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1 Introduction and main results

Let Vg be a real vector space with a scalar product, and W C O(Vg) be a finite group generated
by reflections. In this paper we construct a family of W-invariants (which we refer to as canonical
invariants) in S(V'), where V' = C ® Vg, by means of Dunkl operators (see [8]). These canonical
invariants form a basis in S(V)" (depending on a continuous parameter ¢) and, as such, include
both the c-elementary and c-quasiharmonic invariants introduced in our earlier paper [2]. Using
this technique, we prove that for W = S, the c-elementary invariants are deformations of the
elementary symmetric polynomials in the vicinity of ¢ = 1/n.

Dunkl operators V,, y € V*, are differential-difference operators first introduced by Charles
Dunkl in [8] and given (for any W) by:

Vy=0y -3 els) % (1),

(6%
seS s

where S is the set of all reflections in W, ¢: S — C is a W-invariant function on S, and oz € V'
is the root of the reflection s. In particular, for W = S,,,

Vy,=0,—c Z u(l—sij)a

Xr;, — T
1<i<j<n " J

where s;; € S, is the transposition switching x; and x;.

The remarkable result by Charles Dunkl that all V,, commute allows to define the opera-
tors Vi, p € S(V*), by Vpiq = Vp + Vg, Vg =V, Vg for all p,g € S(V*).

In what follows we will mostly think of ¢ as a formal parameter in the affine space AW,
where S/W is the set of W-orbits in S. Using the notation S.(V) = C(c) ® S(V'), consider each

*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection
is available at http://www.emis.de/journals/SIGMA /Dunkl_operators.html
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Dunkl operator V), as a C-linear map S(V) — S.(V) (or, extending scalars, as a C(c)-linear
endomorphism of S.(V)).
Thus, the association p — V,, defines an action of S.(V*) on S.(V') by differential-difference

operators. In turn, this action and the isomorphism V = V* (hence S.(V*) = S.(V)) given by
the scalar product define the bilinear form (-,-). : Se(V) x S.(V) — C(c) by

(£:9)e € [V1(9)lo. (1.1)

for all f,g € S.(V) where x — [z]o is the constant term projection S.(V) — C(c). Clearly,
(f,9)e =0if f, g are homogeneous and deg f # degg.

The form (1.1) is symmetric and its specialization at generic ¢ : S — C and ¢ = 0 is nonde-
generate. Understanding the values of ¢ when the specialization of the form is degenerate and
the structure of the radical is crucial for the study of representations of the rational Cherednik
algebra H.(W) (see e.g. [9, 11, 4]).

A classical Chevalley theorem [6] says that the algebra S(V)"W of W-invariants in S(V)) is iso-
morphic to the algebra of polynomials Cluy, ..., us| of certain homogeneous elements u1, ..., uy,

where £ % dim V. Throughout the paper we will call such u1, ..., upy homogeneous generators or,
collectively, a homogencous generating set of S(V)"W. The homogeneous generators ug, .. ., ug
are not unique, but their degrees di,...,d, (which we traditionally list in the increasing order)
are uniquely defined for each group W; they are called the exponents of the group. In particular,

dy = 2 iff VW = {0}; the largest exponent h e dy is called the Coxeter number of W. The

monomials ¢ & uf' - - -uy* where ai,...,a; € Z>o form an additive basis in S(VHW.

Let < be the inverse lexicographic order on Z€>O: for a,d’ € Zéo we write @’ < a if the last
non-zero coordinate of the vector a — a’ is positive. The following is our first result asserting
the existence and uniqueness of canonical invariants:

Theorem 1.1 (Canonical invariants). Suppose that the degrees di,...,dy are all distinct.
Then for each a = (a1, ...,ap) € Zézo there exists a homogeneous element b, = b e S (V)W =

C(c) @ S(V)W unique up to multiplication by a complex constant and such that for any homo-
geneous generating set u1, ..., uy of S(V)W one has:

/

Lobg € Cu+ 3., Clc) - u®;

2. (u”,by)e = 0 whenever o’ < a.

We will prove Theorem 1.1 in Section 3.1. We will refer to each element b, as a canonical
W -invariant in S.(V)" and to the set B = {b, | a € Zéo}, as the canonical basis of S.(V)W.
By the construction, the canonical basis B is orthogonal with respect to the form (1.1).

Remark 1.1. We can extend the theorem to the case when dy = dy4q for some k. If V is
irreducible, then this happens only when W is of type Dy with even ¢ and k = ¢/2. In this
case V = Ele C - x;, the positive roots are of the form z; & x;, and let o : V' — V be the

involution given by o(z;) = Yy i.e., o is acting on roots as the symmetry of the
—xy ifi=

Dynkin diagram. Then Theorem 1.1 holds verbatim for any choice of homogeneous generators

w1, ..., up of S(V)W such that o(ugsa) = —ugso (ie., ugp € C-21---1p) and o(uy) = u; for all

Jj#L)2.

An equality di = diy1 can also happen when V is reducible, i.e., V = Vi @ Vo, W = Wy x Wy
and each W is a reflection group of V;. This case can be handled by induction because S(V)W =
S(Vl)Wl ® S(VQ)W2 .
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Remark 1.2. Theorem 1.1 generalizes to all complex reflection groups if one replaces the

symmetric bilinear form on V with the Hermitian one that canonically extends the W-invariant

Hermitian form on S.(V) (provided that c(s™!) = ¢(s) for all complex reflections s). The case of

equal degrees dj, can be treated along the lines of Remark 1.1. More precisely, the phenomenon

dy, = dj41 occurs only for the following irreducible complex reflection groups (see e.g., [7, 5]):
1. The series G(m,p,¢) with £ > 2, p|¢, pl/m, and dj, = dg41 = ml/p, k = {/p.

2. The exceptional groups G7, G11, G19 of rank ¢ = 2 with d; = dy = 12, 24, 60, respectively.
In the case 1, similarly to Remark 1.1, one has V = Zle C-z;, 0 :' V — V is the auto-

x ife<¥
morphism given by o(x;) = {Cl i g where ( is an m-th primitive root of unity. Then
xy ifi=
Theorem 1.1 holds verbatim for any choice of homogeneous generators ug, ..., u, of S(V)" such
that o (ug) = ("™/Puy (ie., up € C- (21 -+ 2¢)™P) and o(u;) = u; for all i # k.
In the case 2 one can use various embeddings of rank 2 complex reflection groups (see e.g.,
[7, Section 3]) to acquire canonical invariants. For instance, G5 is a normal subgroup of index 2

in G7 and G5 has degrees (6,12), which implies that if {b(z)1 o) | a1, a2 € Z>o} is the canonical
basis for S(V)%, then the set {bggll a2)|a1, az € Z>p} is a (canonical) basis of S(V)7.
(c)

Therefore, the invariants b, make sense for all complex reflection groups.

Assume that V' = {0}, i.e. d; = 2, and denote by L the Dunkl Laplacian Ve, : S.(V) —
S¢(V'), where ey is the only (up to a scalar multiple) quadratic W-invariant in S(V'). Clearly,
the restriction of L to S.(V)W is a well-defined linear operator S.(V)WV — S.(V)W.

Proposition 1.1. Assume that VYV = {0}. Then

(a) For each r > 0 the span of all (a1 as,....a) With a1 < 1 is the kernel of the operator
+1
L ‘SC(V)W'
(b) For each a = (a1, ...,ap) we have:
ba = 6(211 b(O,ag,...,ag)
(in particular, b, o...0) = €5")-

See Section 3.2 for the proof.
The elements b(g q,,....q,) Of the canonical basis are more elusive, however we compute them
completely when W is a dihedral group.

Theorem 1.2. Let W = Iy(m) be the dihedral group of order 2m, V = C2.

(a) If c(s1) = c(s2) = ¢, then the generating function of all by is given by

> <Z> bomt" = (1+ emt +€5't?)",
k>0

where ey and e, are elementary W -invariants (of degrees 2 and m respectively).

(b) Ifm is even and c(s1) # c(s2), then (using the notation C et c(s1)+c(s2), 6 et c(s2)—c(s1),

€y = T€m — %egnﬂ) we have:
[0 (2k - C) w ! /2 =
bomt® = 1—74tr(ef’* +7el, O ldr (1.2
Z T C+gfl) (0,k) /0 ( T+ t1(ey Te )) T 7. (1.2)

k>0
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We will prove the theorem in Section 3.5 by explicitly reducing the Dunkl Laplacians to the
Jacobi operators. In fact, it is easy to see that the formula (1.2) is equivalent to:

e P()( o )

bokr) = T o
(0,k) 4k(2k kc+1) k 2631/2

where P,Ea’b) (y) is the k-th Jacobi polynomial (see e.g. [1, Section 6.3] or formula (3.7) below).
This and other of our arguments bear some similarity with methods of the seminal papers [8]
and [11] where Jacobi polynomials were first studied in the context of Dunkl operators.

Returning to the general case, note that degb, = ) dyrar. For each d € Zx>o such that
SV # {0} we set e((f) ey where amax € Z%, is maximal with respect to < among all
. (c)

a € Zéo such that " dpap = d. By the construction, dege;’ = d. The following result was

Gmax )

essentially proved in our previous paper [2].

Theorem 1.3. Let the exponents di < --- < dy be pairwise distinct. Then

(a) The elements egcl), cel, eglj) generate the algebra S.(V)W.

(b) Each egli? is determined (up to a multiple) by its homogeneity degree d = dj, and the equation
VP(G(C)) =0 for any W -invariant polynomial P € S.(V)W such that deg P < dj,.

dy,
(c) For each k = 1,2,... there is a unique, up to a multiple, element e,(fh) c S. (V)W (where

h = dy is the Cozeter number) of the homogeneity degree d = kh satisfying the equation
Vp(el(:}z) =0 for any W-invariant polynomial P € S(V)W such that deg P < h.

We will give a new proof of Theorem 1.3 in Section 3.2. The proof will rely on the construction
of canonical invariants in Theorem 1.1.

Following [2], we refer to each egli) as the canonical elementary W -invariant and each e,(fh) as
the canonical quasiharmonic W -invariant.

The elementary invariants for ¢ = 0 were, most apparently, defined by Dynkin (see e.g. [16])
and later explicitly computed by K. Iwasaki in [15]. We extend the results of [15] to all ¢ in
Theorem 1.4 below.

We will also construct elementary invariants for W = S,,, V' = C™ with the natural S,,-action.
It is convenient to identify S.(V') with the algebra C(c)[x1, ..., xy] of polynomials in n variables
depending rationally on ¢. The degrees dj are here dp, = k, k = 1,...,n, so Theorem 1.1 and
Theorem 1.3 are applicable.

To give the explicit formula for the invariants e,(:) define polynomials u,(f) € Cle)[x1y ... mp),
k=2,...,n, by
k ——
i =3 (1P (A(Vay e, Vi oo, Vi DA, ),
s=1
where A(z1,...,2:) = [l1<;<j<,(2i — z;) is the Vandermonde determinant. Clearly, ,u,(:) €
Cle)[xy, . .., ap])5K*Snk,

Theorem 1.4. For all 2 < k < n there exists oy, € C(e)* such that the k-th elementary

canonical invariant e,(:) € C(e)[xy, ..., xn)% is given by:

eg:) = aypn(c) Z w(u,(f)). (1.3)

WESR /(S XSn—k)
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We prove Theorem 1.4 in Section 3.3. Our proof (as well as the formula (1.3)) is very similar

to the one by K. Iwasaki who (using 0, instead of Dunkl operators V,) computed e,go) in [15].
Following his argument, one can construct the elementary canonical invariants eili) for other
classical groups as well.

Note that the formula (1.3) resembles the polynomial expansion of the elementary symmetric

polynomial e, = ex(x1,...,zy):

ep = Z w(zy - ap) = Z T, - T,

WESn/(SkXSn—k) 1<j1 < <jr<n

The following main result demonstrates that this observation is not a mere coincidence.
Theorem 1.5. Let W = S,,. Then for all k =2,...,n the elementary canonical invariants e,(:)
have no poles at the singular value ¢ = 1/n, and

lim el(:) = €L (l‘l - 761(.%),‘. s Ly — 61(3})) .

c—1/n n n

This result allows to introduce the elementary invariant polynomials for other reflection
groups via eq, = linr;h eé?, where h is the Coxeter number.
C—)l
We will prove Theorem 1.5 in Section 3.4 by analyzing the behaviour of the form (1.1)
near ¢ = 1/n. Note, however, that we could not derive the theorem directly from the explicit

formula (1.3).

Example 1.1. Denote éx(x) def ek (:El — #, ey Ty — #) It is easy to see that egc) =0,

(c)

e, = ey for k = 2,3. Direct computations for all n using (1.3) show that

© (n—2)(n-3) 1 —ne o
@ _ (n=3)(n—4) 1 —nc o
€ = " 2 —n)e—n— 56263 + és, (1.5)

thus confirming Theorem 1.5.

Remark 1.3. The definition of the canonical invariants b, and some later formulas involving

them (e.g. (2.2) and (2.3)) suggest, for W = S,,, a close relation between canonical invariants b,

and Jack polynomials J)(\a) (see e.g. [19] for definition). Direct computations show, though,

that these polynomials are not the same. [17, equation (7)] shows, in particular, that the
()

expression of J, via elementary symmetric polynomials e; does not depend on n; for instance,
J((1Oé1).“1) = ey, for all n and k (the partition contains k£ units). Formulas for b,, on the contrary,
contain n explicitly (see e.g. (1.4)). So, the relation between b, and Jack polynomials is yet to

be clarified.

2 The Dunkl Laplacian and the scalar product

Throughout the section we assume that 2 =dy < --- < dp = h and denote
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where 1, ...,z is any orthonormal basis in the real space Vg. Obviously, es is a unique (up to
a scalar multiple) quadratic W-invariant in S?(V). The operator L = V., = > V?Ei, called the
Dunkl Laplacian, is independent of the choice of the basis x;; it equals the ordinary Laplacian if
c=0.

The operator L plays a key role in the theory of Dunkl operators for W. As the following
result shows, an action of any Dunkl operator can be expressed via L:

Lemma 2.1 ([3, equation (1.9)]). For any p € S*(V) one has
~ (U
Vp = 2(ad L) (p) =D L p LY,

where p in the right-hand side means the operator of multiplication by p.

Denote by £ : Se(V) — S.(V) the Euler vector field given by £(f) = N f for any f € S¥ (V).

Also denote h, & 23 segc(s) (in particular, if all ¢(s) are equal to a single ¢, then k. = hc).

Proposition 2.1 ([14]). The operator E of multiplication by ea, Dunkl Laplacian L, and the
operator H def 20(1 — he) + 4 & form a representation of sla, that is,

[E,L] = H, [H,E] =2F, [H,L) = —2L.
In particular,
[L,E¥] = 4kE* 1 (0(1 = he) /2 + k- 1+ &)

for all k > 0.

Denote Uy = US) ' Ker LN S4V) = {f € S4V) | L(f) = 0}.

Lemma 2.2. One has

S(V)= @ vy, (2.1)
k,d€Z>

where the direct summands are orthogonal with respect to (-, -)c. In particular, the restriction of
(-,-)e to each ek - Uy is nondegenerate.

Proof. First, note that S.(V') is an sly-module, locally finite with respect to L, and @dZOUC(lC)
is the highest weight space, so that decomposition (2.1) takes place.

Furthermore, note that the operator H from Proposition 2.1 is scalar on the space of poly-
nomials of any given degree and therefore self-adjoint; the operators L and E are adjoint to one
another with respect to (-,-).. Therefore, for k1 < kg, d1,d2 > 0 one has

(U ek ), = (B ) B (0F)
= Oy ko - (Uc(lf)’ Uc(lg))

= (b ), ),
= 6k1,k25d1,d2 : C(C)

This proves the orthogonality of the decomposition. In particular, this implies that the restric-
tion of the nondegenerate form (-, -). to each ek - U, is nondegenerate. The lemma is proved. W

c

Using this, we compute the form (-,-). as follows. Denote by ¢. a (unique) linear function
Sc(V)) — C(c) such that:

o o.(fea) = @c(f) for all f e S.(V);
o o.(f)=1[floforall f e KerL,where[-]o: Sc(V)— C(c) is the projection defined in (1.1).
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Proposition 2.2. We have:
(a) For f € e’gUff), g € S4T2E(V) one has

d+k—1

(f:9)e = @e(fg) - 447k T (61 = he)/2+ 7). (2.2)
r=0
(b) If c: S/W — Ry 2, then the restriction of p. to S(Vg) is given by:
Jor (@) Tlaes los(@) > do
Jor1 Tses lavs(@) |72 da

where as € Vi is a coroot of a reflection s € S, Q™1 = {x € Vg | ea(x) = 1} is the unit
sphere in Vg, and an element f € S(V) is identified with a polynomial on V.

ec(f) = , (2.3)

Proof. Assume first that the function ¢ takes only negative real values and define . by equa-
tion (2.3). Now if k =0 and f,g € U(C), then the result follows from [12, Theorem 5.2.4].

By definition, ¢.(eaf) = @c(f) for any f. Now if f = eé”f, g= eé”/g where f € Uc(lc), ge UC(;)
with d # d’ then (f,§). = 0, hence ¢.(fj) = 0 and therefore ¢.(fg) = 0. So taking f € e’QCUéC)
and g =Y ebg, € SIT2F(V), where §, € Ugyop—_2r, We see that

ro(fg) = @c(f ’ gk)

On the other hand, decomposition (2.1) guarantees that (f,¢)e = (f,Jr)e. Therefore, to
verify (2.2) for any k it suffices to take g = ekg for g € U(gc).

Assume that k > 0. Then Proposition 2.1 implies that

(e5 frebd)e = (E*(F), E*(9))e = (B* (), LE*(@))e = (E*'(f), [L, E*](9)).
= (B* (), 4kE* 1 (0(1 = he) /2 4+ k= 1+ £)§))e
= 4k(L(1 = he)/2 +k — 14+ d)(e571(f), 57 19)..

Therefore, by induction on k&,

k
(e5f ebd)e = (£, 9)e [[4r(€@ = ho)/2+ 7 —1+d),

r=1

which finishes the proof for ¢ negative real. Now (2.2) implies that for ¢ negative real the value
(f,9)c depends only on the product fg (provided d and k are fixed). Since (f,g). is a rational
function of the values of ¢, this holds true for all ¢ as well — so, one can use (2.2) to define ¢,
in the general case. |

The following is the main result of the section. Denote by S(V); the kernel of the constant

term projection u — [u]o, see (1.1). Define a symmetric bilinear form &, : S(V)y x S(V); —

C(c) as P.(u,v) def (u,v)e/(1 — he). This form extends naturally to Clc] ® S(V'). Define now

the form ®. on Clc|/(1 — h.) ® S(V) taking values in C[c]/(1 — h.) by

O (u,v) = 7(Pe(a,v)),

where 7 : Clc] — Clc]/(1 — h.) is the canonical projection and @, € S.(V) are any elements
such that v = m(a), v = 7(0).
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Theorem 2.1.

(a) The form ®. takes its values in C[c].

(b) ®c(u,u) # 0 for any non-zero element u € Rlc]/(1 — he) ®r S(VR)+-
(¢) For any Ug C S(VR)+ the restriction of ®. to Clc]/(1 — he) ® Ur is nondegenerate.

Proof. Prove (a) by induction on the degree of u. Indeed, it follows from [4, Proposition 2.1]
that for any x,y € V one has:

(‘T?y)c = (1 - hC)($ay)0a

where (z,y)o is the (complexified) W-invariant form on V. Therefore, ®.| .y = (-,+)o. Fur-
thermore, assume that ®.(u,v) € C[c] for all u,v € S<¥(V),. Then for any u; € S4(V),
uy € S2(V), v € S4V), where dy + dy = d, we have

Do (urug, v) = Dp(ug, Vo, (v)) € Be(uz, Cld] @ S%(V)) c Cld.

This proves (a).

It is possible to prove (b) now. Let Hy def {c € C3/W | h, = 1}; it is an affine hyperplane
in the affine space AS/"W. Then C[Hy| = C[c]/(1 — h.) and R[Hp] = R[¢]/(1 — h,) are integral
domains (if |S/W]| =1 then Hj is a point ¢ = 1/h and R[Hy] = R).

Let A ¢ R(AS/") be the algebra of all real-valued rational functions on the affine space
AS/W regular at Hy. This algebra is local with the maximal ideal m = (1 — h.), and A/m is
isomorphic to R(Hy), the field of fractions of Hy. Finally, denote S4(Vk)+ = A®r S(V)4.

Proposition 2.3. The naturally extended A-linear form ®. : S4(VrR)+ xSa(Vr)+ — A satisfies:
if ®c(u,u) € (1—he)A for some € Sa(Vr) then u € (1 —he)Sa(Vr). (2.4)

Proof. Clearly, the sly-action from Proposition 2.1 preserves both R[c] ® S(Vg) and Sa(VR), so
that the orthogonal decomposition (2.1) is valid for S4(Vr) C Sc(V). Therefore, it suffices to
verify (2.4) only for % € e5U,, where

Ug = Uy N Sa(Ve) = {0 € Sa(Ve) | L(7) = 0}.

For every such @ it follows from (2.2) that

d+k—1
O, 1) = @e(@?) - 2- 4Rl TT (01 = he)/2+ 7). (2.5)

r=1

Since the product in the right-hand side is not divisible by (1 — h.), we see that ¢.(%?) € A for
all & € S4(Vg). Implication (2.4) is now equivalent to the following one:

if (%) € (1 —he)A for some @€ Sx(VR) then @€ (1— he)Sa(VR). (2.6)

In (2.6), if h = 2, i.e., W = S5, we have nothing to prove. Assume that h > 2 and let H,
be the set of all ¢g : S/W — R/, such that 1 — he, = 0 and @ has no poles at co. By the
very design, Hy is a non-empty open subset of the real hyperplane Ho(R) ¢ RS/W. Indeed, we
can write h. = hicy + -+ + hgcg, where k = |S/W| and ¢y, ..., ¢ are standard coordinates on
AW = AR all h; € Qs and hy + -+ + b, = h. The intersection H}y = Hy(R) N (]R<1/2)k
contains the point ¢ = (1/h, ..., 1/h), hence H} is non-empty and open in Ho(R). The set Hy is
obtained from H|, by removing poles of & € A® S(VRr); so, Hy C Hy(R) is open and non-empty



Dunkl Operators and Canonical Invariants of Reflection Groups 9

as well. On the other hand, for each ¢y € ro the specialization ., € S(Vr) of @ is well-defined.
Therefore, our choice of @ and ¢g implies that

Peo (W2,) = 0.

But the integral presentation (2.3) of ., guarantees that ¢, (f?) > 0 for all nonzero polynomials
f € S(Vg). Hence, e, = 0, for all ¢g € Hy. If |S/W| =1, i.e., Hy is a single point ¢ = 1/h,
then, clearly, co = 1/h and 1;,;, = 0 implies that % € (1 — hc)S4(Vr). Otherwise, if Hy is at
least an affine line, the set Hy is infinite and is a set of regular points for a rational function
cp > Ug,. Therefore, ., = 0 for all ¢y € Hp(R) and hence @ € (1 — h.)S4(Vr) as well, proving
implications (2.6) and (2.4). The proposition is proved. [

Part (b) of the theorem immediately follows from Proposition 2.3.
To prove (¢) we need the following obvious result:

Lemma 2.3. Let ® : Uy x Uy — k be a non-degenerate symmetric bilinear form on a k-vector
space Uy. Then for any field F containing k the extension of ® to U = F®yUy is a non-degenerate
F-bilinear form U x U — TF.

We will use the lemma with k being the field of fractions of the integral domain Ric|/(1— h.),
IF — the field of fractions of Clc|/(1 — h¢), Up = k ® Ug, and ® = ®.. It follows from part (b)
of the theorem that the restriction of ®, to U is non-degenerate. Hence Lemma 2.3 guarantees
the same for U = F ® Uy. This proves part (c¢) of the theorem. |

Remark 2.1. The proof of Theorem 2.1(b) also implies unitarity of S(Vk)+ as a module over the
rational Cherednik algebra H., (W) for all ¢y € Ri/ow and for small ¢y € Ri/ow. This agrees with

the results of the recent paper [13], where the unitary representations of H.(W') were studied.

3 Canonical basis and proofs of main results

3.1 Proof of Theorem 1.1

Fix a homogeneous generating set {u, ..., u;} of S(V)" and take the basis u?, a € Zéo, in S(V)
with the inverse lexicographic order. Define the C-subspaces S.(V), and S.(V)Y of S.(V)W
by -

Se (V)% =D Clou®,  So(V)¥, = Cu"+ S(V)Y,. (3.1)

a'<a

(clearly, S.(V)%, C S.(V)¥,). Note first that for each a € Zézo the spaces S.(V)W | SC(V)E/jVa do

not depend on the choice of generators uy, ..., u, of S(V)W. Indeed, let uf,..., uy be another
set of generators of S(V)W. Since d; < da < --- < dy, one has w, = aiu; + Pi(ug, ..., uim1),
where ; € C\ {0} and P, is a polynomial of i — 1 variables for i = 1,2,...,/.

We are going to define the canonical invariant b, € SC(V)IéVa as the unique (up to a multiple)

vector orthogonal to the subspace SC(V)lVa. However, the uniqueness of such an element requires
more arguments.

Proposition 3.1. Let U be any subspace of S(Vr). Then:

(a) the restriction of the form (1.1) to U. = C(c) @ U is a non-degenerate symmetric bilinear
form on Ug;

(b) for any vector w € S(Vr) \ U there is a unique (up to a complex multiple) element b €
C-u+ U, such that (b,U.). = 0.
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Remark 3.1. Statement (a) of this proposition is essentially a Cherednik algebra version of the
statements proved in [18, statements 5.1.20 and 5.1.21] for double affine Hecke algebras.

Proof. We need the following general fact. Let A be a unital commutative local ring with
no zero-divisors, m its maximal ideal, k = A/m the residue field. In what follows we assume
that k C A so that the restriction of the canonical projection A — k to k is the identity
homomorphism k — k. Let U be a vector space over k and let & : U x U — A be a k-bilinear

symmetric form on U; denote by ®¢ : U x U — k the residual form given by ®q o ®, where
m: A — k is the canonical quotient map.

Lemma 3.1. In the notation as above assume that:

1. ®p(u,u) # 0 for allu € U \ {0}.

2. There exists an increasing sequence of prime ideals
{0}=mpCmCmyC---Cmy=m
in A such that m;yq/m; is a principal ideal of A/m; fori=0,1,... k—1.

Then the natural A-bilinear extension of ® to Uq x Ugq — A, where Uy def ARy U, satisfies
®(u,u) #0 for all w € Ug \ {0}.

Proof. We proceed by induction on k. For &k = 0, m = {0}, F = A =k, and we have nothing

to prove. Assume that & > 1. Define the quotient ring A’ def A/my, and m/ def m;41/my in A
for i =0,...,k — 1. Clearly, the ring A" and its ideals m} satisfy the assumptions of the lemma
for k — 1; therefore, the inductive hypothesis holds in the following form:

if ®(a,u) € m; for some € A®U, then @€ m ®U. (3.2)

Since the ideal my is principal, i.e., m; = ¢1.A, we can write each non-zero vector @ € my @ U
in the form @ = c{ig, where @ip ¢ m; ® U. Therefore, the equation ®(@, %) = 0 is equivalent to
(g, wg) = 0. However, applying the inductive hypothesis (3.2) to any @y ¢ m; ® U satisfying
(g, tg) = 0, we obtain a contradiction. Therefore, ® (g, ag) # 0 for all ug ¢ m; ® U. Hence
®(u,u) =0 for u € A® U if and only if 4 = 0.

The lemma, is proved. n

We apply the lemma in the case when F = C(¢) = C(ecy,...,cx) is the field of rational
functions in the variables ci,..., ¢, (where k = |S/W/| is the number of conjugacy classes of
reflections in W), A C F is the local ring of all rational functions regular at ¢ = 0, and m; is the
ideal of A generated by cq,...,¢; for ¢ = 0,1,..., k. Clearly, the ideals m; satisfy condition 2
of Lemma 3.1. Take U to be any subspace of S(Vg) and let ® : U x U — A C R(c) be the
restriction of the form (1.1) to U. Since the specialization ®( of ® at ¢ = 0 is a positive definite
form on U, condition 1 of Lemma 3.1 holds as well.

Thus, Lemma 3.1 guarantees that for any U C S(Wg) each @ € R(c) ® U \ {0} satisfies
(@, @) # 0.

Therefore, the restriction of the form (1.1) to R(¢) ® U is non-degenerate. By extending the
coefficients from R(c) to C(c) this immediately proves assertion (a) of Proposition 3.1.

To prove assertion (b) denote U}l = {@' € C(c)u + U, | (@/,U.). = 0}. Clearly, UL # 0
and (U} NU,,U.). = 0; hence U- N U, = 0 by assertion (a). This implies that dim U} = 1.
Therefore, Ul = C(c) - b for some b € u + U,.. This completes the proof of Proposition 3.1. W



Dunkl Operators and Canonical Invariants of Reflection Groups 11

Now we are ready to finish the proof of Theorem 1.1. For each a € Z€>0 denote by S¢(Vr)<a =
Se(VR)NS.(V)<q (see (3.1)) the real forms of S(V) 4. Fix ui,...,us to be a homogeneous gen-
erating set of S(Vg)" so that (3.1) implies that S.(Ve)", = 3., R(c)u® and C® S.(Vi)<a =
Se(V)<a-

Therefore, Proposition 3.1 is applicable to this situation with U = S.(Vg) u = u?,
and there exists a unique (up to a complex multiple) element b = b, € S.(V)=<, such that
(bay Sc(V)W.) = 0 (in particular, b, ¢ S.(V)%,). In other words, b, satisfies both conditions of
Theorem 1.1, and the theorem is proved.

a’'<a

w
<a’

3.2 Proof of Proposition 1.1 and Theorem 1.3

Proof of Proposition 1.1. To prove (a), let uj(= e2),us,...,u be any homogeneous genera-
ting set of S(V)". Theorem 1.1 guarantees that for any a = (a1,...,ar), a’ = (a},...,a}) € Zego
with @} > a; we have

(u®,bg)e = 0.

Equivalently, taking into account that (e5™u,by)e = (u, L"+(by))e for all 7 > 0, we obtain
(S(V)W,Vartl(b,)). = 0. Since the form (1.1) is nondegenerate, we obtain

L (b,) =0

for all a € ZZZO. This proves that B, = {b, | a1 < r} is a (linearly independent) subset of
the kernel of LTH‘S (VW On the other hand, since e3 and L form a representation of sl by
Proposition 2.1, we obtain isomorphisms of graded spaces:

Se(V)V 2 C(o)lea] ® K,

Ker L™ ’SC(V)W = (Z C(c)-eh) @ K
r=0

14
where K is the kernel of L] s.(vyw- In particular, the Hilbert series of K is kljz ﬁ, so that

dim(K N S4(V)) = |Bon S4V)],
hence
dim(Ker L™ |¢ () w N SZ(V)) = B, NSI(V)]

for all 7 > 0. This, together with the inclusion B, C Ker L | 5e(
of Ker Ln“’SC(V)W‘ Part (a) is proved.

yyw Proves that B, is a basis

To prove (b), denote
B‘l = eglb(ﬂ,a2,---,ae)

for each a = (ay,...,a;) € Zﬁo. Since b, satisfies condition 1 of Theorem 1.1, to prove that
by, = Ea it suffices to verify that the elements Ea satisfy condition 2 of the same theorem. This
is equivalent to the elements b, being pairwise orthogonal, i.e., (Ba, Ea/)c = 0 whenever a # d'.
Part (a) guarantees that both bg 4, 4, and 1)07(1/27“_@:Z are in the kernel of L, so by Lemma 2.2
we obtain:

([;aa Ba’)c € 5a1,a’1 : (E(O,(lg,...,a[)7 b(07a’2,...7a’))c : (C(C) = 5a,a’ : (C(C)

¢

L

because the elements b 4,, .. q,) and b(07a/27_._7a2) of the canonical basis B are orthogonal unless
(ag,...,ar) = (aj,...,a}). This proves (b).
Proposition 1.1 is proved. |
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Proof of Theorem 1.3. Take a homogeneous set w1, ...,us of generators in S(V)", and de-

note, as usual, u® def uf'---uy’. By definition, (u?, e((i)) 0 for all a € Z& o such that

ap = --- = ay = 0. For any such non-zero a € Z>0 let s < k — 1 be the largest index such
/ e

that as # 0 and let ' = a —J, € Z>0 (we denote 05 = (0,...,1,...,0), where 1 is in the s-th
position). Then (u®, V,,, (e((ik)))C = 0. In particular, the element V,,, (e((ii)) is (-, -)c-orthogonal to
all of the monomials u® such that degu® = dj, — d. Since the form (v, )¢ is nondegenerate for
generic ¢, this implies Vy, (e; ") = 0.

By definition eg ) = u; mod Se(V)<s, (see (3.1) and the property 1 of the canonical basis b, ),

which implies that (621))“1 e (eéi))af = u® mod S.(V)<q. Indeed, if for every k =1,...,h
egl(;) = uy + ZBP17~--,pk oyt uik 11

for some By, p. , € C(c) then

ap—1

€ =ttt S S

PlseesPe—1 pe=1

for some 7, ., € C(c). Here (p1,...,p¢) < (a1,...,ar), because the last non-zero coordinate of
(a1 —pi1,...,ag — pg) is positive. Thus, the monomials (e ((j))“1 e (e&?)“f for all a1,...,ap € Z>g

form a ba81s of Se(V)W and part (a) of Theorem 1.3 is proved.

To prove part (b) let ,u,(:) € S.(V)W be any element satisfying its conditions Then for any
a < 0j one has (u“,u,(f))c = Vi Vol (C)) = 0, hence u,(c) = const - ed )+ Z&ﬁq Bgby for
some f3; € C(c). The element b, is homogeneous with degb, = Zle Qi Since dy < -+ < dj <

- < dy, one has degb; > d for every gq. Therefore, the homogeneity condition implies that
/Ll(:) = const - egl) Part (b) is proved.

Part (c), given here for completeness, is proved in our previous paper [2].

Theorem 1.3 is proved. |

3.3 Proof of Theorem 1.4

The argument follows almost literally the original proof for ¢ = 0 given in [15]; we put it here
mostly for reader’s convenience.

Abbreviate V,, as V;; also take x def (x1,...,2y) and V = def (Vi,...,Vq).
Let ¢ be generic.

Lemma 3.2. A function f can be represented as (P(V))(A(x)) for some polynomial P if and
only if (ex(V))(f(x)) =0 for all k.

Proof. For ¢ = 0 (when V; = 0,,) it is a theorem due to Steinberg [20]. For ¢ generic the
Dunkl operators are conjugate to differentiations by means of some intertwining operator B
(see [11]): V; = B710,,B, and therefore e,(V)(f(z)) = 0 is equivalent to ex(9)B(f(z)) = 0.
By the Steinberg’s theorem it means that f = B~!P(9)A = P(V)B~'A. But since A is skew-
symmetric, V;A is proportional to d,,A, and therefore B~'A = AA for some constant \. The
lemma is proved. |

Consider now the polynomials f; = V;(e (C)). Obviously, (ex(V))(fi) = 0 for all k, and
therefore f; = (¢:(V))(A(x)). Without loss of generality, g; can be taken skew-invariant with
respect to the subgroup G; C S, of permutations leaving ¢ fixed; from degree considerations
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one obtains g;(z) = const - A(x1,...,Z;,...,T,). Euler’s formula en =mn- Y. z;f; implies
now (1.3) for k = n.

Let prm(y1,---,Ys) dof Yy + -+ y. Since (1.3) for k = n is proved, one has

(pl(v]1> ) V]k))(fjl,,jk (w)) = const - 5ik7

where 1 < j1 <--- <jp <nand fj def e,(:)(a:jl, ..., x5, ). Thus, if F} is the right-hand side

of (1.3), one has

pi(V)E =const- > (0i(V)(fir,...e ()

1<j1 < <jr<n

=const- > (Vi oy Vi) (Fir, (2)) = const - Gy,

1<j1<<Jr<n

Hence, Fj, = e,(:).
Theorem 1.4 is proved.

3.4 Proof of Theorem 1.5

We need the following result.

Proposition 3.2. The canonical basis B is well-defined at he =1 (e.g., at ¢ = 1/h) and B\ {1}
is orthogonal with respect to the form ®. (see Theorem 2.1).

Proof. Indeed, in the definition of b, in Theorem 1.1 we can take u1, ..., uy to be a homogeneous
generating set of S(Vk)Y. Let us prove that for each a € Z% \ {0} the coefficients ¢, o/ of the
expansion b, = Y., Cou” have no poles at h, = 1. Suppose the contrary. Then there
exists an exponent ¢ > 0 such that by = (1 — he)’b, is regular at h, = 1 and 7(by) # 0, where
m: A— AJ(1 — h.) is the canonical homomorphism (A is as in Proposition 2.3). Since ¢ > 0,
we see that m(b,) € U & > a<aa£0 K" u®, where k = A/(1 — h,). But since ®.(bq,u) = 0 for
all ' < a, we see that ®.(7(b,),U) = 0 which contradicts Theorem 2.1(c). The contradiction
obtained proves that ¢ = 0, i.e., m(b,) is well-defined. The orthogonality of these elements is

obvious. |

Let W =S5, V =C" Hered, =k, k = ,n. Recall that e = ex(z1,...,2,) €
Clx1,. .., xp] is the k-th elementary symmetric polynomlal and e = ex(x1— elT(x), , Ty — 6175 ))
The elements ér, k = 2,...,n generate a subalgebra of S(V)S" isomorphic to S(V/)S", where

:{$€V|Zi$i:0}.
Lemma 3.3. Using the notation p, def Yyl + -+ 1y, we obtain

Vo (&6) = (1 (k1) (o — ko4 ) DL

Proof. Denote

ka()zek x yee ey Ly yrcrodbn

(the i-th argument omitted). Easy calculations show that

Zle = (n — k)eéx, (3.3)
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0Qk; n—k
3 i _ Qr—1,;
X, n

oey, n—k+1_

ox; = vyz‘(ék) = Qk—l,i - Tek_l. (3.4)

Clearly,

S =i, gy,

P
i v

and therefore the Dunkl operator

Vi (Qri) = (n — k) (C - 1> Qr—1-

n

An induction on r (where (3.4) is the base) gives then

_ 1 T o_ _1 T
VI (e) = (n— k4 1) (n— k47— 1) ch D
—k+1)--(n—k
P U 5 | RS U S
n
Summation over ¢ using (3.3) finishes the proof. [

Lemma 3.3 implies that Vl(ﬁ)(ék) =0 for ¢ = 1/n and all »r < k. Since p1,...,p, generate

Clx1,...,2,])%", we obtain
v (@) = 0

for ¢ = 1/n and any homogeneous symmetric polynomial P of degree deg P < k.

On the other hand, by Theorem 1.3(b) one has V p(el(:)) = 0 for any homogeneous symmetric
polynomial P of degree deg P < k. Therefore,

El/n(éa/, ék) =0= 61/,” (éa/, e](:/n))

for any a’ < J;,. Here we abbreviated @, /n def @, with ¢ = 1/n in the notation of Theorem 2.1

(1/n) def (c)

and e, = lime_y/p ekC , which is well-defined by Proposition 3.2. Consequently,

D, (U, e,(fl/n) —aep) =0

for all @’ < 0, a € C*, where U = Za,%k C-e®. Therefore, e,(fl/") = ae}, because, on the one

hand, e,(j/n) — ag € U for some o # 0, and on the other hand, the restriction of 51/n to U is
non-degenerate by Theorem 2.1(c).
Theorem 1.5 is proved.

3.5 Canonical invariants of dihedral groups and proof of Theorem 1.2
Throughout the section we deal with the dihedral group
W = In(m) = (s§ = st = (s0s1)™ = 1)

of order 2m.
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We denote by {z,Z} the basis of V' such that

si(z) =z, s(5) =~z (3.5)

2mi/m

for j =0,1, where ( = e is an m-th primitive root of unity.

We also denote by e, e, the generators of S(V)V given by
ey = 27, em =2"+7zZM.

Lemma 3.4. The restriction of the Dunkl Laplacian L to S(V)W = Clez,en] for W = Iz(m)
equals:

2
1-22C) 0, + AR

L = 202, + mendeg,, +mey 02+ (1 e

where ¢ % c(s1)+c(s2) and 0 2t c(s2) —c(s1) (so that 6 = 0 when m is odd); O, and O,,, mean
here differentiation with respect to es and e, respectively, in the ring Cles, ep,].

Proof. Clearly, s o dy = 0,«(,) o s for any linear automorphism s of V' and any y € V*, where
0y : S(V) — S(V) is the directional derivative. So, L can be rewritten in the form L =), D;s;
where D; are differential operators (of order at most 2) and s; are reflections. Thus, on the space
of invariant functions L is a second order differential operator. To determine its coefficients
it suffices to compute L on monomials of degree 1 and 2 in ey, e,,. This is done in [10]; see
also [2]. [

Corollary 3.1. In the notation of Lemma 3.4, we have

m m/2
4
2@2L=52—05+<4e§— >(D2—D)+ <C—1+2562>D
m (&

m €m

where € & %62882 + em0e,, is a multiple of the Fuler derivation, and D def emOe,, -

Proof. Since 0.,ea = €20, + 1, one obtains

deoL = (2€20e,)” + 4m(eade,)(emOe,,) + 4m?e5' 02— 2mCesle, + 2m25e;n/28

€m*

Equalities (2€20c,)% +4m(e20e, ) (emde,,) = m*(E2 —D?) and 92 = -1 (D? — D) imply now that

€m €$n
4 e em/?
— el =& —D* +4-2(D* - D) — C(£ — D) + 262—D,
m e, €m
and the corollary follows. |

Corollary 3.2 (of Corollary 3.1). Let f = f(x,u) € C[[x,u]]. Then

4 €m m/2
azerl(1(25.647) ) = Load ),y g

= Tm/2:U=C2
2 €2

Lyw = u?02 — (C — Dudy + (4 — 22)02 + ((C — 1)z + 26)0,..
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Proof. Follows from

D(f< 277276?/275)) = m/Qfx( m/em/Z7 gn/?t) = (20;) f(:v,u)|x_ em /2,

e} —myz U=€y
)
and
€m P m/2,\q 2 p (a—p)m/2,q
E m/2 (62 t) = 7628@2 + ema@m (6m€2 t )
€9 m
= q(e” e(q—P)m/th) = (udy) (zPu?)| _ - n
q\emes u = mn/LQ,u e;n/zt'
€2
Proof of Theorem 1.2. In view of Corollary 3.2, for ¢ = const it suffices to prove that

Lyu(p¢) = 0, where p = 1 + zu + u?. Indeed,

udy (p°) = cu(z + 2u)p“™' = 2¢p® — ¢(2 + uz)p°t,

(udy)? — 2cudy) (p©) = udy(udy — 2¢)(p°) = —cudy((2 + uz)p®1)
= —cuzp® ! — c(c — Du(2 + ux)(z 4 2u)p°>

0 (p°) = cup®™,

97 (p°) = e — Lju?p2.

For ¢ = const one has C = 2¢ and § = 0, so that
¢ 1p* Ly (p®) = —uap — (¢ — Du(2 + uz)(x + 2u) + (4 — 2%)(c — Du? + (2¢ — V) zup
= (c— Du(2zp — (2 +uz)(z + 2u) + (4 — 2%)u)
=0.

This proves part (a) of Theorem 1.2.
To prove part (b) define JASR (y,u) € C|[y,u]] for each r, a, b by

I(@b) = /01 s4H0(1 — 5) bt (1 — s+ us (1 - ;(1 - y)))r ds.

Clearly, the right-hand side of (1.2) equals JiS ( u) witha = —(C+0+1)/2,b = —(C—5+1)/2,

r=-b—1, u—ez/t and y = ],L”/z (SO‘Eha‘C1 —m%)

Therefore, in view of Corollary 3 2, it suffices to prove that
Lo a(I" (2/2,1)) = 0 (3.6)

for all 7, where a, b are as above, and to determine the normalizing coefficients ng(c).
Recall that the n-th Jacobi polynomial P,S“’b) (y) is given by

IMNa+n+1)
nl'(n+a+ b+ 1)I'(—

1 n
plab)(y) — = /0 st — gt (1= 20— y)) s (37)

(with the analytic continuation to all a,b € C). Thus one has

1
+1) s n
I(a,b) :/ a+b —b—1 r nen(] _ g\ (1 - 2(1— d
@) = | }jn,”_m s (1= 30 - 0) s

o0

= Z F(r—’—l))u” /01 satbin( — 5)~b-1mn (1 - g(l - y))nds

T(r —
o nl'(r—n+1
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Z T"‘l +a+b+ 1)F(—n—b)P(a’b)
N r—n+1)F(a—l—n+1) "

LN 4 (r, 0, D) PO (y)u

n=0

The Jacobi polynomial PT(La’b) (y) belongs to the kernel of the differential operator
T €12 4 (b—a— (a+b+2)y)d, +n(n+a+b+1)
(see e.g. [1] for proof). Therefore, I (y,u) = 32 gy (r, a, b)PT(La’b) (y)u™ satisfies
LD U0 (y, w)) = 0, (38)

where [Nzgf&b) =(1—9?)02 4 (b—a—(a+b+2)y)dy +ud; + (a+ b+ 2)ud,.
Take now a = —(C+d+1)/2,b=—(C—-5+1)/2,sothat a+b+2=—(C—1),b—a=29.
One has then
LB = (1= y*)02 + (5 + (C = 1)y)dy + u*02 — (C — Lud,
= (4 (29)*)83, + (26 + (C = 1)(2))Day + w?0; — (C — 1)udy
= L2y,u-
Therefore, (3.8) implies (3.6).
To finish the proof it remains to find the value of the normalization coefficients ny = ng(c)

n (1.2). To do this, substitute e; = 0 into (1.2), so that e/, = e,,/4. Under this specialization,
b,y becomes a (complex) multiple of ek and the right-hand side of (1.2) becomes (with the

abbreviation a = %):
ts?
-C-1 o

m)%d

[a-sseras 4(1_8>e> .
o0 1

_ Z < > (1 - S)a—ks—C-i-Qk—ldS

k=0 0

8

£ ity
ZT(a+ DI(~C +2k) , (7)/%

« k! MNa+k—-C+1) 4

00 F c— 5+1) (Qk' C)
C+5 1) 4kk!

OM

This proves (1.2) and finishes the proof of part (b) of Theorem 1.2. [ |
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