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Abstract. In this paper, we completely classify the rational solutions of the Sasano system

of type A?), which is given by the coupled Painlevé III system. This system of differential

equations has the affine Weyl group symmetry of type A(z)
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1 Introduction

Paul Painlevé and his colleagues [21, 4] intended to find new transcendental functions defined by
second order nonlinear differential equations. In general, nonlinear differential equations have
moving branch points. If a solution has moving branch points, it is too complicated and is not
worth considering. Therefore, they determined the second order nonlinear differential equations
with rational coefficients which have no moving branch points. As a result, the standard forms
of such equations turned out to be given by the following six equations:
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where ' = d/dt and «, (3, v, § are all complex parameters. In this article, our concern is with the
Béacklund transformations and special solutions which are given by rational, algebraic functions
or classical special functions.

Each of Py (J = ILIIL, IV, V, VI) has Bécklund transformations, which transform solutions
into other solutions of the same equation with different parameters. It was shown by Okamoto
[17, 18, 19, 20] that the Bécklund transformation groups of the Painlevé equations except for Py
are isomorphic to the extended affine Weyl groups. For Pi1, P, Prv, Py, and Pyg, the Backlund
transformation groups correspond to Agl), Agl) é Agl), Ag), A:(;’), and Dil), respectively.
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While generic solutions of the Painlevé equations are “new transcendental functions”, there
are special solutions which are expressible in terms of rational, algebraic, or classical special
functions.

For example, Airault [1] constructed explicit rational solutions of Py and Py with their
Bécklund transformations. Milne, Clarkson and Bassom [13] treated Py, and described their
Béacklund transformations and exact solution hierarchies, which are given by rational, algebraic,
or certain Bessel functions. Bassom, Clarkson and Hicks [2] dealt with Pry, and described
their Backlund transformations and exact solution hierarchies, which are expressed by rational
functions, the parabolic cylinder functions or the complementary error functions. Clarkson [3]
studied some rational and algebraic solutions of Py and showed that these solutions are ex-
pressible in terms of special polynomials defined by second order, bilinear differential-difference
equations which are equivalent to Toda equations.

Furthermore, the rational solutions of Py (J = II,III,1V, V, VI) were classified by Yablonski
and Vorobev [25, 24], Gromak [6, 5], Murata [14, 15], Kitaev, Law and McLeod [8], Mazzoco [11]
and Yuang and Li [26].

Noumi and Yamada [16] discovered the equation of type Al(l) (I > 2), whose Bécklund
transformation group is isomorphic to the extended affine Weyl group W(Al(l)). The Noumi

and Yamada systems of types A;l) and Agl) correspond to the fourth and fifth Painlevé equations,

respectively. Moreover, we [9, 10] classified the rational solutions of the Noumi and Yamada
systems of types Afll) and Aél).

Sasano [22] found the coupled Painlevé V and VI systems which have the affine Weyl group
symmetries of types Dél) and Dél). In addition, he [23] obtained the equation of the affine Weyl

group symmetry of type Aé2), which is defined by

(tq) = 243p1 — ¢} + (a0 + 1 + @3)q1 — t + 4ipy + 2q1¢2p2,

tp) = =2q1p% 4 2q1p1 — (0 + a1 + az)p1 + a0 — 2p1gap2,
A?) (o)o<j<s § tgh = 2a3p2 — @3 + (a0 + a1 + as)ge — t + 4tp1 + 2q1p1o,
tph = —2qop3 + 2¢2p2 — (a0 + a1 + az)p2 + a1 — 2q1p1pe,
ag + a1 + 209 + ag = 1/2,

where ' = d/dt. This system of differential equations is also expressed by the Hamiltonian
system:

MG _OH - dpy  OH  dey OH  dpy  OH
dt N 8}91’ dt N 8q1’ dt N 0])27 dt N 6QQ’

where the Hamiltonian H is given by

H = @p? — @p1+ (o0 + a1 + a3)qup1 — aoqr — tp
+ q%pg - quz + (a0 + a1 + a3)qap2 — a1q2 — tp2 + 4tp1p2 + 2q1p1g2p2.

Let us note that Mazzocco and Mo [12] studied the Hamiltonian structure of the P hierar-
chy, and Hone [7] studied the coupled Painlevé systems from the similarity reduction of the
Hirota—Satsuma system and another gauge-related system, and presented their Backlund trans-
formations and special solutions.

Ag)(a]’)ogjgg has the Backlund transformations sg, s1, s2, s3, ™, which are given by

(873}
so: (%) = <Q1 + E,pth,pz,t; —ag, a1, g + ao,as) ,
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a1
s1: (%) = (CIlapl,QZ + pj,pmf; ap, —01, 02 +011,043> )

(6] «
27(12,(]27192+ 241 ,t;Oéo-FOéz,Oq+a27—062,043+2a2> )

S22 (%) — | q1,p1 — S E—
(*) ( qi1q2 +t qiq2 +1

p1+p2—1 p1tp2—1
T (*) _>(qg7p2,Q17p1,t;0é1704070é270é3),

Qs Qs
S3: (*)_> QI"‘74717(12+77P27t30¢0a041a042+0437—063 ;

with the notation (x) = (¢1,p1,92,p2,t; o, a1, a2,a3). The Bécklund transformation group
(80, S1, 82, 83, ) is isomorphic to the affine Weyl group of type Aé2).

Our main theorem is as follows:

Theorem 1.1. For a rational solution of AéQ)(aj)ogjgg, by some Bdcklund transformations, the
solution and parameters can be transformed so that

(Q17p1aQQ7p2) = (07 1/4a0a1/4) and
((10,()&1,0&2,0&3) = (043/2,053/2,042,043) = (03/2,013/2, 1/4 — 043,043),

respectively. Furthermore, for A?) (0)o<j<3, there exists a rational solution if and only if one
of the following occurs:

(1) —2a0+a3€Z, —2a1+a3€Z,
(2) —2a0+a3€Z, 201 + a3 € Z,
(3) 200 + a3 € Z, —201 + a3 € Z,
(4) 200 + a3 € Z, 201 + a3 € Z,
(5) —2a0+ a3 €Z, ag—1/2€Z,
(6) —201+ a3 €Z, ag —1/2 € Z.

This paper is organized as follows. In Section 2, for Aéz) (0j)o<j<3, we determine meromorphic
solutions at ¢t = co. Then, we find that the constant terms a0, cx0,0 Of the Laurent series of
q1, g2 at t = oo are given by

(oo, = —20p + a3, Coo,0 = —20q + ag,

respectively.

In Section 3, for AéQ) (j)o<j<3, we determine meromorphic solutions at ¢t = 0. Then, we
see that the constant terms ag, coo of the Laurent series of ¢, g2 at ¢ = 0 are given by the
parameters «og, o1, g, 3.

In Section 4, for AéQ)(Odj)OSjS?,, we treat meromorphic solutions at ¢ = ¢ € C*, where in this
paper, C* means the set of nonzero complex numbers. Then, we observe that ¢, g2 have both
a pole of order of at most one at ¢ = ¢ and the residues of ¢1, g2 at t = ¢ are expressed by nc
(n € Z). Thus, it follows that

Uoo,0 — Q0,0 € Z, Coo,0 — C0,0 € Z, (1.1)

which gives a necessary condition for Aéz) (aj)o<j<3 to have a rational solution.

In Section 5, using the meromorphic solution at ¢ = 00,0, we first compute the constant
terms of the Laurent series of the Hamiltonian at t = 0o, 0. Furthermore, by the meromorphic
solution at = ¢ € C*, we calculate the residue of H at ¢t = c.
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In Section 6, by equation (1.1), we obtain the necessary conditions for Aéz)(aj)ogjgg to
have rational solutions, which are given in our main theorem. Furthermore, we show that if
there exists a rational solution for A?)(aj)ogjgg, the parameters can be transformed so that
—2ap 4+ ag € Z, —2a1 + ag € Z.

In Section 7, we define shift operators, and for a rational solution of AéQ)(aj)ogjgg, we
transform the parameters to

(a0, o1, 2, 3) = (3/2, a3/2, az, a3).
In Section 8, we determine rational solutions of Ag)(ag /2,a3/2, s, a3) and prove our main

theorem.
In Appendix A, using the shift operators, we give examples of rational solutions.

2 Meromorphic solutions at t = oo

In this section, for Aéz) (aj)o<j<3, we treat meromorphic solutions at ¢ = co. For the purpose,
in this paper, we define the coefficients of the Laurent series of g1, p1, g2, p2 at t = 0o by aco
boo,kv Coo,k» doo,ka ke Z.

2.1 The case where q;, p1, q2, p2 are all holomorphic at t = oo

Proposition 2.1. Suppose that for A?) (0j)o<j<3, there exists a solution such that qi, p1, q2,
po are all holomorphic at t = co. Then,

q1 = (—2a0+a3)+--- ,
p1=1/4+ (=201 +a3)(—2a; —az)t 14+

g2 = (201 +az) + -,
p2=1/4+ (—2ap + a3)(—2ap —az)t /4 + .

Proposition 2.2. Suppose that for AéQ) (0j)o<j<3, there exists a solution such that qi, p1, g2,
po are all holomorphic at t = co. Then, it is unique.
Proof. We set
@1 = oo + @oo,—ltil NI aoo77(k71)t*(k*1) + aoo,—ktik + aoo,f(kJrl)ti(kJrl) 4
P1=1/4+boo 1t A b eyt F T - boo it TF by eyt FTY
G2 = Coo,0 1 Coo,—lt_l + -+ 6007_(k_1)t_(k_1) + 0007,kt_k + 0007_(k+1)t_(k+1) SE
pr=1/A+deo 1t 7+t da ot F Y Fdoo it F A+ doo gyt BT 4

where aoo,0, boo,—1, Co0,0, doo,—1 2ll have been determined.
Comparing the coefficients of the terms t=% (k > 1) in

tph = —2q1p} + 2q1p1 — (ap + 1 + az)p1 + ag — 2p1gap2,
tph = —2¢2p3 + 2¢op2 — (a0 + o1 + as)pa + a1 — 2q1p1po,

we have

30o0,—k/8 = Coo,—k/8 = —kboo,—k + (0 + 1 + @3)boo i
+2 Z aoo,flboo,—mboo,—n —2 Z aoo,flboo,—m +2 Z Coo,flboo,—mdoo,—ny
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—aoo,_k/S + 3600,_]?/8 = _kdoo,—k + (ao + a1 + Ozg)doo,_k
+2 Z Coo,—ldoo,fmdoo,fn -2 Z Coo,—ldoo,fm +2 Z aoo,—lboo,fmdoo,fna

where the first and third sums extend over nonnegative integers [, m, n such that [ +m+n =k
and 0 <[ < k, and the second sums extend over nonnegative integers [, m such that [ + m =k
and m > 1. Therefore, aoo —k, Coo,— are both inductively determined.

Comparing the coefficients of the terms t=% (k > 1) in

tq) = 2qip1 — ¢f + (a0 + a1 + az)qr — t + 4tpa + 2q1qop2,
tgh = 2¢3p2 — @5 + (ao + a1 + a3)gz — t + 4tp1 + 2q1p1ge,

we obtain
Ao, — (k1) = —Kaoo, 1k — (0 + @1 + @3) 000,k
-2 Z aoo,—laoo,—mboo,—n + Z Goo,—1Ac0,—m — 2 Z aoo,—lcoo,—mdoo,—nv
Abos,— (k1) = —kCoo,—k — (@0 + a1 + a3)Co0,k

—2 Z Coo,—lcoo,—mdoo,—n + Z Coo,—1Co0,—m — 2 Z Coo,—laoo,—mboo,—na

where the first and third sums extend over nonnegative integers [, m, n such that [ +m+n = k,
and the second sums extend over nonnegative integers [, m such that [ + m = k. Therefore,
boo,—(k+1)> doo,—(k+1) are both inductively determined, which proves the proposition. |
2.2 The case where one of (g1, p1,g2,p2) has a pole at t = co

In this subsection, we deal with the case in which one of (g1, p1, g2, p2) has a pole at ¢t = co. For
the purpose, by 7, we have only to consider the following two cases:

(1) ¢1 has a pole at t = 0o and py, g2, p2 are all holomorphic at t = oo,

(2) p1 has a pole at t = co and ¢, g2, p2 are all holomorphic at ¢ = oc.

2.2.1 The case where g; has a pole at t = c©

Proposition 2.3. For A?) (0vj)o<j<a, there exists no solution such that ¢ has a pole at t = oo
and p1, g2, pe are all holomorphic at t = oco.

2.2.2 The case where p; has a pole at t = oo

Proposition 2.4. For Ag)(aj)ogjgg,, there exists no solution such that p1 has a pole at t = oo
and q1, q2, p2 are all holomorphic at t = oco.

2.3 The case where two of (g1, p1, g2, p2) have a pole at t = oo

In this subsection, we deal with the case in which two of (g1, p1, g2, p2) has a pole at t = co. For
the purpose, by 7, we have only to consider the following four cases:

(1) g1, p1 have both a pole at t = co and g2, p2 are both holomorphic at ¢t = oo,
(2
(
(

) q1, g2 have both a pole at t = oo and p;, pa are both holomorphic at ¢ = oo,
3) q1, p2 have both a pole at t = co and p1, g2 are both holomorphic at ¢t = co,
)

4) p1, p2 have both a pole at t = oo and ¢, g2 are both holomorphic at t = oc.
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2.3.1 The case where q;, p; have a pole at t = c©

Proposition 2.5. For A?) (cj)o<j<a, there exists no solution such that g1, p1 have both a pole
at t = 0o and qs, po are both holomorphic at t = oo

2.3.2 The case where g1, g2 have a pole at t = oo

Proposition 2.6. For Aéz)(aj)ogjgg, there exists no solution such that q1, g2 have both a pole

at t = 0o and py1, pa are both holomorphic at t = oo

2.3.3 The case where g1, p2 have a pole at t = co

By direct calculation, we can obtain the following two lemmas:

Lemma 2.1. Suppose that for AE—)Z)(O[]')OSJ'SQ,, q1 = 0. Then, one of the following occurs:

1 1
(1) ap= T a3 = 3 and
1 (4doq — 1)(4ay + 1) 11
= Z , 2« —
(q13p17q2ap2) ( a4+ 16t 1+2a4 )
a3 ag 1 1
(2) Qo = 7) a1 = 77 and (917]717(]27]72) 07 1707 Z )
(3) ao= as ap=-23 and (q1,p1,92,p2) = (0O ! 2a3 E -
2 M 2 ) ) ) ) 747 74

Lemma 2.2. Suppose that for Aé2)(ozj)0§j§3, q2 = 0. Then, one of the following occurs:

(1) o= T a3 =3, and
11 1 (dap—1)(4ap + 1)
(QI7p17QQ7p2) < a0+2747 74+ 16¢ >
(2) ag="2 a =22 and  (q1,p1,92,p2) = 1 1
9 9 » P15, 42, "4
o' Q 1
(3) apg = — 237 a1 = ?37 and (QI7PI7QQ7PQ) (20[3, 1707 4> .

By Lemma 2.2, we find that ¢o # 0. Now, let us assume that ¢; has a pole of order ng
(ng > 1) and py has a pole of order nz (ng > 1).

Lemma 2.3. For Agz)(aj)ogjgg, there exists a solution such that g1, ps have both a pole at
t = oo and p1, q2 are both holomorphic at t = co. Then, ng # ns.

Proof. We suppose that ng = n3. Especially, we treat the case where ng = ng = 1 and show
contradiction. If ng = ng > 1, we can prove contradiction in the same way.
Comparing the coefficients of the terms ¢2, ¢ in

tq) = 2qip1 — ¢i + (a0 + a1 + az)qr — t + 4tpa + 2q1q2p2,
tpy = —2q1p% + 2q1p1 — (ap + a1 + a3)p1 + o — 2p1gape,

we have

2 2
2aoo,1b0070 — 0,1 + 4d0071 + 2aoo,1600,0doo,1 =0,
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_zaoo,lbgo,(] + 2afoo,lboo,O - 2boo,OCoo,Odoo,l =0, (21)

respectively.
Comparing the coefficients of the terms ¢, t? in

tgh = 2q3p2 — 45 + (a0 + a1 + a3)ge — t + 4tp1 + 2q1p1ga,
tphy = —2qop3 + 2¢op2 — (@0 + a1 + az)pa + a1 — 2q1p1pa,

we obtain

2Cgo,odoo,l — 1+ 4boo,0 + 2000,1b00,0C00,0 = 0,
_2coo,Odgo71 - 2aoo,1boo,0doo,1 - 07 (22)

which implies that bo o = 1/4. Furthermore, from the second equation in (2.1) and the first
equation in (2.2), it follows that a1 = 0, which is impossible. |

Lemma 2.4. Suppose that for A?) (ovj)o<j<3, there exists a solution such that qi, p2 have both
a pole at t = oo and p1, qo are both holomorphic at t = co. Then, ng < ns.

Proposition 2.7. For A?) (aj)o<j<3, there exists no solution such that qi, pa have both a pole
at t = 0o and p1, g2 are both holomorphic at t = occ.

Proof. We treat the case where (ng,n3) = (1,2) and show contradiction. The other cases can
be proved in the same way.

Comparing the coefficients of the terms ¢3 in
tqr = 2¢ip1 — i + (a0 + a1 + ag)qi — ¢+ 4tps + 2q1g2p2,

we have d 2 = 0, which is impossible. |

2.3.4 The case where p1, p2 have a pole at t = co
Proposition 2.8. For AgQ)(aj)OSjgg, there exists no solution such that p1, p2 have both a pole

at t = 0o and q1, g2 are both holomorphic at t = oo.

2.4 The case where three of (g1, p1, g2, p2) have a pole at t = oo

In this subsection, considering w, we treat the following two cases:

(1) q1, p1, g2 all have a pole at t = co and p is holomorphic at ¢t = oo,

(2) qi1, p1, p2 all have a pole at t = oo and ¢y is holomorphic at ¢t = co.

2.4.1 The case where g1, p1, g2 have a pole at t = oo

Proposition 2.9. For AéQ)(aj)ogjgg, there exists no solution such that q1, p1, q2 all have a pole
at t = 0o and py is holomorphic at t = oo.
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2.4.2 The case where g1, p1, p2 have a pole at t = oo

By Lemma 2.2, let us note that g9 Z 0.

Lemma 2.5. Suppose that for Aé2)(04j)0§j§3, there exists a solution such that q1, p1, p2 all have
a pole at t = 0o and qo is holomorphic at t = co. Moreover, assume that q1, p1, p2 has a pole of
order ng, ni, ng (ng,n1,n3 > 1) at t = oo, respectively. Then, ng > ng + nj.

Proof. Considering that
tph = —2q1p7 + 2q1p1 — (o0 + a1 + ag)p1 + g — 2p1gaps,
we can prove the lemma. [ |
Therefore, we define the nonnegative integer k by n3 = ng + n1 + k.

Lemma 2.6. Suppose that for AgQ)(aj)ogjgg, there exists a solution such that q1, p1, p2 all have
a pole at t = oo and gz is holomorphic at t = co. Then, Coo ) = Coo,—1 = *** = Coo,—(k—1) = 0,
(oo,noboo,1 + Coo,—kloony = 0, and ng —k > 1.

Proof. Considering that
tp) = —2q1p7 + 2q1p1 — (a0 + o1 + as)pr + o — 2p1gaps,

we find that coo0 = Coo,—1 =+ = Coo,—(k=1) = 0, Goongboo,1 + Coo,—kdoons = 0. Furthermore,
considering that

tqy = 2gip1 — ¢; + (o + o1 + a3)qr — t + 4tpa + 2q142p,
we can show the lemma. [ |

Proposition 2.10. For AéQ) (aj)o<j<3, there exists no solution such that qi, p1, p2 all have
a pole at t = 0o and gy is holomorphic at t = oco.

Proof. We treat the case where n; = 1. The other cases can be proved in the same way.
Comparing the coefficients of the terms ¢™*! in

tph = —2q1p% + 2q1p1 — (o + a1 + a3)pL + ag — 2p1gapa,
we have
—2000,n0000,0 = 2000,n9—1000,1 + 2000,ny — 2Co0,—kloo,nz—1 — 2Co0,—k—10oo,ny = 0.
If ng — k > 3, comparing the coefficients of the terms t>™ in
tqy = 2qip1 — q; + (a0 + a1 + ag)qr — t + 4tpa + 2q1¢ap2,
we obtain
2boo,1000,n0—1 + 2000,n0b00,0 = Goo,ng + 2Co0,—kdoo,nz—1 + 2Co0,—k—1doony = 0.

Then, it follows that as n, = 0, which is impossible.
If ng — k = 2, comparing the coefficients of the terms t2, 3701 in

tgh = 2g3p2 — @5 + (ap + a1 + a3)ge — t + 4tp1 + 2q1p1a,
tphy = —2qop3 + 2qopa — (ap + a1 + a3)pa + a1 — 2q1p1p2,
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we have

2
2doo,ngcoo,—kcoo,—k—1 + 2doo,n3—16007_k + 4boo,l
+ 2Coo,—kaoo,noboo,O + 2Coo,—kaoo,noflboo,l =0,
_2000,—kdoo,n371 - 2600,—k—1doo,n3 - 2aoo,n0boo,0 - 26Loo,noflboo,l =0,

respectively. Then, it follows that b1 = 0, which is impossible.
If ng — k = 1, comparing the coefficients of the terms ¢ in

tgy = 203p2 — ¢ + (c0 + 01 + a3)ga — £+ 4tp1 + 2011142,
we obtain
20?)07_kd007n3 + 4boo,l + QGoo,nOboo,lcoo,—k = 4bOO,1 - 0’

which is impossible. |

2.5 The case where all of (g1, p1,q2, p2) have a pole at t = oo

Lemma 2.7. Suppose that for AgQ) (aj)o<j<3, there exists a solution such that qi, p1, g2, p2 all
have a pole at t = co. Moreover, assume that q1, p1, q2, p2 have a pole of order ng, ni, ne, ng
(ng,n1,m2,m3 > 1) at t = oo, respectively. Then, ny + ni = na + ns.

Proof. Considering
tphy = =2q1p; + 2q1p1 — (a0 + a1 + @3)p1 + ao — 2p1gap2,
we can show the lemma. |
Therefore, we see that ng + n1 = no + ng > 2.

Proposition 2.11. For AéQ) (0j)o<j<3, there exists no solution such that qi, p1, g2, p2 all have
a pole at t = co.

Proof. We treat the case where ng + ni1 = no + ng = 2. The other cases can be proved in the
same way.
Comparing the coefficients of the term ¢3 in
tp) = —2q1p7 + 2q1p1 — (a0 + @1 + az)p1 + o — 2p1gaps,
we have aoo 1000,1 + Coo,1d00,1 = 0.
Comparing the coefficients of the term ¢? in
tq = 2qip1 — qi + (a0 + o1 + az)q1 — t + 4tps + 2q1gapa,
tp) = —2q1p? + 2q1p1 — (g + a1 + az)p1 + ag — 2p1gape,
tgh = 2q3p2 — @5 + (a0 + o1 + az)ge — t + 4tpy + 2q1p1ge,
tph = —2qop3 + 2¢aps — (g + a1 + az)pe + a1 — 2q1p1p2,

we obtain

2 2
2aoo,1aoo,0boo,1 + 2boo,0aoo71 — 0,1 + 4doo,1 + 2aoo,lcoo,ldoo,() + 2aoo,lcoo,Odoo,l =0,
_2aoo,1boo,0 - 2aoo,()boo,l + 2aoo,l - 2Coo,ldoo,O - 2Coo,Odoo,l =0,

2 2
2Coo,lCoo,Odoo,l + 2doo,OCoo,1 —Cx,1 + 4boo,1 + 2coo71aoo,1bc>o,0 + 2Coo,laoo,ObooJ =0,

_2600,1doo,0 - 2Coo,Odoo,1 + 200071 - 2aoo,1boo,0 - 2aoo,Oboo,l = 07 (23)



10 K. Matsuda

respectively. Based on the second and fourth equations of (2.3), we have a1 = €01 From
the first and second equations of (2.3), we obtain agql +4d,1 = 0. From the third and fourth
equations of (2.3), we have ¢2_ | + 4bs1 = 0.

Therefore, since oo 1b00,1 + Coo,1d00,1 = 0, it follows that @ 1601 = 0, which is impos-
sible. |

2.6 Summary

Proposition 2.12. For Aéz) (0vj)o<j<3, there exists a meromorphic solution at t = oco. Then,
q1, P1, q2, p2 are uniquely expanded as follows:

@1 = (—2a0+ag)+--,

p1 = 1/4 + (—20[1 + Oé3)(—20(1 — Oég)t_l/4 + -,

@ = (200 +az)+---,

p2 = 1/4+ (—2a0 + a3)(—2ap — az)t ™1 /4 + -

3 Meromorphic solution at t =0

In this section, we treat meromorphic solutions at ¢ = 0. Then, in the same way as Proposi-
tion 2.12, we can show the following proposition:

Proposition 3.1. Suppose that for A(52)(ozj)0§j§3, there exists a meromorphic solution att = 0.
Then, one of the following occurs:

(1) @1, p1, g2, p2 are all holomorphic at t = 0,
(2) p1 has a pole of order one at t =0 and q1, q2, p2 are all holomorphic at t =0,
(3) p2 has a pole of order one at t =0 and q1, p1, g2 are all holomorphic at t = 0.

In this paper, we define the coefficients of the Lauren series of q1, p1, g2, p2 at t = 0 by ag ,
bo k, cok» dok, k € Z. In this section, we prove that the constant terms of q1, g2 at t = 0, ag,
co0 are zero, or expressed by the parameters, a; (0 < j < 3).

3.1 The case where q,, p1, q2, p2 are all holomorphic at £t =0

Proposition 3.2. Suppose that for Aéz) (0vj)o<j<a, there exists a solution such that qi, p1, q2,
p2 are all holomorphic at t = 0. Then, one of the following occurs:

(1) app =0, —(ap + a1+ az)boo +ag =0, coo =0, —(ap + a1 + az)dpo + a1 =0,

(2) app =0, (—ap+ar —ag)bpo+ar =0, coo =ap— a1 +a3, (—ag+a; —ag)dyo—a; =0,
(3) app = —ap+ a1 +as, (apg —ar —ag)bpo —ap =0, coo =0, (g — a1 — az)dpo + a1 =0,
(4) app = —ap — a1 + a3, (ap+ a1 —az)boo — g =0, coo = —ap — a1 + a3, (ag + oy —

az)dpp —a; =0.

3.2 The case where p;, has a pole at t =0

Proposition 3.3. Suppose that for Ag) (evj)o<j<s, there exists a solution such that pi has a pole
att =0 and q, g2, p2 are all holomorphic att = 0. Then,

q = (—80&0 — 8as + 6)t/{(40¢1 — 1)(4041 + 1)} + -,

p1 = (doq — 1)(doq + D)t~ /16 + - -,

@ =(-201+1/2)+---,

P2 = 1/4 + -
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3.3 The case where p, has a pole at t =0

Proposition 3.4. Suppose that for Ag)(a]’)ogjgg, there exists a solution such that pa has a pole
att =0 and q1, p1, g2 are all holomorphic att = 0. Then,

g1 = (~2a0+1/2) + -,

po=1/44

g2 = (—8a1 — 8az + 6)t/{(4davyg — 1) (4o + 1)} + - - -,
p2 = (4ag — 1) (4o + )t /16 + -+ - .

4 Meromorphic solution at t = ¢ € C*

In this section, we deal with meromorphic solutions at ¢t = ¢ € C*, where C* means the set of
nonzero complex numbers.

Proposition 4.1. Suppose that for Aé2) (aj)o<j<3, there exists a meromorphic solution at t =
c € C* such that some of (q1,p1,q2,p2) have a pole at t = c. Then, one of the following occurs:

1
2
3

(1) ¢1 has a pole at t = ¢ and p1,q2,p2 are all holomorphic at t = c,

(2) g2 has a pole at t = ¢ and q1,p1,p2 are all holomorphic at t = ¢,

(3) q1, g2 have both a pole at t = ¢ and p1,pa are both holomorphic at t = ¢,
(4) q1, p2 have both a pole at t = ¢ and p1, g2 are both holomorphic at t = ¢,
(5) p1, g2 have both a pole at t = ¢ and q1, pa are both holomorphic at t = c,
(6) p1, p2 have both a pole at t = ¢ and q1, g2 are both holomorphic at t = c,
(7)

7) q1, p1, g2, p2 all have a pole at t = c.

4.1 The case where g; has a pole at t = ¢c € C*

Proposition 4.2. Suppose that for AéQ)(Ozj)()Sjgg, there exists a solution such that q1 has a pole
att =c € C* and p1, qo2, p2 are all holomorphic at t = c. Then, either of the following occurs:

q=—clt—c) b+,
- o]+ o

plz_%(t_c)"i_"'? @ @=0(-c),

p2 = O(t —c).
4.2 The case where g has a pole at t = c € C*

Proposition 4.3. Suppose that for AéZ)(aj)ogjgg, there exists a solution such that qo has a pole
att =c € C* and qi1, p1, p2 are all holomorphic att = c. Then, either of the following occurs:

q1:O<t—C),
g=clt—c) 4, p1=0(t—c),
(1) o (2) et —) .
pr=——(t—c)+, 2=—clt—c)" +--,
p2:1+a0+a3(t—c)+--~
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4.3 The case where q;, g2 have a pole at t = ¢ € C*

Proposition 4.4. Suppose that for Aéz) (cvj)o<j<a, there exists a solution such that qi, g2 have
both a pole att = ¢ € C* and p1, p2 are both holomorphic at t = c. Then, either of the following
occurs:

q=—clt—c) 4., q120(ta—c)*1+---,
(1) P1="beo+bci(t—c)+--, @) plzf?o(tfc)Jr---,
@=—clt—c) b+, @=ct—c) 4+,
p2=deo+dea(t—c)+--, pzz_%(t_c)Jr...’

where b070 + d070 =1 and bc,l + dc,l = %'

4.4 The case where q;, p2 have a pole at t = c € C*

Proposition 4.5. Suppose that for Ag) (0j)o<j<3, there ezists a solution such that g1, p> have
both a pole at t = ¢ € C* and p1, q2 are both holomorphic at t = c. Then, one of the following
occurs:

(g1 =4c(t —¢) +8/3+---,

p1=0—ap/{bc}t (t—c)+---,
@=0t—c)+Bag—a1—az+2)/{2} - t—c)?+-,
\pg:c(t—c)_2—4ao/5-(t—c)_l—i----,

(1)

q=—clt—c) '+ (-1/4—a)+ -,

p1 =0+ ap/{dc} - (t —c¢)

g2 = (t—c)+ (=3ap —a1 —az +2)/{2¢} - (t =) + -+,
\pQ:C(t*C)_2+4Oéo/5'(t*C)_1+"'7
q=clt—c) '+ (3/4—ay)+-,
p=1/2—1/{12¢}-(t —¢c)+---,

@=—(t—c)+[(ar +a3)/c—3/{4c}|(t —c)®> +---,
pr=—c/2-(t—c)2=1/6(t—c) L+

4.5 The case where p;, g2 have a pole at t = c € C*

Proposition 4.6. Suppose that for A?) (0j)o<j<3, there exists a solution such that p1, g2 have
both a pole at t = c € C* and q1, pa are both holomorphic at t = c¢. Then, one of the following
oceurs:

q=0t—c)+Bar—ap—az+2)/{2} - t—c)?+-,
pr=clt—c) 2 —da/5-(t—c) 1+

@ =4c(t—c) 1 +8/3+---,
p2=0—ay/{bc}-(t—c)+--,
(I1:(t—C)+(—3Oé1—ao—a3—|—2)/{20}-(t—c)2—|----’
pr=clt—c)2+4a1/5-t—c) 14,
@=—ct—c)t+(=1/4—a1)+---,
p2=0+ay/{bct - (t—c)+---,

(1)
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q=—(t—c)+[(ao+as)/c—3/{4c}](t —c)®> +---,
3) pr=-—c/2-(t—c)2—=1/6(t—c) 1+,
@=ct—c) ' +B/4—-a)+ -,
pe=1/2—1/{12¢} - (t —c)+---.

4.6 The case where p;, p» have a pole at t = c € C*

Proposition 4.7. Suppose that for AéQ)(aj)ogjgg, there exists a solution such that p1, pa have
both a pole att = ¢ € C* and q1, q2 are both holomorphic at t = c. Then,

q1 = (—4de,—1) +aca(t —c) +-- -,
pr="be_1(t—c) '+ (3/8+202_1/c)+---,
g2 = (—4be—1) +cca(t—c)+ -,
pr=de_1(t—c)M +(3/842d%_ /c)+ -,

where the coefficients satisfy

C C
16b.,—1de,—1 4+ ¢ =0, e 1be,—1¢+ cede —1¢ + 5(040 +oa1 +az) = 3

4.7 The case where q;, p1, q2, p2 have a pole at t = ¢ € C*

Proposition 4.8. Suppose that for Aéz) (0vj)o<j<3, there exists a solution such that qi, p1, qo,
p2 all have a pole att = c € C*. Then,

q=—2c(t—c) L+ (Ve—4/3)+ac1(t—c)+---,

pr=ve/d-(t—o) T+ 1/24bea(t =)+

g2 = —2c(t—c) '+ (—vc—4/3) +cealt—c) + -,

p2=—Vec/4-(t—c) +1/24dea(t —c)+---,
where the coefficients satisfy

be + dey = az/{2c}, eV € — CevVe =2+ 2a3 — 200 — 20.

4.8 Summary
Proposition 4.9.

(1) Suppose that for Ag)(aj)ogjgg, there exists a meromorphic solution at t = ¢ € C*. Then,
q1, q2 have both a pole of order at most one at t = ¢ and the residues of q1, qo att = c are
expressed by nc (n € Z).

(2) Suppose that for AéQ)(aj)ogjgg, there exists a rational solution. Then, aso — aoo € Z,
Coo,0 — C0,0 € 7.

Proof. Case (1) is obvious. Let us prove case (2). From the discussions in Sections 2, 3 and 4,
it follows that

<X niC; <A

2 : =7 § : k~k /
qlzaoo,0+ n K QZ:COO,O+ n I nj’”kEZ’

=t =1 %k

where mq, mgy are both positive integers and ¢, € C* (1 < k < my) and c;- eC* (1 <j<mg)
are poles of q1 and ¢o, respectively. If ¢; or go is holomorphic in C*, then its second sum is
considered to be zero.

Considering the constant terms of the Taylor series of ¢, ¢2 at t = 0, we can prove the
proposition. |
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5 The Laurent series of the Hamiltonian H

In this section, for a meromorphic solution at ¢ = 00,0, we first compute the constant terms
hoo,0, ho,o of the Laurent series of the Hamiltonian H at t = co,0. Moreover, for a meromorphic
solution at ¢t = ¢ € C*, we calculate the residue of H at t = c.

5.1 The Laurent series of H at t = c©

Proposition 5.1. Suppose that for Ag)(a]’)ogjgg, there exists a meromorphic solution att = co.
Then,

3 1
hoo,O = 1(0&0 + a1 + (Jé3)2 — 5(—20&0 + 013)(—2041 + 043) — 3(0[0 -+ Oll)Oég.

5.2 The Laurent series of H at t =0

5.2.1 The case where q1, p1, q2, p2 are all holomorphic at t = 0

Proposition 5.2. Suppose that for Aéz) (0vj)o<j<a, there exists a solution such that qi, p1, qo,
p2 are all holomorphic att = 0. Then,

0 if case (1) occurs in Proposition 3.2,

(
—aj(ag + ag) if case (2) occurs in Proposition 3.2,
—ap(ag +asz)  if case (3

(

—as(ag + 1) if case (4

ho,o =
’ occurs in Proposition 3.2,

~— — ~— ~—

occurs in Proposition 3.2.

5.2.2 The case where p; has a pole at £t =0

Proposition 5.3. Suppose that for Aéz) (cvj)o<j<s, there exists a solution such that pi has a pole
att =0 and q1, g2, p2 are all holomorphic att = 0. Then,

1 3
hoo = —Z(Oéo +or+ag)’+ai+ 6

5.2.3 The case where ps has a pole at t =0

Proposition 5.4. Suppose that for Ag) (aj)o<j<3, there exists a solution such that pa has a pole
att =0 and q1, p1, g2 are all holomorphic at t = 0. Then,

3

1
h0,0 = —Z(Ozo + o1 + 043)2 =+ Ozg + E

5.3 The Laurent series of H at t = c € C*
5.3.1 The case where g1 has a pole at t = ¢ € C*

Proposition 5.5. Suppose that for A?)(Oéj)(]gjgg, there exists a solution such that q1 has a pole
att =c € C* and p1, q2, p2 are all holomorphic at t = c. Then, H is holomorphic at t = c.

5.3.2 The case where g2 has a pole at t = ¢c € C*

Proposition 5.6. Suppose that for AéQ)(ij)QSjSi;, there exists a solution such that g2 has a pole
att =c € C* and q1, p1, p2 are all holomorphic att = c. Then, H is holomorphic at t = c.
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5.3.3 The case where g1, g2 have a pole at t = c € C*

Proposition 5.7. Suppose that for Ag) (aj)o<j<3, there ezists a solution such that qi, g2 have
both a pole at t = c € C* and p1, p2 are both holomorphic att = c. Then, H is holomorphic at
t=c.

5.3.4 The case where q;, p2 have a pole at t = c € C*

Proposition 5.8. Suppose that for Aé2) (0vj)o<j<a, there exists a solution such that qi, g2 have
both a pole at t = c € C* and p1, p2 are both holomorphic att = c. Then, H has a pole of order
one att = c and

c if case (1) occurs in Proposition 4.5,
ft{eSH =<c if case (2) occurs in Proposition 4.5,
=c

¢/2 if case (3) occurs in Proposition 4.5.

5.3.5 The case where p1, g2 have a pole at t = ¢ € C*

Proposition 5.9. Suppose that for A?) (aj)o<j<3, there exists a solution such that p1, g2 have
both a pole at t = ¢ € C* and q1, pa are both holomorphic at t = ¢. Then, H has a pole of order
one att = c and

c if case (1) occurs in Proposition 4.6,
lt%esH =qc if case (2) occurs in Proposition 4.6,
=c

c/2 if case (3) occurs in Proposition 4.6.

5.3.6 The case where p;, p2 have a pole at t = c € C*

Proposition 5.10. Suppose that for AéZ)(Ctj)()Sjgg, there exists a solution such that py, p2 have
both a pole att = c € C* and q1, g2 are both holomorphic att = c. Then, H has a pole of order
one at t = c and I;{esH =c/4.

=c

5.3.7 The case where ¢q1, p1, g2, p2 have a pole at t = c € C*

Proposition 5.11. Suppose that for A?)(Oéj)ogjggg, there exists a solution such that q1, p1, q2,
p2 all have a pole att = c € C*. Then, H has a pole of order one at t = ¢ and ]i{esH =c/4.
=c

5.4 Summary

Proposition 5.12.

(1) Suppose that for Aéz) (0vj)o<j<s, there exists a meromorphic solution att = c € C*. Then,
the residue of H at t = c is expressed by nc/4 (n € 7).

(2) Suppose that for Ag) (aj)o<j<3, there exists a rational solution. Then, 4(hooo — hoyp) € Z.

Proof. Case (1) is obvious. Case (2) can be proved in the same way as Proposition 4.9. [
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6 Necessary condition ... (1)

6.1 The case where q1, p1, g2, p2 are all holomorphic at £t =0

6.1.1 The case where ag0 = 0, cgo =0

Proposition 6.1. Suppose that for Aé2) (cvj)o<j<3, there exists a rational solution such that qi,
D1, q2, p2 are all holomorphic at t = 0. Moreover, assuming that apo = 0, co0 = 0, then,
—20p 4+ ag €7Z, —20q1 + ag € 7.

Proof. The proposition follows from Propositions 2.12, 4.9. |

6.1.2 The case where ag,0 = 0, cg0 # 0

Proposition 6.2. Suppose that for A?) (cvj)o<j<a, there exists a rational solution such that qi,
P1, G2, p2 are all holomorphic at t = 0. Moreover, assuming that ago = 0, coo # 0, then,
—2a0+ a3 €7, 201 + ag € Z.

Proof. The proposition follows from Propositions 2.12, 3.2 and 4.9. |

6.1.3 The case where ag,0 # 0, cp0 =0

Proposition 6.3. Suppose that for Ag) (aj)o<j<3, there exists a rational solution such that qi,
P1, G2, p2 are all holomorphic at t = 0. Moreover, assuming that apo # 0, coo = 0, then,
200 + a3 € Z, =201 + a3 € Z.

Proof. The proposition follows from Propositions 2.12, 3.2 and 4.9. |

6.1.4 The case where ag,0 # 0, co,0 # 0

Proposition 6.4. Suppose that for Ag) (aj)o<j<3, there exists a rational solution such that qi,
P1, G2, p2 are all holomorphic at t = 0. Moreover, assuming that apg # 0, coo # 0, then,
200 + a3 € Z, 201 + ag € 7.

Proof. From Propositions 2.12, 3.2 and 4.9, it follows that ag — a1 € Z.
(2

If g # 0, by Proposition 3.2, we find that so(q1,p1, g2, p2) is a rational solution of Az~ (—ayp,
a1, ag + g, ag) such that all of so(q1, p1, g2, p2) are holomorphic at t = 0 and ago = 0, cp,0 # 0.
Then, from Proposition 6.2, we obtain the necessary condition. If a; # 0, by s; and Proposi-
tion 6.3, we obtain the necessary condition in the same way.

If g = oy = 0 and e # 0, by Proposition 3.2, we see that sa(q1,p1,q2,p2) is a rational
solution of A?) (g, g, —aig, i3 + 2avg) such that all of so(q1,p1, g2, p2) are holomorphic at ¢t = 0
and ap,0 # 0, co0 # 0. Based on the above discussion, considering that o+ a1+ 200+ a3 = 1/2,
we can obtain the necessary condition.

The remaining case is that ag = a3 = as = 0, ag = 1/2. We prove that for A?) (0,0,0,1/2),
there exists no rational solution such that q;, p1, g2, p2 are all holomorphic at ¢ = 0 and
apo 7 0, cop # 0. If there exists such a rational solution, by Proposition 3.2, we find that
boo = doo = 0. Then, s3(q1,p1,¢2,p2) is a rational solution of Ag) (0,0,1/2,—1/2) such that
all of s3(q1,p1, g2, p2) are holomorphic at ¢ = 0 and agp = coo = 0. Therefore, it follows from
Proposition 6.2 that —2 -0+ (—1/2) € Z, which is impossible. [
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6.2 The case where p; has a pole at t =0

Proposition 6.5. Suppose that for Ag)(aj)ogjgg, there exists a rational solution such that
p1 has a pole at t = 0 and q1, g2, p2 are all holomorphic at t = 0. Then, —2a9 + ag € Z,
a3 — 1/2 € 7.

Proof. The proposition follows from Propositions 2.12, 3.3 and 4.9. |
By s1s92, we can prove the following corollary.

Corollary 6.1. Suppose that for Aég)(aj)ogjgg, there exists a rational solution such that pp
has a pole at t = 0 and q1, qo, pa are all holomorphic at t = 0. Then, by some Backlund
transformations, the parameters can be transformed so that —2ay + ag € Z, —2a1 + as € Z.

6.3 The case where p; has a pole at t = 0

Proposition 6.6. Suppose that for A?)(Oéj)ogjgg, there exists a rational solution such that
p2 has a pole at t = 0 and q1, p1, q2 are all holomorphic at t = 0. Then, —2a;1 + a3 € Z,
o3 — 1/2 €.

Proof. The proposition follows from Propositions 2.12, 3.4 and 4.9. |
By sgs2, we can prove the following corollary.
Corollary 6.2. Suppose that for AéQ)(aj)ogjgg, there exists a rational solution such that ps

has a pole at t = 0 and q1, p1, q2 are all holomorphic at t = 0. Then, by some Backlund
transformations, the parameters can be transformed so that —2ag + asz € Z, —2a1 + ag € Z.

6.4 Summary

Proposition 6.7. Suppose that for Agg)(aj)ogjgg, there exists a rational solution. Then, one
of the following occurs:

(1) —2a0+a3€Z, —2a01+a3€Z,
(2) —2a0+ a3 €Z, 201 + a3 € Z,
(3) 200 + a3 € Z, —201 + ag € Z,
(4) 200 + a3 € Z, 2a1 + a3 € Z,
(5) —2a0+az€Z, az—1/2€1Z,
(6) —2a1+az3€Z, oaz—1/2€Z.

Corollary 6.3. Suppose that for Aé2)(aj)0§j§3, there exists a rational solution. Then, by
some Backlund transformations, the parameters can be transformed so that —2ag 4+ a3 € Z,
—2a1 + ag € Z.

7 Necessary condition ... (2)

7.1 Shift operators

In order to transform the parameters to the standard form, let us construct shift operators.
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Proposition 7.1. Let the shift operators Ty, 11, 1o be defined by
Ty = mSs283528150, Th = soTopso, To = s9Tpso,
respectively. Then,
To(ap, a1, a0, a3) = (g +1/2,00 +1/2, a0 — 1/2, ),

Tl(ao,al,ag,ag) = (O[() — 1/2,041 + 1/2,&2,0[3),

Ty (g, o1, i, a3) = (g, a1, 0 +1/2, a3 — 1),

respectively.

7.2 The properties of Backlund transformations
Proposition 7.2.

(1) If p1 =0 for A?)(aj)(]gjgg, then ag = 0.

(2) If p2 =0 for Ag)(aj)ogjgg, then a1 = 0.

(3) If g2 +t =0 for Ag) (0j)o<j<3, then ag = 0.

(4) If p1 + p2 — 1 =0 for Aéz) (aj)o<j<s, then ag = 0.

By this proposition, we can consider sy as the identical transformation, if py = 0. In the same
way, we consider each of s1, s9, s3 as the identical transformation, if ps = 0, or if g1qo +t = 0,
or if p1 + p2 — 1 = 0, respectively.

7.3 Reduction of the parameters to the standard form

By Corollary 6.3, using Tp, we can transform the parameters to (ag, a1, a2, a3) = (a3/2, a3/2,
a9, OZ3)-

Proposition 7.3. Suppose that for AéQ)(aj)ogjgg, there exists a rational solution. Then, by
some Backlund transformations, the parameters can be transformed so that —2ag + ag = 0,
—2a1 + a3 =0.

8 Classification of rational solutions
8.1 Rational solution of Aéz)(a3/2, a3/2, oz, a3)

Proposition 8.1. For Ag2)(053/2,013/2,052,053), there exists a rational solution and (q1,p1,q2,
p2) = (0,1/4,0,1/4). Moreover, it is unique.

Proof. The proposition follows from the direct calculation and Proposition 2.2. |

8.2 Proof of main theorem

Let us prove our main theorem.

Proof. Suppose that for Ag) (aj)o<j<3, there exists a rational solution. Then, from Proposi-
tion 6.7, we find that the parameters satisfy one of the conditions in the theorem. Moreover,
from Proposition 7.3, we see that the parameters can be transformed so that —2a¢ + a3 =
—2a1 +az = 0.

From Proposition 8.1, it follows that for Ag) (a3 /2, a3 /2, o, av3), there exists a unique rational
solution such that (q1,p1,q2,p2) = (0,1/4,0,1/4), which proves the main theorem. |
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A Examples of rational solutions

In this appendix, we give examples of rational solutions of Ag) (aj)o<j<3. For the purpose, we
use the shift operators, Ty, 11, T, and the seed rational solution,

(q1,p1,q2,p2) = (0,1/4,0,1/4) for AEQ)(OCP,/?,O@/?,OQ,O&?))-

Then, we obtain the following examples of rational solutions:
for A (as/2 4+ 1/2,03/2 + 1/2, a0 — 1/2, 3),

1 o3 4oz +1 1 a3 4oz +1 >

= —1 — - T4y T T ?
(q1,p1, g2, P2) < "1 + 2(t+4a§) 4t +1) 4 2(t—|—4a§) + 4t +1)

for AéQ)(Oég/Q —1/2,3/24+1/2, a2, a3),

5 1 n — 203 + 2
= 209 — I
@ 3 as(1 — 2a3) 203 + 1
1+ - 1+ 1
—t+ a3(2a3 + 1) —
3(2a3+1) az(—2a3 + 1)
1+
t
B 1 2003 + 1
pl - 4 + 1 ’
—4t 4+ 4das(2a3 + 1) —
1 053(2013 — 1)
t
1
2= 1 043(2043 — 1)7
t
1 as(203—1) 203 +1
P2 = : 4 At ’
ag(l — 2043) 1
20&3 -
t ag(l — 2043)
1+
t
for A (a3/2, /2, 00 + 1/2, a3 — 1),
1 2003 — 1 4oz — 3
= —_ 1 _ — -
(‘h)plaQZ)pQ) < "4 4{t + (20&3 _ 1)2} + 2(t + 1)’ ’
1 T 20[3 —1 40[3 -3
4 4{t+ (2a3 — 1)2} 2(t+1) '
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