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Abstract. Vector-valued Jack polynomials associated to the symmetric group Gy are
polynomials with multiplicities in an irreducible module of & and which are simultaneous
eigenfunctions of the Cherednik—Dunkl operators with some additional properties concerning
the leading monomial. These polynomials were introduced by Griffeth in the general setting
of the complex reflections groups G(r, p, N) and studied by one of the authors (C. Dunkl) in
the specialization » = p = 1 (i.e. for the symmetric group). By adapting a construction due
to Lascoux, we describe an algorithm allowing us to compute explicitly the Jack polynomials
following a Yang—Baxter graph. We recover some properties already studied by C. Dunkl
and restate them in terms of graphs together with additional new results. In particular,
we investigate normalization, symmetrization and antisymmetrization, polynomials with
minimal degree, restriction etc. We give also a shifted version of the construction and we
discuss vanishing properties of the associated polynomials.
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1 Introduction

The Yang-Baxter graphs are used to study Jack polynomials. In particular, these objects
have been investigated in this context by Lascoux [14] (see also [15, 16] for general properties
about Jack and Macdonald polynomials). Vector-valued Jack polynomials are associated with
irreducible representations of the symmetric group Sy, that is, to partitions of N. A Yang—
Baxter graph is a directed graph with no loops and a unique root, whose edges are labeled by
generators of a certain subsemigroup of the extended affine symmetric group. In this paper the
vertices are labeled by a pair consisting of a weight in NV and the content vector of a standard
tableau. The weights are the labels of monomials which are the leading terms of polynomials, and
the tableaux all have the same shape. There is a vector-valued Jack polynomial associated with
each vertex. These polynomials are special cases of the polynomials introduced by Griffeth [7, §]
for the family of complex reflection groups denoted by G (r,p, N) (where p|r). This is the group
of unitary N x N matrices such that their nonzero entries are ! roots of unity, the product
of the nonzero entries is a (r/ p)th root of unity, and there is exactly one nonzero entry in each
row and each column. The symmetric group is the special case G (1,1, N). The vector space in
which the Jack polynomials take their values is equipped with the nonnormalized basis described
by Young, namely, the simultaneous eigenvectors of the Jucys—Murphy elements.

The labels on edges denote transformations to be applied to the objects at a vertex. Vector-
valued Jack polynomials are uniquely determined by their spectral vector, the vector of eigen-
values under the (pairwise commuting) Cherednik-Dunkl operators. This serves to demonstrate
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the claim that different paths from one vertex to another produce the same result, a situation
which is linked to the braid or Yang-Baxter relations. These refer to the transformations.
Following Lascoux [14] we define the monoid &y, a subsemigroup of the affine symmetric

group, with generators {s1, s2,...,sy_1, U} and relations:
§iSj = S;Si, |’L — ]| > 1,
8iSi+18i = Si+15iSi+1, 1<i<N-—1,

81\112 = \IJQSN_l,
SZ‘\IIZ\I/Si_l, QSZSN—l

The relations 512 = 1 do not appear in this list because the graph has no loops.

The main objects of our study are polynomials in 2 = (z1,...,zy) € RY with coefficients
in Q (o), where « is a transcendental (indeterminate), and with values in the &py-module cor-
responding to a partition A of N. The Yang—Baxter graph G is a pictorial representation of
the algorithms which produce the Jack polynomials starting with constants. The generators
of & ~ correspond to transformations taking a Jack polynomial to an adjacent one. At each
vertex there is such a polynomial, and a 4-tuple which identifies it. The 4-tuple consists of
a standard tableau denoting a basis element of the & y-module, a weight (multi-index) descri-
bing the leading monomial of the polynomial, a spectral vector, and a permutation, essentially
the rank function of the weight. The spectral vector and permutation are determined by the
first two elements. For technical reasons the standard tableaux are actually reversed, that is,
the entries decrease in each row and each column. This convention avoids the use of a reversing
permutation, in contrast to Griffeth’s paper [8] where the standard tableaux have the usual
ordering.

The symmetric and antisymmetric Jack polynomials are constructed in terms of certain
subgraphs of G. Furthermore the graph technique leads to the definition and construction of
shifted inhomogeneous vector-valued Jack polynomials.

Here is an outline of the contents of each section.

Section 2 contains the basic definitions and construction of the graph G. The presentation
is in terms of the 4-tuples mentioned above. It is important to note that not every possible label
need appear on edges pointing away from a given vertex: if the e weight at the vertex is v € NV
then the transposition (i,7 + 1) (labeled by s;) can be applied only when v [i] < v [i + 1], that
is, when the resulting weight is greater than or equal to v in the dominance order. The action
of the affine element V¥ is given by vW¥ = (v[2],v[3],...,v [N],v[1] +1).

The Murphy basis for the irreducible representation of Gy along with the definition of the
action of the simple reflections (i,7 + 1) on the basis is presented in Section 3 Also the vector-
valued polynomials, their partial ordering, and the Cherednik—Dunkl operators are introduced
here.

Section 4 is the detailed development of Jack polynomials. Each edge of the graph G
determines a transformation that takes the Jack polynomial associated with the beginning vertex
to the one at the ending vertex of the edge. There is a canonical pairing defined for the vector-
valued polynomials; the pairing is nonsingular for generic o and the Cherednik—Dunkl operators
are self-adjoint. The Jack polynomials are pairwise orthogonal for this pairing and the squared
norm of each polynomial can be found by use of the graph.

In Section 5 we investigate the symmetric and antisymmetric vector-valued Jack polynomials
in relation with connectivity of the Yang—Baxter graph whose affine edges have been removed.
Also, in this section one finds the method of producing coefficients so that the corresponding
sum of Jack polynomials is symmetric or antisymmetric. The idea is explained in terms of
certain subgraphs of G).
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Vertices of G satisfying certain conditions may be mapped to vertices of a graph related
to Gy, M < N, by a restriction map. This topic is the subject of Section 6. This section also
describes the restriction map on the Jack polynomials.

In Section 7 the shifted vector-valued Jack polynomials are presented. These are inhomoge-
neous and the parts of highest degree coincide with the homogeneous Jack polynomials of the
previous section. The construction again uses the Yang—Baxter graph G); it is only necessary
to change the operations associated with the edges.

Throughout the paper there are numerous figures to concretely illustrate the structure of the
graphs.

2 Yang—Baxter type graph associated to a partition

2.1 Sorting a vector

Consider a vector v € NV, we want to compute the unique decreasing partition v*, which is
in the orbit of v for the action of the symmetric group Gy acting on the right on the position,
using the minimal number of elementary transpositions s; = (i + 1).

If v is a vector we will denote by v[i] its ith component. Each 0 € &y will be associated to
the vector of its images [0(1),...,0(NN)]. Let o be a permutation, we will denote ¢(c) = min{k :
o = si, -+ S, } the length of the permutation. By a straightforward induction one finds:

Lemma 2.1. Let v € NV be a vector, there exists a unique permutation o, such that v =vto,
with £(oy) minimal.

The permutation o, is obtained by a standardization process: we label with integer from 1
to N the positions in v from the largest entries to the smallest one and from left to right.

Example 2.2. Let v = [2,3,3,1,5,4,6,6, 1], the construction gives:
9 ]
1]

We verify that vo, ! = [6,6,5,4,3,3,2,1,1] = vT.

oy =17
2

56 8 3 4
v=[ 23315 4

1 2
6 6

The definition of o, is compatible with the action of Gy in the following sense:

Proposition 2.3.

PR B if v = wvs;,
vsi ou8i  otherwise.

2. If vli] = v[i + 1] then oys; = S4,[;)0-

This can be easily obtained from the construction.
Define the affine operation ¥ acting on a vector by

[vl,...,vN]\If: [’Ug,...,’UN,vl—i-l],
and more generally let U< by
[U1,...,oN]¥? = [vg,...,uN,v1 + a.

Denote also by 6 := U the circular permutation [2,..., N, 1].
Again, one can prove easily that the computation of o, is compatible (in a certain sense)
with the action of U:
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Proposition 2.4.
Opw = 0,0.
Example 2.5. Consider v = [2,3,3,2,5,4,6,6, 1], one has

Oy = [7a 5,6,8,3,4,1,2, 9]

and
0,0 =15,6,8,3,4,1,2,9,7].
But
v =[2,3,4,5,6,7,8,9,1] = [3,3,2,5,4,6,6,1,2]
and o, = [5,6,7,3,4,1,2,9, 8]; here an underlined integer means that there is a difference with

the same position in 0,6 and in o,s. This is due to the fact that v[1] is the first occurrence of 2
in v while v[9] is the last occurrence of 2 in v'. Adding 1 to v'[9] one obtains

ol = [3,3,2,5,4,6,6,1,3.

The last occurrence of 2 becomes the last occurrence of 3 (that is the number of the first
occurrence of 2 minus 1). Hence,

ovw = [5,6,8,3,4,1,2,9,7] = 0,0.

2.2 Construction and basic properties of the graph

Definition 2.6. A tableau of shape A is a filling with integers weakly increasing in each row
and in each column. In the sequel row-strict means increasing in each row and column-strict
means increasing in each column.

A reverse standard tableau (RST) is obtained by filling the shape A with integers 1,..., N
and with the conditions of strictly decreasing in the row and the column. We will denote by
Taby, the set of the RST with shape A.

Let 7 be a RST, we define the vector of contents of T as the vector CT such that CT,[i] is
the content of i in 7 (that is the number of the diagonal in which i appears; the number of the
main diagonal is 0, and the numbers decrease from down to up). In other words, if i appears in
the box [col, row] then CT,[i] = col — row.

2
Example 2.7. Consider the tableaurT= 5 4 , we obtain the vector of contents by labeling
6 3 1
-2
the numbers of the diagonals —1 0 . So one obtains,
01 2
cT =12,-2,1,0,—1,0].

[N V)

4
3 1

We construct a Yang-Baxter-type graph with vertices labeled by 4-tuples (7, ¢, v, o), where
7 is a RST, ( is a vector of length N with entries in Z[a] (¢ will be called the spectral vector),
v €NV and 0 € Gy, as follows: First, consider a RST of shape A and write a vertex labeled by
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the 4-tuple (7, CT,,0V,[1,..., N]). Now, we consider the action of the elementary transposition
of & on the 4-tuple given by

(1,(si,v84,08;) if v[i + 1] # vl[d],
(1,¢,v,0)8 = (T(UM’U[”ID, (si,v,0) if v[i] = v[i + 1] and rlolihalitl]) e Tap,,
(1,¢,v,0) otherwise,

where 7(7) denotes the filling obtained by permuting the values i and j in 7.
Consider also the affine action given by

(1,¢,v,0)¥ = (1, (VY 0V, 0[2,...,N,1]) = (1, [C2y - - -, |, [V2, - . . ], [02, - . . ]).

Example 2.8.

(215,11,0,20,a +2,a — 1],10,0,2,1, 1], [45123]) 5o =
(215 [1,20,0,a +2,a — 1],]0,2,0,1, 1], [41523))

(215,[1,0,20,a +2,a — 1],10,0,2,1, 1], [45123]) 54 =
(215:[1,0,20,0 — 1,0+ 2], [0,0,2,1,1], [45123))

(215,11,0,20,a + 2,0 — 1],10,0,2,1,1], [45123]) 5, =
(215,11,0,20,a +2,a — 1],10,0,2,1, 1], [45123))

(215,[1,0,20,a +2,a — 1],{0,0,2,1,1], [45123]) T =
(355:10,20, 00+ 2,00 — 1, + 1], [0, 2, 1, 1, 1], [51234])

Definition 2.9. If A is a partition, denote by 7 the tableau obtained by filling the shape A
from bottom to top and left to right by the integers {1,..., N} in the decreasing order.
The graph G is an infinite directed graph constructed from the 4-tuple

(7x, CT,, [ON],[1,2,..., NY),
called the root and adding vertices and edges following the rules

1. We add an arrow labeled by s; from the vertex (7,(, v, o) to (7/,¢' v, o) if (1,{,v,0)s; =
(7', v, 0') and v[i] < v[i+1] or v[i] = v[i+ 1] and 7 is obtained from 7’ by interchanging
the position of two integers k < ¢ such that k is at the south-east of ¢ (i.e. CT (k) >
CT (¢) +2).

2. We add an arrow labeled by ¥ from the vertex (7, ¢, v,0) to (7/,¢',v,0’) if (1,(,v,0)¥ =
(7_/’ C/’ /U/, OJ).

3. We add an arrow s; from the vertex (7,(,v,0) to @ if (1,{,v,0)s; = (1,(,v,0).

An arrow of the form

will be called a step. The other arrows will be called jumps, and in particular an arrow
(r,¢,v,0) Sq

will be called a fall; the other jumps will be called correct jumps.

As usual a path is a sequence of consecutive arrows in GG, starting from the root and is denoted
by the sequence if the labels of its arrows. Two paths 1 = (a1, ...,ax) and Po = (by, ..., by)
are said to be equivalent (denoted by 1 = P2) if they lead to the same vertex.
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We remark that from Proposition 2.3, in the case v[i] = v[i+ 1], the part 1 of Definition 2.9 is
equivalent to the following statement: 7’ is obtained from 7 by interchanging o, [i] and o, [i+1] =
oy[i] + 1 where o0,[i] is to the south-east of o,[i] + 1, that is, CT,[oy[i]] — CTy[oy[i] + 1] > 2.

Example 2.10. The following arrow is a correct jump

3, 11,0.20,a+2,0—1] 213:[1,0,20,0—1,0+2]

[0,0,2,1,1],[45123] [0,0,2,1,1],[45123]

whilst

31 31
Sip0[1,0,20,a42,a—1] S9 Sio-[1,20,0,a—1,a+2]
[0,0,2,1,1],[45123] [0,2,0,1,1],[41523]

is a step.
The arrows

31 21
542,[1,0,2a,a+2,a71] 54 543,[1,0,2a,a—1,a+2]
{0,0,2,1,1],[45123] {0,0,2,1,1],[45123]

and

3o (10,20, 042,0—1] S9 3y 1,20,0,0—1,0+2]
72 ]

[0,0,2,1,1],[45123] [0,2,0,1,1],[41523]

are not allowed.

Example 2.11. Consider the partition A\ = 21, the graph Gs; in Fig. 1 is obtained from the
4-tuple ( ; 1 ,(1,-1,0),(0,0,0), 1) by applying the rules of Definition 2.9. In Fig. 1, the
steps are drawn in orange, the jumps in blue and the falls have been omitted.

For a reverse standard tableau 7 of shape A, a partition of N, let
inv(7) =#{(i,7) : 1 <i<j < N,rw(i,7) >rw(j, 1)},

where rw(i, 7) is the row of 7 containing ¢ (also we denote the column containing i by cl(z, 7)).
Then a correct jump from 7 to 7" implies inv(7') = inv(7)+1 (the entries o[i] and o[i+1] = o[i]+1
are interchanged in 7 to produce 7). Thus the number of correct jumps in a path from the root
to (1,(,v,0) equals inv(7) — inv(7y).

So we consider the number of steps in a path from 0V to v;! recall that one step links v to v’
where either v[i] < v[i + 1] and v = vs; or v/ = vW.

For z € Z (or R) let €(z) := 3(|z| 4+ |z 4+ 1| — 1), then e(z) = z for z > 0, e(z) = 0 for
—1<2<0,and ¢(z) = —x — 1 for x < —1.

There is a symmetry relation: e(x) = e(—x — 1).

N

Definition 2.12. For v € NV let |[v] := > v[i] and set
i=1

1<i<j<N

The above formula can be written as

Swy=1 3 (ol — olill + ol - o) + 1) - MO

1<i<j<N

!The other components of the label of the vertices are omitted here.
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151200], 2, ,1200],
[20—1,1,0],123 [2a41,—1,0],123
s> <
15.1020], 2, ,[020],
[1,20—1,0],213 [—1,2a+1,0],213
&Y %

1 1 2
327[002]7 327[110}7 31 7[110] 317[002]7
[1,0,200—1],231 [a—1,0+1,0],123 [o+1,0—1,0],123 [—1,0,2a+1],231
¢V %

52(101], 51.[101],
[a—1,00+1],132 [a+1,0a—1],132
= < 3> =
15,011, 2, ,lo11],
[0,a—1,a+1],312 [0,a+1,a—1],312
=4 =
15,1100], 2, ,[100],
[@—1,1,0],123 [a+1,—1,0],123
& = = >
32(010], 2 .[o10],
[1,0—1,0],213 [—1,a+1,0],213
& J
32001, 5,,001],
[1,0,0—1],231 [-1,0,a+1],231
Y
e
32 ,[000]
[~1,1,0,123

2 ,[000],

T [

The first vertices of the graph Gs; where we omit to write the vertex @ and the associated

[1,—1,0],123

Figure 1.
arrows.

Proposition 2.13. The number of steps in any path joining 0N to v equals |v| + S(v).

Proof. The base point satisfies [0V| = 0 and [S(0"V)] = 0. Since jumps do not modify v,
consider a step of the form v/ = vsy,, then [v/| = |v|, v[m + 1] — v[m] > 1 and S(v") — S(v)
involves only the pair (m, m + 1) in the sum over all pairs (¢,7), 1 <i < j < N. Indeed

=e€(v [m+ 1] —v[m]) —
= (v[m+1] -

e(vm] — v[m + 1])

v[m]) — (—v[m] +v[m+1] —1) = 1.
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It remains to show that S(vW¥) = S(v) (because [v¥| = |v| + 1). Note (v¥)[N] = v[1] + 1. Then

N
e(o[1] = o)) = Y e(wli] —v[1] 1)

I
M) =

S(v) — S(vW¥)
7=2 i=2
N
= e([1] = v[j]) — e(w]s] = v[1] — 1) =
j=2
This completes the proof. .

As a straightforward consequences, Proposition 2.13 implies
Corollary 2.14. All the paths joining two given vertices in Gy have the same length.

This suggests that some properties could be shown by induction on the common length of all
the all the paths joining two given vertices.

For a given 4-tuple (7,(,v,0) the values of ¢ and o are determined by those of 7 and v, as
shown by the following proposition.

Proposition 2.15. If (1,(,v,0) is a vertex in Gy, then o = o, and ([i] = via + CT;[o]i]]. We
will set Gy := (.

Proof. We prove the result by induction on the length k of a path (ai,...,ax) (from Corol-
lary 2.14 all the paths have the same length) from the root to (7,(,v,0) and set

(7', ¢, o)) = (7')\, CTU,ON, ... ,N])a1 Q1.

Suppose that ap = ¥ is the affine operation. More precisely, 7 = 7/, ( = {'¥* v =9’V and 0 =
0'[2,...,N,1]. Using the induction hypothesis one has ¢’ = o, and ('[i] = v'[i]a + CT;[o[i]].
Hence, Proposition 2.4 gives 0 = g,¢ = 0,. Suppose that ¢ < N then

Cli] =i + 1] =V'[i + 1]a + CT oy [i + 1]] = v[i]a + CT.[oy[d]].
If 4+ = N then again
Cli] =¢ 1]+ a= @[]+ 1)a+ CT,[oy[1]] = v[N]a + CT,[o,[N]].

Suppose now that ay, is not an affine operation. Using the induction hypothesis one has ¢/ = o,/
and ('[j] = V'[jla+ CT,[oy[j]] for each j. If ar = s; is a step then 7 =7/, { = ('s;, v = v's; and
o = o's;. Hence, Proposition 2.3 gives 0 = o5, = 0. If j # i,4+ 1 then one has ¢[j] = {'[4],
v[j] = v'[j] and o[j] = o'[4], hence ([j] = v[j]a+ CT,[oy[j]]. If 7 =i then one has ([i| = '[i +1],
v[i] = v'[i + 1] and o[i] = o'[i + 1], and again the result is straightforward. And similarly when
j =1+ 1 one finds the correct value for ([i + 1].

Suppose now that a = s; is a jump. That is 7 = 7/t ¢ = /s, v =" and o = o’.
Straightforwardly, ¢ = o, = 0, and if j # 4,7+ 1 then

Clil = ¢li] = v'jla + CTw[ow[f]] = vljla + CT-[ov[4]]
Suppose that j = i, since ay, is a jump v'[i] = v'[i + 1] and
Cli] =i+ 1] = v'[i + oo+ CTr [0 [i + 1]] = v[i]a + CT[oy[i]].

Similarly, when j = ¢ + 1, one obtains the correct value for ([j]. This ends the proof. |
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3
Example 2.16. Consider the RST 7 = 7 4 and the vector v = [6,2,4,2,2,3,1,4].
8 6

1

5 2

One has o, = [1,5,2,6,7,4,8,3] and CT, =[1,3,-2,0,2,1,—1,0] and then
Cor = [6a+ 1,20+ 2,40 + 3,20 + 1,200 — 1, v, v, dov — 2].

Hence, the 4-tuple

(

labels a vertex of Gy431.

0 3 W

4 1 7[6a+1,2a+2,4o¢+3,2a+1,2a—1,3o¢,a,4a—2]7[672,4,2,273,1,4],[1,5,276,7,4,873])
6 5 2

As a consequence,

Corollary 2.17. Let (7,v) be a pair constituted with a RST 7 of shape A (a partition of N)
and a vector v € NN. Then there exists a unique vertex in G labeled by a 4-tuple of the form
(1,¢,v,0). We will denote B¢, o = (7,0).

We point out that all the information can be retrieved from the spectral vector ( — the
coefficients of « give v, the rank function of v gives o, and the constants in the spectral vector
give the content vector which does uniquely determine the RST 7.

Definition 2.18. We define the subgraph G, as the graph obtained from G by erasing all the
vertices labeled by RST other than 7 and the associated arrows. Such a graph is connected.

Note that the graph G is the union of the graphs G, connected by jumps. Furthermore,
if G; and G, are connected by a succession of jumps then there is no step from G, to G.

Example 2.19. In Fig. 1, the graph G91 is constituted with the two graphs G:1 and G2
32 31

connected by jumps (in blue).

3 Vector-valued polynomials

3.1 About the Young seminormal representation of the symmetric group

We consider the space V), spanned by reverse tableaux of shape A and the (Young) action of the
symmetric group as defined by Murphy? in [17] by

by li]T if b.[i]? =1,

T8 =13 b[i]r + 7EGHD if 0 < b,[i] < 3, (3.1)
boli]T + (1 — b)) 7+ otherwise,

where b, [i] := m Note that when |b.[i]| < 1, 701 is always a reverse standard
tableau when 7 is a reverse standard tableau.

Murphy showed [17] that the RST are the simultaneous eigenfunctions of the Jucys—Murphy
elements:

N
Wi = E Sij,
j=i+1

where s;; denotes the transposition exchanging 7 and j. More precisely:

2The Young seminormal representation was defined in Young’s last papers but himself apparently underesti-
mated the importance of the construction. G. Murphy rediscovered it when reading the Jucys’ paper [11]. See [18]
for more details about the seminormal representation and its relation with the notions of Gelfand—Tsetlin basis.
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Proposition 3.1.
Tw; = CT,[i]T.

As usual, a polynomial representation for the Murphy action on the RST can be computed
through the Yang—Baxter graph. We start from 7, and we construct the associated polynomial
in the variables tq,...,ty:

PT/\ = H H (tT/\[i,k] - tn\[i,l])v

k>l
(4,k), (5,1 €A

where 7[i, j] denotes the integer belonging at the column i and the row j in 7. Such a polynomial
is a simultaneous eigenfunction of the Jucys—Murphy idempotents:

ini = CTT)\ [Z] PT)\'

Suppose that P: is the polynomial associated to 7. Suppose also that 0 < b.[i] < 1. Hence,
the polynomial P_¢it1) is obtained from the polynomial P, by acting with s; — b;[i] (with the
standard action of the transposition s; on the variables ;).

Example 3.2.
PZ; = Pié (32 — %) = (t3 — t4)(t1 — t2)(32 _ %)

= tity — jtaty — gtaty + tats — jtats — jizty

Let us remark that in [13], Lascoux simplified the Young construction by having recourse
to the covariant algebra (of Gy) Clxy,...,2n]/Gym, where Gym, is the ideal generated by
symmetric functions without constant terms. Note that the covariant algebra is isomorphic to
the regular representation C[Gy]. In the aim to adapt his construction to our notations, we
replace each polynomial with its dominant monomial represented by the vectors of its exponents.
The vector associated to the root of the graph is the vector exponent of the leading monomial
in the product of the Vandermonde determinants associated to each column and is obtained by
putting the number of the row minus 1 in the corresponding entry.

Example 3.3. The vector associated to % is [010210].

631
In fact, the covariant algebra being isomorphic to the regular representation of Gy, the
computation of the polynomials is completely encoded by the action of the symmetric group on
the leading monomials, as shown in the following example. Observe that we do not replace the
representation by the orbit of the leading monomial (since the space generated by the orbit is
in general bigger), but we consider the projection which completely determines the elements.

Example 3.4. Consider the RST of shape 221, one has

1
32 [21100]

54

<
@\

2
42 31 [21010] [12100]
53 54

\%
3
8
>
\

2
11 [12010]

[10210]
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For instance, one has

Py = titaty + Jtatsts + Jtatsts — St3tsts + statits + $titits + ttsts — ttsta + Ft3tats
53
+ Ststito + StEtits — Ltatdts — St3tats + St3tste — Ltitits — tHtats — Lt3tsta
— Lt5tits — Statits — Stitits,
whose leading monomial is t%t2t4.

rw(i,7)—1 For

From the construction, the leading monomial of P is the product of all the ¢,

example, the leading monomial in P%Q is t%t2t3t§t7.
9864

3.2 Definition and dominance properties of vector-valued polynomials
Consider the space
My = span(c{mlfm . ~xUN[N] @7 : ve NV reTaby, A+ N},

where Tab(V) denotes the set of the reverse standard tableaux on {1,..., N}.
This space splits into a direct sum My = @, My, where

M, = span(c{xfm . --:L‘I;\LN] @T|lveNV re Tab, }.

The algebra C[Gy] ® C[Sy] acts on these spaces by commuting the vector of the powers on
the variables on the left component and the action on the tableaux defined by Murphy (equa-
tion (3.1)) on the right component.

Example 3.5.

1 2 1
3.1 _ 3.1 3.1
Ty ® 3 1(52@31)_2951:1:3@ 3 1 + zizs ® 3 9 -
For simplicity we will denote z¥ = :clfm . ~-x1j\£N] and V7 := z¥ ® 70,. By abuse of lan-

guage z¥7 will be referred to as a polynomial. Note that the space M) is spanned by the set of
polynomials

My = {2V v e NV 7 e Tab, },
which can be naturally endowed with the order <1 defined by

/ /
: /
29T qx? T Hfv <,

with v<1v’ means that v+ < v'"

order on vectors:

or vt =T and v < v/, where < denotes the classical dominance

v =0 i Vil 4+ 4ol < O[]+ -+ 0'd).

Example 3.6.

031, 2 310, 1 .

1. z sl g 3 2 gince 031 < 310.
220, 2 301, 1 .

2. 2773 1V gx 773 2 since 220 < 310.

. 031, 2 031, :
3. The polynomials x 3 1 and x 3 2 are not comparable.



12 C.F. Dunkl and J.-G. Luque

The partial order < will provide us a relevant dominance notion.

Definition 3.7. The monomial %" is the leading monomial of a polynomial P if and only if P
can be written as

P = Otv:Ev’T + Z av/J/wa/,T/
wv’,r’ QT
with a,, # 0.
As in [9], we define ¥ := (0 ® 0)ay, with § = sysg---sy_1. The following proposition
describes the transformation properties of leading monomials with respect to the s; and W.

T

Proposition 3.8. Suppose that V7 is the leading monomial in P then

1. Ifvli] < v[i + 1] then V"7 is the leading monomial in P(s; ® s;). Its leading monomial is
x¥ ® (7.545), where x¥ is the dominant term in O;x®.

2. 2"WT s the leading monomial in PW.

3.3 Dunkl and Cherednik—Dunkl operators for vector-valued polynomials

We define the Dunkl operators

0

1
®1+ 528” & Sij,
i#£]
where s;; denotes the transposition which exchanges i and j and

1

61']' = (1 — Sij)l‘i _ xj

is the divided difference.
This definition is the same as in [4], but our operators act on their left. One has

Lemma 3.9. If®; denotes the Dunkl operator, one has
(i ®5i)D; = Ditr1(8i @ s7).
Proof. Straightforward from the definition of ©; and the equalities
0 0

SiSij = Si+1,5Si si0ij = Oiv158;  and  sio— =
J J J J 85[]1 (9.1‘,’+1

Si. [ |

The Cherednik—Dunkl operators are pairwise commuting operators defined by [4]

i—1
1 (2
W=, — a Zsm & Sij5-
7=1
We do not repeat the proof of the commutation [l;, {{;] = 0 which can be found in [4]. But, as we
will see in the next section, this property is not used to prove the existence of the vector-valued

Jack polynomials.
One has

Lemma 3.10.

1. (8 ®8) = Uir1(si ® 84) + é.
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2. (si @)y =8i(s; ®85), j#14,1+ 1.
3. (8 ®8)Mip1 = Ui(s; @ s;) — L.

Proof. The three identities are of the same type. We prove only the first one which follows
from the equalities

=
(Si X Si)ﬂi = (Si X Sz)fzgz — a Zl 81'7]‘ ® Si,j
]:
1 1
= | zi1Dip1 — > 221 Sit1,j @ Sig1j | (5i ®s5) = Uip1(si @ 85) + e u
j:

The affine operator ¥ has the following commutation properties with the Dunkl operators:
Lemma 3.11.

1. 9,11V =99, + (9@9)(82‘,]\[ & Sin), 1 < 1.

N-1
2. D1V =00y + (A ®0) < > (snj ®snj) — 1).
7j=1

As a consequence, one finds.

Lemma 3.12.
Wil = ;1 0, 1# N and Uiy = (M4 + 1) 0.
The action on the RST is given by

Lemma 3.13.
(1@ )8l = <1 + ;CTT[i]> (1@7).

Proof. One has

i—1
1 1
(1@7’)5.11—(1(87'):61@2—& E (1®T)(Si’j®5i’j)_(1®7-)<1+a1®Wi>7

j=1
N
where w; := > (i j) denotes a Jucys—Murphy element. Since the RST are eigenfunctions of
j=it+1
the Jucys—Murphy elements and the associated eigenvalues are given by the contents, the lemma
follows. |

For convenience, define &; := ail; — . From the preceding lemmas, one obtains

Proposition 3.14.
(5i ® 8i)& = &iv1(si ® 87) + 1,
(si ® 8i)&ie1 = &5 ® 85) — 1,
(Si®si)£j:éj(5i®5i)a J#F i+,
VE =&,  i#N,
ey = (6 +a) 0.
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4 Nonsymmetric vector-valued Jack polynomials

In this section we recover the construction, due to one of the authors [4], of a basis of vector-
valued polynomials J, . This construction belongs to a large family of vector-valued Jack
polynomials associated to the complex reflection groups G(r,1,n) defined by Griffeth [8]. We
will denote by (, - their associated spectral vectors. We will see also that many properties of
this basis can be deduced from the Yang—Baxter structure.

4.1 Yang-Baxter construction associated to G

Let A be a partition and G be the associated graph. We construct the set of polynomials
(%) path in @, Using the following recursive rules:

1. JU =(1®7y).
2. P =lay,...,ax_1,s;] then

1
Jy = Jia . a LT i1 =il )
B (a1, sap—1] (S ®si+ C[Z + 1] - C[ﬂ)

where the vector ( is defined by

(T/\,CTT)\,ON, 1,2,...,N)Day...ax—1 = (7,(,v,0).

3. P =lai,...,ar_1, %] then

Jp = Jjay,..., v,

ag_1]

One has the following theorem.

Theorem 4.1. Let B = [ag,...,ax] be a path in Gy from the root to (1,(,v,0). The polyno-
mial Jyg is a simultaneous eigenfunctions of the operators g} whose leading monomial is 7.
Furthermore, the eigenvalues of & associated to Jy are equal to Cli].

Consequently Jy does not depend on the path, but only on the end point (1,(,v,0), and will
be denoted by Jy, . The family (Jy )vr forms a basis of My of simultaneous eigenfunctions of
the Cherednik operators.

Furthermore, if B leads to & then Jyp = 0.

Proof. We will prove the result by induction on the length k. If £ = 0 then the result follows
from Proposition 3.13. Suppose now that £ > 0 and let

(7', ¢V o) = (7’)\, CT,, o, ..., N])al Q1.

By induction, Jig, . 4, ] is a simultaneous eigenfunctions of the operators é such that the
associated vector of eigenvalues is given by

J[a1 ..... ak_l]gi = C,[i]‘][al,...,ak_l]

and the leading monomial is 2V .
If a, = VU is an affine arrow, then 7 = 7/, ¢ = {".¥* v = V'V, 0, = 0y[2,...,N, 1] and
Jp = J| W If i AN

Q1,050 —1

Jp&i = Jiar, o 1198 = Tiar a1V = Cli + 1) I = C[i] Ty,
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If i = N then,
JﬁéN = J[al,.l.,ak_l}\IIéN = J[al,...,ak_l]zgl + Oé)\I’ = (C,[]‘] + a)‘]m = C[N]an

The leading monomial is a consequence of Proposition 3.8.
Suppose now that aj = s; is a non affine arrow, then { = (’s;, v = v's; and

1
Jyy = J OSSO - O )
Pt lat,...,ak—1] (8 ®si + CI[Z + 1] - CI[Z])
If j # 4,7+ 1 then

~ 1
I3 = Jiaran ] <Si S C’[2+1]—C’[z]> ~

= 1 I ey
= Jay,ap1)8i (Si & si + M) = ('[i]Jp = ([j]Jp.

(w5 g =em) &
= Jiay a1 <é¢+1(5i ®si)+1+ ém>
(

e U
Cli+ i) +1+ o)

"'7ak—1]

= (li] Jy.

1 i i ;
:gp+1pmwﬂhﬂ<&®3f%¢u+u—<%0

If j =i+ 1 then
~ 1 3
J‘B&H—l = J[ah..-,akfl] 51 @ 8+ m &‘

1
¢'li+1] - C’M)
¢'li+1] )
¢'li+ 1] = ¢'[d]
= ([i + 1] Jp.

= Jlay,.ap_1] <5¢(8i ® i) — 1+ &1
= Jar, . 1] <C’[i](8i ®si) — 1+

1
¢'fi +1] —C’[i]>

Let us examine the leading monomials. First, suppose that ap = s; is a step then 7 = 7/
and o, = o, s;. From Proposition 3.8, the leading monomial in Jy equals the leading term in

- 1 . /i / N ,
VT (si ® s; + m) that is 2V 5% @ (T/oys;) = V7.

= ('[i)Jjay,.. 1] <3i ® si +

Suppose that a; = s; is not a step and set Q := V™ (si ® s + m) One has

" "
Jq_‘; = Q + E 041,//’7//.%‘1) T .

=i
v T QT

1(o {1,070 [i]41)

If aj, = s; is a jump then 7 =7 and o, = o). But

1 /

Q — Vs ® (T,O'v’si) + mx” ® (T,O'v’)
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v / 1 v /
=r & (7_ SO-U/MO'U/) + ml’ & (T O',U/)

v / . 1 o' ’
= & (’7'0'1;) + <b7_[0'y/ [’LH + C’[’L-H]-C[Z]) T X (’7’ O'U/)

_u,T / . 1 v’ 7!
- (i )+
But C/[Z] = CTn~ [O’U/ [ZH and C/[Z + 1] = CTn [Uv/ [Z + 1]] = CTT/[UU/[i] + 1], hence b, [0’1,/ [ZH =
—m And the leading monomial is () = %" as expected.

This proves the first part of the theorem and that the family (J, ;). forms a basis of M) of
simultaneous eigenfunctions of the Cherednik operators.

Finally, if a; = s; is a fall, Q is proportional to 2V ® (7'0y) and then Jig is proportional to
Jlay,...ax_,)- But clearly, the two polynomials are eigenfunction of the Cherednik operators with
different eigenvalues from the cases j =i and j = i 4 1. This proves that Jyp = 0. |

As a consequence, we will consider the family of polynomials (J, r), - indexed by pairs (v, 7)
where v € NV is a weight and 7 is a tableau.

Example 4.2. For A\ = 21, the first polynomials J, . are displayed in Fig. 2. The spectral
vectors can be read on Fig. 1.

Note that if [ay,...,a;—1] leads to a vertex other than @ and [ay,...,ax_1,s;] leads to &,
the last part of Theorem 4.1 implies that Jjg, 4, ,] I8 symmetric or antisymmetric under the
action of s; ® s;.

The recursive rules of this section first appeared in [8]. The Lemma 5.3 and the Yang—Baxter
graph constitute essentially what Griffeth called calibration graph in that paper.

4.2 Partial Yang—Baxter-type construction associated to G-
To compute an expression for a polynomial J, it suffices to find the good path in the sub-
graph G; as shown by the following examples.

Example 4.3. Consider 7 = Fig. 3 explains how to obtains the values of J 1 from the

1
3 27 132
graph G 1 .

32

Example 4.4. For the trivial representation (i.e., A has a single part), note that the Cherednik
operators (in [14]) have the same eigenspaces as the Cherednik—Dunkl operators ; (in [4]). In
the notations of [14], & reads

P N
& = ami@xi + ;Wij + (1 —1),
i
where

= .’L‘Zal] if 7 <1,
K .Z‘jaij if ¢+ < 7,

where 0;; denotes the divided difference on the variables x; and x;. Noting that x;0;; = 0;;x; —1,

.. 9 9 .
xj0;j = Oijxy — (ij) and Tige = §a; i — 1, one finds

S=alli—(a+N-1)=&—(N—-1).
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J 1 2
200, 5, 200, 3,
&
N “
40
X o
X
ad &)
Jo20 Jo20, 2
32 31
8,
NS 9><
40
X AN
Pl X@
J 1 J 1 1 J 2 J 2
5 i
002, 5, 110, 35 1+ 3 110, 3, 002, 3,
&,
yx °
X
x ¢ *
Q’X
& D
1 J 2
101, 3, 101, 3,
.
4 yx
X X
(S
S X x >
\\) &y
J 1 1 J 2
011, 3, s2 + 5 011, 3,
J 1 J 2
100, 3, 100, 34
.
v = = %@
QK X
\v,) as
Jo10 o010, 2
32 31
<,
v”x %&
QX X
\3 9“[)
oo1, } Jo01
)32 31

51+%

Figure 2. First values of the polynomials .J, » for A = 21 (s; means s; ® s;).

Example 4.5. Consider sign representation associated to the partition [17]. The set Taby
1
contains a unique element 7 = ! . Hence, we can omit 7 when we write the polynomials

N
of M[lw}. One can see that the corresponding Jack polynomials are equal to the standard ones
for the coefficient —a. Indeed, since 7s;; = —7 one has

0 1 0 1
oz, +a;(9¢j®8i,j =(P®rT) oz, —a;&-j@l
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Jq
200, 35
%
X
ea;
5
J 1
020, 5,
e
X
QQ Xg
2
J 1 J 1
110, 35 002, 5,
e
X
d\<;
*2
1
101 5,
X
x® =
s
J 1
011, 35
1
100, 5,
X
= &
X
&Y
J 1
010, 5,
}/&
7
(S
X
o
J 1
001, 3,

Figure 3. First values of the polynomials .J, 1 .
132

i—1

Hence, the Cherednik—Dunkl operator i; = 2;9; —é > 8ij @85 acts on M[lN] as the operator 4;
j=1

acts on Myj but for the parameter —a.

Example 4.6. Let us explain the method on a bigger example: Jjg 21,10, for 7 := Zjl 2 91

First, we obtain the vector [0,0,2, 1,1, 0] from [0, 0,0, 0,0, 0] by the following sequence of opera-
tions:

[0,0,0,0,0,0] = [0,0,0,0,0,1] 3 [0,0,0,0,1,0] %% [0,0,0,1,0,0] %% [0,0,1,0,0,0]
*10,1,0,0,0,0] = [1,0,0,0,0,0] 2 [0,0,0,0,0,2] = [0,0,0,0,2,0] 2 0,0,0,2,0,1]
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310,0,0,2,1,0] - 1[0,0,2,1,0,1] >3 [0,0,2,1,1,0].

Replace ¥ by W in the list of the operations, the associated sequence is

\I/Ot
€10,0,0,0,0,00 = [3,2,0,=1,1,0] = (j0,0,0,00,1] = [2,0,—1,1,0, + 3]
€0,0,0,0,1,00 = [2,0,—=1,1,a + 3, 0] 3 €0,0,0,1,0,0 = [2,0,—1,a +3,1,0]
(001000 = [2:0,0+3,-1,1,0] 3 (o1,0000 = 2.+ 3,0,—1,1,0]

‘Pa
(1,0,0,0,0,0 = [ +3,2,0,—1,1,0] = (0,0,0,00,2 = [2,0,—1,1,0,2a + 3]
v

e Je s

@

Rkt €0,00020 = [2,0,—1,1,2a 4+ 3,0] = (00201 = [0,—1,1,2a +3,0,a + 2]
- yo
= (000210 = [0, -1,1,20 + 3,0 +2,0] = Gooau0n = [-1.1,20+3,a+2,0,0]
i ([0,0,2,1,1,0] =[-1,1,2a+3,a+2,0,0].
Now, to obtain the vector-valued Jack polynomial, it suffices to start from 1 ® 6 g 5 1

and act successively with the affine operator ¥ (when reading ¥*) and with s; ® s; + m
(when reading s;).

In conclusion, the computation of vector-valued Jack for a given RST is completely indepen-
dent of the computations of the vector-valued Jack indexed by the other RST with the same
shape.

4.3 Normalization

The space V) spanned by the RST 7 of the same shape A is naturally endowed (up to a mul-
tiplicative constant) by & y-invariant scalar product (, )o with respect to which the RST are
pairwise orthogonal. As in [4], we set

H (CTT[Z] — CTT[]] — 1)(CTTM — CTT[]] + 1)
(CTT[i] - CTTU])Q

I7][* =

1<i<j<N
CT+[i]<CTr[j]—1
As in [4], we consider the contravariant form ( , ) on the space M) which is the symmetric
S y-invariant form extending (, )o and such that the Dunkl operator ©; is the adjoint to the
multiplication by z; (see appendix in [4] for more details).
The operator x;9; is self adjoint and the adjoint of o € Gy is 0~'. Since Sij = 8 is self
adjoint, 4l; is self-adjoint for the form (, ) and the polynomials J, ; are pairwise orthogonal.
Let us compute their squared norms ||.J, -||? (the bilinear form is nonsingular for generic a
and positive definite for o in some subset of R [6]). The method is essentially the same as in [4]
and we show that the result can be read in the Yang—Baxter graph. More precisely, one has

Proposition 4.7.

(CU,T[i + 1] — CU,T[i] — 1)(4.1),7—['5. + 1] — Cv,T[i] + 1)
(CU,T[Z. + 1] - C’U,T[i])Q

1
2. ol = (2600114 1) 1P

L. |’J(v,’r)si|’2 = H‘]U,THQ'

Proof. 1. Since

1
J =Jyr 1 i ; ) ’
(v,7)s; ; <5 ® it Corli +1] — Cv,'r[z]>
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J [ — _1 N 1

J01o, 1 X

020, ;2

(2a+1)(20+3)

X Zat2)?

. . 2 .
Figure 4. Computation of |[Jyy, y [|# using the graph G

one obtains
! [
(C’U,T[i + 1] - CU,T[/i])Q

But [|.Jy,r(si ® 5;)||* = ||Ju,r||*, which gives the result.
2. One has

10,7 (5 @ 53)|[* = T w,m)s]I* + |

| Twryull? = 11Jor(0 ® 0)an]|* = (Jo.r(0 ©6), Jy7(0 © 0)znDN)
= <JU,T(9 ® 9), JU,Txlgl(e & 0)> = <J1),Ta J’l),‘l‘x1©1>;

recall that 6 = s1s9---sy_1. Since Ly = 211, one obtains the results. |

Example 4.8. Let again 7 = we compute the normalization following the Yang—Baxter

2
3 1°
graph (see Fig. 4).

For instance:

e 1+ 1) (2552) (52529 o 2) (2232)
4a+3)(a+1)

2a+1)(a+2)
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5 Symmetrization and antisymmetrization

In [2], Baker and Forrester investigated the coefficients and the norm of the symmetric Jack
polynomials by symmetrizing the nonsymmetric Jack polynomials. The symmetrization method
was used in [5] for the polynomials associated with the complex groups G(r,p, N). In this
section, we generalize their results and obtain symmetric and antisymmetric vector-valued Jack
polynomials.

5.1 Non-affine connectivity

Let us denote by H) the graph obtained from G by removing the affine edges, all the falls and
the vertex @. The purpose of this section is to investigate the connected components of H).
Recall that v is the unique decreasing partition obtained by permuting the entries of v.

Definition 5.1. Let v € NV and 7 € Tab, () partition). We define the filling 7'(7,v) obtained
by replacing i by v*[i] in 7 for each i.

Proposition 5.2. Two 4-tuples (1,(,v,0) and (7',{',v',0’) are in the same connected compo-
nent of Hy if and only if T(7,v) = T(7',v).

Proof. Remark first that the steps and correct jumps preserve T'(7,v). Indeed steps leave
invariant the pairs (7,v*) whilst the correct jumps act on the RST by 7s,, ;j where v[i] = v[i41]
(or equivalently by 7s; where v™[j] = v [j 4+ 1]. Hence, we show that if (7, (, v, o) is connected
to (7/,¢', v, 0’) then T'(r,v) = T(7',v").

Let us prove the converse. Suppose that T'(r,v) = T'(7/,v’). Since (7,¢,v,0) (resp. (7/,¢,
v',0")) is connected to (7, ¢, v, Id) (resp. (7/,¢’, o', Id)) by steps, it suffices to prove the result
for T'(r,u) = T(7, 1) when p is a (decreasing) partition. Let p € Sy such that 77 (the tableau 7
where the entries have been permuted by p) equals 7). By construction T'(7, u) = T(7, up ')
and then it suffices to show the result for T'(7y, up~!) = T(7"?, up~!). Again the connectivity by
steps implies that it suffices to prove the result for T'(7y, u) = T'(7/, 1) when p is a partition. We
will show that if T'(7y, ) = T'(, 1) then there exists a series of correct jumps from (7,¢’, u,1d)
to (7, ¢, p,I1d) when p is a partition. We prove the result by induction on the length of the
shortest permutation w such that 7w = 7 for the weak order. The base point of the induction
is straightforward. Now, choose i such that w[i] > w[i + 1] and ¢ and ¢ 4+ 1 are neither in the
same row nor in the same column in 7 then w = s;w’ where ¢(w') < ¢(w). Since T(7,p) =
T(7', 1), this means that u[i] = p[i + 1] and hence, there is a correct jump from (7, (', u, Id) to
(4D ('s;, 1, 1d). By the induction hypothesis, this shows the result. |

This shows that the connected components of H) are indexed by the T'(7,u) where pu is
a partition.

Definition 5.3. We will denote by Hr the connected component associated to T in Hy. The
component Hp will be said to be 1-compatible if T is a column-strict tableau. The component Hp
will be said to be (—1)-compatible if T is a row-strict tableau.

Example 5.4. Let u = [2,1,1,0,0] and A = [3,2]. There are four connected components with
vertices labeled by permutations of p in H)y (see Fig. 5). The possible values of T'(7, ) are

12 02 01 11
, , and ,
001" 011" 012 002

squared in red in Fig. 5. The 1-compatible components are Hi2 and H11  while there is only

001 002
one (—1)-compatible component Ho1 . The component Ho2 is neither 1-compatible nor (—1)-
012 011

compatible.

The component Hi2 contains vertices of Gs1 and G21 connected by jumps.
001 542 543
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532 532 532 531 531 531 541 541 541
[00211] [01021] [10012] [00211] [01021] [10012] [00211] [01021] [10012]
N w w Ng w w
o %Q] k2 Y o “'.)C\J - oY 35 %c\; kg Y
41 41 42 42 32 32
532 02 532 531 01 531 541 L1 541
[00121] 011 [01012] [00121] 012 [01012] [00121] 002 [01012]
w w N
= % ES %" = %"
41 42 32
532 531 541
[00112] [00112] [00112]

542 542 542 543 543 543
[00211] [01021] [10012] [00211] [01021] [10012]
w N2} w [Sp}
w0 %CV - Y @ “'.JW e %
31 31 21 21
542 542 543 543
[00121] [01012] [00121] [01012]
@® ~ 12 ® &
s @ 001 s “

31 21

542 543
[00112] [00112]

Figure 5. Some connected components of Hgss.

We we use the following result in the sequel, its proof is easy and left to the reader.
Proposition 5.5. Let (1,(,v,0) be a vertex of Hy such that (1,(,v,0)s; = &. One has

1. If Hr is 1-compatible then o[i] and oli + 1](= o[i| + 1) are in the same row in T.

2. If Hy is (—1)-compatible then oli] and oli + 1](= o[i] + 1) are in the same column in T.

The following definition is used to find a RST corresponding to a filling of a shape.

Definition 5.6. Let T be a filling of shape A, the standardization std(T) of T is the reverse
standard tableau with shape A obtained by the following process:

1. Denote by |T'|; the number of occurrences of 7 in T’

2. Read the tableau T' from the left to the right and the bottom to the top and replace
successively each occurrence of i by the numbers N — [T'|g — -+ — |T|i—1, N = |T|o— - —
Thiy—1, ., N = |Tlo— -+ — [T,

Alternatively, one has
std(T') [i,j] == #{(k, 1) : Tk, 0] > T[i, j]} + #{(k, 1) - 1> 5, T [k, 1] = T [i, j]}
+#{(k,j) k=1, T[k,j] =T1Ii,j]}.

We will denote by Ar the unique partition obtained by sorting in the decreasing order all the
entries of 7.



Vector-Valued Jack Polynomials from Scratch 23

Example 5.7. Pictorially, reading 882 one obtains

00 2101
00 .|0

2
Renumbering in increasing order from the bottom to the top and the right to the left, one reads

00 2101
5 4 . |3

1

01\ _ 32 _
Hence, we have std (), ) = 5, and Agég = [21000].

Note that each Hp has a unique sink (that is a vertex with no outward edge) and this vertex
is labeled by (std(T), (7, A, Id) for a certain vector (r and a unique root.

Example 5.8. Consider the tableau T' = 8(1). Its standardization is std(7") = ié and the
graph Hrp is:

21

21
158 > 082 [ 1521 iy

43
[0001]

‘ 53 [0070] 52 [0100] 51 (1660)

The sink is denoted by a red disk and the root by a green disk.

5.2 Symmetric and antisymmetric Jack polynomials

For convenience, let us define:

(v,7)s; = (v, 1) if (1,¢v,0)s; = (7,0, 0)
and

(v,7)s; =& it (7,(,v,0)s8; = 2.

Denote also, Jgz := 0.

Let (7,¢,v,0) be a vertex of Hr, set b, -[i| = m and ¢, ,[i] = Cfi[ft][z_]zfi[flff]ﬂl

Note that
1+ Cor[ilborli] = cor[i] (5.1)
and
Cor[i](1 = by, [i]?) — by [i] = 1. (5.2)

Let Hp be a 1-compatible component of G. For each vertex (7,(,v,0) of Hy, we define the
coefficient €, , by the following induction:
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1. &, =1 if there is no arrows of the form

in HT.

_ _=Cll g, =l
2 Cor = Plr-oh-1 v = e €

o7 = Cyt 1€y o if there is an arrow

in Hp.

The symmetric group acts on the spectral vectors ¢ by permuting their components. Hence the
value of &, - does not depend on the path used for its computation and the &, . are well defined.
Indeed, it suffices to check that the definition is compatible with the commutations s;s; = s;s;
with |i — j| > 1 and the braid relations s;S;+18; = Si+18iSi+1-

Let us first prove the compatibility with the commutation relations. Suppose

(70, C0,v0,00)8i5j = (71,C1,v1,01)85 = (T2, (2,2, 02),
with |i — j| > 1 and
(707C07U0700)5j5i = (Tiugiavivo-i)si = (Tévgé7vl27o-/2)'

Note that 75 = 79, (4 = (2, v5 = v9 and o}, = 09. But, since the symmetric group acts on ¢ by
permuting its components, one has

GU+U=qli+1, GUl=all, Ga+1U=¢gli+1] and Gl =Gl
Hence,

Colj + 1] = (alj] GQli+1] -Gl Gli+1] = Gl Colj + 1] — Caly]
QU+ —GUI+1GIE+1] -Gl +1  GQl+1] -Gl +1 Gl +1] -Gl +1
_ Qi+ -qld] Gli+1] -Gl
Gli+1 =Gl +1 Gl +1] - Gl + 17
and the definition of €, » is compatible with the commutations.
Now, let us show that the definition is compatible with the braid relations and set

(10, €0, v0, 00)8iSi+15i = (T1,C1,v1,01)8i415; = (T2, (2, V2, 02)s; = (73,(3,v3,03),
and
(T07C07’U070_0)8i+13i3i+1 == (T{7<17U{[70—/1>3i8i+1 = (Té,Cé,Ué,Ué)3i+1 = (Té7Céuvéuaé)'

Note that 74 = 73, (§ = (3, v = v3 and 0% = o03. Since the symmetric group acts on ¢ by
permuting its components, one has

Gli+1=qli+1],  Gli] =l

=
+
L =
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Hence,

Gli + 1] — Gsli Cali +2] — Coli + 1] Gli+ 1] = Gifi]
Gli+1] =Gl +1 Gli+2] —GQli+1]+17Gli+1] -Gl +1
_ Qi+ =Gl Coli + 2] — Gofi + 1] Gli + 1] — Gli]
Gli+1] =Gl +1 Gli+2] —Gli+ 1]+ 1 Gli+1] — ¢a[i] +1
_ G+ 2 —Gli+1] Gli + 1] — 1] Gli+2] = ¢li+1]
Gli +2] = G[i + 1]+ 1 Gli + 1] = Gla] + 1l +2] = ¢ili + 1] + 1

and the definition is compatible with the braid relations.
Define the symmetrization operator

We will say that a polynomial is symmetric if it is invariant under the action of s; ® s; for
each ¢ < N.

Theorem 5.9.
1. Let Hr be a connected component of Gy. For each vertex (1,(,v,0) of Hr, the polyno-
mial Jy & equals Jy, sa(m)©S up to a multiplicative constant.
2. One has Jy, sa(r)© # 0 if and only if Hr is 1-compatible.

3. More precisely, when Hy is 1-compatible, the polynomial

JT == Z QEU,TJU,T

(1,¢,v,0) vertex of Hp
18 symmetric.

Proof. 1. Let us prove the first assertion by induction on the length of a path from (7, ¢, v, o)
to (std(T), (r, Ap,0) in Hp. Let (7/,¢’, v, 0") such that

is not a jump in Hr (hence, —1 < b, -[i] < 1). It follows that

1

N = 1,

Jv/’T/(Si & Si) + bv,q—[i]Jv’,‘r/) 6= (1 + bU,T[i]) JUIJ'IG'

1 — by 7 [i]?

By induction J,y & is proportional to Jy, sq(7), Which ends the proof.

2. If Hr is not 1-compatible, then there exists s; such that Jy, sta(r)(5i ® i) = —Jxp sta(1)-
Hence, since & = (s; ® s;)&, one obtains Jy . sq()& = 0.

3. Let us prove that, when Hyp is l-compatible, Jp(s; ® s;) = Jp for any i. Fix i and
decompose Jr := J* + Jy + J~ where

J+ = Z+€T,UJU,T7

where z+ means that the sum is over the pairs (7, v) such that there exists an arrow
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in Hp,
J = Z_QST,’UJv,T
v

where Y~ means that the sum is over the pairs (7,v) such that there exists an arrow

in Hp and

0
JO = Z QST,’UJ’Uﬂ'?
where ZO means that the sum is over the pairs (7,v) such that there exists an arrow

in Gp (equivalently there is no arrow from (7, (,v,0) labeled by s; in Hp). Suppose that

is a fall in G, then
Jv,T(Si X Si) = J(’U,T)Si - bv,T[i]Jv,‘r = _bv,T[i]‘]’U,T'

Since, Hr is 1-compatible Proposition 5.5 implies that ¢ and ¢ 4+ 1 are in the same row. Hence,
byr[i] = —1 and Jy 1 (s; @ 8;) = Jy . It follows that Jo(s; ® s;) = Jo.

Now, let

be an arrow in Hrp, then

Jor(8i @ 8i) = Jor 70 — by r[i] S 7,

T (8i ® 8) = by [(|Jr o + (L= by e [i]) s and &y =y rCy s
Hence, equalities (5.1) and (5.2) imply

(Cordvr + Cu iy 71)(8i ® 5i) = €y r(Jor + Corli]Jor ) (5 @ 57)

= Cor (((co,r li)(1 = bur[i]%) = bur[i]) Ju,r + (L + cor[ilbori]) Jur )
= QEv,T(Jv,T + Cy,r [71] Jv’,r’) = (61),7‘]'0,7 + QEU’,T’ Jv’,T’)-

This proves that (J* + J7)(s; ® s;) = J* + J~. Hence, Jr(s; ® s;) = Jr for each i and Jr is
symmetric. [}

Example 5.10. Consider the graph H11
00

21

43
[0110]

S2 21 21 S$2
— x-_Q > 43 43 — a—2
a1 [0101] [1010] Re=3

21

43
[1001]
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The polynomial

ala—1)
J“ - Joou,i; + 1<]0101,i§ + o — 2‘]0110,31; + o — 2J1001,j§ + (a—2)2 J1010,§1§
ola—1
+ ( ) J1100,21

(a—2)(a—3) 1003
is symmetric.

Let Hp be a connected component, denote by root(7") the only vertex of Hy without inward
edge and by sink(7) = (std(T), {r, Ar,Id) the only vertex of Hy without outward edge. De-
note by #Hp the number of vertices of Hp. The following proposition allows to compare the
polynomial Jr to the symmetrization of Jyo(7)-

Proposition 5.11. One has

#Hr

JT =N

Gsink(T) Jroot(T) S.

Proof. It suffices to compare the coefficient of Jp(7) in Jr and in Jye(7)-&. The coefficient
of Jsink(r) in Jr equals €y (1) while the coefficient of Jn ) In Jioot(7)S equals % Indeed
% is the order of the stabilizer of Ar. The leading monomial of Jg, (1) does not appear in any
other J, - so its coefficient in the symmetrization of Jy,01(7) equals the order of the stabilizer. W

Let Hy be a (—1)-compatible component of G. For each vertex (7, (,v,0) of Hr, we define
the coefficient §, by the following induction:

1. §u - = 1 if there is no arrow of the form

in HT-
1 1
2. Sv,r = M%’“ T = %Sv r 4+ if there is an arrow
in HT.

Again the §, r are well defined since the symmetric group acts on the spectral vectors by
permuting their components. Define also the antisymmetrization operator

A= > (-1 (wew).

weB N

We will say that a polynomial is antisymmetric if it vanishes under the action of 1 — s; ® s;
for each i < N.

Theorem 5.12.

1. Let Hy be a connected component of Gy. For each vertex (1,(,v,0) of Hp, the polyno-
mial Jy 2 equals Jy, stq(my? up to a multiplicative constant.

2. One has Jy, siam)® # 0 if and only if Hr is (—1)-compatible.
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3. More precisely, when Hrp is (—1)-compatible, the polynomial

J’} = Z SU,TJU,T

(7,¢,v,0) vertex of Hr
18 antisymmetric.

Example 5.13. Consider the graph Ho:
01

31
42
[0110]

S2 31 31 82_"_2
o _Ca 12 12 |- o«
X = of1 [0101] [1010] X—a+3

31
42
[1001]

The polynomial

. « « « ~ala+1)
o = Joolnd T oo ¢ 1*]0101,2; + a+ 2’]0110,2; + o+ 2’]1001,2; (a+2)2 J1010,j;
ala+1)

—J
(a + 2)(a + 3) 71100,
is antisymmetric.
And, as in the symmetric case, one has:

Proposition 5.14. One has

4H
Jr = T!Tgsink(T) Jroot(T)-A-

5.3 Normalization

As a consequence of Proposition 4.7, one deduces the following result using Theorems 5.9
and 5.12.

Corollary 5.15. Let Hy be a connected component and (7,(,v,0) be a vertex of Hp. Denote
by €L, the length of a path from root(T) to (7,(,v,0). One has,

T 1~
1ozl = (=) € 185 2| Jroot (T2,

From Theorems 5.9 and 5.12, vector-valued symmetric and antisymmetric Jack polynomials
are also pairwise orthogonal.

Proposition 5.16.

1. Let Hy, and Hr, be two 1-compatible connected components. If Ty # Ty then (Jr,, J1,) = 0.



Vector-Valued Jack Polynomials from Scratch 29

2. Let Hy, and Hp, be two (—1)-compatible connected components. If Th # Ty then
(Jpy> JIp,) = 0.

Proof. It suffices to remark that from Theorem 5.9 (resp. Theorem 5.12) each Jr (resp. Ji)
is a linear combination of J, - for (7,(, v, o) vertex in the connected component Hr. |

In the special cases when Hy is -1-compatible, the value of ||J7||? admits a remarkable equality.
Proposition 5.17. One has:

1. If Hr is a 1-compatible connected component then
17| [* = #Hr € k()| Jroot(1) |-

2. If Hy is a (—1)-compatible connected component then
1I71? = #HrFsink() | Jroot () -

Proof. The two cases being very similar, let us only prove the symmetric case. From Proposi-
tion 5.11, one has:

#Hr #Hr
HJTH2 = Wesink(T) <JT7 Jroot(T)'6> = Wesink(T) Z <JT7 Jroot(T)(G ® U)>
’ ’ ceCN
= #Hr € 1) || Jroot(1) |- u

From Corollary 5.15 and Theorem 5.17, one obtains the surprising equalities:

Corollary 5.18. If Hr is 1-compatible, one has:

Co.r
Z (—1)&?’%7’ = #Hr &k (T)- (5.3)

(1,¢v,0) vertex of Hr

If Hy is (—1)-compatible, one has:

Sv,‘r
Z (—1)br I #H1Ssink(T)-

(1,¢,v,0) vertex of Hr

Example 5.19. Consider the graph Hi1, the sum (5.3) gives
00

(e (e (i) e e

as expected.

5.4 Symmetric and antisymmetric polynomials with minimal degree

Since the irreducible characters of G are real it follows that the tensor product of an irreducible
module with itself contains the trivial representation exactly once. The tensor product of the
module corresponding to a partition A with the module for ‘A (the transpose) contains the sign
representation exactly once. We demonstrate these facts explicitly. Using the concepts from
Section 4.1 let

CIZ Z CL(T)(T(X)T)EV)\@V,\
TGTabA
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be symmetric with (rational) coefficients a (7) to be determined. We impose the conditions
G1(si®s;) =C fori=1,...,N—1. Fix some i and split the sum as suggested by equation (3.1)

1= Z a(T)(T®T)+ Z (a (1) (r®71)+ a(T(i’H‘l)) (T(i’i"'l) ® T(i’i"'l))) )
by [i]==%1 0<b-[i]<3

In the first sum (7 ®7) (s; ® s3) = b [i(]> (1 ® 7) = 7 ® 7. For the second sum, note that

7t g; = (1 - b, [i]? )7 — by [i] 7D, Simple computations show that

(a () (r@T)+ a(T(i’”l)) (T(i’i+1) ® T(i’H—l))) (s; ® si)
—a(r)(r®7) + a(T(z’,i+1)) (T(i,i+1) 2 T(i,i+1))

exactly when a (1) = (1 — b, [i]2)a (T(i’iﬂ)). The unique (up to a constant multiple) & y-
invariant norm on V; satisfies “T(i’i+1)}|2 = (1-0b, [1]2) |7]|? (see Section 4.3); thus a (1) =
¢/ ||7||* for some constant c.

Consider the module Viy. The transpose map takes each RST 7 with shape A to the RST ‘7
of shape ‘A. Thus be, [i] = —b, [i] for 1 <i < N. Suppose 0 < b, [i] < & for some 7 and i, then
—% < bt [i] < 0 and the following transformation rules apply:

brs; = be [i] 1 + (1 — b, [1]2 ) (1&7_(1',z'+1))7
tritl) g — tr be,, [i] t(iit1)
Let
Cdet = Z a(r)((r)@T eV @ V)
TETab)y

be antisymmetric with (rational) coefficients a (7) to be determined. We impose the conditions

Cdet(8; @ 8i) = —(get for i = 1,..., N — 1. Fix some i and write
Cior = Z a(r) (tT) @4 Z (a (r) (tT) &7+ a(T(i,i+1))(tT(i,z’+1)) ® T(i,i+1)) .
br[i]==%1 0<b[i]<i

In the first sum (7 ® ('7)) (s; ® 5;) = br [i] be, [i] (*7) @ 7 = — (*7) ® 7. We find that
(a (1) (tT) QT+ a(T(i’iH)) (tT(i’”l)) ® T(i’”l)) (i ® si)
_ (a (r) (tT) @+ a(T(i,i—H)) (tT(i,i—H)) ® T(i,i—i—l))

exactly when a (1) = —a (T(i’i+l)).

Thus a (1) = ¢(=1)™ ) (recall inv () = # {(i,7) : 1 <i < j < N,rw (i,7) > rw (j,7)}, and
0 < b, [i] < 1 implies inv (7)) = inv (1) + 1).

We can now write down the symmetric and antisymmetric Jack polynomials of lowest degree,
by replacing the first factors in ¢; and (get by the corresponding polynomials P (x) and Pi, (x)
(as constructed in Section 3). Let [ = £(\) = *A[1].

In the symmetric case let v = [(l — 1)A[l} (1= 2)’\[l_1} ey 1/\[2],0)‘[1]] (using exponents to
indicate the multiplicity of an entry) The corresponding tableau is
-1 ... 1-1 (A[l]%)
Ty =
1 . (A[2]%)
0 (A[1]x)

and std (77) contains the numbers N, N —1,...,2,1 entered row-by-row.



Vector-Valued Jack Polynomials from Scratch 31

Example 5.20. If A\ = [4, 3, 2] then v = [221110000]. The corresponding tableau is

2 2 2 1
=111 and std(Th)= 5 4 3
0 00O 9 8 7 6
In
C
Q)= > —5Pr(x)®T,
G Il

the monomial 2V occurs only when 7 = std (T1), with coefficient ¢/ ||std (77)||>. This polynomial
is a multiple of Jp; (see Theorem 5.9).
For the antisymmetric case let

01 ... N—1
T Nl oo de—1
01 N—1 ... =1 ... A-—-1
Thus std (Taet) = 7a and v = [ (A[1] — 1) APET (A1) = 2)RE=Tgfam],

Example 5.21. If A\ = [4,3,2] then ‘A = [3,3,2,1] and v = [322111000]. The corresponding
tableau is

0 1 7 4
Toer= 0 1 2 and  std(Tger) = 8 5 2 =Tg).
012 3 9 6 3 1
Let
Caet (1) = Y, ()™ P (m)@r
TETaby

The monomial ¥ occurs only in the term 7 = 7 (see Definition 2.9). This polynomial is
a constant multiple of J7, ~(see Theorem 5.12).
We summarize the results of this section in the following theorem.

Theorem 5.22. The subspace of My of the symmetric (resp. antisymmetric) polynomials with
minimal degree is spanned by only one generator: the symmetric (resp. antisymmetric) Jack
polynomial Jr, (resp. Jr,.,)-

As a consequence one observes a remarkable property.

Corollary 5.23. The Jack polynomial Jp, (resp. Jr,..) is equal to a polynomial which does
not depend on the parameter o multiplied by the global multiplicative constant €gpny(ry) (resp.

SSink(Tdet) ) .

Proof. The first part of the sentence is a consequence of Theorem 5.22 since the dimension of
the space is 1. The values of the multiplicative constants follow from Theorems 5.9 and 5.12
together with the fact that the coefficient of the leading terms in a Jack polynomials J, ; is 1
(see Theorem 4.1). [

Note also that T} (resp. Tget) is not the only tableau for which the corresponding symmetric
(resp. antisymmetric) Jack does not depend on « (up to a global multiplicative constant).
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Example 5.24. Consider the partition A = [221] together with the vector v = [2,1,1,0,0]. The

corresponding symmetric Jack %J 2, does not depend on «.
21100, 32 oo
54

There are two symmetric Jack polynomials in degree 5: J 2, and J 3, - Note that the (non
00 00

minimal) polynomial %J 2, does not depend on « whilst the parameter o appears in
22100, 32 00

Bl
ﬁJ 3 even after simplifying the expression.
31100, 32 op
54

6 Restrictions

6.1 Restrictions on Yang—Baxter graphs

Consider the operator | acting on the Yang-Baxter graphs G by producing a new graph Gy |
M M

following the rules below:

1. Add all the possible edges of the form

’ (7, ¢, [v[1], ..., v[M],0,...,0],0) ‘ 24 (T,(/,[v[2] ..... v[M],v[1] + 1,0,...,0],0")

More precisely, the action of ¥’ on the 4-tuples is given by

U = WUsy_ -8

2. Suppress the vertices labeled by (7, (, v, o) with v[i] # 0 for some i > M, with the associ-
ated inward and outward edges.

3. Relabel the remained vertices (7,(,v,0) | :=(7],(l,v],0l) with
M M M M M

(a) 74 is obtained from 7 by removing the nodes labeled by M + 1,...,N. Note that

tﬁg shape of 7 could be a skew partition.
M
(b) v = [of1],-..,o[M]].
M
(c) UAJ;[ [o[1],...,o[M]].
(@ ¢ = (1] = CT,[M], ., ¢[M] - CT,[M].

4. Relabel by ¥ the edges labeled by ¥’

Example 6.1. Consider the partition A = 21 and M = 2, the graph Go9; in Fig. 1 with edges ¥’
added. We obtain the graph Gao1 | (Fig. 7) applying the other rules.

M
Definition 6.2. A RST 7 has the property R(M) if the removal of the nodes labeled by

M +1,...,N in 7 produces a RST whose Ferrers diagram is a partition.

Example 6.3. The RST

oo =3 Ot
DD W N

1
4

has the property R(3) while the RST gl does not have property R(2).
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2
32+[200], 31+(200],
[2a—1,1,0],123 [2a+1,—1,0],123
3> &
32(020], 51,[020],
[1,2a—1,0],213 [—1,2a+1,0],213
&V u;,)
[1,0,2a—1],231 [a—1,a+1,0],123 [a+1,a—1,0],123 [-1,0,20+1],231
sV %
\ y[101], 2, .[01],
(6= 0a+1),132 [a+1,00—1],132 |\ -
S 5 LY =
. 5 ]
hy ;[011], 31-0011],
(6,7 A,a+1],312 [0,0+1,0—1],312 |
=4 =7
32,(100], 31,100],
[@—1,1,0],123 [a+1,—1,0],123
S, =y =L 3>
32-[010], 51,[010],
[1,0—1,0],213 [—1,a+1,0],213
% %)
1 2
@‘ 32 7[001L 31 7[001]7 N
A1,0,a—1],231 [-1,0,a+1],231 S,
Y
e
321000],
[-1,1,0],123

m 321 ’[000]7
[1,-1,0],123

Figure 6. The first vertices of the graph G5; with edges ¥’ for M = 2.

Denote by G, the subgraph of Gy whose root is 7. In particular, one has

Proposition 6.4. Let T have the property R(M) and satisfy T =T\ where X denotes the Fer-
M M
M
rers diagram of 7. The graph G/\i is identical to the subgraph Gri of G | whose root is T .
M M M M M
Proof. Obviously, since the Ferrers diagram of 7] is a partition, all the spectral vectors (
M
labeling the vertices of G| are obtained by subtracting the same integer (that is CT [M])
M
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1 .[20], 2 [20],
[2a—2,0],12 [2a+2,0],12
3> <
\,,[02], 2 ,[02],
[0,2a—2],21 [0,2a+2],21
L[], %[,
a—2,a],12 S a+2,a],12
1
Y e
Y e
4. [10], %[0y,
[@—2,0],12 [a+2,0],12
% %>
L.[01], % o1],
[0,0—2],21 [0,a+2],21
N
Y
',.,[00],
[—2,0],12

T

Figure 7. The first vertices of the graph Ga1.
2

from the corresponding spectral vector in G. It follows that the action of the s; permutes the
components of the spectral vectors in GTi'
M

Let v/ = (7, (', [V'[1],...,v[M],0,...,0],0") be a vertex of G,. Let us prove by induction on
the length of a path from the root to v’ that

("4, ¢ L -

1. There is a vertex labeled by v/ | :=
M M M

) [MH,O’J‘%) in G)\Ai/[.
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2. If there is a non affine edge labeled by s; with ¢ < M from
v = (", " W"[1],...,v"[M],0,...,0],0")

to v/ in G, then there is the same edge from v’ | to v/ | in G)\i.
M M M
3. If there is an edge from v = (7", (", [v"[1],...,v"[M],0,...,0],0”) to v/ in G labeled by
U’ then there is an edge labeled by ¥ from v’ | to v/ ] in G/\i'
M M v
First, observe that if 7/ = 7 and v/[{]] = 0 for each ¢ (i.e. v/ is a component of the label of the
root of G;) then the construction gives, straightforwardly the result.
Suppose that there is a non affine edge

1" z ’
v 5

in G;. By induction v”' | labels a vertex of G, 1 We verify that
M
M

(V//Si)i — (V,/)isi — V/J,
M M M

Hence, v’ | labels a vertex of G, ! and the assertion (2) is recovered.
M
M
Suppose now, that there is a affine edge

V/l \IJI

in G;. By induction v” | labels a vertex of G, |- We verify that
M
M

Hence, v’ | labels a vertex of G | and the assertion (3) is recovered.
M

M
Conversely, if v/ labels a vertex of G, 1 there exists a vertex labeled by v/ M) ip G, veri-
M
fying v | = v/, Indeed, suppose v/ = (7/,(’,v/,0") then v/ = (7/(N) /) 1y (N) 5 (N)y
M
where /") is obtained from 7/ by adding the nodes of 7 labeled by M + 1,..., N, v/™) =
[W'[1],...,v"[M],0,...,0], C’(N) = vy vy and o' — o). Furthermore if v's; = v" then
v, = v"M) and if v'¥ = v then v = v/™) This concludes the proof. [

Example 6.5. Consider in Fig. 8 the restriction problem for

\]

I
o 3 ot
D W N
A~ =

and M = 3. The subgraph of G 5 - obtained using only the root and the arrows labeled
7 3 1
8 6 4

by W', s1 and s9 is isomorphic to the graph G2 (see Fig. 1).
31
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51
732 ,[200...],
864
[2ae—1,1,0,...],123...
%Y
51
732 ,[020...],
864
[1,2a—1,0,...],213...
¥
51 51
732 ,[002...], 732 ,[110...],
864 864
[1,0,20—1,...],231... [a—1,a+1,0,...],123...
Bl
51
732 ,[101...],
864
[a—1,0a+1,...],132...
E <
51
732 ,[011...],
864
[0,a—1,a41,...],312...
=l
51
732 ,[100...],
864
[@—1,1,0,...],123...
d*/ \9‘
51
732 ,[010... ],
864
[1,a—1,0,...],213...
d;)
51
732 ,[001...],
864
[1,0,a—1,...],231...
1
A\
51
732 ,[000...],

Figure 8. The first vertices of the subgraph of G332 associated to the restriction for M = 3 whose root

is 23 with the edges ¥’ added.

864

6.2 Restrictions on tableaux

864
[—1,1,0,...],123... <\@\_/

52
231 ,[200...1],
864
[2a+1,-1,0,...],123...
@
<
52
731 ,[020...],
864
[-1,2a+41,0,...],213...
&
52 52
731 ,[110...], 731 ,1002...],
864 864
[a+1,0—1,0,...],123... [—1,0,2a+1,...],231...
©
%
52
731 ,[101...],
864
[a+1,00—1,...],132...
2 e
52
731 ,[011...],
864
[0,a+1,0—1,...],312...
=l
52
731 ,[100...],
864
[a+1,-1,0,...],123...
e 5>
52
731 ,[010...],
864
[-1,a+1,0,...],213...
)
52
731 ,[001...],
864
[-1,0,a+1,...],231...
lI//

52
231 ,[000...1],

64
[1,—1,0,...],123...

In the sequel, as in [15], we will denote a skew partition by \/pu.

Let 7 be a RST of shape A = [Ay,..

in C[tl, ..

., Ax) and M < N. Consider P; as a polynomial

Stalltarsa, - tn]. Let p the sub-partition of A\ which is the shape of the RST

obtained by removing the nodes labeled by 1,..., M in 7 and denote by 7(™) the associated

RST. Consider also the skew-RST 7] of shape A/u obtained by removing the nodes labeled
M
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M+1,...,N in 7. Let C(r,M) := {p: pM) = 7} and T'(r, M) := {pl : p € C(p, M)}.
M

To each skew-RST p| in T(7, M) we associate the polynomial P; ! which is the coefficient of
M
M

tAcl(i,p) 7I‘W(’L',p)

; in P, (recall that cl(i, ) is the column of 7 containing ¢ and

N
the monomial []

i=M+1
rw(i, 7) is the row of 7 containing 7).
2 2
Example 6.6. Consider 7= 4 1 and M = 3. Then 7 = g, T, = 1,
5 3 3 3
3 2 1
C(r,3)={ 4 1,4 1,4 2
52 5 3 5 3
and
3 2 1
T(r,3) = 1, 1, 2
2 3 3
The polynomial P’2 is the coefficient of t2t4 in P 9
1 4 1
3 5 3

Suppose that v := A/u is a partition (74 is a RST). When ¢ < M, since s; does not act on
M
the variables tp41,...,tx, the Murphy rules (equation 3.1) give
. . . 2 _
bP[Z]Pll)i if b,[i]* = 1,
M

Pl = bolil P | + Py | if 0 < byli] < 3, 6.1)
M M
bp[i]Pl’)i +(1- bp[i]Q)P;(iyiH) ! otherwise.
M M

Since the action s; (¢ < M) on the RST commutes with the restriction |, one has P;” | =
v :
M

/
Flo Ly

M
taneous eigenfunctions of the Jucys—-Murphy operators

M
W' =3 sy,

i+1

and Proposition 3.1 and equation (6.1) imply that the polynomials P; | are simul-
M

with eigenvalues CTp 1 [i]. Since the Pp’ i for p € C(r, M) span a polynomial representation of
M M
the symmetric group &, with minimal degree, the polynomials P; | are equal up to a global
M
multiplicative coefficient to the polynomials Pp 1

M
To summarize:

N .
ope . . Acl(i,7)— ) . .
Proposition 6.7. When 7| is a RST, the coefficient of [ t, 1(5:m) ~TW(E) in Py is propor-
M i=M+1

tional to PT\I/'
M
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Example 6.8. The coefficient of t3t§t7t6 in P 51, equals
9864

1t L t L ts = 1P
6' 127 12°° 6 =
6.3 Restrictions on Jack polynomials

Consider the linear map | which sends each z; to 0 when ¢ > M and each 7 to 7.
M M

Theorem 6.9. Let 7 have property R(M). Then

Jfa],.w[M],0,...00,7 + = J[v[1],...,v[M]],T¢'
M M
Proof. From Proposition 6.4 the graphs G ! and Gshape(T 1) are the same. Remark that:
M M

1. The result is correct for the roots:
J([o,...,o],rmot)]\% = J[o,_,,7o],7root]\¢4

where o0t denotes the RST obtained from 7 by replacing subtableau constituted with the

nodes labeled 1,..., M by Tohape(r )"
M

2. The action of the edges are compatible with the restriction:

(a) The non-affine edges: We use only the difference between the content of two boxes.
Since, the values of the spectral vector ¢ in GTroot | are obtained from the values of

M
the spectral vector in G, ., by adding to each component the same integer. Hence,
the differences are the same and then the action of the non-affine edges are the same.

(b) The affine edges: One has to verify that

Jio(t],..o[M],0,...0,YN(SN-1 @ sy_1 + (%)) -+ (s @ s + (*))J\%

— J[vm,...,U[M],o,...,o],rj\t\l/M,

where (x) denote the correct rational numbers corresponding to the edges of the
Yang—Baxter graph and W;; means that one applies the operator ¥ for an alphabet
of size M. This identity is easy to obtained from the construction: since ¥ gives
a polynomial whose a factor is x, the only non vanishing part of

Jt],.w(M,0,...0,- YN (SN-1 @ sy_1 4 (%)) -+ (501 @ sp + (*))Aid

is
Jiot],.o0(M),0,..0,7 YN (SN-1 50 @ SN_1--5M) L = Jjopa),...0[M),0,...,01,7 Y M 4
M M

the last part of the proof follows from the commutation Wy, | = | Wy,.
M M

This shows that the polynomials Ji,j,... v[a1],0,...,0),- + are inductively generated following the
M

same Yang-Baxter graph as the polynomials J[vm oML with the same initial conditions.

M
Hence J[’U[l],...,U[M],O,...,O],T}\\b = J[u[l],...,v[Mﬂ,TL as expected. |
M
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7 Shifted vector-valued Jack polynomials

7.1 Knop and Sahi operators for vector-valued polynomials

Let us define the following operators which are the vector-valued versions of the operators
defined in [9]:

is a divided difference.

1. ¢:=0,®1+ s; ® s;, where 0; := iitl = (1 - Si)

1
Ti—Ti41
2. Denote by ® the operator sending each z; to x;—1 for ¢ > 1 and x; to xny — « and

T:=®®(s182---SN-1)-

3. U:=T(xy + N —1).
Proposition 7.1. The operators ¢; satisfy the braid relations
SiSit1Si = Si+1SiSi+15 SiSj = SjSi, li — 7] > 1,

and the relations between the ¢; and the multiplication by the indeterminates are given by the
Leibniz rules:

TiS = G2 + 1, Tit16 = G — 1, TS = %, J# i+ 1

Proof. The Leibniz rules are straightforward from the definition while the braid relations are
a direct consequence of

1) the braid relations on the s; and the braid relations on the 0;,

\V]

) 0i+10;8i + 8i410i0i41 = 0i8i410;,
) 030;415; + 5i0;110; = 0i415;0i41,

w

4) $;0;415i = Si4+10;Si+1,

ot

) 0isiy15i = 8i115:0i11,

6) sisi+10; = 0i+18i8i+1. L

Since the ¢; verify the braid relations, they realize the braid group: given a permutation
w € 6y and a reduced decomposition w = s;, - - - s;,, the product ¢;, - - - ¢;, is independent of the
choice of the reduced decomposition. We will denote ¢, :=¢;, -+ -G, .

Furthermore, the algebra generated by the ¢; and the z; is isomorphic to the degenerate Hecke

affine algebra generated by the operators s; + d; and the variables.
Our goal is to find a basis of simultaneous eigenvectors of the following operators

éi =i+ N—1—g-sny 1V g 1.

These operators commute and play the role of Cherednik elements for our representation of
the degenerate Hecke affine algebra. As a consequence, one has the following relations:

Proposition 7.2.
1. Géip1 =& — 1,
2. & =bins+1,
3. by =&jqi forj # i+ 1,
4. WE = &0 fori #1,
5. Wéy = (én — )l
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Furthermore, the RST are simultaneous eigenfunctions of the operators él More precisely

Proposition 7.3.
& = CT,[i]r.

Proof. The action of él on polynomials with degree 0 in the x; equals the action of the
operators ;. Hence, the result follows from the non-shifted version of the equality (Proposi-
tion 3.13). [

Straightforwardly, the operators ¢; and U are compatible with the leading monomials in the
following sense:

Proposition 7.4. Suppose that P a polynomial such that its highest degree component has the
leading monomial x¥" then

1. Ifv[i] < v[i+ 1] then the highest degree component of Ps; has the leading monomial xV%7.

A

2. The highest degree component of PV has the leading monomial x

7.2 The Yang—Baxter graph

Let A be a partition and G, the associated graph. We construct the set of the polynomials

(qu)‘13 path in G, using the following recurrence rules:

1. jﬂ = 1®7‘)\.
2. If B =lai,...,ar_1,s; then

o 1
J;B = J[al,...,akfl] (gi + M> 7

where the vector ( is defined by

(T)\,CTT)\,ON, [1,2,.. .,N])a1 ceap—1 = (1,(,0,0).

3. B =la,...,ak_1,¥] then then

Jp = J[ahm,akfﬂ\l}'

As expected one obtains

Theorem 7.5. Let P = [ao,...,ax] be a path in Gy from the root to (1,(,v,0). The polyno-
mial Jyp is a simultaneous eigenfunction of the operators & whose leading monomial in the

vT. Furthermore, the eigenvalue of fl associated to qu equals (li].

highest degree component is x

Consequently qu does not depend on the path, but only on the end point (1,(,v,0), and will
be denoted by JAU,T. The family (jv,T)v,T forms a basis of My of simultaneous eigenfunctions of
the Cherednik operators.

Furthermore, if P leads to & then qu =0.

Proof. The proof goes as in Theorem 4.1 using respectively Propositions 7.2, 7.3 and 7.4 instead
of Propositions 3.14, 3.13 and 3.8. |

In consequence, we will consider the family of polynomials (JAU,T)%T indexed by pairs (v, 7) where
v € NV is a weight and 7 is a tableau.
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Figure 9. First values of jv,§1

and consider the Yang-Baxter Graph G 2 (see Fig. 9).
31

Example 7.6. Let again 7 = 3
The eigenvalues of 7 are [1,—1,0]. Let 7/ = ; o » One has
. . 1 .
J[OOl},T:T\IIZ($3+2)® —§T+T
with associated eigenvalues [—1,0, « + 1] and
j[ow},r = j[om],T <(52 +023) ® 52 + al)
(Ba+ 1+ x9 + axo —173)7_+ (x3+3+x2+ax2+a)7,
a+1

_1
2 a+1

with eigenvalues [—1, « + 1,0].
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The non-shifted vector-valued Jack polynomials can be recovered easily from the shifted one:
Proposition 7.7. The restriction of jv,T to its component of top degree equals J,, r.

Proof. It suffices to remark that ¢; = s; ® 5; +¢; and U = U + U~ where ¢~ and U™ are
operators which decrease the degree in the x;. Hence, one computes the component of the top
degree of jw following the Yang—Baxter graph replacing ¢; by s; ® s; and 0 by W, that is the
Yang-Baxter graph which was used to obtain the polynomials J, . This ends the proof. |

7.3 Symmetrization, antisymmetrization

We will say that a polynomial is symmetric if it is invariant under the action of ¢; for each
i <N —1. Denote also & = }_ s Sw- As for non shifted Jack, one has:

Theorem 7.8.

1. Let Hy be a connected component of Gx. For each vertex (1,(,v,0) of Hr, the polyno-
mial J,, 76 equals J Arstd(T )(‘5 up to a multiplicative constant.

2. One has J/\T,Std(T)6 % 0 if and only if Hr is 1-compatible.

3. More precisely, when Hy is 1-compatible, the polynomial

jT = Z GU,TjU,T

(7,¢,0,0) vertex of Hr
s symmetric.
Proof. The proof is identical to the non-shifted case. |
In the same way, for the antisymmetrization, denoting 2 := ZwGGN(—l)e(“’)gm we have:
Theorem 7.9.

1. Let Hy be a connected component of Gx. For each vertex (1,(,v,0) of Hr, the polyno-
mial J, TQK equals J A std(T )Ql up to a multiplicative constant.

2. One has J>\T std(T Ql # 0 if and only if Hp is (—1)-compatible.
3. More precisely, when Hyp is (—1)-compatible the polynomial

jé’ = Z 3’v,7jv,7'

(1,¢,v,0) vertex of Hr

s antisymmetric.

7.4 Propagation of vanishing properties

Some phenomena of propagation of vanishing properties can be deduced from the classical case
(see [14]).

Lemma 7.10 (Lascoux). Let f(x,y) be a function of two variables. Suppose that f(b,a) = 0
with a # b then

i
f (Sac,y +7.Ony + b—a) (a,b) =0

Indeed, similar properties occur for vector-valued polynomials:
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Lemma 7.11. Let f € Clz,y] @ V) then

/ <Sx,y @ Szy + ’Yax,y ®1+ b—fya) (CL, b) =0

when f(b,a) = 0.

Proof. Write f(z,y) = > f"(z,y) ® 7 and remark that f(b,a) = 0 implies f7(a,b) = 0 for
each 7. But fszy =) f75:,y®75zy and by Lemma 7.10 f7 s, 4(a,b) = 0. Hence fs; (a,b) = 0.
In the same way, Lemma 7.10 implies f7 (0,,4+32-) (a,b) = 0 and then f (0, ,®1+32)(a,b) = 0.
This proves the result. |

Example 7.12. Consider the polynomial jo This polynomial vanishes for z3 = —2:

2 .
- 01,2,

Joo1 2
001,2,

A N 1

one has J. . 2 x1,—2,a — 1) = 0. Finally,
010
731

(1,2, —2) = 0. Since

R A 1
J100,2, = Jon0.2, (gl tax 2)

N

implies J

100,2, (=2,,a—1)=0.

Denote by ®*1 the operator defined by [z1,...,zN]|®T = [z9,23,..., 2N, 21 + . The action
of the affine operator ¥ propagates information about vanishing properties:

Lemma 7.13. One has
f\i/([al, ceey aN]CIf") =0
when f(ay,...,an)=0.

Hence, for each pair (v,7) one can compute at least one N-tuple (a]”",...,ay") such that
Jor(ay7,...,ay) =0.

Proposition 7.14. Denote by V, » the vector whose i-th component is
V,.-[i] == a(vt[1] = v[i]) + (CT,[1] = CT[o,[i]]) — N + 1.
Let m be the smallest integer such that vim] = max{v[i] : 1 <i < N}. One has

Jor (1, Zm—1, Vyrm],..., V- [N]) =0

Proof. Denote by ® the operator defined by

[1‘1,.. . ,:EN](I) ==

~ [z1,...,zN]P if 1 = aav 4+ b with a > 0,
[xe + a,...,xN + a,z1] otherwise.

Observe first that the vectors V,, ; are obtained by substituting ¥ by ® in G,

Lemma 7.15. Recall the notation [v1,...,oN]|¥ = [ve,...,vn,v1 + 1]. One has

VU\IJ,T = VU,T&)'
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Proof. Let m be the smallest integer such that v[m| = max{v[i] : 1 <i¢ < N}. If m > 1 then
vt[1] = v¥T[1]. Tt follows that Vg ,[i] = V,,[i + 1] if i < N and, since v¥[N] = v[1] + 1
one has V,y - [N] = V,,[1] — a. That is V,g . = V,,®. If m = 1 then v*[1] = (v¥)*[1] — 1.
Hence, V¢ T[ ] =V, [ 1]+« for i < N and Vv\p,T[N] =V, ;[1]. This ends the proof. N

Hence, using Lemma 7.15, a straightforward induction shows that
V. [m]=1—-N. (7.1)

Let us prove the proposition by induction on the length of the path from jo...01,7 to JAU,T. First
note that

Vo.o01-[N]=—-N+1,
implies Jo..01,7(21, - .., 2N-1, Vo..01,7[IV]) = 0, since
Jo.otr = Jo.0sY = Jo.oT(xn — N +1).

Suppose that there is an arrow

in G;. Let m’ be the smallest integer such that v'[m/] = max{v'[i] : 1 <i < N}. We have by
induction,

~

Jv’,‘r(xlw : .,$m/,1,Vv/7T[m/],. . aVv’,T[N]) =0. (72)

By hypothesis, i # m/, otherwise v'[i]] > v'[i + 1] and the arrow is not in G,. Furthermore we
have:

1
(v'[i + 1) = v'li)ac + (CTr[ow[i + 1]] = CTr o [ﬂ]))
1
(vli] = vli + 1])a + (CT[oy[i]] — CT+[o[i + 1]])) '

Fko
B

=L%<&®&+&®1+

=£%<&®&+&®1+

Consider three cases

1. If i <m’ — 1 then Lemma 7.11 implies

J’U,T(xla v 7$m—lavv’,7[m/]7 v ’VUI,T[ND =0.

But Vy . [m/,m'+1,...,N| =V, [m/,m'+1,...,N] and m' = m. This proves the result.
2. If i =m’ — 1 then m = m’ — 1 and, as a special case of (7.2), one has

jU,,T(x17 cee 7xm’—27VU,T[m]avv’,T[m/]a s 7Vv’,T[ND =0.
But

Vo m'] =V m] =V, [m+1] -V, [m]

) ) )

= (v[m] — v[m + 1])a + (CT;[oy[m]] — CT;[oy[m + 1]]).

The result is, now, a direct consequence of Lemma 7.11.
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3. Ifi > m/ then Vy - [m/,m/+1,...,N] =V, -[m/,m/+1,...,N].s; and m’ = m. Remarking
that,

Voo lil = Vorli+ 1] = Vi + 1] — Vo[

) )

= (v[i] —vli +1])a + (CT[oy[i]] — CT+[oy[i + 1]]).
Lemma 7.11 gives the result.

Suppose that there is an arrow

R )

in G;. Let m’ be the smallest integer such that v'[m/] = max{v'[i] : 1 <i < N}. We have by
induction,

jv’,'r (1’1, ceey /1, er’T[m/], “e ,VvIJ[N]) =0. (73)
We need to consider two cases:

1. If m’ > 1 then, since, JAUJ = jv/,T.\i' Lemma 7.13 and equation (7.3) imply

JU,T(«T% s 7xmavv,’r[m]7 s 7V’U,T[N - ]-]7551)
= jv,’r(x%- : 'axm’flavv/,f[m/]y- .- 7V’L)/,T[N]7$1) =0.

In particular,

A~

Jv,‘r($1a ce 7xm*1’V’U,T[mL .y Vy T[ND = 0.

)

~

2. If m" = 1 then, from (7.1), one has Vy ;[1] = V,,[N] = 1— N. But, since J,, =
jv/,TT(wN — N + 1), one has

jv,‘r($1a -y IN — 17VU,T[N]) =0,

and the result is just a special case obtained from this equality by specializing the values
of the z;. |

Example 7.16. One has:

V[02210351} 1 = [ba—9,3c — 8,3 — 12,40 — 10, 50 — 10, 2c — 13, =7, 4v — 11].
bbb inb b A S A g 775
8642

Indeed,
0[0,2,2,1,0,3,5,1] = [77 37 47 57 87 27 17 6] and [07 27 27 17 07 37 57 1]+ = [57 37 27 27 17 17 07 0}

and the values of vT[1] — v[i] and (CT,[1] — CT;[o,[i]]) — N + 1 are computed by taking the
corresponding values in the RST

5 -9
3 ~12
0 5 and . g,
42 4 3 11 —-13 —10 -8
Hence,

J[02210351} ! (1,2, x3, 24, x5, T, — 7,4 — 11) = 0.
2,2,1,0,3,5,1], 5,
8642
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[—2,2a0—4,2a—3] [—2,2a,2a0—1]
[—2,2a—4,2a—3] [—2,2a,2a—1]
&> <
[2a—4,—-2,2a—3] [2a,—2,2a—1]
[1,-2,2a—3] [1,-2,2a—1]

Eig )
[2a—4,2a—3,—2] [—2,—4,a—3] [—2,0,a—1] [20,200—1,—2]
[z1,29,—2] [—2,—4,a—3] [—2,0,a—1] [z1,29,—2]
Eid S
[—2,a—3,—4] [—2,a—1,0]

[-2,a0—3,-4] [~2,a—1,0]

Y 2 » ey
[a=3,-2,—4] [a—1,-2,0]

[21,—2,—4] [z1,—2,0]

U VA
[-2,0—4,a—3] [—2,a,a—1]
[-2,a—4,a—-3] [-2,a—1,a—1]
5 1= = >
[a—4,—2,a—3] la,—2,0—1]

[x1,—2,0—3] [x1,—2,0—1]

&2 Bl
v 1 =la—4,a—-3,-2] v 5 =[a,a—1,-2]

001, 55 001, 34
[#1,20,—2] [z1,22,-2]

Figure 10. Propagation of some vanishing properties for A = 21.

The vanishing properties described in Proposition 7.14 are obtained by combining the actions
of the s; and ® on the initial vectors Vv ..

Example 7.17. Consider the propagation of vanishing properties described in Fig. 10.

Lemma 7.13 and Proposition 7.14 suggest that one can compute other vanishing properties
by combining the actions of the s; and ®T. A general closed formula remained to be found and,
unfortunately, the vanishing properties obtained by propagation from Vi~ . are not sufficient
to characterize the shifted Jack polynomials.

Example 7.18. One has

N7 _
J[002},§1 (V[Oou’glstlfb ) = 002],2, (,aa—1,a—2)=0.

Note that the only vanishing property obtained by propagation for j[loo} 2 s

731

j[loo} 2 (=2,a,0—1) =0,

731

and this is not sufficient to characterize the polynomial j[loo] 2 .
731
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8 Conclusion

In this paper we used the Yang—Baxter graph technique to produce a structure describing the
nonsymmetric Jack polynomials whose values lie in an irreducible & y-module. The graph is
directed with no loops and has exactly one root or base point. Any path joining the root to
a vertex is essentially an algorithm for constructing the Jack polynomial at that vertex, and
the edges making up the path are the steps of the algorithm. The edges are labeled by the
generators of the braid group or by an affine operation.

These techniques are used to analyze restriction to a subgroup &j; and also to construct
symmetric and antisymmetric Jack polynomials. These are associated with certain subgraphs.

Finally the graph technique is used to construct shifted, or inhomogeneous, vector-valued
Jack polynomials.

The theory is independent of the numerical value of the parameter o provided that the
eigenspaces of §~, all have multiplicity one, that is, that no two vertices of the graph have the
same spectral vector. Future work is needed to analyze situations where this condition is violated,
in particular when « has a singular value, {% 2<n<NmeZ T ¢ Z}. There may not be

a basis of Jack polynomials for the space of all polynomials. For particular choices of A there
N

may exist symmetric Jack polynomials of highest weight, that is, those annihilated by ) D;.
i=1

It seems plausible that any graph describing such a special case would be significantly different

from G. As a final remark, note that in the case of the trivial representation, some families of

highest weight Jack polynomials have been found (see e.g. [3, 10, 1]) and related to the theory

of the fractional quantum Hall effect [12].
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