z),a) to be the collection

(SingW; S(a)|smgw; Ki(2)"|Sing W - - - » Kn(2)*|singw : Sing W — Sing W)

Let p € U(A(z)) be an isolated critical point of the master function ®(z, -) : U(A(z)) — C.
Let Ap, o be the local algebra of the critical point and (, ), the residue bilinear form on A, 4.
Let [E] € A, ¢ ® Sing W be the element corresponding to the canonical element, see Section 5.5.

Define a linear map

ap: Apo — Sing W, g (9, [E])p.
Denote Y, the image of .
Theorem 8.10.

(1) We have ker oy, = 0.
(t7) The operators K;(z)* preserve Yy,. Moreover, for any j € J, g € Ap o, we have

ap(gaj/[fi(z-)]) = K;j(2)" ap(g)-
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111 efine the value p) o at p as the image o under the natural projection sy

i) D he value [E E he i E] under th [ projection A,
SingW — A, e/m, ® SingW = SingW. Then the value [E](p) is nonzero. The vector
[E](p) is the only (up to proportionality) common eigenvector of the operators K;(z)*|y, :
Y, =Y, j€J, and we have

Proof. By Theorem 5.9 and Remark 5.10 the objects SingVV,S(“)|smgW, K;(2)*|singw, [v],
la;j/fi(z,-)], j € J, satisfy the assumptions of Theorem 8.1. Now Theorem 8.10 follows from
Theorem 8.1. |

Theorem 8.11. The linear map o, identifies the contravariant form on'Y, and the residue form

(,)p on Ap e multiplied by (—1)*,

S (ap(f), ap(9)) = (~1)*(f,9) (8.3)
forany f,g € Ay .

Proof. If the Milnor number of p is one, then the theorem follows from Lemma 8.7. If the
Milnor number is greater than one, the theorem follows by continuity from the case of the
Milnor number equal to one, since all objects involved depend continuously on the weights a
and parameters z.

Note that the theorem says that the element s of Lemma 8.7 in our situation equals (—1)*. B

Remark 8.12. In formula (8.3), each of o, (f), ay(g) is given by the Grothendieck residue, so
each of a,(f), ap(g) is a k-dimensional integral. The quantity (f,g), is also a k-dimensional in-
tegral. Thus formula (8.3) is an equality relating a bilinear expression in k-dimensional integrals
to an individual k-dimensional integral.

Denote by Ay, the unital subalgebra of End(Y),) generated by K;(z)*|y,, j € J.
Corollary 8.13.
(i) The map [aj/fi(2,")] = K;(2)*|v,, j € J, extends uniquely to an algebra isomorphism

Bp : Ap@ — Ayp.

(ii) The maps oy, By give an isomorphism of the regular representation of Ay e and the Ay,-
module Y,, that is By(h)ay(g) = ap(hg) for any h,g € Apo.

(ii7) The algebra Ay, is a mazimal commutative subalgebra of End(Y)).

(iv) All elements of the algebra Ay, are symmetric operators with respect to the contravariant
form S@.

Theorem 8.14. Let pi,...,pq be a list of all distinct isolated critical points of ®(z, -). Let
Yy, = op (Ap,.0) CSingW, s=1,...,d, be the corresponding subspaces. Then the sum of these
subspaces is direct. The subspaces are orthogonal.

Proof. It follows from Theorem 8.10 that for any s = 1,...,d and j € J the operator K;(z)* —
a;/ fj(z,ps) restricted to Y, is nilpotent. We also know that the numbers a;/f;(z,ps) separate
the points p1,...,pqg. These observations imply Theorem 8.14. |

Corollary 8.15. The sum of Milnor numbers of the critical points p1,...,pq is not greater than
the rank of the contravariant form S(a)|SingW.
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Denote Y = @?_,Y),.. Denote by Ay the unital subalgebra of End(Y") generated by K;(2)*|y,
j € J. Consider the isomorphisms

a=&li0p,  Didpe B Y, B=80b Bl Ap,e — Ol Ay,
Corollary 8.16. We have

() Ay = &1 4p. v, 5

(1) Ay is a mazimal commutative subalgebra of End(Y).

(tit) The isomorphisms «, [ identify the regular representation of the algebra @gzlAps@ and
the Ay-module Y. The isomorphism « identifies the contravariant form on Y and the
residue form (, ) = @&%_,(, )p, on ®_, Ay, o multiplied by (—1)F.

d
(1v) In particular, if the dimension of Sing W equals the sum of Milnor numbers Y s, then the

s=1
module Sing W over the unital subalgebra of End(Sing W) generated by geometric Hamilto-
nians K;(z)*|simgw : SingW — Sing W, j € J, is isomorphic to the reqular representation
of the algebra ®¢_, Ay, o.
(v) If for z € C™ — A the arrangement (A(z),a) is unbalanced, then the module Sing W over
the unital subalgebra of End(Sing W) generated by geometric Hamiltonians K;(2)*|singw,
J € J, is isomorphic to the reqular representation of the algebra @gzlAps,q).

Corollary 8.17. If for z € C" — A the arrangement (A(z),a) is unbalanced, then the contrava-
riant form is nondegenerate on Sing F*(A(2)).

Proof. Indeed in this case the sum of Milnor numbers of critical points of the master function
equals |x(U(A(2)))| and equals dim Sing F*(A(2)). [

8.5 Interpretation of the algebra of Hamiltonians of bad fibers
if Assumption 7.4 is satisfied

Let Assumption 7.4 be satisfied. Fix 2z € A. We have defined the quantum integrable model
assigned to (A(z°),a) to be the collection

(Sing F*(A(2%)); S |ging Fr(ac0));
K (zo), e ,f(n(zo) . Sing F* (A(ZO)) — Sing F* (A(zo))),
where K;(2°) = er;(ZO)‘Sing]:k(A(ZO)), see Theorem 7.5.
Let p € U(A(2°)) be an isolated critical point of the master function ®(z°, ) : U(A(z")) — C.
Let A, o be the local algebra of the critical point and (, ), the residue bilinear form on A, .
Let [E] € Ay ® Sing F*(A(2%)) be the canonical element corresponding to the arrangements

A(z%), see Section 7.8.
Define a linear map

ap: A, — Sing F* (A(ZO)), g+ (9, [E])p-
Denote Y, the image of .
Theorem 8.18. Let Assumption 7.4 be satisfied. Then

(1) We have ker oy, = 0. The isomorphism v, identifies the contravariant form on'Y, and the
residue form (, ), on A, e multiplied by (—1)F.
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(ii) For any j € J, the operator f(j(zo) preserves Y,. Moreover, for any j € J and g € Ap o,
we have ap(ga;/[f;(2°,)]) = K;(2°)ap(g).

(¢4i) Define the value [E](p) of [E] at p as the image of [E] under the natural projection Ap e ®
Sing F¥(A(2%)) — Ape/m, @ Sing F¥(A(2Y)) = Sing F¥(A(2°)). Then the value [E](p) is
nonzero. The vector [E](p) is the only (up to proportionality) common eigenvector of the
operators IN(j(ZO)]yp 1Y, =Y, j€J, and we have

~ a]

Kj(zo)[E} (p) = W[E] (p)-

Denote by Ay, the unital subalgebra of End(Y}) generated by K'j(zo)|yp, jed.
Corollary 8.19. Let Assumption 7.4 be satisfied. Then
(i) The map [a;/fj(z% )] = K;(z°)|y,, j € J, extends uniquely to an algebra isomorphism
ﬂp : Ap@ — Ayp.

(it) The maps o, By give an isomorphism of the regular representation of A, and the Ay, -
module Y, that is Bp(h)oy(g) = ap(hg) for any h,g € Ap o.

(iii) The algebra Ay, is a mazximal commutative subalgebra of End(Y),).

Recall that under Assumption 7.4 all critical points of ®(2°, -) are isolated, the sum of their
Milnor numbers equals dim Sing F¥(A(2%)) and the form S (a)|smg FH(A(z0)) 1S nondegenerate.

Theorem 8.20. Let Assumption 7.4 be satisfied. Let p1,...,pq be a list of all distinct critical
points of ®(zY, ). Let Y,, = ap, (Ap, o) C Sing F*(A(zY)), s = 1,...,d, be the corresponding
subspaces. Then the sum of these subspaces is direct, orthogonal and equals Sing F*(A(2°)).

Denote by Ay ,0), the unital subalgebra of End(Sing FF(A(29))) generated by K;(z°), j € J.
The algebra Ay ;o) 4 is called the algebra of geometric Hamiltonian of the arrangement (A(2Y),a),
see Section 7.3.

Consider the isomorphisms

o=@ ap, : B Ay, 0 — Sing F¥(A(2")) = &L, Y,
B=o1fs s SimiAp,e = B Ay,

Corollary 8.21. Let Assumption 7.4 be satisfied. Then
(Z) AA(ZO),a = 69(51:1141/;05 :
(41) Ap(20),q 18 a mazimal commutative subalgebra of End(Sing FEA(ZD)).

118 e isomorphisms a, 3 identify the regular representation of the algebra &¢_ o and the
i11) Th h B identify th l f the algeb glA% d th
Ap(20),a-module Sing FF(A(2°)). The isomorphism « identifies the contravariant form on

ing z")) and the residue form (, ) = & , on Pe_ o multiplied by (—1)".

Sing F*(A(2° d th due fi d Ds glApS, ltiplied b k

s=1

9 More on Hamiltonians of bad fibers

9.1 An abstract setting

Let k < n be positive integers and J = {1,...,n} as before.
Let B C C* be a ball with center at a point p. Let F, be a holomorphic function on B depen-
ding holomorphically on a complex parameter v at u = 0. Assume that Fy = F,—¢ has a single
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critical point at p with Milnor number p. Let C(¢)p be the algebra of holomorphic functions
on B, I, C C(t)p the ideal generated by 0F, /0t;,i = 1,...,k, and A, = C(t)p/I,. Assume that
dim¢ A, does not depend on u for u in a neighborhood of 0. Let [], : C(t)p — A, be the cano-
nical projection, (, ), the residue bilinear form on A, and Hess F,, = detKl,mgk(@QFu /O0t10t ).

Let h1,...,h, € C(t)p be a collection of elements such that for any u the elements [h1],, ...,
[hu)u form a C-basis of A,.

Let g1,us---59nu € C(t)p be elements depending on w holomorphically at w = 0 and such
that for any u (close to 0) the unital subalgebra of A,, generated by [g1,uu, - - - ; [gn,ulu €quals A,,.

Let W be a vector space with a symmetric bilinear form S. For u # 0, let M;, : W — W,
j € J, be a collection of commuting symmetric linear operators,

M; M = M; o M;, S(M;jux,y) = S(z, Mj.y) for all 4,7 € J and z,y € W.

We assume that every M;,, depends on u meromorphically (for u close to 0) and has at most
simple pole at u = 0,

MY o . ,
M= ——+ M + Myt M € End(W). (9.1)
Let w1y, ..., wuu € W be a collection of vectors depending on u holomorphically at u = 0.

Consider the element

17
W]y =Y [Milu ® wyy € Ay @ W.
=1

Assume that for every nonzero u (close to 0) we have

I3 B

Z[hl}u & Mj,uwl,u == Z[gj,u]u[hl]u & wl,w ] € J? (92)
=1 =1

and for every u (close to 0) we have

Hp
> S(wius W) [Pluln)u = (—1)F[Hess Fy ..

I,m=1

For any u, denote by Y,, C W the vector subspace generated by w1y, ..., w,. By proper-
ty (9.2), for any nonzero u (close to 0) every M;,, j € J, preserves Y,. For any nonzero u
(close to 0) denote by Ay, the unital subalgebra of End(Y,,) generated by M;,ly,, j € J. The
subspace Y, is an Ay, -module.

For any u (u = 0 included) define a linear map

m
Qy - Au — YU7 [f]u — Z([f]u; [hl]u)uwl,u~
=1

Theorem 9.1. For any u (in particular, for uw = 0) the map «, : Ay — Yy is an isomorphism
of vector spaces. The form S restricted to Y, is nondegenerate.

Proof. Define a bilinear form (, )s, on A,

I

([f1us [g]u)S,u = S(awu([flu), aullglu)) = Z S(wl,u’wm,l)([f]ua [Pa)u)u(g)us [Pom)u)u-

I,m=1



Quantum Integrable Model of an Arrangement of Hyperplanes 35

Lemma 9.2. For any u, we have ([fu[9]u, [Plu)su= ([flus [9ulP]u)su for all [flu, [9lu, [h]u € Au.

Proof. For u # 0, the statement follows from Lemma 8.3. For v = 0, the statement follows by
continuity. |

The next two lemmas are similar to the corresponding analogs in Section 8.2.

Lemma 9.3. There exists a unique element [s|lg € Ao such that ([f]o,[g9]0)s.0 = ([s]o[f]o,[9]0)o
for all [flo, [g]o € Ao.

Lemma 9.4. Let [s]o € Ag be the element defined in Lemma 9.3. Then [s]o has the following
two properties:

(i) the element [s]o is invertible and projects to (—1)F in C = Ag/mg, where mg C Ag is the
mazximal ideal,

(i7) the form (, )so is nondegenerate.
Lemma 9.4 implies Theorem 9.1, cf. the end of Section 8.2. |

Define the value [w]o(p) of [w]p at p as the image of [w]p under the natural projection
A0®W—>A0/m0®W:W.

Corollary 9.5. The value [w]o(p) is nonzero.
Corollary 9.6. The space Yy is of dimension j and wi, ..., w;o 5 its basis.

For any [g]o € Ao, denote by L, € End(Ap) the linear operator on Ay of multiplication
by [glo. For any j € J, define a linear map L;o : Yo — Y by the formula Lo = OZOL[gm}O(OéO)_l-
Denote by Ay, the unital subalgebra of End(Yp) generated by Ljo, j € J. Clearly, Ay, is
commutative. The subspace Yj is an Ay,-module.

Theorem 9.7.

(i) The map [gj0lo — Ljo, j € J, extends uniquely to an algebra isomorphism By : Ay — Ay,.

(17) the algebra Ay, tends to the algebra Ay, as u — 0. More precisely, for any j € J and
I=1,...,u, we have M; wy,, — Ljow;o as u— 0.

Proof. Part (i) is clear. Part (i7) follows from (9.2). [
Let Y C W be a vector subspace such that

(a) YoC Y;
(b) the bilinear form S restricted on Y is nondegenerate;

(¢) for any j € J, the subspace Y lies in the kernel of M ;71).

For example, we can choose Y = Yp. Let pry : W — Y be the orthogonal projection.

Theorem 9.8.
(i) ForjeJ, let M;O) be the constant coefficient of the Laurent expansion of M;,,, see (9.1).
Then
= 0
Lj,() = pl“{/MJ( )’YO' (93)

In particular, that means that the operators prf/M;O)\yO do not depend on the choice of Y.
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(i) Let (§5)jes C C be numbers such that 3, ; QMJ(*U =0, then

ij JO_Z€J |Yo

JeJ jedJ

Proof. For j € J, let wy, = w; o+ wl(l)u + - be the Taylor expansion of wy,. By part (ii) of

Theorem 9.7 we have
wjo € ker Mj(_l) and Ljowo = M;O)wl,o + M;_l)wl(’lo). (9.4)

(=1

The operator M ](71) is symmetric since M}, is symmetric. The image of M ;s orthogonal to

the kernel of M ](71). Hence, formula (9.3) follows from formula (9.4). Part (i7) of the theorem

also follows from formula (9.4). |
Corollary 9.9. For any i,j € J, the operators pry M, |y0, pry M |y0 are symmetric and
commute.

Corollary 9.10. The unital subalgebra of End(Yy) generated by the operators pl“f,M](O)h/o,
j € J, is a maximal commutative subalgebra.

Proof. The proof follows from remarks in Section 8.3. |

Corollary 9.11. The vector [w]o(p) is the only (up to proportionality) common eigenvector of
the operators pry M ( lv, J € J, and we have erM(O) [w]o(p) = g5,0(p)[w]o(p)-

Assume that the parameter u is changed holomorphically, © = ¢iv 4 cov? + - - - where ¢; € C,
c1 # 0, and v is a new parameter. Let

Mju) = —2— + M + M v + - M € End(W),
be the new Laurent expansion.

Lemma 9.12. For any j € J, we have prf,MZ.(O)\yO = pr);Mi(O)|yO and the algebra Ay, C End(Yp)
does not change under the reparametrization of u.

Proof. One proof of the lemma follows from Theorem 9.7. Another proof follows from the fact
that M( D= M( 1)/c O) = Mi(o) - CQMi(_l)/c% [ |

9.2 Hamiltonians of bad fibers

Let us return to the situation of Sections 3 and 7 and recall the previous constructions.

Let 20 € A. Let V — V* be the map associated with the contravariant form. Let W, Sing W,
W (29), Sing W (2°) be the images of V, Sing V', F¥(A(2?)), Sing F¥(A(2?)), respectively. The
contr(agfariant form on V induces a nondegenerate symmetric bilinear form on W also denoted
by S\,

C
For z € C" — A, we have linear operators K;(z) : V =V, j € J, where K;(z) = > %]('Z)LC,
Cee
see (5.3). For ¢y ={C € ¢ | 2° € H¢}, we define
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The dual operators K;(z)* : V* — V* preserve the subspaces SingW C W C V*, commute
on the subspace Sing W and are symmetric on W with respect to the contravariant form. The
operators Lf, : V* — V*, C € €, preserve the subspaces SingW C W C V*. The space W (zY)
lies in the kernel of L |y : W — W for any C € €.

Let Too = {€ = e &5 | & € C, &(fc) = 0 for all O € €}

Let p € U(A(2°)) be an isolated critical point of the master function ®(2°, -) : U(A(z°)) — C.
Let A, ¢ be the local algebra of the critical point and (, ), the residue bilinear form on A, s. Let
[]:C()ua(0) — Ape be the canonical projection and [E] € A, ¢ ® Sing W (z°) the element
corresponding to the canonical element.

Define a linear map

ap: Ape — SingW(zO), g+ (g, [E])p.
Denote Y), the image of c,.
Theorem 9.13.

(1) We have ker oy, = 0. The isomorphism oy, identifies the contravariant form on Y, and
the residue form (), on A, multiplied by (—1)*. In particular, the contravariant form
on Y}, is nondegenerate.

(i4) Let Y C Sing W be a vector subspace such that

(a) Y, CY;
(b) the contravariant form restricted on Y is nondegenerate;
(¢) for any j € J, the subspace Y lies in the kernel of L¢, C e .

Let pry : SingW — Y be the orthogonal projection. Then for any j € J the operator
pl“f,Kjl (zo)*|yp maps Y, to Y, and does not depend on the choice of Y. The operators
prf/K}(zO)*]yp 2 Y, = Y, j € J, commute and are symmetric with respect to the con-
travariant form on Y.

(ii1) The unital subalgebra Ay, C End(Y)) generated by pr{,K}(ZO)*h/p, Jj € J, is a maximal
commutative subalgebra.

(iv) The naive geometric Hamiltonians K¢(2°)*, £ € T,o, preserve the subspace Y, and the
operators K¢(2°)*|y, are elements of the subalgebra Ay, .

(v) The value [E](p) of [E] at p is nonzero. The vector [E|(p) is the only (up to proportionality)
common eigenvector of the operators prf/K} (zo)*|yp, 7 € J, and we have
aj

pry K} (2°)°[E](p) = 70 [E](p).

(vi) For any j € J, g € Apa, we have ay(ga;j/[fi(2°-)]) = prf/K}(zo)*ap(g). The map
la;/f(z°, )] — pI‘f/Kjl(ZO)*h/p, Jj € J, extends uniquely to an algebra isomorphism [, :
Ap’.:p — Ayp.

(vii) The isomorphisms ay,, B, identify the reqular representation of the algebra A, e and the
Ay,-module Y.

All statements of the theorem (but the second statement of part (7)) follow from the cor-
responding statements of Section 9.1. The second statement of part (i) has the same proof as
Theorem 8.11.
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Theorem 9.14. Let py,...,pq be a list of all distinct isolated critical points of ®(2°, -). Let
Yy, = ap,(Ap, ») C SingW(zY), s =1,...,d, be the corresponding subspaces. Then the sum of
these subspaces is direct and orthogonal with respect to the contravariant form.

Corollary 9.15. The sum of Milnor numbers of the critical points p1,...,pq is not greater than
the rank of the contravariant form S(a)|Sing]:k(A(z0))-

Denote Y = @%_,V,.. Let Y C Sing W be a vector subspace such that

(@) YCVY;
(b) the contravariant form restricted on Y is nondegenerate;

(¢) for any j € .J, the subspace Y lies in the kernel of L%, C € €.
For example, we can choose Y =Y. Let pry : Sing W — Y be the orthogonal projection.
Theorem 9.16.

1) For any j € e operator pr- K (2°)* maps oY and does not depend on the choice

) F j e J th tor pry K} (20)* Y toY and d t depend on the choi
of Y. The operators prf,K}(zO)*h/ Y = Y, j € J, commute, preserve each of the
subspaces Y, and are symmetric with respect to the contravariant form on'Y .

Denote by Ay be the unital subalgebra of End(Y) generated by prf,K}(zo)*|y, jed.

(1) The naive geometric Hamiltonians K¢(2°)*, € € T,o, preserve the subspace Y and the
operators K¢(2°)*|y are elements of the subalgebra Ay .

(7i1) Consider the isomorphisms

d . d d
Q= 695110@75 . @SZIAZ)37‘1> — 69811}/1757

B=al B ®_ A 5 ® 7 @gzlAYps-
Then

(a) Ay = &1 Ay,,;

(b) Ay is a mazximal commutative subalgebra of End(Y');

(¢) the isomorphisms «, 3 identify the regular representation of the algebra EB?ZIAPS@
and the Ay -module Y ; the isomorphism « identifies the contravariant form on'Y and
the residue form (, ) = ®%,(, )p, on ®_; A, o multiplied by (—1)F;

(d) in particular, if the rank of the contravariant form S(“)\Singfk(z()) equals the sum
of Milnor numbers of the points pi,...,pq, then Y = SingW(z°) and the module
Sing W (2°) over the unital subalgebra of End(Sing W (2°)) generated by geometric
Hamiltonians prf,K}(zO)*|SingW(20), j € J, is isomorphic to the regular representa-
tion of the algebra ©¢_; A, o;

The theorem follows from the corresponding statements of Section 9.1.
Theorem 9.17. Assume that the arrangement (A(zY),a) is unbalanced.

(i) Then the contravariant form is nondegenerate on Sing W (2°).

(i) Let preingw -0y : Sing W — Sing W (2%) be the orthogonal projection, Aging w(z0) be the uni-
tal subalgebra of End(Sing W (2°)) generated by the operators prSingw(ZO)K}(ZO)*|SingW(z0),
J € J. Then Agingw .0y is commutative and its elements are symmetric with respect to the

contravariant form on Sing W (2°).
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(iii) Let p1,...,pq be a list of all distinct isolated critical points of ®(2°, -). Then the ASing W (20)
module Sing W (2°) is isomorphic to the reqular representation of the algebra ®3_| A, .

Proof. If (A(z"), a) is unbalanced, then the sum of Milnor numbers of the master function equals
Ix(U(A(2?)))| and equals dim Sing F*(A(2")). This implies part (i) of the theorem. Parts (i4)
and (iii) follow from Theorem 9.16. [

9.3 Remark on critical points of real arrangements

Assume that (gj)jcs are real, see Remark 3.2. Assume that 20 € R® ¢ C". Assume that the
contravariant form is positive definite on Sing W (z°). Let PIging w(z0) : Sing W — Sing W (2%)
be the orthogonal projection. Assume that the operators

1/.0\* . 0 . 0 .
PSing w(20) K (z ) ]SingW(ZO) : Sing W(z ) — SlngW(z ), JEJ,
commute and are symmetric with respect to the contravariant form.

Theorem 9.18. Under these assumptions, any critical point p of the master function ®(2°,-) :
U(A(Z%) — U(A(ZY)), is nondegenerate and the nonzero value [E](p) at p of the canonical
element lies in the real part Sing W (z°)g of Sing W (2°) (up to multiplication by a nonzero
complex number).

Proof. On one hand, under assumptions of the theorem all the linear operators preserve
Sing W (2°)g and can be diagonalized simultaneously. That means that any element of the alge-
bra of geometric Hamiltonians Ag;, 177(.0) (generated by operators prej,e yy(»0) K. ]1(20)* |Sing W (29)
j € J) is diagonalizable. On the other hand, if the Milnor number of p is greater than one, then
the local algebra A ¢ has nilpotent elements and, by Theorem 9.13, the algebra Ag;,g .0y has
nondiagonalizable elements.

The second part of the theorem is clear. |

Theorem 9.18 is in the spirit of the main theorem of [12] and Conjecture 5.1 in [11]. The
main theorem of [12] says that certain Schubert cycles intersect transversally and all intersection
point are real. These two statements correspond to the two statements of Theorem 9.18.

10 Arrangements with symmetries

10.1 A family of prediscriminantal arrangements

In this section we consider a special family of parallelly translated hyperplanes, see Section 3.
The members of that family will be called prediscriminantal arrangements.

Data 10.1. Let h* be a complex vector space of dimension r with a collection of vectors
aty ..., 0, A, ..., AN € b* and a symmetric bilinear form (, ). We assume that (o, «;) # 0 for
every ¢t =1,...,r.

Let k = (k1, ..., ky) be a collection of nonnegative integers. We denote k = ), k; and assume
that £ > 0. We assume that for every b = 1,..., N there exists ¢ such that (a;, Ay) # 0 and
k; > 0.

Consider the expressions

foyr = tl(i) - tl(,i) + 20,00 such that i = 1,...,rand 1 <1<l <k (10.1)

Faanar =t =t + 200

such that 1 <i<i <r, 1 <1<kl

>

o and (ag, ) # 0;

<
fapa = —tl(i) + 2(i,p),1 such that 1 <i<r, 1 <1<k, 1<b< N and (o, Ap) #0.
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Let J denote the set of all low indices of the letters f in these expressions. So J is the union
of three nonintersecting subsets Ji, Jo, J3 where J; consists of triples {(i),[,1'} from the first
line of (10.1), Jo consists of four-tuples {(,4'),1,!'} from the second line, J3 consists of triples
{(i,b),1} from the third line. Let n be the number of elements in J.

Consider CF with coordinates
1 1 r r
t= ().

Consider C" with coordinates z = (2;)jes and C" x CF with coordinates z, t. For any j € J
the expression f; can be considered as a linear function on C" x Ck. We have fi = z +gj
where g; = t(z) tl(,) if j = {(¢),1,I'}, where g; = tl() tl(, ) if j = {(¢,4'),,l'} and g; = — (Z) if
J ={(@,b), l} The functions g;, j € J, can be considered as linear functions on CF.

For j € J, the equation fj(z,) = 0 defines a hyperplane H C C" x C* and we get an
arrangement A = {H; | j € J} in C" x C*.
We assign (nonzero) weights a; to hyperplanes of C by putting

agyr = (@),  agayr = (),  agpyg = —(a, Ap). (10.2)

The weighted arrangement C is an example of a family of parallelly translated hyperplanes
considered in Sections 3-9.

10.2 Discriminantal arrangements

Let X C C™ be the subset defined by the following equations:

2@yar =0, =1,...,rand 1 <l <l <k
Z(i,in 0 =0, 1<i<i’'<r, 1<I<k;, 1<V <kyand (a4, ap) #0;
i)l = 2@ )i 1<i<r, 1<I<k, 1< <r, 1< <ky, 1<bLN,

(ai>Ab) 7& 0, (ailv Ab) ?é 0.

The subset X is an N-dimensional affine space. We will use the following coordinates z1,...,zN
on X defined by the equations z, = 2(4,b),05 where 1 < b < N, 1 <i<r, 1< <k and
(ai, Ap) # 0. We will be interested in the open subset U(X) C X,

UX)={z€ X | z1(2),...,xn(2) are all distinct}.

Let us consider the arrangement A(z) = (H;(z)) e, in the fiber C* of the projection C" x Ck —
C™ over a point z € U(X) with coordinates z1(z),...,xn(z). Its hyperplanes are defined by
the equations:

(i =0, =1, rand1<l<l <k
t}”—t},’:o, 1<i<i' <r, 1<I<ky, 1< <ky and (o, o) # 0;
tl(i)—xb(z):(), 1<i<<r, 1<I<k, 1<b< N and (o, Ap) # 0.

The weights of these hyperplanes are defined by formula (10.2). This weighted arrangement is
called discriminantal, see [23, 25].
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10.3 Symmetries of the family of prediscriminantal arrangements

The product of symmetric groups Sg = Sk, x - -- X Sk, acts on C* by permuting coordinates tl(i)

with the same upper index. More precisely, a point p € C* with coordinates (tgl)(p), . tgl) (p),
e tgr) (), -, t,(!;) (p)) is mapped by an element o = (o71,...,0,) to the point with coordinates

(1) (1) r) (r)
(t (1)(1)),... t (kl)(p),...,tar_l(l)(p),... t (kr)(p)).

O';l 9 0,—1 9 0_;1

The group Skl acts also on C". Namely, an element ¢ = (01,...,0,) sends a coordina-
te z(;),1, to the coordinate 2(),04(1),05 (1) if o;(1) < O'Z'(l/) and to —2(i),04(1),04 (") if o;(1) > O’Z‘(l/). An
element o sends a coordinate z(; ;1) 117 10 (i ir).0(1),0, (1) - An element o sends a coordinate z(; p);
to the coordinate z(; 4 o, (1)

Clearly every point of X C C” is a fixed point of the Sk-action.

The actions of S on C" and CF induce an action on C” x C*. The Sk-action on C" x CF
preserves the arrangement A and sends fibers of the projection C" x C¥ — C” to fibers.

The Sk-action on A corresponds to an Sk-action on the set J = J; U Jy U J3. That action
preserves the summands. For 0 = (01,...,0,) € Sk we have

{(i),1,1"} = {(3), min(0:(1), 03 (1)), max(o:(1), 03 (1)) },
{(ivi,)vlvl/} = {(i7i/)70i(l)vai’(l/)}7 {(Z’b)al} = {(i’b)7ai(l)}a

where {(2),1,I'} € Jy, {(i,7),1,I'} € Ja, {(i,b),1} € Js5.

Consider the discriminant A = Ugee Ho C C", see Section 3.2. Here € is the set of all circuits
of the matroid of the collection (g;);ecs. Clearly the Sg-action on C" preserves the discriminant
and permutes the hyperplanes {H¢ | C € €}.

The action of Si on the hyperplanes of the discriminant corresponds to the following action
on €. If C = {j1,...,41} C Jis acircuit and o € Sk, then o(C) is the circuit {o(j1),...,00j)}-

10.4 The Si-action on geometric Hamiltonians

We use notations of Section 3.3 and for z€ C"— A denote V = F*(A(z)), Sing V = Sing F*(A(2)).
The triple (V,SingV, S (“)) does not depend on z € C" — A as explained in Section 3.3.

Fix an order on the set J. Recall that the standard basis of V* = AF(A(z)), associated
with an order on J, is formed by elements (Hj,,..., Hj,) where {j; < --- < ji} runs through
the set of all independent ordered k-element subsets of J. The (dual) standard basis of V is
formed by the corresponding vectors F(Hj, (2),..., H;, (z)). We have F(H; (2),...,H; () =
(-1 F(H ,(2),-.. . Hj, ., (2)) for any p € S, see Section 2.11.

Ju@ Tu(k)
The Sk-action on J induces an action on V and V*. For o € Sg, we have

g F(Hj (Z), ... ,ij(z)) — F(Ha(jl)(z), ... ,Hg(jk)(z))

and (Hyj, (2),...,Hj,(2)) = (Hgj)(2),- -, Hy(j,)(2)). The Sg-action on V' preserves the sub-
space Sing V and preserves the contravariant form S(® on V.

Let 20 € U(X). Then 2° is Sg-invariant and the group S acts on the fiber C* over 20 and
on the weighted arrangement (A(2°), a) in that fiber. The subspaces F*(A(2?)), Sing F*(A(2Y))
of V are Sp-invariant.

Let V — V* be the map associated with the contravariant form. Let W, Sing W, W (z°),
Sing W (z") be the images of V, SingV, F¥(A(z")), Sing F¥(A(z")), respectively. All these
subspaces are Sg-invariant.

An Sk-action on a vector space defines an Sg-action on linear operators on that space. For
o € Sy and a linear operator L we define o(L) = o Lo~ 1.

In Section 5.2 we have defined operators Lo : V — V, C € €. Clearly for any ¢ € S and
any C' € € we have o(L¢) = Ly ().
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In Section 5.2 we have considered differential 1-forms on C"™ x C* which were denoted by wj,
j e J, and we, C € €. The Sk-action on C" x CF preserves this set of differential 1-forms.
Namely for any j € J, C' € €, 0 € S, we have 0 : wj = wy(j), WC + We(C)-

Lemma 10.2. The following objects are S-invariant:
Zajwj, ZWC’@LC’ Z U.)jl/\---/\Q)jk(X)F(Hjl,...,ij).
jEJ Ccece independent
{j1<~“<jk}CJ
By the definition of K;(z) : V =V, j € J, we have

ch ® Lo = Zdzj ® Kj(z)

Cece jeJ

see formula (5.4). The functions K;(z) are End(V')-valued meromorphic functions on C".
Since Sk acts on C™ and End(V) it also acts on End(V')-valued functions on C", o : F(q) —
oF(07Y(g))o~" for ¢ € C". Lemma 10.2 allows us to describe the Sg-action on functions K;(z).

Corollary 10.3. An element 0 = (01,...,0,) € Sk acts on functions K;, j € J, by the
formulas:

Kiyar (@) = Ky oi,0:00 (071 (@) if oi(l) < ai(l'),

Ky (@) = =K@ oiay.onn (071(@), if oi(l) > oi(l'),
K (@) = Ky oiy,00 0 (071 (),

H
—>

=> fc Lc, K}(z) = Kj(z) — K9(2).

Cely
Corollary 10.4. An element o € Sk acts on operators KJ1 (2% :V =V, jeJ, by the formula
1/.,0 1
o (Kj (") = K0 (2"),

where the minus sign is chosen only if j = {(i),1,I'} and o;(l) > o(I').

10.5 Functions K, (2)

Let 20 € U(X). Recall that Tho = {{ = 3" gja% | & € C, &(fc) = 0 for all C € €&}, see
Section 7.1. Define the following constant vector fields on C”,

D, = > 0 ,  b=1,...,N.

0z(;
1<i<r, 1<k, (@i Ap)#0 G0

Lemma 10.5. The vector fields Oy,, b = 1,...,N, are elements of T,o. The End(V)-valued
functions

Kawb(z) = Z K(i,b),l(z)> b=1,...,N,
1<i<r, 1<I<ks, (a,Ap)#0

are Sy-invariant.
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By Lemma 7.1, the functions K, (2) are regular at 2° and their dual operators preserve the
subspace Sing W (z") C V*.

Corollary 10.6. For 2" € U(X), the operators
Ka,, (ZO)*|SingW(z0) : Sing W(zo) — SingW(zO), b=1,...,N,
are Sg-invariant.

The operators Ky, (29)*|Sing W(z0) are naive geometric Hamiltonians on Sing W(zY) in the
sense of Section 7.1. They commute and they are symmetric operators with respect to the
contravariant form.

10.6 Naive geometric Hamiltonians on Sing W~ (2°)

The space W has the canonical direct sum decomposition into isotypical components correspon-
ding to irreducible representations of Si. One of the isotypical components is the component

W ={zeW|o(z)= (=1)llz for any o € Sk},

corresponding to the alternating representation. If L : W — W is an Sk-invariant linear
operator, then L preserves the canonical decomposition and, in particular, it preserves the
subspace W ™.

Let 2 € U(X). Then the subspace SingW(z°) C W is an Sg-submodule. We define
Sing W~ (2%) = W~ N SingW(2%). For any b = 1,..., N, the operator Ko, (29)* preserves
Sing W~ (2°). The operators

Ka,, (zo)*]Sing w-(z0) © Sing W™ (zo) — Sing W™ (20)

will be called naive geometric Hamiltonians on Sing W~ (z).

10.7 Sk-symmetries of the canonical element

Let 20 € U(X). Let p € U(A(2?)) be an isolated critical point of the master function ®(2°, -) :
U(A(2°)) — C. Let O(p) = {o(p) | ¢ € Sk} be the Sg-orbit of p. The orbit consists of
ki!--- k! points. Let A, s be the local algebra of the critical point o(p) and (, )g(y) the
residue bilinear form on Ag(,) 6. Let [ o) @ C(t)y(a(20)) = As(p),@ be the canonical projection
and [E], () € Ag(p),e @ Sing W (2") the projection of the the canonical element.

The group Sk acts on functions on U(A(z%)). If g € C(t)y(a(:0)) and o € Sk, then o(g)(q) =

(071(q)) for ¢ € U(A(2)).

g q q

Lemma 10.7. An element o € Sy acts on functions f;, j € J, by the formula

G(f]) = ifd(j)?
where the minus sign is chosen only if j = {(i),1,I'} and o;(1) > o(l').

The Sk-action on C(t)y(4(;0)) induces an isomorphism o : Ay o — Ay, [9lp = [0(9)]o(p)-
Let us compare the residue bilinear forms on A;, ¢ and A,(;,) ¢ and projections of the canonical
element to Ay ¢ and Ay -

Lemma 10.8. For f,g € Ay o, we have

(@(f),0(9))ew) = (=1)7(f,9)p  and  o([E]p) = (=1)7[Eloy),

where (—1)7 = ﬁ (—1)7i.

=1
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For o € Sk, let ay(p) @ As(p),e — Sing W (z°) be the linear monomorphisms constructed in
Section 9.2. Let Y,y be the image of (). If p is the Milnor number of p, then dim Y, (,) = p

Lemma 10.9. For f € Ay ¢, we have o(ay(f)) = g (a(f))-

Corollary 10.10. We have o(Y}) = Y, -

By Theorem 9.14, the subspaces Y, are all orthogonal and the contravariant form on
Yo(p) = Poesy, Yo(p) 1s nondegenerate. The group Sk acts on Yp(,). Denote

Y, {veYoy) | o(v)=(-1)%v for all o € Si}.

71)) B

Corollary 10.11. We have Y, = {2 ves, (m1)70(v) | v €Yy} and dimYy ) = p.

Let Ant =} g (—1)70 : Sing W (z%) — Sing W~ (2°) be the anti-symmetrization operator.
Denote

[E], =

> = (1® Ant)[E],.

Define a linear monomorphism

a, + Ape — Sing W™ (2°), = (f[El)p -

Lemma 10.12. We have
Yo = (o (F) | 1 € Apa).

The linear map o, identifies the contravariant form on YO_(p) and the residue bilinear form

on Ap o multiplied by (—=1)Fky!- - k.\. In particular, the contravariant form on Y(;(p) is nonde-
generate. We also have

S(E],,[E],) = (—1)Fki! - k! [Hess® (20, )] .

) (10.3)

Let Y C Sing W be a vector subspace such that

(CL Yop)CY
b

)

(b) the contravariant form restricted on Y is nondegenerate;

(c) for any j € J, the subspace Y lies in the kernel of L%, C' € €p;
)

(d) the subspace Y is Sg-invariant.

For example, we can choose ¥ = Yo(p)- Let pry : SingW — Y be the orthogonal projection
with respect to the contravariant form.

For every j € J and o € Sk, the map prf/K}(zO)* : SingW — Sing W preserves Y,
and pry K }(20)*|Y does not depend on the choice of Y, see Theorem 9.16. We also have
o pr};K}(zO)* — :I:prf,K;(j)(zO)* where the minus sign is chosen only if j = {(i),,'} and
ai(l) > o(l').

Important definition. Denote by P the algebra of polynomials with complex coefficients
in n variables a;/f;, j € J, such that for any F(a;/f;,j € J) € P the function F(a;/f;(2°,"),
jeJ)eUA(ZY)) is Sg-invariant.

Lemma 10.13. The natural homomorphism P — Ap.o is an epimorphism.
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Let F(a;/fj(2°),j € J) € P%. Replace in F each variable a;/f; with the operator
pr};K]l(zo)*. Denote the resulting operator on Sing W by F(prgK}(zo)*,j € J). This operator
preserves Yy, for any o € Sy and its restriction to Y;(,) does not depend on the choice of Y. The
operator F(prf,KJl (29)*,j € J) is Sg-invariant by Corollary 10.4. Hence, F(pr?K}(zo)*,j eJ)
preserves YO_(p)'

Theorem 10.14.

(i) For F € Pk, the operators
1 0 * . . —
F(pryKj(2Y)",j € J)]YM Yo = You

commute and are symmetric with respect to the contravariant form.

(1i) The map F — F(pr};K]l(zo)*,j € J)]YO—(p) induces an algebra monomorphism
By« Ape — End(Yy,).

(iii) The image of this monomorphism, denoted by Ay,( X s a mazximal commutative subalgebra
O(p

of End(YO_(p)).

(iv) The naive geometric Hamiltonians Kg, (2°)*|y- ,b=1,...,N, are elements of Ay .
‘e ow’ o)

(v) The maps o, , B, define an isomorphism of the regular representation of Ape and the

AYo_(p) -module YO( )

the residue bilinear form on Ap e multiplied by (—1)Fky!- - - k.

The linear map o, identifies the contravariant form on Y(;(p) and

(vi) Define the value of [E], at p as the image of the natural projection of [E], to Aps/m, ®
Sing W~ (2°) = Sing W~ (2°). Then the value [E], (p) is nonzero and lies in Yo The
vector [E|; (p) is the only (up to proportionality) common eigenvector of the operators
F(pry Kj(2°)",j € J)\Y(;(p), F € P, we have

F(pry G (2")",j € J)[E], (p) = F(a;/f(<°.p) 5 € J)E], ().

Theorem 10.15. Let py, ..., pq be a list of isolated critical points of ®(2°, -) such that the orbits

O(p1),---,0(pa) do not intersect. Let Y, = a, (Ap, e) C Sing W=(2Y), s = 1,...,d, be the

corresponding subspaces. Then the sum of these subspaces is direct and orthogonal with respect
to the contravariant form.

Corollary 10.16. The sum of Milnor numbers of the critical points p1,...,pq s not greater
than the rank of the contravariant form S(a)‘SingW*(ZO)'

Let Y C W be a vector subspace such that

(a
(b
(c

(d) the subspace Y is Sy-invariant.

the contravariant form restricted on Y is nondegenerate;
for any j € J, the subspace Y lies in the kernel of L%, C € €;

) ®
)
)
)

For example, we can choose ¥ = @§:1Y0(ps)- Let pry : SingW — Y be the orthogonal
projection.
Denote Y~ = @szlYO‘(ps).
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Theorem 10.17. For F € PS¢, the operators
F(prgKj(29)" i€ J)ly-: Y™ =Y~

do not depend on the choice of Y. They commute and are symmetric with respect to the con-
travariant form.

Denote by Ay - the unital subalgebra of End(Y ™) generated by F(prf,K}(zO)*,j € Jly-,
F € P%. The naive geometric Hamiltonians Ka%(zo)*\yf, b=1,...,N, are elements of the
algebra Ay - .

Consider the isomorphisms

_ d _— . d d -
a = G95:10‘}75 ° ®$:1Apqu) - @s:]'YO(pS)7

B =@l 1B @A) 0 — B Ay -

O(ps)

Then
_ md .
(a) Ayf - 69s:l‘AYO*(psy

(b) Ay - is a mazximal commutative subalgebra of End(Y ~);

(c) the isomorphisms a~, B~ identify the reqular representation of the algebra @gl:lApS@ and
the Ay—-module Y~ ; the linear map o~ identifies the contravariant form on Y~ and the
residue bilinear form (, ) = @%_,(, )p, on @Ay, o multiplied by (—1)Fky!- - k,!;

(d) in particular, if the rank of the contravariant form S(a) ’SingW_(zog equals the sum of Milnor
numbers of the points pi,...,pq, then the module SingW~(z") = Y~ over the unital
subalgebra of End(Sing W~ (2")) generated by geometric Hamiltonians F(plrf/K]1 (20,5 €
Dy—, F € P9, is isomorphic to the reqular representation of the algebra @?ZlApS@.

Corollary 10.18. If 2° € U(X) and the arrangement (A(2°),a) is unbalanced, then the opera-
tors F(pryK}(zo)*,j € J)|singw-(z0) : SingW~(2%) — SingW~(2°), F € P, commute and
are symmetric with respect to the contravariant form.

Proof. In this case Y~ = Sing W~ (2°) and the corollary follows from Theorem 10.17. [

11 Applications to the Bethe ansatz of the Gaudin model

11.1 Gaudin model

Let g be a simple Lie algebra over C with Cartan matrix (a;;);,;—;. Let h C g be a Cartan
subalgebra. Fix simple roots a1, ..., q, in h* and a nondegenerate g-invariant bilinear form (, )
on g. The form identifies g and g* and defines a bilinear form on g*. Let Hy,..., H, € § be the
corresponding coroots, (A, H;) = 2(\, o)/ (cy, o) for A € b*. In particular, (o, H;) = a; ;.

Let F1,...,E. €ny, Hi,...,H, €b, F1,...,F,. € n_ be the Chevalley generators of g,

[E;, Fj] = 6; jH;, ij=1,...,m

[, h/] =0, h,h €,

[h, E;] = (i, h) E; heb, i=1,...,r,
[h, F5] = —{a, h) i, hebh, i=1,...,r

and (ad E;)17%i E; = 0, (ad F;)1 7% F; = 0, for all i # j.
Let (J;)ier be an orthonormal basis of g, @ = >"..; J; ® J; € g ® g the Casimir element.
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For a g-module V and u € h* denote by V[u] the weight subspace of V' of weight 1 and by
Sing V'[p] the subspace of singular vectors of weight ,

SingVipl={veV |nv=0, hv = (u, h)v}.

Let N > 1 be an integer and A = (Ay,...,An), Ay € b*, a set of weights. For p € h* let V,
be the irreducible g-module with highest weight . Denote

VA=VA, ® - ®@Vay.
For X € End(Vj,), denote by
XV=19---919X®1®---®1¢cEnd(V3)

the operator acting nontrivially on the i-th factor only. For X =37 X, ®Y,, € End(Vj,®Vj,),
we set X0 =3 X1 @V, € End(Vy).

Let 20 = (29,..., x?\,) be a point of CV with distinct coordinates. Introduce linear operators
K;(29),..., Kn(z°) on V by the formula

0 Qb0
Kb($)22m, bzl,,N
b c

c#£b

The operators are called the Gaudin Hamiltonians. The Hamiltonians commute,
[Ky(2%), K (2°)] = 0 for all b, c.

The Hamiltonians commute with the g-action on Vj. Hence they preserve the subspaces
Sing VA [u] C VA of singular vectors of a given weight u.

Let 7 : g — g be the anti-involution sending E;, H;, F;, to F;, H;, E;, respectively, for all i.
Let W be a highest weight g-module with a highest weight vector w. The Shapovalov form S
on W is the unique symmetric bilinear form such that

S(w,w) =1, S(gu,v) = S(u,7(g)v)

for all u,v € W and g € g.
Fix highest weight vectors vy,...,vn of Va,,...,Va,, respectively. Define a symmetric bi-
linear form on the tensor product VA by the formula

SA=51® - ®Sn,

where Sy, is the Shapovalov form on Vj,. The form Sy is called the tensor Shapovalov form.

The Gaudin Hamiltonians are symmetric with respect to the tensor Shapovalov form,
SA(Kp(y)u,v) = Sa(u, Kp(y)v) for any u,v € Vy and b=1,..., N, see [19].
For any p € b*, the Gaudin model on Sing Va [u] C V4 is the collection

(Sing VA[ul; Salsingvajyi Ks(W)lsing vage © Sing Va[u] = Sing Valu], b=1,...,N),

see [7, 8]. The main problem for the Gaudin model is to find common eigenvectors and eigen-
values of the Gaudin Hamiltonians.
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11.2 Master function and weight function, [23]

The eigenvectors of the Gaudin Hamiltonians are constructed by the Bethe ansatz method. We
remind that construction in this section.
Fix a collection of nonnegative integers k = (k1,..., k). Denote k =k + - -+ + k,,

N r
Aoo = ZAb — Zklaz
b=1 =1

Consider C*¥ with coordinates

1 1 r r
b=, ).

Define the master function

O(20,t, A k) = Z Z (v, ;) log( o) t§f)) (11.1)

=1 1<5<j'<k;
r k;

ki N
+ Z ZZ Qi Qg log i 1t(Z ZZZ Ap, ;) log (Z)—xg).

1<i<i’<r j=1 j'=1 i=1 j=1 b=1

We consider ® as a function of ¢ depending on parameters 2°.

Denote by U the set of all points p € C* such that for any logh entering (11.1) (with
a nonzero coefficient) we have h(p) # 0. The set U is the complement in C* to the union of
hyperplanes. The coefficients of the logarithms in (11.1) define weights of the hyperplanes. This
weighted arrangement is called discriminantal. Discriminantal arrangements were considered in
Section 10.2.

Let us construct the weight function w : C* — Va[As] introduced in [23], cf. [20]. Let
N
b = (by,...,bn) be a sequence of nonnegative integers with > b; = k. The set of all such
i=1
sequences will be denoted by B.

For b € B, let {c%,...,cél,...,c{\],...,cé\;v} be a set of letters. Let X(b) be the set of all
bijections o from the set {cl,..., cél, U AN cé\;v} to the set of variables {tgl), ... ,t,gll), e
t7,... i}, Denote d(t\) = i, and dpp = (d},....d}, ..., dY,...,d) ), where df* = d(o/(c}")).

To each b € B and o € X(b) we assign the vector

debv = Fd% . "Fdilvl XX Fd{v . --FdiVNUN S VA[AOO].

and the rational function

Wop = wop(2}) -+ way (2,

with
1
w® .%'O —
w07 = (o) = (@) (o(6h, ) — (G )olef,) — 2
and w¢ b( 9) =1 if b, = 0. Then the weight function is given by the formula

a: tk: Z Z w(,bx thUb (11.2)

beB oeX(b)

The weight function is a function of ¢ depending on parameters zV.

Lemma 11.1 (Lemma 2.1 in [16]). The weight function is reqular on U.
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11.3 Bethe vectors

Theorem 11.1 ([2, 3, 19]). Let g be a simple Lie algebra. Let A = (A1,...,An), Ay € b¥,
be a collection of weights, k = (ki,...,k.) a collection of nonnegative integers. Assume that
z0 € CN has distinct coordinates. Assume that p € CF is a critical point of the master function
®(2°,-, A, k) : U — U. Then the vector w(z°, p, k) (if nonzero) belongs to Sing Va[Aso] and is
an eigenvector of the Gaudin Hamiltonians K1(2°),..., K x(z°).

The theorem also follows directly from Theorem 6.16.2 in [23], cf. Theorem 7.2.5 in [23], see
also Theorem 4.2.2 in [6].
The vector w(z?, p, k) is called the Bethe vector corresponding to the critical point p.

Theorem 11.2. If p is an isolated critical point of the master function, then

0*P

Sa(w(a’p k) w (o p.k)) = det | G G
J

(xo,p, A, k:)

In particular, if the critical point is nondegenerate, then the Bethe vector is nonzero.

This theorem is proved for g = sl,;1 in [16] and for any simple Lie algebra in [27].

11.4 Identification of Gaudin and naive geometric Hamiltonians

Let us identify constructions and statements of Theorems 11.1, 11.2 and of Theorem 10.14.
First of all let us define the discriminantal arrangement associated with the Gaudin model in
Theorems 11.2, 11.1.

The Gaudin model is determined by a simple Lie algebra g, a nondegenerate g-invariant

bilinear form (, ), simple roots a1, ..., a;, highest weights Ay, ..., Ay, distinct complex numbers
29,...,2% and a vector k = (k1,...,k,) of nonnegative integers.

Let us take these b*, a1,...,ap, A1,..., AN, (, ), k = (k1,..., k) as Data 10.1 to define
a family of prediscriminantal arrangements. Let us choose a point 20 € U(X) by conditions
zp(2%) = 2 for b=1,..., N. The corresponding weighted discriminantal arrangement (A(z"), a)
of Section 10.2 is exactly the weighted arrangement defined by the master function in (11.1).
In particular, we have ®(20, -, A, k) = ®(2°, -) where ®(2, -) is the master function of the
arrangement (A(z°), a).
In [23] an isomorphism v : W~ (2%) — Va[A] was constructed with the following properties
(1)-(iv).
(i) The isomorphism v identifies Sing W~ (2°) with Sing Va[Aso].
(7i) The isomorphism + identifies a naive geometric Hamiltonian ngb|SngW‘(Z°) with the

Gaudin Hamiltonian K(z) |Sing Va [Aoo] UP to addition of a scalar operator. More precisely,
for any b=1,..., N, there is a number ¢, such that

’Y’Sing W= (20) (Kgxb + Cb) |Sing W= (29) = K, (xO) |Sing VA[AOO]V‘Sing W= (29)-

(iii) The isomorphism ~ identifies the contravariant form on W~(z") (multiplied by
(—=1)FEq!-- - K,!) with the tensor Shapovalov form on Va[As],

Sa(y(x),v(y)) = (—l)kkl! e kT!S(a)(ac,y) for any =,y € VA[Aoo].
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(iv) Let E € C(t)ya0) @ W (z") be the canonical element of the arrangement A(z"). Let
Ant =3 g (—1)%0: W (%) — W~(2") be the anti-symmetrization operator. Consider
the element (1 ® Ant)E € C(t)y a0y ©@ W (2°). Let w(a®, -, k) € C(t)y(ac0)) @ VA[Aoo]
be the weight function defined by (11.2). Then

1@l @At)E = k! - klw.

See Theorems 5.13, 6.16.2, 6.6 and 7.2.5 in [23], see also Section 5.5 in [27].
Now Theorem 11.2 follows from items (iv) and (vi) of Theorem 10.14 and Theorem 11.1
follows from Lemma 10.3 and Theorem 2.8.

From statements (i)—(iv) and Theorem 10.14 we get the following improvement of Theo-
rem 11.2.

Theorem 11.3. For any simple Lie algebra g, if p is an isolated critical point of the master
function ®(2°, -, A, k), then the corresponding Bethe vector w(z, p, k) is nonzero.

11.5 Bethe algebra

The subalgebra of End(Sing Va[u]) generated by the Gaudin Hamiltonians can be extended
to a larger commutative subalgebra called the Bethe algebra. A construction of the Bethe
algebra for any simple Lie algebra g is given in [4]. As a result of that construction, for any x°
one obtains a commutative subalgebra B(z?) C (Ug)®" which commutes with the diagonal
subalgebra Ug C (Ug)®V. To define the Bethe algebra of Va or of Sing Va[u] one considers
the image of B(z%) in End(V) or in End(Sing Va[u]). The Gaudin Hamiltonians K;(z%) are
elements of the Bethe algebra of Vj or of Sing Va[As].

A more straightforward construction of the Bethe algebra is known for the Gaudin model
of gl 1, see [24]. Below we give its description.

Let €;5,4,7 = 1,...,r+1, be the standard generators of gl, , ; satisfying the relations [e;;, esr] =
djs€ik — Oixesj. Let b C gl 1 be the Cartan subalgebra generated by e;;, i = 1,...,7 4+ 1. Let h*
be the dual space. Let ¢;, ¢ =1,...,r+1, be the basis of h* dual to the basis e;;, : =1,...,r+1,
of h. Let g, ..., € h* be simple roots, a; = €; —€;41. Let (, ) be the standard scalar product
on h* such that the basis ¢;, i = 1,...,r + 1, is orthonormal.

Let gl, . 1[s] = gl 1 ® C[s] be the Lie algebra of gl,, ;-valued polynomials with the pointwise

o
commutator. For g € gl, 1, we set g(u) = Y. (g ® s')u"""1. We identify gl,, with the subal-
i=0
gebra gl ; ® 1 of constant polynomials in gl,.,;[s]. Hence, any gl,[s]-module has a canonical
structure of a gl, ;-module.

For each a € C, there exists an automorphism pg of gl..{[s], pa : g(u) — g(u — a). Given
a gl {[s]-module W, we denote by W (a) the pull-back of W through the automorphism p,. As
gl 1-modules, W and W (a) are isomorphic by the identity map.

We have the evaluation homomorphism, gl,1[s] — gl,,1, g(u) — gu™!. Its restriction to the
subalgebra gl | C gl,[s] is the identity map. For any gl, ,;-module W, we denote by the same
letter the gl, | [s]-module, obtained by pulling W back through the evaluation homomorphism.

Given an algebra A and an (r + 1) x (r 4 1)-matrix C' = (¢;;) with entries in A, we define
its row determinant to be

rdet C = Z (_1)0010(1)020(2)"’cr+1o(r+1)'

cEY 41
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Define the universal differential operator ® p by the formula

Bu - 811(’11,) —621(u) .o —€r41 1(u)
QB _ rdet —elg(u) 8u — ezg(u) Ce. —€r41 Q(U)
—erry1(u)  —earp1(uw) ... Oy —erpirta(u)
We have
r+1 . 0o .
Dp = 8;“ + Z Biﬁz—’—l_z, B; = Z Biju_], Bij € Ug[rﬂ[s].
i=1 j=t

The unital subalgebra of Ugl,[s] generated by B;;, i =1,...,r +1, j > 1, is called the Bethe
algebra and denoted by B.

By [24], cf. [10], the algebra B is commutative, and B commutes with the subalgebra Ugl, ,; C
Ug['r—l—l[s]'

As a subalgebra of Ugl,. | {[s], the algebra B acts on any gl,., ;[s]-module W. Since B commutes
with Ugl,,, it preserves the gl,.,; weight subspaces of W and the subspace Sing W of gl ;-
singular vectors.

If W is a B-module, then the image of B in End(W) is called the Bethe algebra of W.

Let VA = ®;_,Vj, be a tensor product of irreducible highest weight gl,., -modules. For
given 2% = (2Y,...,2%;), consider Vj as the gl [s]-module ®@}_, Vi, (). This gl ;[s]-module
structure on Vj provides Vj with a Bethe algebra, a commutative subalgebra of End(Vy). It is
known that this Bethe algebra of V contains the Gaudin Hamiltonians K;(2°),b=1,...,N. In
fact, the Gaudin Hamiltonians are suitably normalized residues of the generating function Ba(u),
see Appendix B in [10].

Theorem 11.4 ([12]). Consider Va as the gl [s]-module ®}_,Va,(x)). Then any ele-
ment B € B acts on VA as a symmetric operator with respect to the tensor Shapovalov form,
SA(Bu,v) = Sa(u, Bv) for any u,v € V.

11.6 gl ., Bethe algebra and critical points of the master function

In [15] the following generalization of Theorem 11.1 for g = gl,,; was obtained.

Let g = gl,.;. A sequence of integers A = (A1,...,Ar41) such that Ay > X > -+ >
Ar+1 = 0 is called a partition with at most r 4+ 1 parts. We identify partitions A with vectors
Arer + oo+ Arpr€p41 of B

Let A = (A1, ...,An) be a collection of partitions, where Ay = (Ay1, ..., Apr41) and A 1 = 0.
Let k = (k1,...,k,) be nonnegative integers such that

N r
Ao = ZAb - Zk‘iai
b=1 =1
0 _ 0

is a partition. We consider the gl,,; Gaudin model with parameters 2° = (z9,...,2%) on
Sing VA[Aso] where VA = Vi, @ --- @ V).

Consider the master function ®(z° ¢, A, k) defined by (11.1) and the weight function w(z" t, k)
defined by (11.2).

Let u be a variable. Define polynomials 71, ..., T, € Clu], Q1,...,Q, € Clu,t],

N ki

Ti(w) = [ (u — zp) Do), Qi(u,t) = H (u— tg.i)),
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and the differential operator

)
1

X <au —~ log/ (QlTZ)T» = <8u — log! <Q5T>> (0 —1og'(Qr)),
2 T

where 0, = d/du and log’ f denotes (df /du)/f. We have

N—+1 [e's)
Dep = 8qiv+1 + Z Gi&f’“”, G; = ZGZ‘jufj,
i—1 =i

where G;; € C[t].

Let p € U be an isolated critical point of the master function ®(z,,-, A, k) with Milnor
number p. Let A, o be its local algebra. For f € C(t)y denote by [f] the image of f in Ay .
Denote

N+1
[Da] = 03 + > [Gilog T,
=1

[Gij]lu™. Let [w] € Ap e®Va[As] be the element induced by the weight function.

(18

where [G;] =

j=i
The element [w] belongs to A, ¢ @ Sing VA [Ax], see [23], and we have Sp ([w], w]) = [Hess;®] ,
see [16, 27].

Theorem 11.5 ([10]). For anyi=1,...,7+1, j > i, we have
(1@ Bij)[w] = ([Gijlp ® D[]
m Ap7q> ® Sing Va [Aoo] .

This statement is the Bethe ansatz method to construct eigenvectors of the Bethe algebra in
the gl.,; Gaudin model starting with a critical point of the master function.

Let g1,..., g, be a basis of A, & considered as a C-vector space. Write [w], = >, g; ®w;, with
w; € Sing VA[A]. Denote by ), C Sing Va[As] the vector subspace spanned by wy, ..., w,.
Let (, ), be the bilinear form on Ay, . Define a linear map

I

i Ape—= Vo, [ (W) = Y (f gi)pwi.

i=1
Theorem 11.6 ([15]).
(i) The subspace ¥, C Sing VA[Ax] is a B-submodule. Let Ay, C End(Y,) be the Bethe
algebra of YV,. Denote by B;; the image in Ay, of generators B;j € B.
(i) The map oy : Ap e — Vp is an isomorphism of vector spaces.
(i4i) The map [Gyjlp — Byj extends uniquely to an algebra isomorphism B, : Apo — Ay, .
(tv) The isomorphisms oy, and B, identify the reqular representation of Ap e and the B-modu-
le Yy, that is, for any f,g € Apa we have op(fg) = Bp(f)op(g).
(v) The value of the weight function at p is a nonzero vector of Sing VA [Ax].
(vi) Let pi,...,pq be a list of isolated critical points of ®(z°, -, A, k) such that the orbits

O(p1),...,0(pa) do not intersect. Let Vp, = ap, (Ap, o) C SingValAs], s = 1,...,d,
be the corresponding subspaces. Then the sum of these subspaces is direct and orthogonal.
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(vii) Denote Y = @%_,Y,,. Denote Ay the Bethe algebra of Y. Consider the isomorphisms

_ mnd . d d
o = EBs:laps . e93:1‘4ps7‘1> - @szlypsv

g = @gzlﬁps : @g:IAps,fb — @(51:114}’,,5-
Then

(a) Ay =&, Ay, ;
(b) Ay is a mazimal commutative subalgebra of End(Y);

(¢) the isomorphisms «, [ identify the regular representation of the algebra @2:114;:8,@
and the Ay-module ).

Let us identify constructions and statements of Theorem 11.6 and of Theorems 10.14, 10.17.
Consider the discriminantal arrangement A(z"), 20 € U(X), defined in Section 11.4 and
the isomorphism 7[gjng - (.0) @ Sing W=(2°) — Sing VaA[Aso] of that section. According to
statements (7)—(iv) of Section 11.4, we have ’y(YO_(pS)) = Vp,, where Y, C Sing W~ (2°) is the
subspace in Theorems 10.14, 10.17 and ), C Sing Va[A] is the subspace in Theorem 11.6.
Moreover, v identifies the algebra AYo_(ps> of geometric Hamiltonians on Yg(ps) with the Bethe

algebra of ), .
Additional information that is given by Theorems 10.14, 10.17 is the following theorem.

Theorem 11.7. The monomorphism c, of Theorem 11.6 identifies the tensor Shapovalov form
on Y, and the residue bilinear form on A, .

Proof. The theorem is a corollary of properties (iii), (iv) in Section 11.4 and Lemma 10.12. W

11.7 Expectations

One may expect that for the Gaudin models of any simple Lie algebras the associated Bethe
algebra defined in [4] coincides with the algebra of geometric Hamiltonians associated with the
arrangement of the corresponding master function. That topic will be discussed in a forthcoming
paper.

Below we consider three examples in which we have a well-defined algebra of geometric
Hamiltonians on Sing Va [As].

11.7.1 Example

Consider the Gaudin model corresponding to the following data: the Lie algebra gl.,;, the
collection of dominant integral weights A = (Ay,...,Ayx) with Ay = (1,0,...,0) for all b,
a vector of nonnegative integers k = (ki,...,k,) such that Ay is a partition, a collection of
generic distinct complex numbers 2V = (29,...,2%)).

By [16], for generic 2" the associated master function has a collection of critical points
D1, - - -, Pg such that the Sk-orbits of these points do not intersect and the sum of Milnor numbers
of these points equals the dimension of Sing VA[As]. In this case Theorem 10.17 defines a ma-
ximal commutative subalgebra Agi,, (w-(20)) C End(Sing (W=(2"))) containing naive geometric
Hamiltonians. The isomorphism 7 sends Ag;,g (w-(z0)) to a maximal commutative subalgebra
of End(Sing VA[As]) containing the Gaudin Hamiltonians. By [12, 13], the Bethe algebra of
Sing VA [Aoo] is a maximal commutative subalgebra of End(Sing Va[As]) and the Bethe algebra
of Sing VA [Ax] is generated by the Gaudin Hamiltonians. Hence, in this case, v establishes an
isomorphism of the algebra of geometric Hamiltonians Agj,, (- (.0)) and the Bethe algebra of
Sing VA [Axo]-
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11.7.2 Example

Consider the Gaudin model corresponding to the following data: the Lie algebra gly, a collection
of weights A = (Ay,...,An) with Ay = A\paq such that Ay € R for all b, a nonnegative integer
k = (k1), a collection of distinct complex numbers 20 = (29,...,2%)).

Let (A(2%),a) be the associated discriminantal arrangement defined in Section 11.4. By our
assumptions, the weights a of the discriminant arrangement are all positive. Corollary 10.18
defines in this case a maximal commutative subalgebra of End(Sing W~ (z"))) and the isomor-
phism 7 sends this subalgebra to a maximal commutative subalgebra of End(Sing Va[A]),
which contains Gaudin Hamiltonians. One may expect that this commutative subalgebra of

End(Sing Va[Ax]) coincides with the Bethe algebra of Sing VA [Ax].

11.7.3 Example

Consider the Gaudin model corresponding to the following data: a simple Lie algebra g, a col-
lection of dominant integral weights A = (Ay,...,Ay), a vector of nonnegative integers k =
(K1,..., k) with k; < 1 for all i, a collection of distinct complex numbers 20 = (29,...,2%)).
Let (A(2°),a) be the associated discriminantal arrangement. By our assumptions, the
weights a of the discriminant arrangement are all negative and the group Sy is trivial. In this
case the isomorphism ~ identifies Sing F*(A(2°)) and the space Sing Va[As]. Theorem 9.17
defines in this case a maximal commutative subalgebra of End(Sing F*(A(2°))) and the iso-
morphism 7 sends this subalgebra to a maximal commutative subalgebra of End(Sing Va[A]),
which contains the Gaudin Hamiltonians. One may expect that this commutative subalgebra of

End(Sing Va[Ax]) coincides with the Bethe algebra of Sing Va [Aso].

Acknowledgments

The idea that an analog of the Bethe ansatz construction does exist for an arbitrary arrangement
of hyperplanes was formulated long time ago in [26]. That program had been realized partially
in [27].

This paper is an extended exposition of my lectures at Mathematical Society of Japan Sea-
sonal Institute on Arrangements of Hyperplanes in August of 2009. T thank organizers for invita-
tion and Hokkaido University for hospitality. I thank for hospitality Université Paul Sabatier in
Toulouse, where this paper had been finished. I thank E. Mukhin, V. Schechtman, V. Tarasov,
H. Terao for discussions.

The author was supported in part by NSF grant DMS-0555327.

References

[1] Arnold V.I., Gusein-Zade S.M., Varchenko A.M., Singularities of differentiable maps, Vol. II, Monodromy
and asymptotics of integrals, Monographs in Mathematics, Vol. 83, Birkh&auser, Boston, MA, 1988.

[2] Babujian H.M., Off-shell Bethe ansatz equations and N-point correlators in the SU(2) WZNW theory,
J. Phys. A: Math. Gen. 26 (1993), 6981-6990.

[3] Babujian H.M., Flume R., Off-shell Bethe ansatz equation for Gaudin magnets and solutions of Knizhnik—
Zamolodchikov equations, Modern Phys. Lett. A 9 (1994), 2029-2039, hep-th/9310110.

[4] Feigin B., Frenkel E., Reshetikhin N., Gaudin model, Bethe ansatz and critical level, Comm. Math. Phys.
166 (1994), 29-62, hep-th/9402022.

[5] Feigin B., Frenkel E., Rybnikov L., Opers with irregular singularity and spectra of the shift of argument
subalgebra, Duke Math. J. 155 (2010), 337-363, arXiv:0712.1183.

[6] Feigin B., Schechtman V., Varchenko A., On algebraic equations satisfied by hypergeometric correlators in
WZW models. II, Comm. Math. Phys. 170 (1995), 219-247, hep-th/9407010.


http://dx.doi.org/10.1088/0305-4470/26/23/037
http://dx.doi.org/10.1142/S0217732394001891
http://arxiv.org/abs/hep-th/9310110
http://dx.doi.org/10.1007/BF02099300
http://arxiv.org/abs/hep-th/9402022
http://dx.doi.org/10.1215/00127094-2010-057
http://arxiv.org/abs/0712.1183
http://dx.doi.org/10.1007/BF02099447
http://arxiv.org/abs/hep-th/9407010

Quantum Integrable Model of an Arrangement of Hyperplanes 55

Gaudin M., Diagonalisation d’une classe d’Hamiltoniens de spin, J. Physique 37 (1976), 1087—1098.

Gaudin M., La fonction d’onde de Bethe, Collection du Commissariat I’Ergie Atomique, Série Scientifique,
Masson, Paris, 1983.

Griffiths Ph., Harris J., Principles of algebraic geometry, John Wiley & Sons, Inc., New York, 1994.

Mukhin E., Tarasov V., Varchenko A., Bethe eigenvectors of higher transfer matrices, J. Stat. Mech. Theory
Ezp. 2006 (2006), no. 8, P08002, 44 pages, math.QA /0605015.

Mukhin E., Tarasov V., Varchenko A., The B. and M. Shapiro conjecture in real algebraic geometry and
the Bethe ansatz, Ann. of Math. (2) 170 (2009), 863-881, math.AG/0512299.

Mukhin E., Tarasov V., Varchenko A., Schubert calculus and representations of the general linear group,
J. Amer. Math. Soc. 22 (2009), 909-940, arXiv:0711.4079.

Mukhin E., Tarasov V., Varchenko A., Gaudin Hamiltonians generate the Bethe algebra of a tensor power
of vector representation of gly, Algebra i Analiz 22 (2010), no. 3, 177-190, arXiv:0904.2131.

Mukhin E., Tarasov V., Varchenko A., Three sides of the geometric Langlands correspondence for gl
Gaudin model and Bethe vector averaging maps, arXiv:0907.3266.

Mukhin E., Tarasov V., Varchenko A., Bethe algebra of the gly,, Gaudin model and algebra of functions
on the critical set of the master function, arXiv:0910.4690.

Mukhin E., Varchenko A., Norm of a bethe vector and the Hessian of the master function, Compos. Math.
141 (2005), 1012-1028, math.QA /0402349.

Orlik P., Terao H., The number of critical points of a product of powers of linear functions, Invent. Math.
120 (1995), 1-14.

Orlik P., Terao H., Arrangements and hypergeometric integrals, MSJ Memoirs, Vol. 9, Mathematical Society
of Japan, Tokyo, 2001.

Reshetikhin N., Varchenko A., Quasiclassical asymptotics of solutions to the KZ equations, in Geometry,
Topology, & Physics, Conf. Proc. Lecture Notes Geom. Topology, Vol. 4, Int. Press, Cambridge, MA, 1995,
293-322.

Riményi R., Stevens L., Varchenko A., Combinatorics of rational functions and Poincaré-Birkhoff-Witt
expansions of the canonical U (n_)-valued differential form, Ann. Comb. 9 (2005), 57-74, math.CO/0407101.

Silvotti R., On a conjecture of Varchenko, Invent. Math. 126 (1996), 235-248, alg-geom/9503016.

Schechtman V., Terao H., Varchenko A., Local systems over complements of hyperplanes and the Kac—
Kazhdan conditions for singular vectors, J. Pure Appl. Algebra 100 (1995), 93-102, hep-th/9411083.

Schechtman V., Varchenko A., Arrangements of hyperplanes and Lie algebra homology, Invent. Math. 106
(1991), 139-194.

Talalaev D., Quantization of the Gaudin system, hep-th/0404153.

Varchenko A., Multidimensional hypergeometric functions and representation theory of Lie algebras and
quantum groups, Advanced Series in Mathematical Physics, Vol. 21, World Scientific Publishing Co., Inc.,
River Edge, NJ, 1995.

Varchenko A., Critical points of the product of powers of linear functions and families of bases of singular
vectors, Compos. Math. 97 (1995), 385-401, hep-th/9312119.

Varchenko A., Bethe ansatz for arrangements of hyperplanes and the Gaudin model, Mosc. Math. J. 6
(2006), 195-210, 223-224, math.QA /0408001.

Yuzvinsky S., Cohomology of the Brieskorn—Orlik—Solomon algebras, Comm. Algebra 23 (1995), 5339-5354.

Zaslavsky T., Facing up to arrangements: face-count formulas for partitions of space by hyperplanes, Mem.
Amer. Math. Soc. 1 (1975), no. 154.


http://dx.doi.org/10.1051/jphys:0197600370100108700
http://dx.doi.org/10.1088/1742-5468/2006/08/P08002
http://dx.doi.org/10.1088/1742-5468/2006/08/P08002
http://arxiv.org/abs/math.QA/0605015
http://dx.doi.org/10.4007/annals.2009.170.863
http://arxiv.org/abs/math.AG/0512299
http://dx.doi.org/10.1090/S0894-0347-09-00640-7
http://arxiv.org/abs/0711.4079
http://arxiv.org/abs/0904.2131
http://arxiv.org/abs/0907.3266
http://arxiv.org/abs/0910.4690
http://dx.doi.org/10.1112/S0010437X05001569
http://arxiv.org/abs/math.QA/0402349
http://dx.doi.org/10.1007/BF01241120
http://dx.doi.org/10.1007/s00026-005-0241-3
http://arxiv.org/abs/math.CO/0407101
http://dx.doi.org/10.1007/s002220050096
http://arxiv.org/abs/alg-geom/9503016
http://dx.doi.org/10.1016/0022-4049(95)00014-N
http://arxiv.org/abs/hep-th/9411083
http://dx.doi.org/10.1007/BF01243909
http://arxiv.org/abs/hep-th/0404153
http://www.numdam.org/item?id=CM_1995__97_3_385_0
http://arxiv.org/abs/hep-th/9312119
http://arxiv.org/abs/math.QA/0408001
http://dx.doi.org/10.1080/00927879508825535

	1 Introduction
	1.1 Quantum integrable models and Bethe ansatz
	1.2 Gaudin model
	1.3 Gaudin model as a semiclassical limit of KZ equations
	1.4 Bethe ansatz in the Gaudin model
	1.5 Gaudin model and arrangements
	1.6 Bethe algebra
	1.7 Algebra of geometric Hamiltonians
	1.8 Quantum integrable model of a weighted arrangement (or dynamical theory   of arrangements)
	1.9 Bethe ansatz for the quantum integrable model of an arrangement
	1.10 Geometric interpretation of the algebra of Hamiltonians
	1.11 Byproducts of constructions
	1.12 Exposition of the material

	2 Arrangements
	2.1 An affine arrangement
	2.2 Orlik–Solomon algebra
	2.3 Weights
	2.4 Space of flags, see SV
	2.5 Duality, see SV
	2.6 Contravariant map and form, see SV
	2.7 Remarks on generic weights
	2.8 Orlik–Solomon algebra as an algebra of differential forms
	2.9 Critical points of the master function
	2.10 Special vectors in Fk(A) and canonical element
	2.11 Arrangements with normal crossings only
	2.12 Real structure on Ap(A) and Fp(A)
	2.13 A real arrangement with positive weights
	2.14 Resolution of a hyperplane-like divisor

	3 A family of parallelly translated hyperplanes
	3.1 An arrangement in CnCk
	3.2 Discriminant
	3.3 Good fibers
	3.4 Bad fibers

	4 Conservation of the number of critical points
	5 Hamiltonians of good fibers
	5.1 Construction
	5.2 Key identity (5.2)
	5.3 An application of the key identity (5.2) – proof of Theorem 5.1
	5.4 Another application of the key identity (5.2)
	5.5 Hamiltonians, critical points and the canonical element

	6 Asymptotic solutions and eigenvectors of Hamiltonians
	6.1 Asymptotic solutions, one variable
	6.2 Critical points of the master function and asymptotic solutions

	7 Hamiltonians of bad fibers
	7.1 Naive geometric Hamiltonians
	7.2 Space Fk(A(z0)) and operators LC
	7.3 Conjecture
	7.4 Positive (aj)jJ, real (gj)jJ
	7.5 Proof of Theorem 7.5 for z0Rn
	7.6 Proof of Theorem 7.5 for any z0
	7.7 Critical points and eigenvectors
	7.8 Hamiltonians, critical points and the canonical element

	8 Geometric interpretation of the algebra of Hamiltonians
	8.1 An abstract setting
	8.2 Proof of Theorem 8.1
	8.3 Remark on maximal commutative subalgebras
	8.4 Interpretation of the algebra of Hamiltonians of good fibers
	8.5 Interpretation of the algebra of Hamiltonians of bad fibers if Assumption 7.4 is satisfied

	9 More on Hamiltonians of bad fibers
	9.1 An abstract setting
	9.2 Hamiltonians of bad fibers
	9.3 Remark on critical points of real arrangements

	10 Arrangements with symmetries
	10.1 A family of prediscriminantal arrangements
	10.2 Discriminantal arrangements
	10.3 Symmetries of the family of prediscriminantal arrangements
	10.4 The Sk-action on geometric Hamiltonians
	10.5 Functions Kxb(z)
	10.6 Naive geometric Hamiltonians on SingW-(z0)
	10.7 Sk-symmetries of the canonical element

	11 Applications to the Bethe ansatz of the Gaudin model
	11.1 Gaudin model
	11.2 Master function and weight function, SV
	11.3 Bethe vectors
	11.4 Identification of Gaudin and naive geometric Hamiltonians
	11.5 Bethe algebra
	11.6 glr+1 Bethe algebra and critical points of the master function
	11.7 Expectations
	11.7.1 Example
	11.7.2 Example
	11.7.3 Example


	References

