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Abstract. We investigate correlation functions in a periodic box-ball system. For the second
and the third nearest neighbor correlation functions, we give explicit formulae obtained
by combinatorial methods. A recursion formula for a specific N-point functions is also
presented.
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1 Introduction

A periodic box-ball system (PBBS) is a soliton cellular automaton obtained by ultradiscretizing
the KdV equation [1, 2]. It can also be obtained at the ¢ — 0 limit of an integrable lattice
model (a generalised 6 vertex model) [3, 4]. Let V; be a 2-dimensional complex vector space
with basis €y and €;. If we consider N tensor product space of Vi, V := V1®N , the transfer
matrix of the generalised 6 vertex model is a map (endmorphism) Ti(x;q) : V — V with
a spectral parameter z and a deformation parameter q. The positive integer k denotes that
the dimension of the auxiliary vector space is k + 1. An important property of the transfer
matrices is their commutativity: Tx(u; q)T1(v; q) = T;(v; q)Tk(u; q) for arbitrary k, I, u, v. Hence
they consist a complete set of diagonal operators and the lattice models are integrable. It
is also noted that the Hamiltonian of the quantum X XZ spin model is essentially given by

Hxxyz = ;;Hi 6% log T’ (z; q). If we take a limit qﬁl&lﬁlﬁl T(z;q) =: T, the transfer matrix 7' maps

each monomial |ijig - iy) 1= €, R€, ® - -®¢€;, €V toamonomial. By identifying |ijiz---in)
with a 10 sequence i1io--- iy, T gives the time evolution of the PBBS. Using this relation, we
can obtain several important properties of the PBBS such as the conserved quantities, a relation
to the string hypothesis, a fundamental cycle and so on.

One of the main problems of quantum integrable systems now is to obtain correlation func-
tions which is fairly difficult even for the XXZ model and the 6 vertex model [6]. Since
a correlation function of the X XZ model or the 6 vertex model is, roughly speaking, trans-
formed to a correlation function of the PBBS in the limit ¢ — 0. For example, a two point
function (ss?) of the XX Z spin model is transformed to the probability that both ith and
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Figure 1. Definition of Ty, for f € Q.

jth componets of the PBBS are 1. Hence, from the view point of integrable lattice models or
quantum integrable models, it may actually give some new insights into the correlation functions
of the vertex models themselves to obtain correlation functions of the PBBS.

In [5], we gave expressions for N-point functions using the solution for the PBBS expressed in
terms of the ultradiscrete theta functions. We also gave expressions for the one point, the nearest
and the second nearest neighbor correlation functions. Note that the correlation functions
defined there and in this article are not the direct ¢ — 0 limit of the correlation functions of
the corresponding lattice model; such a limit generally gives trivial results [5]. We define the
correlation functions on the phase space of a set of fixed conserved quantities. In this article,
we show that the second nearest neighbor correlation function can be simplified with some
combinatorial formulae, and give an explicit formula for the third nearest neighbor correlation
function by combinatorial methods. A recursion formula for a specific N-point function is also
presented.

The PBBS can be defined in the following way. Let L > 3 and let Qj = {f |f:[L] —
{0,1} such that §f~'({1}) < L/2} where [L] = {1,2,...,L}. When f € Q is represented as
a sequence of Os and 1s, we write

The mapping T, : Qr — Qr, is defined as follows (see Fig. 1):

1. In the sequence f find a pair of positions n and n+ 1 such that f(n) =1 and f(n+1) =0,
and mark them; repeat the same procedure until all such pairs are marked. Note that we
always use the convention that the position 7 is defined in [L], i.e. n + L = n.

2. Skipping the marked positions we get a subsequence of f; for this subsequence repeat the
same process of marking positions, so that we get another marked subsequence.

3. Repeat part 2 until one obtains a subsequence consisting only of 0s. A typical situation
is depicted in Fig. 1. After these preparatory processes, change all values at the marked
positions simultaneously; One thus obtains the sequence 17 f.

The pair (21,77) is called a PBBS of length L [2, 7]. An element of €, is called a state, and
the mapping 77, the time evolution.

The conserved quantities of the PBBS are defined as follows. Let Q;(f) be the number of 10
pairs in f marked at jth step in the definition of the mapping T7,. Then we obtain a nonincreasing
sequence of positive integers, Q;(f) (j = 1,2,...,m). This sequence is conserved in time, that
is,

Qj(f):Qj<TLf)EQj (j=1,2,...,m).

For example, (Q1,Q2,Q3,RQ4)=(3,3,2,1) for f given in Fig. 1. As the sequence (Q1,Q2,-..,Qm)
is nonincreasing, we can associate a Young diagram with it by regarding @); as the number of
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squares in the jth column of the diagram. The lengths of the rows are also weakly decreasing
positive integers. Let the distinct row lengths be P, > P, > --- > P, and let n; be the number
of times that the length P; appears. The set {P;, n; }5:1 is another expression for the conserved
quantities of the PBBS.

First we summarize some useful properties of the PBBS. We say that f has (or that there is)
a 10-wall at position n if f(n) =1 and f(n+ 1) = 0. Let the number of the 10-walls be s and
the positions be denoted by a1 < ag < -+ < as.

We introduce a procedure called 10-insertion. For (b1,ba,...,br) € Z>o X Z>0 X -+ X Z>q (=
L
(Z>0)¥) and d := >_ b;, the 10-insertion is defined as I(b1,ba,...,br) = Ia(b1,ba,...,br) o I,
i=1
where I : Qp — Qp 94 is the mapping;:
(

(n=a;+2j—1, j€ls]),
(n=a;+24, j€s]),
(ILf)(n) =14 f(n) (1<n<ay),
(
(

o =

aj+2j+1<n<aj1+2j jcls—1)]),
as+2s+1<n<L+2s)

and the mapping Ia(b1,ba,...,br) : Qri2s = Qryo(d4s) is defined to be

f,(n - 28]—1) (n = .] + 26]'—17 j € [L])7
(12(617b27 .. abL)f/)(n) = 1 (TL = j + 22)]'71 +2h — 17 ] € [LL h € [b]])v
0 (n=j+2bj_1 +2h, j € [L], h € [bj]),
where f' =1 f € Qpi0s, bp = 0 and Bj = ﬁ{z € [s] ! a; < j} + Zg:1 b;. For example,

f =(0011100111000001101000111000000,

Lf =00111[10000111[10000001 1[1001[L0000111[L0/000000,

I(1g, 192, 129) f = 00111[100011101[100000011[1001[1000010111[1000001000,

where (19, 122, 129) denotes the 10 sequence whose 9, 22, and 29th elements are 1 and the others
are 0, that is,

(197 122a 129) = (Oa 07 07 07 07 07 07 07 170707070a Oa Oa 07 07 07 07 07 07 17 07070707 1a Oa Oa 07 0)7

and the expressions and 10 denote the 10s inserted at f — Iy f and at I f — Iz(by,bo, ...,
br)(I1f) respectively.

2 Correlation functions of PBBS

We consider the PBBS with L boxes and M balls. As shown in [5], the correlation functions
are defined on the states with the same conserved quantities. Let Y be the Young diagram
corresponding to the partition of M:

(Plu-Pla"'7P17P27P27‘"7P27"'7PZ7PZ7"‘7P€)7

ni ng ny

4
where Py > P > -+ > P;>1and ) n;P; = M. The number of squares in the jth largest raw
=1
of Y is P;. In the PBBS, the conserved quantities are characterized by the Young diagram Y [8].
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When we denote by €y the set of states with conserved quantities given by Y, the N-point
function of the PBBS is defined as

(51,2, 5N )y = Qlﬂ S Fls1)f(s2)- - Fsw).

fey

Since the N-point function (s1,s1 +dy,...,s1 +dy_1)y does not depend on the specific site s1
(because of translational symmetry), we denote

Cy(di,da,...,dy-1) = (51,51 +d1,...,51 +dn_1)y,

where 1 < dj < dy < --- < dy-1 < L. The 1-point function Cy (@) := (s1)y and the 2-point

function Cy (1) := (s1,s1 + 1)y are easily calculated as Cy (&) = % and Cy (1) = ML_S where

{
s= Y. n;.
i=1
Although general N-point functions are difficult to evaluate by elementary combinatorial
methods, the correlation functions Cy(1,2,...,N —1) = (s;,s1+ 1,51+ 2,...,51 + N — 1)y
enjoy a simple recursion formula. Let us put

. Py
. = P;), . .
k?i = { "t (Z ]) k‘l = E k?j, Lo = L, Ll = Li,1 — Qk‘i,
j=t

0 otherwise,

fori=1,2,...,P. Note that k; and l%z are the number of the rows in Y with the length ¢ and
that with the length greater than or equal to i respectively. For the Young diagram Y, let Y; be
the Young diagram corresponding to the partition

(max [Pl—i,O],max [Pl —i,O],...,max [Pl —i,O},

~~
ni

max[Pz—i,O],max[Pg—i,O],...,max[Pg—2‘,0},...

n2

...,max[Pg—i,O],max[Pg—i,O],...,maX[Pg—i,O]).

Ny

The following two lemmas immediately follow from the definition of I; and the procedure of
10-insertion.

Lemma 1. In a state f = I f1 (f1 € Qy,), no pattern with 101 exists.

Lemma 2. The number of the pattern 11 in f1 € Qy, is equal to that of the pattern 111 in I fi,
and it does not depend on the specific state fi1. If we denote it by No, it is calculated as

Py
No = kili —2). (1)
1=3

Then we have the following theorem.

Theorem 1.

T

Oy(1,2,...,r+1) = (%HM) Cyi(1,2,....7)  (r=1,2,...).
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In particular,

1,2 ki(i —2),
Or(1,2) = L1+k‘1—1z '
Li(Ly —1)(L1 — 2)
L(L1 + k1 — 1)<L1 + k1 — 2)
Proof. We call a ‘block’ for a repeated 10 pattern of the form 1010---10. We also call a 111

pattern for the pattern of the form 111.
First let us consider the case r = 1. From Lemma 2, the number of 111 patterns in Iy fi is

equal to Zk(z—2) Let B beaset{31€ (Z>0) Ll} Zb = k1, B1 = (b1,b2,...,b1,) } In

the process I1f1 — I(By) f1, if 10 blocks is inserted between the left 1 and the middle 1 of a 111
pattern, then the 111 pattern in I(B)f; disappears. Let Wy : Z>¢ x (F2 x Fg) — {0,1} be the
function:

Uy (b; ug,ug) ::{ 1 (b=0, (u1,uz) = (1,1)),

0 otherwise

CY(lv 27 3) =

Cy,(1,2).

and 1 (f1) = #{i € [L1]] (f1(4), f1(i + 1)) = (1,1) }. Since a state of Qy is obtained by
10-insertion to a state in (2y;, we have

Cy(1,2) = L\B&HQYI > Z (B1)A) @) (IB)A)+1) (I(B)fi)(i+2)

B1€B1 f1€Qy, =1

~ LBy |QY > 2 Z\Iﬁ bi; f1(i), f1(i + 1))

B1€B1 f1EQy; =1

L\BlHQY > X Z‘Iﬁ b; f1(8), f1(i + 1))

B1€B1 f1€Qy, =1

Wi (br: 1,1
L\Bl\le Z Z 1(f1)P1(bs )

B1€B1 f1€Qy,

L\BMQYI\ i) Y Wb 11

F1€Qy, BieBy
(")
1
= = k
L‘Bl‘ ’le‘ Z V1 fl LLl—l-/{l—l Z
[1€Qy,
From
P P
> ki(i—2) = k(i —1) — ky = L1Cy, (1), (2)
=3 =2
we find
Ly (L1-1)
Cyv(1,2) = ————— 1).

For general r, if we define

\Ijr(blubQ)' . 'Jb’r‘;u17u27 s 7u1”+1)
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1 ((b1,b2,...,br) =(0,0,...,0), (u1,u,...,upp1) = (1,1,...,1)),
0 otherwise,

and ¥, (f1) == ﬁ{z € [L4] | (fl(i),fl(i +1),...,1ili + r)) = (1,1,...,1) }, we can proceed in

a similar manner to the case r =1 as

Cy(1,2,...,r+1) = L\Blymy >y Z (B)A)G) - (IB)A) G +7+1)

BreB1 f1€Qy, =1

L‘BIHQY Z Z Z‘I' biy. oy bivrs f1(3),..., fili +74+1))

BreBi f1€0Qy; i=1

~ LB \Qy > X Z\D (b1, brgas f1(@),.. o, it +7+ 1))

BreB1 f1€Qy, =1

c(FO)W(br, -+ by (1,1, 1
L‘BIHQY1’ Z Z ¢ fl 1 +1( ))

B1€B1 f1€Qy,
(LH—kkl—r—l)
- 1 X Z wr fl
L|By| f1€Qy1
(L1+k1 r— 1)
- (L1+k1 1) x L1Cy,(1,2,...,7)

T

:Llel(, ,...,T)H (L1—2>
L 1(L1+k1—i)’

which completes the proof. |

3 The second and the third nearest neighbor
correlation functions
3.1 Correlation function Cy (2)

Using 10-insertion and the Young diagram Y; defined in the previous section, we can rewrite

Cy(2) as

VO = [ X & 3 ()0 (1151t +2)

B1€B1 [1EQy, n=1

From this expression we can prove the following proposition which gives a key formula to cal-
culate Cy (2).

Proposition 1. Let ®g : Z>o x (Fo x Fa) — Z>¢ be the function defined by
0 (b=0),
Qp(byur,uz) == b (b #0, (u1,u2) = (0,1),(1,0)),
b—1 (b#0, (u1,u) = (0,0),(1,1)).

Then we have

Cy(2) = T (N2 + Ra), Q)
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where Na is given in (1),

ST dolfuib)Do(bisb)  (f1 € Qyy),

| 1| B1€Bi1 be(Fg)?

and ¢o(f1;b) :=#{i € [L1]| (f1(d), (i + 1)) = b }.

Proof. We call a 11 pattern for the pattern of the form 1 %1 where * is either 1 or 0. From
Lemmas 1 and 2, we already know the number of 1 % 1 patterns in [ f;. Hence we estimate
the number of the 1% 1 patterns generated and eliminated by inserting blocks 1010 --- 10 in the
process I f1 — I(B1)f1. Since there appears no 1 % 1 pattern between blocks, we have only
to count the number of the patterns 101 appeared in a block and a boundary and that of the
patterns 111 eliminated by 10-insertion; then, for b, > 1, we observe the number of 1x1 patterns
appeared by the operation of I2(B;) as

(1) filn)filn+1)=00 — 01010---100 = +(b, — 1),
(2) fi(n)fi(n+1)=10 — 1101010 --100 = +b,,
(3) filn)filn+1)=01 — 01010---101 = +by,
(4) fi(n)fi(n+1)=11 — 11010---101 = +(b, — 1).

Here we write the referred 1, 0s in I3 f1 in bold scripts (1, 0) for clarifying the results. Note that
if fi(n)fi(n+1) = 11 and b, = 0, then we have the patterns 111 or 11[10| or 1110 after the
operation of I5(B7). Hence, we have

1

Ry =
|B1 |92y, |

> % (ﬂ{‘lOl’ € I(B)f1} — {111 € I f, disappears in I(Bl)fl})

Bi1€B1 f1€0y;

yzs-lmy S S S b A0 i+ 1)

B1€B1 f1€Qy, =1

Here ﬁ{‘lOl’ € I(Bl)fl} denotes the number of ‘101’s in I(Bj) f1 and 1:1{‘111’ € I f1 disappears
in I(Bl)fl} denotes the number of ‘101’s which disappear by the operation Iz(Bj). Since

(bl,bg,.. . ,bLl) eB — (bi,bi+1,...,bL1,b1,.. . 7bi—1) € By,

we have
> ol fu@), fii+1) = > Rolbis f1(0), f1(i +1)).
BieBy BieB;

Thus we have

Z Z@O bi; f1(i), f1(i + 1)) Z Z‘I)o bi; f1(7), f1(i + 1))

BlEBl =1 BleBl =1

= > > do(fi;b) @o(bn,b).

B1€B1 be(F2)?

Furthermore, if f and f’ are the states of PBBS with the same number of boxes, balls and

solitons, then ¢o(f;b) = ¢o(f';b) for any b € (F2)?, in particular, ¢o(f1;b) = do(f];b) for
f1, f1 € Qy;. Therefore we obtain (3). [ ]
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For the evaluation of Cy (2), we use the identity for binomial coefficients given in the following
lemma.

Lemma 3. For k <[ <n, it holds that

()-S () - (et 0

m=0

Theorem 2.

P1 T
1 . kl(kl—l) Qkal
— = k(i — 2 5
L(§ (@ )+L1+k1—2+L1+k1—1> (5)

1 kl(kl — 1) 2]%2191
-~ |
L( 1 (1) L1+k1—2+L1+k1—1>

Proof. There are (L1+k1_m_2) elements with b = m (m > 1) in the set B;. Since ¢o(f1;(0,1))

ki—m

= ¢0(f1; (1, 0)) = ]%2 and ¢0(f1; (0, 0)) + ¢0(f1; (1, 1)) =1L - 2];)2, we have

D> dolfisb) Do(bi; )—Z (Ll +]jl_ﬂ7j—2) > ¢o(f13b) Bo(ms; b)

B1€B1 be(F,)2 m=1 be(F2)?
k1
Li+k—-—m-—2
:Z( 1 kl—m ) Z (m —1) ¢o(f1:b) + Z m ¢o(f1;b)
m=1 1 b=(0,0), (1,1) b=(0,1), (1,0)
k1
itk —m—2\ .~ (Li+k—2
=1 Z(m—l)< ! kll—r;n >+2]€2( 1k1—11 >7
m=1

that is,

. — ki —1
ki(i — 2) + —2=L +
2 k(=2 B B

k1
Li+k —m—2 _
Ly Z(m_1)< ki —m ) 2k2<L1+k1 2)

When we put n = L + k1 — 2 and [ = Ly, (4) turns into

k1—2 kl
Li+k —2 Li+k—2—-2—m Li+k—2-—m
< I, > m§=O(m+ )< ki —2—m ) mEZl(m )< ki —m >

Li+k—1

Since |B;| = < )
1

>, we obtain (5). Equation (6) follows from (2). [ |

3.2 Correlation function Cy (3)

The evaluation of Cy(3) can be done in analogous way to that of Cy(2), although we have to
consider various patterns so that the expression may become fairly complicated.
Using 10-insertion and the Young diagram Y5 defined in the previous section, we have

SRR PIPIPS

B1€B1 B2€B3 f2€80y,
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L
Z I(By) f2) (n)(1(B1)I(B2)f2)(n+3),

n=1

where By = {32 € (Z>o)* } Z bi = ko, By = (b1,ba,...,b1,) } We call a 1 * %1 pattern for an

array of 4 elements of the form 1 % %1 where *x is 00 or 01 or 10 or 11. The following lemmas
are easily understood by the definition of 10-insertion and Proposition 1.

Lemma 4. In a state f = 11 f1 (f1 € Qy,), no pattern with 1101 and 1011 ezists.

Lemma 5. For By € By and fy € Qy,, the number of the 1 x 1 patterns in fi := I(Bs)fo is
equal to that of the patterns of the form 1001 and 1111 in I f1, and is given by

Zk i—3)+j(B2),

where

Z(I)o bz,fg fg(Z—i—l)) (322(51,52,...75L2) EBQ).

~ Py ~
Lemma 6. Let N3 := ) ki(i — 3) and Ra = Ra|(f, B1)—=(fo,8,) = |8712| j(B2). Then we
=4 BaeBs
have

1~ ~
Cy,(2) = L—(NQ + Ra).
1
Let us define

N = |B1]|B2] |y, | |l32||QY2 Z Z Z {11001 € 111 (Bg) fo}-

B1€B1 BoeBs fQEQy
From Lemmas 4-6, we find N3 = L1Cy, (2). If we define R3 by
1
Cy(3) = 7 (N3 +R3),

it denotes the term which arises from 10-insertion I(Bj), that is,

erBzHer o> X (#ator a0 e 1(B)I(B) )

B1€B1 B2€B3 f2€Qy,

— #{1001’, ‘1111’ € [,1(By) f disappear in I(Bl)I(Bg)f2}>.

R3 =

Then we obtain the following proposition which gives a key formula to calculate Cy (3).
Proposition 2. Let us define the functions; ®1 : Z>o x (Fo)* — {0,1,2}:

2 (b#0, (u1,u2,u3,us) = (0,1,1,0),(1,0,0,1)),
(U17U27U37U4) (]- 0 0 0) (0,1,0,0

1,1,0,0),(0,0,1,0), (1,0,1,0), (1,1,1,0)

(D b;u,u ,u ?u :: (7 ) b b B b b B b bl B b 7

1B, g, uz, ) L o#0, (0,0,0,1),(0,1,0,1),(1,1,0,1),(0,0,1,1), |’ (7)
(1,0,1,1),(0,1,1,1)

0 otherwise,
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(I)Q : (Z20)2 X (F2)4 — {—1,07 1}.‘

1 (b #0, (u1,u2,us,us) = (1,0,0,0),(0,0,0,0)),

q)Q(b? b/;u17u27u37u4) = -1 (bb, 7é O’ quliuf,?)'g’uzl) = (1’ 17 07 1)7 (07 17 07 1)7 > ’ (8)

0 otherwise,

and ‘I)g : (220)2 X (F2)4 — {—1,0}.‘

-1 (b #0, , U2, U3, =(1,1,1,1)),
@3([7, bl;u1,U2,U37’LL4) = ( 7& ] (Ul Uz, U3 U4) < )) (9)
0 otherwise.
Then we have
1
Cy(3) = 7 N3 +Rs), (10)
N3 = L0y, (2), (11)

Ro= mmTe o o X o

B2€By Bi1€B1 f2€Qy, be(F2)4
¢1(1(B2) f2;b) (P1(b1; b) + Pa(by, ba; b) + P3(b1, b3; b)),

where

$1(f1;b) = 4{i € [La] | (fr(i = 1), f1(0), fr(i + 1), fr(i +2)) =b }.

Proof. Equations (10) and (11) have already been shown. From (17) in Appendix A, we find
that

1 =t
R = BBy 2 2 2o 2

B2€B2 B1€B1 f2€Qy, i=1
(%ﬂmﬂBﬁh@—1%HBﬁh@%HBﬁh@+1xaBgﬁ@+2»
+ @9 (bs, bit1; [(B2) f2(i — 1), 1(B2) f2(i), I(Ba) fa(i + 1), I(Ba) fa(i + 2))
+®ﬁm4ﬁwﬁﬂBﬁh@—1%HBﬁh@)HBﬂﬁ@+1%HBQb@+2»>
Since
(bi,ba,...,bp,) € By — (bi,bi+1,...,bp,,b1,....bi_1) € Bi,

we can rewrite

D @1(bi I(B2) fa(i — 1), I(Ba) fa(i), I(B2) fa(i + 1), I(Ba) fali + 2))

B1€B;

= Y ®u(bi; I(Ba) fali — 1), 1(Ba) fo(i), I(Ba) fa(i + 1), I(Ba) fa(i + 2)).

B1eB;

Furthermore

Ly
> i(bis 1(Bo) foli — 1), 1(B2) fo(i), 1(B2) fali + 1), 1(B2) fa(i + 2))

i=1
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= Y o1(I(Ba) f2; b)@1 (b3 b).

bE(F2)4

Similar relations hold for ®, and ®3, and we obtain

R3 = 131!5’2\91@! Z Z Z Z

B2€By B1€B1 f2€Qy, be(F2)4
¢1(1(B2) f2; b) (®1(b1; b) + Po(by, bas b) + P3(b1, bs; b)). |

Theorem 3.

1 . ~
Cy(3) = ¢ (Llcyl (2) + 2K M (3ks + 2ky — Rs)
1) 7-(1) oAb > (2) _
+ Kl K2 {Ll 4ks — 3k — Ro (Kl + 1)L20y2(1) Llcyl(l, 2, 3)}
K£1)K§1)K§1) (Ll - 1)L10Y1(17273))7 (12)
k1 —2
where

G) . ki—i+1
i Li+kj—i

and

= 2kgko ko(ky — 1)
T Lytky—1 Lyt+ky—2

Proof. From (18) and (19) in Appendix B, we obtain the following equations:
Li+Fk -2 - .
S Y B b bisb) = (7 ) {2 (3ks 4 2k - (B) b, (13)
ki—1
B1€B1 be(Fa)4

> (¢1 (B2) f2;1,0,0,0)®5(b1, ba; 1,0,0,0) + ¢1(I1(Bz) f2;0,0,0,0)P2(b1, b2; 0,0, 0,0)
B1eB:

+ ¢1(I(B2) f2;1,1,0,1)@5(b1, b2; 1, 1,0, 1) + ¢1(I(B2) f2;0,1,0,1)@2(b1, b2; 0, 1,0, 1))

_ (LIIZ ’il; 3) (61(1(B2)£231,0,0,0) + 61 (I(B2) £2:0,0,0,0)

— 61(I(B2) 23 1,1,0,1) = 61(1(B2) £2:0,1,0, 1)) (14)

Li+k —3
_ 4y — ko — §(Ba) Ej 1)) § _
< ki 2 )( k3 — 3k — §(Ba) C(bi; fa(i), foli + K (i )

D ¢i(I(By)fa;1,1,1, 1)(<I>2(b1,b2;1,1,1,1)+<I>3(b1,b3;1,1,1,1))
Bi1€B;

Li+k —3 Li+k—4
= - I(By)fy:1,1,1,1 1
{( k1 —2 >+< ki — 2 )}le(( 2)f2a s 4y Ly )7 (5)
where (617527 R 76L2) = B2 € BQ and

C(b, ul,uz) : { 1 (b 7é Oa (u17u2) - (1,1)),

0 otherwise.
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Note that, from the definition,

Yo D iI(Ba)fa;1,1,1,1) = LiCy(1,2,3).

|B2||QY2| Fachs facily,

Since
(61,62,.. . ,I;L2) & Bg — (5i75i+17"'7gL27817"' ,Bi—l) c BQ
and

{‘11’ in fy € QYQ} = ﬁ{‘ll’ in fé S QYQ}

> Zcbz,fz ) fali+1) =Y (b 1,1) (Zk

<L2 + ko —2
BoeByi=1 BoeBs

o )LQCYZ(l).

v
Il

Hence, we have

: ) (L1};|—k11—2)
Ry = i > {2 (3k3 + 2k —j(B2)) ﬁl—l)
2 Bo€eBs ( h

. ~ Py (L1+k1—3)
+ <L1 — ks — 3ky — j(Bg) — (C(bl; 1,1) + 1) > ki - 3)) S 2 2

(L1+k173) + (L1+k174) 1

k1

2k; (31%3 + 2y — 7%2)
Li+k—1
ke (ky — 1) {L1 4y — 3ky — R — (# n 1) LaCy, (1) — L1Cy; (1,2, 3)}
(L + k1 — D)(L1 + k1 — 2)
kil -1 —1)LiCy (1,2,3)
(Li+ k1 —1)(Ly + k1 —2)(Ly + k1 —3)°

+

From Proposition 2, this equation and KZ-(j) give (12). |

4 Concluding remarks

In this article, we showed a recursion formula for the N-point functions Cy(1,2,...,N — 1).
Using the formula, we explicitly calculated the second and the third nearest neighbor correla-
tion functions. In these estimations, we found that Cy (3) is essentially obtained from Cy (1),
Cy(2) and Cy(1,2,3). We expect that such recurrence formulae may exist for general N-point
functions. Obtaining the recurrence formulae and to clarify their relation to correlation functions
for quantum integrable systems are problems that will be addressed in the future.

A Evaluation of R3 in Cy(3)

Let By € B, fo € Qy2 and

1

B
( 2af2) ’B |

3 (ﬁ{‘llOl’, 011 € I(B1)I(By) fa}

B1eBy
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— #{1001", ‘1111’ € [,1(By) f, disappear in I(Bl)I(Bg)f2}>.

To evaluate R(BQ; f2) we have to count the balance of the increment and the decrement of the
1 % x1 patterns by 10-insertion. There are two types of such 1 x %1 patterns:

(A) One of the 1s at the ends of a 1 % 1 pattern originally belong to I11(Bs) f2;
(B) Both of the 1s at the ends come from 10-insertion I2(Bj).

In each case, the variation is listed as follows.

(A) Let f1 = I(B2)f2. When a block 1010---10 is inserted between fi(n) and fi(n + 1), the
—_—
bn£0
number of 1 % x1 patterns of type (A) is given as:

(1) fl(?)%)fl(n +1)=00:

(a) 0000  —s 001010---1000 = =0 (+0,—0),
(b) 110000 — 1[1001010---1000 = +1 (+1,-0),
(c) 0001 Hoomm---mm = +1 (+1,-0),
(d) 110001 — 1[1001010---1001 = +2 (+2,-0);

(2) fl(n)fl(n+1)—10
(a) 11000 — 1[01010---1000 = +1 (+1,-0),
(b) 11001 — 1[101010---1001 = +1 (+2,-1);
(3) fi(n)filn+1)=01:
(a) 0011 — % 001010---1011 = +1 (+1,-0),
(b) 110011 — 1[1001010---1011 = +1 (+2,-1);
(4) filn)filn+1)=11:

(a) 011100 — 011010---101100 = +2 (+2,-0),
(b) 0111[100 — 0111010---101100 = +1 (+2,-1),
(b') 1111[100 — 1111010---101100 = +1 (+3,-2),
(¢) 0111 — 011010---1011 = +1 (+2,-1),
(d) 011111 — 0111010---10111 = 40 (+2,—2),
(d) 111111 — 1111010---10111 = 40 (+3,-3),

where +1 (+1,—0) etc. denote the numbers of the total (created, disappeared) 1 x x1
patterns.

Note that total number does not depend on the length of the blocks and that the variation of
1% %1 patterns is determined for the four elements fi(n —2)fi(n —1)fi1(n)fi(n+1). Hence, for
by, # 0, the contribution from a boundary and a block is summarized as

0 ((0,0,0,0),(1,1,1,1)),
(1707070)7(()’17070)?(1’1a070)7(0a0a1a0)7

1 (1,0,1,0),(1,1,1,0),(0,0,0,1),(0,1,0,1), |,
(1,1,0,1),(0,0,1,1),(1,0,1,1),(0,1,1,1)

2 ((0,1,1,0),(1,0,0,1)).

For example, there is no contribution for (fi(n — 1), fi(n), fi(n + 1), fi(n + 2)) = (0,0,0,0),
(1,1,1,1), and +2 for (fi(n —1), fi(n), fr(n+ 1), fi(n+2)) = (0,1,1,0), (1,0,0,1).

(B) When blocks are inserted between f1(n — 1) and fi(n) and between fi(n) and fi(n + 1)
(bn—1 # 0, b, # 0), the total number of 1 % x1 patterns generated between two blocks is
given as:
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(1) fi(n—1)f1(n)f1(n+1) = 000:

— 010---1001010---100 = (+1, %0),
(2) filn—=1)fi(n)fi(n+1) =001:

—+ 010---1001010---101 = (+1,—1),
(3) filn—Dfi(n)fi(n+1)=010:

— 010---101[101010--- 100 = (=0, +0),
(4) filn—1)fi(n)fi(n+1) =011:

— 010---1011010---101 = (+1,—1),
(6) filn—1)fi(n)fi(n+1) =100:

— 11010---1001010---100 = (+1,~1),
(6) filn—1Dfi(n)fi(n+1)=101:

— 10010 -1001010---101 = (+1,-2),
(1) Ailn=1)fi(n) fr(n+1) =110:

— 110---101[1011010---100 = (=0, +0),
(8) filn—Dfi(n)fi(n+1)=111:

(a) — 0110---1011010---101 = (+1,-1),

(b) —» 1110---1011010---101 = (+1,-2);

Here (+1,40) etc. denote the number of 1 % 1 patterns which (arise between blocks, are
eliminated by the 10-insertion of blocks).

When a block is inserted between fi(n —2) and fi(n — 1) and another block is inserted
between fi(n) and fi(n + 1);

(9) filn—=1)fi(n)fi(n+1) =111
(a) —> 010---10111010---101 = (&0, %0),
(b) — 110---10111010---101 = (%0, -1).

From these list, we find that the pattern fi(n—1) f1(n)fi(n+1)fi1(n+2) determines the variation
locally. For b,b,+1 # 0,

1 ((1,0,0,0),(0,0,0,0)),

_1 (]‘7]‘707 ]‘)7(07]‘707 1)7
(1,1,1,1) ’
0 otherwise,

and for b,_1 #0, b, =0, byy1 #0,
{ -1 (Llalal)a

0 otherwise.

Therefore, using the functions ®;, ®2 and ®3 (7)—(9) in Proposition 2, we obtain

Ly
R(Bz;f2)=|811| %

BieBy i=1
(‘1>1(b1;; I(Bz) f2(i — 1), 1(B2) f2(i), I(B2) f2(i + 1), I(B2) f2(i + 2))

+ @2 (bi, bit1; 1(B2) f2(i — 1), 1(B2) f2(i), I(B2) f2(i + 1), I(Ba) f2(i + 2))  (17)
+ @3(b;—1,biy1; 1(B2) f2(i — 1), [(B2) f2(i), [(B2) f2(i + 1), I(B2) f2(i + 2)))-
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B Derivation of equations (13), (14) and (15)

From (17) and Proposition 2, we find

R(By; f2) = Z > 61I(Ba) fa; b) (®1(b1; b) + o (b1, ba; b) + B3(by, bs; b)).
31631 be(Fa)4
Let f1 := I(Ba) fa. First we consider the term:
Ra(Ba; f2) : Z > ¢1(I(Ba) f2; b)®@1(by; b)

Bl €By bE(]FQ

|[51 ) Z‘Dl (b1; fi(n = 1), fi(n), fr(n + 1), fi(n + 2)).

B1eB; n=1

For b # 0, we observe ®;(b;b) = tt{‘lO’,‘Ol’ € b} — ﬁ{‘lOl’,‘OlO’ € b}. There are ko ‘10’s, the
same number of ‘01’s and j(Bs3) + ﬁ{‘m’ inserted between consecutive 1’s} ‘101’s in f;. Since
the number of ‘010’s is equal to ﬁ{‘m’} — ﬁ{‘m’ inserted between consecutive l’s}, we find

Ru(Ba; fa) = 6ky — 2j(Ba) — 2ks. (18)
The rest terms can be evaluated by counting the numbers of 3-tuples in f;.
e the number of (fi(n — 1), fi(n), fi(n+1)) = (0,0,1), (1,0,0) is

2]%2 - ﬁ{n S [LQH(fl(n - 1)>f1(n)7f1(n+ 1)) = (1,0, 1)};
e the number of (fi(n — 1), fi(n), fi(n+1)) =(0,1,0) is
kz—ZC bi; fa(i), fa(i + 1))

where ((b; u17u2) is defined by (16);
e the number of (fl(n - 1), fi(n), fi(n+1)) = (0,1,1), (1,1,0) is

ks + 2 ZC bi; f2(4), f2(i + 1));

=1

e the number of (fi(n—1), fi(n), fi(n+1)) = (1,0,1), (1,1,1) is

Zk i—3)+j(Ba).

Hence we have

ﬁ{‘OOO’ S I(BQ)fQ} — ﬁ {‘1017 € I(Bg)fg}

= Ly — 4k3 — 3ky — j(Bo) Zgb“ﬁ  f2(i + 1)) Zkz—

Therefore

¢1(1(B2) f2;1,0,0,0) 4+ ¢1(1(B2) f2;0,0,0,0) — ¢1(I(Bz) f2;1,1,0,1)
— ¢1(1(B2)£2;0,1,0,1) = ﬁ{‘OOO’ € I(Ba) f2} —#{'101" € I(B2) f2}

= Ly — 4ks — 3ky — j(By) Zgb“fg fa(i+1)) Zkz— (19)

From (18) and (19), R(By; f2) can be obtained as shown in the proof of Theorem 3.
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