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Abstract. We present Tanaka’s prolongation procedure for filtered structures on manifolds
discovered in [Tanaka N., J. Math. Kyoto. Uniw. 10 (1970), 1-82] in a spirit of Singer—
Sternberg’s description of the prolongation of usual G-structures [Singer I.M., Sternberg S.,
J. Analyse Math. 15 (1965), 1-114; Sternberg S., Prentice-Hall, Inc., Englewood Cliffs,
N.J., 1964]. This approach gives a transparent point of view on the Tanaka constructions
avoiding many technicalities of the original Tanaka paper.
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1 Introduction

This note is based on series of lectures given by the author in the Working Geometry Seminar
at the Department of Mathematics at Texas A&M University in Spring 2009. The topic is the
prolongation procedure for filtered structures on manifolds discovered by Noboru Tanaka in the
paper [10] published in 1970. The Tanaka prolongation procedure is an ingenious refinement
of Cartan’s method of equivalence. It provides an effective algorithm for the construction of
canonical frames for filtered structures, and for the calculation of the sharp upper bound of the
dimension of their algebras of infinitesimal symmetries. This note is by no means a complete
survey of the Tanaka theory. For such a survey we refer the reader to [5]. Our goal here is
to describe geometric aspects of Tanaka’s prolongation procedure using the language similar to
one used by Singer and Sternberg in [7] and [9] for description of the prolongation of the usual
G-structures. We found that it gives a quite natural and transparent point of view on Tanaka’s
constructions, avoiding many formal definitions and technicalities of the original Tanaka paper.
We believe this point of view will be useful to anyone who is interested in studying both the
main ideas and the details of this fundamental Tanaka construction. We hope that the material
of Sections 3 and 4 will be of interest to experts as well. Our language also allows to generalize
the Tanaka procedure in several directions, including filtered structures with non-constant and
non-fundamental symbols. These generalizations, with applications to the local geometry of
distributions, will be given in a separate paper.

1.1 Statement of the problem

Let D be a rank [ distribution on a manifold M; that is, a rank [ subbundle of the tan-
gent bundle TM. Two vector distributions D; and Dy are called equivalent if there exists
a diffeomorphism F' : M — M such that F,D;(x) = Dy(F(z)) for any = € M. Two germs

*This paper is a contribution to the Special Issue “Elie Cartan and Differential Geometry”. The full collection
is available at http://www.emis.de/journals/SIGMA /Cartan.html
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of vector distributions Dy and Dy at the point zp € M are called equivalent, if there exist
neighborhoods U and U of zy and a diffeomorphism F': U — U such that

F.Di = Do, F(x0) = xo.

The general question is: When are two germs of distributions equivalent?

1.2 Weak derived flags and symbols of distributions

Taking Lie brackets of vector fields tangent to a distribution D (i.e. sections of D) one can
define a filtration D~' € D=2 C - -- of the tangent bundle, called a weak derived flag or a small
flag (of D). More precisely, set D = D~! and define recursively D~/ = D=/+! 4 [D, D=i+1],
j > 1. Let Xi,...X; be [ vector fields constituting a local basis of a distribution D, i.e.
D = span{Xj,...,X;} in some open set in M. Then D~/(zx) is the linear span of all iter-
ated Lie brackets of these vector fields, of length not greater than j, evaluated at a point x.
A distribution D is called bracket-generating (or completely nonholonomic) if for any x there
exists p(z) € N such that D=#®)(z) = T, M. The number pu(zx) is called the degree of non-
holonomy of D at a point z. A distribution D is called regular if for all j < 0, the dimensions
of subspaces D7 (z) are independent of the point z. From now on we assume that D is regu-

lar bracket-generating distribution with degree of nonholonomy . Let g~—!(z) def D~!(x) and

¢ (z) & Di(z)/Di+1(x) for j < —1. Consider the graded space

-1

Jj=—p
corresponding to the filtration
D(z)=D"Yz)c D2(z) C--- c D" (2) c D™H(x) = T, M.

This space is endowed naturally with the structure of a graded nilpotent Lie algebra, generated
by g~ !(z). Indeed, let p; : DI(z) — g/ (x) be the canonical projection to a factor space. Take
Y, € gi(z) and Yy € gé(x). To define the Lie bracket [V}, Ys] take a local section Y; of the
distribution D! and a local section }72 of the distribution D7 such that D ()71 (m)) =Y and

np (}72(:5')) =Ys. It is clear that [Y1,Ys] € gt/ (x). Put

V1, Ya] © iy (Y1, Yo (). (1.1)

It is easy to see that the right-hand side of (1.1) does not depend on the choice of sections Y1
and Ys. Besides, g~!(x) generates the whole algebra m(z). A graded Lie algebra satisfying the
last property is called fundamental. The graded nilpotent Lie algebra m(x) is called the symbol

of the distribution D at the point x.
-1

Fix a fundamental graded nilpotent Lie algebra m = @ g'. A distribution D is said to be
i=—p

of constant symbol m or of constant type m if for any x the symbol m(x) is isomorphic to m as
a nilpotent graded Lie algebra. In general this assumption is quite restrictive. For example, in
the case of rank two distributions on manifolds with dim M > 9, symbol algebras depend on
continuous parameters, which implies that generic rank 2 distributions in these dimensions do
not have a constant symbol. For rank 3 distributions with dim D=2 = 6 the same holds in the
case dim M = 7 as was shown in [3]. Following Tanaka, and for simplicity of presentation, we
consider here distributions of constant type m only. One can construct the flat distribution Dy, of
constant type m. For this let M (m) be the simply connected Lie group with the Lie algebra m and
let e be its identity. Then Dy, is the left invariant distribution on M (m) such that Dy(e) = g~ 1.
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1.3 The bundle P°(m) and its reductions

To a distribution of type m one can assign a principal bundle in the following way. Let G°(m)
be the group of automorphisms of the graded Lie algebra m; that is, the group of all automor-
phisms A of the linear space m preserving both the Lie brackets (A([v,w]) = [A(v), A(w)] for
any v, w € m) and the grading (A(g’) = g’ for any i < 0). Let P°(m) be the set of all pairs (z, ¢),
where z € M and ¢ : m — m(z) is an isomorphism of the graded Lie algebras m and m(x). Then
PY(m) is a principal G°(m)-bundle over M. The right action R4 of an automorphism A € G%(m)
is as follows: R4 sends (z, ) € P’(m) to (z, o A), or shortly (x, ) - Ra = (z,p0A). Note that
since g~! generates m, the group G°(m) can be identified with a subgroup of GL(g™!). By the
same reason a point (z, @) € P%(m) of a fiber of P%(m) is uniquely defined by ¢|;-1. So one can
identify PY(m) with the set of pairs (x,1)), where z € M and 1 : g~! — D(z) can be extended to
an automorphism of the graded Lie algebras m and m(z). Speaking informally, P°(m) can be seen
as a GO(m)—reduction of the bundle of all frames of the distribution D. Besides, the Lie algebra
g%(m) is the algebra of all derivations a of m, preserving the grading (i.e. ag’ C g’ for all i < 0).

Additional structures on distributions can be encoded by reductions of the bundle P°(m).
More precisely, let GO be a Lie subgroup of G°(m) and let P° be a principal G°-bundle, which
is a reduction of the bundle P°(m). Since g" is a subalgebra of the algebra of derivations of m
preserving the grading, the subspace m®g® is endowed with the natural structure of a graded Lie
algebra. For this we only need to define brackets [f,v] for f € g° and v € m, because m and g°

are already Lie algebras. Set [f,v] def f(v). The bundle P is called a structure of constant type
(m, g"). Let, as before, Dy, be the left invariant distribution on M (m) such that Dy(e) = g~
Denote by L, the left translation on M (m) by an element z. Finally, let P°(m, g°) be the set
of all pairs (z,¢), where z € M(m) and ¢ : m — m(z) is an isomorphism of the graded Lie
algebras m and m(x) such that (L,-1).¢ € G°. The bundle P°(m, g°) is called the flat structure
of constant type (m, g"). Let us give some examples.

Example 1. G-structures. Assume that D = TM. So m = g~ ! is abelian, G’(m) =
GL(m), and P%m) coincides with the bundle F(M) of all frames on M. In this case PV is
nothing but a usual G%-structure.

Example 2. Contact distributions. Let D be the contact distribution in R?"*!. Its sym-
bol meont,n is isomorphic to the Heisenberg algebra 72,1 with grading g ! ® g2, where g2 is
the center of 12,,1. Obviously, a skew-symmetric form (2 is well defined on g=!, up to a multipli-
cation by a nonzero constant. The group Go(mcontm) of automorphisms of Mcont,y, is isomorphic
to the group CSP(g~!) of conformal symplectic transformations of g=!, i.e. transformations
preserving the form €2, up to a multiplication by a nonzero constant.

Example 3. Maximally nonholonomic rank 2 distributions in R>. Let D be a rank 2
distribution in R® with degree of nonholonomy equal to 3 at every point. Such distributions
were treated by E. Cartan in his famous work [1]. In this case dim D=2 = 3 and dim D3 = 5.
The symbol at any point is isomorphic to the Lie algebra m(s 5) generated by X1, Xa, X3, Xy,
and X5 with the following nonzero products: [X1, Xo] = X3, [X1, X3] = X4, and [X3, X3] = X5.
The grading is given as follows:

g = (X1, Xa), g% = (X3), 0% = (X4, X5),

where (Y1,...,Y}) denotes the linear span of vectors Y1,..., Y. Since m(y ) is a free nilpotent
Lie algebra with two generators X7 and X, its group of automorphism is equivalent to GL(g™1).

Example 4. Sub-Riemannian structures of constant type (see also [6]). Assume that
each space D(x) is endowed with an Euclidean structure @, depending smoothly on z. In this

situation the pair (D, Q) defines a sub-Riemannian structure on a manifold M. Recall that
-1

g '(z) = D(x). This motivates the following definition: A pair (m,Q), where m = @ o
J=—H
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is a fundamental graded Lie algebra and £ is an Euclidean structure on g~!, is called a sub-

Riemannian symbol. Two sub-Riemannian symbols (m, ) and (1, Q) are isomorphic if there
exists a map ¢ : m — m, which is an isomorphism of the graded Lie algebras m and m, preserving
the Euclidean structures 9 and 9 (i.e. such that Qv(gp(vl), ©(v2)) = Q(v1,v2) for any vy and vy
in g71). Fix a sub-Riemannian symbol (m,9). A sub-Riemannian structure (D, Q) is said to
be of constant type (m,Q), if for every x the sub-Riemannian symbol (m(z),Q,) is isomorphic
to (m, Q).

It may happen that a sub-Riemannian structure does not have a constant symbol even if
the distribution does. Such a situation occurs already in the case of the contact distribution on
R2"+L for n > 1 (see Example 2 above). As was mentioned above, in this case a skew-symmetric
form € is well defined on g~!, up to a multiplication by a nonzero constant. If in addition
a BEuclidean structure @ is given on g~', then a skew-symmetric endomorphism J of g~! is
well defined, up to a multiplication by a nonzero constant, by Q(vy,v2) = Q(Jvi,ve). Take
0< f1 < < B, sothat {£044,...,+0,i} is the set of the eigenvalues of J. Then a sub-
Riemannian symbol with m = mcopt,p is determined uniquely (up to an isomorphism) by a point
[B1:Ba:...: By of the projective space RP" 1.

Let (D, Q) be a sub-Riemannian structure of constant type (m,Q) and G°(m,Q) C G%(m)
be the group of automorphisms of a sub-Riemannian symbol (m, ). Let P°(m, Q) be the set
of all pairs (z,¢), where x € M and ¢ : m — m(z) is an isomorhism of sub-Riemannian
symbols (m,Q) and (m(:c), Qx). Obviously, the bundle P°(m, ) is a reduction of P°(m) with
the structure group G°(m, Q).

Example 5. Second order ordinary differential equations up to point transfor-
mations. Assume that D is a contact distribution on a 3-dimensional manifold endowed with
two distinguished transversal line sub-distributions L; and Ls. Such structures appear in the
study of second order ordinary differential equations y” = F(t,y,y’) modulo point transfor-
mations. Indeed, let J*(R,R) be the space of i-jets of mappings from R to R. As the distri-
bution D we take the standard contact distribution on J!'(R,R). In the standard coordinates
(t,y,p) on JY(R,R) this distribution is given by the Pfaffian equation dy — pdt = 0. The
natural lifts to J' of solutions of the differential equation form the 1-foliation tangent to D.
The tangent lines to this foliation define the sub-distribution L;. In the coordinates (¢,y,p)
the sub-distribution L; is generated by the vector field % + pa% + F(t,y,p)a%. Finally, con-

sider the natural bundle J'(R,R) — J%R,R) and let Lo be the distribution of the tangent
lines to the fibers. The sub-distribution Lo is generated by the vector field %. The triple
(D, Ly, Lo) is called the pseudo-product structure associated with the second order ordinary dif-
ferential equation. Two second order differential equations are equivalent with respect to the
group of point transformations if and only if there is a diffeomorphism of J!(R, R) sending the
pseudo-product structure associated with one of them to the pseudo-product structure associ-
ated with the other one. This equivalence problem was treated by E. Cartan in [2] and earlier
by A. Tresse in [12] and [13]. The symbol of the distribution is mcont,1 ~ 73 (see Example 2
above) and the plane g~! is endowed with two distinguished transversal lines. This additional
structure is encoded by the subgroup G of the group Go(mconm) preserving each of these
lines.

Another important class of geometric structures that can be encoded in this way are CR-
structures (see § 10 of [10] for more details).

1.4 Algebraic and geometric Tanaka prolongations

In [10] Tanaka solves the equivalence problem for structures of constant type (m,g’). Two
of Tanaka’s main constructions are the algebraic prolongation of the algebra m + g%, and the
geometric prolongation of structures of type (m, g°), imitated by the algebraic prolongation.
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First he defines a graded Lie algebra, which is in essence the maximal (nondegenerated)
graded Lie algebra, containing the graded Lie algebra @ g’ as its non-positive part. More pre-
i<0
cisely, Tanaka constructs a graded Lie algebra g(m, g°) = @ g'(m, g°), satisfying the following
1€EZ
three conditions:

1. gi(m,g%) =g’ for all i <0;
2. if X € g'(m,g°) with i > 0 satisfies [X,g~!] = 0, then X = 0;
3. g(m, g°) is the maximal graded Lie algebra, satisfying Properties 1 and 2.

This graded Lie algebra g(m,g”) is called the algebraic universal prolongation of the graded
Lie algebra m @ g°. An explicit realization of the algebra g(m,g’) will be described later in
Section 4. It turns out ([10, § 6], [14, § 2]) that the Lie algebra of infinitesimal symmetries
of the flat structure of type (m,g’) can be described in terms of g(m,g°). If dimg(m,g°) is
finite (which is equivalent to the existence of I > 0 such that g'(m, g°) = 0), then the algebra of
infinitesimal symmetries is isomorphic to g(m, g”). The analogous formulation in the case when
g(m, g°) is infinite dimensional may be found in [10, § 6].

Furthermore for a structure P? of type (m,g"), Tanaka constructs a sequence of bundles
{P%};cn, where P’ is a principal bundle over P/~ with an abelian structure group of dimension
equal to dim g(m, g°). In general P’ is not a frame bundle. This is the case only for m = g~!;
that is, for G-structures. But if dim g(m, g°) is finite or, equivalently, if there exists [ > 0 such
that g*!(m, g°) = 0, then the bundle P!*# is an e-structure over P"*#~1 ie. P!*#~!is endowed
with a canonical frame (a structure of absolute parallelism). Note that all P? with i > [ are
identified one with each other by the canonical projections (which are diffeomorphisms in that
case). Hence, P! is endowed with a canonical frame. Once a canonical frame is constructed the
equivalence problem for structures of type (m, g") is in essence solved. Moreover, dim g(m, g*)
gives the sharp upper bound for the dimension of the algebra of infinitesimal symmetries of such
structures.

By Tanaka’s geometric prolongation we mean his construction of the sequence of bundles
{P};en. In this note we mainly concentrate on a description of this geometric prolongation
using a language different from Tanaka’s original one. In Section 2 we review the prolongation
of usual G-structures in the language of Singer and Sternberg. We do this in order to prepare the
reader for the next section, where the first Tanaka geometric prolongation is given in a completely
analogous way. We believe that after reading Section 3 the reader will already have an idea how
to proceed with the higher order Tanaka prolongations so that technicalities of Section 4 can be
easily overcome.

2 Review of prolongation of G-structures

Before treating the general case we review the prolongation procedure for structures with
m = g1, i.e. for usual G-structures. We follow [7] and [9]. Let IIy : P — M be the canonical
projection and V(\) C ThP° the tangent space at A to the fiber of PY over the point ITy()\).
The subspace V() is also called the wvertical subspace of TyP°. Actually,

V() = ker(Ip): (\). (2.1)

Recall that the space V()) can be identified with the Lie algebra g° of G°. The identification
Iy : g% — V()\) sends X € g° to %()\ . Retx)]t:(), where e is the one-parametric subgroup
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generated by X. Recall also that an Ehresmann connection on the bundle PP is a distribution H
on PV such that

WP =V(N)@H())  Vie PO (2.2)

A subspace H (), satisfying (2.2), is a horizontal subspace of TyP°.

Once an Ehresmann connection H and a basis in the space g~ @ g" are fixed, the bund-
le PV is endowed with a frame in a canonical way. Indeed, let A = (x,¢) € P°. Then
¢ € Hom(g™!, T, M). By (2.1) and (2.2) the restriction (I)«|z(x) of the map (Ilp). to the sub-
space H () is an isomorphism between H()) and Ty, y)M. Define the map oHN g1 g0 —
T\ P as follows:

1
TV 1 = (To)ul ) 0w,
N0 = I (2.3)

If one fixes a basis in g~! @ g°, then the images of this basis under the maps @7 define the
frame (the structure of the absolute parallelism) on PP.
The question is whether an Ehresmann connection can be chosen canonically. To answer this

question, first one introduces a special g~'-valued 1-form w on P° as follows: w(Y) = ¢~ o

()4 (Y) for any A = (z, ) € P and Y € T\PY. This 1-form is called the soldering (tautological,
fundamental) form of the G°-structure P°. Further, fixing again a point A\ = (x,¢) € PY, one
defines a structure function (a torsion) Cy € Hom(g=' A g~!, g~ 1) of a horizontal subspace H
of T\PY, as follows:

Yop,vg € g Cr(vi,v2) = —dw(@H(Ul),SOH(’Uz)),
where ! is defined by (2.3). Equivalently,

Cr(v1,v2) = w([Y1, Y2](N))
for any vector fields Y7 and Ys such that w(Y;) = v; and o (v;) = Yi()\), i = 1,2. Speaking
informally, the structure function Cp encodes all information about horizontal parts at A of Lie
brackets of vector fields which are horizontal at A\ w.r.t. the splitting (2.2) (with H(\) replaced
by H).

We now take another horizontal subspace H of TP and compare the structure functions Cy

and C. By construction, for any vector v € g~! the vector o (v) — ¢ (v) belongs to V()
(~ g%). Let

def

Fui@) I (" () — o (0)).

Then f, 5 € Hom(g~!, g°). In the opposite direction, it is clear that for any f € Hom(g*, g°)
there exists a horizontal subspace H such that f = f, 7. The map

d: Hom(g™',g%) — Hom(g™ ' Ag~t g7"),
defined by

Of (v1,v2) = f(v1)ve — fv2)vr = [f(v1),v2] + [v1, f(v2)] (2.4)
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is called the Spencer operator'. By direct computations ([7, p. 42], [9, p. 317], or the proof of
more general statement in Proposition 3.1 below) one obtains the following identity

Cr=Cu+ofyg-
Now fix a subspace
N C Hom(gf1 A gfl,gfl)
complementary to Im 9, so that
Hom(g'Ag™l,g7') =ImoaN.

Speaking informally, the subspace N defines the normalization conditions for the first prolon-
gation. The first prolongation of P is the following bundle (PO)(l) over PY:

(PO)(l) = {()\, H): X e P° H is a horizontal subspace of T\P? with Cy € N}
Alternatively,
(PO)(l) = {()\, ©H) : X e P, H is a horizontal subspace of Ty P° with Cy € N}

In other words, the fiber of (P°)() over a point A € P? is the set of all horizontal subspaces H
of T\P? such that their structure functions satisfy the chosen normalization condition /. Ob-
viously, the fibers of (PO)(l) are not empty, and if two horizontal subspaces H, H belong to the
fiber, then f, 7 € ker 0. The subspace g! of Hom(g~!, g") defined by

gl L )

is called the first algebraic prolongation of g° C gl(g~'). Note that it is absolutely not important
that g° be a subalgebra of gl(g—!): the first algebraic prolongation can be defined for a subspace
of gl(g™!) (see the further generalization below).

If g = 0 then the choice of the “normalization conditions” N determines an Ehresmann
connection on P° and PV is endowed with a canonical frame. As an example consider a Rie-
mannian structure. In this case g° = so(n), where n = dimg~!, and it is easy to show
that g = 0. Moreover, dimHom(g=! A g7!, g7 !) = dimHom(g™!,g") = @ Hence,
Imd = Hom(g~' A g~', g !) and the complement subspace N’ must be equal to 0. So, in
this case one gets the canonical Ehresmann connection with zero structure function (torsion),
which is nothing but the Levi-Civita connection.

If g' # 0, we continue the prolongation procedure by induction. Given a linear space W
denote by Idy the identity map on W. The bundle (P°)() is a frame bundle with the abelian
structure group G of all maps A € GL(g~! @ g") such that

A‘gq = Idgfl + T,
A|go = Id ), (2.5)

'In [9] this operator is called the antisymmetrization operator, but we prefer to call it the Spencer operator,
because, after certain intepretation of the spaces Hom(g™', g°) and Hom(g™ A g~',g™'), this operator can be
identified with an appropriate d-operator introduced by Spencer in [8] for the study of overdetermined systems
of partial differential equations. Indeed, since g° is a subspace of gl(g™!), the space Hom(g™ ', g°) can be seen as
a subspace of the space of g~'-valued one-forms on g~! with linear coefficients, while Hom(g™" A g~", g™ !) can
be seen as the space of g~ '-valued two-forms on g~! with constant coefficients. Then the operator & defined by
(2.4) coincides with the restriction to Hom(g™", g°) of the exterior differential acting between the above-mentioned
spaces of one-forms and two-forms, i.e. with the corresponding Spencer §-operator.
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where T € g'. The right action R4 of A € Gy on a fiber of (P®)(!) is defined by the following
rule: Ra(p) = ¢ o A. Observe that g! is isomorphic to the Lie algebra of G?.
Set P! = (P%)(M). The second prolongation P2 of P? is by definition the first prolongation

of the frame bundle P!, P2 def (Pl)(l) and so on by induction: the i-th prolongation P? is the
first prolongation of the frame bundle P*~1.

Let us describe the structure group G* of the frame bundle P’ over P! in more detail.
For this one can define the Spencer operator and the first algebraic prolongation also for
a subspace W of Hom(g~!, V), where V is a linear space, which does not necessary coincide
with g~! as before. In this case the Spencer operator is the operator from Hom(g™!, W) to
Hom(g~' A g~1, V), defined by the same formulas, as in (2.4). The first prolongation W)
of W is the kernel of the Spencer operator. Note that by definition g* = (g®)). Then the
i-th prolongation g’ of g° is defined by the following recursive formula: g' = (giil)(l). Note
that g° € Hom(g~!,g*~!). By (2.5) and the definition of the Spencer operator the bundle P is

i—1
a frame bundle with the abelian structure group G* of all maps A € GL( @ g’ ) such that
p=—1

A|g—1 == Idg—l + T,
A'EB;;%) @ Idea;;;b g

where T € g'. In particular, if g/*!' = 0 for some I > 0, then the bundle P' is endowed with the
canonical frame and we are done.

3 Tanaka’s first prolongation

Now consider the general case. As before P° is a structure of constant type (m,g’). Let
g : P — M be the canonical projection. The filtration {D?};.o of TM induces a filtration
{D{}i<o of TP? as follows:

Dg = ker(H())*v
Dy(\) = {v e ThP’: (lp).v € D'(IlH(\))}  Vi<O.

We also set D§ = 0 for all i > 0. Note that DJ()) is the tangent space at A to the fiber of PY
and therefore can be identified with g°. Denote by I : g° — DJ()) the identifying isomorphism.

Fix a point A € P% and let 7§ : D§(\)/Dit2(\) — Di(\)/Dit()) be the canonical projection
to the factor space. Note that Ily, induces an isomorphism between the space Dj(\)/ Dé“(A)
and the space D'(IIp()\))/D ! (TIp(N)) for any i < 0. We denote this isomorphism by IT§. The
fiber of the bundle P over a point z € M is a subset of the set of all maps

¢ € @) Hom(g', D'(x)/ D" (z)),

1<0

which are isomorphisms of the graded Lie algebras m = @ g’ and @ Di(z)/D"(z). We are
i<0 i<0

going to construct a new bundle P! over the bundle P° such that the fiber of P! over a point

A = (x,¢) € P° will be a certain subset of the set of all maps

¢ € @D Hom(g', DG(A) /D52 (N))
i<0
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such that

Qlg =h o7l o Py Vi <0,
¢|go = I. (31)

For this fix again a point A = (z,¢) € PO. For any ¢ < 0 choose a subspace H' C Di{(\)/ D5 (),
which is a complement of D™ (X\)/Dg2(\) to Di(N)/DyT2(N):

Dy(N)/ D5 (A) = DG (N /D () & H' (3-2)

Then the map IIf o 7| s defines an isomorphism between H* and D' (IIo())) /D" (IIg(X)). So,
once a tuple of subspaces H = {H"};¢ is chosen, one can define a map

™ € @ Hom(g', Dy(N)/ DT> (N)
i<0

as follows

M. = (Hgowgym)—lwygi ifi<0,
) Iy if i = 0.

Clearly ¢ = ¢ satisfies (3.1). Tuples of subspaces H = {H'};~o satisfying (3.2) play here the
same role as horizontal subspaces in the prolongation of the usual G-structures. Can we choose
a tuple {H'};<0 in a canonical way? For this, by analogy with the prolongation of G-structure,
we introduce a “partial soldering form” of the bundle P° and the structure function of a tuple H.
The soldering form of PY is a tuple Qo = {w}}i<0, where W is a gi-valued linear form on Dj(\)
defined by

wi(Y) = ¢~ (((To)«(Y)),),

where ((Ho)*(Y))i is the equivalence class of (TIp).(Y) in D¥(x)/D**!(z). Observe that D} ())
= kerw). Thus the form w induces the g'-valued form @} on D§(\)/DiyT(N). The structure
function C% of the tuple H = {H"};¢ is the element of the space

)
Ao = €5 Hom(g ' ®@¢',g") | ©Hom(g " g~ ' 07" (3.3)
i=—p

defined as follows. Let pr}’ be the projection of Dj(\)/Dy2(\) to DiT(N)/Dit2(\) parallel to
H' (or corresponding to the splitting (3.2)). Given vectors v; € g~! and vy € g', take two vector
fields Y7 and Y5 in a neighborhood of A in P? such that Y; is a section of Dy 1, Y, is a section
of Dé, and

wal(Yl) =, Wé(YQ) = vg,

Yi(A) = " (v1), Y2(A) = ¢"(v2) mod DT> (N). (3.4)
Then set

O, (01, v9) E @i (], ([V2, Yal (V). (3.5)

In the above formula we take the equivalence class of the vector [Y1,Y2](\) in Dy ' (\)/Dyt(N)
and then apply prZil.
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One must show that C’H(vl, vg) does not depend on the choice of vector fields Y; and Y3,

satisfying (3.4). Indeed, assume that Vi and Yg are another pair of vector fields in a neighborhood
of A in PP such that Y] is a section of D0 , Ys is a section of Dj, and they satisfy (3.4) with Y7, Y
replaced by Yl, Y1 Then

Y, =Y+ 2y, Yo = Ya + Zo, (3.6)

where Z; is a section of the distribution D8 such that Z1(\) = 0 and Z» is a section of
the distribution D! such that Z(A) € Dit?(A). It follows that [Y1, Zo](A) € DiT'(A) and
[Ya, Z1](\) € D™ (N). This together with the fact that [Z1, Zo] is a section of Dj™ imply that

Y1, Ya](\) = [V1, Ya] mod DiFL(N).

From (3.5) we see that the structure function is independent of the choice of vector fields Y;
and Ys. N _
We now take another tuple H = {H'};( such that

D§(N)/D5H*(N) = Dy (N)/ D5 (M) @ H (3.7)

and consider how the structure functions 071{ and C’% are related. By construction, for any

vector v € g’ the vector goﬁ(v) — ¢™(v) belongs to D™ (N\)/DyT2(N). Let

oo () d_ef{ Z’Ll(apﬁ‘(v) —¢"(v)) ifveg withi< -1,
HH L") — oM (v)  ifveg

Then f, 7 € @Hom(gi, g"t1). Conversely, it is clear that for any f € @Hom(gi, g't1) there
i<0 _ i<0
exists a tuple H = { H'};~o, satisfying (3.7), such that f = Foiiz-
Further, let Ay be as in (3.3) and define a map

O : @Hom igitt ) — Ao

<0
by
Ao f(v1,v2) = [f(v1),v2] + [v1, f(v2)] = f([v1, v2]),
where the brackets | , ] are as in the Lie algebra m @ g". The map 9y coincides with the Spencer

operator (2.4) in the case of G-structures. Therefore it is called the generalized Spencer operator
for the first prolongation.

Proposition 3.1. The following identity holds
C = O+ Doy (3.8)

Proof. Fix vectorsv; € g “Land vy € g and let Y7 and Y5 be two vector fields in a nelghborhood

of \ satisfying (3. 4) ‘Take two vector fields Vi and Y5 in a neighborhood of A in P° such that Y;
is a section of D0 , Ys a section of D}, and

wal(fﬁ) = vy, wé(ffg) = w9,
Vi) = ¢ (v),  Ya(\) = " (v) mod D§3(N).
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Further, assume that vector fields Z; and Z are defined as in (3.6). Then Z; is a section of D)
and Z5 is a section of DSH such that

Zi(A) = I/\(fHﬁ(Ul))a (3.9)
o5 (Zo(N)  ifvegh i< -1,

Trr(v2) = {IA Y(Zo(\)  ifveg (3.10)

Hence [Z1,Ys] and [Y3, Zo] are sections of Dj, while [Z;, Zo] is a section of D", This implies
that

b (prfLy (2, T2l () ) = @6 (oo (3, 21 0) ) + @b (20, 72)) + 9 (0, Z2]). - (3.11)

Further, directly from the definitions of f, 5, prit,, and prﬁ_1 it follows that

b (prity(w)) = &g (prfly(w)) = (@6 ' (w))  Yw e Dy (N)/DgH (V). (3.12)
Besides, from the definition of the soldering form, the fact that ¢ is an isomorphism of the Lie
algebras m and m(z @ D'(z)/D""(z) , and relations (3.10) for i < —1 it follows that

1<0
@4 ([Y1, Zo]) = [v1, frpry(v2)] Vi< —1. (3.13)

Taking into account (3.4) we get
@p (Y1, Y3]) = [v1, vg). (3.14)

Finally, from (3.9) and (3.10) for i = —1, and the definition of the action of G° on PY it follows
that identity (3.13) holds also for ¢ = —1, and that

00 ([21,Ya]) = [frg(v1), v2). (3.15)
Substituting (3.12)-(3.15) into (3.11) we get (3.8). [
Now we proceed as in the case of G-structures. Fix a subspace
No C Ag
which is complementary to Im 0,
Ao =Im dy & Np. (3.16)

As for G-structures, the subspace Ny defines the normalization conditions for the first prolon-
gation. Then from the splitting (3.16) it follows trivially that there exists a tuple H = {H"};<¢
such that

C% € No. (3.17)

A tuple H = {ﬁ’}KO satisfies C’% € Ny if and only if fy € ker 0. In particular if ker gy = 0
then the tuple H is fixed uniquely by condition (3.17). Let

def
g! = ker dp.
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The space g' is called the first algebraic prolongation of the algebra m @ g°. Here we consider g'
as an abelian Lie algebra. Note that the fact that the symbol m is fundamental (that is,
g~ ! generates the whole m) implies that

g' = {f € P Hom(g', ™) 1 f([v1,va]) = [f(v1),v2] + [v1, f(v2)] Vv1,v2 € m} :

i<0
The first (geometric) prolongation of the bundle P° is the bundle P! over PY defined by
Pt ={(\H): xe P’ CY € Ny}
Equivalently,
Pt ={(\ ") :xe P’ CY e Ny}

It is a principal bundle with the abelian structure group G' of all maps A € @ Hom( gl gl @ giH)
i<l
such that
A|gi = Idgz + T3, 1 <0,
Algo = Idg,

where T; € Hom(g’, g'™!) and (T_,,...,7-1) € g*. The right action R} of A € G! on a fiber
of P! is defined by R (¢") = ¢’ o A. Note that G! is an abelian group of dimension equal to
dim g'.

4 Higher order Tanaka’s prolongations

More generally, define the k-th algebraic prolongation g* of the algebra m @ g° by induction for
any k € N. Assume that spaces g' C @ Hom(g’, g'*!) are defined for all 0 < I < k. Set
i<0
[fyv] = —[v, f] = f(v) Vieg, 0<i<k, and vem. (4.1)

Then let

gk & {f € @ Hom(g', g ") : f([v1,v2]) = [f(v1),v2] + [01, f(v2)] V1,09 € m} . (42)

<0

Directly from this definition and the fact that m is fundamental (that is, it is generated by g~!)
it follows that if f € g* satisfies flg-r = 0, then f = 0. The space @, g’ can be naturally
endowed with the structure of a graded Lie algebra. The brackets of two elements from m are as
in m. The brackets of an element with non-negative weight and an element from m are already
defined by (4.1). It only remains to define the brackets [f1, fo] for fi € g*, fo € g' with k,1 > 0.
The definition is inductive with respect to k and I: if & = [ = 0 then the bracket [f1, f2] is as
in g°. Assume that [f1, fo] is defined for all f; € g¥, fo € g! such that a pair (k,1) belongs to
the set

{(k,1):0<k <k,0<I<I)\{(k D}

Then define [f1, fo] for fi € gk, f» € ¢! to be the element of @Hom(gi,gﬁmi) given by
i<0

s folo € [f1(0), fo + [f1, fo(v)] Vo em. (4.3)
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It is easy to see that [f1, fo] € g"*! and that Dic g’ with bracket product defined as above is
a graded Lie algebra. As a matter of fact [10, § 5] this graded Lie algebra satisfies Properties 1-3
from Subsection 1.4. That is it is a realization of the algebraic universal prolongation g(m, g%)
of the algebra m @ g°.

Now we are ready to construct the higher order geometric prolongations of the bundle P° by
induction. Assume that all I-th order prolongations P' are constructed for 0 < I < k. We also
set P~' = M. We will not specify what the bundles P' are exactly. As in the case of the first
prolongation P!, their construction depends on the choice of normalization conditions on each
step. But we will point out those properties of these bundles that we need in order to construct
the (k + 1)-st order prolongation P**1. Here are these properties:

1. P!is a principal bundle over P!~! with an abelian structure group G' of dimension equal
to dim g! and with the canonical projection II;.

2. The tangent bundle TP is endowed with the filtration {D;} as follows: For | = —1 it
coincides with the initial filtration {D?};- and for [ > 0 we get by induction

D! = ker(IT)).,

Dj(\) = {vehP': (I))w e Dj_ (IL(N))} Vi<l
The subspaces Df()\l), as the tangent spaces to the fibers of P!, are canonically identified
with g!. Denote by I, : g! — Df()\l) the identifying isomorphism.

3. The fiber of Pl, 0 <1<k, over a point \j_1 € P! will be a certain subset of the set of

all maps from

@ Hom(g', Dj_y(\-1)/DjF T (M)

1<l
If I >0and \; = (\_1, ;) € P!, then @i1|g-1 coincides with the identification of g'~! with
Df:%()\l_l) and the restrictions |y with i > 0 are the same for all \; from the same fiber.

4. Assume that 0 < [ < k, N_1 = (Nj_2,¢-1) € P"Vand A\ = (\_1, ) € P'. The maps
p1—1 and ¢ are related as follows: if

i+ Di(\)/D2(\) — Di(\) /D (V) (4.4)
are the canonical projections to a factor space and

M s Di()/DE () — DIy () /DI () (4.5)
are the canonical maps induced by (II;)., then

Vi<l  gralg =M_;om_joplg.

Note that the maps Hf are isomorphisms for ¢ < 0 and the maps 7rli are identities for i > 0
(we set D} =0 for i > 1).

Now we are ready to construct the (k + 1)-st order Tanaka geometric prolongation. Fix a
point Ay € P¥ and assume that A\, = (Ar_1, ©x), where

ok € @Hom(gi, D;cfl()‘kfl)/DZtkf’_l()\kfl))~
i<k

Let Hy = {H} }i<k be the tuple of spaces such that H! = ¢ (g*). Take a tuple Hy41 = {Hli+1}i<k
of linear spaces such that



14 1. Zelenko

1. for i < 0 the space Hj ,, is a complement of D,iJrkH(/\k)/D?k”()\k) in (I, om}) "1 (H;}) C
Dy (Ae)/ D2 (),

(I o mk) ™ (HR) = DM () /D2 () @ Higo (4.6)
2. for 0 < i < k the space Hj_, is a complement of DE(N\g) in (L) ~Y(HY),
()~ (H}) = Dy (M) @ Hj 4. (4.7)

Here the maps 7}, and ITj, are defined as in (4.4) and (4.5) with [ = k.

Since DZkJrkH()\k)/D?kJFZ()\k) = ker i and II¢ is an isomorphism for i < 0, the map II¢ o
| i, defines an isomorphism between Hj ; and H}, for i < 0. Additionally, by (4.7) the map
(Hl)*’H;iH defines an isomorphism between Hli+1 and Hj for 0 < i < k. So, once a tuple of

subspaces Hy1 = {Hj; }ick, satisfying (4.6) and (4.7), is chosen, one can define a map
SDHkJrl c @Hom(gi, D]ig(Ak)/DZ+k+2()\k))
i<k

as follows

(I, °”1@|H;+1)_1

P g = ) (M) " oulg HO i<k
I, ifi=k.

O(pk‘gi if 1 <0,

k

Can we choose a tuple or a subset of tuples Hj, in a canonical way? To answer this question, by
analogy with Sections 2 and 3, we introduce a “partial soldering form” of the bundle P* and the
structure function of a tuple Hy1. The soldering form of P* is a tuple Qj, = {w,i}Kk, where w};
is a g'-valued linear form on Di(\g) defined by

we(Y) = o ((M)«(Y)),)-

Here ((H;.C)*(Y))Z is the equivalence class of (Il;)«(Y) in D]ic_l()\k_l)/D;tle()\k_l). By con-
struction it follows immediately that D}jl()\k) = kerw}. So, the form w} induces the g'-valued
form @ on D (\¢)/Di (k).

The structure function C;ftk of a tuple Hy11 is the element of the space

+1

-2
Ay = @ Hom(g—l ® gi’gi-&-kz) @ Hom(g—l A g—l,gk—l)
i=—p

k-1
@ (@ Hom(g ' ® ¢, gk_1)> (4.8)
i=0

defined as follows: Let 77;’3 : Df()\l)/Dl”Hz()\l) — Di(A )/D””Q*s()\l) be the canonical pro-
jection to a factor space, where —1 < [ < k, ¢ < [. Here, as before we assume that D} = 0
for ¢ > [. Note that the previously defined 7rli coincides with 7rl . By construction, one has the
following two relations

Di(\)/ D2 (O <@ T S (HES) ) @ DR O /DEF2 () if i< 0, (4.9)

k—1
Di(\g) = (@ Hk+1> ® DF(\) if 0<i<k. (4.10)

S=1
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Let plrz_lk+1 be the projection of D};(AQ/D?’““(AQ to D;;H“H ()\k)/D,iJrk”(/\k) corresponding
to the splitting (4.9) if ¢ < 0 or the projection of D (\x) to H,f;ll corresponding to the split-
ting (4.10) if 0 < ¢ < k. Given vectors vy € g~ ! and vy € g takfz two vector fields Y;
and Y5 in a neighborhood Uy, of ) in P such that for any A\, = (A\y—_1,Px) € Uk, where

@k € @ Hom (¢, Dy (Ae—1)/DiH5 " (Ak-1)), one has
i<k
I, Vi) = @r(v1), T, Ya(Ak) = @r(va) mod DA (N, _y),
Yi(A) = @ 1 (uy), Y2(A) = @™+ (vy)  mod D,ijkﬂ()\). (4.11)

Then set

i H e
{ww(prif#([Mﬂ)) iti <0, (112)

CF i (v1,v2) =
e ) T e o (1) o< i<k

As in the case of the first prolongation, C;?{(vl, vg) does not depend on the choice of vector
fields Y7 and Yo, satisfying (4.11). Indeed,N assume that }71 and 172 s another pair of vector fields
in a neighborhood of A, in P* such that Y] is a section of D,;l, Y5 is a section of D};, and they
satisfy (4.11) with Y}, Y5 replaced by Y1, Y1. Then

Y=Y+ 2, Yo = Ya + Zo,

where Z; is a section of the distribution D,’j, such that Z1(A\x) = 0 and Z3 is a section of
the distribution D™ R guch that Zy(A) € DI Then [Y1, Zo)(\s) €
pRnUTETLE () and [Ya, Z1](A) € D UTRFLEY () This together with the fact that [Z1, Zs)]

k
. . in{i+k+1,k}+1 . .
is a section of kam{z+ FLkY implies that

Vi, Ya)(A) = [V, Y] mod DPMEFRHLES ()

From (4.12) it follows that the structure function is independent of the choice of vector fields Y;
and Ys. B B
Now take another tuple Hy11 = {H} 4 }i<k such that

1. for i < 0 the space ﬁ,iﬂ is a complement of D?kﬂ(/\k)/D?k”()\k) in (I o)~ Y(H}) C

Di(\e) /D2 (),
i iN—1/pri i i i
(I}, o mp) ~ (H) = Dy 1 () /D2 (W) @ Hiy o (4.13)

2. for 0 <4 < k the space ﬁ,iﬂ is a complement of Df(\g) in (II%)~1(HY),
AN ] 7
(IL,) ™ (Hi) = DE(\) © Hipy.- (4.14)

How are the structure functions C’;flk+1 and C’% related? By construction, for any vector
k41

v € g’ the vector gpﬁkﬂ(v) — pMr+1(v) belongs to Dz+k+1()\k)/D;€+k+2()\k), for i < 0, and
to DE(\), for 0 <i < k. Let

! . def @,i+k+1~(g0ﬁk+1(v) — gonH(v)) if v € g° with i < —1,
Fit1 P ! (@Mrt1(v) — pTtrt1(v)) if v e gl with —1<i<Ek.
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Then

k—1
Frtp s, € ED Hom(g', ") @ @D Hom(g, g*).
<0 1=0

k—1
In the opposite direction, it is clear that for any f € @ Hom(g!, g™+ 1) EB@ Hom(g', g*), there
i<0 i=0
exists a tuple Hiyq = {H,i+1}i<k satisfying (4.13) and (4.14) and such that f = fHkHﬁkH'
Further, let Ay be as in (4.8) and define a map

k—1
O @ Hom(g’, g't* 1) @ @ Hom(g’, g*) — A
=0

i<0
by
3kf(vl,v2) (415)
_ S 1) va) + or, f(v2)] = f(lvr,ve]) o €97 v e gt i <0,
[v1, f(v2)] iforeg™, meg,h 0<i<k-—1,

where the brackets [, ] are as in the algebraic universal prolongation g(m,g"). For k = 0
this definition coincides with the definition of the generalized Spencer operator for the first
prolongation given in the previous section.

The reason for introducing the operator 9 is that the following generalization of identity (3.8)
holds:

k _ ik -
Cﬁk+1 o CHRH + akakHHkH'

A verification of this identity for pairs (v1,v2), where vy € g~! and vy € g with i < 0, is

completely analogous to the proof of Proposition 3.1. For ¢ > 0 one has to use the inductive

assumption that the restrictions ;| are the same for all A; from the same fiber (see item 3 from

the list of properties satisfied by Pfj in the beginning of this section) and the splitting (4.10).
Now we proceed as in Sections 2 and 3. Fix a subspace

Nk C A
which is complementary to Im 0Oy,
A, = Im 0 & N (4.16)

As above, the subspace N}, defines the normalization conditions for the first prolongation. Then
from the splitting (4.16) it follows trivially that there exists a tuple Hgy1 = {H,i+1}z-<k, satis-
fying (4.6) and (4.7), such that

k
CHk+1 ENk

and C% € N, for a tuple Hyyy = {H]_ \}i<k, satisfying (4.13) and (4.14), if and only if

k+1
fHk+17:2k+1 € ker 0),. Note also that

f6k6r8k=>f|gi20 Vo<i<k-1. (4.17)
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In other words,

ker 0y, C @Hom(gi,ngJrl). (4.18)

<0
Indeed, if f € ker 9y, then by (4.15) for any v; € g~! and vy € g with 0 <i < k — 1 one has
[v1, f(v2)] = —f(v2)vy = 0.

In other words, f(vs)|,—1 = 0 (recall that f(vs) € gF C @Hom(gi,g”k)). Since g~! generates
i<0
the whole symbol m we see that f(vz) = 0 holds for any vy € g° with 0 < i < k — 1. This proves
that (4.17).
Further, comparing (4.15) and (4.18) with (4.2) and using again the fact that g~! generates

the whole symbol m we obtain

gfl

ker 9y, = gF Tt

The (k+ 1)-st (geometric) prolongation of the bundle P? is the bundle P**! over P* defined by
P = (N, Hig1) : Ak € PF,CF, | € Nic}

Equivalently,

Pkl — {()\,(pH’“H) P A € Pk,C;c.{kH € Nk}

It is a principal bundle with the abelian structure group G**! of all maps A € @Hom(gi,
i<k
g’ @ g"***1) such that

Al = Idg +T; ifi<0,
| g if0<i<k,

where T; € Hom(g?, g""**1) and (T_,,...,T-1) € g**!. The right action R]Xrl of A€ G*! on
a fiber of P**1 is defined by Ri+1(@Hk+l) = ¢'k+1 0 A. Obviously, GF*! is an abelian group of
dimension equal to dim gFT!. It is easy to see that the bundle P**1 is constructed so that the
Properties 1-4, formulated in the beginning of the present section, hold for | = k£ + 1 as well.
Finally, assume that there exists { > 0 such that g # 0 but g'*! = 0. Since the symbol m is

fundamental, it follows that g' = 0 for all [ > I. Hence, for all I > [ the fiber of P! over a point
-1

Ai—1 € P! is a single point belonging to @ Hom(gi,Df,l()\l_l)/foﬁl()\l_l)), where, as
i=—p

before, p is the degree of nonholonomy of the distribution D. Moreover, by our assumption,

Df =0ifl > 1l and ¢ > [. Therefore, if | =1+ p, then i +1+ 1 > [ for ¢ > —pu and the

-1
fiber of P! over P! is an element of Hom( @gi,T)\lilPl_l)_ In other words, P'™# defines
— ZZ?H _
a canonical frame on P!*#~1 But all bundles P! with [ > [ are identified one with each other
by the canonical projections (which are diffeomorphisms in that case). As a conclusion we get
an alternative proof of the main result of the Tanaka paper [10]:

Theorem 4.1. If the (I + 1)-st algebraic prolongation of the graded Lie algebra m & g° is equal
to zero then for any structure PO of constant type (m, g%) there exists a canonical frame on the
[-th geometric prolongation P of PP.
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The power of Theorem 4.1 is that it reduces the question of existence of a canonical frame for
a structure of constant type (m, g%) to the calculation of the universal algebraic prolongation of
the algebra m@®g®. But the latter is pure Linear Algebra: each consecutive algebraic prolongation
is determined by solving the system of linear equations given by (4.2). Let us demonstrate
this algebraic prolongation procedure in the case of the equivalence of second order ordinary
differential equations with respect to the group of point transformations (see Example 5 in
Subsection 1.3). The result of this prolongation is very well known using the structure theory
of simple Lie algebras (see discussions below), but this is one of the few nontrivial examples,
where explicit calculations of algebraic prolongation can be written down in detail within one
and a half pages.

Continuation of Example 5. Recall that our geometric structure here is a contact dis-
tribution D on a 3-dimensional manifold endowed with two distinguished transversal line sub-
distributions. The symbol of D is isomorphic to the 3-dimensional Heisenberg algebra ns with
grading g~! @ g~2, where g2 is the center of n3. Besides, the plane g~! is endowed with two
distinguished transversal lines ¢; and ¢5. Let X; and X» be vectors spanning ¢; and /{2, re-
spectively, and let X3 = [X1, X3]. Let ¢ be the algebra of all derivations on 73 preserving the
grading and the lines /1 and #5. Then

g’ = span{A?,Ag},
where

AX) =X, ANXy)=Xo, AYX)=Xp, AYXy) = —Xo. (4.19)
Using the fact that AY is a derivation, we also have

AV(X3) =2X3,  AY(X3) =0. (4.20)

a) Calculation of g'. Given 6! € Hom(g™!, g") ® Hom(g=2,g~!) we have

(51 (Xl) = OduA(l) + OzuAg, (51 (XQ) = 0421/\(1) + 0422/\8 (4.21)

for some aj, 1 <4,5 < 2. If 6 € g!, then (4.19) yields

oM (X3) = [61(X1), Xa] + [X1, 8" (X2)] (4.22)
= (an A+ a12A9) (Xo) — (a1 A+ a2 AY) (X1) = —(qa1 + a22) X1+ (a11— a12) Xo.

Using (4.20) and (4.22), we have

0= 3" ([X1, X3]) = [6"(X1), Xa] + [X1,6" (X3)]
= (a1 A} + a12A9) (X3) + (11 — a12) X3 = (3a11 — a12) X3,

which implies that ajs = 3aj;. In the same way, from the identities 0 = §'[Xy, X3] =
[61(X2), X3] + [X2,6(X3)] one obtains easily that age = —3ag;. This completes the verification
of conditions for 4! to be in g'. Hence

g' = span{Af, A3},
where A1, A} € Hom(g™!, %) ©® Hom(g=2,g~!) such that

AL(X1) = AT +3A5,  A{(X2) =0, AL(X3) = —2X,,
AY(Xy) =0, Aj(X2) =AY —3A3,  Aj(X3) =2X). (4.23)
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(A} corresponds to 6! as in (4.21) and (4.22) with aj; = 1 and ag; = 0, while A corresponds
to 6! with a1 = 0 and a; = 1 in the same formulas).
b) Calculation of g2. Given 62 € Hom(g™!,g') ® Hom(g~?2, g°) we have

6%(X1) = BuiA] + Bi2A3, 63(X2) = Bor Al + B3
for some B3;;, 1 <i,7 < 2. If 6 € g2, then (4.23) implies
5*(X3) = [6%(X1), Xo] + [X1,6%(X2)] (4.24)
= 11431 12439 2) — 21441 22419 1) = 12— P21)4 — 12 21 )49
(Br1AL + B1283) (X2) — (B21AL + Bo2lAz) (X1) = (Br2— B21)AY = 3(Bra+ Ba1)Ag
Using (4.23) and (4.24), we have
0 = 0%([X1, X3]) = [0*(X1), X3] + [X1,6°(X3)]

= (BuAf + B12A3)(X3) — (B2 — B21)AV(X1) + 3(Brz + B21) AY(X1)
= 4(B12 + Bo1) X1 — 2611 X2,

which implies that
i1 =0, P21 =—Ph2. (4.25)

Similarly, the identities 0 = §2[ X2, X3] = [6?(X2), X3] + [X2, 62(X3)] implies B2 = 0 in addition
to (4.25). This completes the verifications of conditions for 62 to be in g?. Hence

g° = span{A},
where A € Hom(g™!, g') @ Hom(g~2, g°) is defined by
AXy) =A3, A(Xa)=-—A5,  A(X3) =2A) (4.26)

c) Calculation of g3. Given 4% € Hom(g~!, g%) ® Hom(g 2, g') such that
53(X1) = ")/1A, (52<X2) = ’ygA.

for some v;, i = 1,2. If §2 € g2, then (4.26) implies %(X;) = —y1A} —y2AL. From the identities
0 = 63[X1, X3] = [63(X1), X3] + [X1,83(X3)] it follows easily that 41 = 0. From the identities
0 = %[ X2, X3] = [03(X2), X3] + [X2,63(X3)] it follows easily that 7o = 0. Hence,

g’ =0.

Thus the algebraic universal prolongation g(n3, g) = g 2@ g ' ® g’ @ g' ©g? is 8-dimensional.
Therefore, fixing the normalization conditions at each step, one can construct the first and the
second geometric prolongations P! and P2, and for any contact distribution D on 3-dimensional
manifold endowed with two distinguished transversal line sub-distributions there is a canonical
frame on the 8-dimensional bundle P?.

Let us look at the algebra g(n3, g°) in more detail. Applying (4.3) inductively, we see that
all nonzero brackets of elements AY, A, Al, A}, A (spanning the subalgebra of elements with
nonzero weights of g(n3, g°)) are as follows:

Considering all products in g(n3, g°) it is not hard to see that g(ns, g°) is isomorphic to sl(3,R).
Indeed, if we denote by E;; the 3 x 3-matrix such that its (4, j) entry is equal to 1 and all other
entries vanish, then the following mapping is an isomorphism of algebras g(ns3, g°) and sl(3, R):

X1 — By, X +— Eog3, X3+ Ei3,
A% = —2E21, A% = —2E23, A g —2E23,
A(l) + 3A(2) — 2(E11 — EQQ), A(I) — 3A(2) — 2(E22 — E33).
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As a matter of fact, here we are in the situation, when m @ g° is a subalgebra of elements of
nonnegative weights (a parabolic subalgbebra) of a graded simple Lie algebra (in the considered
case 13 @ g’ is a Borel subalgebra of s[(3,R)). It was shown in [14] that, except for a few
cases, the algebraic universal prolongation of a parabolic subalgebra of a simple Lie algebra is
isomorphic to this simple Lie algebra.

This result can be applied also to the algebra m; 5y ® go(m(275)), corresponding to maximally
nonholonomic rank 2 distributions in R® (see Example 2 above). In this case my 5) @ g°(m(25))
is the subalgebra of elements of non-negative degree in the exceptional Lie algebra Gs, graded
according to the coefficient of the short simple root. So, according to [14], the algebraic universal

3

prolongation of m, 5) @ g° (m(,5)) is isomorphic to G = @ g'. This together with Theorem 4.1
i=—3

implies that to any mazimally nonholonomic rank 2 distribution in R® one can assign a canonical

frame on the bundle P3 of dimension equal to dim Go = 14. Note that this statement is still

weaker than what Cartan proved in [1]. Indeed, Cartan provides explicit expressions for the

coframe and finds the complete system of invariants, while Theorem 4.1 is only the existence

statement.

Finally note that the construction of the bundles P* (and therefore of the canonical frame)
depends on the choice of the normalization conditions given by spaces N, as in (4.16). Under
additional assumptions on the algebra g(m,g?) (for example, semisimplicity or existence of
a special bilinear form) the spaces N themselves can be taken in a canonical way at each step
of the prolongation procedure. This allows to construct canonical frames satisfying additional
nice properties.

In particular, in another fundamental paper of Tanaka [11], it was shown that if the algebraic
universal prolongation g(m, g°) is a semisimple Lie algebra, then the so-called g(m, g°)-valued
normal Cartan connection can be associated with a structure of type (m, g%). Roughly speaking,
a Cartan connection gives the canonical frame which is compatible in a natural way with the
whole algebra g(m, g"). This is a generalization of Cartan’s results [1] on maximally nonholo-
nomic rank 2 distributions in R®. Further, T. Morimoto [4] gave a general criterion (in terms
of the algebra g(m,g")) for the existence of the normal Cartan connection for structures of
type (m, g°).

All these developments are far beyond of the goals of the present note, so we do not want to
address them in more detail here, referring the reader to the original papers.

Acknowledgements

I would like to thank my colleagues Joseph Landsberg, Colleen Robles, and Dennis The for
encouraging me to give these lectures, and Boris Doubrov for stimulating discussions. I am also
very grateful to the anonymous referees for numerous useful suggestions and corrections.

References

[1] Cartan E., Les systémes de Pfaff 4 cinq variables et les équations aux dérivées partielles du second ordre,
Ann. Sci. Ecole Norm. Sup. (3) 27 (1910), 109-192 (reprinted in his Oeuvres completes, Partie II, Vol. 2,
Paris, Gautier-Villars, 1953, 927-1010).

[2] Cartan E., Sur les variétés & connexion projective, Bull. Soc. Math. France 54 (1924), 205-241.

[3] Kuzmich O., Graded nilpotent Lie algebras in low dimensions, Lobachevskii J. Math. 3 (1999), 147-184.
[4] Morimoto T., Geometric structures on filtered manifolds, Hokkaido Math. J. 22 (1993), 263-347.
[5]

Morimoto T., Lie algebras, geometric structures, and differential equations on filtered manifolds, in Lie
Groups, Geometric Structures and Differential Equations — One Hundred Years after Sophus Lie (Kyo-
to/Nara, 1999), Adv. Stud. Pure Math., Vol. 37, Math. Soc. Japan, Tokyo, 2002, 205-252.



On Tanaka’s Prolongation Procedure for Filtered Structures of Constant Type 21

Morimoto T., Cartan connection associated with a subriemannian structure, Differential Geom. Appl. 26
(2008), 75-78.

Singer I.M., Sternberg S., The infinite groups of Lie and Cartan. I. The transitive groups, J. Analyse Math.
15 (1965), 1-114.

Spencer D.C., Overdetermined systems of linear partial differential equations, Bull. Amer. Math. Soc. 75
(1969), 179-239.

Sternberg S., Lectures on differential geometry, Prentice-Hall, Inc., Englewood Cliffs, N.J., 1964.

Tanaka N., On differential systems, graded Lie algebras and pseudogroups, J. Math. Kyoto. Univ. 10 (1970),
1-82.

Tanaka N., On the equivalence problems associated with simple graded Lie algebras, Hokkaido Math. J. 8
(1979), 23-84.

Tresse A., Détermination des invariants ponctuels de ’équation différentielle ordinaire du second ordre
y" =w(z,y,y'), S. Hirkei, Leipzig, 1896.

Tresse A., Sur les invariants différentielles des groupes continus de transformations, Acta Math. 18 (1894),
1-88.

Yamaguchi K., Differential systems associated with simple graded Lie algebras, in Progress in Differential
Geometry, Adv. Stud. Pure Math., Vol. 22, Math. Soc. Japan, Tokyo, 1993, 413—-494.



	1 Introduction
	1.1 Statement of the problem
	1.2 Weak derived flags and symbols of distributions
	1.3 The bundle P0(m) and its reductions
	1.4 Algebraic and geometric Tanaka prolongations

	2 Review of prolongation of G-structures
	3 Tanaka's first prolongation
	4 Higher order Tanaka's prolongations
	References

